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Edited  by  Joao  Pedro  da  Ponte  and  Joao  Filipe  Matos 
Departamento  de  Educacao 
Faculdade  de  Ciencias  da  Universidade  de  Lisboa 
Lisboa  —  Portugal 


The  first  meeting  of  the  International  Group  for  the  Psychology  of 
Mathematics  Education  (PME)  took  place  in  Karlsrure,  Germany,  in  1976. 
Thereafter  different  countries  (Netherlands,  Germany,  U.K..  U.S.A..  France, 
Belgium,  Israel.  Australia,  Canada,  Hungary,  Mexico,  Italy,  Japan)  hosted  the 
conference.  In  1994  Portugal  will  host  PME.  The  conference  will  take  place  at 
the  University  of  Lisbon.  The  University  is  a  public  institution  devoted  to  the 
creation,  transmission  and  diffusion  of  culture  and  science,  holding  the 
heritage  of 

—the  foundation  of  University  in  Portugal,  in  1288, 

— the  creation  of  the  Lisbon  King's  School  of  Surgery,  in  1825, 

— the  creation  of  the  Polytechnic  School  in  1837, 

— the  creation  of  the  Higher  Studies  in  Arts,  in  1859, 

— the  institution  of  the  University  of  Lisbon  in  191 1. 

The  Department  of  Education  of  the  F.  ulty  of  Sciences  has  a  strong 
record  of  commitment  to  research,  teacher  education  and  service  in 
mathematics  education.  We  are  pleased  to  be  the  host  site  for  PME  XVIH. 

The  academic  program  of  PME  XVIH  includes 

—  157  research  reports 

—  55  short  oral  presentations 

—  28  poster  presentations 

—  4  plenary  addresses 

—  1  plenary  panel 

—  1 1  working  groups 

—  7  discussion  groups 


PREFACE 


J.—  IB-  5 


The  review  process 


The  Program  Committee  received  a  total  of  1 84  research  report  proposals 
that  encompassed  a  wide  variety  of  themes  and  approaches.  Each  proposal 
was  submitted  to  three  outside  reviewers  drawn  from  PME  membership  who 
were  knowledgeable  in  the  specific  research  area.  In  addition,  one  or  more 
Program  Committee  members  read  each  paper.  Based  on  these  reviews  each 
paper  was  accepted  or  rejected.  The  short  oral  and  poster  presentations  were 
also  read  by  one  or  more  Program  Committee  members  and  on  the  basis  of  this 
recommendation  either  accepted  or  rejected.  If  a  reviewer  submitted  written 
comments,  they  were  forwarded  to  the  authors  along  with  the  Program 
Committee  decisions. 
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HISTORY  AND  AIMS  OF  PME 


At  the  Third  International  Congress  of  Mathematics  education  (ICME  3, 
Karlsruhe  1976),  Professor  E.  Fischbein  of  the  Tel-Aviv  University.  Israel,  instituted 
a  study  group  bringing  together  people  working  in  the  area  of  the  psychology  of 
mathematics  education.  PME  is  affiliated  with  the  International  Commiss.on  for  the 
Mathematics  Instruction  (ICMI).  Its  past  presidents  have  been  Prof.  Efrain  Fischbein. 
Prof  Richard  Skemp  of  the  University  of  Warwick,  Dr.  G6rard  Vergnaud  of  the 
Centre  National  de  la  Recherche  Scientifique  (C.N.R.S.)  in  Paris,  Prof.  Kevin  F. 
Collis  of  the  University  of  Tasmania,  Prof.  Perla  Nesher  of  the  University  of  Haifa, 
Dr.  Nicolas  Balacheff  of  the  C.N.R.S.  in  Lyon,  and  Prof.  Kath  Hart  of  the  University 
of  Nottingham. 

The  major  goals  of  PME  are:  ' 

.  To  promote  international  contacts  and  the  exchange  of  scientific  information  in  the 
psychology  of  mathematics  education; 

.  To  promote  and  stimulate  interdisciplinary  research  in  the  aforesaid  area  with  the 
cooperation  of  psychologists,  mathematicians  and  mathematics  teachers; 
.  To  further  a  deeper  and  better  understanding  of  the  psychological  aspects  of  teaching 
and  learning  mathematics  and  the  implications  thereof 


Membership  . 

Membership  is  open  to  people  involved  in  active  research  consistent  with  the  Group  s 

aim  or  professionally  interested  in  the  results  of  such  research. 

Membership  is  open  in  an  annual  basis  and  depends  on  payment  of  the  subscription  for 

the  current  year  (January  to  December) 

The  subscription  can  be  paid  with  the  conference  fee. 
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PME  XVIII  Working  Group 


PSYCHOLOGY  OF  INSERVICE  EDUCATION  OF 
MATHEMATICS  TEACHERS:  A  RESEARCH  PERSPECTIVE 


Group  Organizers    Sandy  Dawson,  Simon  Fraser  University,  Canada 
Terry  Wood,  Purdue  University,  USA 
Barbara  Jaworski,  Oxford  University,  UK 

This  is  the  sixth  year  that  the  group  has  been  studying  the  role  of  the 
teacher  educator  in  providing  inservice  for  mathematics  teachers.  Last  year 
at  PME  XVII  in  Japan,  the  group  did  not  meet.  However,  at  PME  in  Italy, 
the  work  of  the  group  focused  on  the  propositions  selected  for  a  framework 
on  inservice  education  (INSET).  In  Portugal,  the  time  allocated  to  the 
working  session  will  be  spent  preparing  the  draft  of  the  text  for  a  book  on 
INSET  from  an  international  perspective. 

Previously,  the  group  had  decided  to  develop  a  book  that  would  present  a 
sharing  of  experiences  and  practices  on  inservice  mathematics  teacher 
education  from  an  international  perspective.  As  a  group,  it  has  been 
decided  that  the  text  will  contain  cases,  incidents  or  vignettes,  ir i  order  to 
offer  a  sense  of  the  nature  and  needs  of  INSET  internationally.  We  have 
identified  4  propositions  which  will  form  the  framework  for  the  book 

Since  the  meeting  in  Italy,  group  members  have  been  preparing 
contributions  for  this  text.  In  Portugal,  these  preparations  will  form  the 
basis  for  the  work  of  the  group.  During  the  first  meeting,  subgroups  will  be 
formed  based  on  the  4  propositions.  Each  subgroup  will  then  work  during 
the  time  allocated  for  the  working  group  sessions  to  prepare  a  draft  of  the 
book  on  INSET. 


Group  contact:    Sandy  Dawson,  Simon  Fraser  University,  Faculty  of 
Education,  Burnaby,  British  Columbia,  V5A  1 S6 

Contributions  :  Terry  Wood,  Dept.  Curriculum  &  Instruction,  1442  LAEB, 
Purdue  University,  West  Lafayette,  IN  47907  1442. 
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Working  croup  on 

Cultural  Aspects  in  the  Learning  of  Mathematics 

The  fact  that  mathematics  curricula  appear  to  be  remarkably  similar  all  over  the  world 

makes  it  possible  to  conduct  international  surveys  such  as  those  conducted  by  the 

International  Association  for  the  Evaluation  of  Educational  Achievement  (IEA). 

At  the  same  time,  numerous  recent  studies  question  the  nature  of  mathematics;  the 

learning  of  mathematics  is  considered  not  only  to  be  the  learning  of  a  body  of 

knowledge  but  also  a  cultural  process. 

Various  debates  have  arisen  about  the  following  points: 

•  The  interactions  between  mathematical  skills  and  culture-specific  representations. 

•  The  universal  and  non-universal  aspects  of  cognitive  development 

•  The  nature  of  the  effects  of  systems  of  signs  (including  language)  on  psychological 
functions:  general  or  specific  effects  (Vygotski's  theory  questioned). 

In  the  previous  meetings  at  PME  XVI  and  PME  XVII,  we  identified  three  research 
directions  which  are  consistent  with  our  interests: 

•  Informal  education  and  formal  mathematical  knowledge 

•  The  effects  of  cultural  environment,  including  language,  on  the  mental  repre- 
sentations of  students  and  teachers 

•  Cognitive  processes  in  learning  mathematics,  using  a  comparative  approach  for 
different  cultures. 

At  PME  XVIII  in  Lisboa,  we  intend  to  consider  some  definitions  of  the  concept  of 
culture  and  how  they  are  expressed  in  our  specific  domain  of  the  learning  of 
mathematics. 

One  of  them  was  offered  by  Geertz  in  The  Interpretation  of  Cultures  (1973). 

Geertz  considers  the  culture  concept: 

an  historically  transmitted  pattern  of  meanings  embodied  in  symbols,  a  system  of 
inherited  conceptions  expressed  in  symbolic  forms  by  means  of  which  men 
communicate,  perpetuate,  and  develop  their  knowledge  about  and  attitudes 
toward  life. 

Rotative  panels  will  be  devoted  to  the  above-mentioned  subjects  about  the  current 
debates,  taking  into  account  the  cultural  context  of  the  country  in  which  PME  is  held. 
Then  we  should  finalize  the  continuation  of  the  work  of  the  group  for  the  next  two 
years. 

Coordinator  :  Bernadelte  Denys 
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RESEARCH  ON  THE  PSYCHOLOGY  OF  MATHEMATICS 
TEACHER  DEVELOPMENT 

The  Working  Group  Research  on  the  Psychology  of  Mathematics  Teacher 
Development  was  first  convened  as  a  Discussion  Group  at  PME  X  in  London  in 
1986,  and  continued  in  this  format  until  the  Working  Group  was  formed  in  1990. 
This  year,  at  PME  18,  we  hope  to  build  on  the  foundation  of  shared  understandings 
that  have  developed  over  the  last  few  years. 

Aims  of  the  Working  Group 

The  Working  Groups  aims  to: 

■  develop,  communicate  and  examine  paradigms  and  frameworks  for  research  in 
the  psychology  of  mathematics  teacher  development; 

•  collect,  develop,  discuss  and  critique  tools  and  methodologies  for  conducting 
naturalistic  and  intervention  research  concerning  the  development  of 
mathematics  teachers'  knowledge,  beliefs,  actions  and  reflections; 

■  implement  collaborative  research  projects; 

■  foster  and  develop  communication  between  participants; 

■  produce  a  joint  publication  on  research  frameworks  and  methodological  issues. 

Plans  for  Working  Group  Activities  at  PME  in  1994 

A  striking  feature  of  the  Working  Group  for  Research  on  the  Psychology  of 
Mathematics  Teacher  Development  in  Japan  in  1993  was  its  cohesiveness.  It  is 
hoped  that,  through  the  activities  of  the  Group  in  1994,  the  dynamics  of  the  Group 
can  be  continued  and  expanded. 

Group  members  have  expressed  the  need  to  have  a  deeper  understanding  of  a 
range  of  research  methodologies  which  are  particularly  appropriate  for  research  in 
the  area  of  mathematics  teacher  development.  Several  approaches  will  be  shared 
and  critiqued  within  the  Group,  and  will  form  the  nucleus  of  the  publication 
"Effective  Methods  for  Achieving  and  Monitoring  Change  in  Mathematics  Teacher 
Development:  An  International  Perspective."  The  focus  of  the  publication  would 
be  on  the  collection,  development,  discussion  and  critiquing  of  paradigms  and 
frameworks  for  research  in  the  psychology  of  mathematics  teacher  development. 

At  PME  in  1994,  a  summary  of  different  strategies  being  used  in  different  parts  of 
the  world  for  mathematics  teacher  development  will  be  given,  and  research  on  the 
effectiveness  of  these  will  be  summarised. 

A  start  is  to  be  made  on  the  development  of  a  reading/ reference  list  which 
would  be  an  ongoing  activity  for  the  Group,  and  possible  collaboration  on  various 
research  projects  will  be  explored. 

Nerida  F.  Ellerton,  Convenor 
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WORKING  GROUP  ON  SOCIAL  PSYCHOLOGY  OF  MATHEMATICS  EDUCATION 


JEFF  EVANS,  Middlesex  University,  ENFIELD,  Middx.  EN 3  4SF,  UK 
LEO  ROGERS,  Roehampton  Institute,  LONDON  SW15  5PH,  UK 


The  Working  Group  did  not  meet  at  PME  XVIII  in  Japan.  The  programme 
for  Portugal  is  planned  to  cover  four  90  min.  sessions  as  follows: 


Session  1:  Origins  and  Re-organisation  of  National  Curricula  (LR) 

Superficial  comparisons  of  mathematics  curricula  may  be  made  in  terms 
of  statements  of  content,  specifying  in  what  year,  if  at  all,  a 
particular  topic  appears  in  a  country's  curriculum.  Much  more  useful 
is  a  comparison  such  as  the  recently  published  IEA  studies  which  begin 
to  look  at  the  contexts  and  motivations  behind  the  "intended" 
curriculum  in  different  countries.  A  study  of  the  comparison  between 
English  and  Spanish  mathematics  curriculum  will  be  briefly  presented, 
and  some  criteria  for  analysis  proposed. 

In  this  session,  participants  will  be  able  to  introduce  themselves, 
and  to  report  on  the  situation  in  their  own  countries. 


Session  2:  Children's  Conceptions  and  Strategies  in  Designing  (Tasos 
Patronis,  Dept.  of  mathematics.  Univ.  of  Patras,  GRBBCB) 

Our  research  group  has  tried  to  create  a  classroom  activity  that 
integrates  physical,  emotional  and  cognitive  components  of  children's 
reality  (d'Ambrosio,  1984,  ICME-5)  in  the  curriculum.  Children  of  a 
rural  primary  school  were  asked  to  design  and  construct  a  model  of  a 
village  in  which  a  team  of  foreign  children  were  supposed  to  spend 
their  holidays.  This  "modelling  activity"  (in  a  broad  sense)  provides 
children  with  the  opportunity  to  move  from  the  real  world  to  a  "real 
model"  by  using  mathematics  and  physics  ideas  at  an  implicit  level. 


Session  3:  Alternative  curricula  for  Democratic  Citizenship  (JB) 

Many  teachers  of  mathematics  aspire  to  a  curriculum  which  provides  the 
basis  for  democracy,  for  "responsible  citizenship",  etc.  What  would 
such  curricula  look  like:  would  there  be  any  real  maths?  Or  would  it 
more  resemble  statistics?  What  problems  might  arise,  e.g.  in  the 
"transfer"  of  school  learning  to  applications  in  civic  life,  similar 
to  the  problems  of  applying  "vocational"  curricula  at  work. 


Session  4 :  Looking  ahead 

Links  with  the  Cultural  Aspects  working  group. 

Proposals  for  a  name  change;  e.g.  "Social  Apects  of  Maths  Ed."; 
"Social  and  Political  Aspects..."; 
"Social  and  Political  Issues  in..." 

What  might  usefully  be  done  between  now  and  the  next  PME? 


—  6  — 


GEOMETRY  WORKING  GROUP 


In  1993  the  Geometry  Working  Group  started  a  new  period  of  activity,  aimed  to 
analyze  the  teaching  and  learning  of  Geometry  on  the  light  of  results  from  recent  research 
and  of  current  trends  in  Mathematics  Education.  The  first  meeting  of  this  period 
(Tsukuba,  Japan,  1993)  was  devoted  to  an  overview  of  the  field,  with  presenters  who 
talked  about  different  components  of  the  current  problematic  of  Geometry  Education  (see 
the  November  1993  PME  Newsletter).  The  coming  meetings,  from  this  year,  shall  be 
devoted  to  monographic  themes  to  be  analyzed  in  depth  from  several  points  of  view. 

This  year,  the  meeting  of  the  Geometry  Working  Group  shall  be  devoted  to  the 
theme  of  Geometry  Problem  Solving.  Several  approaches  can  be  considered.  For  instance: 

-  From  a  classical  point  of  view,  Polya's  classification  of  geometric  problems  in 
problems  of  construction  and  problems  of  proof,  together  with  his  recompilation  of 
methods  and  heuristics  for  solving  problems,  form  a  framework  that  continues  being 
useful  for  understanding  the  students'  activity. 

-  However,  current  tendencies  are  also  paying  attention  to  the  several  types  of 
processes  that  happen  during  the  resolution  of  geometric  problems,  and  to  issues  related 
to  the  curriculum  and  the  position  of  problems  in  it. 

-  Traditional  Geometry  problem  solving  was  based  on  constructions  with  ruler  and 
compass  and  figures  drawn  on  paper.  However,  the  everyday  more  frequent  use  of 
computers  in  schools,  and  the  development  of  specialized  software  rise  new  possibilities 
and  new  research  questions  that  have  to  be  analyzed. 

And,  hopefully,  some  other  approaches  shall  arise  during  the  meeting. 


Angel  Gutierrez;  Coordinator  of  the  Geometry  Working  Group 
Dpto.  de  Didictica  de  la  Matemitica 
Universidad  de  Valencia 
Apartado  22045;  46071 -Valencia  (Spain) 
Fax:34-6-3864487 
E-mail:  gutierrez9mac.uv.es 
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The  PME  Working  Group  on  Representations 


Group  organizers:    Claude  Janvier,  University  du  Quebec  a  Montreal 
Gerard  Vergnaud,   C.  N.  R,  S.,  Paris 


Preliminary  statement 

Representations  are  key  theoretical  constructs  in  the  psychology  of  mathematics  education.  For 
the  purposes  of  the  working  group,  the  meaning  of  this  term  is  quite  broad.  It  includes: 

•  External  structured  physical  situations  or  sets  of  situations,  that  can  be  described  mathematically 
or  seen  as  embodying  mathematical  ideas.  External  physical  representations  range  from 
pegboards  to  microworld. 

•  External  structured  symbolic  systems.  These  can  include  linguistic  systems,  formal  mathematical 
notations  and  constructs,  or  symbolic  aspects  of  computer  environment 

•  Internal  representations  and  systems  of  representation.  These  include  individual  representations 
of  mathematical  ideas  (fractions,  ratios,  proportions,  functions...)  as  well  as  broader  theories  of 
cognitive  representation  that  range  from  image  schemata  to  heuristic  planning. 

The  group  does  not  promote  any  particular  theory  of  representations  even  though  some  of  its 
participants  may.  It  is  essentially  eclectic  since  it  is  open  to  any  coherent  "chunk"  of  principles  or 
concepts,  or  theory  in  construction  that  can  display  a  fair  amount  of  "predictivity"  in  particular 
domains  without  being  gcncralizablc. 
At  Lisbon,  come  and  check  your  theory  against  facts 

As  in  the  previous  meetings,  participants  are  invited  to  make  presentations  and  discuss  the 
issues  they  raise.  A  newsletter  was  sent  to  the  regular  participants  with  this  intention  in  mind. 
Anyhow  if  you  think  you  have  some  interesting  things  to  report,  get  in  touch  with  us. 

Otherwise,  you  may  simply  want  to  check  out  your  theoretical  constructs  against  the  supremacy 
of  reality  or  you  may  be  willing  to  see  others  becoming  predictive  on  the  basis  of  the  constraints  of  a 
situation.  Then  we  think  we  have  what  you  desire:  hard  facts  and  the  conditions  prevailing  during 
their  production.  We  have,  indeed,  asked  many  people  to  bring  in  their  luggage  some  experimental 
results  that  still  need  interpretations.  Why  not  come  and  give  yours? 
Details  and  news 

The  Working  Group  was  guided  by  Gerald  A.  Goldin  from  the  1989  conference  in  Paris  . 
Participants  were  kept  informed  by  a  yearly  newsletter.  Over,  the  last  years  it  has  attracted  roughly 
50  participants  at  each  conference.  The  idea  of  publishing  a  special  issue  of  the  Journal  of 
Mathematical  Behavior  on  the  basis  of  the  activities  of  the  group  will  soon  be  a  reality.  Articles  have 
been  submitted  and  the  referees  at  the  time  of  the  conference  will  have  completed  their  work.  Mote 
details  to  come. 
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Working  Group: 
Teachers  as  Researchers  in  Mathematics  Education 


Coordinators:  J.  Mousley,  V.  Zack,  C.  Breen 


This  group  has  been  meeting  annually  since  1988  and  as  a  working  group  since 
1990.  it  aims  to  discuss  issues  surrounding  the  theme  of  teachers  becoming 
researchers  in  their  own  classrooms.  Over  the  past  few  years,  the  group  has  also 
focused  on  teachers  educators  researching  their  own  work  and  on  collaborative, 
participant  research  methods. 

People  who  attend  the  Teachers  as  Researchers  Working  Group  for  1994  will 
review  their  own  work,  and  that  of  other  teachers,  in  attempting  to  understand  and 
change  classroom  practices.  Activities  will  include  a  small  group  discussion  about  how 
different  "understandings"  arise  from  the  use  of  various  research  methodologies,  as  well 
as  from  different  beliefs  about  mathematics,  and  about  teaching  and  learning. 

A  variety  of  methods  of  collecting  and  using  information  about  our  own  classrooms, 
in  schools  and  in  a  variety  of  teacher  education  situations,  will  be  discussed.  Current 
and  new  members  of  the  group  will  have  the  opportunity  to  give  short  presentations 
about  any  examples  of  formal  or  informal  attempts  to  improve  teaching  which  involves 
teachers  in  the  research  process,  as  well  as  to  contribute  to  the  group's  activities 
throughout  the  coming  year. 

It  is  expected  that  the  themes  raised  each  year  in  our  discussions,  such  as  the 
positioning  of  teacher-researchers,  reflective  practice,  the  examination  of  individual  and 
social  pedagogical  beliefs,  support  for  collegiate  research,  and  the  facilitation  of 
participatory  research  will  be  taken  up  again  in  Lisboa. 
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PME  Working  Group 
Algebraic  Processes  and  Structure 


Coordinators:  Teresa  Rojano  and  Rosamund  Sutherland 


This  Group  was  set  up  in  PME  XIV  with  the  aim  of  characterising  the  shifts  that 


appear  to  be  involved  in  developing  an  algebraic  mode  of  thinking  and  to  investigate  the 
role  of  symbolising  in  this  development.  The  group  is  also  concerned  with  the 
implications  of  their  collective  research  for  classroom  practice. 

The  main  issues  discussed  at  PME  XVII  vere:  the  necessity  of  distinguishing  between 
the  nature  of  mathematics  and  the  nature  of  algebra:  the  danger  of  separating  algebraic 
knowledge  from  symbolism  when  trying  to  characterise  algebraic  thinking:  the 
importance  of  incorporating  methods  of  solving  problems  as  a  main  component  to 
analyse  the  nature  of  algebra:  the  algebraic  knowledge  as  such  of  school  algebra,  since 
there  is  always  the  possibility  to  include  '"other  algebras"  like  permutations  of  Boolean 
algebra:  the  role  that  computer  environments  might  play  when  talking  about  an  algebraic 
mode  of  thinking  not  necessarily  linked  to  symbolic  manipulation;  the  (scmiotic) 
difficulties  of  passing  from  one  type  of  representation  to  others,  for  example,  geometric 
language:  the  shift  from  arithmetic  to  algebra  and  the  question,  "if  there  is  a  hierarchy  of 
growth  in  this  shift,  what  role  does  natural  language  have  in  such  growth?':  the 
widespread  tendency  to  relate  the  cognitive  structure  hierarchy  to  the  sign  system  used 
to  express  the  cognitive  structure;  the  ways  of  using  a  determined  sign  system  to 
express  cognitive  processes  in  algebraic  thinking:  the  tendency  in  some  psychological 
research  works  to  see  only  the  structures  in  the  cognitive  domain  without  incorporating 
the  use  of  socially  established  codes.  j 

i 

The  group  are  currently  working  on  an  edited  book  and  draft  chapters  are  being 
prepared  before  the  meeting  in  Portugal.  The  work  of  the  group  at  PME  XVIII  will 
centre  around  discussion  and  redrafting  ot  these  chapters,  organised  around  four 
subgroups. 


ERIC 
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Research  on  Ratio  and  Proportion 


During  PME  XVUI  the  working  group  on  ratio  and  proportion  will  continue 
to  explore  the  development  of  children's  understanding  of  concepts  of  ratio  and 
proportion.  In  addition,  this  year  we  will  explore  teachers'  understanding  of 
these  concepts,  and  the  necessary  changes  in  teacher  preparation  and 
professional  development  programs  to  bring  about  an  appropriate  knowledge 
base  for  effectively  teaching  proportional  reasoning. 

The  first  session  will  be  devoted  to  a  discussion  of  the  recent  work  of 
working  group  members  in  the  area  of  children's  learning  of  ratio  and 
proportion  concepts.  New  members  will  also  be  welcome  to  give  brief 
presentations  on  current  activities.  This  session  will  also  give  people  a  chance 
to  introduce  themselves  and  plan  the  remaining  sessions  in  greater  detail. 

The  second  session  will  focus  on  teacher  knowledge  of  proportionality 
and  related  concepts.  One  or  more  invited  speakers  will  give  brief 
presentations  for  discussion  by  the  working  group.  We  will  discuss  implications 
for  the  preparation  of  teachers. 

Since  concepts  of  ratio  and  proportion  are  part  of  the  complex  of 
concepts  and  skills  Vergnaud  refers  to  as  the  Multiplicative  Conceptual  Field, 
we  will  attempt  to  extend  our  discussion  in  the  third  session  to  connect  ratio  and 
proportion  to  related  topics;  rational  numbers  concepts  and  operations, 
quantitative  reasoning,  and  so  on. 

The  final  session  will  be  devoted  to  planning  for  future  work  by  the 
Working  Group,  particularly  for  PME  XIX  in  Brazil  in  1995. 

Anyone  interested  in  participating  and  in  brief  presentations  related  to 
the  session  topics  should  attend  the  first  session  and/or  talk  to  Judy  Sowder. 

Contact:  Judy  Sowder,  San  Diego  State  University,  jsowder@sciences.sdsU.edu 


ERIC 


ADVANCED  MATHEMATICAL  THINKING 


Organisers:  David  Tall  (U.K.),  Gontran  Ervynck  (Belgium) 


The  group  is  concerned  with  all  kinds  of  mathematical  thinking  of  students  beyond  the 
age  of  16,  extending  and  developing  theories  of  the  psychology  of  Mathematics  Education  that 
cover  development  of  mathematics  over  the  full  age  range. 

SESSION  I:  The  Role  of  the  Computer  in  learning  advanced  mathematical  Con- 
cepts. 

Initiators:  John  MONAGHAN  (U.K.),  Joe  W1MBISH  (U.S.A.),  Thomas  LINGEFJARD 
(Sweden). 

Computing  equipment  is  increasingly  available  in  schools  and  universities.  How  does  it 
affect  the  learning  and  understanding  of  advanced  mathematics  ?  The  computer  can  be  used 
as  a  tool,  introducing  an  opportunity  for  "experimental  math";  doing  the  tedious  calculations 
and  displaying  graphical  representations  it  furthers  understanding  of  the  related  concepts.  But 
how  does  a  computer  help  students  to  conceptualize  and  construct  for  themselves  mathematics 
that  are  already  completely  formalized  by  others  ?  The  use  of  symbolic  manipulators  is  part  of 
this  topic  as  well.  The  relationship  between  the  computer  and  the  development  of  proofs  wili 
be  discussed  in  the  second  session. 

SESSION  II:  The  Computer  in  Mathematical  Proof. 
.  Initiators:  Gary  DAVIS  (Australia),  Gila  HANNA  (Canada),  Adrian  SIMPSON  (U.K.). 

Recalling  a  statement  of  M.  Atiyah  (1984):  "In  mathematics  there  are  several  stages  involved 
in  a  discovery,  and  formal  proof  is  only  the  last.  The  early  stage  consists  in  the  identification 
of  significant  facts,  their  arrangement  into  meaningful  patterns  and  the  extraction  of  some 
plausible  law.  Next  is  the  process  of  testing  this  proposal  against  new  facts,  and  only  then  does 
one  consider  a  formal  proof".  We  want  a  better  understanding  of  the  role  of  the  computer  in 
the  stages  preceding  the  construction  of  a  formalized  proof.  E.g.  we  may  raise  the  question 
if  the  views  of  Lakatos  on  the  nature  of  proof  have  to  be  modified  according  to  the  role  of 
computers  ?  This  session  may  also  be  seen  as  a  continuation  of  the  work  in  the  AMT  Group 
at  PME-17  (1993). 

SESSION  III:The  Psychology  of  Advanced  Mathematical  Thinking,  and  Future 
plans. 

Initiator:  David  TALL  (U.K.) 

The  final  session  will  focus  attention  on  what  psychological  evidence  may  tell  us  about 
advanced  mathematical  thinking,  the  cotistruction  of  formal  concepts,  relationships  between 
visual  and  verbal/symbolic  codings,  cognitive  aspects  of  proof.  There  will  be  opportunities  to 
relate  back  to  the  earlier  sessions. 

The  final  half  hour  will  be  devoted  to  future  plans. 
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PME  Working  Group 
Classroom  Research 


The  purpose  of  this  group  is  to  examine  issues  and  techniques  associated  with 
classroom  research  and  the  impact  of  such  research  on  educational  conditions. 

The  focus  of  discussion  at  PME  XVIII  will  be  centered  around  the  uses  and 
limitations  of  innovative  technology  to  enhance  data  collection  and  analysis  in  classroom 
research.  Presentations  by  invited  speakers  will  be  made  describing  the  following  research 
studies.  These  presentations  will  be  used  as  a  springboard  for  active  participant  discussion 
of  related  issues. 

Multiple,  coordinated  sources  of  data  collection 

A  portable  and  ine.-.pensive  system  will  be  described  that  uses  audio  and  video  taping 
coordinated  with  sur,portive  software  to  investigate  classroom  learning.  This  system  makes 
it  possible  to  quickly  access  recorded  data  to  facilitate  post-classroom  interviews. 
Interactive  multimedia 

The  use  of  and  implications  of  using  interactive  multimedia  in  classroom  research  will 
be  described.  This  technology  consists  of  a  CD-ROM  disk  with  computer  access,  and 
involves  the  creation  of  QuickTime  sequences  of  collected  videos  and  the  creation  of  a 
HyperCard  interface.  Reference  will  be  made  to  the  use  of  CD-ROM  disks  of  children 
engaged  in  the  active  construction  of  mathematical  ideas  for  teacher  training  and  classroom 
research. 

Qualitative  data  sorting,  indexing  and  theory  building 

The  use  of  the  computer  application  software  NUDIST  to  search,  index,  and  manage 
qualitative  data  will  be  discussed.  Such  software  not  only  assists  in  structuring  data  but  in 
developing  educational  theory.  The  potentials  and  problematics  of  theory  building  will  be 
discussed  with  particular  reference  to  how  NUDIST  is  currently  being  used  in  a  research 
project  entitled  "Quality  Teaching  in  Mathematics  Education." 

Contact  person:  Anne  Teppo,  1611  Willow  Way,  Bozeman.  MT  59715,  USA 
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Cabri-geometry 


Organizer:  Nicolas  Balacheff 

PME  17  In  Tsukuba  gave  an  opportunity  to  start  a  discussion  group 
specifically  devoted  to  geometry  in  connection  with  computer  environments, 
mainly  {and  not  exclusively)  based  on  the  example  of  Cabri-geometre. 

Recent  period  actually  shows  a  renewal  of  interest  fn  geometry  and  the  role 
devoted  to  geometry  in  the  curricula  of  most  of  the  countries  around  the 
World.  Just  to  mention  inside  PME  the  Geometry  Working  Group,  where 
active  discussion  has  been  taking  place  for  many  years. 

One  intriguing  question  stems  from  the  irruption  of  computers  in  the 
classroom  and  at  home  and  today  several  software  exist  that  are  used  for 
geometry  teaching  and  learning.  Among  them  LOGO,  the  Geometry 
(Super)Supposer.  Geometry  Inventor.  Geometer's  Sketchpad  and  Cabri- 
geometre,  all  share  a  more  or  less  explicit  relationship  to  the  concept  of 
"Discovery  learning". 

Questions  to  be  addressed  in  the  discussion  group  range  as  follows: 

What  is  and  what  could  be  the  use  of  Cabri-type  software  in  classroom  and 
outside  classroom? 

What  could  be  the  long  term  changes  In  the  geometry  curricula  induced  by 
the  development  of  computer  based  teaching  learning  environments? 
What  are  innovative  uses  of  Cabri-type  environments  for  exploring  not  purely 
geometry  centred  situations?  (There  is  a  growing  interest  in  modelisation 
using  geometry,  e.g.in  mechanics,  optics,  statics,  etc.). 

All  the  preceding  issues  should  be  examined  according  to  different  contexts 

•  the  traditional  context  of  classroom,  where  Cabri-type  software  can  be  used 
as  an  aid  for  proving  geometrical  facts.  In  this  context,  Cabri-geometre  is 
often  used  In  conjunction  with  an  overhead  projector,  as  a  demonstration 
program  with  great  flexibility: 

•  the  context  of  organisation  of  problem-solving  sessions  in  a  exploratory 
environment,  where  students  work  in  small  groups  in  front  of  and  in 
interaction  with  a  computer; 

•  the  context  of  mathematical  research:  exploring  new  fields  in  geometry  can 
lead  to  new  results  and  insights  for  proving  them.  Cabri-geometre  and  other 
computer  based  environments  allow  us  a  renewed  attack  on  subjects  of  some 
complexity,  which  could  not  be  investigated  until  now  due  to  the  lack  of 
suitable  tools; 

•  the  context  of  production  of  pedagogical  documents,  made  up  of  figures 
accompanied  by  text,  to  be  used  with  or  without  Cabri-geometre; 

•  the  context  of  research  in  didactique:  Cabri-geometre  can  be  used  to 
analyse,  study  and  compare  the  ideas  and  constructs  of  students  in  geometry, 
as  produced  in  a  standard  pencil-and-paper  situation  or-  in  the  Cabri 
computer  environment,  or  as  the  result  of  an  interaction  between  both. 

The  PME  18  meeting  of  the  discussion  group  will  also  give  an  opportunity  to 
Introduce  a  discussion  about  the  new  Cabri-geometry  II  which  is  to  be 
released  in  August  94. 
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nisftnssinn  firmip-  "Vygotskian  Research  and  Mathematics  Learning" 

Convenors:  Kathy  Crawford  &  Steve  Lerman 

The  aim  of  the  discussion  group  is  to  examine  the  contribution  of  Vygotsky  and 
some  of  his  compatriots  and  the  implications  of  their  theory  of  learning  in  a  socio- 
cultural  context  for  mathematics  education.  The  assumptions  underlying  Vygotsky's 
position  differ  in  several  ways  from  the  tacit  philosophical  and  psychological  position 
of  the  mathematics  education  community.  In  particular  Vygotsky  challenges  the 
centrality  of  the  individual  in  meaning-making  and  insists  on  a  social  ontogeny  of 
consciousness.  In  addition  his  position  transcends  traditional  Cartesian  dualities 
such  as  self/other,  mind/body,  feeling/thinking  and  subject/object.  His  historical- 
cultural  method  of  research  differs  significantly  from  predominant  methodologies 
which  typically  focus  on  a  part  of  the  learning  situation. 

The  discussion  group  will  be  collaborative  and  in  keeping  with  the  tradition  of 
acknowledging  the  cultural  histories  of  the  people  there.  Participants  should  come 
prepared  to  make  a  contribution. 

in  the  first  session  we -will  negotiate  art  agenda  and  then  work  together  to  Interpret 
some  aspects  of  Vygotsky's  work:  Some!paiUcurar  points  of  discussion  might  be: 

The  Identification  of  points  of  difference  between  Vygotsky's  theory  and 

other  research  paraidtgrhs. 

Practical  application'Of  the  "historical  cultural  method" 

Mediation 

Activity 

Dialectic  thinking 

Zone  of  proximal  development 

Concept  (as  a  verb) 

Discussion'  in  the  second  session  may  centre  around  research  questions  that  are 
raised  by  Vygotsky's  work  and  Issues  of  research  design. 
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Mathematics  classrooms  as 
complex  adaptive  systems 


A.  3.  (Sandy)  Dmwson.  Simon  Fraser  University.  Canada 
Eric  Love.  Open  University,  UK 
John  Mason,  Open  University.  UK 


Current  writings  on  the  nature  of  mathematical  learning  directs  attention  towards  cultural  and  social  aspects  of  human 
life  This  is  exciting  and  challenging  work  for  researchers  in  mathematics  education.  Equally  provocative  work  is 
occurring  in  the  areas  of  biology  (e.g..  Macurana  and  Varela).  economics  (e.g.,  Anderson,  Arthur),  complexity  theory 
(Jen,  Nc^is&Mgogine.  Waldrop),  diramr^(e^  (e.g..  Langton  ct  al).  and 

the  theory  of  cocvolulion  and  codctermi nation  (e.g. .  Campbell  &  Dawson,  Holland.  Varela  et  al).  The  purpose  of  this 
discussion  group  would  be  to  explore  the  possible  connections  amongst  recent  results  in  these  various  fields  with  a 
view  to  enriching  and  broadening  the  theoretical  bases  and  research  programs  in  mathematics  education. 

One  of  the  results  of  recent  research  in  those  fields  indicates  that  evolution  is  not  just  a  result  of  random  mutation  and 
natural  selection,  but  equally  if  not  more  importantly,  it  is  the  product  of  emergent  behaviour  and  self-organization. 
Moreover,  it  is  not  as  if  a  species  or  individual  member  of  a  species,  evolves  on  its  own;  rather,  species  seem  to  co- 
evolve  within  a  large  system. 

iicosystems.  economies,  socicties-they  all  operate  according  to  a  kind  of  Darwinian  principle  of  relativity: 
everyone  is  constantly  adapting  to  everyone  else.  (Waldrop,  p.  259) 

A  area  of  interest  to  mathematics  education  researchers  would  be  to  view  classrooms  as  societies,  and  the  individuals 
within  could  be  seen  as  coevolving  together.  How  might  the  use  of  this  (^evolutionary  perspective  enrich  current 
classroom  research  by  providing  concepts  and  scaffolds  from  biological  and  coevolulionary  research  paradigms? 

Complex  adaptive  theory  suggests  that  complex  nehavior  (such  as  is  found  in  classrooms)  need  not  have  complex  root!. 
Complex  behavior  can  and  is  generated  from  simple  roots.  Not  only  can  very  complex  behavior  arise  from  simple 
roots,  but  the  development  which  occurs  may  take  many  different  forms.  It  is  not  possible  to  predict  what  the  outcome 
will  be  from  a  simple  set  of  roots.  Applied  to  the  teaching  and  learning  of  mathematics,  this  result  has  profound 
implications  for  the  outcomes  teachers  might  expect  from  their  lessous  and  the  behavior  they  hope  their  students  will 
display.  These  implications  would  be  explored  in  the  discussion  group. 

Hut  recent  results  in  the  fields  noted  al  the  outset  indicate  that  whatever  behavior  appears  al  a  parliculai  tunc  is 
dependent  upon  events  which  have  preceded  it -yet  the  emergent  behavior  is  nol  predictable  from  those  events. 

...each  emergence  sets  the  stage  and  makes  it  easier  for  the  emergence  of  the  next  level.  (Waldrop.  p  297) 

These  results  place  teachers  (of  mathematics)  in  a  difficult  situation.  On  the  one  hand,  if  students  arc  to  learn  concept  v. 
say.  and  if  this  might  be  facilitated  by  first  learning  concept  Jr.  then  it  would  seem  appropriate  to  leach  .»  before  v.  On 
the  other  hand,  if  students'  learning  is  not  predictable,  then  there  is  no  guarantee  that  teaching  j:  will  make  it  easier  (or 
even  possible)  for  students  to  learn  y.  And  to  further  complicate  the  situation,  the  teaching  of  j;  may  lead  to  some 
totally  unexpected  behavior.  Given  these  results,  it  would  seem  that  classroom  research  which  attempts  to  understand 
how  teachers  accomplish  their  goals,  and  buw  learners  come  to  understand  mathematics,  needs  al  the  very  least  to 
consider  very  carefully  its  methodology  and  the  gcncrali/abtlity  (if  not  validity)  of  its  outcomes. 

life  at  the  edge  nf  chaos  (Lcwin)  is  a  phrase  increasingly  common  to  discussions  in  the  fields  noted  at  the  outset 
ITiosc  using  this  phase  arc  attempting  to  describe  a  region  located  between  the  stale  where  a  system  dissolves  mw 
chaos,  where  conditions  are  so  fluid  that  no  patterns  arc  discernible,  and  a  stale  where  a  system  has  become  completely 
stable  and  in  which  it  exhibits  no  fluidity  al  all  The  conjecture  is  that  this  region,  beyond  unchanging  stability  but 
just  shy  of  random  chaos-tA?  edge  of  chaos  is  where  learning  lakes  place  What  implications  docs  'Ik;  concept  of 
learning  at  the  edge  of  chaos  have  for  the  leaching,  learning  and  researching  in  mathematics  education'' 

Organizationally,  the  first  discussion  session  would  (I)  provide  a  brief  overview  of  recent  developments  m  (he  fields 
noted  (IS  minutes),  and  (2)  through  a  scries  of  focused  questions  and  by  working  in  small  groups  explore  the  possible 
relevance  of  these  developments  for  research  in  mathematics  education  (60  minutes),  so  as  to  (3)  share  the  outcome  of 
small  group  discussions  with  the  goal  of  providing  directions  for  further  explorations  (IS  minutes)  The  second 
session,  again  working  in  a  mixture  of  small  and  huge  groups,  would  take  the  results  from  session  one  mid  develop 
plans  for  action  and  communication  to  take  place  subsequent  to  the  PMIi  meeting 


POST-STRUCTURALISM  DISCUSSION  GROUP 
Organisers:  Paul  Ernest  (UK)  and  Tony  Brown  (UK) 


Post-structuralism  is  a  loosely  defined  movement  or  set  of  perspectives  that  looks  critically  at 
structuralist  theories.  It  critiques  structuralism  in  the  form  of  Jean  Piaget's  structural 
psychology,  Claude  Levi-Strauss's  structural  anthropology,  and  Roman  Jacobsen's  structural 
linguistics,  for  example.  The  critique  argues  that  these  and  other  structural  theorists  overstress 
static  structure  at  the  expense  of  personal  agency,  and  ignore  the  contingent  and  historically 
shifting  nature  of  the  structures  of  human  thought.  A  central  figure  in  post-structuralist  thought 
is  the  philosopher  and  historian  of  ideas  Michel  Foucault.  More  recently,  a  seminal  post- 
structuralist  critique  and  contribution  to  psychology  is  contained  in  Henriques  et  al  (1984). 

In  the  past  few  years,  a  growing  number  of  researchers  in  the  psychology  of  mathematics 
education  have  adopted  or  utilised  post-structuralist  perspectives.  Perhaps  the  best  known  is 
Valerie  Walkerdine  who  gave  a  plenary  talk  at  PME  14,  and  is  well  known  for  her  post- 
structuralist  analysis  of  young  children's  language  and  reason  (Walkerdine,  1988).  Other  recent 
papers  have  reflected  or  drawn  upon  a  post-structuralist  perspective,  such  as  those  of  Jeff' 
Evans  (PME  17),  Clive  Kanes  (PME  15)  David  Pimm  (PME  14)  and  Paul  Ernest  (PME  15, 
17).  Thus  post-structuralism  is  a  part  of  PME  thought,  and  needs  to  be  discussed  more  fully. 

Post-structuralism  offers  a  number  of  important  insights  for  the  psychology  of 
mathematics  education.  It  stresses  the  import  of  social  context,  thai  of  power  and  positioning 
in  inter-personal  relations,  the  central  role  of  discourse,  language  and  text,  and  the  problematic 
and  multiple  nature  of  the  learner  or  cognising  subject.  Currently  these  issues  are  topics  of 
central  empirical  and  theoretical  interest  in  the  psychology  of  mathematics  education.  Thus  a 
discussion  of  the  post-structuralist  contribution  is  important  and  apposite. 

It  must  also  be  recognised  that  post-structuralism  is  a  controversial  and  problematic 
perspective.  Apart  from  often  being  expressed  in  obscure  language,  and  being  as  yet  a  nascent 
and  incompletely  worked  out  position,  it  also  challenges  many  deeply  held  (and  felt) 
assumptions  widespread  in  the  psychology  of  mathematics  education.  Thus  it  is  appropriate  to 
consider  what  post-structuralism  might  offer  the  psychology  of  mathematics  education  in 
undogmatic  fashion  in  a  discussion  group.  The  group  will  proceed  by  short  lead  contributions 
followed  by  open  chaired  discussion  on  themes  such  as  the  following. 

•  The  nature  and  contribution  of  pott-ttructuraliim  Orientating  over-view.  Discursive 

practices.  Power.  Critiques  of  constructivist  and  cognitivist  conceptions  of  the  subject. 

•  Critiques  of  post-ttructuralitm.  The  under  emphasis  on  self,  individual  construction,  mental 

structure.  Constructivist  critiques. 

•  Pott-structuralist  research  in  the  psychology  of  mathematics  education.  Current  work 

and  perspectives.  Discourse  analysis.  New  potential  sites:  e.g.  semiotic  analysis. 

References 

Henriques,  J.  elal.  (1984)  Changing  the  Subject,  London:  Methuen. 
Walkerdine,  V.  (1988)  The  Mastery  of  Reason,  London:  Routledge. 


20  — 


Psychological  Foundations  for  Systemic  Reform  in  Schools 
Richard  Lesh 


Psychological  Foundations  for  Systemic  Reform  in  Schools 

In  the  USA,  current  curriculum  reforms  emphase  systemic  initiatives.  But,  how  is 
systemic  reform  different  from  earlier  initiatives  based  on  mechanistic  conceptions  of 
mathematics,  problem  solving,  learning,  and  instruction?  This  session  will  focus  on 
ways  that  new  curriculum  reform  efforts  influence  (and  are  influenced  by  )  conceptions 
about  what  it  means  to  understand  and  use  mathematics  in  "real  life"  situations. 

Current  educa aonal  practice  is  based  on  a  coherent  set  of  ideas  (about  goals, 
knowledge,  work,  and  technology)  derived  from  "scientific  management"  principles 
from  the  industrial  revolution.  Consequently,  schools  are  not  likely  to  change  unless 
these  ideas  are  replaced  with  equally  coherent  "world  views"  in  which  knowledge  is 
likened,  not  to  a  machine,  but  to  a  living  organism.  This  discussion  session  will 
discuss  why  a  similar  shift  in  metaphors  also  must  apply  to  the  way  students,  teachers, 
and  programs  are  assessed.  The  following  themes  will  be  addressed. 

•  Results  from  adult  literacy  examinations  which  emphasize  current  conceptions 
about  basic  mathematical  literacy  requirements  for  all  citizens.  (Saundra  Young, 
Adult  Literacy  Program,  Educational  Testing  Service) 

•  Principles  for  writing  effective  "performance  assessment"  activities  which  empha- 
size: (i)  deeper  and  higher-order  understandings  of  the  most  powerful  constructs  in 
elementary  mathematics,  and  (ii)  problem  characteristics  which  are  typical  of 
situations  in  which  mathematics  is  used  in  a  technology-based  society  in  an  age  of 
information.  (Richard  Lesh,  Principal  Scientist,  Educational  Testing  Service) 

•  Characteristics  of  teachers'  tools  (e.g.,  response  interpretation  procedures,  process 
observation  forms)  which  are  useful  to  identify  conceptual  strengths  and  weaknesses 
of  individual  students.  (Bonnie  Hole,  Princeton  Research  Institute  for  Research  on 
Science  and  Maathematics  Learning) 

•  Examples  of  students'  responses  which  illustrate  why  the  preceding  problems 
emphasize  a  broader  range  of  mathematical  abilities  (and  students)  which  were  not 
recognized  and  rewarded  by  traditional  tests,  textbooks,  and  teaching.  (Eamonn 
Kelly,  Assoc.  Professor,  Rutgers  University) 

•  Examples  showing  how  performance  assessment  activities  for  students  provide  the 
basis  for  activities  in  which  teachers  are  able  to  (simultaneously)  learn  and  document 
what  they  are  learning.  (Miriam  Amit,  Math  Curriculum  Director,  Israel). 

•  Principles  for  assessing  the  quality  of  emerging  research  methodologies  to  explore 
students'  and  teachers'  thinking  in  complex  situation  .  (Barbara  Lovitts,  Director, 
National  Science  Foundation  Program  for  Research  on  Teaching  &  Learning). 

•  New  models  for  program  accountability  using  performance  assessment  activities. 
©    Madeleine  Long,  Director,  NSF  Program  on  Systemic  Initiatives). 

ERIC  -**a 


VISUALIZATION  IN  TEACHING  -  LEARNING  SITUATIONS 


M.  Altssandra  Mariotti 

Dip.  Matcmatica 
Univcrsita  di  Pisa  -  Italy 


Angela  Pesci 

Dip.  Matcmatica 
Univcrsita  di  Pavia  -  Italy 


Everybody  agrees  that  images  have  a  basic  role  in  thinking,  but  so  far.  the  mental  processes  involved  have  not 
yet  been  fully  clarified. 

Different  and  opposite  positions  can  be  found  in  the  literature  about  the  contribution  of  images  in  a  variety  of 
situations. 

Of  course  exploring  general  processes  and  mechanism  would  be  very  interesting,  but  it  is  worth  limiting  our 
aim  and  considering  the  problem  from  the  specific  point  of  view  of  mathematical  education,  which  is  the 
domain  wc  arc  interested  in. 

Thus,  our  discussion  aims  to  focus  on  specific  aspects  in  the  particular  school  situation. 

There  are  two  main  hypotheses  about  the  role  of  imagery  in  education  that  wc  want  to  state  explicitly,  in  order 

to  be  discussed  and  explored 

1 .  Thinking  is  spontaneously  accompanied  and  supported  by  images,  wc  usually  call  it  'visualization'. 

The  following  can  be  considered  a  shared  opinion  among  the  psychologists  "thinking  makes  use  of 
representations,  some  of  which  are  produced  by  imagery  processes,  and  some  by  mere  abstract 
representational  systems"  (Denis.  1991.  p  104)  Literature  is  very  rich  in  this  field,  but  "probably  the  greatest 
obstacle  to  imagery  research  is  that  the  process  it  aims  at  specifying  can  be  used  in  a  wide  variety  of  cognition 
situations"  (Denis,  1991.  p.  123). 

On  the  other  hand,  it  can  be  considered  common  opinion  in  the  field  of  Math  Education  that  "the  cognitive 
manipulation  of  mathematical  concepts  is  highly  facilitated  by  the  mental  construction  and  availability  of 
adequate  image  schemata"  (Dorfler.  1991.  p  20). 

2.  It  is  possible  to  intentionally  intervene  on  the  process  of 'visualization' 

For  some  respect,  'visualization'  can  be  considered  a  subjective  phenomenon,  this  idea  agrees  with  everyday 
experience  of  a  great  variety  in  pupils'  performances  related  to  imagery. 

This  opinion  may  lead  to  neglect  or  even  discard  the  possibility  of  direct  interventions  to  promote  pupils' 
imagery  in  mathematics. 

On  the  contrary  -  together  with  many  other  researchers  -  wc  arc  convinced  in  the  possibility  of  the  positive 
influence  of  a  purposeful  teaching. 

Among  others  the  following  questions  seem  meaningful  to  us. 

-  What  kind  of 'external  images'  should  be  used  in  school  practice? 

-  Arc  there  general  criteria  to  select  visual  aids  in  math  teaching? 

-  What  is  the  relationship  between  external  images  provided  by  teachers  and  internal  images  which  run  in 
pupils'  minds? 

-  When  specific  visual  aids  arc  introduced,  how  is  it  possible  to  check  their  influence  on  pupils'  reasoning, 
both  in  problem-solving  and  concepts  formation? 

-  How  docs  teachers'  opinion  affect  their  attitude  towards  images  in  teaching  practice'' 

Several  research  projects  in  this  field  have  already  started,  wc  wish  to  promote  a  discussion  and  a  cooperation 
among  all  interested  people,  contributing  from  different  points  of  view. 


DSrflcr,  W.,  (1991)  Meaning,  image  schemata  and  protocols.  I'rocxveimxs  PMKXV,  Assisi,  Vol.  I.  17-32 
Dcnii,  M.  (1991)  Imagery  and  thinking,  in  Comoldi.  C  &  McDanicl.  MA  Imagery  and  Cognition, 
Springcr-Vcrlag 
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Research  on  Learning  Mathematics  and 
Programming 


Proposal  for  a  Discussion  Group  at  PME  18,  Lisbon. 

Richard  Noss  (University  of  London) 

Doug  Clements  (University  of  New  York  at  Buffalo) 

The  idea  that  learning  to  program  a  computer  may  have  some  beneficial 
effect  on  the  learning  of  mathematics  is  now  some  thirty  years  old.  The 
early  eighties  brought  forward  a  flurry  of  research,  largely  catalysed  by  the 
appearance  of  Logo  but  this  has  largely  subsided.  Yet  there  is  now  a 
renewed  interest  in  the  question,  not  least  because  the  notion  of  what  it 
means  to  program  is  in  a  process  of  radical  change  The  group  will  address 
a  number  of  related  questions: 

•  What  does  the  research  effort  indicate  so  far? 

•  What  issues  have  proved  fruitful  to  research? 

•  Which  methodologies  have  proved  appropriate  for  the  investigation 
of  these  issues? 

•  What  are  the  implications  for  mathematics  education? 

•  Where  should  research  go  in  the  future? 
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USING  OPEN-ENDED  PROBLEMS  IN  MATHEMATICS  CLASS 


Erkki  Pehkonen,  Dept  Teacher  Education,  University  of  Helsinki  (Finland) 

The  method  of  using  open-ended  problems  in  classroom  for  promoting 
mathematical  discussion,  the  so  called  "open-approach"  method,  was  developed 
in  Japan  in  the  1970's  (Shimada  1977).  For  example  in  the  paper  of  Nohda 
(1991),  one  may  find  a  nice  description  of  the  paradigm  for  the  open-ended 
approach.  This  discussion  group  began  last  year  in  Japan  (Pehkonen  1993), 
where  the  topic  of  discussions  was  the  concept  "open-ended  problem"  and  its 
classroom  usage. 

In  the  group,  we  concluded  that  open-ended  problems  pertain  to  a  larger 
class  of  open  problems  (i.e.  problems  with  openness  in  the  initial  or  goal 
situation).  Furthermore,  open  problems  contain  e.g.  problem  posing,  project 
work,  and  most  real  life  problems.  The  presentations  of  the  discussion  group 
will  be  published  in  the  International  Review  on  Mathematical  Education  (in 
Germany  known  as  ZDM). 

In  the  sessions  of  this  year,  the  discussion  group  will  focus  on  the  research 
results  obtained  around  open-ended  problems.  There  will  be  again  some  brief 
presentations  (about  10-15  min)  from  different  countries,  in  order  to  give  some 
starting  points  for  discussion.  The  main  questions  will  be  "What  scientific  know- 
ledge do  we  have  from  open-ended  problems?"  and  "Are  there  some  under- 
presented  fields  on  which  we  should  focus  our  research?". 
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DILEMMAS  AND  PARADOXES :     MATH  TEACHERS'  AWARENESSES  OF  TEACHING 
AND  LEARNING  MATHEMATICS  IN  MULTILINGUAL  CLASSROOMS. 


Jill  Adler 


Education  Department,  Witwatersrand  University,  South  Africa. 


Abstract:  This  paper  reports  on  a  preliminary  analysis  of  the 
first  stage  of  a  longer  research  project  on  teacher  awareness  of 
teaching  and  learning  mathematics  in  multilingual  junior  secondary 
classrooms  in  South  Africa.  The  project  is  framed  by  a  social 
theory  of  mind  -  that  consciousness  is  formed  through  socially 
mediated  activity  (Vygotsky,  1978),  and  methdologically  is 
concerned  with  a  theoretically  informed  interpretation  of  empirical 
data  gathered  in  a  particular  way.  It  is  situated  in  South  Africa 
where  schooling  contexts  differ  enormously  and  where  multilingual 
classrooms  are  the  norm.  This  presentation  focusses  on  an  initial 
set  of  in-depth  interviews  with  six  teachers  in  three  different 
classroom  contexts,  where  teachers  talked  about  the  context  of 
their  teaching,  the  tasks  and  challenges  they  face  at  the  junior 
secondary  level  in  general,  and  language  related  dimensions  of 
their  teaching  in  particular.  A  discourse  analysis  (Potter  and 
Wetherall,  1987),  and  hence  of  presences  and  silences  in  the 
teachers'  accounts,  suggests  that  teachers  in  multilingual  settings 
confront  and  produce  language  related  dilemmas  and  paradoxes  as 
they  manage  their  teaching.  These,  in  turn,  have  implications  for 
educational  access  in  the  broader  South  African  context. 

Potter,  J  and  M  Wetherall  (1987)  Discourse  and  Social  Psychology: 
Beyond  Attitudes  and  Behaviour.    London .  Sage 

Vygotsky,  L  (1978)  Mind  in  Society.  Harvar;  University  Press. 
Cambridge. 
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USING  PERFORMANCE  ASSESSMENT  ACTIVITIES  TO  PROMOTE  INTEGRATION 
BETWEEN  SUB-DISCIPLINES  IN  TEACHER  EDUCATION 


Miriam  Amit 

Ministry  of  Education,  Israel 

Currant  reform  in   mathematics  education   calls  for  change  in  instruction  and 
assessment.  Instruction  should  de-emphasis  drill  and  practice  type  activities 
and  incense  emphasis  on  open  ended  real-world  problem.  Testing  and  assessment 
should  de-emphasis   multiple   choice   activities   and    increase   emphasis  on 
performance  assessment  activities.    In   order  for   true  educational  change  to 
occur,  instruction  and   assessment  must  be  linked.    To  address  these  changes, 
the  Educational   Testing     Service   (ETS)  developed     performance  assessment 
materials  for  middle   school  mathematics   based  on  research  of  Lesh  and  known 
as  the  PACKETS   program  activities.    The   program  strongly   reflect  the  NCTM 
standards  and   facilitates    the   delivery   of  interdisciplinary  instruction, 
cooperative  learning  and   application  of  mathematical  thinking   to  real  life 
situations.  For  each   activity  the  student  receives  a  newspaper  article  which 
provides  a  topical    real-world  starting   point  for   a  model  eliciting  project 
size  problem.    These  problems  are  generally  perceived  as  having  the  potential 
to  contribute  to  the  development  of  higher-order  thinking,    and  assessment  of 
performance  and  conceptual  understanding.    Teachers'  guide  include  samples  of 
student  products  of  the  project  size  problem,  a  "ways  of  thinking"  sheet  that 
analyze  different  approaches   to  solve  the  problem  exhibited  in  the  products, 
suggested  interpretations  using   assessment  tools   and  written   reflection  to 
the  students.    These  haterials   were  used    in  an    inservice  teacher  training 
course  for  middle  school  mathematics  teachers.  The  course  was  based  on  theory 
and  practice  in  several  "sub-disciplines"  such  as:    instruction,    testing  and 
assessment,  problem  solving  strategies,  mathematical  modelling,  attitudes  and 
beliefs,  real-world   and     "pure"  mathematics.     Each   of     them  was  taught 
separately,  with  no    interaction  between   the  sub-disciplines.    In  order  meet 
the  changes  in  math  education  and  to  integrate  between  the  above,  performance 
assessment  activities  were  used.  At  the  beginning,    the  participants  took  the 
roll  of    students   and  solved   a  model   eliciting  problem,    working    in  small 
groups  and  documenting   their  solutions.    One  activity,    for  example,    was  to 
create  a  model  for  adjusting  given  recipes  to  new  situations  under  constrains 
that  emerge  from  a  newspaper  article.  The  participating  teachers  used  several 
solution  paths  and   came  out  with  different   models,    most  of   which  met  the 
requirements  of  the   problem.    The  diversity  of  results  was  a  surprise  to  the. 
teachers  who  were  used  to  "one  problem,  one  path,  one  solution".  Next,  taking 
the  roll  of  teachers  again,  participants  analyzed  samples  of  student  products 
according  to  the   "ways  of   Thinking"  sheet  provided    in  the  PACKETS  program, 
and  expanded  their  analysis  to  peer  and  their  own  products.  In  performing  the 
activity  and  and  assessing  the  products,,  participants  had  the  opportunity  to 
integrate  between  the  different  sub-disciplines  taught  in  the  course  and  even 
to  re-consider  some   of  their  beliefs  about  problem  solving.    In  the  session 
the  activity,  the  models  and  the  integration  process  will  be  discussed. 
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THE  DEVELOPMENT  OF  PROJECTIVE  ABILITIES 
IN  PRE-SCHOOL  CHILDREN. 

Ponlos  Andreas. 

According  to  the  Piagetian  School  the  projective  ideas  in  children's  mind  come  after  the 
topological  ones  and  explicitly  after  the  age  of  7-8  years.  This  is  mainly  due  to  the  fact  that  the 
child  in  this  age  is  egocentric  and  he  cant  imagine  the  view  from  another  person's  position. 
There  is  some  doubt  about  these  conclusions  and  a  reasoning  on  newer  experiments  of  these 
positions.  In  this  oral  representation  we  will  talk  about  two  main  research  problems: 
I:  The  role  that  the  projective  ideas  play  in  the  development  of  geometrical  thinking  on 
children's  mind. 

II:  The  effect  of  didactical  intervention  at  earlier  ages  (5-6  years  old)  on  these  ideas. 
Our  research  programme  on  acquisition  of  geometrical  concepts  is  based  on  the  follow: 

1.  The  concepts  of  plane  figures  are  learned  with  the  use  of  solid  bodies. 

2.  The  perceptive  perception  is  improved  in  the  3D  space. 

3.  The  micro-space  of  the  table  isnt  sufficient  for  the  development  of  perceptive  perception. 

4.  The  children  in  the  play  perform  tasks  that  call  for  the  view  of  objects  from  many  different 
optical  positions.  This  is  a  component  of  projective  view  of  geometrical  objects. 

We  study  and  control  the  evolution  of  children's  behaviour  in  the  process  of  our  programme 
during  the  year's  1992-93  and  1993-94. 

The  first  conclusions  of  our  observations  are: 

a)  The  children  have  great  deal  of  experience,  so  they  can  "read"  two-dimensional  complex 
figures.  Also  they  can  construct  a  block  of  objects  looking  at  the  photo  or  the  pattern. 

b)  The  differences  between  perspective  and  non-perspective  drawings  are  not  perceptible  from 
the  children  without  proper  instruction. 

We  hope  that  the  completion  of  our  researching  programme  will  throw  light  on  the 
projective  abilities  of  pre-scbool  children. 
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INTEGRATING  DERIVE  IN  SECONDARY  LEVEL  MATHEMATICAL 
TEACHING :  THEORETICAL  POTENTIALITIES  AND  THE  REAL  LIFE  OF 
TEACHERS  AND  STUDENTS 

M'chfrle  Artigue,  Maha  Abboud,  Jean  Philippe  Drouhard,  Jean  Baplisle  Lagrange 
Equipe  DIDIREM,  University  Denis  Diderot  Paris  7 

The  research  presented  here  is  an  ongoing  research  whose  g'xti  is  to  study  the  impact  of  the 
use  of  C.A.S.  softwares  on  the  mathematical  representations  and  practices  of  secondary 
school  students. 

It  is  carried  out  with  students  whose  teachers  can  be  considered  as  "experts" :  they  have  been 
integrating  computers  to  their  maths  teaching  for  many  years  and  using  DERIVE  (the  specific 
C.A.S.  considered  here)  for  more  than  one  year.  About  40  teachers  are  involved  with  students 
ranging  from  14  to  18  years  old. 

The  research  combines  external  and  internal  methodologies : 

-  the  external  study  is  based  on  two  questionnaires  (one  for  teachers  and  one  for  students) 
aiming  to  collect  detailed  information  about  the  way  DERIVE  has  been  used  in  each  precise 
class  during  the  whole  academic  year,  what  was  expected  and  what  really  happened,  as  well 
as  the  opinions  of  both  teachers  and  students  about  this  software  and  its  potentialities  for 
maths  teaching  and  learning. 

-  the  internal  study  is  based  on  qualitative  observations  of  classroom  sessions  with  DERIVE. 
Sessions  to  be  observed  are  selected  with  a  special  subgroup  of  experts  working  together  in  a 
C.A.S.  working  group  created  three  years  ago  by  the  Ministery  of  Education  :  they  have 
previously  experimented  them  and  think  that  they  are  well  adapted  for  testing  some  of  the 
hypothesis  currently  found  in  the  liiieralure  about  the  potentialities  of  DERIVE  or  other 


The  research  began  in^  1993.  A  first  version  of  the  student  questionnaire  was  elaborated  and 
tested  with  students  belonging  to  the  classes  of  the  C.A.S.  working  group  teachers  mentioned 
above.  Some  observations  were  also  carried  out  and  allowed  us  to  fix  the  internal 
methodology,  specially  the  form  taken  by  the  a-priori  analysis  of  situations  to  be  observed 
and  to  get  more  precise  criteria  for  selection. 

In  the  short  communication,  firstly  we  shall  present  the  problematic  of  this  research,  relating 
it  to  some  others  developed  in  this  area,  then  we  shall  focus  on  the  internal  part  of  the 
research.  By  refering  to  some  specific  obervalions,  we  shall  show  how  the  results  obtained  up 
to  now  lead  us  to  reformulate  most  of  the  hypothesis  initially  made  by  the  experts  and 
currently  found  in  the  litterature  and  also  to  reflect  on  the  conditions  to  be  satisfied  by 
mathematical  situations  for  being  "good  DERlVE-session  candidates". 
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CONTRIBUTION  TO  AN  EPISTEMOLOGICAL  AND  EDUCATIONAL 
ANALYSIS  OF  TEACHERS'  PERSONAL  REPRESENTATIONS  ABOUT 
PROBLEM  SOLVING 


Ana  Maria  Boavida.  FCT-  Universidade  Nova  de  Lisboa 

Several  authors  have  claimed  that  the  terms  problem  and  problem  solving 
have  several  meanings  according  to  the  teacher's  perspectives  about  the  nature 
of  mathematics  and  its  teaching  and  learning. 

This  presentation  will  report  some  components  of  a  study  which  purpose 
was  to  understand  how  some  Portuguese  mathematics  teachers  interpret 
problem  solving  in  the  context  of  school  mathematics  in  general  and  in  the 
context  of  the  students'  development  in  particular. 

The  study  assumed  the  plurality  of  ways  of  learning,  the  diversity  of 
contexts  in  which  knowledge  is  constructed,  the  unique  character  of  the 
interaction  of  the  individual  with  his  or  her  environment,  the  complexity  of 
success  or  failure  in  mathematics  and  the  importance  of  a  basic  mathematical 
culture  as  a  necessary  condition  for  the  construction  of  the  Person  in  today's 
historical  and  social  context. 

This  study  had  a  two-fold  objective:  (a)  to  analyse  and  to  understand 
teachers'  personal  representations  of  problem  and  problem  solving  in 
mathematics  education;  (b)  to  explore  possible  relationships  between  these 
representations  and  their  personal  philosophies  about  mathematics. 

Methodologically,  the  study  was  organized  around  two  complementary 
components.  A  theoretical  component,  which  analysed  contemporary  trends  in 
mathematical  philosophy,  and  the  meanings  of  the  terms  problem  and  problem 
solving.  Another  component  included  the  analysis  and  interpretation  of  data 
collected  through  semi-structured  interviews  of  teachers  of  mathematics 
(grades  7th  -  12th). 

The  interpretation  of  these  data  suggests  that  the  interviewed  teachers  have 
diferent  meanings  for  problem  and  problem  solving  which  affect  the  role  and 
place  each  teacher  gives  to  problem  solving.  The  relationships  between  their 
personal  philosophies  about  mathematics  and  the  personal  representations  of 
problem  solving  are  complex,  simultaneously  involving  mathematical  and  non 
mathematical  factors.  It  is  also  found  that  they  claim  predominantly  personal 
philosophies  of  absolutist  tendency  for  mathematics. 
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CONTEXTS  AND  STRUCTURES  IN  LEARNING  TO  NEGATIVE  NUMBERS 

Alicia  Bruno  y  Antonio  Martln6n 
Unlversldad  de  La  Laguna 


We  expose  the  results  of  an  experience  carried  out  about  the  learning  of 
negative  numbers  with  ill  students  (11-12  years  old).  The  students  worked  with 
a  currlcular  material  In  which  negative  numbers  were  presented  through 
concrete  situations  In  five  different  contexts:  possesion  and  debt, 
temperature,  above  and  below  water  level,  time  and  road.  The  numbers  appeared 
expressing  stages  (s)  ("I  owe  5  dollars",  "temperature  Is  8  degrees  below 
zero"),  comparisons  (c)  ("I  owe  two  more  than  you",  "In  Madrid  there  are  two 
degrees  less  than  In  London")  and  variation  (v)  ("I  lost  8  dollars", 
"temperature  fell  8  degrees").  The  addition  and  subtraction  with  negative 
numbers  was  studied  through  the  problem  solving  with  the  following  structures: 

(1)  the  addition  of  two  states  gives  the  total  state:  sj  +  S2  =  s  ; 

(2)  the  addition  of  the  initial  state  and  the  variation  gives  the  final  state: 

s    +  v  =  s  ; 
I  r 

(3)  the  addition  of  two  variations  gives  the  total  variation:  v    +       =  v  ; 

(4)  the    difference    of    the    final    state    and    the    initial    state    gives  the 

variation:   s    -s    =  v  ; 

r  l 

(5)  the  difference  of  two  state  gives  the  comparison:  s    -  s    =  c  . 

This  classification  of  the  problems  is  similar  to  the  one  used  by 
Vergnaud  (1982). 

We  analyse  the  difficulty  of  the  problems  and  the  strategies  used  by  the 
students  (numerical  and/or  graphic)  to  solve  them  (Peled.  1991),  according  to 
the  kind  of  the  structure  of  the  problem  and  the  context.  On  the  other  hand, 
we  study  the  kind  of  structures  and  contexts  that  the  students  choose  with 
greater  frequency  to  write  problems  (the  solutions  of  which  are  fixed 
operations  with  negative  numbers). 

The  problems  allowing  a  best  understanding  of  the  operations  with 
negative  numbers  were  those  of  the  context  of  the  possesions  and  debt  and 
those  of  the  structures  (1)  and  (2).  Also  these  problems  are  chosen  by  the 
students  to  write  problems  in  greater  frequency.  The  most  difficult  problems 
were  those  of  the  context  of  the  time  and  the  structures  (4)  and  (5), 
furthermore  these  structures  were  chosen  occasionally  to  write  problems. 


Peled,  I.  (1991).  Levels  of  knowledge  about  signed  numbers:  effects  of  age  and 
ability.  Proceedings  of  the  XV  International  Conference  of  PNE.  145-152. 

Vergnaud,  G  (1982).  Cognitive  tasks  and  operations  of  thought.  In  Carpenter, T, 
Moser,  J.  and  Ronberg,  T  (eds).  Addition  and  Subtraction:  A  Cognitive 
Perspective.  LEA. Hi lsdale.  New  Jersey. 
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A  STUDY  OF  THE  CHILD'S  CONCEPTION  OF  FRACTION 
-  THE  GENETIC  DIMENSION  - 
USING  THE  CLINICAL  PIAGET'S  METHOD 
AND  SEARCHING  METODOLOGICAL  INFERENCES 


Ely  Machado  de  Campos 


Centra  Educacional  La  Salic  de  Ensino  Superior 
Canons,  RS.  Brasil 


The  purpose  of  this  investigation  is  to  study  the  child's  conception  of  fraction.  The  3tudy 
deals  with  the  elementary  concrete  partitions  of  t  hree  dimensional  and  two  dimensional  figures 
and  the  use  of  Piaget's  methods  of  collecting  and  organizing  experimental  data. 

The  principal  objective  is  the  chartring  of  the  development  of  intellectual  structures 
related  with  fraction,  i.  e.,  the  study  of  the  genetic  dimension. 

In  order  to  grasp  the  context,  this  work  mine  specifically  includes  two  sections:  a  dis- 
cussion of  Piaget's  investigation  and  the  apliration  of  the  clinical  method  to  a  experimental 
group  with  35  children  aged  3-10  years  old. 

In  the  current  research,  the  subjects  were  given  the  task  of  bisecting,  trisecting,  etc  ... 
a  circular  cardboard  "cake"  and  other  figures.  In  the  clinical  interview,  which  acompanied 
each  task,  subjects  were  questioned  about  their  dominacc  of  conservation. 

The  findings  of  this  study  were  largely  as  Pinget  indicated  and  they  refer  how  important 
it  is  to  explore  the  intellectual  development  theory  aboui  fraction  where  the  viewpoints  of 
teachers  must  include  besides  the  what's  to  be  tauftkt.  how  children  learn  and  when  they 
learn  (i.  e.,  conditions  to  learn). 
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FROM  INTEGERS  TO  FRACTIONS 
David  Carraher*.  Luciane  Heim,  &  Analucia  Schliemann* 
Universidade  Federal  de  Pernambuco,  Recife,  Brazil 


In  learning  about  fractions  students  must  rely  upon  what  they  know  about  integers,  yet 
their  understanding  of  whole  numbers  at  times  gets  in  the  way.  For  example,  research 
has  shown  that  many  students  maintain  the  belief  that  multiplication  "makes  bigger"  and 
division  "makes  smaller"  (Bell,  Fischbein,  &  Greer,  1984)  well  into  their  secondary  school 
years.  How  can  students  reconcile  former  knowledge  about  natural  numbers  with 
knowledge  to  be  acquired  about  fractions?  Where  must  breaks  with  past  knowledge  and 
conventions  be  established? 

An  exploratory  study  was  undertaken  with  10  middle  school  children  to  investigate 
how  they  deal  with  the  effect  of  multiplication  and  division  by  integers.  This  seemed  a 
reasonable  situation  for  clarifying  how  integer  knowledge  is  related  to  fraction  knowledge 
since  successive  multiplication  and  division  by  integers  are  equivalent  to  operating  by  a 
fraction.  Children  were  first  given  single  operation  tasks  to  clarify  their  interpretations  of 
multiplying  and  dividing  quantities  by  integers.  Following  this  they  were  given  tasks 
which  involved  successive  division  and  multiplication  upon  a  given  quantity.  [Both  orders 
were  given:  division  followed  by  multiplication  and  vice  versa.] 

Although  all  ten  children  accepted  multiplication  as  n-folding  a  quantity,  there  was 
considerable  variability  about  how  to  interpret  division  of  a  quantity  by  an  integer.  Four  of 
the  students  were  inclined  to  view  "division  by  n"  as  "breaking  the  quantity  into  n  pieces". 
Even  when  the  interviewer  drew  attention  to  the  written  operation,  3",  some  students 
maintained  that  the  amount  of  chocolate  was  the  same  as  it  was  before  the  division.  This 
suggest  that  the  belief  that  "dividing  by  an  integer  makes  smaller"  may  admit  exceptions 
in  certain  circumstances. 

There  was  considerable  variation  among  students  regarding  the  effects  of 
successive  integer  multiplication  and  division  upon  a  physical  quantity.  Some  students 
treated  division  and  multiplication  (e.g.  4  followed  by  x  3)  as  producing  a  fractional  part 
(e.g.  3/4)  of  the  original  amount,  regardless  of  the  order  of  the  operations.  However, 
students  reaching  this  conclusion  did  not  necessarily  realize  that  a  fraction  could  act  as  a 
multiplicative  operator.  Others  claimed  that  the  integer  operations  were  not  related  to 
fractions.  Overall,  the  interviews  suggest  that  the  links  between  integer  multiplication  and 
division,  on  the  one  hand,  and  fractions,  on  the  other,  era  tanuous.  That  some  students 
showed  progress  during  the  interview  itself  suggests  that  successive  operations  tasks 
may  be  useful  for  drawing  out  the  interrelations  between  integers  and  fractions. 


*  At  the  Technological  Education  Research  Centers  (Cambridge,  MA)  during  1994. 
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USING  A  LOGO  ENVIRONMENT  TO  CREATE  A  MATHEMATICS  CLASSROOM 

COMMUNITY 


Marta  Civil 
University  of  Arizona,  Tucson,  USA 

In  this  paper  I  describe  one  aspect  of  our  work  with  a  fifth  grade  teacher,  as  we  collaborate  to 
change  mathematics  teaching  and  learning  in  her  classroom.  This  research  is  part  of  a  larger 
program  of  work  that  focuses  on  a  socio-cultural  approach  to  learning  and  rejects  the  deficit 
model  for  minority  education  (Moll,  1992).  In  our  work,  classroom  teachers  and  university 
researchers  collaborate  to  develop  innovations  in  teaching  by  developing  a  classroom 
environment  that  sees  the  students  and  their  families  as  resources  for  learning. 

The  work  reported  here  is  part  of  our  effort  to  create  a  mathematics  classroom  community  in 
which  students  engage  in  discussions  on  mathematically  rich  problems  (Cobb,  1991;  Lampert, 
1988)  Because  of  the  characteristics  of  the  school  and  the  fact  that  these  students  have  been 
acculturated  to  the  school  ways  for  five  years,  changing  their  perceptions  about  what  it  means  to 
do  mathematics  in  school  was  met  with  resistance.  Immersing  them  in  a  completely  new 
environment,  namely  the  logo  laboratory,  gave  us  a  way  to  break  down  some  of  the  established 
behavior  norms  and  roles  in  the  classroom.  In  addition,  because  logo  was  new  to  every  student 
in  the  class,  it  served  as  an  equalizer  through  which  students  considered  "less  successful  were 
able  to  shine.  After  a  few  sessions  with  the  whole  class,  a  very  diverse  group  of  seven  students 
expressed  an  interest  in  continuing  working  on  logo.  This  paper  will  report  on  this  micro- 
community  of  learning  focusing  on  social  and  cognitive  aspects. 

At  the  social  level,  the  patterns  of  behavior  of  the  logo  group  in  the  lab  were  in  sharp  contrast 
with  their  behavior  in  the  classroom.  Students  who  were  either  aggressive  or  withdrawn  in  the 
classroom,  became  more  open  and  friendlier  towards  their  peers  in  the  lab.  They  were  curious 
about  each  other's  work.  Although  students  worked  individually  in  the  projects  of  their  choice, 
there  was  constant  spontaneous  sharing  of  information.  Ideas  traveled  ihroughout  the  lab. 
Some  students  became  resources  to  their  peers.  In  the  paper  I  elaborate  on  the  different  patterns 
of  interaction.  The  students'  projects  gave  us  a  window  into  their  world  and  into  their 
understanding  of  some  aspects  of  mathematics  (e.g.,  decimals,  angles,  patterns).  With  varying 
degrees  of  success  (as  I  will  illustrate  in  the  paper),  we  engaged  in  conversations  around  their 
work  and  their  thinking.  This  helped  us  assess  what  was  happening  at  the  cognitive  level. 
Issues  of  persistence,  confidence,  intellectual  challenge,  and  frustration  shaped  each  students 
personal  approach  to  his  or  her  project.  The  projects  gave  them  an  opportunity  to  develop  an 
area  of  expertise  (Hoyles,  1985).  The  effects  of  this  expertise  were  quite  evident  in  their 
presentations  to  the  whole  class.  Even  the  students  whose  thinking  we  had  difficulty  reaching, 
gave  quite  coherent  and  articulate  presentations. 
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THEORY  AND  PRACTICE:  DO  STUDENT  TEACHERS  ENCOURAGE  YOUNG 
CHILDREN'S  MATHEMATICAL  KNOWLEDGE  OF  THE  REAL  WORLD? 


Anne  D.  Cockburn 
University  of  East  Anglia,  U.K. 


Research  suggests  that  many  young  children  are  unaware  of  the  role  of  math- 
ematics in  adult  lives  (Desforges  and  Cockburn,  1987).  Teachers  have  been 
encouraged  to  present  their  pupils  with  realistic,  practical  problems  (e.g. 
Haylock,  1991;  Kamii,  1989)  and,  indeed,  such  an  approach  forms  part  of  the 
Mathematics  National  Curriculum  in  England  and  Wales.  Despite  this,  many 
children  have  difficulty  in  applying  their  knowledge  in  unfamiliar  contexts 
(OFSTED,  1993).  Personal  observation  supports  Desforges  and  Cockburn's 
1987  finding  that  early  years  teachers  tend  to  provide  routine  mathematics 
tasks  rather  than  problems  and  investigations  which  require  the  application 
of  basic  skills. 

In  response  to  a  questionnaire,  early  years  student  teachers  indicated  that 
they  are  strongly  in  favour  (97%)  of  pupils  engaging  in  practical  mathematics 
in  realistic  contexts  (N  =  36).  This  short  presentation  will  consider: 

(i)  in  what  ways  students  act  upon  these  beliefs  on  teaching  practice. 
(If  they  do  not,  why  not?) 

(ii)  whether  such  an  approach  has  any  effect  on  pupils'  understanding, 
progress  and  knowledge  of  mathematics  within  a  real  world  con- 
text. 
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WORD  PROBLEMS. 
FROM  NATURAL  LANGUAGE  TO  MATHEMATICAL  EQUATION:  THE 
RESPECT  OF  HOMOGENEITY 


CORTES  Anibal 
LabPSYDEE,  46  rue  Sl  Jacques,  75005  PARIS. 


Most  students  in  putting  into  equation  the  following  problem: 

A  shop-keeper  selling  smoking  items  buys  from  a  wholesaler  match- 
boxes and  lighters  by  giving  him  230F.  If  he  buys  260  match-boxes  and  30  lighters, 
the  wholesaler  gives  him  back  3F.  If  he  buys  160  match-boxes  and  40  lighters  the 
whole  saler  gives  him  back  2F.  What's  the  price  of  a  match-box?  and  that  of  a 
lighter? 

write  directly  the  system  of  equations:  260x+30y=230-3  and  160x+40y=230-2.  Now, 
to  put  in  equation  a  word  problem  requires  to  pass  through  stages,  in  general  implicit: 

a)  First,  it  is  necessary  to  identify  or  to  construct  correspondences  (in  natural 
language)  between  two  whole  sets  in  our  problem:  to  a  number  n  of  mutch-boxes 
corresponds  a  sum  of  money  Sa  (only  one)  n  ->  Sa.  In  the  same  way,  for  m 
cigarette-lighters:  m  ->  Sb  and  nUm  ->  Sa+Sb. 

b)  Then,  it  is  necessary  to  construct  numerical  functions  starting  from  the 
correspondences  previously  constructed.  There  is  a  rupture  here  because  these 
numerical  functions  express  equivalences:  the  homogeneity  of  terms  must  be 
respected.  The  functions  in  our  problem  are:  the  total  sum  of  money  St=Sa+Sb;  the 
sums  of  money  payed  in  function  of  the  number  of  objects:  Sa=xn  ,  Sb=ym  and 
St=xn+ym.  In  general  these  functions  are  not  written  down. 

c)  The  mental  construction  of  these  functions  makes  possible  to  connect  the 
numerical  data  to  the  unknowns  of  the  problem.  Now,  the  numerical  calculation  of 
these  unknowns  requires,  in  our  pnblem,  to  write  a  system  of  equations  by 
substitution  of  datas  in  the  function  St=xn+ym.  This  process  is  in  general  implicit. 

Analysis  of  one  representative  error:  some  students  write  "x  represents  the 
match-boxes  and  y  represents  the  lighters".  The  signification  of  the  unknowns 
switches  to  the  one  of  an  object.  Then,  they  write:  x+y=230  and  260x+30y=230-3.  In 
the  first  equation  the  equal  sign  expresses  only  a  correspondence:  to  a  number  of 
objects  corresponds  a  sum  of  money.  The  homogeneity  of  terms  is  not  respected: 
there  are  objects  on  one  side  and  money  on  the  other.  The  disregard  of  the 
homogeneity  also  appers  when  students  give  two  different  significations  to  one 
symbol.  For  example  x  can  be  also  an  unit-price  in  the  second  equation. 

The  numerical  functions  and  the  equations  written  down  must  always  have  the 
same  units  and  the  same  signification.  Therefore,  we  can  identify  an  operational 
invariant  or  a  principle:  the  respect  of  the  homogeneity  of  terms  in  mathematical 
expressions  and  the  homogeneity  of  the  signification  of  symbols.  This  implicit 
principle  guides  the  cognitive  process  involved  in  mathematical  modelisations  of 
conceptulisations  of  reality. 


INTUITIVE  NOTIONS  ON  SEQUECES  IN  PUPUILS  OF  SECONDARY  SCHOOL 


Joaquin    Ferrer    Sanchez    Departamento  de  Didactica  de  la 

Mat  emit  ica  .Universidad  de  Almeria. 
Aimer ia. Spain. 

ABSTRACT 

This  work  is  about  the  intuitions  about  the  concept  of 
sequence  in  pupils  four teen-f i f teen  years  old. 
A  lest  has  bee  passed  to  the  children   in  a  classroom 
in  Secondary  School, which  consists  in  two  items  about 
sequence.  In  the  first  item  one  pupil  is  to  explain  what 
a  sequence  is  to  another  pupil. The  second  item  presents 
four  examp 1 es , and  the  pupil  needs  to  dicose  whether  one 
one  of  them  is  a  sequence  and  justify  his  choice. The 
first  example  is  about  an  infinite  non-numerable  set:a 
segment; the  second  example  asks  about  of  sand  of  a 
beachjthe  third  one  is  the  positions  of  a  pendulum. The 
set  of  odd  numbers  is  the  last  example. 

Responses  are  classified  following  threecriterion: 
oder, infinity  and  regularity. Then, we  analyte  the 
consistence  of  the  answers  given  to  the  different  above 
Mentioned  examples. 
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Exploring  the  source  and  effects  of  critical  incidents  in  the 
growth  of  the  professional  knowledge  of  mathematics  teachers 

JHttCmlu 
The  University  of  Nottingham 

Abstract 

The  field  in  which  I  wifh  to  report  is  that  of  the  developme  nt  of  professional  learning,  in  mathematics  teachers. 
Areas  of  current  investigation  outside  of  Mathematics  Education  include  work  on  tht  structure  of  a  teacher's 
knowledge  (Shulman,  Calderhted,  Zeichner),  the  nature  of  knowiedie  about  Uachinj  (Schon,  Calderheed, 
Melntyre  and  Brown,  Olsen,  van  Manen)  end  the  nature  of  professional  development  (Celderhead  &  Gates,  Day, 
Ereul,  CatT  &  Ktmnus). 

Shulman  has  written  that  om  area  which  needs  further  examination  is  the  afftot  subfeot  knowledje  has  on  a 
teacher's  beliefs  and  classroom  practice,  furthermore  (here  is  currently  treat  interest  in  constructivist 
approaches  to  learning  not  fust  for  pupils  learainj  mathematics,  but  for  teachers  developing;  their  teaohinj. 
However  Acre  are  some  very  recent  sip*  thetthere  is  a  shift  away  from  viewinj  the  individual  as  constructor  of 
knowiedte  towards  fee  social  and  cultural  oontaxt  of  knowledje  oorutruotiont  'social  oonrtruettvism'  and  social 
lnteractionism'.  This  attempts  to  mere*  VytoUkien  ideas  of  the  role  of  lanjuete  end  situation,  with  a  perspective 
mat  teaming  often  dees  take  place  as  a  result  of  some  interaction  wittt  another.  However  fust  as  we  axe  not  fust 
individual  meenini  makers,  we  axe  not  fust  social  tttjetiators.  At  me  same  time  we  axe  a  product  ef  our  past, 
havinspsycholofical  dispositions  which  may  erfcer  liberate  or  constrain  us. 

His  wiminmis  ooniertmaUwishto  reportsome  work  which  looks  closely  atthe  act  of  developlnt  new  ideas  about 
teachlnt  which  axe  significant  enoufh  to  brims  about  a  chanje  in  awareness  which  in  its  turn  brings  about  a 
chance  in  behaviour.  The  idea  of  eaplorinc  'sifnlfieant  moments'  (Mason,  Jeworski,  Gates,  Davis),  'critical 
incidents'  (Trip)  or  'critical  events'  (Woods)  is  net  a  new  one  and  might  even  be  traced  back  to  early  works  in 
Buddhism,the  Vedics  and  other suchphilosophies.  However  itseemstobeprovidintanacoess  interne  mind  ofthe 
teacher 'in  action'.  One  area  which  has  received  little  attention  has  been  the  psyoholoejcal  disposition  of  teachers 
towards  interpretinc  their  experiences.  Whilst  much  research  from  a  oonstructivist  tradition  has  identified  the 
verymomentsoflearnin{ofyoun{children(et,Suffe,Cobb  rt^vonGtasersfeld)Uttlehasbeen done  indie  area 
ofthe  erowth  ef  knowledte  oftheteeoher  -  either  novice,  or  expert- with  a  focus  on  the  subfect  specialism. 
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ROLE  OF  INTERVALS  WHEN  FUNCTIONS  ARE  INTRODUCED 
Joaquin  Girnenez .  Computer  Engineering  Department,  Taragona 
ABSTRACT 

Some  distractors  were  found  in  building  intuitional  knowledge  of  dependence  in  no  linear 
graph  situations.  Conceptions  of dependence  and  use  of  interval  is  analyzed. 

INTRODUCTION  AND  OBJECTIVES 

Our  study  try  to  analyze  the  students'  conceptions  (Artigue  1990)  and  images  (Vinner  1983). 
(in  a  "in  service  teacher  training"  experience)  of  global  interpretation,  use  of  variation  ideas  of 
functions  prior  to  the  usual  formal  study  (11-16  years  old).  The  main  questions  were  the 
following:  (a)  Could  we  characterize  an  intuitional  knowledge  (Kieren  1992)  about  dependence 
and  variability  prior  the  formal  study?  (b)  What  about  the  use  and  verbalisation  of  interval  in 
using  global  interpretations  of  no  linear  graphs  in  comparison  situations? 
METHODOLOGY 

120  scholars  ( 1 1  to  1 6  years  old)  and  5  teachers  in  the  Tarragona  area  participated  in  a  cross 
longitudinal  study.  The  set  of  questions  included:  (a)  dependence,  and  corres-ponding  linguistic 
framework,  (a)  interpretation  of  scaled  function  and  comparison  of  graphs  in  real  context 
situation,  and  (c)  use  of  algebraic  and  table  notation  to  represent  a  simple  dependence. 
MAIN  RESULTS 

(a)  Functions  are  considered  as  graphs,  and  later  as  a  relation,  but  the  students  need  the  formula 
at  a  starting  point,  for  explicitation.  (b)  The  observations  revealed  a  basic  geometrical  view 
(Azcarate  &  Deulofeu  1994)  of  dependence  and  no  explicit  link  with  operative  understanding. 
Global  observations  did  not  appear  easily,  (c) "Close  contextual"  activities  as  football  game  act 
as  distractor  to  interpretations,  (d)  Operative  discrete  understanding  act  as  a  barrier  for  a  global 
interpretation  of  graphs,  if  there  is  no  related  to  a  geometrical  interpretation,  (e)  A  lot  of  discrete 
viewing  appears  in  functions'  comparison  tasks.  Intervals  are  used  for  single  functional 
interpretations  of  increasement,  but  it  seemed  not  necessary  to  talk  about  variability  even  in 
comparison  tasks,  (f)  Second  part  of  the  study  (in  progress)  revealed  that  interpreting  and 
using  real  situations  in  a  figurative  way,  could  be  a  powerful  intuition  to  improve  dependence 
understanding  if  comparison  tasks  are  introduced. 
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TEACHER  THINKING  AND  NARRATIVE  ANALYSIS 
OF  STUDENT  TEACHER  S  STORIES 


Fernando  RIBEIRO  GONCALVES 
Helena  RALHA  SIMOES 
Carlos  Marques  SiMOES 


UNIVERSIDADK  DO  AI.GARVK 


ABSTRACT:  Metacognition  can  provide  an  important  conceptual  tool  for  the  study  of 
teacher  thinking  (Clark  &  Peterson.  1986:  Morinc-Dershimer.  1991).  In  spite  of  his  incipient 
nature,  as  a  scientif  domain,  it  helps  eventually  to  understand  the  complexity  of  the  several 
modes  of  knowing  involved  in  teacher  development,  since  his  early  beginnings  (Eisner. 
1985).  But.  if  the  modes  of  knowing  and  the  events  to  which  they  refer  are  taken  to  be  in  a 
different  domain  from  the  practice  of  teaching  and  learning,  then  we  must  also  take  into 
account  the  distinction  between  theory  and  practice  that  permeates  our  reflexion. 

Our  effort  in  this  paper  is  to  construct  a  basis  for  working  on  these  possibilities 
through  the  narrative  analysis  of  student  teacher  stories  and  histories  (Josselson  & 
Licblich.  1993).  Such  terms  provide  elements  of  metacognitive  reflexion,  and  therefore  we 
will  try  to  reconstitue  the  emergence  of  the  pedagogical  content  knowledge  in  teacher 
education  (Gudsmundottir.  !991,ShuIman.  1991). 
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"THE  ATTITUDES  IN  PROBLEM  SOLVING" 


Josefa  Hernandez,  Candelarla  Esplnel  and  Martin  M.  Socas 
La  Laguna  University  (Spain) 


The  Influence  of  affective  factors  In  education  Is  beyond  doubt,  doing 
research  aspects  concerning  with  the  pupil  attitudes  (McLeod,  1992)  and 
teacher  beliefs  (Thomson,  1992)  at  the  preent. 

Some  of  the  alms  of  our  paper  are  analyzed: 
Differences   between   pupil    attitudes    toward   Mathematics    In   general  and 
towards  problem  solving. 

.  Differences  by  ages,  sex,  studies  of  their  parents. 

.  Relation  between  the  pupil  attitudes  and  the  qualification  In  mathematics. 
.  Relation  between  the  attitudes  and  the  style  of  the  teacher. 

Our  research  has  been  carried  out  with  students  (8-11  years)  In  Tenerlfe 
(Spain),  In  which  13  teachers  of  7  schools  and  355  children  took  part. 
Starting  from  some  papers  by  Aiken  (1974,  76)  and  by  Galrln  (1987),  we  made 
and  validate  two  tests:  one  to  measure  their  attitude  towards  mathematics  and 
the  other  their  attitude  to  problem  solving.  These  are  made  up  25  Items, 
referred  to  affective  (10  reactlves),  comportamental  (5),  cognoscltlve  (5), 
Implication  (2),  contextual  (2)  and  beliefs  (1)  components.  At  the  same  time 
we  make  a  questional  re  for  teachers  to  analyze  their  way  of  teaching. 

Firstly  we  gave  the  test  about  attitudes  towards  mathematics  to  the 
students  and  them  about  the  attitudes  towards  problem  solving.  This  test  Is 
given  again  to  the  student  after  we  has  been  carried  out  a  Instructional 
design  about  arithmetic  problems.  The  assesment  technique  which  we  used  was 
Llkert's  added  claslf 1 cat Ions  and  It  was  given  to  all  students.  As  a 
consequence  of  these  results  we  have  found  out  that  the  attitudes  of  the 
children  towards  problem  solving  Is  slightly  higher  than  towards  mathematics, 
nevertheless  these  points  do  not  change  after  carrying  out  the  Instructional 
design,  which  was  assessed  In  a  positive  way  by  the  student  as  well  as  by  the 
teacher.  Among  the  causes  of  these  results  we  have  found  out  the  Influence  of 
teacher  beliefs  and  conceptions,  as  well  as  the  Instructional  design  which  Is 
carried  out  In  a  short  time  does  not  make  any  significative  changes  In  the 
student's  attitudes. 
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MEDIATING  UNDERGRADUATE  MATHEMATICS  LEARNING 
THROUGH  DIALOGUE  AND  CO-OPERATION. 


M.  HOCKMAN. 
University  of  Hi  twatersrand. 

A  learning  programme  ba..d  on  collaborative  and 
construct? vi.t  idea,  was  developed  and  introduced  into  the 
M^th  100  tutorial  system  at  Th.  University  of  Witwatersrand 
during  the  first  semester  of  1993. 

Th.  program*,  involves  a  cycl.  of  l.arning,  beginning  Nith 
th.  lecture  or  class,  moving  through  group  work  and  pro 
activ.  tutorial.,  and  ending  with  ..If  J*"  f 

construction  of  th.  programm.  was  inf  l"«nc«d  by  tht  «rk  of 
Vvaotskv  with  respect  to  th.  Zon.  of  Proximal  Development, 

2?£2triSiviS  vi.w.  of  von  Gi..r.f.id  "?ic~;£on/nd 

th.  existing  precedents  of  group  work  and  conflict 
d.v.?op.d  by  th.  Shell  Cntr.  for  Mathematical  Education, 
Unive£i?y  of  Nottingham.  Th.  gr.at  success  of  P**^"™'^ 
at  religious  J««irtt  seminaries  also  encouraged  and  influenced 
th.  development  of  th.  program.   It  is  tha* J™. 

progrMM  can  b.  adapted  to  b«com.  part  of  th.  tutorial 
tyttM  of  any  maths  cour..  at  a  univ.r.ity. 

Th.  Min  concrn  of  th.  project  i»  th.  ^turing  of  small - 

group  and  pro-activ.  tutorial..  Th.  aim  of  both 

tutorial,  i.  to  encourage  communication  wng  th. 

and  bttMtn  th.  .tud.nt.  and  th.  lecturers.  1  °" 

at  both  school  and  univr.ity  need,  to  move  away  from  being 

t.ach.r-c.ntr.d  and  allow  th.  .tudent.  to  tak.  a  mor.  activ. 

part  in  th.ir  own  l.arning. 

Th.  Laming  programm.  wa.  piloted  with  30  of  th. 
•tud.nt.  in  th.  f  ir.t  ym.r  main  .tr.am  course, 
•nd  involv.d  two  lecturers.  A  qu..tionnair.,  ^elating  to  th. 
general  atmosphere  during  tutorial.,  wa.  completed  by  th. 
whole  Math  100  class  at  th.  end  of  th.  *  P°"U  VB 

r..ult  wa.  obtained,  with  th.  pilot  Project  ■tudmt> 
indicating  an  involv.rn.nt  and  enjoyment  of  th.  tutorial 
system,  not  .har.d  by  th.  r..t  of  th.  students.  J-^^"  ^w 
results,  no  significant  chang.  in  academic  p.rformanc.  was 
obiirvtd  at  this  stag*. 
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SLUMS  CHILDREN'S  SCHOOL  ARITHMETICAL  KNOWLEDGE 

Mariela  Orozco  Hormaza 
Department  of  Psychology 
Universidad  del  Valle 
Cali,  Colombia 


Several  authors  have  described  successful  performances  of  low 
socio  economic  level  children  to  solve  arithmetical  tasks,  provided 
they  are  presented  in  their  "everyday  context"  (Saxe,  1991)  or  in 
their  "context  of  transaction"  (Carraher  y  Schliemann,  1985).  I 
would  like  to  describe  children's  successful  procedures  in  solving 
a  school  arithmetic  centered  test.  The  test  was  applied  individually 
to  3.75  "slums  children"  to  identify  their  number  comprehension  before 
they  enter  first  grade.  Children's  success  in  solving  the  test  tasks 
suggest  that  it  is  necessary  to  modify  assessment  methods  in  order 
to  be  able  to  establish  their  school  mathematical  knowledge  and  ways 
of  reasoning.  The  presentation  will  include:  a  description  of  the 
test,  the  way  it  was  applied  and  the  results  obtained;  and  a 
reflexion  on  the  test  content  and  the  methods  used  to  apply  it  and 
to  analyse  the  children's  answers.  Finally,  I  would  like  to  propose 
that  this  type  of  assessment  allows  one  to  identify  "children's 
mathematics"  (Steefe  (1990)  and  enables  one  to  decide  on  "mathematics 
for  children"  as  Steefe  has  suggested  (Steefe,   1988,  1990). 

CARRAHER,  T.N.,  CARRAHER  D.W.  AND  SCHLIEMANN,  A.D.  (1985) 


Mathematics  in  the  streets  and  in  schools.  British  Journal 
of  Developmental  Psychology,  3,  pp.  21-29. 
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Erlbaum. 
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multiplying  schemes.  In  J.  Hiebert,  M,  Behr  (Eds.). 
Number  Concepts  and  Operations  in  the  Middle  Grades. 
Preston,  Virginia:  Erlbaum.  National  Council  of  Teachers 
of  Mathematics. 
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arithmetical  words:  A  curriculum  problem.  In  D.  Tirosh 
(Ed.).  Implicit  and  Explicit  Knowledge.  An  educational 
Approach.  Norwood,  NJ:  Ablex. 
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Progression  in  the  understanding  of  an 
algebraic  rule 


MOK,  Ah-Chee  Ida 

Department  of  Curriculum  Studies,  University  of  Hong  Kong 

Most  of  the  exercises  in  textbooks  can  be  completed  by  recalling 
algebraic  rules  accurately.  Thus,  a  correct  piece  of  routine  exercise 
may  not  guarantee  that  students  have  achieved  progress  m 
understanding.  This  study  is  an  ongoing  one  and  it  aims  to  Find  a 
better  picture  of  how  students  understand  an  algebraic  rule  and  how 
their  reasoning  changes  as  their  learning  experience  grows.  Students 
from  different  levels  in  secondary  school  arc  chosen  to  do  task-based 
interviews.  Ttas  design  of  the  tasks  are  based  on  the  pattern  of  the 
distributive  law.  During  the  interviews,  students  have  to  distinguish  the 
legitimate  and  the  illegitimate  situations,  and  they  are  asked  to  explain 
their  answers. 

In  the  trial  study  for  designing  the  inteview  tasks,  the  tasks  were  tried 
by  three  students  with  Hong  Kong  educational  background  and  of  age 
12  14  and  18.  They  had  completed  secondary  year  one,  three  and  five 
in  Hong  Kong  respectively.  The  responses  of  the  students  were  found 
to  be  mainly  unistructural  according  to  the  SOLO  taxonomy.  (Biggs  & 
Collis,  1982)  There  was  obvious  difference  in  the  reasoning  strategies 
of  students  from  different  age  group. 

The  student's  responses  are  summarized  in  the  table  below: 

Student  age    Characteristics  of  responses 

unistructural,  mainly  substitution,  tautology, 
inconsistency,  recall,  wrong  data 

unistructural,  mainly  manipulations,  goal-directed 
transformation,  some  substitution,  tautology 

induction  &  deduction,  consideration  of  the  nature  of 
variable,  unistructural,  tautology,  multistfuctural 
but  closed  too  soon,  relational  during  probing 


age  12 
age  14 
age  18 
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CONCEPTIONS  OF  FUNCTION:  A  TOOL  FOR  ANALYSIS  OR  A  CONSTITUENT 
OF  THE  MATHEMATICAL  KNOWLEDGE? 

Maria  Ka<dr|mldpu,  Dpt.  of  Early  Chilhood  Education,  University  of  Ioannlna,  Greece. 

The  term  conception  (and/or  misconception)  appears  more  and  more  often  In  the  litterature 
of  the  mathematics'  education.  The  use  and  the  meaning  the  notion  has  in  the  researches' 
reports,  and  especially  to  the  researches  concerning  the  concept  of  function,  will  be  the  first 
issue  of  this  paper. 

Usually,  the  term  is  used  without  an  explicitly  reference  to  his  meaning.  But,  the  context  of 
the  researches'  reports  led  us  to  an  interpretation  of  the  term.  So,  "conceptions"  are  used  In 
relation  to: 

1.  the  knoweldge  of  the  subjects  (students  or  teachers  of  mathematics),  as  the  "analogon" 
(Vergnaud)  construct  of  the  concept  in  their  minds  (Breldenbach  &  al,  Vinner) 

2.  the  mathematical  concept,  to  determine  the  different  aspects  the  concept  has  in  different 
topics  (A.  &  J.  Selden,  Sierpinska). 

3.  the  procedures  used  in  mathematics,  their  eplstemologlcal  value  and  other  caracteristlcs 
of  the  mathematics  such  as  generalisation,  definition,  Iconic  representation..  (Artlgue, 
Sierpinska,  Dreyffus,  Kaldrlmtdou  &  Ikonomou). 

Moreover,  and  this  will  be  the  second  issue  of  the  paper,  we  will  try  to  set  up  an  unifying 
approach  of  the  notion  of  conception  and  to  present  our  considerations  about: 

1.  the  discrimination  between  the  term  conception  and  other  similar  terms  such  as  ideas, 
beliefs,  scheme  of  thought,... 

2.  the  nature,  the  function  and  the  structure  of  conceptions  in  the  construction  of 
mathematical  knowledge,  and  consequently 

3.  the  possibility  of  intervention,  during  the  educational  proces. 
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THE  COGNITIVE  STRUCTURE  AS  A  PROCESS  OF  DOING  MATHEMATICS 


Tadato  Kotagiri 
University  of  the  Ryukyus 

I  have  previously  reported  on  the  cognitive  structure  that  is  observed  when  elementtry-school 
children  successfully  learn  numbers  and  four  arithmetic  calculations  according  to  the  Suido 
Method(See  the  Proceedings  of  the  PME17,  I  -240.)  This  structure  has  four  phases,  or 
four  thinking  modes,  identified  as  the  Real  World,  the  World  of  Models,  the  World  of  Schemes.,  and 
the  Mathematical  World.  All  the  empirical  results  show  that  every  elementary-school  child  can 
achieve  a  satisfactory  level  of  learning  numerical  concepts  by  going  through  the  four  cognitive 
worlds  conducted  by  the  Suido  Method  even  if  he/she  is  called  a  stow  learner  in  mathematics 
learning  because  he/she  can  manipulate  concrete  objects  and  understand  the  result  of  his/her  efforts. 

We  can  begin  here  with  the  question,  "Why  can  a  child  understand  the  result  of  manipulating 
concrete  objects?"  This  question  is  not  particular  to  the  Suido  Method,  but  is  a  general  question 
because  it  is  popular  to  use  concrete  objects,  pictures  of  concrete  objects,  and  everyday-life  stories 
for  teaching  mathematics.  Then,  the  question  is,  "Whv  can  a  child  do  and  understand  mathematics 
by  using  the  concrete  objects,  the  pictures,  and  the  stories?" 

I  propose  that  there  is  a  base-structure  under  the  structure  composed  of  the  four  cognitive  worlds. 
Citing  Freud's  idea,  this  bate-structure  could  be  called  Preloaical  Knowledge,  which  is  obtained  un-, 
sub-,  or  pre-consciousry.  By  a  simple  experiment,  it  is  easy  to  prove  that  there  exists  Prdogical 
Knowledge,  which  is  not  intended  to  be  memorized  From  this  point  of  view,  the  above  statement  of 
successful  teaching  should  be  rectified  as  foOows:  Every  child  who  has  stored  enough  Pretogical 
Knowledge  in  his/her  mind  can  understand  the  mathematical  relations  explained  in  the  thinking 
modes  with  concrete  objects,  pictures,  and  stories.  The  Prdogical  Knowledge  is  different  from  the 
knowledge  memorized  through  the  DriB-and-Practice  lessons  because  a  chikl  kams  or  memorizes 
something  consciously  in  the  DriB-and-Practice  situation.  The  memory  »y  tart  of  Pretogical 
Knowledge  is  different  from  computer  memory  because  a  child  understands  the  roasting  of 
infoonatwrt  to  be  accwnulated  unconsciously  even  if  he/she  is  just  two  or  three  years  oi£ 

We  might  now  consider  another  question,  "Why  can  a  child  understand  the  meaning  of 
Mentation  to  be  stored  unconsciously?"  Since  a  child  scarcely  know  the  words  to  comrramicate 
wi»  another  perscc,chikfs  way  rfuriders^ 

This  question  it  scnerakKd  into  the  folowing.  'Whv  can  a  vount  child  whose  vncrttulary  is 

rrrrfr  ftHrt,  obtain        «i«ch  as  i  ~r  SmJ  h-™-  m*"*-  e*r 

1  propose  that  there  are  two  conditions  which  must  both  be  satisfied  for  a  young  child  to 
understand  the  meanings  of  new  words:  One  is  Emoti^tMR&onan^  and  the  other  is  &nj@g»aj 
Uidtmsndint  ft  U  easy  to  observe  these  conditions  in  a  child's  play,  i.e.,  when  the  child  is  playing 
house  or  is  enjoying  a  paper  picture  show.  In  other  words,  we  can  observe  the  two  conditions  when 
ichiUfbrss*  ramse»0henerf  todo 
PretoejcalKiwwtocfcistoletachildto 
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Constructing  a  culture  of  alternative  pedagogy 
in  a  formal  educational  system: 
an  analysis  of  two  teachers'  interventions. 


Yanna  Preen  -  Kynigou  and  Chronis  Kvnieos* 

♦University  of  Alliens.  School  of  Philosophy.  Dept.  of  Philosophy.  Hduealion  and  Psychology 

The  context  of  this  research  is  a  logitudinal  project,  involving  all  teachers  and  children  ol  a 
primary  school  using  Logo  programming  to  develop  alternative  pedagogy  lor  mathematics. 
Episodes  about  the  didactical  intervention  ol  two  teachers  with  seven  years'  prior  l  ogo 
teaching  experience  within  the  project  are  described,  where,  their  developed  strategies  to 
influence  the  learning  environment,  on  the  one  hand  in  order  to  discourage  an  unrellectivc  use 
of  the  computational  medium,  and  on  the  other,  in  order  to  help  the  children  to  locus  on  and 
become  aware  of  the  interesting  and  powerful  mathematical  ideas  which  they  use  in  amongst 
their  projects  were  challenged  by  the  assumptions  carried  over  Irom  the  wider  educational 
paradigm.  A  qualitative  analysis  of  all  the  teachers'  verbalisations  in  the  classroom  was  carried  out. 
supported  by  interview  data,  based  on;  a)  video  recordings  of  the  teachers'  activity  and  transcription 
of  all  their  interventions  throughout  five  teaching  periods  each  and  b)  on  semi  -  strucutred  interviews 
regarding  their  beliefs  about  the  didactical  strategies  they  had  formed. 

The  preliminary  results  support  the  argument  that  the  teachers  have  developed  strategies  to  influence 
the  learning  environment,  on  the  one  hand  in  order  to  discourage  an  unreflective  use  of  Logo,  and  on 
the  other,  in  order  to  help  the  children  to  focus  on  and  become  aware  of  the  interesting  and  powerful 
ideas  which  they  use  in  amongst  their  projects.  However,  their  efforts  are  not  facilitated  by  the 
assumptions  carried  over  from  the  wider  educational  paradigm  to  the  Logo  work,  even  though  during 
the  normal  curriculum  hours  they  did  attempt  to  engage  the  children  in  classroom  discussions  or  find 
time  for  them  to  work  in  small  groups  and  the  school  explicitly  supports  such  pedagogy.  The  children 
come  into  the  Logo  classroom  with  the  expectation  that  the  teacher  is  there  either  to  provide 
information  or  answers,  or  to  test  whether  the  pupil  can  provide  them.  The  teachers  have,  in  general, 
gradually  developed  a  meaningful  way  to  communicate  to  the  children  why  they  are  not  readily  giving 
them  factual  answers,  why  they  will  often  throw  the  responsibility  of  a  situation  back  to  the  children 
themselves,  and  that  it  is  socially  acceptable  and  legitimate  for  them  to  conjecture,  theorize  and  make 
mistakes.  Even  so,  this  does  not  seem  to  be  the  case  of  simply  explaining  the  rules  of  a  new  game  and 
then  playing  it  The  teachers  see  important  eduational  value  in  consistently  communicating  these  rules 
throughout  the  project's  duration. 
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CARDINALITY  UNDERSTANDING  AND  LEVELS  OF  ACQUISITION 


Vicente  Bermejo 
H«  Oliva  Laao 
Purificacibn  Rodriguez 

Universidad  Coraplutense,  Madrid,  Spain 


This  work  focused,  on  the  one  hand,  on  the  process  of  cardinality 
acquisition  and,  on  the  other,  on  the  relation  between  the  cardinal 
concept  and  the  counting  procedure.  To  gain  a  better  understanding  of 
children's  understanding  of  cardinality  we  presented  four  tasks:  (a) 
conventional  sequence  (CS);  (b)  backward  sequence  (BS);  (c)  junip  at  the 
beginning  of  the  standard  sequence  ( JBSS) ;  and  (d)  jump  forward  and 
backward  in  the  standard  sequence  (JFBSS)  to  three  groups  of  subjects 
(i.e.,  Group  I:  M:  3:9,  range  3:5  -  4:0  years;  Group  II:  4:3,  range 
4:0  -  4:6  years;  Group  III:  t(:  4:10,  range  4:6  -  5:0  years). 

As  for  our  first  goal,  in  general,  the  results  showed  that  the 
cardinality  acquisition  did  not  conform  to  an  all-or-nothing  process. 
On  the  contrary,  the  present  data  supplied  further  evidence  to  the  six 
steps  proposed  by  Bemejo  and  Lago  (1990)  in  an  earlier  research 
regarding  the  cardinality  understanding:  (1)  incomprehension  of  the 
situation  and  random  responses;  (2)  repetition  of  the  number  word 
sequence  used  in  counting;  (3)  counting  the  set  of  objects  again?  (4) 
giving  the  last  number  word  of  the  counting  sequence  (i.e.,  the  "how 
many"  rule);  (5)  responding  with  the  largest  number  word  of  the  used 
sequence;  and  (6)  a  true  cardinality  answer. 

Concerning  our  second  goal,  the  results  evidenced  that  did  not  seem 
to  exist  an  essential  relation  between  counting  and  cardinality.  In 
effect,  many  children  who  counted  accurately  failed  to  answer  to  the 
cardinality  question.  Likewise,  many  children  that  didn't  know  how  to 
correctly  count  were  able  to  give  precime  cardinality  responses.  Thus, 
in  accordance  to  previous  research,  a  cultural  or  instrumental  relation 
is  suggested  between  counting  and  cardinality. 
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THE  STABILITY  OF  ALTERNATIVE  PROBABILITY  CONCEPTIONS 
p.  B.  Laridon  and  M.  J.  Olancroaa 
Cnivaraitiaa  of  tha  Witwatararand  and  Tranakai 
Aa  raportad  at  PME  17  (Laridon  and  Olancroaa,  1993),  ongoing  raaaarch 
uaaa  quaationnairaa  adaptad  froa  Oraan  (19*2)   to  invaatigata  tha 
undaratanding    of    probability    aaongat    grada    9    pupila    in  tha 
Witwatararand  and  Tranakai  araaa  of  South  Africa.  Thia  guaationnaira 
haa  baan  appliad  to  about  1  200  pupila. 

A  mora  datailad  analyaia  ia  hara  praaantad  of  two  aariaa  of 
itaaa  from  Oraan 'a  guaationnaira.  Tha  firat  of  thaaa  conaiata  of 
quaationa  ralatad  to  axpactationa  pupila  hava  on  drawing  balla  from 
baga;  tha  aacond  aariaa  daala  with  apinnara.  A  noval  aaquantial  path 
approach  to  tha  atatiatical  analyaia  of  thaaa  aariaa  of  itaaa  ia 
uaad.  Altarnativa  concaptiona  ara  poaitad  aa  baing  tha  baaia  on  which 
pupila  «ada  choicaa  aaongat  tha  altarnativaa  praaantad  with  aach  itaa 
in  tha  aariaa.  Tha  group  of  pupila  fitting  into  a  particular 
concaption  aa  indicatad  by  a  choica  ia  followad  through  tha  aariaa. 
Soma  atartling  raaulta  aaarga  in  tana  of  tha  actual  final  parcantaga 
of  pupila  who  hava  uaad  a  particular  concaption  conaiatantly 
throughout'  tha  aariaa.  Tha  outoo*aa  of  thia  analyaia,  quaationa 
atataaanta  oftan  aada  about  tha  atability  and  paraiatanca  of 
altarnativa  concaptiona.  Sarioua  doubta  ara  alao  raisad  about  tha 
raliability  of  tha  uaual  atatiatical  analyaaa  of  inatruaanta 
conaiating  of  aultipla  choica  itaaa. 

Xn  Oraan' a  quaationnaira  aoaa  of  tha  aultipla  choica  itaaa  ara 
followad  by  an  alicitation  of  raaaona  for  tha  choica  aada.  Tha 
caacada  analyaia  of  tha  itaaa  aantionad  abova  ia  illuainatad  by  an 
analyaia  of  thaaa  fraa  raaponaaa.  Tha  catagoriaa  obtainad  ara 
diacuaaad  in  taraa  of  poaaibla  underlying  cauaaa  aa  found  in  tha 
litaratura  (Borovcnik  and  Bants,  1991) . 
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THE  BUILDING  OF  MEANINGS  IN  MATHEMATICS :  AN  APPROACH  OF  THE 
CONCEPT  OF  FRACTION. 

Lopez  Carretero ,  Asuncion .  I.M.E.B.   (Investigation  Area  I.M.I'.P.A.E)  . 
Council  of  Barcelona.  Spain. 

Gallego  Lazaro,  Carlo*.  Teaching  Staff  College.  Ramon  Llull  University. 
Barcelona .  Spain . 

This  work  intends  to  be  a  contribution  from  a  psychological  perspective 
to  the  study  of  the  mental  functioning  in  the  Mathematics  field.  It 
analyses  the  formation  of  concepts,  and  more  specifically  some  aspects 
of  the  building  of  the  fraction's  notion. 

The  work  places  the  problematic  in  the  frame  of  the  mental 
representation  in  order  to  tackle  the  cognitive  dynamics  responsable 
for  the  building  of  meanings  in  Mathematics. 

Thanks  to  the  theoretical  means  of  "the  representational  model"  and 
"the  operational  context"  (Moreno-Sastre,  1988), this  work  studies  the 
interaction  produced  between  the  representational  content  -variables 
of  the  task-  and  the  operations  that  the  subject  makes  to  relate  these 
variables . 

It  has  been  noticed  how  different  conceptual  schemes  together  with 
forms  of  symbolic  expression  are  generated  and  coordinated  in  the 
process  of  elaboration. 

The  building  of  meanings  in  Mathematics  in  the  first  stages  could  be 
considered  as  a  progressive  coordination  of  operations  and 
representational  contents .  The  dynamics  of  the  formation  of  the  schemes 
could  be  the  responsable  for  the  building  of  the  mathematical 
knowledge . 

The  elaboration  of  a  symbolic  language  able  to  express  the  mathematical 
relations  i»  the  result  of  a  process  of  creation  which  does  not  only 
resultin  the  reorganisation  of  the  conceptual  relations  at  a  more 
complex  level,  but  it  can  also  open  impassable  mental  tracks  up  to 
know. 

The  aim  of  this  communication  is  to  relate  the  conclusions  of  this  work 
to  Vargnaud's  concept  of  "the  Conceptual  Field",  to  the  ideas  around 
Brousseau's  "Epiatemologic  Obstacle",  and  to  the  studies  carried  out 
by  other  autors  such  as  (Post,  Lesh,  Berh)  in  the  fraction's  field. 
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IMMIGRANT  UNIVERSITY  STUDENTS'  EXPRESSION  OF 
PROBABILISTIC  CONCEPTS  FROM  THEIR  LIFE  EXPERIENCES 
Louzon.  D.  and  Zinn,  B. 
Rothberg  School  for  Overseas  Students,  The  Hebrew  University  of  Jerusalem 

The  primary  aim  of  our  teaching  is  to  enhance  students'  capabilities  in 
dealing  with  probabilistic  concepts,  and  secondly  to  support  immigrant  youth  in 
their  adaptation  to  a  new  country. 

Students  are  invited  to  use  theoretical  models,  for  instance  Venn  diagrams  or 
Bayes'  rule,  as  a  basis  for  illustrating  a  life  situation  of  their  choice.  The  process 
involves  going  from  the  model  to  the  situation  (the  reverse  of  modeling).  To 
successfully  undertake  this  task,  a  student  must  understand  the  theoretical  model  and 
its  structure,  select  an  appropriate  subject  for  this  model,  assign  each  part  of  the 
subject  to  its  counterpart  in  the  model,  and  to  evaluate  the  fit  between  the  subject 
and  the  model.  Students  must  then  pose  mathematical  questions  about  their 
representation.  This  process  demands  flexibility  on  the  part  of  the  student. 
Immigration  is  a  stressful  process,  requiring  flexibility  in  adapting  to  the  host 
country.  We  make  use  of  the  fluid  situation  in  which  our  immigrant  students  find 
themselves  to  instill  new  learning  strategies  for  problem-solving. 

A  pilot  study,  using  Venn  diagrams  as  the  theoretical  model,  was  undertaken 
with  French-speaking  immigrant  students.  The  pilot  study  gave  an  indication  of 
students'  increased  interest,  firstly  in  writing  their  own  interpretations  of  the 
model  and  secondly,  in  active  learning  during  class  through  generating  their  own 
exercise*.  The  reverse  modeling  gave  immigrant  students  a  legitimate  opportunity  to 
express  nostalgia  for  what  they  left  behind  as  well  as  their  reactions  to  the  host 
country's  culture  during  their  process  of  adapting  to  the  new  country.  These 
concerns  were  reflected  in  the  students'  choice  of  topics  which  ranged  from  Italian 
soccer  teams,  Israeli  culture  as  viewed  by  Asterix  comic  strip,  airport  baggage 
control,  and  international  politics.  The  degree  of  students'  activity  and  the  fusion  of 
their  affective  and  intellectual  involvement  led  us  to  extend  the  study. 

An  experimental  group,  which  did  not  differ  from  control  groups  on  pre-tests 
of  basic  algebra  and  probability  skills,  was  provided  with  many  opportunities  to 
write  their  own  interpretations  of  models,  during  a  semester  course  on  Probability. 
The  experimental  group's  achievements  on  the  final  exam  were  significantly  higher 
than  those  of  the  control  groups.  Eliciting  students'  expressions  of  probabilistic 
concepts  seems  to  be  an  avenue  worth  pursuing.  We  are  trying  to  implement  this 
teaching  strategy  with  logic  problems,  which  form  part  of  psychometric  tests  for 
university  entrance. 
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THE  RESOLUTION  OF  TWO  COMBINATORY  TASKS  BY  MATHEMATICS  TEACHERS 


Helena  Maria  d'Orev  Marchand 
Faculdade  de  Psicologia  e  de  Ciertcias  da  EducacSo- 
Universidade  de  Lisboa 

Formal  operational  thinking  is  the  frailest  of  all  stages  of  cognitive  development  studied 
by  the  Geneva  School  (Inhelder  &  Piaget,  1955).  Research  on  formal  thinking  in 
adolescence  shows  that  the  average  age  of  access  to  formal  stage  is  substantially 
different  from  the  one  claimed  by  Piaget  and  Inhelder  in  1955.  Research,  which  was 
aimed  to  study  adults'  cognition,  shows  1)  that  subjects  that  used  formal  thinking  were  few 
and  2)  that  a  significant  number  of  subjects  never  reached  a  fully  formal  level.  Faced  with 
these  results,  Piaget  (1972)  reformulated  his  first  conception  of  formal  thinking.  In  this 
reconceptualisation  Piaget  not  only  admitted  that  the  age  level  of  11/12  years  should  be 
extended  to  15/20  years  but  he  also  pointed  out  1)  the  role  of  the  environment,  2)  the  role 
of  the  capacities  and  3)  the  role  of  professional  specialisation  in  the  construction  of 
formal  operational  structures.  In  1972,  Piaget  suggested  that  the  cognition  of  adults  be 
studied  through  tasks  related  to  their  profession  or  related  with  problems  with  which  they 
were  familiar. 

What  happens  with  adults  with  a  high  level  of  schooling  (average  «  17  years)  and 
with  a  professional  experience  essentially  in  teaching?  Do  they  control  formal 
operations?  Do  mathematics  teachers  solve  easier  formal  tasks  than  teachers  of 
other  scientific  areas?  In  this  type  of  population,  do  formal  tasks  with  familiar 
content  induce  formal  thinking  more  easily  than  formal  tasks  with  academic 
content? 

The  aim  of  this  communication  is  to  report  some  research  data  gathered  to  answer  these 
questions. 
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OECD  STUDIES  OF  EDUCATIONAL  INNOVATIONS: 
THE  CASE  OF  THE  NCTM  STANDARDS 


Douglas  B.  McLeod 
Center  for  Research  in  Mathematics  and  Science  Education 
San  Diego  State  University  (USA) 

The  National  Council  of  Teachers  of  Mathematics  (NCTM)  has  played  a 
significant  role  in  efforts  to  change  school  mathematics  in  the 
United  States.  NCTM  has  focused  its  efforts  on  the  development  and 
implementation  of  the  Curriculum  and  Evaluation  Standards  for 
School  Mathematics  (NCTM,  1989).  The  activities  of  NCTM  provide  an 
interesting  opportunity  for  a  case  study  of  how  a  professional 
organization  of  mathematics  teachers  can  provide  direction  for 
educational  change  in  an  entire  country. 

Romberg  and  Webb  (1993)  have  presented  the  historical  background 
for  understanding  NCTM's  role  in  developing  the  Standards.  In  this 
case  study  we  are  analyzing  the  various  factors  that  influenced 
NCTM's  work.  We  are  also  gathering  data  on  the  extent  to  which  the 
Standards  have  been  implemented.  Main  sources  of  data  include 
interviews  with  educational  leaders  and  observations  in  classrooms. 

Seven  other  case  studies  of  educational  change  are  being  conducted 
in  the  USA  (see  Romberg  &  Webb,  1993)  and  a  number  of  other 
researchers  have  begun  to  carry  out  similar  studies  of  educational 
change  in  several  other  OECD  countries  (e.g.,  Keiichi  Shigematsu  in 
Japan).    Researchers  who  are  participating  in  similar  studies  are 
invited  to  identify  themselves  at  the  session. 
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PROBLEMATIZATION  IN  THE  TEACHING  AND  LEARNING  PROCESS: 
STUDENTS  AND  TEACHER  ATTITUDES 


Maria  do  Carmo  Domite  Mendonca 
University  of  Campinas 


This  paper  relates  the  results  of  a  study  in  a  6th  grade  class  based  in  a 
problematization  approach.  This  approach  stresses  active  learning  produced  from 
information  from  students'  social  reality.  Two  aspects  were  emphasized:  (a)  the 
action,  to  motivate  students  to  act  within  new  situations  of  his  or  her  reality  in  order 
to  modify  it;  (b)  the  dialogue,  as  the  teacher  faces  patiently  the  differences  of  points 
of  view  and,  among  the,  to  reveal  enough  similarities  to  establish  commun'cation 
concerning  the  goal  aimed  by  the  group. 

Of  major  interest  was  the  study  of  students'  attitudes  towards  mathematics 
learning  when  the  educator  is  looking  from  an  externalist  view  of  mathematics,  as 
mathematics  connects  itself  with  other  fields  of  study  and  as  the  teacher  considers 
the  socio-cultural  context  of  the  students. 

The  class  had  36  students.  They  were  regarded  as  the  weakest  6th  grade  class 
of  the  school  with  a  quite  low  achievement  in  mathematics  and  in  other  subjects. 
The  average  age  of  the  students  was  14  years  old.  They  worked  in  groups  of  4  or  5 
during  their  math  classes  in  a  spontaneous  arrangement.  Two  of  the  strategies  used 
in  the  work  were  the  following  (concrete  examples  will  be  given  at  the  presentation): 

(1)  SE— SPONTANEOUS:  Make  evident  a  situation  in  the  school  context. 
The  teacher  must  be  attentive  to  emphasize  a  situation  that  is  significant  for  the 
students  and,  then,  to  carry  on  a  discussion  about  it,  in  order  to  develop  a 
problematization  process. 

(2)  GTS— GENERATOR  THEME:  ask  the  students  to  choose  a  "generator 
theme"  from  their  social  reality  and  help  them  to  observe  and  investigate  it  in  order 
to  unleash  a  problematization. 

Experimental  evidence  shows  that  there  was  an  increase  in  interest  of  most  of 
the  students,  they  were  excited  about  mathematics  classes.  Some  problematizations 
allowed  the  introduction  of  new  mathematics  topics.  Others  were  used  essentially  to 
present  some  exercises  to  practice  skills  and  techniques.  Still  others  enabled  a 
synthesis  of  what  students  had  learned,  providing  them  the  opportunity  to  develop 
skill  in  communicating  mathematical  ideas.  Finally;  some  problematizations  helped 
to  develop  in  students  a  greater  sense  of  what  mathematics  is,  how  it  has  been 
created  and  why  to  study  it. 


ASSESSING  STUDENTS'  MATHEMATICAL  ACTIVITY  IN  THE  CONTEXT  OF  DESIGN  PROJECTS 


JuditN.Moschkovich 
Institute  for  Research  on  Learning 
Palo  Alto,  CA  U.S.A. 


Research  in  cognition  and  learning  has  pointed  out  the  need  for  closing  the  gap  between  learning 
mathematics  in  and  out  o!  school  (Carraher,  Carraher,  and  Schliemann,  1985;  D'Ambrosio,  1991;  Lave, 
1988;  Saxe,  1991).  This  perspective  redefines  what  mathematics  is  and  extends  mathematical  activity  to 
include  more  than  using  rote  algorithms.  Following  this  perspective,  current  curriculum  guidelines  and 
standards  for  mathematics  call  for  engaging  students  in  'real  world'  mathematics  rather  than  mathematics 
in  isolation  of  its  applications.  However,  it  is  not  clear  how  application  projects  will  change  students'  activity 
or  how  these  projects  will  affect  assessment  practices. 

The  Middle-school  Mathematics  through  Applications  Project  (MMAP)  is  designing  curriculum 
materials  in  line  with  these  standards  and  investigating  students'  activity  when  using  these  materials  in  the 
classroom.  In  this  alternative  learning  environment  students  explore  mathematical  concepts  in  the  context  of 
design  projects.  One  of  the  4-6  week  units,  Antarctica,  puts  middle  school  students  in  the  role  of  designers 
who  are  creating  a  research  station  for  a  scientific  expedition  to  Antarctica.  This  unit  guides  the  students, 
working  mostly  in  small  groups,  through  the  design  and  analysis  process.  Tools  include  ArchiTech,  IRL- 
designed  software  that  allows  students  to  create  floor  plans  and  analyze  information  on  their  station's 
heating  and  building  costs. 

This  paper  presents  the  preliminary  analysis  of  research  undertaken  in  one  MMAP  classroom  using 
the  Antarctica  project.  The  analysis  focuses  on  several  issues  in  assessment  practices  raised  by  the  design 
project  curriculum.  The  paper  describes  the  central  issues  and  tensions  encountered  in  the  design  and 
investigation  of  assessment  practices:  How  does  an  application  based,  long  term  project  affect  classroom 
assessment  practices?  How  are  the  assessment  needs  different  than  in  a  traditional  classroom?  What 
activities  do  assessment  practices  focus  on;  the  design  process,  the  presentation  of  products,  students'  uses 
of  mathematical  tools,  or  students'  mathematical  arguments?  On  what  other  productive  activities  might 
assessment  practices  focus? 
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STUDENTS'  PROBLEM  SOLVING  APPROACHES 
AND  THEIR  SPATIAL  AND  ABSTRACT  REASONING 


Conceicao  Almeida 


e 


Ana  Paula  Mourao 


Institute  de  Educagao 
Universidade  do  Minho 
Braga,  Portugal 


The  investigation  of  students'  problem  solving  abilities  -  nature, 
origine  and  development  processe  -  has  been  one  of  the  major  concerns  of 
our  recent  work. 

The  study  reported  here  is  part  of  this  investigation.  Its  purpose  is  to 
investigate  how  different  problem-solving  approaches,  used  by  10th  grade 
students  to  solve  school  mathematical  problems  and  other  problems 
(curriculum  content  free),  are  related  to  their  spatial  and  abstract 
reasoning. 

The  results  of  the  study  are  presented  and  discussed  with  reference  to 
its  purpose. 

Some  suggestions  to  the  teaching  and  learning  of  school  mathematics 
are  made. 
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Using  interactive  media  for  classroom  observation) 


Judith  A.  Mousley 
Deakin  University 
Oeelong,  Australia 


Peter  Sullivan 


Australian  Catholic  University 
Christ  Campus,  Australia 


The  software  presented  is  a  multi-media  package  aimed  at  improving  classroom  observation  and 
research  skills.  It  is  being  developed  for  use  in  pre-service  and  in-service  mathematics  education,  but  has 
potential  for  use  in  other  professional  education  contexts.  Resources  included  within  the  program  include 
films  of  pre-  and  post-lesson  interviews  with  the  teachers,  videos  of  the  lessons  (and  any  parts  thereof), 
transcripts  and  other  lesson  documentation,  associated  readings  and  bibliographic  data  bases,  graphic 
representations,  and  other  resource  materials. 

Four  lessons,  based  on  six  components  of  quality  teaching  (see  Mousley  &  Sullivan,  this  volume)  were 
planned,  taught  and  videotaped.  They  are  now  stored  on  CD-ROM  disc  to  enable  interactive  analysis  of  the 
lessons.  Our  current  research  is  examining  how  interactive  media  can  be  used  to  form  comprehensive  data 
bases  of  classrooms  in  action,  and  how  these  can  be  used  in  teacher  preparation,  in-service  professional 
development  and  educational  research. 

Using  on-and  off-campus  teacher  education  students,  the  project  is  using  case  study  methods  to 
determine  different  levels  of  interactions,  (a)  between  users  and  the  program,  and  (b)  within  small  groups 
of  uses,  during  the  employiiient  of  a  variety  of  pedagogical  styles  and  student  tasks.  Teaching  and  learning 
range  from  a  transmission  mode,  where  the  lecturer  plots  the  learning  path,  to  individual  or  group  research 
projects  of  the  students'  own  design  using  the  program's  resources. 

This  project  has  four  aims.  The  first  is  to  further  understandings  about  the  potential  of  multi-media 
technologies  to  promote  reflection,  discussion  and  writing  by  groups  of  teachers  and  student  teachers.  The 
second  is  to  increase  knowledge  about  how  technology  can  be  used  to  stimulate  more  student-directed 
professional  development  and  particularly  group  discussions  and  research  projects  (including  teachers' 
research  into  their  own  practices).  The  third  aim  is  to  provide  a  detailed  evaluation  of  some  uses  of 
interactive  media  to  enhance  classroom  observation  during  the  practicum  as  well  as  for  researchers.  Lastly, 
we  aim  to  explore  the  potential  for  students  on  different  campui.es  (or  distance  education  students  with 
access  to  appropriate  networks)  to  contribute  to  a  group  analysis  of  mathematics  classroom  interaction  and 
to  a  common  data  base. 

Conference  participants  arc  encouraged  to  contribute  to  the  further  development  of  this  project  by  adding 
to  interactive  documents  that  the  software  contains,  including  data  bases  of  (a)  questions  which  could  be 
researched  using  the  program's  materials,  (b)  comments,  suggestions  and  questions  about  the  research 
project,  and  (c)  short  quotations  and  bibliographies  appropriate  for  the  styles  of  teaching  demonstrated. 


'  This  research  Is  being  funded  by  the  Australian  Research  Council,  Australian  Catholic  University  and  Deakin 
University. 
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INTEGRATK  )N  OF  INDIVIDUAL  Q'.  STION1NG 
IN  THE  ERROR  ANALYSIS  PROCESS. 
(An  example  with  (he  algorithm  of  division) 

NANTA1S.  Nicole 
University  dc  Shcrhrookc,  QuiSbec 


Error  analysis  is  a  very  good  approach  to  identify  errors  (hat  (he  children  commit  in  applying  arithmetical 
algorithms.  Many  authors  (Ashlock,  1976.  Cox.  1975,  Radiliz,  1979)  have  studied  errors  and  tried  to 
classify  them  as  well  as  make  hypothesis  concerning  their  causes. 

Errors  can  come  from  many  different  sources:  computation  error,  understanding  error,  application  of 
false  rules,  misunderstanding  of  numeration,  and  these  kinds  of  errors  can  be  corrected  in  different 
manners  depending  on  their  source.  So,  for  teachers,  it  is  important  to  know  not  only  where  the  children 
have  committed  errors,  hut  also  what  kinds  of  errors,  why  they  were  committed,  and  how  to  correct  them 
effectively. 

In  teacher  preparation  courses,  w»  ..avc  developed  a  global  didactical  approach  in  which  we  use  error 
analysis  fo? understanding  arithmetical  algorithms  (Nantais,  1990.  1991a).  This  approach  consists  in  six 
steps  that  allow  future  teachers  not  only  to  classify  pupils'  errors,  but  also  to  learn  why  the  child  docs 
that  and  what  to  do  to  remediate  a  specific  kind  of  error.  We  describe  these  steps  and  each  of  their  aims 
below. 

The  firsLMSD  consists  of  a  task  analysis  to  identify  difficulties  proper  to  each  arithmetical 
algorithm  which  having  its  own  rules  based  on  numeration  principles.  The  second  Step  is  the 
classification  of  errors  of  which  we  know  the  typology  from  the  literature  (Ashlock,  1976,  Cox, 
1975,  Ginsburg.  1977,  Radatz,  1979).  The  tiiicLslep  consists  of  determining  hypothetical  causes 
The  foualLSICC  is  the  preparation  of  a  list  of  exercices  based  on  the  difficulties  identified  in  step  1  and 
the  classification  of  a  group  of  pupils'  answers  in  a  grid  that  permits  to  see,  at  a  glance,  where 
the  difficulties  lie  for  each  child  as  well  as  for  the  group.  Nevertheless,  this  step  doesn  t  allow  necessarily 
to  know  the  understanding  of  the  construction  of  (he  algorithm  in  the  application  ot  rules  or  of  the 
understanding  of  the  numerical  principles  underlying  them.  Then,  (he  fifth  step  consists  of  the  des  gn 
of  individual  questioning  developed  in  accordance  with  the  specific  problem  identified  in  step  4;  this 
questioning  is  based  on  the  design  of  the  mini-interview  developed  by  Nantais  (1991b)  And  the  sjiin 
and  last  sW,  the  development  of  a  remediation  program  to  aid  individual  pupils  or  a 
group  of  pupils  correct  their  errors  as  well  as  understand  what  they  do  whe"  they  apply  arithmetical 
algorithms. 

In  this  presentation,  we  will  hring  some  results  of  an  experimentation  of  (his  approach  by  future  teachers 
and  highlight  the  essential  role  of  individual  questioning  ol  step  5  with  tilth  graders  on  their 
understanding  of  die  division  algorithm. 
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ABOUT  SYMBIOSIS  BETWEEN  NOTION  AND  ALGORITHM  IN  INTEGRAL  CALCULUS 
German  Mufioz  Ortega  &  Francisco  Cordero  Osorio 
Departamento  de  Matematica  Educativa,  CINVESTAV-IPN,  Mexico. 


The  phenomena  that  integral  calculus  describes  are  characterized  by  the  relationship  between 
magnitudes  intervening  and  variations  given  among  those  magnitudes.  When  studying  this 
phenomenon,  particular  problems  are  inferred  (see  group  1  in  figure)  which  partially  describe  the 
behaviour  of  phenomenon.  For  instance,  from  movement  two  kind  of  questions  can  be  posed:  about 
"real  causes"  of  movement  or  about  "calculation"  of  the  evolution  of  movement  systems. 


Each  particular  problem  requires  the  following  components  to  be  solved  (see  group  2,3  in  figure): 

*  Processes  of  abstraction  in  which  student's  "notions"  (with  associated  meanings)  are  present  when 
he  is  faced  to  problems.  These  processes  are  essentially  of  two  types:  empirical  abstraction  and 
reflective  abstraction  (Piaget  &  Garcia,  1992). 

*  Mathematical  models  are  outer  representations  of  de  subject  as  an  consequence  of  process  of 
abstraction. 

*  Symbolic  language  in  which  the  subject  gives  to  symbols  some  rules  and  meanings  (syntax  and 
semantics). 

*  Theories  appear  when  the  structure  of  several  mathematical  models  are  studied  and  concepts, 
theorems  and  algorithms  are  part  of  it. 

Based  on  the  scheme  above,  we  can  state  that: 

*  The  present  teaching  of  Calculus  is  focused  on  groups  2  or  3,  that  is,  definitions  of  concepts  are 
analysed  and  algorithms  are  practiced  and  then  to  go  back  to  group  1  to  study  problems  of 
applications.  In  this  sense,  Dreyfus  (1990,  p.  125)  has  reported  that  "students  learn  calculus 
procedures  in  a  purely  algorithmic  level"  and  "teachers  and  students  learn  to  say  what  integral  and 
its  geometrical  representation  is  and  they  identify  with  difficulty  a  methodology  which  enables  them 
to  study  continuous  variations  phenomena"  (Cordero,  1993). 

*  Concepts  and  algorithms  are  the  result  of  a  set  of  problems  or  of  a  set  of  situation  in  the  same 
sense  as  Vergnaud  -conceptual  field-(Vergnaud,  1990). 

*  Notions  and  algorithms  cannot  be  isolated.  On  the  contrary,  a  symbiosis  exists  between  them. 
Questions  such  as  what  mechanisms  are  present  in  this  symbiosis?  How  to  structure  a  conceptual 
field  which  enhances  this  symbiosis  and  the  understanding  of  concepts  and  algorithms  of  Calculus?. 
The  specific  problems  we  are  studying  are:  a)  problems  "with  initial  conditions",  b)  prediction  and 
accumulation  notions,  and  c)  Taylor's  series  and  the  foundamental  theorem  of  calculus  both  used  as 
a  device  of  calculus,  taking  in  account  all  the  above  elements  for  discussion. 

REFERENCES 

Vergnaud,  G.(1990).La  theoric  des  champs  conceptuels.  Vol.  10.  No.  13,  pp.  133-170.  CNR  et 
University  Rene  Descartes. 

Piaget,  J.  &  Garcia,  R.(1992).  Psicogcnesis  e  Historia  de  la  Ciencia.  Ed.  Siglo  XXI,  Mexico,  5a.  ed. 
Dreyfus,  T  (1992).  Advanced  Mathematical  Thinking,  pp.  113-134.  Kluwer  Academic  Publisher 
Library. 


Phenomenon  Particular  problem  Mathematical  Model  Theories 

t  Ap-1    t  Ap — I  '  Ap. — i 

I  1  1  I   2  1  |  3H 


(Ab)  Abstraction        (Ap)  Application. 


—  60  — 


DOES  YOUR  ANSWER  MAKE  SENSE? 
THE  ROLE  OF  TEACHER  QUESTIONING  IN  STUDENT  JUSTIFICA  TIONS 

Ralph  S.  Pantozzi 
Rutgers  University 

This  paper  describes  a  temporal  sequence  of  questioning  observed  in  interactions  between  a 
teacher  and  pairs  of  students  during  the  course  of  a  longitudinal  study.  Analysis  of  these  interactions 
reveals  processes  that  assist  the  teacher  in  constructing  a  working  knowledge  of  children's  thinking. 
While  students  develop  solutions  to  a  problem,  the  teacher  asks  them  to  explain  aspects  of  their 
work. 

Method 

Data  for  this  analysis  came  from  seven  videotapes  of  students  working  in  pairs  on  a  problem 
situation.  Each  videotape  was  accompanied  by  a  complete  transcript.  Each  session  was  examined 
for  examples  of  interaction  between  students  and  teacher  and  the  resulting  effects  upon  the  next 
interaction. 

Results  and  Conclusions 
My  analysis  of  these  videotapes  reveals  a  temporal  pattern  of  five  levels  of  teacher 
questioning.   This  pattern  of  questions  is  important  because  it  triggers  the  student",  to  justify  their 
solutions.  During  this  sequence  of  questioning  students  begin  to  make  sense  of  their  own  answers. 
They  develop  a  self-motivated  need  to  discover  and  justify  multiple  solutions. 
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ON  STUDENTS'    CONCEPTIONS  OF  THE  REAL  CONTINUUM 


Tasos  Patronls  and  Joanna  Mamona-Downs 

University  of  Patras  and  University  of  Macedonia.  Greece. 

There  is  a  fair  amount  of  research  on  students'  formation  of  the  basic  concepts  of 
Analysis  -  especially  of  the  concept  of  limit  -  but  only  a  few  works  focus  on  the 
conceptions  about  the  continuum  of  real  numbers.  This  is  a  communication  of  some 
results  of  on-going  research  on  the  subject.  We  asked  the  following  question  to 
students  of  mathematics  and  to  future  primary  school  teachers: 

"  Given  the  two  sets  of  real  numbers  A  =  {  0.3  .  0.33  .  0.333  .  ...  }  and 
B  =  {0.4,  0.34.  0.334.  ...}.  does  there  exist  a  real  number  x  which  is,  at  the  same 
time,  greater  than  all  elements  of  the  set  A  and  less  than  all  elements  of  the  set  B?" 

Below  we  include  some  of  the  main  conceptual  formations  and  prejudices  that  we 
have  identified  in  the  responses  of  68  students  of  Mathematics  and  20  students  of 
Education.  Formations  (A).  (B).  (C)  and  (D)  are  somewhat  related  to  those 
identified  by  Mamona.  and  Mamona-Downs  (1987  ,  1990  ).  while  (E)  and  (F)  are 
new. 

tAl  Dependence  on  the  symbolic  representation  (or  form!  of  numbers. 
Example  :  The  number  x  in  the  question  does  not  exist  because  "  there  is  no  digit 
between  3  and  4  .  so  it  is  impossible  to  form  such  a  decimal  number  ". 

(B)  Each  of  the  two  given  sets  expresses  an  on-going  process  without  end. 
This  leads  to  an  diminishing  interval  which  never  degenerates  to  a  single  point 
between  the  sets  A  and  B  .  fThis  conception  was  more  frequent  among  future 
primary  school  teachers  ). 

(C)  Infinite  induction"  used  for  the  definitions  of  the  sets  A  and  B. 

Each  of  the  two  given  sets  has  a  member  of  "infinite  order",  (expressed  respectively 
as  "0.333..."  or  as  "0.333...4"),  which  is  the  "final  result"  of  the  process;  these 
numbers  consequently  are  not  usually  considered  as  equal  to  the  real  number  x  in 
the  given  question. 

(PI  Explicit  Use  of  Limits: 
Application  of  the  usual  rule  to  find  the  limit  of  a  geometric  series,  sometimes 
together  with  an  attempted  "t-6"  reasoning. 

(E)  If  a<x  for  every  member  of  an  flnflnltel  set  A.  then  we  should  also  have 
supAoc 

Example:  "The  number  x  in  question  does  not  exist;  otherwise  we  should  have 
8upA<x<inf  B,  which  is  not  true  since  supA=lnfB". 

(Fl  Arguing  from  R  Is  dense  In  its  ordering  and  Is  order  -complete. 
From  the  existence  of  an  x\  such  that  0.3<xj<0.4,  an  X2  such  that  0.33<X2<0.34 
and  so  on,  some  students  infer  the  existence  of  x  in  the  given  question  "obviously  by 
passing  to  the  limit". 
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PEER  COLLABORATION  -  AN  ESSENTIAL  ELEMENT  FOR 
THE  SUCCESS  OF  THE  PROBLEM  -  CENTERED  APPROACH  TO 
THE  LEARNING  OF  MATHEMATICS 


SYLVIE  PENCHALIAH 

(UNIVERSITY  OF  DURBAN— WESTVILLE ,  SOUTH  AFRICA) 

This  report  forms  part  of  a  research  project  by  the  author,  on 
children's  intuitive/spontaneous  problem  solving,  with  regard  to 
multiplication  and  division  word  problems.  The  theoretical 
framework  is  based  on  Socio  -  Constructivism  (basic  premise  - 
learning  is  a  social  activity  as  well  as  an  individual 
constructive  activity).  The  principles  of  Qualitative  and  Action 
Research  Methodology  were  followed. 

For  a  period  of  four  months,  work  has  been  done  with  Junior 
Primary  children,  at  a  school  that  has  implemented  the  problem  - 
centered  approach  for  approximately  four  years.  Group  sessions 
were  conducted,  twice  a  week,  for  ten  weeks  with  small  groups 
(i.e.  4  to  6  children).  These  children  were  given  different 
types  of  multiplication  and  division  word  problems,  which  they 
worked  out  however  they  wished  (eg.  by  modelling,  drawing 
diagrams  or  mental/abstract  methods).    These  steps  were  followed: 

1.  Their  behaviours  were  observed  in  relation  to: 

1.1  their  solution  strategies 

1.2  their  social  interactions 

2.  These  observations  were  reflected  upon  and 

3.  subsequently  modified  in  the  succeeding  group  sessions. 

One  of  the  many  interesting  observations  that  was  made,  has  to 
do  with  social  interactions  within  these  groups.  Now  fundamental 
to  the  Problem-Centered  Approach  based  on  Socio-Constructivism, 
children/individuals  learn  through  their  interactions  and 
discussion  with  others.  But  many  of  these  young  children  had 
great  difficulty  in  listening  to  each  other's  ideas.  In  this 
paper/poster  some  ideas  will  be  shared  on  how  this  problem  was 
addressed  by  the  author. 
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A  teaching  or  the  absolute  value  in  secondary  school.  Study  of 
"institutionnaiisation". 


Marie-Jeanne  Perrin-Glorian 
Equipe  DIDIREM,  University  Paris  7 


Previous  researches  (Perrin-Glorian  1993)  showed  how  important  is  the  articulation  between 
the  course  of  the  teacher  and  the  sense  actually  involved  by  the  pupils  during  activity  of 
problem  solving.  Even  if  students  use  with  sense  in  probem  solving  some  tool  that  we  can 
identify  as  a  mathematical  concept,  we  may  observe  later  a  loss  of  sense,  after  the  course  when 
definitions  and  formalisms  arc  given. 

The  present  research  intends  to  identify  relevant  variables  for  institutionnaiisation  (Brousseau 
1987),  on  the  side  of  pupils  and  on  the  side  of  teachers.  In  order  to  do  it,  we  chose  to  make 
some  cases  studies  by  observing  several  classes  on  the  same  mathematical  topic. 
We  chose  the  10th  grade  (15-16  years  old)  because  it  is  in  France  the  first  year  of  "lycde" 
(second  cycle  of  general  secondary  school)  and  the  last  year  before  orientation  of  students  to 
scientific,  literary  or  economic  section.  We  retained  two  mathematical  topics  that  are  new  at  this 
level :  the  absolute  value  (including  the  absolute  value  function)  and  homothety. 

In  our  presentation,  we  broach  two  parts  :  on  the  one  hand,  the  place  of  the  absolute 
value  in  the  French  curriculum  and  specificities  of  the  teaching  of  such  a  topic,  on  the  other 
hand,  the  study  of  the  non  strictly  mathematical  part  of  the  discourse  of  the  teacher. 

About  5  years  ago,  the  absolute  value  was  introduced  in  the  8th  grade  (13-14  years  old) 
with  regard  to  relative  numbers.  But  it  was  considered  as  difficult  and  of  no  real  use  for  this 
level.  Now  students  meet  the  absolute  value  for  the  first  time  in  the  10th  grade  as  distance  on 
the  real  line  and  as  a  particular  function  (the  theme  of  functions  is  important  at  this  level).  But, 
since  there  is  no  more  formalisation  of  the  notion  of  limit  in  secondary  school,  it  is  not  very 
useful  for  problem  solving  :  it  is  a  tool  to  have  shorter  formulations,  to  define  functions  with 
only  one  algebraic  expression,  instead  of  several  ones,  and  it  is  a  mean  to  make 
counterexamples  :  it  gives  the  only  function  studied  at  this  level  that  is  continuous  and  not 
differentiate  everywhere.  The  statute  of  this  concept  makes  it  difficult  to  introduce  it  as  an 
implicit  tool  to  solve  a  problem. 

On  the  second  point,  we  present  the  comparison  of  the  discourse  of  the  same  teacher  in 
two  classes  :  the  first  one  had  a  good  level,  the  level  of  the  second  one  was  lower.  We  started 
from  the  hypothesis  that  the  teacher  fits  to  his  students  and  we  were  looking  for  differences. 
This  teacher  has  a  somewhat  innovative  practise  in  the  2  classes  :  during  one  session,  students 
are  proposed  problems  involving  the  new  concpts  as  implicit  tools  ;  they  arc  organized  in  small 
groups  to  solve  them.  During  the  next  session,  the  teacher  directs  a  synthesis,  and,  at  this 
juncture,  gives  the  lesson  :  definitions,  explanations-...  Moreover,  this  teacher  gives  much 
place  to  heuristics  in  his  discourse. 
We  detected  2  main  differences  between  the  2  classes : 

-  time  is  not  managed  in  the  same  way  :  there  are  more  digressions  in  the  class  of  lower  level. 
Moreover,  in  this  class,  they  are  caused  by  an  error  or  an  insuffisantly  accurate  answer  of  a 
student ;  they  give  an  opportunity  to  record  previous  lessons.  In  the  other  class,  they  give  an 
opportunity  to  anticipate  further  lessons.  Paradoxically,  more  difficult  questions  may  be  asked 
in  the  class  of  lower  level. 

-  there  is  more  heuristic  discourse  in  the  class  of  lower  level,  but  it  is  more  algorithmized. 
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KINDS  OF  ARGUMENTATION  USED  IN  GEOMETRY 


JOVANA  REZENDE  and  LILIAN  NASSER 
UNIVERSIDADE  FEDERAL  DO  RIO  DE  JANEIRO  -  BRASIL 

Secondary  school  students  encounter,  in  general,  many  difficulties  in  geometric 
questions  requiring  justifications  and  proofs  (Balacheff,  1987;  Hanna,  1990).  This  study 
focuses  on  the  kinds  and  levels  of  argumentation  used  and  its  main  aim  is  to  try  to 
understand  and  alleviate  students'  difficulties  on  argumentation  tasks. 

The  first  pilot  study  was  carried  out  with  13  year-old-students  starting  the  geometry 
systematic  course.  As  they  did  not  have  sufficient  previous  experience  with  geometry, 
they  were  reasoning  at  a  low  van  Hiele  level  (van  Hiele,  1986)  and  could  not  answer  the 
argumentation  questions. 

Another  attempt  was  tried  with  freshman  students  at  the  Mathematics 
undergraduate  course.  According  to  their  answers  to  several  tasks,  the  following  kinds 
of  argumentation  were  identified: 

-  Inconsistent  reasoning:  the  student  cannot  organize  his  reasoning  to  justify 

the  assertion; 

-  Empirical  justification:    the  student  relies  on  the  verification  of  some 

examples; 

-  Graphic  explanation:  the  student  justifies  the  assertion  through  a  graphic  or 

figure; 

-  Reference  to  a  higher  authority:    the  student  accepts  the  truth  of  the 

assertion  based  on  the  authority  of  the  textbook  or  the  teacher; 

-  Acceptable  justification:  the  student  succeeds  in  justifying  the  assertion, 

expontaneously  or  after  prompting; 

-  Formal  proof:  the  student  writes  a  proof  to  justify  the  assertion. 

A  deeper  observation  will  be  carried  on  with  another  sample  of  freshman 
undergraduate  students  at  the  Geometry  course,  in  which  two  aspects  will  be 
investigated:  if  the  kinds  of  argumentation  suggested  are  validated  and  if  it  is  possible  to 
improve  the  kinds  of  argumentation  used  through  suitable  instruction. 
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THE  CONSTRUCTION  OF  THE  CONCEPT  OF  FRACTIONAL  NUMBER 
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Porto  Alegre,  RS,  Brasil 

The  purpose  of  this  work  is  to  investigate  the  understanding  of  the  concept  of  fraction 
by  elementary  school's  students. 

The  application  of  a  writen  test  and  subsequent  observations  made  in  a  fourth  grade  class, 
show  that  in  general,  the  children  have  problems  with  fundamental  concepts  of  fractions. 

Interviews  and  other  related  activities  realized  with  two  students  (10  years  old)  of  this 
class,  choosen  at  random,  showed  that  the  symbols  were  introduced  before  the  students 
could  understand  their  meaning.  The  students  did  the  fractional  number  operations  by  just 
applying  mechanically  some  rules  that  they  didn't  understand. 

A  suplementary  work  perfonied  with  this  two  children,  using  manipulative  material, 
diagrams  and  real  world  situations,  indicate  that  the  difficulty  was  a  consequence  of  insuficient 
exploration  and  discovery  experiences  and  not  a  lack  of  mental  hability. 

From  our  experience  we  conclude  that  students  in  a  ten-year-old  mental  level  have  in- 
tellectual conditions  to  construct  the  concepts  of  fraction  if  their  teacher  understands  and 
respects  their  knowledge  process.  For  the  correctly  understanding  of  fractions,  we  believe  it 
is  crucial  the  use  of  concrete  material  and  that  tin-  students  do  some  activities  that  allow 
them  to  develop  strong  mental  images  of  fractions. 
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The  correspondence  between  rational  numbers  and  the  number  line:  a 
classroom  experience  in  Secondary  School. 


Isabel  ROMERO  and  Luis  RICO.  Dep.  de  Didactica  de  la  Matematica.  Universidad  de 

Granada.  SPAIN. 


Abstract 

This  work  belongs  to  a  wider  study  about  the  initial  comprehension  of  the 
concept  of  real  number  by  students  of  Secondary  School.  It  has  been  carried  out  as  an 
action  research  experience  with  a  class  of  children  fourteen-fifteen  years  old. 

In  order  to  explore  the  intuitions  of  the  pupils  about  the  correspondence  of  the 
rational  numbers  and  the  number  line,  two  questions  were  made  at  different  moments  of 
the  didactical  process.  In  the  first  one.  we  asked  wheter  they  thought  that  rational 
numbers  filled  the  number  line.  The  second  question  was  posed  as  an  exercise:  pupils 
needed  to  asigne  a  number  to  some  given  points  on  a  line  in  which  the  points  0  and  1  were 
also  marked;  in  the  end  we  asked  whether  they  thought  that  there  was  always  a  number 
corresponding  to  any  given  point  on  the  line,  and  which  kind  of  number  could  it  be. 

The  answers  to  the  first  question  were  Yes  and  No  in  a  similar  proportion;  the 
reasons  pupils  gave  were  fuzzy  and  diverse,  and  in  some  ocassions  served  to  justify 
opposite  opinions.  In  the  second  question,  pupils  aligned  finite  decimals  or  fractions  to  the 
given  points,  answered  that  there  was  always  a  number  corresponding  to  any  point  of  the 
line,  and  that  this  number  was  an  integer,  a  fraction  or  a  decimal  (finite). 

This  result  ilustrates  the  difficulties  of  dealing  with  the  correspondence  between 
the  geometrical  continuum  and  the  numerical  continuum,  which  is  a  key  point  in  the 
classical  construction  of  the  concept  of  real  number. 
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AFFECTIVE  VARIABLES  AND  MATHEMATICS  ACHIEVEMENT: 
A  STUDY  OF  A  SAMPLE  OF  SECONDARY  STUDENTS 
IN  BRUNEI  DARUSSALAM 
Khoo  Phon  Sai  and  Palanisamy  K.  Veloo 
Untvcniti  Brunei  Darussalam 

The  study  explored  the  relationship*  among  selected  affective  variables  and 
mathematics  achievement  and  the  extent  to  which  these  affective  variables  accounted  for 
observed  variance  in  maths  achievement.  The  subjects  comprised  259  secondary  students. 
Data  was  collected  through  the  administration  of  an  Assessment  of  Mathematical  Abilities 
test  (AMA)  and  a  set  of  instruments  consisting  of  Attributions  in  Maths  (ATM)  (Relkh, 
1986),  Maths  Belief  Scales  (MBS)  (Kloostetman  1991),  Maths  Attitude  Scale  (MAS)  and 
Maths  Classroom  Perception  Inventory  (MCPI). 

The  major  findings  of  the  study  are  generally  consistent  with  those  reported  in  the 
literature.  For  example,  high  maths  achievement  (as  measured  by  AMA)  is  positively 
correlated  with  maths  self-concept,  enjoyment  of  maths  and  confidence  in  learning  mams 
but  negatively  with  maths  anxiety  (Reys,  1984;  McLeod,  1992).  Analysis  of  variance 
results  showed  that  girls  are  more  likely  than  boys  to  attribute  success  to  effort,  have 
greater  self-concept  and  enjoyment  of  maths  and  more  positive  attitudes  towards  mams. 

The  method  of  systematic  decomposition  of  variance  based  on  a  series  of 
regression  analyses  showed  that  the  unique  contribution  of  each  block  of  affective  variables 
ranged  from  0.3%  to  4.7%.  In  contrast,  variables  such  as  gender,  class  type,  age,  previous 
exam  grade  and  monthly  maths  test  marks  provided  larger  unique  contributions  ranging 
from  12.0%  to  29.8%.  The  results  of  the  study  fail  to  confirm  the  hypothesis 
(Kloosterman,  1991)  that  beliefs  about  how  maths  is  learned  account  for  a  considerable 
portion  of  the  variance  in  mathematics  achievement  scores. 
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USE  OF  ALTERNATIVE  METHODS  OF  ASSESSMENT 
EllMhtlfc  gaga  Sfla  >*d  Vi»l«  Mull  Feretra  do*  Santoa 
Efcola  Municipal  Alcidt  De  Ga*peri  aad  Projeto  Ftmdio-Matem«tica  UFRJ 
Ualvenidade  Federal  do  Rio  de  Janeiro  (UFRJ)  aad  Projelo  Faadao-Matemalica  UFRJ 

"Assessment  practices  send  a  powerful  message  to  students  about  the  mathematical  thinking, 
experience  and  content  that  is  valued"  (Tzur.  Brooks.  Endcrson.  Morgan  and  Cooncy.  1993.  p.  151). 
Assessment  methods  should  change  if  teachers  want  to  have  students  valuing  mathematics,  knowing 
how  to  argue  and  question  in-schcol  as  well  as  out-of  school  situations  that  deals  with  logical  thinking, 
and  willing  to  try  out  different  solutions.  Since  1993.  a  group  of  five  school  teachers  together  with  five 
college  students  (math  majors)  and  one  university  mathematics  educator  have  been  investigating  the  use 
of  alternative  assessment  techniques  in  different  grade  levels.  This  paper  discusses  two  experiences 
realized  by  one  middle  school  teacher  from  this  group.  In  the  1993  study,  the  30  seventh  grade 
students  explored  geometric  topics  (e.g..  plane  and  spatial  figures,  angles  and  triangles)  and  the  teacher 
tried  out  several  assessment  instruments.  She  used  group  work,  open-ended  questions,  concept  maps, 
group  and  individual  contests,  and  self -assessment  of  their  performance.  The  driven  forces  for  her 
innovations  in  teaching  and  assessing  were  threefold.  First,  her  own  beliefs  that  should  exist  other 
ways  to  examine  students'  mathematical  knowledge  besides  the  traditional  paper-pencil  tests.  Second, 
her  long  teaching  practice  giving  evidence  that  good  grades  arc  not  always  equivalent  to  a  meaningful 
mathematical  understanding  and  bad  grades  do  not  necessarily  means  that  students  don't  understand 
mathematics.  And.  lastly  the  discussions  within  our  study  group  with  the  rich  input  of  the  college 
students  offering  their  own  point  of  view  about  assessment  (Webb  &  Coxford.  1993). 

The  pilot  experience  in  1993  showed  us  the  potential  of  (a)  concept  maps  to  diagnose  students' 
conceptions  and  misconceptions,  (b)  open-ended  questions  to  exhibit  a  variety  of  students'  solutions 
and  interpretations,  (c)  assessment  in  group  to  develop  socialization  skills  and  to  teach  students  about 
other  ways  of  thinking,  and  (d)  self-assessment  to  develop  students'  awareness  of  their  strengths  and 
weaknesses  in  mathematics.  The  analysis  of  several  instruments  of  assessment  offered  us  with  a  richer 
picture  of  students'  mathematical  thinking  and  understanding.  Therefore  in  the  second  study,  that  was 
initiated  in  February  1994  with  a  grade  eight  classroom  we  will  pursue  these  aspects.  Throughout  the 
year  this  classroom  will  be  observed  and  interviews  will  be  conducted  in  order  to  gather  further 
information  about  the  advantages  and  difficulties  of  using  alternative  assessment  techniques.  In 
February  1994,  while  revisiting  geometric  topics  explored  in  1993,  we  have  concentrated  our  analysis 
on  the  effects  of  the  use  of  concept  mapping  and  open-ended  tasks  and  it  was  perplexing  to  perceive 
how  students  arc  achieving  mathematical  maturity  about  themselves  and  can  solve  problems  in  a  variety 
of  ways. 
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A  GEOMETRIC-ALGEBRAIC  APPROXIMATE  TO  THE  TRIGONOMETRIC 
FUNCTIONS  WITH  THE  USE  OF  SUPERCALCULATORS. 


Leopoldo  ZMiga  SUva 
Tecnoldgico  de  Estudios  Superiores  de  Ecatcpcc,  Mixico. 


On  the  investigations  made  regarding  the  organization  of  a  prccalcutus  course,  we  have 
rccourscd  to  the  graphic  representation,  as  the  nearest  to  the  student's  intuition  to  agree  with  new 
concepts.  It  has  the  purpose  of  finding  teaching  options  to  make  possible  to  give  the  students  the 
knowledge,  abilities  and  the  necessary  strategies  for  the  study  of  calculus. 

Tliis  investigation  was  made  in  the  Technological  of  Advanced  Studies  of  Ecatcpec,  Mexico 
with  students  in  the  first  year  of  university  level  (between  17  and  22  years  old)  and  it  was  made  in 
the  frame  of  the  Didactic  Engineering  [Artige,  M.  1990]  as  an  investigation  methodology. 

We  worked  on  the  trigonometric  functions  theme  attending  the  results  obtained  in  the 
preliminary  analysis  of  Engineering  [Zuniga,  L.  1993]. 

The  central  part  of  the  research  was  based  in  the  study  of  the  functions  in  relation  to  the 
mechanisms  that  operate  the  transference  between  the  algebraic  and  geometric  contexts. 

Within  the  development  of  the  experience  we  used  the  supcrcalculator  (Texas  Instruments  TI- 
X 1 )  in  order  to  examine  to  what  point  it  gives  information  that  can  lead  to  the  problem  solution  and 
how  is  it  that  the  student  interacts  with  it  under  the  knowledge  and  abilities  that  was  pretended  to 
develop.  At  the  same  time  we  are  concerned  of  observing  and  analyzing  the  competence  (as  to  be 
capable  or  not)  of  the  students  as  the  involved  cognitive  process!. 

On  the  other  hand,  the  evaluation  was  constant,  and  it  was  made  according  to  a  resource  called 
"Tasks",  which  consisted  in  problems  designed  to  observe  the  advances  and  difficulties  in  the 
students  throughout  the  research.  We  also  applied  a  final  exam  on  the  theme.  The  type  of  problems 
worked  were  as  the  following  examples: 

Without  the  use  of  a  supcrcalculator:-  Determine  amplitude,  period,  intersection  points  with  the 
axis  and  draw  the  graphic  of  the  function:  y  -  3  sen  (x  -  Kl6). 

With  the  use  of  a  supcrcalculator:-  How  many  solutions  does  the  equation  sen(l/x)=0  have? 
Argument  your  answer. 

The  results  obtained  in  this  investigation,  shows  a  better  competence  on  the  students  in  the 
problems  solution,  as  a  comprehension  of  sufficient  satisfactory  concepts. 

In  the  research  (and  after  that)  we  also  observed  that  the  students  appealed  to  the  graphication 
m  an  spontaneous  way  with  the  purpose  of  fortifying  its  analytic  procedures.  We  consider 
necessary  in  die  didactic  strategies  manufacture  and  on  the  systematic  observation  of  learning 
experiences,  to  study  such  student's  conduct. 

Also,  the  results  show  meaningful  flowings;  for  example,  to  approach  the  proper  calculus 
problems,  the  students  subject  to  the  study,  will  not  have  as  an  additional  problem  the  graphication 
of  functions,  at  least  on  which  respects  to  the  trigonometric  functions.  Its  possible  that  the  abilities 
and  knowledge  acquired,  the  student  reflect  as  use  tools  on  their  following  courses. 
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THE  WORKER  STUDENT  AND  HIS  RELATIONSHIP  WITH  MATHEMATICS 
Lull  Clandlo  d»  Sll»«  and  Vtaia  Maria  Pcrcira  do*  Santo* 
Coleglo  EsUdual  Walter  Orlandiae  aad  Projeto  Fnadio-Matemitica  UFRJ 
UnWertidade  Federal  do  Rio  de  Janeiro  (UFRJ)  and  Projeto  Fuadio-Matenuttlca  UFRJ 

There  is  considerable  research  documenting  the  gap  between  in  and  out-of  school  mathematics(c.g., 

Bishop  &  Abreu,  1991;  Carrahcr,  1988;  Lave,  1988)  and  there  is  still  a  need  to  investigate  ways  to 

actually  bridge  this  gap  with  school  teaching.  This  study  is  part  of  a  project  that  explored  the  language 

and  discourse  of  a  group  of  15  fourth  grade  students  (with  ages  varying  from  15  to  24)  that  came  to  an 

evening  school  after  a  full  day  of  work  voilva,  1994).  Data  source  included  a  dialogue,  classroom 

observations  and  audio-taped  interviews.  The  dialogue  with  the  students  was  to  identify  their 

professional  activity  and  mathematical  concepts  they  used  with  no  awareness  of  them.  In  this  paper  we 

talk  about  one  student  who  affirmed  in  class  that  disliked  mathematics.  When  describing  his  daily 

routine  as  an  apprentice  of  baker  he  talked  about  a  recipe  for  making  French  bread.  He  explained  the 

effects  of  heat  on  the.  yeast,  the  different  proportions  he  had  to  be  aware  of  when  doubling  or  halving 

the  recipe,  and  ways  he  would  divide  the  dough.  The  language  he  used  to  describe  his  task  was  full  of 

mathematics  and  he  wasn't  aware  of  it.  The  two  episodes  (the  oral  and  the  written  recipe)  together  with 

an  audio-taped  interview  helped  us  to  identify  the  richness  of  terms  and  meanings  he  had  used.  His 

interest  for  mathematics  began  to  increase  after  these  events  with  the  researchers.  This  occurred 

because  we  could  point  out  for  him  work  situations  that  had  a  lot  to  do  with  school  mathematics.  In  his 

discourse  we  could  identify  room  to  explore  (a)  differences  and  similarities  between  forms  and  size;  (b) 

length,  mass  and  volume  conservation;  and  (c)  fraction  concepts  (half  and  third  of  continuous  and 

discrete  sets,  proper  fractions  and  equivalence  of  fractions).  His  out-of-school  experience  with 

mathematics  (as  well  as  the  other  students'  professional  experience)  offered  a  better  context  for  learning 

mathematics  meaningfully.  And  could  easily  raise  more  interest  in  students  than  the  routine  and  out  of 

context  problems  proposed  by  the  teacher  or  textbook.  But  the  teacher  wasn't  able  to  perceive  the 

potential  of  her  students'  experience  or  to  use  the  information  provided  by  the  research  to  make  a  bridge 

between  their  use  of  math  in  the  work  culture  with  the  school  mathematics.  We  strongly  agree  with 

Borba  ( 1993)  when  he  argues  that  an  alternative  for  the  classroom  action  would  be  for  teachers  to 

consider  a  closer  relationship  between  tacit  knowledge  from  culture  and  school  knowledge. 
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A  VERBAL-ARITHMETIC  PROBLEM  SOLVING  MODEL.  THAT  JUXTAPOSE 
TOO  SELF-SUFFICIENT  REPRESENTATIONAL  SYSTEMS 

Josefa  Hernandez  and  Martin  M.  Socas 
La  Laguna  University  (SPAIN) 
The  Polya'  model  (1957)  to  solve  mathematical  problems,  Inspiration 
source  to  a  broad  list  of  subsequent  models  (Schoenfeld,  Mason-Burton-Stacey), 
and  the  model  for  competence  based  on  . opresentatlonal  systems  proposed  by 
Gpldln  (1985,87)  within  the  framewo,-'  of  Information-processing  theory  give  us 
changes  In  the  raising  of  arithmetic  oroblem  solving,  since  these  are  moved 
from  a  verbal-syntactic  system  to  the  formal  notatlonal  system. 

We  are  doing  research  on  a  model  to  solve  verbal-arithmetic  problems, 
adapted  for  Primary  schoolchildren  (8-11  years),  which  contemplate  the  Polya' 
stages  and  which    facilitate  the  use  of  different  representational  systems. 

This  model  consists  of  6  stages,  not  necessarily  lineal:  reading; 
understanding;  visual-geometric  representation-performance  and  solution; 
formal  representation-performance  and  solution;  solutions  and  verification. 
Starting  from  reading,  we  are  trying  to  understand  It  with  the  help  of  the  use 
of  drawings,  which  represent  the  situation  as  a  whole  together  with  the 
writing  of  the  data  and  the  unknown.  The  third  stage  tries  the  children  to 
solve  the  problem  In  the  visual-geometric  system  In  a  self-sufficient  way,  we 
are  previously  learning  to  use  this  representational  system  In  Its  semantic 
and  syntactic  aspects.  We  emphasize  that  the  visual-geometric  solution  or  the 
diagram  are  not  only  considered  to  be  a  visual  support,  which  Is  basically 
semantic  In  research,  but  also  an  autonomous  way  of  solving  problems.  The 
fourth  stage  Is  referred  to  the  problem  formal  solution  by  means  of  arithmetic 
operations.  Both  solution  ways  Involve  a  verification  in  terms  of  equality  or 
Inequality  (5th  stage).  The  sixth  stage  consists  of  the  verification  of  the 
solution  within  the  framework  of  the  problem  wording.  During  the  processes  we 
are  trying  to  control  the  planning  system  used  by  the  children,  that  Is  to 
say,  to  develop  a  manager  who  control  their  own  advance,  as  well  as  the 
attitudes  which  cause  the  performance  of  the  model  towards  the  problem  solving 
and  mathematics. 

We  are  design  a  normal  Index  card  to  Implement  this  model,  which  can  be 
extended  to  non  arithmetic  problem. 
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Pre-algebra    from    a    different  perspective 

L.      Streef land 
Freudenthal  institute 
Utrecht,      The  Netherlands 

History 

The  term  'algebra'  stems  from  'liisab  ai  djabr  we  al  moekabalah'  by  al  Charezmi 
(r  840)  .  'Algorithm'  stems  from  the  author's  name.   The  title  means 
reorganising  or  regrouping  terms  or  parts,  while  changing  their  state. Those 
activities,   that  also  might  be  characteterised  by  sehemat isi.ng  and 
algebrising  concern  the  treatment  of  first  and  second  degree  equations  in  a 
verbal -numerical  format.  Is  not   this  algebra,  or  is  it?  Yes,   it.  is;  algebra 
without  letters:  Was  pte-algebra  anticipating  al  Charezmi's  work? 

Francois  Viete  (1540-1603)  was  the  first  mathematician  who  used  letters  for 
both  known  and  unknown  (values  of)  magnitudes  in  equations.   It  was  a  great 
step  forward.  The  general  treatment  of  equations  had  been  achieved  then.  Is 
this  algebra?  Superfluous  to  ask! 

liquations  are  only  one  part  of  algebra  and  their  transition  from  an 
arithmetical  environment  to  a  formal  algebraic  one  took  a  considerable  amount 
of  time.  This  implies  a  warning:   If  pre-algebra  is  defined  as  a  stage  of 
transition  from  arithmetic  to  algebra,   then  -  as  historical  development  shows 
-  one  needs  to  be  careful  about  the  duration  thereof   in  mathematics  education. 

Pre-algebra 

The  historical  learning  process  of  mathematics  shows  both  the  foreshadowing  of 
future  events  (anticipating)  as  well  as  looking  back  (viewing  them 
retrospectively) . 

Examples  of  pre-algebra  from  the  'Maths  in  context  project'1'  will  be 
presented,   together  with  some  provisional   results. They  will   illustrate  both 
the  beforement ioned  general  principles,   that  is  taking  a  retrospective  view 
aiming    at  anticipation  and  their  mutual  connection  in  a  course.   It  will  turn 
out  that  the  transition  from  primary  school  mathematics  (arithmetic)  to 
algebra  can  be  anticipated  rather  early  by  intertwining  21  particular  learning 
strands  in  primary  school  mathematics , 

Conclusion 

After  all  the  examples  will  make  clear,   that   mathematics  education  as  a 
subject    is  a  design  science  and  that  the  educational  profits  of  research,  for 
instance,  are  not  determined  by  the  integrity  of  the  research-des i gn  and  the 
methods  applied,  but  rather  by  the   justice  done  to  the  subject  matter  in  the 
background  of  the  philosophical  and  theoretical   I  ramework  one  lias.  Tilts  means 
that  distortions  need  to  be  avoided,   i  rum  the  learners  perspective  formal 
mathematics  is  distorted  mathematics  due  to  its  rigidity  as  a  product.  This  is 
true  for  pre-algebra  in  particular, 
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ACCELERATING  THE  DEVELOPMENT  OF  COGNITIVE  AND  METACOGNITIVE 
SKILLS:  THE  MATHEMATICAL  THINKING  SKILLS  PROJECT 
Howard  Tanner  and  Sonia  Jones 
University  College  of  Swansea,  Wales,  UK. 

The  ability  to  think  formally  and  to  generalise  and  explain  underpins  the  secondary 
mathematics  curriculum.  Recent  research  studies  using  problem  centered  learning  suggest  that 
cognitive  acceleration  is  possible  in  early  adolescence.  (Cobb  et  al  1992,  Shayer  &  Adey 
1992)  There  is  also  evidence  to  suggest  that  pupils'  metacognitive  development  can  be 
enhanced.  (Tanner  &  Jones  1993) 

This  paper  describes  a  project  to  develop  and  evaluate  a  thinking  skills  course.  There  are 
two  strands  to  the  course: 

1.  the  development  of  a  structured  series  of  cognitive  challenges  to  stimulate  the 
progressive  evolution  of  key  skills  in  the  areas  of  strategy,  logic  and  communication; 

2.  the  use  and  development  of  teaching  techniques  which  encourage  the  maturation  of 
the  metacognitive  skills  of  planning,  monitoring  and  evaluation. 

Underpinning  both  strands  is  a  continual  emphasis  on  the  need  to  explain  rather  than 
describe,  to  hypothesise  and  test,  and  to  justify  and  prove.  Activities  are  structured  to 
encourage  the  development  of  a  small  number  of  general  strategic  or  cognitive  tools.  Each 
activity  is  targeted  on  at  least  one  of  the  schema  of  formal  operations. 
350  children  aged  between  1 1  and  13  from  twelve  classes  in  six  secondary  schools  in  Wales 
followed  the  course  and  were  compared  with  an  equal  number  of  matched  control  groups 
using  pre-tests,  post-tests  and  structured  interviews.  Assessment  instruments  were  devised 
to  assess  pupils'  levels  of  cognitive  development,  and  their  ability  to  use  strategic  and 
metacognitive  skills.  A  Likert  type  attitude  questionnaire  was  applied  and  subjected  to  factor 
analysis.  Statistical  data  were  supported  by  participant  observations  made  and  recorded 
during  intervention  lessons. 
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THE  FUNCTION  CONCEPT  FOR  STH  TO  8TH  GRADE  STUDENTS 


LUCIA  A.A.TINOCO 
UNIVERSIDADE  FEDERAL  DO  RIO  DE  JANEIRO  -  BRASIL 

The  function  concept  has  been  introduced  at  secondary  school  in  Brazil  about  fourry 
years  ago,  and  its  teaching  is  concentrated  on  the  last  three  years  in  most  of  the  schools.  But 
the  importance  of  this  concept  and  the  difficulty  of  its  teaching  have  incentivated  the 
research  in  this  topic.  Most  of  them  reffer  to  the  use  of  machines  in  order  to  improve  the 
students'  aquisition  of  the  concept. 

The  present  works  was  developped  by  a  group  of  the  "Projeto  Fund3o"  team,  at 
1992/93,  and  focused  the  four  phases  of  the  function  concept  construction,  based  on  the 
classification  proposed  by  Bergeron,  J.  and  Herscovics,  N  (1982),  particularly,  the  second 
and  third  phases:  initial  mathematization  and  abstraction  which  can  be  developped  from 
grade  5th  to  8th. 

The  work  is  grounded  on  the  answers  of  secondary  teachers  and  students  to  a 
questionary/test  applied  in  order  to  know  their  main  ideas  about  the  function  concept  and  its 
teaching.  Analyzing  the  results  of  the  questionaries  and  tests,  we  have  observed  that  there 
is  no  comprehention  of  the  function  concept  in  the  meaning  reinforced  by  Ponte  (1990):  as 
an  especiftc  tool  for  explore  variation-problems. 

In  this  sense,  the  group  has  concentrated  its  attention  to  these  two  tasks: 

1)  The  explicitation  of  the  main  characteristics  and  involved  ideas  in  the  first  three  phases 
proposed  by  Bergeron  and  Herscovics  (1982)  (intuitive  comprehention,  initial 
mathematization  and  abstraction),  to  be  developped  in  the  first  years  of  the  secondary 
school. 

Through  a  serious  work  at  that  phases  it  is  possible  to  have  a  formal  treatment  of  the 
functions  in  the  last  high  school  years,  but  now  with  the  pertinent  notation  and 
nomenclature. 

2)  The  experiments  have  been  made  in  6th,  7th  and  8th  grade  classes  of  public  schools  in 
Rio  de  Janeiro  by  teachers  and  undergraduate  students  of  the  group. 

Its  results  are  beeing  useful  to: 

-  aprimorate  the  conclusions  about  the  phases'  characteristics  and  activities; 

-  recognize  some  other  knowledges  and  tools  necessary  to  improve  the  construction  of  the 
function  concept  by  the  students. 
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CHILDREN'S  UNDERSTANDING  OF  RANDOM  GENERATORS 


Kathleen  Truran 


University  of  South  Australia 


This  paper  discusses  the  premise  that  young  children  do  not  intuitively  perceive  similarities  between 
the  behaviour  of  different,  but  mathematically  identical,  random  gcnerators.This  study  is  innovative 
because  children  are  asked  to  compare  the  behaviour  of  one  random  generator  with  others.  These 
experiences  are  not  generally  encountered  as  part  of  the  classroom  mathematics  expericnce,and  so  far 
as  the  writer  can  ascertain,  similar  questions  have  not  often  previously  been  asked  by  researchers. 
Previous  studies  have  in  the  main  been  limited  to  investigating  the  behaviour  of  one  random 
generator,  usually  a  coin,  dice  or  spinner  of  the  type  of  question  presented  by,  for  example.  Green 
( 1983)  and  Hoemann  and  Ross  (1982) 

The  communication  will  summarise  data  collected  using  group  tests  and  individual  interviews  from 
primary  school  children  aged  from  7- 12  years  from  a  range  of  primary  schools  in  South  Australia  !t 
will  explain  children's  perceptions  of  the  behaviour  of  familiar  and  unfamiliar  random  generators  in 
identical  situations,  for  example,  playing  a  game  of  Ludo.  The  child  is  asked  doe  example  whether  a 
game  of  Ludo  would  be  equally  fair  if  it  was  played  using  a  six-sided  die,  six  numbered  balls  in  an 
urn,  tickets  numbered  1-6,  or  a  spinner  with  6  equal  sections  are  used. 

This  research  investigates  the  thinking  processes  and  affective  ideas  children  use  when  confronted 
with  such  situations.  Examples  of  results  based  on  gender  and  culture  will  also  be  discussed. 

Preliminary  findings  indicate  that  children  predict  different  results  depending  on  whichever  random 
generator  is  used  in  a  game.  This  raises  the  question  are  their  responses  developmental  or 
experiential;  or  do  children  respond  to  a  tactile  stimulus?  For  example: 

1.     Why  do  you  say  the  game  of  Ludo  will  not  be  fair  if  you  played  using  the  six-sided  die 
and  these  tickets  numbered  1-6? 

R     Because  they  arc  different.  That  (the  die)  is  plastic  and  feels  hard.  These  (the  tickets)  are 
paper  and  they  arc  soft 


Orcen,  David  R.  (1983)  "Shaking  a  Six"  Mathematics  in  School  12  (5):  29-32 

Hoemann,  Harry  W.  and  Ross  Bruce  M.  ( 1982)  "Children's  Concepts  of  Chance  and  Probability"  in 
Braincrd,  Charles  J.  (ed)  (1982)  Children's  Logical  and  Mathematical  Cognition.  Progress  in 
Cognitive  Development  Research  (pp.93  - 121)  New  York:  Springer  Verlag 
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CONTROL  PROCESSES  DURING  THE  SOLUTION  OF  GEOMETRIC 
CONSTRUCTION  PROBLEMS  IN  COMPUTER 

Marianna  Tzekaki,  Lecturer, 
Department  of  Early  Childhood  Education,  Aristotle  University  of  Thessaloniki 

The  proposed  oral  communication  refers  to  the  operation  of  control  process  developed  within  the 
frames  of  the  solution  of  geometric  construction  problems  in  computers.  It  presents  data  from  the 
observation  of  students  (12-13  years  old)  during  the  construction  of  geometric  figures  in  a 
computerized  environment,  especially  organized  in  order  to  offer  control  indications  along  the 
course  of  a  construction. 

Such  indications,  related  to  the  faced  geometric  knowledge,  allow  the  students  to  examine  the 
validity  of  their  decisions  and  their  actions  and  to  look  for  answers  adjusted  to  the  construction 
problems  they  face.  It  must  be  point  out  that  the  students,  interpreting  such  external  indications, 
tend  to  convert  them  into  internal  control  criteria,  according  to  their  knowledge.  This  fact  leads 
them  to  adjust  or  even  to  change  the  indications  meaning,  in  order  to  correspond  to  their  pre- 
existing structure.  Thus,  the  paper  presents  the  interpretation  or  change  procedures  of  control 
indications,  which  are  a  priori  homogeneous,  but  their  reading  varies  per  student  and  per  faced 
geometric  concept. 

It  is  indicated  that  the  functionality  of  such  control  processes  depends  on  how  an  external  indication 
tends  to  be  assimilated  in  a  proper  internal  criterion,  that  is  in  a  criterion  which,  for  each  faced 
knowledge,  gives  to  the  pupil  valid  control  means  for  his  action  or  for  his  decision. 
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A  PILOT  STUDY  ON  STUDENTS'  COGNITIVE  DIFFICULTIES  IN  CALCULUS 

Behive  Ubuy. 


This  research  reports  the  results  of  a  pilot  study  which  aimed  to  get  feedback  about  students' 
cognitive  difficulties  in  calculus.  A  diagnostic  questionnaire  was  designed  to  observe  them  and 
piloted  with  18  A-level  second  year  students  in  England,  1993.  A-level  is  a  2  year  academic 
course  for  16-18  year  old  students.  The  primary  concern  was  to  approach  these  difficulties  by 
studying  the  students'  errors  and  misconceptions.  This  research  also  examines  the  implication  of 
these  difficulties  for  constructing  the  design  of  the  main  study.  The  purpose  of  the  main  study  is  to 
investigate  engineering  students'  cognitive  difficulties  in  calculus  in  computer-based  environment 
compared  with  non-computer-based  environment. 

A  substantial  amount  of  research  in  errors  and  misconceptions  has  been  done  at  the  precollege  and 
college  level  in  traditional  environment  (  Orton,  1980;  Selden,  1989;  Amit  and  Vinner,  1990),  but  a 
smaller  body  of  work  exists  at  these  levels  in  a  computer-based  environment  (Tall,  1986). 

The  presentation  will  focus  on  the  issues  arising  from  the  research  to  form  tlie  hypotheses  of  the 
main  study.  A  brief  explanation  of  findings  correlated  with  literature  will  also  be  given. 
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*  present  address 


University  of  Nottingham  * 
Shell  Centre  for  Mathematical  Education 
Nottingham,  NG7  2RD,  UK 


Middle  East  Technical  University 
Science  Education 
Ankara  0653 1,TR 


References 


AN  ANALYSIS  OF  DIAGRAMS  USED  BY  SECONDARY  SCHOOL 
PUPILS  IN  SOLVING  MATHEMATICAL  PROBLEMS 


Palanisamv  K  Veloo 
Universiti  Brunei  Darussalam 


Francis  Lopez-Real 
University  of  Hong  Kong 


Two  hundred  secondary  school  pupils  were  given  a  set  of  ten  mathematical  word-problems  to 
solve.  The  pupils  ranged  from  Form  1  to  Form  4  and  the  mathematical  content  of  all  the  problems 
did  not  go  above  the  Form  1  level.  The  pupils  were  instructed  to  draw  a  diagram  which  they 
considered  would  be  helpful  for  solving  each  problem  and  to  incorporate  any  important 
information  into  the  diagram.  This  presentation  analyses  the  diagrams  and  discusses  the  results 
with  respect  to  four  classifications: 

i)  the  degree  to  which  the  diagram  was  concrete  or  symbolic 

ii)  the  degree  to  which  the  relational  aspects  of  the  problem  were  represented 

iii)  how  much  of  the  relevant  data  was  present  in  the  diagram  space 

iv)  the  extent  to  which  the  data  was  incorporated  into  the  diagram. 

The  analysis  showed  a  statistically  significant  difference  in  the  type  of  diagram  drawn  by  the  four 
age-groups.  The  Form  3  &  4  pupils  drew  more  diagrams  at  the  Symbolic  end  of  the  continuum 
and  less  at  the  Concrete  end  compared  with  the  Form  1  &  2  pupils.  A  similar  result  was  found 
with  respect  to  the  Relational  construct,  again  the  Form  3  &4  pupils  drawing  more  diagrams  at  the 
positive  end  of  the  continuum.  As  regards  the  correlation  between  a  successful  outcome  for  the 
solution  of  a  problem  and  the  type  of  diagram  drawn,  two  highly  significant  factors  emerged. 
These  were:  (i)  the  degree  to  which  the  relational  aspects  were  represented,  and  (ii)  the  degree  to 
which  the  data  was  incorporated  into  the  diagram. 

However,  a  very  important  'negative'  result  also  emerged  from  the  study.  Despite  being  given 
explicit  instructions  to  draw  a  diagram,  nevertheless  no  diagram  was  drawn  in  approximately  30% 
of  ail  case*.  The  hypothesis  that  the  diagram  was  omitted  in  cases  where  the  pupils  could  easily 
solve  the  problem  by  other  means  was  not  borne  out  in  the  analysis.  In  fact  the  opposite  is  the 
case,  the  paired  frequencies  of  Diagram  Drawn'  and  'Success'  being  significant  at  the  1%  level. 

The  implications  of  these  results  are  discussed  and  in  particular  it  is  argued  that  there  is  an  urgent 
need  to  help  children  with  a  diagram-drawing  strategy  for  problem-sorving  in  an  explicit  and 
positive  way  rather  than  simply  leaving  it  to  chance  and  the  spontaneous  intuition  of  a  few  visually- 
oriented  pupils. 
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strategy  in  college  slgebra.  Unpublished  doctoral  dissertation.  Harvard  University. 

Lopez-Real,  F  St.  Veloo,  P.K.  (1993)  Children's  Use  of  Diagrams  as  a  Problem-Solving  Strategy. 
Proceedings  ofPMEXVtl  (Japan). 


Refer*  nets 


The  Construction  and  Re-presentation  of  Images  in  Mathematical  Activity 
Grayson  H.  Wheatley  and  Dawn  Brown 
Florida  State  University 


Evidence  is  mounting  that  imagery  plays  a  significant  role  in  math- 
ematical reasoning.  When  students  are  engaged  in  meaningful  mathematics 
rather  than  rote  computation,  it  is  quite  likely  they  will  be  using  some  form  of 
imagery.  Kosslyn  posits  three  processes  in  the  act  of  imaging:  construction  ,  re- 
presentation, and  transformation  of  the  image.  In  previous  work  we  have 
discussed  transformation  of  images  and  the  role  it  plays  in  mathematics  learning. 
Drawing  upon  the  work  of  Brown,  Kosslyn,  Krutetski,  Lakoff,  Presmeg,  von 
Forester,  and  Wheatley,  this  paper  will  lay  out  a  theoretical  position  on  the 
construction  and  re-presentation  of  images  in  relation  to  mathematical  activity. 

The  construction  of  an  image  is  the  most  fundamental  of  the  three 
processes.  If  a  student  fails  to  initially  construct  an  image  there  is  nothing  to  re- 
present or  transform.  While  engaged  in  mathematical  activity,  whether  of  a 
numeric  or  geometric  nature,  students  construct  images.  For  example,  they  may 
be  shown  a  geometric  figure  briefly  and  asked  to  draw  what  they  saw.  When  they 
make  their  drawing,  they  are  operating  from  a  constructed  image.  The  nature 
and  quality  of  the  image  will  influence  the  drawing  which  results.  If  at  a  later 
time  they  are  asked  to  draw  what  they  saw,  the  students  then  must  re-present 
the  image.  This  act  of  re-presentation  is  complex  and  subtle.  For  example, 
Piaget  has  shown  that  the  image  constructed  may  undergo  change  over  time  with 
no  intervening  intervention.  In  many  cases  the  re-presented  image  may  have 
been  modified  or  it  might  be  a  prototype  which  is  then  transformed  based  on  the 
demands  of  the  task.  Furthermore,  the  nature  of  the  re-presentation  is  greatly 
influenced  by  the  intentions  and  goals  of  the  individual  at  the  time  of  re- 
presentation. 

This  presentation  will  provide  elaborated  descriptions  of  image 
construction  and  re-presentation  in  the  act  of  doing  mathematics  as  well  as 
detailed  examples  of  each.  Examples  of  different  re-presentations  being  evoked 
by  different  tasks  will  be  illustrated.  Based  on  our  previous  work,  we  believe 
activities  which  encourage  the  construction  of  images  can  greatly  enhance 
mathematics  learning.  Further,  some  individuals  are  particularly  successful  in 
constructing  and  re-presenting  images.  Our  programmatic  research  over  the  past 
five  years  suggests  that  students  who  naturally  use  images  in  their  thinking 
easily  make  sense  of  novel  mathematics  tasks  while  students  who  score  low  on  a 
test  of  mental  rotations  often  do  not. 


THE  INTERVIEWER'S  ROLE  IN  THE  EMERGENCE  OF  MEANING 
Tracey  Wright 
TERC,  Cambridge,  MA 

t 

This  presentation  will  be  based  on  my  experience  interviewing  elementary  school 
children  in  the  Students'  Conceptions  of  the  Mathematics  of  Change  project.  The 
project  intends  to  contribute  new  foundations  for  the  teaching  and  learning  of  the 
mathematics  of  change  from  elementary  school  to  college.  A  major  goal  is  to  explore 
ways  to  foster  continuity  between  elementary  school  mathematics  and  calculus.  Some 
of  the  thematic  focuses  are  qualitative  integration  and  differentiation,  the 
interpretation  of  numerical  and  graphical  patterns  to  describe  change,  and  the 
interplay  between  symbolic  expressions  and  physical  change  over  time  or  space. 
Our  elementary  study  is  based  on  what  we  call  Learning  Situations,  that  is,  four  or  five 
sessions  during  which  individual  students  hold  a  conversation  with  the  interviewer 
as  they  explore  ideas  and  use  tools  to  make  sense  of  mathematical  problems. 

What  is  the  goal  of  such  a  conversation?  It  is  not  to  teach  the  child  because  we  do  not 
have  a  specific  pre-defined  way  of  understanding  the  problem  situations  that  we  want 
the  child  to  adopt.  It  is  not  to  evaluate  the  child  because  we  do  not  use  an  apriori 
scheme  to  categorize  children's  responses.  The  primary  goal  of  our  interviews  is  to 
understand  what  becomes  meaningful  for  the  child  as  she  deals  with  situations 
involving  motion  and  graphing. 

The  focus  of  this  presentation  will  be  an  analysis  of  the  role  of  the  interviewer  in  light 
of  this  ongoing  challenge:  How  does  meaning  emerge  for  both  the  interviewer  and 
the  child  in  the  context  of  an  interview?  How  does  the  interviewer  help  the  child  to 
express  what  is  significant  to  her?  In  what  sense  does  the  interviewer  guide  the  child 
through  the  particulat  graphing  phenomena  we  wish  to  explore?  I  will  also  focus  on 
the  interaction  between  the  interviewer  and  the  subject.  How  does  what  is 
meaningful  get  negotiated?  Who  is  the  teacher?  Who  is  the  learner?  Is  there  an 
expert  here? 

After  exploring  these  questions  I  will  address  a  broader  issue:  How  do  we  as 
researchers  make  sense  of  what  the  child  does  and  says  in  light  of  our  beliefs  that  the 
interviewer's  words  and  actions  must  influence  the  child?   I  will  give  examples  from 
my  experience  as  an  interviewer,  looking  at  both  the  child  and  the  interviewer  as 
subject*. 

Reference.  Tierney,  Nemirovsky,  Wright  and  Ackerman  (1993).  Body  motion  and 
children's  understanding  of  graphs.  In  PMENA  15th  Proceedings  (Pacific  Grove  CA). 
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Mathematical  understanding  among  sugar  cane  farmers 


Nadja  Maria  Acioly,  C.N.R.S.  FRANCE 


Abstract 


This  study  is  aimed  at  analysing  the  cognitive  functioning  of  illiterate  subjects  or  subjects  with  little 
schooling  in  the  mathematical  domain.  These  subjects,  while  working  as  sugar-cane  planters,  have  to 
deal  with  mathematical  computations  involving  the  detemiination  of  the  area  of  different  plots  of  land, 
and  to  develop,  without  any  direct  help  from  school  instruction,  an  understanding  of  mathematical 
relations.  This  understanding,  however,  is  developed  through  the  use  of  non-precise  schemes,  which, 
depending  on  the  measures  chosen  to  be  included  in  the  computation,  may  sub  estimate  or 
overestimate  the  final  results.  Twenty-one  sugar  cane  workers,  occupying  different  levels  in  the 
hierarchy  of  the  sugar  cane  plantation,  from  cane  cutters  to  supervisors  and  administrators,  took  part 
in  the  study.  Following  an  ethnographic  study  of  the  work  in  the  plantation,  data  were  collected  in 
three  phases.  In  phase  I  subjects  were  individually  interviewed  about  how  they  would  compute  the 
area  of  plots  of  measures  spontaneously  given  by  themselves,  followed  by  the  computation  of  areas 
of  plots  with  measures  suggested  by  the  interviewer.  In  this  phase,  the  precise  shapes  of  the  plots 
(quadrilaterals  or  triangles)  were  not  drawn.  Phase  II  consisted  of  a  more  formal  interview  in  which 
the  subject  was  presented.  In  view  of  drawings  on  paper,  with  the  same  perimeter,  but  different 
surfaces.  They  had  to:  (a)compute  the  area  of  quadrilateral  and  triangles  representing  plots  of  land 
with  all  measures  indicated;  (b)  compare  the  surfaces  of  figures  representing  plots  of  land;  and  (c) 
double  the  area  of  a  square.  Phase  III  consisted  of  field  observations  and  interviews  to  clarify  some 
points  raised  by  the  results  of  previous  phases,  and  determine  the  most  common  types  of  plots  that 
workers  deal  with  in  their  everyday  activities.  Results  of  the  first  phase  show  the  constant  use  of  non- 
precise  computational  schemes  with  choice  of  elements  that  overestimate  (in  the  case  of  cane 
cutters)  or  sub  estimate  (In  the  case  of  supervisors  and  administrators)  the  area  to  be  worked.  In  the 
second,  more  formal  phase,  new  strategies,  aimed  at  correcting  distortions  Increased  by  the  irregular 
shape  of  plots  were  found.  Finally,  in  the  third  phase,  we  found  that  workers  at  all  levels  seem  to  be 
aware  of  the  distortions  resulting  from  the  use  of  a  wrong  formula  and  that  these  distortions  can  be 
compensated  by  other  social  mechanisms.  The  choice  of  measures  in  this  context  may  be  interpreted 
as  a  result  of  the  particular  social  interactions  in  which  computations  take  place,  thus  illustrating  how 
the  development  of  mathematical  understanding  is  Intertwined  with  the  cultural  context  involved  in 
the  situation  where  problems  are  solved.  Results  are  discussed  In  terms  of  methodological  and 
conceptual  issues  relating  culture  and  the  development  of  mathematical  knowledge. 


ERIC  -85-  10 

BEST  COPY  AVAILABLE  ±do 


AWARENESS  OF  LEARNING,  REFLECTION  AND  TRANSFER 
IN  SCHOOL  MATHEMATICS 


Alan  Bell 

Shell  Centre  for  Mathematical  Education 
University  of  Nottingham 


The  aims  of  this  project  were  to  investigate  the  metacognitive  skills  and 
concepts  possessed  by  students  of  secondary  school  age  in  some  typical 
mathematical  learning  environments,  to  explore  the  feasibility  of 
raising  the  levels  of  their  awareness  by  appropriate  interventions,  and 
to  study  the  effects  of  such  enhancement  on  the  students'  mathematical 
attainments. 

The  outcomes  of  the  project  include,  as  well  as  these  results  detailed 
below;  the  Teachers'  Handbook  containing  the  set  of  suggested 
enhancement  activities,  trialled  and  including  examples  of  students' 
work;  the  Evaluative  Instruments,  partially  developed  but  needing 
further  improvement;  and  the  set  of  Case  Studies  of  the  seven  classes 
during  the  main  experimental  year.  (Documents  available  at  present 
from  the  Shell  Centre  are  the  Summary  Report       ,  the  Teachers' 
Handbook       ,  Evaluation  ). 

Excerpts  from  each  of  these  aspects  will  be  displayed. 
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NUMERICAL  UNIVERSES 

Al Icla  Bruno  y  Antonio  Martinon  (Unlversidad  de  La  Laguna) 

In  the  teaching  of  the  natural  numbers  to  primary  school  it  is  usually 
insisted  that  these  numbers  can  be  used  to  express  cardinals  and  not  in  the 
fact  that  can  be  used  to  express  a  measurement.  We  believe  that,  always  that 
were  be  possible,  activities  would  be  carried  out  in  which  numbers  for  measure 
were  used,  because  in  this  way  the  learning  of  the  numbers  would  be  more 
complete  and  more  congruent  with  posterior  numerical  extensions. 
Nuaerlcal  Situation:  A  number  is  used  to  express  different  numerical 
situations  ("I  have  got  2  sweets",  "the  length  of  the  table  is  2  meters,...). 
Nuaerlcal  Region:  The  situations  can  be  grouped  in  numerical  region  according 
to  a  characteristic  concept  (cardinal,  ordinal,  ratio  of  cardinals,...).  A 
numerical  region  is  of  the  numerical  set  a  if  all  the  numbers  of  A  can  be  used 
to  express  numerical  situations  of  this  region.  For  example,  the  following  are 
regions  of  Z  :  ordinal,  cardinal,  ratio  of  cardinal,  measurement  of  scalar 
magnitudes  of  one  direction,  measurement  of  scalar  magnitudes  of  two 
directions.  However,  the  cardinal  region  is  not  of  R,  because  0' 3  does  not 
express  a  cardinal. 

Nuaerlcal  Universe:  The  numerical  universe  of  a  set  A  is  the  set  of  the 
numerical  regions  of  A. 

If  we  consider  an  extension  of  the  numerical  set  A  to  the  numerical  set 
B,  the  number  of  regions  of  A  is  greater  than  the  number  of  regions  of  B,  that 
is  to  say,  the  numerical  universe  decreases.  However,  the  numerical  situations 
corresponding  to  z.  common  region  to  both  sets  increase.  For  example,  with  the 
numbers  of  0^  more  lengths  than  with  those  of  Z+  can  be  measured,  but  the 
cardinal  and  ordinal  regions  are  not  in  the  numerical  universe  of  O  which  are 
in  universe  of  Z^.  In  the  practice  of  teaching,  when  extending  the  number  sets 
usually  introduces  pupils  to  an  environment  in  which  it  seems  that  the 
interpretations  of  the  numbers  (their  numerical  universe)  is  increased,  when 
in  fact  what  increases  are  the  numerical  situations  belonging  to  regions 
common  to  both  sets.  This  causes  that  pupils  associate  each  number  set  almost 
exclusively  with  a  single  region,  the  one  on  which  it  was  insisted  more.  In 
the  literature  certain  ideas  are  found  that  have  some  points  in  common  with 
numerical  universe:  Kieren  (1988),  Greeno  (1991)  and  Vergnaud  (1990). 
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MATHEMATICAL  EDUCATION  AN  PUPILS  OF  DEPRIVED 
CULTURAL  BACKGROUNDS 

Ines  M*  Gomez  Chacon 

Institute  de  Estudios  Pedagogicos  Somosaguas.  Spain. 

In  this  study  we  tray  to  evaluate  students'  ability  In  order  to 
learn  mathematics.  This  pupils  belong  to  the  Centre  "  Taller  NORTE 
JOVEN"  -placed  In  a  suburban  area  of  Madrid-  and  follow  a  Math 
program  for  students  In  a  disadvantaged  social-cultural  context 
and  all  of  them  are  out  of  school  system  and  have  a  limited 
backgrounds  in  mathematics. 

It  describe  how  cultural  background  and  affective  factors 
could  be  Important  in  the  way  they  learn  and  they  are  taught. 

The  method  I  have  followed  has  been  elaborate  mainly 
through: 

-  Autobiographies  in  about  their  experiences  In  clasroom' s 
teaching  and  learning  mathematics. 

-  Strategy  games.  As  games  can  replace  some  of  the 
uninteresting  routines  of  drill  and  practice  with  a  self-motivating 
procedure,  and  they  can  offer  to  "piayers"  a  variety  of  problem 
solving  experiences  during  which  they  are  enabled  to  observe 
themselves  as  problem-solvers,  and  upon  which  they  can  later 
reflect,  In  order  to  appropriate  mathematics  as  their  own. 
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THE  COLOR  CARDS  -  LOGICAL  REASONING  TESTS  (CC-LRT) 
Chrlstos  Chaslotls 
Department  of  Mathematics,   University  of  loannina,  Greece 

The  educational  importance  of  logical  reasoning,  the  unexpectedly  low  level  of  student 
performance  in  that  area  and  the  great  diversity  of  the  theoretical  and  methodological 
aproaches  of  the  related  educational  and  psychological  research,  justifies  the  search 
and  development  of  suitable  and  convenient  assessment  and  research  instruments. 

The  Color  Cards  -  Logical  Reasoning  Tests  (CC-LRT),  based  on  simple  games  with  a 
collection  of  color  cards,  free  of  logical  and  mathematical  terminology,  can  be  utilised  for 
the  assessment  of  logical  reasoning  of  students  and  teachers,  in  all  school  levels,  and 
the  investigation  of  the  corresponting  cognitive  processes. 

The  variation  of  different  variables  of  the  situation,  number  of  different  colors  and 
number  of  cards,  logical  form  of  propositions  and  type  of  logical  tasks,  leads  to  different 
forms,  equivalent  or  not,  of  these  tests.  Some  of  these  forms  can  be  considered  as 
variations  or  extensions  of  the  well  known  Wason's  Four  Card  or  Selection  Task. 

Some  forms  of  these  tests,  concerning  deductive  reasoning  from  a  conditional 
hypothesis  and  testing  a  conditional  hypothesis  with  complete  or  incomplete  data,  will  be 
presented,  followed  by  some  results  of  alternative  analyses  of  students  responses, 
indicating  that  partial  correct  responses  can  be  obtained  by  the  application  of  incorrect 
rules,  and  leading  to  alternative  hypotheses  about  the  underlying  cognitive  processes. 
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CARNAVAL  MATEMATICO 
"FORMAL"  MATHEMATICS  IN  AN  "INFORMAL"  SETTING 


Matta  Civil 
University  of  Arizona,  Tucson,  USA 


This  poster  describes  a  mathematics  project  for  ethnic  minority  children  (ages  11-13).  The 
overall  goal  was  to  provide  the  participants  with  a  mathematically  rich  and  supportive 
environment  to  promote  their  interest  and  confidence  in  doing  mathematics.  The  program  used  a 
combination  of  "formal"  and  "informal"  time.  During  the  formal  time,  the  participants  worked  in 
small  groups  at  four  different  stations  on  activities  ranging  over  probability,  geometry,  patterns 
and  functions,  and  measurement.  Each  station  had  a  middle-school  teacher  whose  role  was  to 
facilitate  the  children's  work  by  encouraging  mathematical  conversations  around  the  participants' 
ideas.  During  the  informal  time,  the  participants  chose  among  an  array  of  logic  and  strategy 
games  and  geometric  and  topological  puzzles  that  were  spread  around  the  room.  These 
"carnivals"  took  place  in  non-school  settings:  the  Children's  Museum  and  the  Public  Library. 

This  project  set  out  to  1)  broaden  the  participants'  views  about  what  mathematics  is  by  engaging 
them  in  topics  and  methods  that  usually  receive  little  to  no  attention  in  school;  2)  promote  group 
work  in  mathematics  by  presenting  them  with  activities  that  called  for  cooperation  with  their 
peers;  3)  enhance  the  participants'  communication  skills  in  mathematics  by  encouraging  them  to 
explain  their  thinking. 

The  participants  expressed  surprise  that  what  they  were  doing  was  actually  mathematics.  The 
influence  of  their  in-school  mathematics  experience  was  quite  noticeable.  Yet,  they  appeared  to 
gain  an  appreciation  for  the  different  methods  to  go  about  a  problem  and  for  the  variety  in  the 
tasks  they  worked  on.  The  poster  will  elaborate  on  each  of  the  above  objectives  as  well  as 
discuss  implications  for  school  teaching.  This  project  provided  a  laboratory  for  in-school 
teaching  innovation  by  giving  the  teachers  a  chance  to  focus  on  mathematics  topics  and 
instructional  methods  that  are  not  commonplace  in  school  curricula.  The  teachers  have  since  then 
implemented  many  of  the  aspects  of  the  project  in  their  regular  classroom  teaching. 

A  research  objective  of  this  project  was  to  study  the  participants'  behavior  during  the  informal 
time,  in  which  they  had  more  control  over  what  to  do  and  with  whom.  The  conceptual 
framework  guiding  this  work  draws  upon  research  on  formal  versus  informal  learning, 
especially  on  studies  on  mathematical  performance  in  out-of-school  versus  in-school  settings 
(Lave,  1988;  Nunes,  1992;  Schoenfeld,  1991).  The  sources  of  data  consist  of  surveys, 
interviews,  observations,  the  participants'  folders,  and  videotaping.  I  looked  at  questions  such 
as:  What  caught  the  participants'  attention?  How  did  they  tackle  the  task?  How  persistent  were 
they?  Did  everybody  participate?  The  poster  addresses  these  questions  as  well  as  implications 
for  the  development  of  mathematics  programs  in  "informal"  settings. 
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TRIADS:  The  implications  of  •  new  theoretical  structure 


David  Clarke  CameBarnett  Sandra  Frid 

Australian  Catholic  University         Far  West  Laboratory  Curtin  University 

Oakleigh,  Victoria  3 166.  Australia    San  Francisco.  Cal..  USA     Perth.  West  Australia 

ABSTRACT 

Recent  research  in  education,  and  mathematics  education,  in  particular,  has  led  to  the 
identification  of  independent  categorizing  systems  intended  to  mirror  the  structures  found  in 
such  diverse  fields  as  teacher  professional  development  (Barnett,  1992);  student  writing  in 
mathematics  (Clarke.  Stephens.  &  Waywood.  in  press);  and  student  acquisition  of  calculus 
knowledge  (Frid.  1992).  There  are  particular  characteristics  of  these  categorizing  systems 
which  display  a  tantalising  similarity: 

•  Contextual  similarity  -  the  common  location  of  all  three  studies  within 
educational  environments; 

•  Structural  similarity  -  the  "three-valued"  (triadic)  structure  of  all  three 
categorizing  systems; 

•  Conceptual  similarity  -  categories  in  each  system  resemble  each  other  in 
the  nature  of  their  conceptual  distinctions. 

This  degree  of  similarity  suggests  that  each  categorizing  system  is  an  independent  manifestation 
of  a  more  fundamental  triadic  system  (TRIADS).  This  paper  examines  the  characteristics  of 
these  triadic  systems  and  makes  comparison  with  other  systems  (or  analytical  frameworks) 
found  in  the  research  or  theoretical  literature,  in  an  attempt  to  establish  the  significance  of  the 
degree  of  conceptual  similarity  found  in  the  categorizing  systems  employed  in  mathematics 
education.  It  is  proposed  that  the  privileging  of  abstraction  which  has  characterized 
contemporary  models  of  learning  is  mistaken,  and  that  cognitive  sophistication  be  identified 
with  personally  contextualized  knowledge  rather  than  with  formally  abstracted  knowledge. 
TRIADS  is  proposed  as  a  robust  structure  having  relevance  in  a  variety  of  educational  contexts. 
It  is  also  proposed  that  conceptual  similarities  between  the  first  two  levels  of  TRIADS  and 
Skemp's  (1!*  .'6)  diadic  structure  for  mathematical  understanding  support  the  addition  of  a  third 
level,  to  be  called  Contextual  Understanding. 
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Mathematics  Curriculum  Design  -  A  case:  12-16  in  Andalucfa  (Spain) 

Rafael  Carretero.  Centra  de  Profesores.  Aracena,  Huelva  (Spain) 

Moiscs  Coriat.      Dep.  de  Didactica  de  la  Matematica.  Universidad  dc  Granada.  Spain 

Pedro  Nieto.         Centra  de  Profesores.  Sevilla  (Spain ) 

Abstract 

According  to  the  1990's  Spanish  Ley  de  Ordenacion  General  del  Sistenra 
Educativo  (LOGSE),  Mathematics  Curricula  in  Andalucia  have  been  designed  along 
various  years  and,  for  the  12-16  Step,  they  end  with  Advisory  Documents.  We  give  a 
visual  sketch  of  an  Advisory  Document  (Carretero,  Coriat  y  Nieto  1 1993)): 
Firstly,  we  present  an  overall  view  of  Andalucia' s  open  Mathematics  Curriculum.  The 
open  character  leads  to  state  three  levels  in  the  teachers'  planning  and  programming 
tasks:  Sequencing,  Organizing  and  Class-Room  Activities. 

Secondly,  the  attention  is  focused  on  the  Organizing  Level,  and,  within  it.  on  the 
Adapted  Conceptual  Structures  (ACSs)  (Cockroft  |1985|,  Rico  I1992|),  whose 
meaning  and  general  framework  are  resumed. 

The  framework  is  then  applied  to  an  ACS  exemple  whose  title  is  Big  and  Small. 
Globally.  Sequencing,  Organizing  and  Class-Room  Activities  Levels  are  intended  as 
tools  allowing  teachers  to  exchange  their  experiences  or  issues  and  to  connect  them  with 
research  in  Mathematics  Education. 
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REFLECTION  ON  PRACTICE:  THE  CONCEPT  OF  FUNCTION  AS  A  CONTEXT 


I.  Escudero,  M.  Garcia,  S.  Llinares  y  V.  S4nchez 
Depaitamento  de  Didactica  de  las  Ciencias  (Matem4ticas) 
Facultad  de  Educacidn.  Universidad  de  Sevilla,  Espana. 

There  are  lots  issues  about  In-service  Mathematics  Teacher  Education  that  worry  both 
researchers  and  mathematics  teacher.  In  this  poster  we  focus  on  two  interrelated  aspects  of 
mathematics  teaching  and  professional  development  of  the  teacher: 

(i)  the  analyses  of  practice  and  the  design  of  tools  that  facilitate  mathematics  teachers' 
reflection  process  about  their  own  practices,  and 

(ii)  the  design  and  analyses  of  teaching  tasks  that  support  and  encourage  mathematical 
reasoning  and  learners'  perspectives  to  do  mathematics. 

The  mathematics  teachers'  conceptions  about  mathematics,  mathematics  teaching  and 
learning  have  on  impact  on  (i)  the  analysis  process  on  mathematical  content  and  the  way  that 
teacher  designs  and  posing  teaching  tasks,  and  (ii)  their  own  professional  development 
processes. 

In  this  context  (design  of  teaching  and  professional  development  of  mathematics 
teacher),  we  think  that  there  are  some  questions  that  must  be  addressed, 

(i)  What  is  the  meaning  of  :  'doing  mathematics',  'teaching  mathematics',  'learning 
mathematics  in  the  classroom',  ...? 

(ii)  What  is  the  meaning  of  mathematics  content  (both  process  and  product  aspects?. 

If  we  think  about  the  school  mathematical  content  as  a  process,  we  are  in  favour  .of 
a  perspective  that  hightlight  process  as  problem  solving,  communication  about  mathematics 
(classroom  discourse),  mathematical  reasoning  (explore  examples  and  no-examples  to 
investigate  a  conjeture),  etc.  Consider  the  school  mathematics  as  a  process  imply  one 
different  way  to  think  about  mathematics  teaching  situations. 

In  this  poster  we  focus  on  several  aspects  of  the  mathematics  teacher's  job  of  teaching 
mathematics  in  one  context  of  in-service  teacher  education.  The  analisis  of  relationships  in 
the  classroom  between 

-  TASK-ACTIVITY 

-  MATHEMATICS  TEACHER,  AND 

-  LEARNERS, 

into  an  institutional  context  are  the  content  of  the  one  pedagogical  intervention  in  a  inservice 
teacher  education. 

The  concept  of  function  is  the  mathematical  content  in  the  tasks  analyzed.  The 
relationship  between  the  task  and  the  activity  should  be  the  content  of  teacher's  thinking 
process.  Two  tasks  and  their  analysis  are  presented  as  examples  of  discusion  in  inservice 
mathematics  teacher  education. 


This  report  forms  part  of  the  Project  PS91-0102.  DGICYT.  Madrid. 
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GRAPHS  AND  CONCEPTUAL  MAPS 


Maria  Candelarla  Esplnel  Febles 
University  of  La  Laguna  (Spain)* 


From  the  point  view  of  understanding,  the  explanatory  power  of  a  model 
depends  upon  Its  capacity  to  account  for  the  observed  phenomena  using  the 
smallest  possible  number  of  parameters.  Today  It  seems  to  be  widely  recognised 
that  the  ability  to  compare  and  to  classify  constitutes  one  of  the  fundamental 
mechanisms  which  He  at  the  root  of  Intelligent  behaviour. 

The  conceptual  map  (Novak,  1990,  1988)  Is  usually  represented  by  a 
diagram  which  allows  to  show  the  conceptual  structure  of  a  discipline,  or  one 
part  of  It,  following  an  order  of  greater  to  smaller  level  of  generality.  The 
objetlve  Is  to  make  use  of  It  as  a  didactic  tool  for  explaining  their  great 
help  as  an  Instrument  for  significant  learning  of  concepts,  this  Is,  to 
memorise,  recognise  and  finally  to  explain  In  the  best  way. 

The  technique  for  constructing  this  model  Is  placing  the  most  outstanding 
concepts  or  main  explanatory  power  In  the  higher  part  of  a  net  and  they  are 
going  to  add  others  of  smaller  nevel  of  generality.  From  this  procedure,  we 
have  a  net  which  vortices  are  the  concepts  and  Its  edges  are  their  relations 
between  concepts'  The  mathematlc  model  Is  a  connected  graph.  If  this  graph  Is 
a  tree  the  concepts  are  going  to  be  organised  as  levels.  If  the  graph  has 
cycles  It  has  Interlace  notions  and  that  supposes  a  better  understanding  of 
the  concepts.  Graph  theory  Is  one  of  the  most  flourishing  branches  of 
combinatorial  mathematics  and  constitutes  an  extraordinary  mathematlc  tool  to 
study  the  conceptual  maps. 

This  research  on  study  the  conceptual  nets  Introduces  a  few  elements  of 
the  terminology  of  graph  theory,  concretely,  X-trees,  minimal  spanning  tree, 
Stelner  trees  and  dendrograms.  We  take  as  examples  the  analysis  conceptual 
maps  In  mathematics  made  by  a  group  of  teachers  and  student  teachers. 


BARTHELEMY,  J.  P.   -  GUENOCHE,  A.    (1991)  Trees  and  Proxiaity  Representations. 

John  Wiley  &  Sons. 

NOVAK,    J.    (1990)      Concept  Happing:    A  Usseful   Tool    for  Science  Education. 

Journal  of  Research  in  Science  Teaching.  27,  937-949. 
NOVAK,  J.  -  GOWIN.  D. B.   (1988)  Aprandiendo  a  aprender.  Martinez  Roca. 
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NONTRADITIONAL  ACTIVITIES  IN  MATHEMATICS  CLASSES 

MltfSftlJOSftS.FlslCO 

Math  Instructor,  Brent  International  School.  Manila 
Editor.  Vita  Mathematics  (A  Series  ot  Magazines  tor  Elementary  and  High  School  Students) 
Member,  Mathematics  Society  of  the  Philippines  (MSP) 
Member,  Mathematics  Teachers  Association  of  the  Philippines  (MTAP) 
Trainer.  Philippine  Delegates  to  the  international  Math  Olympiad 


In  mathematics  education,  the  way  a  student  leams  about  the  subject  matter  is  just  as 
important  as  what  he  leams  about  it.  Most  math  teachers,  apparently,  associate  their  learners  to 
an  empty  can  where  knowledge  is  poured  in.  Thus,  students  learn  in  a  very  restricted  manner. 

To  have  a  more  conducive  atmosphere  for  learning  mathematics,  a  creative  teacher  who 
is  also  diligent  and  resourceful  should  always  consider  giving  mathematics  activities  which  do  not 
only  help  in  the  learning  processes  but  also  captivate  the  attention,  the  curiosity,  and  the  sense  of 
wonder  of  the  students. 

Realizing  that  best  lessons  in  life  come  from  actual  experiences,  the  author  developed 
nontraditional  mathematics  activities  where  students  experience  learning  in  a  more  intimate  and 
interesting  manner. 

Some  of  these  activities*  which  the  author  would  be  sharing  are  the  following. 

a.  Cartooning  the  Lessons  in  Mathematics 

Cartooning  caricatures  mathematical  ideas.  It  makes  principles,  theorems,  numbers  and 
symbols  "come  alive"  through  the  art  of  exaggerating  lessons  (but  making  sure  that  basic  principles 
are  retained.)  The  humor  or  the  essence  of  each  doodle  usually  depends  on  the  caption  or  the 
expression  in  each  animation. 

This  activity  which  shows  the  aesthetic,  philosophical  and  humorous  aspects  of  mathema- 
tics is  based  on  the  assumption  that  learners  scribble  or  make  "nonsense"  doodles  whenever  they 
feel  like  killing  time  or  they  are  pressured  to  listen  to  uninteresting  lectures. 

b.  Essays  fn  Mathematics  Classes 

As  a  mathematics  activity,  expository  writing  helps  learners  understand  mathematical 
concepts  clearly  and  concisely.  Asking  students  to  write  math-related  compositions  minimizes  rote 
memorization  on  the  processes  in  solutions  which  are  usually  given  in  class.  Thus,  an  activity  of 
this  sort  enhances  a  deeper  understanding  of  problems,  making  the  acquisition  of  skills  in  problem 
solving  an  easy  task  to  achieve. 

c.  Rhyming  in  Mathematics  Classes 

Many  topics  and  concepts  in  mathematics  are  perplexing  to  students.  If  these  are  not 
properly  taught,  misconceptions  may  arise.  As  an  example,  the  cancellation  process  is  a 
misnomer  topic.  When  assessed,  most  students  have  a  hard  time  explaining  thedif  ference  between 
cancellation  of  expressions  which  sum  up  to  zero  and  cancellation  of  rational  expressions  which 
give  a  quotient  of  one.  Rhyming  the  lessons  helps  in  eliminating  math-misconceptions. 

In  addition,  the  use  of  rhymes  makes  learning  ideas  lighter  and  within  the  reach  of  the 
average  student.  It  also  helps  students  possess  the  following  virtues  -  discipline,  perseverance  and 
the  need  to  compromise.  To  relate  rhyming  words,  say  prove,  disapprove,  move,  mood,  and 
groove  In  such  a  way  that  the  meter  as  well  as  the  essence  of  each  expression  is  correct  involves 
a  lot  of  patience  and  compromise  with  a  students'  belief  without  jeopardizing  mathematical 
principles. 


*  Samples  of  work  of  ituder.t:  will  be  distributed  during  the  conference;  Other  activities  such  as 
newspaper  clippings,  translation  ocilultlet,  etc.  will  be  delivered  1/  time  permits. 
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OPERATIONS  WITH  POLYNOMIALS-CONCRETE  MATERIAL 
ESTELA  KAUFMAN  FAINGUELERNT  and  FRANCA  COHEN  GOTTLIEB 
UNIVERSIDADE  SANTA  ORSULA  -  Rio  de  Janeiro  -  Brasil 

Purpose  -    Demystify  the  teaching  of  algebra  introducing  the  concept  of  algebric 

expressions  and  operating  with  them  by  games  with  concrete  material. 

Strategy  -  Starting  by  the  visualization  of  the  areas  of  squares  and  rectangles,  the 
pupils  were  able  to: 

.  write  algebric  expressions  of  1st  and  2nd  degrees 
.  write  algebric  polynomials  of  1st  and  2nd  degrees 
.  operate  with  polynomials  of  1st  and  2nd  degrees 

.  generalize  to  higher  degrees  without  the  use  of  the  concrete  material,  descovering 
rules  and  writing  them  in  corrent  language. 

Construction  of  the  geometrical  forms  and  writing  the  correspondent  algebric 
expressions  using  the  mesures  of  the  sides. 

Construction  of  the  geometrical  forms  corresponding  to  algebric  expressions 
previousely  given. 

Descover  rules  for  notable  products. 

Accomplish  factorations. 

Focalization  of  reversibility  and  generalizations  in  every  activity. 
Concrete  material  used  - 

.  4  red  squares  with  side  of  8  cm 
.  4  blue    squares  with  side  of  8  cm 
.  20  red  square  with  side  of  2  cm 
.  20  blue  squares  with  side  of  2  cm 
.  12  red  rectangles  of  8  cm  by  2  cm 
.  12  blue  rectangles  of  8  cm  by  2  cm 

The  experience  -  It  was  applied  in  three  classes  of  the  7th  grade  (age  12-13),  total 
of  96  pupils.  They  worked  in  groups  of  four.  Every  group  was  accompanied  by  the 
teacher  and  the  coordenator  of  Mathematics. 

Result  _  The  pupils  who  participated  in  the  experience  did  not  find  any  difficulty 

with  equations  and  systems. 

9SZ  of  these  pupils  were  promoted. 

Bibliography  -  Hilde  Howden  -  Algebra  Titles  for  the  Ovrhead  Projector-CCA.  Cuisinaire 
Material 

Jakubo  e  Lei lis  -  Matemitica  na  Medida  Certa.  Ed.  Scipione. 
Estela  Kaufman  Fainguelernt  and  others.  Trabalhando  co«  Geometria. 

Ed.  Atica. 
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THE  OSTENSIVE  REDUCTION  IN  ALGEBRAIC  MANIPULATION 


ElisaOALLO 
Department  of  Mathematics 
University  of  Turin  -  Italy 


Algebraic  manipulation  is  what  is  used  lo  transform  a  formal  expression  into  another  of  the  same 
algebraic  object;  the  formal  transformations  of  expressions  make  sense  when  they  arc  inserted  in  a 
conceptually  structured  context,  even  if  they  operate  on  the  ostensive  plane  of  the  expression. 
The  adaptation  of  the  models  activated  by  the  pupil  during  the  algebraic  manipulation,  in  order  to 
create  a  model  ad  hoc,  is  provoked  by  the  action  which  links  the  subjective  pole  (what  the  pupil 
knows)  to  the  objective  pole  (what  the  pupil  produces),  which  we  refer  to  as  control. 
The  question  at  the  basis  of  our  research  on  algebraic  manipulation  is  therefore:  what  is  the  dynamics 
of  control  during  the  solution  of  an  algebraic  exercise? 

An  algebra  exercise  may  be  taken  as  a  problem  or  not:  the  latter  is  true  when  the  pupil  automatically 
applies  a  procedure  without  using  controls.  If,  on  the  contrary,  control  is  present  in  ihc  solution,  the 
exercise  becomes  a  problem  and  control  is  developed  at  the  level  of  perception  and  the  perceptive 
reorganisation  of  formulas;  at  the  level  of  the  use  of  resources  (models)  and  procedures  (other 
models);  at  the  level  of  syntax;  at  the  level  of  meanings,  namely  global  and  local  semantics. 
The  manipulation  which  takes  place  in  terms  of  formal  ostension  must  also  be  carried  to  the 
conceptual  level,  with  the  action  of  control:  we  arc  studying  the  phenomenon  of  the  ostensive 
reduction  of  manipulation  (present  when  the  pupil  docs  not  manage  to  adjust  his  knowledge  and  the 
formal  object  with  which  he  is  working  in  the  two  processes  of  the  instantiation  of  knowledge  and  of 
the  application  of  semantics  to  knowledge)  and  its  didactical  overcoming. 

References 

Battii  M.,  Gallo  E.,  Testa  C.  1993,  Evaluation  ct  contrdlc  dans  lc  calcul  litteral  comme  problemc, 
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STUDENTS'  GOALS  IN  LEARNING  MATHEMATICS:  A  CRITICAL  ANALYSIS  OF  YEAR  10 
STUDENTS'  ACTIVITY  IN  A  MATHEMATICS  CLASSROOM 
Simon  Goodchild 
College  of  St.  Mark  and  St.  John,  Plymouth  U.K. 

I  am  currently  engaged  in  exploring  the  nature  of  students'  activity  in  a  mathematics  classroom  using  a  social- 
con  structivist  model  of  cognition  as  a  basis  for  interpretation  of  events  observed  and  students'  accounts  of  their 
activity.  The  object  of  this  presentation  is  to  outline  the  model  and  describe  how  I  am  using  it  to  explain  students' 
activity. 

Investigating  cognition  in  everyday  practice  Lave  (1988)  offers  an  explanation  of  cognition  as  being "... 
constituted  in  dialectical  relations  among  people  acting,  the  contexts  of  their  activity,  and  the  activity  itself  (p. 
148).  Lave  develops  her  model  of  cognition  from  observations  of  individuals  engaged  in  'everyday'  activities 
such  as  shopping  in  a  supermarket  or  dieters  preparing  calorie  controlled  meals.  This  provides  a  starting  point  for 
explaining  classroom  activity  but  it  is  insufficient  as  Elltonin  (1961)  points  out  educational  tasks  differ  from 
everyds..  'sks  in  that  the  goal  of  an  educational  task  is  a  change  in  the  acting  subject  rather  than  the  object  of  the 
activity.  This  change  in  the  acting  subject  is  believed  to  be  due  to  a  process  of  interpretation  or  reflection 
(Goodchild  1992),  Neisser  describes  'the  perceptual  cycle'  which  illuminates  how  the  reflective  process  may 
operate.  Mathematical  activity  is  clearly  central  to  the  practice  of  the  class  observed  and  this  has  been 
characterised  as  processes  of  metaphoric  and  mctonymic  transformations  (Ernest  1 993)  Thus  the  model  I  wish  to 
present  synthesises  the  contributions  of  Lave,  Neisser  and  Emest. 

The  data  interpreted  by  the  above  model  arises  from  my  attendance,  throughout  the  year,  at  every  mathematics 
lesson  of  one  year  10  class  where  1  tape  record  the  teacher's  remarks  to  the  class  and  conversations  1  heve  with 
individual  students  regarding  their  interpretation  of  the  activity.  Using  the  model  I  believe  it  is  possible  to  identify 
three  different  levels  of  goals  towards  which  students  work:  their  rationale  (Mellin-Olsen  1987)  for  engaging  in 
activity,  their  purpose  in  the  set  task  and  a  dichotomy  between  production  and  interpretation. 

REFERENCES 
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VERIFIER  -  A  SELF  LEARNING  METHOD 
IN  EARLY  GEOMETRY  &  MATHEMATICS 


by 


H.  Orbach.  D.  Ilany-Glgozlnsky 


BETH  DERL  TEACHER  THAWING  COLLEGE 
CENTER  FOR  THE  INSTRUCTION 
OF  MATHEMATICS 


The  purpose  of  the  "VERIFIER"  teaching  aid  Is  to  develop  visual 
perception  and  discrimination  of  shapes  as  a  basis  for  geometric 
thinking.  Furthennorc.  it  also  aids  in  the  identification  or  numbers  and 
of  groups,  series,  and  basic  facts  concerning  mathematical  exercises. 

"VERIFIER"  is  a  series  of  four  teaching  aids  with  accompanying  booklets 
for  ages  3-4;  4-5;  5-6;  6-7  and  so  on.  The  exercises  within  each  level  are 
also  presented  in  increasing  levels  of  difficulty.  Teachers  can  also  create 
their  own  worksheets. 

All  the  teaching  aids  arc  designed  to  be  self-correcting  and  allow  the 
child  to  ptoceed'al  his  own  pace. 

Each  tool  consists  of  a  transparent  box  and  a  set  of  tiles.  The  child  solves 
the  exercises  by  selecting  tiles  and  placing  them  In  the  appropriate 
places  on  the  transparent  bottom  part  of  the  box,  turns  It  upside  down 
and  verifies  his  answers  by  comparing  the  pattern  to  the  one  In  the 
booklet. 

The  "VERIFIER"  and  Its  accompanying  booklets  contain: 

1.  Shapes  -  the  child  learns  to  identify  and  distinguish  between  the 
basic  shapes  (circle,  square,  triangle,  etc.)  and  discovers  Intuitively 
the  principles  of  conservation  of  the  characteristics  of  the  various 
shapes  during  transformation  within  a  plane. 

2.  Patterns  -  the  child  discovers  the  concept  of  mathematical  patterns 
by  Identifying  the  missing  shapes  which  complete  the  pattern. 

3.  Directions  -  the  child  develops  his  ability  to  perceive  directionality 
on  a  plane  and  to  use  concepts  such  as  above,  below,  right  and  left. 

4.  Coordinates  -  the  child  develops  his  ability  to  coordinate  on  a  plane. 
He  must  take  Into  consideration  up  to  four  crlterlons  at  once  (shape, 
size  color,  full  or  empty). 

5.  Reading  numbers  and  Identifying  groups  -  the  child  learns  to  count 
and  recognize  numbers,  utilizing  geometric  groups.  The  emphasis  Is 
on  separation  and  classification  of  shapes. 

6.  Exercises  -  Include  drills  with  addition,  substractlon,  division, 
multiplication  and  equations. 


EVERY  CHILD  CAN  DO  MATHEMATICS 


TadatoKotagiri 
University  of  the  Ryukyus 


What  is  Doing  Mathematics?  Creating  mathematical  ideas  is  probably  one  of  the  most 
important  activities  and  building  ideas  into  a  whole  system  is  hard  work.  In  this  process,  symbols  are 
used  at,  for  example,  concrete  materials  are  used  in  planning  and  building  a  house.  Therefore, 
operating  symbols  is  a  part  of  Doing  Mathematics. 

In  the  nature  of  things,  creating  mathematical  ideas  is  pretty  amusing  and  everyone  can  enjoy 
it.  But  actually  many  people  have  failed  to  enjoy  it,  although  they  think  it  would  be  amusing.  The 
reason  is  that  it  is  difficult  to  operate  symbols  in  mathematics.  This  algebraic  operation  should  be 
one  of  the  main  reasons  why  people  have  difficulties  in  doing  mathematics. 

MJ,  a  fifth-grade  boy  and  slow  learner  in  mathematics,  could  name  the  numerals  up  to  a 
four-digit  number  and  count  concrete  objects  such  as  apples  or  a  picture  of  apples.  But  he  couldn't 
answer  6+7  correctly  although  he  could  do  9+4.  He  knew  how  to  add  -ne-digit  numbers:  that  is,  he 
could  count  his  fingers  one  by  one  to  find  the  answer.  What  I  like  to  clarify  here  is  that  he  didnt 
operate  figures  as  mathematical  symbols  and  he  operated  only  numerals  and  fingers,  i.e.,  the  verbal 
and  the  concrete. 

KB,  a  third-grade  girl  and  also  slow  learner  in  mathematics, 
could  answer  4+9  by  using  the  concrete  objects  called  the  Tiles. 
But  when  she  tried  to  operate  figures  in  order  to  answer  4+9,  she 
couldn't  do  the  same  thing  in  figures  as  she  did  in  Tiles  as  shown 
in  the  Data- 1. 

It  is  unthinkable  that  a  child,  who  is  not  good  at  operating  mathematical  symbols,  is  a  good 
mathematics  learner.  Then,  the  issue  ii  whether  or  not  every  child  can  operate  mathematical  symbols. 
My  findings,  which  are  baaed  on  the  Suido  Method,  show  that  the  answer  it  affirmative.  (Refer  to 
the  Proceedings  of  the  PME17, 0-240.) 

The  Data-2  is  KB's  and  the  Data-3  is  MPs.  These  data  show  that  they  became  able  to 
manipulate  mathematical  symbols  as  if  they  manipulated  concrete  objects.  Abo,  it  is  obvious  that 
they  could  continue  to  identify 
the  quantitative  meanings  of 
operating  figures.  A*  the  result, 
they  can  operate  figures 
algebraically  at  if  they  paid  no 
attention  to  the  meanings  of  the 
mathematical  symbols. 

Note:  The  subjects  In  my  feeewch  ate  Cenedan  and  Japanese.  The  feesefch  reatiNa  that  1  am  Interested  In 
doesn't  depend  on  the  cultural  dWerenoe  between  Canada  and  Japan.  I  am  pteeeed  to  ecknowtedoe  the 
oonetdefaMe  assistance  of  Dr.  T.  Klenm,  UnMaraty  of  Alberta,  and  Dr.  w.  Swteia,  Unfcentty  of  Brttteh  Columbia. 
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SOME  PROBLEMS  IDENTIFIED  WITH  MAYBERRY  TEST  ITEMS  IN  ASSESSING 
STUDENTS'  VAN  HIELE  LEVELS. 

Christine  Lawrie 
University  of  New  England,  Armidale,  Australia. 

In  the  early  80s  Mayberry  (1981)  developed  a  diagnostic  instrument  to  be  used  to  assess 
the  van  Hiele  levels  of  pre-service  primary  teachers.  The  test  which  was  carried  out  in  an 
interview  situation,  was  designed  to  examine  seven  geometric  concepts.  There  has  been  no 
reported  attempt  to  (a)  replicate  this  work  in  Australia;  (b)  consider  the  items  in  some  alternative 
format;  or  (c)  analyse  the  validity  of  the  test  questions. 

To  address  these  issues,  a  detailed  testing  and  interview  program  of  60  first  year  primary- 
teacher  trainees  was  undertaken  at  the  University  of  New  England.  This  paper  considers  one 
aspect  of  the  findings  of  this  study.  When  collating  the  results  in  the  assessment  of  van  Hiele 
levels,  some  of  the  students'  reasoning  was  not  consistent  with  expectation  according  to  the 
Mayberry  items.  Interviews  did  not  appear  to  clarify  these  inconsistencies.  On  analysis  of  the 
results  by  concept  and  by  level,  it  was  considered  that  certain  aspects  of  the  Mayberry  items  had 
the  potential  to  lead  to  incorrect  assessment  of  a  student's  level  of  understanding  in  geometry.  In 
particular,  four  main  features  were  found  to  account  for  major  problems  to  the  test  validity. 
They  were: 

1 .  incorrect  assignation  of  a  level  to  certain  items; 

2.  unequal  treatment  of  concepts  across  levels; 

3.  uneven  distribution  of  questions  across  levels;  and 

4.  unbalanced  distribution  of  question  focus  within  levels. 
Conclusion 

This  analysis  not  only  gives  us  a  clearer  perspective  about  the  Mayberry  test  and  the 
results,  but  also  provides  further  insight  into  the  van  Hiele  Theory  itself.  In  particular  it 
provides  further  empirical  evidence  about  what  it  means  to  work  at  a  particular  level.  It 
reinforces  the  hierarchy  of  the  van  Hiele  levels,  and  that  the  level  at  which  a  student  is  working 
can  be  discerned.  However,  it  refutes  the  van  Hiele  notion  that  the  levels  are  discrete,  lending 
support  to  the  findings  of  researchers  including  Gutierrez  (1991)  which  suggest  that  there  are 
some  students  whose  answers  clearly  reflect  two  consecutive  levels  of  reasoning  simultaneously. 
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Colours  Towards  R+ 


Motes  COR1AT  BENARROCH   Departamento  de  Didacticade  la  Matematica. 

Universidad  de  Granada.  Granada,  Spain 
Pedro  S.  MARTINEZ  LOPEZ.      Inst,  de  Bachillerato'  Bahfa  de  Almeria".  Almeria. 

Spain. 

Julian  BAENA  RUIZ  Inst,  de  Bachillerato  "Monies  Orientales".  Iznalloz. 

Granada  (Spain) 

Abstract 

Referring  to  real  number  first  learning  at  Secondary  School  Level,  a 
Phenomenology  (in  Freudenthal's  sense),  incorporating  a  full  variety  of  examples  and 
didactic  situations,  is  lacking.  To  reach  such  a  goal,  we  claim  the  need  exists  for  tools 
to  allow  the  design  and  study  of  didactic  plans  and  obstacles  (like  those  revealed  by 
Sierpifiska  1 1987, 1990])  arising  in  the  Class-room. 

Colours  towards  J2+  suggests  a  complementary,  manipulative  approach  to  the 

real  number  learning  and  teaching  at  Secondary  School  Level;  such  an  approach  was 
first  fully  described  by  the  same  authors  1 1993 1. 

We  present  an  activity  based  upon  colours  (used  by  us  in  in-service  teachers 
training  courses),  allowing  (a)  to  ask  significative  questions  related  to  a  particular  ' 
encapsulation  process  (Tall  1 1991 1),  exhaustion,  and  (b)  to  link  infinite  and  limit 
intuitions,  on  the  one  hand,  and  real  number  first  learning,  ont  the  other.  As  far  as 
human  groups  enjoy  handling  colours,  the  activity  appears  as  culture-independent. 
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ALGEBRAIC  REPRESENTATIONS  AND  DISCOURSE 
IN  A  "TRADITIONAL"  CLASSROOM 


Luciano  Meira 

Federal  University  of  Pernambuco 


This  poster  looks  at  the  ways  in  which  the  teaching  and  learning  of  algebra  are 
intertwined  with  the  representational  and  communicative  processes  going  on  in  the 
classroom.  The  extensive  body  of  research  in  algebra  has  demonstrated  teacher's  and 
students'  difficulties  regarding  this  subject.  Many  have  argued  against  the  current  focus  of 
algebra  instruction  on  "formal  procedures  for  transforming  symbolic  expressions  and 
solving  equations  to  find  the  hidden  value  of  the  variable."  (Fey,  1990,  p.  70)  This 
general  aim  of  traditional  teaching  generates  other  more  specific  difficulties  such  as  (1) 
understanding  the  transformative  character  of  algebraic  representations;  (2)  building 
algebraic  models  of  situations;  (3)  proving  results  for  algebra  problems;  (4)  understanding 
the  function  of  algebra  concepts  and  notations.  Recently',  several  alternative  approaches 
for  algebra  teaching  have  been  suggested  to  help  students  overcoming  these  obstacles: 
(1)  the  "arithmetization"  of  algebra,  in  the  sense  of  stressing  the  areas  of  continuity 
between  algebraic  and  arithmetic  problem  solving  (e.g.,  Smith,  1994;  Falcao,  1992;  Lins, 
1991);  and  (2)  the  algebraic  modeling  of  functions  based  on  activity  upon  physical  events 
and  situations  (e.g.,  Meira,  1991;  Greeno,  1988). 

Although  we  seem  to  know  much  about  "algebraic  thinking"  (even  if  it  is  very  hard  to 
define),  we  lack  a  robust  understanding  of  algebraic  activity  in  the  classroom  context.  In 
order  to  better  understand  the  difficulties  reported  above  and  to  place  those  difficulties  in 
relation  to  classroom  processes,  this  research  analyzes  the  mathematical  activity  of 
teachers  and  students  in  the  everyday  practice  of  algebra  teaching  and  learning  in  a 
traditional  classroom.  The  data  for  this  presentation  consists  of  videotapes  of  a  teacher's 
and  his  students'  algebraic  activity  in  one  eighth  grade  classroom,  and  videos  of  pairs  of 
students  from  the  same  classroom  as  they  participated  in  several  problem  solving 


A  preliminary  microgenetic  analysis  of  the  data  suggests  that  (1)  there  were  many 
instances  in  the  classroom  where  the  students'  procedural  work  with  algebraic  notation 
could  be  developed  into  more  elaborated  algebraic  thinking;  (2)  there  were  not  enough 
instances  where  the  teacher  was  able  to  capitalize  on  emergent  representational  and 
interactional  scenarios  in  order  to  develop  an  advanced  sense  of  algebraic  activity;  and  (3) 
a  significant  part  of  the  students'  algebraic  activity  during  the  problem  solving  sessions 
involved  little  or  no  direct  engagement  with  algebraic  notations.  The  poster  will  illustrate 
these  claims  through  the  presentation  of  protocols  that  show  several  categories  of  clashes 
between  the  teacher's  and  the  students'  understanding  of  algebra. 


sessions. 


Using  interactive  media  for  classroom  observation' 


Judith  A.  Mousley        Peter  Sullivan 

Deakin  University        Australian  Catholic  University 

Qeelong,  Australia       Christ  Campus,  Australia 

The  software  presented  is  a  multi-media  package  aimed  at  improving  classroom 
observation  and  research.  It  is  being  developed  for  use  in  pre-service  and  in-service 
mathematics  education,  but  has  potential  for  use  in  other  professional  education 
contexts.  Resources  included  within  the  program  include  films  of  pre-  and  post-lesson 
interviews  with  the  teachers,  videos  of  the  lessons  (and  any  parts  thereof),  transcripts 
and  other  lesson  documentation,  associated  readings  and  bibliographic  data  bases, 
graphic  representations,  and  other  resource  materials. 

Four  lessons,  based  on  six  components  of  quality  teaching  (see  Mousley  &  Sullivan, 
this  volume)  were  planned,  taught  and  videotaped.  They  are  now  stored  on  CD-ROM 
disc.  Our  current  research  is  examining  how  interactive  media  can  be  used  to  form 
comprehensive  resource  bases  on  mathematics  education,  and  how  these  can  be  used 
in  teacher  preparation,  in-service  professional  development  and  educational  research. 

Using  on-and  off-campus  teacher  education  students,  the  project  is  employing  case 
study  methods  to  determine  different  levels  of  interactions,  (a)  between  users  and  the 
program,  and  (b)  within  small  groups  of  users.  Teaching  and  learning  styles  range  from 
a  transmission  mode,  where  the  lecturer  plots  the  learning  path,  to  individual  or  group 
inquiry-based  projects  of  the  students'  own  design  using  the  program's  resources. 

This  project  has  three  aims.  The  first  is  to  further  understandings  about  the  potential 
of  multi-media  technologies  to  promote  reflection,  discussion  and  writing  by  groups  of 
teachers  and  student  teachers.  The  second  is  to  increase  knowledge  about  how 
technology  can  be  used  to  stimulate  more  student-directed  professional  development, 
including  teachers'  research  into  their  own  practices.  The  third  aim  is  to  provide  a 
detailed  evaluation  of  some  uses  of  interactive  media  to  enhance  classroom  observation 
during  the  practicum  as  well  as  for  researchers. 

Conference  participants  are  encouraged  to  contribute  to  the  further  development  of 
this  project  by  adding  to  interactive  documents  that  the  software  contains,  including  data 
bases  of  (a)  questions  which  could  be  researched  using  the  program's  materials,  (b) 
comments,  suggestions  and  questions  about  the  research  project,  and  (c)  short 
quotations  and  bibliographies  appropriate  for  the  styles  of  teaching  demonstrated. 


1  This  rssaarch  Is  being  funded  by  the  Australian  Research  Council,  Australian  Catholic  University  and 
Deakin  University. 
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THE  IMPORTANCE  OF  CONTEXT  IN  ASSESSING  MATHEMATICAL  LEARNING 
Marilyn  Nickson.  Alison  Green,  Sarah  Hughes 
University  of  Cambridge  Local  Examinations  Syndicate 


The  poster  presentation  will  be  provide  details  of  a  study  of  the  effects  of  contextualisation  in  questions 
assessing  mathematical  learning.  The  effects  of  context  in  mathematics  tests  has  been  established  (e.g. 
APU  1985,  Carraher  1989)  and  some  of  these  effects  have  been  noted  in  connection  with  mathematics 
examination  papers  for  16  year  olds  (Key  Stage  4)  (SEAC  1992).  Examinations  at  this  level  reflect  the 
recommendations  of  the  Cockrott  Report  (DES  1 982)  which  advocated  the  testing  of  a  larger  proportion  of 
mathematics  in  context,  with  a  view  to  expanding  the  place  of  the  uses  and  applications  of  mathematics 
within  the  taught  curriculum.  This  has  been  accompanied  by  a  move  towards  criterion-referenced  testing 
which  sets  out  to  assess  what  the  pupil  can  do  and  thus  to  reward  positive  achievement  (DES  1982).  Four 
levels  of  activity  have  been  identified  in  the  process  of  responding  to  a  contextualised  question  and  one  of 
the  concerns  of  the  study  is  to  explore  whether  it  is  possible  to  reward  a  pupils  for  achievement  at  each  of 
these  four  levels.  Examples  of  such  questions  and  how  they  can  be  'decomposed'  into  these  levels  will  be 
illustrated  together  with  the  various  combinations  of  components  in  contextualising  questions  (e.g. 
numbers  with  diagrams  or  the  written  word  with  pictures).  Major  concerns  of  the  study,  therefore,  are  to 
establish  the  extent  to  which  it  is  possible  (a)  to  deduce  any  evidence  of  the  mathematics  a  pupil  knows  at 
each  level,  (b)  to  reward  a  pupil's  response  at  each  level  and  (c)  to  determine  the  facilitating  or  inhibiting 
effects  of  particular  contexts  in  relation  to  particular  kinds  of  mathematics.  A  flowchart  will  be  included  in 
the  poster  to  indicate  the  progression  of  the  project  and  the  questions  being  addressed. 

The  project  is  being  undertaken  by  the  Cognitive  Psychometrics  Section  of  the  Research  and  Evaluation 
Division  at  the  University  of  Cambridge  Local  Examinations  Syndicate  to  investigate  the  effects  of  context 
in  assessing  the  mathematical  learning  of  children  at  Key  Stage  2  (7-1 1  year  olds)  in  the  National 
Curriculum.  The  project  is  known  as  Cambridge  Primary  Assessment  (CamPAs). 
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A  LOOK  AT  GEOMETRY  IN  NATURE  AND  AROUND  US  -  ANOTHER  WAY  TO 
TRAIN  UNDERGRADUATE  PRESERVICE  TEACHERS  TO  TEACH  GEOMETRY 
Doxit  Fatkin  -  Stat*  T*ach»rs  Colleg*  Sesdnar  Hakibbutzim 


liana  L«v«nb«rg  -  Municipally  High-school,  Haifa,  Israel 

Introduction-  The  activity  described  below  is  a  part  of  a  course  in  Euclidean 
geometry  in  the  State  Teachers  College.  It  is  known  that  geometry  is  a  subject 
which  needs  visualization  skill  and  students  whose  visualizasion  skill  is  not 
developed  enough  have  difficulties  in  studying  geometry.  In  addition,  students 
think  that  geometry  is  closed,  dead,  emotionless  and  boring. 

In  order  to  show  the  beauty  of  the  geometry  and  to  understand  its  implementation 
in  our  daily  life  the  activity  includes  slides  and  pictures.  The  subjects  which 
are  presented  through  the  slides  are:  from  nature's  architecture  of  diatoms  to 
the  bold  shapes  of  city  skylines,  from  naturally  occuring  polyhedra  to  artistic 
and  functional  adaptations  created  by  humankind,  from  ratio  and  proportion 
conciderations  of  nature  to  the  subtle  use  in  proportion  in  our  everyday  life. 
By  using  these  slides  and  pictures  we  bring  together  the  wide  expance  of 
geometry  and  make  this  important  subject  much  more  meaningful  to  the  students. 
The  aims-  Using  these  slides  and  the  activity  around  it  makes  the  learning  more 
meaningful  by  helping  the  students  move  from  a  concrete  to  a  pictorial  and 
finally  to  an  abstract  representation.  This  activity  is  a  pictorial  bridge  from 
the  concrete  to  the  abstract.  It  engages  the  visual  sense  and  brings  to  the 
students  an  awareness  of  geometry  in  functional  as  well  as  aesthetic  setting.  It 
is  an  inherent  multidisciplinary  approach  relating  geometry  to  a  plethora  of 
contexts  such  as  life  science,  social  science  ecology  etc.. 
In  such  an  activity  every  student  can  take  part,  and  can  develop  his  visual, 
drawing,  logical  and  applied  skills  across  the  cognitive  geometry  levels  of  the 
students  according  to  Van-Hiele's  theory. 

Tha  activities-  The  activities  can  be  done  while  introducing  a  topic,  developing 
it  or  summarizing  it.  Several  slides  and  pictures  are  introduce  to  the  students 
and  they  are  asked  what  they  can  see  -  for  example  a  slide  of  a  wheel  of  a  car. 
The  students  are  asked  to  determine  the  geometrical  shape  they  are  shown,  to  draw 
it  or  to  explain  how  to  draw  it,  to  give  other  examles  of  wheels  in  other  shapes 
and  so  on.  Another  activity  is  with  a  triangle  garden    In  the  three  corners  there 
are  roses.  Questions  are  asked  like  -  Where  we  have  to  put  the  sprinklers?  -  Can 
we  do  it  in  every  triangle  garden?  Activities  and  questions  such  as  these  enhance 
the  lessons  and  motivate  the  students  to  the  awareness  of  geometry  in  nature  and 
the  world  around  us. 


-  Israel  Educational  Television,  Tel -Aviv, 62507 
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LOGO  AND  PROBLEM  SOLVING  STRATEGIES: 
AN  EXPERIMENTAL  STUDY  WITH  PRIMARY  SCHOOL  CHILDREN 

Maria  Isabel  Pereira  *  and  Luisa  Morgado  ** 

*  Escola  Superior  de  Educacio  de  Leiria 
**  Faculdade  de  Psicologia  e  Ciencias  da  Educacio  da  Universidade  de  Coimbra 

In  an  adequate  environment  LOGO  programming  can  facilitate  the  development  of  cognitive 
skills,  particularly  in  what  concerns  problem  solving  skills  in  mathematics. 

With  the  purpose  of  evaluating  the  effect  of  LOGO  programming  in  problem  solving 
strategies,  we  started  an  investigation  with  two  groups  of  7  and  9  years  old  children.  Our  main 
hypothesis  is  that  LOGO  facilitates  the  generalisation  of  the  procedures  that  children  use  to  solve 
problems. 

This  study  had  three  different  parts:  pre-test,  tasks  and  post-test.  The  study  was  made  in  two 
primary  schools  in  Leiria  between  January  and  June  1993.  It  involved  sixty  four  children,  half  of 
them  with  seven  years  and  the  other  half  with  nine  years.  Each  age  group  was  divided  in  a  control 
and  a  experimental  group.  Each  of  this  four  groups  had  sixteen  children.  All  the  children  in  the 
experimental  groups  had  at  least  one  year  of  experience  with  LOGO  programming.  In  establishing 
these  groups  we  tried  to  make  them  as  homogeneous  as  possible  in  what  concerns  the  psychogenetic 
development  of  the  children  involved,  in  particular  the  concepts  of  space,  laterality  and  perspective 
coordination.  During  the  pre-test  and  the  post-test,  piagetian  proofs  were  used  to  measure  these 
concepts  in  the  children  involved.  Between  the  two  tests  children  were  asked  to  perform  two  tasks. 
Those  tasks  involved  the  use  of  LOGO  programming  in  experimental  groups  and  cut-paper 
manipulatives  in  control  groups. 

The  analysis  of  data  collected  from  the  tests  made  allows  us  to  draw  some  conclusions  about 
the  strategies  that  LOGO  programming  children  use  to  solve  problems  and  to  compare  the 
generalisation  skills  of  the  children  in  experimental  and  control  groups. 
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The  Language  LOGO  and  the  construction  of  mental  representation  in  the 
child,  an  experimental  study 

Jose  Peres  Monteiro  Lufsa  Morgado 

Bscola  Superior  de  Educacio  da  Guar  da  Universidade  de  Coimbra 

Introduction:  We  examine  the  question  of  knowing  whether  the 
language  LOGO  may  become  a  favorable  learning  context  for  the  users  to 
develop  their  ability  of  mental  representation  or  of  building  up  concepts, 
when  solving  concrete  problems. 

Hypothesis:  Hi-  The  practice  of  LOGO  mainly  benefits  the 
development  of  the  ability  of  mental  representation  or  the  building  up  of 
concepts  of  the  individuals  who  have  used  this  language  of  programming 
rather  than  the  simple  practice  of  using  a  piece  of  paper  and  pen. 

H2-  The  practice  of  LOGO  helps  the  Individuals  to 
achieve  a  precise  and  rigorous  verbal  codification  In  the  description  of  the 
behaviour  adopted  in  the  acomplishment  of  the  problem  solving  tasks. 

Experience:  Twenty  eight  children  aged  eight  to  nine  and 
attending  the  third  year  of  primary  school  took  part  in  this  experimental 
research.  There  were  two  groups  A  (LOGO)  and  B  (  paper  and  pen).  In 
the  phases  of  pre-test  and  post-test  all  the  students  in  both  groups 
performed  the  same  piagetlan  tests.  They  were  used  to  evaluate  concepts 
of  length  measurement,  mental  representation  and  space  orientation.  In 
the  experimental  phase  the  two  groups  performed  the  same  type  of 
tasks,  where  group  A  used  LOGO  and  group  B  used  only  paper  and  pen. 

Results:  The  results  revealed  that  group  A  (LOGO)  in  the  mental 
representation  test  (second  post-test)  obtained  higher  results  than  group 
B  (paper  and  pen).  No  statistical  differences  were  noticed. 

The  students  of  group  A  (LOGO)  used  a  more  precise  and  acurate 
language  when  describing  the  procedures  subjected  to  a  mental 
representation. 
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Mathematical  notions  and  operative  cognitive  tools  in 
occupational  settings 

Janlne  ROGALSKI 

Senior  Researcher  Equipe  Psychologic  Cognitive  Erg onomique 
CNRS-Universit*  Paris  8  2  rue  de  la  libeni  93526  Saint-Denis  Cedex  2 

Supporting  operator*  in  complex  occupa&otoi  ac&vtoet  \%  n  \vcxt&  teexA  vu 
technical  settings  (such  as  process  control).  Mathematical  notions  are  involved  as  tools,  and 
tables  of  values  and  functional  graphical  representations  often  play  a  role  in  support  systems. 
An  important  issue  is  concerned  with  the  availability  of  such  tools  depending  on  the 
operators'  vocational  knowledge  about  the  entities  modelized  in  such  mathematical  ways  and 
their  knowledge  about  the  mathematical  notions  themselves. 

An  empirical  study  was  developed  about  the  use  of  a  graphical-based  operative 
cognitive  tool,  devoted  for  helping  operators  on  prognosis,  anticipation  for  resources  and 
actions  in  forest  fire  fighting.  (We  define  as  "operative  cognitive  tools"  various  types  of 
artifacts  -from  graphical  representations,  abacus,  tables  of  values,  pocket  calculators  to 
expert  systems-  that  take  in  charge  part  of  the  cognitive  operations  required  by  a  task. ) 

The  forest  fire  tool  (FFT)  integrates  in  the  same  graphical  representation  two 
(linear)  models :  one  represents  the  relationship  between  the  distance  (y-axis)  of  the  front  fire 
by  respect  to  time  (x-axis).  the  other  links  the  quantity  of  required  means  and  the  fire  spread 
through  a  twofold  valuation  of  the  y-axis  (distance  and  number  of  firetrucks).  Available 
means  depending  on  time  may  be  represented  on  the  same  graphic.  Comparing  the  curves  of 
the  expected  and  required  means  allows  to  evaluate  time  intervals  were  action  is  possible. 
Relating  time  intervals  to  distance  intervals  allows  to  evaluate  (spatial)  zones  where  action  is 
possible.  (Ground  properties  -read  on  topographical  maps-  are  used  for  decision  making. ) 

Operators  are  firemen  Officers ;  most  of  them  get  a  scientific  background  (more 
than  2  years  at  universitary  level).  Nevertheless,  using  the  FFT  appears  to  present  specific 
difficulties,  some  of  them  revealing  ill-acquired  notions  about  functions  and  graphs. 

We  will  present  global  results  about  the  main  hypotheses :  1)  specific  training  on 
the  tool  is  required  even  u  no  new  notions  are  involved  and  2)  specific  experience  in  the 
domain  (forest  fire  fighting)  facilitates  training  and  use  of  the  tool,  and  qualitative  data  about 
the  type  of  errors.  Implications  for  required  mathematical  background  and/or  specific 
vocational  mathematical  training  will  be  discussed. 
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Representations  pour  faction,  Toulouse :  Oc tares,  183-207. 


Poster.PME18.94 


ERIC 


PROJECT  EME:  A  EUROPEAN  MATHEMATICS  EDUCATION  RESEARCH  DEGREE 

Leo  Rogers.  Mathematics  Education,  Roehampton  Institute  London  SW15  5PH 

1.  Background. 

a)  An  ERASMUS  Network  has  been  in  operation  for  three  years  which  now  involves  the 
universities  of  ThessatonUd1 ,  Bielefeld,  Bologna.  Grenoble.  Institute  of  Education  London,  loanina. 
Parma.  Regenaburg.  Roehampton  Institute,  and  Southbank  University  London. 

The  subject  of  this  programme  is  Didactics  of  Mathematics"  and  involves  the  exchange  of 
students  on  undergraduate  programmes  who  are  training  to  be  teachers.  There  nave  been  a  number 
of  meetings  of  the  teaching  staff  involved,  to  discuss  the  details  of  their  different  programmes,  and 
the  project  m  continuing  with  opportunities  for  curriculum  development  and  teaching  staff  exchanges. 

b)  Two  TEMPUS  projects  have  been  submitted,  one  bringing  the  University  of  Sofia  into  the 
above  network,  and  the  other,  a  proposal  by  Roehampton  InstXiute  involving.  Warsaw.  Wroclaw.  Pavia 
and  Utrecht  in  a  scheme  to  develop  a  highar  degree  programme  in  Mathematics  Education. 

2.  Tha  Proposal. 

As  a  result  of  this  cooperation,  and  motivated  by  the  report  of  the  Committee  for  Mathematics 
Education  published  in  the  EMS  Newsletter,2  a  proposal  was  later  published3  giving  details  of  the 
]^|^^P^y*»^a"d^the  possible  future  development  of  European  andmia  '  aval  studies  in 

The  principal  ideas  are  as  follows: 

a)  Each  university  has  developed  its  own  characteristic  programme  in  didactics  of  mathematics. 
The  content  and  style  of  these  programmes  not  only  reflect  local  and  national  interests,  but  also  the 
individual  expertise  of  the  tutors  has  its  outlet  in  the  topics  included  in  the  programme. 

b)  The  idea  of  a  European  Programme  in  Dkladics  of  Mathematk^  at  Masters  of  Doctorate  level 
is  based  on  two  principles: 

(i)MrYliairiajtinnn<rfiiirMi.    and    m  credit  Trends 

For  example,  a  etudent  might  enrol  for  a  Masters  or  Doctorate  degree  in  one  country,  but 
study  for  part  of  the  time  in  another  community  country,  thereby  gaining  credits  which  can  be 
transferred  back  to  the  institution  in  the  home  country  to  count  towards  their  final  qualification. 

The  success  of  this  scheme  depends  on  the  agreement  to  adopt  the  the  principles  of  the 
European  Credit  Transfer  System  (ECTS),  and  to  ensure  that  their  programmes  are  constructed 
according  to  a  modular  scheme  whereby  all  students  are  able  to  take  advantage  of  set -contained  and 
viable  short  courses. 

Central  to  this  is  the  idea  of  a  Unit  of  Study  which  may  be  spread  over  a  period  of  one 
.  semester  or  one  term,  or  organised  as  a  period  of  "intensive  study"  of,  say.  two  weeks.  A  newer  of 
European  Universities  are  adopting  this  method  of  organising  programmes,  although  the  Unit*  < 
Modulea  may  need  to  be  of  different  lengths,  according  to  the  aims  of  the  courses. 

Further  information  and  a  more  comprehensive  description  of  the  programmes  involved  may 
be  obtained  from  Leo  Rogers  at  the  address  above. 


1.  Coordinator:  Prof.  Athanassios  Gagatsis.  Department  of  Mathematics.  Aristotle  University  of 
Thessakxiiki,  54006  Thesaatonikl. 

2  Dorfler.W.(1W82)  European  Mathematical  Society  (EMS)  Newsletter  No.4.  June  1992.  (14-15) 
3.  Rogers.L.  (1993)  EMS  Newsletter  7.  March  1993 
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PUPILS'  UNDERSTANDING  OF  BEGINNING  ALGEBRA 


Lai-Leng  Soh 
University  of  Oxford,  UK 


When  Ben  was  asked  to  translate  the  above  balance  puzzle  into  an  algebraic 
equation,  he  wrote 


and  solved  the  equation.  This  episode  showed  that  Ben  had  the  idea  that  an  equation 
with  one  unknown  could  be  solved  only  when  there  was  more  of  the  unknown  on  the  left 
hand  side  of  the  equation  than  on  the  the  right  hnnd  side. 

This  is  an  example  of  the  ideas  that  pupils  may  form  during  the  learning  process, 
some  of  which  may  not  be  intended  by  teachers  or  authors  of  teaching  materials.  As 
such  unintended  ideas  may  be  impediments  to  the  learning  of  algebra  at  a  later  stage,  it 
is  essential  to  comprehend  how  pupils  come  to  understand  beginning  algebra. 

This  study  examines  pupils'  growth  of  understanding  of  beginning  algebra  in 
classes  using  individualised  learning  materials.  Of  particular  interests  are: 

•  What  images  do  pupils  construct? 

•  How  do  pupils  go  about  constructing  these  images? 

•  How  do  these  images  compare  with  those  intended  by  authors  of  teaching  materials? 

The  study  involves  5  case  studies,  each  on  a  pair  of  pupils  aged  11-13.  The 
methods  of  data  collection  include  video  recording  and  personal  observation  in 
classrooms,  interviews  and  post-tests. 

The  presentation  displays  some  of  the  results  obtained  in  this  study. 


3  x  +  15  =  5  x 


Without  completing  this  equation,  he  stopped  and  said, 

"Can't  do  that  unless  you  swap  them  round." 


He  then  wrote 


5x  +  9  = 


3x  +  15 
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USING  A  COMPUTER  ENVIRONMENT  IN  THE  CLASSRROM  TO  LEARN  THE  CONCEPT 

OF  PROPORTION 
Martf,E.,  Steren.B,.  and  Garcia-Mila.M. 
Universitat  de  Barcelona 

The  aim  of  the  present  study  is  to  analyze  the  process  of  learning  the  concept  of  proportion 
displayed  by  12-13  year-old  student  dyads  when  they  use  a  computer  environment  in  their 
mathematics  class.  We  hypothesize  that  computers  can  be  an  effective  mean  to  foster  the  process  of 
learning  difficult  mathematics  concepts  such  as  proportion.  When  the  students  use  a  computer 
environment  the  process  of  learning  becomes  more  interactive,  motivating  and  self -regulated  (Pea, 
1987).  The  computerized  didactic  sequence  we  propose  is  the  result  of  an  interdisciplinary 
collaboration  among  cognitive  psychologists,  mathematics  teachers,  and  software  designers.  The 
main  principles  that  have  guided  the  design  of  the  didactic  sequence  are  the  following: 

1.  To  integrate  the  didactic  sequence  in  the  curriculum  of  mathematics. 

2.  To  present  a  set  of  similar  problems  based  on  the  same  physical  phenomenon  (light  and 
shadows)  but  becoming  progressively  complex.  This  complexity  is  defined  in  terms  of  the 
students'  rate  of  progress  in  the  psychological  construction  of  the  concept  of  proportion  (Vergnaud, 
1983). 

3.  To  help  the  students  overcome  their  difficulties  with  a  set  of  retroactive  regulation  (text 
and  graphic  feedback)  according  to  the  type  of  errors  displayed. 

4.  To  foster  interaction  between  students  as  a  way  to  optimize  the  process  of  learning  using 
a  computer  environment. 

In  addition,  two  complementary  analyses  are  undertaken.  The  first  one  consists  of 
comparing  the  results  obtained  in  the  pretest  and  the  posttest  in  both,  the  experimental  (working 
with  the  computer  environment)  and  the  control  (working  with  a  noncomputerized  version  of  the 
didactic  sequence)  groups.  The  second  one  is  a  microgenetic  analysis  of  the  working  process 
displayed  by  a  subset  of  dyads  while  they  interact  with  the  computer  environment. 

In  the  present  poster,  we  describe  and  theoretically  justify  the  didactic  sequence  involved  in 
the  computer  environment,  and  we  present  the  results  of  the  first  analysis  (pre/posttest  differences). 

REFERENCES 
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Cognitive  science  and  mathematics  education  (dp.  89-122).  Hillsdale,  NJ:Erlbaum. 

VERGNAUD.G.  (1983).  Multiplicative  structures.  In  R.  Lesh  and  M.  Landau  (Eds.),  Acquisition 
of  mathematics  concepts  and  process  (pp.  127- 174).  New  York:  Academic  Press. 
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THE  HISTORY  OF  MATHEMATICS  AND  THE  LEARNING  OF 
MATHEMATICS:  PSYCHOLOGICAL  ISSUES 

Paul  Ernest  (UK) 

Introduction  to  the  Plenary  Panel  of  Lucia  Grugnetti  (italy),  Teresa 
Rojano  (Mexico),  Anna  Sfard  (Israel)  and  Eduardo  Veloso  (Portugal) 

Currently  an  historical  reconceptualisation  of  the  nature  of  mathematics  is 
underway.  Until  recently  the  widely  accepted  view  of  mathematics  was  that  of 
modernism  which  envisaged  the  building  of  timeless  and  indubitable  structures 
of  thought  based  on  a  logical  masterplan,  the  Euclidean  paradigm.  However  the 
failure  of  the  prescriptive  programs  of  the  logicist,  intuitionist  and  formalist 
schools  to  achieve  absolutely  certain  foundations  for  mathematical  knowledge  is 
well  documented  (Ernest,  1991,  Kline  1980,  Tiles,  1991).  In  contrast,  a  new 
tradition  in  the  philosophy  of  mathematics  has  been  emerging  which  has  been 
termed  post-modernist  (Tiles,  1991),  maverick  (Kitcher  and  Aspray,  1988)  and 
quasi-empiricist  (Lakatos,  1976).  This  perspective  is  primarily  naturalistic, 
concerned  to  describe  the  nature  of  mathematics  and  the  practices  of 
mathematicians,  both  current  and  historical.  It  is  and  fallibilist  in  its  epistemology 
as  well  as  inter-disciplinary  and  historicist  (Lakatos,  1976;  Kitcher,  1984). 

The  reconceptualisation  of  the  nature  of  mathematics  as  essentially 
historical,  in  philosophy,  mathematics  education  and  adjacent  fields,  such  as 
Piaget's  genetic  epistemology,  is  a  development  of  great  significance.  It  has 
strong  implications  for  epistemology,  encompassing  the  nature  and  justification 
of  all  knowledge,  for  methodology,  as  well  as  for  theories  and  research  on 
learning.  For  example,  much  of  the  controversy  around  radical  constructivism 
centres  on  the  fact  that  this  position  adopts  the  view  that  all  knowledge, 
including  mathematics,  is  a  fallible  construction.  Inducting  learners  into  a  body 
of  knowledge  that  is  the  contingent  product  of  historical,  cultural  and 
evolutionary  forces  is  a  different  problem  from  teaching  under  the  traditional 
view.  It  demands  more  humility  from  teachers  and  researchers,  and  the 
realisation  that  learner  errors  are  not  absolutely  defined,  but  only  relative  to  a 
conventional  body  of  knowledge. 

The  admission  of  a  historical  perspective  centre  stage  in  the  psychology  of 
mathematics  education  thus  is  of  deep  and  widespread  significance.  However 
the  indications  of  its  importance  go  beyond  philosophy  and  methodology.  There 
are  also  vital  ways  in  which  the  inclusion  of  the  history  of  mathematics  is  central 
to  the  content  of  research  in  psychology  of  mathematics  education.  This  will  be 
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evident  in  the  contributions  of  panel  members.  But  I  should  also  mention  that 
there  are  important  schools  of  thought  beyond  those  represented  on  the  panel 
in  which  history  plays  a  central  part,  such  as  Dutch,  French  and  German 
research  in  the  didactics  of  mathematics.  Thus,  for  example,  the  international 
research  community  in  mathematics  education  has  had  its  perceptions  of  the 
place  of  history  in  mathematics  education,  and  in  the  psychology  of  mathematics 
education  in  particular,  changed  by  the  contribution  of  French  researchers. 

CONCEPTUAL  DEVELOPMENT  AND  OBSTACLES 

The  parallel  between  the  cultural  development  of  mathematics  and  individual 
psychological  development  has  been  explicitly  noted  at  least  since  the  19th 
century  biologist  Haeckel  formulated  his  biogenetic  law:  'ontogenesis 
recapitulates  phylogenesis'.  In  the  realm  of  mathematics  this  parallel  was 
extensively  elaborated  by  a  number  of  authors  such  as  by  Branford  in  1908 
(Fauvel,  1991:  16).  In  psychology  this  insight  was  further  developed  by 
Vygotsky  as  a  central  feature  of  his  psychological  theory. 

Every  function  in  the  child's  cultural  development  appears  twice,  on  two 
levels.  First,  on  the  social  and  later  on  the  psychological  level;  first 
between  people  as  an  interpsychological  category,  and  then  inside  the 
child  as  an  intrapsychological  category.  (Vygotsky,  1978: 128) 
Now  as  Freudenthal  said  in  1983,  "We  know  for  sure  that  this  [biogenetic]  law  is 
not  true  in  a  trivial  way. ..The  young  learner  recapitulates  the  learning  process  of 
[hujmankind,  although  in  a  modified  way."  (Steiner,  1989:  27-28)  Thus  the 
history  of  mathematics  cannot  absolutely  dictate  the  necessary  order  in  the 
learning  or  development  of  mathematical  concepts.  But  since  mathematics 
concept  formation  appears  to  be  a  recursive  operation,  the  historical  stages  in 
the  elaboration  and  extension  of  concepts  provides  an  illuminating  if  sometimes 
loose  parallel  of  great  richness.  Consequently,  the  history  of  mathematics  is 
widely  used  to  provide  a  genetic  epistemological  analysis  of  mathematical 
concepts  for  psychological  and  didactical  purposes. 

During  the  course  of  its  history  science  changes,  and  some  of  these 
changes  are  dramatic  enough  to  be  termed  revolutions  (Kuhn,  1970).  Gillies 
(1992)  claims  that  there  are  revolutions  in  mathematics  too.  There  is  a  powerful 
analogy  between  Kuhn's  theory  of  normal  and  revolutionary  development,  and 
Piaget's  theory  of  assimilation  and  accommodation  in  cognitive  growth, 
respectively.  Both  a  scientific  revolution  and  schema  accommodation  are 
triggered  by  a  contradiction  or  cognitive  conflict. 

Bachelard  (1951)  anticipated  Kuhn's  ideas,  and  invented  the  concept  of  an 
'epistemological  obstacle'  which  prevents  progress  and  development  in  the 
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history  of  ideas.  He  writes  of  revolutions  as  'ruptures'  in  thought  when  an  old 
style  of  thinking  which  is  acting  as  an  epistemological  obstacle  is  swept  away. 
Thus  in  mathematics  well  as  the  learning  of  new  knowledge,  unlearning  to 
overcome  epistemological  obstacles  is  also  needed.  For  example  the  fact  for 
natural  numbers  (n>1)  that  multiplication  is  a  procedure  that  produces  larger 
numbers  ceases  to  be  true  for  rational  numbers  or  integers.  Multiplication  no 
longer  always  'makes  bigger".  Many  examples  like  this,  and  deeper  ones  too 
(e.g.  shifts  in  the  definition  of  a  function),  are  indicated  in  the  history  of 
mathematics.  Thus  analysis  of  the  history  of  mathematics  provides  researchers 
with  a  tool  for  anticipating  psychological  obstacles  in  the  learning  of 
mathematics. 

MATHEMATICAL  PROCESSES 

Problems  and  problem  solving  are  central  to  both  the  history  of  mathematics 
and  psychology  of  mathematics  education.  In  both  areas  they  stimulate 
knowledge  growth.  Historical  problems,  such  as  the  Konigsberg  Bridge  Problem, 
which  stimulated  Euler  to  create  Topology  (Wolff,  1963)  also  serves  well  to 
introduce  students  to  network  theory  in  today's  classroom.  But  the  parallel  I  wish 
to  remark  on  is  in  the  realm  of  mathematical  processes  and  strategies.  Pappus 
distinguished  between  analytic  and  synthetic  problem  solving  methods.  Two 
thousand  years  later  the  distinction  was  used  by  psychologists  to  distinguish 
different  levels  of  cognitive  processing  (Bloom,  1956).  More  generally, 
methodologists  of  mathematics  such  as  Descartes  1628)  and  Polya  (1945)  have 
offered  systems  of  heuristics  which  have  driven  research  in  problem  solving  in 
psychology  and  mathematics  education  (Groner  ef  a/..  1983).  Problem  solving 
research  in  mathematics  education  research  still  has  much  to  learn  from  the 
history  of  mathematics,  and  in  the  era  of  computers  that  history  continues  to 
grow  and  evolve  new  methods. 

ATTITUDES  TO  AND  PERCEPTIONS  OF  MATHEMATICS 

It  is  widely  remarked  in  the  mathematics  education  literature  that  student  and 
teacher  attitudes  and  perceptions  of  mathematics  are  important  factors  in 
learning  (e.g.  Ernest,  1991).  Indeed,  much  of  the  research  on  girls  or  women 
and  mathematics  talks  of  the  problems  caused  by  the  stereotypical  perceptions 
of  mathematics  as  a  male  domain  (e.g.  Walkerdine,  1988).  Thus  a  further 
important  area  of  impact  of  the  history  of  mathematics  is  on  student  (and 
teacher)  attitudes  to  and  perceptions  of  mathematics.  In  his  survey,  Fauvel 
(1991 :  4)  suggests  that  the  use  of  the  history  of  mathematics  in  teaching  has  the 
following  outcomes. 
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•  Helps  to  increase  motivation  for  learning 

•  Makes  mathematics  less  frightening 

•  Pupils  derive  comfort  from  knowing  they  are  not  the  only  ones  with  problems 

•  Gives  mathematics  a  human  face 

•  Changes  pupils'  perceptions  of  mathematics 

One  of  my  own  areas  of  research  and  interest  has  been  in  the  area  of  the 
philosophy  of  mathematics  education,  concerning  a  historicised 
reconceptualisation  of  mathematics  (social  constructivism  as  a  philosophy  of 
mathematics),  and  its  impact  in  theory  and  practice  on  teacher  and  student 
personal  philosophies  of  mathematics  (e.g.  Ernest,  1991).  Although  there  is 
insufficient  research  on  the  relationship  between  the  use  of  the  history  and 
positive  attitudes  to  and  useful  perceptions  of  mathematics  (Stander,  1989),  a 
number  of  experimental  teaching  programs  reported  at  PME  use  a  historical 
approach  and  have  positive  outcomes  (e.g.  some  Italian  experiments  described 
by  Bartolini-Bussi,  1991). 

These  are  just  some  of  the  important  relationships  that  exist  between  the 
history  of  mathematics  and  the  psychology  of  learning  mathematics.  My 
colleagues  will  offer  more  detailed  explorations  into  such  relationships. 
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RELATIONS  BETWEEN  HISTORY  AND  DIDACTICS  OF  MATHEMATICS 
Lucia  Grugnetti,  Dipartimento  di  Matematica,  University  di  Parma 
History  of  mathematics  in  mathematics  education:  why? 
Among  all  subjects  involved  in  mathematics  education,  nowadays  there  is  a  growing 
debate  concerning  the  role  of  the  history  of  mathematics  in  mathematics  education.  On 
the  other  hand,  at  least  for  the  time  being,  teaching  of  scientific  subjects  does  not 
emphasize  the  historical  point  of  view.  Perhaps  something  will  change:  in  the  proposal  of 
the  programs  for  Italian  high  secondary  schools,  concerning  calculus  for  example,  it  is 
written  "It  will  be  possible  to  follow  the  historical  itinerary  which,  starting  from 
Archimedes,  arrives  to  Newton  and  Leibniz  through  the  contributions  of  Cavalieri, 
Torricelli  and  other  precursors  of  calculus."  On  the  contrary,  in  the  almost  all  Italian  text- 
books for  high  secondary  schools,  the  development  of  calculus  is  not  the  historical  one; 
in  fact  it  goes  from  the  concept  of  function  to  the  concept  of  limit  (one  of  the  most 
complex  mathematical  concepts)  and  then  from  the  concept  of  derivative  to  the  concept  of 
integral.  On  the  other  hand,  I  believe  that,  with  regard  to  mathematics,  an  historical 
approach  is  advantageous  for  the  student  because  it  allows  them  to  think  of  mathematics 
as  a  continuous  effort  of  reflection  and  of  improvement  by  man,  rather  than  a  "definitive 
building"  composed  of  irrefutable  and  unchangeable  truths. 

Concerning  the  teachers  they  must  remain  aware  of  the  inherent  relativity  of  knowledge, 
and  that  to  provide  students  with  an  adequate  view  of  the  way  science  builds  up 
knowledge  is  in  the  long  run  worth  more  than  the  acquisition  of  facts  (von  Glaserfeld, 
1991)  14]. 

Risks  and  difficulties 

The  crux  of  the  matter  is  "how  can  we  methodologically  develop  a  teaching  itinerary  from 
a  historical  point  of  view?".  In  my  opinion,  the  historical  approach  to  mathematics 
involves  the  passage  from  a  disciplinary  to  an  interdisciplinary  treatment  in  the  broadest 
sense  of  the  word.  The  passage  from  a  disciplinary  to  an  interdisciplinary  approach  is 
really  fundamental  if  we  want  to  try  and  bypass  one  of  the  several  risks  in  introducing 
history  of  mathematics  in  mathematics  education:  the  anachronism.  As  Weil  (1978)  [11] 
"There  is  a  vast  difference  between  recognizing  Archimedes  as  a  forerunner  of  integral 
and  differential  calculus,  whose  influence  on  the  founders  of  the  calculus  can  hardly  be 
overstimated,  and  fancying  to  see  in  him,  as  has  sometimes  been  done,  an  early 
practitioner  of  the  calculus."  Moreover,  once  we  introduce  at  school  a  mathematician  or, 
in  general,  a  scientist,  it  is  fundamental  to  analyse  the  political,  social,  economical  context 
in  which  he  lived.  By  this  way  it  is  possible  to  discover  that  facts  and  theories,  studied  in 
different  disciplines,  are  concretely  related.  As  Pepe  (1990)  19]  reminds  us,  the  "meeting" 
between  history  and  didactics  of  mathematics  must  be  developed  taking  into  account  the 
negative  influences  that  they  can  have  one  on  the  other.  A  possible  negative  influence  of 
,  history  on  didactics  is  the  increasing  of  a  notionistic  ambit,  with  interesting  and  curious 

Er|c  - 121  "it:  o 

ummmmnm  %J  Q 


references  which  are,  in  effect,  not  sssential.  On  the  contrary,  the  history  of  mathematics 
offers  us  several  examples  which  "gain"  by  an  interdisciplinary  approach  (L.  Pepe,  1990) 
as,  for  example:  the  number  systems  of  ancients;  Galileo,  the  mathematization,  the 
experimental  method;  Descartes  and  the  analytical  method.  Fortunately  we  have  not  yet 
"standards"  in  the  field  of  history  of  mathematics  in  the  didactics  of  mathematics;  in  fact 
this  field  is  nowadays  open  to  discussions  and  suggestions.  Among  the  different 
proposals  there  are  the  well  known  French  works  of  some  IREM  [6]  that  are,  in 
particular,  concerned  with  a  critical  analysis  of  "originals"  directly  in  classrooms. 
Another  proposal  comes  from  the  USA  where,  for  example,  F.  J.  Swetz  [10J  says  that  a 
direct  approach  to  historically  enriching  mathematics  instruction  and  the  learning  of 
mathematics  is  to  have  students  solve  some  of  the  problems  that  interested  early 
mathematicians.  Such  problems  offer  case  studies  of  many  contemporary  topics 
encountered  by  students  in  class.  According  to  Swetz,  that  problems  transport  the  reader 
back  to  the  age  when  the  problems  were  posed  and  illustrate  the  mathematical  concerns  of 
the  period.  According  to  me,  the  approach  by  problems  can  be  easily  utilised  also  by 
teachers  that  are  not  really  concerned  with  history  of  mathematics,  but  there  is  the  risk,  if 
there  is  not  a  "contextualisation",  that  we  offer  to  students  a  too  much  fragmentary  idea 
of  the  history  of  mathematics.  By  this  ,  I  do  not  want  to  discourage  the  approch  to 
mathematics  and  to  history  of  mathematics  by  problems,  but  that  we  must  be  conscious 
of  the  inherent  obstacles  and  misconceptions.  In  this  perspective,  the  proposals  of  using 
originals,  as  IREM',  are  very  interesting  on  condition  that  we  pay  a  big  attention  to  the 
inherent  difficulties.  Coming  again  to  the  Italian  proposal  of  the  mathematics  program  for 
high  secondary  school,  whereas  we  want  to  follow  the  historical  itinerary,  we  must  be 
conscious,  once  again  of  needs  and  potentialities  together  with  difficulties  and  obstacles. 
For  example,  concerning  the  teaching  of  calculus,  the  Cavalieri's  theory  of  indivisibles 
could  be  an  interesting  point,  on  condition  that  since  the  originals  by  Cavalieri  are  very 
difficult,  we  use  a  sort  of  "didactical  transposition"  of  that  theory. 
Some  suggestions  from  Italian  experiences 

An  interesting  use,  from  a  didactical  point  of  view,  of  the  Cavalieri's  theory,  can  be 
found  in  a  cultivate  italian  text-book  (L.  Lombardo  Radice,  L.  Mancini  Proia,  1979)  [8] 
to  find  the  area  of  the  ellipse: 

If  we  have  the  circle:  x2  +  y2  =  1  and  the  ellipse:   x2/a2  +  y2/!)2  -  1 

and  if  we  consider  the  chords  obtained  by  cutting  the  circle  and  the  ellipse  by  stright  lines 

which  are  parallel  to  axis  y,  we  have:  y2  =  a2-x2   ;  y2  =  b2  (a2  -  x2)  /  a2 
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The  ratio  of  the  two  chords  is  b2  /  a2  ,  so  we  obtain:  E  :  C  =  b  :  a    from  which 
E  =  C  b/a.  We  know  that  C  =  na2;  therefore  E  =  n  ab. 

It  is  important  to  underline  at  least  two  important  aspects  of  such  an  activity.  The  first  is 
that  it  is  inserted  in  a  historical  approach  to  calculus  starting  from  the  way  in  which 
Archimedes  calculated  the  area  between  a  parabola  and  one  of  its  chords.  This  approach 
allows  teacher  to  follow  also  with  students  the  historical  process  in  which  the  problem  of 
the  quadratures  (integration)  preceds  the  problem  of  the  tangents  (derivation).  Moreover  I 
think  that,  by  this  process,  students  can  also  appreciate  later  "modem"  integration  as  need 
of  generalisation.  At  the  same  time,  if  we  try  to  follow,  in  a  certain  sense,  the  historical 
process  of  calculus  and,  as  in  the  previous  examples,  the  theory  of  indivisibles,  we  have 
to  develop  with  students  a  critical  analysis  concerning  that  theory.  So  why  the  XVII 
century  was  the  moment  of  the  theory  of  indivisibles?  Or  why  the  calculation  of  areas 
and  volumes  being  one  of  the  main  problems  of  that  century?  An  implicit  use  of  history  in 
designing  teaching  is  introduced  by  the  research  group  of  Modena  (M.  Bartolini  Bussi). 
Early  historico-epistemological  studies  of  this  research  group  resulted  in  the  adoption  of  a 
particular  context  which  could  have  emphasised  the  dialectical  feature  of  mathematical 
experience  as  well  as  offered  opportunities  to  develop  meaningful  historical  studies  in  the 
classroom:  it  is  the  context  of  mathematical  machines  .  For  example,  some  elements  of 
the  study  of  conic  sections  are  considered  in  the  project  Mathematical  Machines  in  High 
School.  The  leading  motives  of  this  teaching  experiment  can  be  described  under  the 
following  keywords:  geometry,  history,  machines.  [I].  The  research  group  of  Genova 
(P.  Boero)  considers,  particularly,  the  following  uses  of  the  history  of  mathematics  in  the 
teaching  of  mathematics:  1)  as  a  source  of  ideas,  for  the  teacher,  on  "fields  of  experience" 
in  which  to  construct  mathematical  skills  and  concepts,  through  suitable  teaching 
itineraries  and  situations;  when  used  this  way,  the  pupil  does  not  necessarely  have  to 
receive  explicit  information  on  the  historic  background  used  for  the  teaching  project;  2)  as 
a  field  of  study  for  pupil,  in  order  to  work  on  particular  mathematical  objects  (concepts 
and  formalisms),  to  analyse  their  historical  evolution  and  to  translate  from  one  formalism 
to  another;  3)  as  an  opportunity  to  set  off  developing  mathematical  discussions  and 
demostrations,  based  on  questions  which  have  arisen  in  the  course  of  the  history  of 
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mathematics  [2].  The  research  group  of  Genova  (F.  Furinghetti)  uses  the  history  of 

mathematics  education  to  analyse  mathematics  teaching  problems  and  educational 

phenomena.  Moreover,  according  to  this  group,  it  is  important  to  realize  an  integration  of 

the  history  of  mathematics  in  school  mathematics  [3].  From  the  research  group  of 

Cagliari  (L.  Grugnetti)  comes  an  example  of  the  history  of  mathematics  also  in  view  of  an 

interdisciplinary  teaching:  the  Liber  Abaci  by  Leonardo  Pisano  (Fibonacci)  as  a  source  of 

problems  (from  XHIth  century)  which  concern  different  teachers  and  subjects:  Italian 

and  Latin  (what  kind  of  language  is  that  of  the  Liber  Abaci?),  history  (The  development 

of  the  Middle  Ages  in  Europe  and  Islam,  geography  (the  West,  the  Middle  East  "Islam"), 

mathematics  (the  pupils'  strategies  for  solving  some  questions  from  Liber  Abaci; 

Leonardo  Pisano's  strategies:  why  he  solved  his  problems  by  those  strategies?)  [5]. 

Interdisciplinarity  is  also  the  leading  motivation  for  the  interest  of  the  research  group  of 

Rome  (M.  Menghini)  in  the  history  of  mathematics.  The  purpose  of  interdisciplinarity  is 

not  to  show  how  mathematics  can  be  applied  to  other  disciplines,  nor  to  examine  a  certain 

period  in  different  fields,  but  to  show  how  different  disciplines  help  all  together  to  form  a 

branch  of  knowledge.  And  this  can  be  observed  better  "from  a  certain  distance",  when 

the  concept  is  clearer,  also  because  the  sistematization  process  can  be  very  long  [7].  Also 

other  Italian  research  groups  are  begining  to  work  on  the  role  of  the  history  of 

mathematics  in  mathematics  education.  The  different  points  of  view  allow  a  dynamic 

debate  on  this  subject  and  point  out  a  growing  up  of  an  important  field  of  mathematics 

education. 
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THE  CASE  OF  PRE-SYMBOLIC  ALGEBRA  AND  THE  OPERATION  OF 

THE  UNKNOWN 


Teresa  Rojano 

DepaiUmento  de  Matenutio  Educativa 
Centra  de  lnvestijacion  y  Estudios  Avanzados  del  I  P  N  (Mexico) 

The  notion  of  rupture  or  cut  in  knowledge  as  in  Bachelard  (1970),  which  in  turn  gives  rise  to  the 
concept  of  epistemological  obstacle,  is  used  as  a  central  element  linking  the  historical  and 
educational  domains.  One  characteristic  of  the  case  presented  here  consists  of  the  formulation  of 
conjectures  on  the  didactic  obstacles  of  epistemological  origin  (Brousseau,  1976)  which  arc 
present  in  individuals  in  transition  from  arithmetical  to  algebraic  thinking  and  the  empirical 
exploration  of  such  conjectures  by  means  of  clinical  studies  with  subjects  who  are  beginning  to 
learn  symbolic  algebra.  On  the  basis  of  the  results  obtained  at  an  ontological  level,  the  historical- 
cpistemological  analysis  is  once  again  taken  up  with  the  aim  of  seeking  possible  correspondence 
with  the  new  didactic  findings.  This  movement  back  and  forth  between  history  and  didactics  is 
what  places  this  work  in  the  field  of  mathematical  education  and  not  in  that  of  the  history  or  the 
epistemology  of  mathematics  (Filloy,  1990). 

Two  moments  of  pre-svmbolic  algebra. 

t:rom  the  comparison  between  two  moments  in  the  symbolic  evolution  of  algebra,  before  the 
appearance  of  Tiie  Analytic  Art  by  F.  Vietc  (ed.  Witmcr,  1983),  the  presence  of  cuts  or  didactic 
obstacles  in  the  process  of  acquisition  of  algebraic  language  is  conjectured.  The  moments  in 
question  are  (a)  that  of  the  Practical  Mathematics  of  the  Italian  Renaissance  (XIII  -  XV  centuries) 
represented  by  the  abbacus  books  (Egmond,  1980),  characterized  by  a  dedication  to  the  solution 
of  practical  problems  expressed  in  vernacular  form  and  using  the  methods  of  oriental 
mathematics.  In  these  texts  there  is  a  diversity  of  strategies  used  to  solve  problems  which,  from 
the  point  of  view  of  the  symbolic  algebra  currently  in  use,  would  be  identical  problems;  it  is  the 
specific  numerical  characteristics  of  each  case  which  guides  the  strategy  for  problem  solving  and 
there  is  not  an  explicit  operativity  regarding  unknown  quantities  (Filloy  and  Rojano,  1984a).  The 
second  moment  (b)  is  that  of  the  first  text  book  of  advanced  algebra,  the  De  Numerics  Dutis  by 
Jordanusde  Nemorc,  written  in  Latin  in  about  1225  (ed.  Hughes,  1981).  Concrete  numbers  never 
appear  in  the  statement  or  the  argument  in  this  work.  Most  of  the  propositions  correspond  to  the 
solution  of  systems  of  equations  that  can  be  reduced  to  a  quadratic.  The  work  with  general 
numbers  allows  the  cases  solved  previously  to  be  recognized  and  thus,  a  general  strategy  of  the 
book  is  to  try  to  reduce  the  new  cases  to  earlier  propositions.  In  the  argument,  the  quantities 
discussed  are  designated  by  letters  and  there  is  no  syntactic  operativity  on  them  except 
juxtaposition  to  indicate  addition  (I'uig,  1991). 
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As  well  as  pertaining  to  well  differentiated  symbolic  levels,  the  medieval  works  referred  to  also 
have  common  features:  there  is  no  systematic  treatment  in  the  operations  carried  out  on  those 
terms  of  the  equation  which  involve  unknowns.  This  disposition  "not  to  operate  with  unknowns", 
which  appears  to  be  connected  with  the  symbolic  insufficiency  of  these  works  compared  with  the 
symbolic  algebra  inaugurated  by  Victe,  leads  to  the  formulation  of  conjectures  as  to  the  presence 
of  didactic  cuts  in  the  process  of  transition  from  arithmetical  thought  to  that  of  algebra.  One  of 
these  cuts  is  located  precisely  at  the  moment  in  which,  for  the  first  time,  students  face  the  need  to 
operate  the  unknown  in  the  solution  of  linear  equations  with  terms  with  "x"  in  both  members. 

A  didactic  cut  of  epistemological  origin 

Among  the  most  eloquent  manifestations  of  the  rupture  mentioned  above  are  the  typical 
spontaneous  responses  of  students  in  the  clinical  interview  to  items  of  equation  solving  such  as 
2x  +  3  =  5x.  The  children  tend  to  assign  an  arbitrary  value  to  the  unknown  on  the  right  side  and 
solve  the  equation  2x  +  3=constant.  which  does  not  require  operation  of  the  term  x.  Or  else, 
when  they  are  asked  to  find  the  value  of  x  in  x  +  5  =  x  +  x.  we  get  what  we  have  called  poliscmy 
of  x,  that  is  the  response:  "this  x  (the  one  of  the  right)  has  a  value  of  5  and  the  other  two  (one  on 
each  side  of  the  equation)  can  have  any  value  (the  same  value  for  both)"  (Filloy  &  Rojano, 
1984b,  1989).  The  term  poliscmy  of  x  is  used  when,  within  the  same  statement  (algebraic),  the 
same  symbol  is  assigned  meanings  which  pertain  to  different  semantic  fields.  In  one  case  thi:.  is 
the  semantic  field  to  which  the  notion  of  specific  unknown  pertains.  In  the  other,  it  is  the 
semantic  field  of  general  numbers,  Examples  of  the  eleven  cognitive  tendencies  reported  in  this 
study  arc:  conferring  intermediate  senses  to  more  abstract  mathematical  texts,  and  focusing  on 
readings  made  in  language  strata  that  will  not  allow  solving  the  problem  situation  (Filloy.  1991 
<b)). 

Findings  like  those  referred  to  previously,  obtained  at  an  ontoligical  level,  with  subjects  who  arc 
in  transition  from  arithmetical  thought  to  algebraic  thought,  correspond  to  moments  of  significant 
change  in  the  historical  development  of  algebraic  language  and  lead  to  questions  about  how  the 
mathematical  signs  systems  used  and  their  interpretation  (as  in  the  case  of  how  prc-algchraic 
students  raid  algebra's  signs  system)  predetermine  the  modes  of  analysis  and  the  strategies  for 
solving  problems  modeled  in  these  systems  of  signs.  In  turn,  this  opens  up  a  new  perspective  for 
re-visiting  the  history  of  the  symbolic  systems  within  algebraic  knowledge,  taking  it  now  as  an 
element  of  theoretical  analysis  for  cognitive  sciences  (Filloy  and  I'uig,  1991). 

Towards  a  new  type  of  research  program 

An  example  of  this  new  line  of  research  is  the  analysis  which  Filloy  (1991  (a))  carries  out  on 
proposition  XIII  of  The  Ihmk  of  S'l/Uum  by  U-onardo  Pisano  (medieval  mathematician,  also 
known  as  Fibonacci).  The  proposition  in  question  states  that:  "the  square  of  any  number  can  he 


expressed  as  the  sum  of  successive  une-en  numbers,  starting  with  the  unit".  In  the  analysis,  the 
differences  between  the  mathematical  signs  systems  used  by  Leonardo  to  express  his  arguments 
and  the  mathematical  signs  system  of  current  symbolic  algebra  play  a  central  role  and  it  is  shown 
that  this  proposition,  in  the  latter  system  of  signs,  can  be  proved  in  a  simple  and  brief  manner, 
unlike  the  long  and  complicated  formulations  of  Fibonacci.  This  contrast  is  used  to  show  the  fact 
that  the  mathematical  signs  system  used  announce  the  strategies  for  solving  problems  and  guide 
the  sense  of  a!!  the  inferences  made  during  the  argument,  which,  in  the  case  of  Leonardo,  can  be 
related  with  what  is  observed  in  the  development  of  thinking  in  children  today,  when  they  try  to 
attain  competence  in  the  use  of  algebra  at  secondary  school.  That  is  to  say,  the  new  program  of 
research  proposed  is  to  observe  and  describe  in  the  work  of  prc-vietic  algcbrists,  such  as 
Fibonacci,  me  cognitive  tendencies  like  those  found  in  children  who  are  beginning  the  study  of 
algebra,  in  order  to  better  formulate  existing  hypothesis  and  to  develop  new,  plausible  hypothesis 
about  these  tendencies. 

Puig  (1991)  describes  another  piece  of  research  of  the  same  sort,  on  the  mathematical  signs 
system  used  by  Jordanus  dc  Ncmorc  in  De  Nwneris  Dalis.  In  this  paper,  the  author  attempts  to 
describe  De  Humeri*  Daiis  as  one  of  the  strata  of  language  which,  looked  at  retrospectively  from 
current  symbolic  algebra,  are  seen  as  less  abstract.  This  can  be  related  with  the  objective  of 
th, owing  light  on  the  uses  of  mathematical  signs  systems  which  will  culminate  in  the  competent 
use  of  the  system  of  signs  of  symbolic  algebra. 
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WHAT  HISTORY  OF  MATHEMATICS  HAS  TO  OFFER 
TO  PSYCHOLOGY  OF  MATHEMATICAL  THINKING 


Anna  Sfard 

The  Hebrew  University  of  Jerusalem,  Israel 


A  few  years  ago,  In  a  conversation  with  a  mathematician,  I  complained  about  my 
students'  resistance  to  the  seemingly  simple  Idea  of  a  complex  number.  The 
mathematician  would  not  accept  the  claim  that  the  subject  might  be  inherently 
difficult.  He  hinted  that  it  could  be  a  problem  of  an  Incompetent  teacher 
rather  than  of  Incapable  students  or  a  difficult  subject  matter.  I  insisted 
that  there  is  a  stumbling  block  the  nature  of  which  was  not  yet  clear  to  me.  I 
brought  lots  of  evidence.  Eventually,  the  mathematician  seemed  to  be  giving  In. 
'Yes,  the  problem  might  be  somewhat  more  complex  than  I  thought',  he  said.  But 
then,  after  a  thoughtful  pause,  he  exclaimed:  'OK,  it's  difficult,  but  I  assure 
you  that  I  would  make  the  students  understand  the  idea  In  no  time:  I'd  just 
write  the  axioms  of  a  complex  field  and  show  that  the  concept  is  well-defined'. 

I  knew  then,  as  I  know  now,  that  the  mathematician  I  talked  to  was  not  an 
exception.  Teachers  are  sometimes  equally  insensitive  to  profound  difficulties 
students  have  with  seemingly  simple  concepts.  Several  years  and  many  hours  of 
reading,  researching,  and  thinking  later,  I  began  to  realize  the  reasons  of 
this  insensltivlty.  It  may  be  stated  in  many  different  ways,  depending  on  the 
school  of  thought  to  which  one  belongs:  one  can  say  that  the  students  and  the 
teacher  do  not  share  one  pir»d1gm,  or  that,  without  realizing,  they  are  engaged 
in  different  mathematical  practices,  or  that  they  don't  participate  in  the  same 
mathematical  discourse.  In  whatever  words  one  puts  the  explanation,  the  message 
is  always  the  same:  the  student  and  the  teacher  cannot  communicate  because, 
although  they  may  be  using  identical  expressions,  they  live  in  Incompatible 
mathematical  worlds,  they  are  playing  according  to  different  rules,  and  their 
thoughts  go  in  parallel  rather  than  clash  or  coincide. 

There  is  no  better  way  to  analyze  this  problem  than  by  scrutinizing  the 
historical  development  of  mathematical  knowledge.  History  is  the  best 
Instrument  for  detecting  Invisible  conceptual  pitfalls.  History  makes  It  clear 
that  the  way  toward  mathematical  ideas  may  be  marked  with  more  discontinuities 
and  dangerous  jumps  than  the  teacher's  are  likely  to  realize.  If  the 
mathematician  I  talked  to  were  aware  of  the  turbulent  biography  of  complex 
numbers,  he  would  probably  be  more  attentive  to  my  classroom  horror  stories. 
Similarly,  1f  the  mathematics  teacher  of  the  French  writer  Stendhal  bothered  to 


look  Into  some  original  mathematical  texts,  the  latter  would  have  been  less 
likely  to  complain  for  the  sake  of  posterity  that  his  difficulties  with 
negative    numbers     "simply    didn" t    enter    [the    teacher's]     head"  (see 
Hefendehl-Hebeker,  1991).  Indeed,  it  would  be  enough  to  have  a  brief  glimpse  at 
the    emotion-laden     statements    of    eighteenth     and     nineteenth  century 
mathematicians  to  realize  that  there  must  have  been  some  major  disparity 
between  the  emerging  ideas  and  established  knowledge.  Here  is  an  example  of 
such  a  revealing  utterance: 
.The  talks  about   "impossible  numbers,  which,   being  multiplied  together, 
produce  unity.,  [are]  all  jargon,  at  which  common  sense  recoils;  but,  from 
its  having  been  once  adopted,  like  many  other  figments,  it  finds  the  most 
strenuous  supporters  among  those  who  love  to  take  things  upon  trust  and  hate 
the  colour  of  a  serious  thought"  (Frend  in  1796). 

The  point  I  wish  to  make  here  is  that  historical  disputes,  however  fierce,  tend 
to  be  completely  forgotten  once  mathematicians  manage  to  reconcile  themselves 
with  the  problematic  notions.  As  follows  from  the  conversation  quoted  above, 
for  a  modern  mathematician  nothing  could  appear  simpler  than  complex  numbers. 
Stewart  and  Tall  (1983)  comment,  tongue  in  cheek:  "Looking  at  the  early  history 
of  complex  numbers,  the  overall  Impression  is  of  countless  generations  of 
mathematicians  beating  out  their  brains  against  a  brick  wall  in  search  of  what? 
A  triviality"  (p. 5).  In  the  classroom,  however,  problems  are  likely  to  appear 
at  any  of  the  junctions  at  which  mathematicians  themselves  faltered  and  asked 
questions.  Thus,  history  seems  to  have  much  to  offer  to  the  psychologist  who 
studies  the  learning  of  mathematics. 

To  fully  grasp  the  view  I  try  to  present,  one  has  to  understand  far-reaching 
changes  occurring  right  before  our  eyes  In  philosophers'  conception  of  human 
knowledge.  The  Cartesian  implicit  assumption  about  the  possibility  of  "God's 
eye  view"  of  the  world  is  gradually  giving  way  to  a  non-objectivlst  position  — 
position  which  questions  the  claim  that  scientific  theories  "tell  us  what 
properties  things  have  in  themselves"  (Putnam,  1987,  p.  13).  New  winds  in 
philosophy  of  mathematics  may  be  viewed  as  after-shocks  of  this  major 
conceptual  upheaval.  As  a  traditional  stronghold  of  "absolute  truth"  and 
objectivity,  mathematics  may  be  the  last  domain  of  human  Intellectual  activity 
to  succumb,  if  only  partially,  to  the  doctrines  of  relativism  and  hlstorldsm 
(philosophy  of  science  was  revolutionized  much  earlier  by  Kuhn,  Feyerabend,  and 
their  followers;  in  fact,  it  may  well  be  that  this  is  where  all  the  trending 
away  from  the  Cartesian  paradigm  started).  Robust  as  it  always  was  1n  its 
objectivist  positions,  even  this  most  analytical  of  sciences  could  not,  in  the 


longer  run,  remain  unaffected  by  the  sweeping  blow  of  the  postmodern  Zeitgeist. 
Since  Lakatos  declared  it  fallible  and  quasi-empirical,  mathematics  has  been 
steadily  proceeding  toward  a  new  identity.  The  image  of  mathematics  as  a 
"stark,   atemporal,   formal,   universe  of  ideal  knowledge"   (Kaput,   1983)  was 
abandoned  for  the  sake  of  the  Idea  that  knowledge  in  general,  and.  mathematical 
knowledge   in  particular,    is   a  form  of  social    practice.    As   such,    it  is 
Inter-subjective    rather    than    objective,    it    is    judged    by    criteria  of 
acceptability  and  usefulness  rather  than  of  "perfect  correctness",  and  above 
all  -  it  Is  in  a  constant  flux  and  can  never  be  regarded  as  a  finished  product.. 
Thus,  even  though  the  term  "practice"  may  have  different  meanings  for  different 
writers,  one  Implication  is  common  to  .all  the  possible  interpretations:  human 
thought   and   thinking   In   large,   and  mathematical    thought   and   thinking  in 
particular,    cannot   be   fully   understood    in   isolation   from  their  history. 
According  to  Kuhn,  understanding  science  and  its  development  is  a  hermeneutical 
task,  and  hermeneutics  means,  among  others,  using  a  method  of  analysis  which 
considers  history  as  consequential  (Berenstein,  1986).  The  same  may  be  said  in 
the  context  of  mathematics. 

Being  deeply  convinced  of  its  importance,  I  have  been  using  historical  analysis 
in  practically  all  my  studies  of  concept  formation.  Whether  I  dealt  with  the 
learning  of  algebra  or  with  the  development  of  the  notion  of  function,  the 
historical  perspective  proved  invaluable  source  of  Insights  Into  the  subtleties 
of  learning  process  and  into  the  nature  of  student's  difficulties.  This  talk  is 
too  short  to  present  any  of  these  analyses.  To  illustrate  my  claims,  let  me 
therefore  elaborate  on  the  opening  example.  According  to  what  was  said  above, 
my  mathematician's  insensltivity  to  student's  difficulties  with  the  concept  of 
complex    numbers   could    probably   be    successfully   treated   with    a   dose  of 
historical  insights  and  a  hermeneutical  exercise.  If  the  mathematician  looked 
Into  historical   sources  he  might  have  realized  that  likf   in  the  case  of 
mathematicians  who  lived  a  few  hundreds  of  years  ago,  the  student  could  be  a 
captive  of  an  inadequate  system  of  epistemologlcal  and  ontological  beliefs. 
Today,  like  In  the  past,  certain  Implicit  meta-matematical  assumptions  may  be 
the  barrier  which  prevents  the  concept  of  a  complex  number  from  entering  Into 
the  realm  of  mathematics.  Indeed,  the  Idea  of  extracting  square  root  from  a 
negative  number  Is  Inadmissible  to  a  person  whose  understanding  of  number  Is 
based    on    the    metaphor    of    physical    quantity,    for    whom    numbers  are 
mind-Independent   entitles,    and  who  does   not  consider   the  possibility  of 
bringing  such  entitles  Into  existence  by  mere  axiomatic  stipulation.  To  realize 
all  this  1t  would  be  enough  to  read  carefully  and  with  a  hermeneutical  eye 
texts  written  by  Leibniz,  Euler,  and  many  other  mathematicians. 
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The  task,  of  course,  1s  far  from  easy.  It  is  extremely  difficult  to  put  oneself 
into  intellectual  shoes  of  another  generation  of  practitioners.  This  1s 
probably  why  pupil's  fundamental  problems  with  the  idea  of  complex  number  tend 
to  be  overlooked  by  the  teacher.  The  latter' s  own  implicit  beliefs  make  him  or 
her  oblivious  to  the  possibility  of  somebody  having  a  different  epistemological 
and  ontological  attitude.  Those  who  stand  at  the  top  of  a  mountain  might  have 
forgotten  the  changing  landscape  they  watched  themselves  while  climbing  the 
hill  for  the  first  time.  One  of  the  few  works  which  have  shown  that,  the  problem 
of  an  inadequate  meta-mathematical  framework  does  exist  and  obstructs  learning 
of  complex  numbers  is  the  study  by  Tirosh  and  Almog  (1989).  The  authors  attempt 
to  probe  learners'  hidden  conceptions  led  them  to  the  conclusion  that  "the 
students  are  reluctant  to  accept  complex  numbers  as  numbers,  and  [they] 
incorrectly  attribute  to  complex  numbers  the  ordering  relation  which  holds  for 
real  numbers".  One  finds  here  a  striking  similarity  to  the  stance  taken  by  past 
mathematicians  who  rejected  the  concept  of  complex  number  on  the  basis  of  the 
claim  that  "a  square  root  of  -1  is  both  greater  than  infinity  and  smaller  than 
minus  infinity". 

In  this  brief  talk  I  tried  to  make  a  case  for  historicism.  This  last  term  is 
used  here  in  its  "benign"  non-Popperian  sense,  which  reminds  the  researcher 
that  "agent's  epistemic  principles  and  their  standards  of  reflective 
acceptability  ...  vary  historically"  (Geuss,  1981).  Mathematics,  like  any  other 
kin*  of  human  knowledge,  is  inextricably  entangled  Into  its  own  past,  and  thus 
considering  history  when  trying  to  understand  the  ways  people  conceive  and 
construct  mathematical  universes  is  not  an  option  —  it  is  a  necessity. 
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PRACTICAL  USES  OF  MATHEMATICS  IN  THE  PAST: 
A  HISTORICAL  APPROACH  TO  THE  LEARNING  OF 
MATHEMATICS. 


Eduardo  Veloso  (Portugal) 

If  we  accept  that  students  attitudes  and  perceptions  of  mathematics  are 
important  factors  in  learning  and  if  we  believe  that  the  integration  of  history  in 
the  teaching  of  mathematics  has  some  effect  on  those  attitudes  and  perceptions, 
two  possible  next  steps  would  be  i)  to  answer  the  questions  raised  by  John 
Fauvel  (1991)  "why  the  value  of  using  history  is  so  hard  to  put  across  in  the 
right  quarters?"  and  "what  is  getting  in  the  way  of  this  simple  beneficial 
improvement?"  and  ii)  to  discuss  the  present  situation  in  what  concerns  how 
that  integration  is  practiced,  in  order  to  appreciate  what  kind  of  effect  it  has  or 
could  have  on  those  attitudes  and  perceptions.  I  will  try  to  propose  an  answer  to 
John  Fauvel  questions  and  to  suggest  and  give  examples  of  alternative  ways  of 
carrying  that  integration. 

Firstly,  the  answer  to  John  Fauvel  questions  could  be  based  on  the  analysis  of 
some  "good  reasons  for  using  history"  suggested  in  the  same  article  and  quoted 
by  Paul  Ernest  in  the  introductory  statement:  "helps  to  increase  motivation  for 
learning",  "makes  mathematics  less  frightening",  "gives  mathematics  a  human 
face".  In  fact,  many  teachers  today  think  that  they  can  use  other  teaching 
strategies  (for  instance  computers,  manipulatives,  challenging  problems)  to 
increase  motivation,  to  eliminate  the  fear  of  math  and  even  to  teach  human 
mathematics,  without  the  additional  burden  of  learning  history  of  mathematics. 
And  the  right  quarters  simply  don't  understand  why  do  we  must  integrate 
history  in  the  teaching  mathematics  if  our  objectives  for  school  mathematics  are 
mainly  the  understanding  of  mathematical  concepts  and  the  acquisition  of 
modern  techniques.  So,  only  when  the  point  of  view  expressed  in  the  Cockcroft 
Report  that  "the  mathematics  teacher  has  the  task  [...]  of  helping  each  pupil  to 
develop  so  far  as  is  possible  his  appreciation  and  enjoyment  of  mathematics  itself 
and  his  realization  of  the  role  which  it  has  played  and  will  continue  to  play  both 
in  the  development  of  science  and  technology  and  of  our  civilization..." 
(Cockcroft,  1982)   will  be  openly  accepted  as  a  description  of  the  main 
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objective  for  school  mathematics,  we  could  be  assured  that  a  sound  rationale  for 
the  integration  of  history  in  the  teaching  mathematics  can  be  built. 


Secondly,  in  what  concerns  the  present  practice  of  integration,  we  might  say  that 
the  main  stream  is  not  satisfactory  at  all.  The  basis  for  this  practice  is  the  idea  that 
the  history  of  mathematics  could  be. identified  with  the  life  and  works  of  the 
great  mathematicians.  So,  from  the  poorer  ways  of  using  history  in  the  classroom 
—  telling  anecdotes  about  some  mathematicians  —  to  the  ones  that  are  most 
promising  —  activities  using  mathematical  texts  of  the  past  —  what  is  always 
implicit  is  the  history  of  mathematics  as  a  science.  This  is  of  course  a  valuable 
way  to  integrate  the  history  of  mathematics  in  education,  and  there  are  very 
good  examples  of  this  practice  (see  for  instance  (Fauvel  1990).  But  most 
mathematical  texts  written  by  mathematicians  are  difficult  to  be  interpreted  by 
the  average  student,  and  their  use  is  more  appropriate  for  classes  of  students  with 
a  good  disposition  to  mathematics.  So  it  is  probable  that  this  practice,  if 
exclusive,  would  result,  for  the  majority  of  students,  in  the  perception  of 
mathematics  as  a  distant  and  mostly  inaccessible  domain,  reserved  for  some  gifted 
people.  It  is  not  in  this  direction  that  the  integration  of  mathematics  in  its 
teaching  is  expected  to  change  the  perceptions  of  the  students. 

The  history  of  mathematics  is  not  just  the  history  of  the  building  of  mathematics 
as  a  science,  it  includes  the  practical  uses  of  mathematics,  less  or  more 
sophisticated,  during  the  slow  development  of  our  technological  society.  When 
the  students  develop  activities  concerning  this  practical  uses  of  mathematics  in 
the  past,  they  may 

•  realize  that  people  like  them  used  elementary  and  intuitive  mathematics  with 
ingenuity,  in  order  to  make  their  work  more  productive  and  their  lives  better; 

•  see  mathematics  as  a  science  "storicamente  determinata  i>  fortemente  intrecciata 
con  le  altre  manifestazione  cultural!  delle  varie  epoche."  (Bussi  1992)  (free 
translation:  "historically  determined  and  strongly  connected  with  the  other 
cultural  accomplishments  of  the  different  periods"). 

When  possible,  the  examples  of  practical  uses  of  mathematics  gain  to  be  taken 
from  the  local  history  (Fauvel  1993).  This  point  could  be  illustrated  with  the 
experiences  that  are  being  carried,  in  Portugal,  on  the  relations  between 
mathematics  and  the  techniques  of  navigation  used  by  the  Portuguese  pilots 
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during  the  voyages  of  the  15th  and  16th  centuries.  This  is  a  very  rich  domain,  as 
suggested  by  the  following  examples  (for  more  details,  see  (Veloso  1992)) . 

The  mathematics  of  astronomical  navigation.  The  beginnings  of  astronomical 
navigation  in  the  Atlantic  occurred  in  the  second  half  of  the  15th  century,  when 
the  Portuguese  ships  navigating  near  the  coast  of  Africa  were  forced  by  strong 
headwinds  to  make  long  detours  across  the  ocean  to  return  to  Portugal,  without 
reference  points  on  land.  Navigators  need  to  know  their  progression  to  the  north, 
and  they  develop  rudimentary  ways  to  do  it,  resorting  to  the  only  references  they 
had  available,  the  position  of  the  stars.  Adapting  old  astrological  instruments,  like 
the  quadrant,  to  new  needs,  they  measured  each  day  the  altitude  in  degrees  of 
the  North  Star  and  used  a  known  correspondence  of  difference  in  degrees  to 
distance  navigated  in  latitude,  in  leagues  (1°  o  16  1/3  leagues). 
Pupils  can  recapitulate  the  reasonings  of  their  ancestors  when  they  study  the 
simple  mathematical  principles  of  the  quadrant,  follow  the  method  of  Erat6stenes 
to  measure  the  earth,  and  discover  the  correspondence  between  degrees  and 
distances. 

Interpretation  of  marine  texts.  The  nautical  handbooks  of  the  15th  and  16th 
centuries  were  written,  by  the  pilots  themselves,  making  successive  copies  of  the 
most  important  rules  used  in  the  navigation,  and  introducing  modifications 
requested  by  new  conditions  or  findings.  They  are  a  rich  source  of  texts,  written 
in  an  interesting  style  and  embodying  almost  always  a  mathematical  component. 
There  are  rules  for  navigation  with  the  Pole  Star  ("the  regiment  of  the  North"), 
with  the  Sun  ("the  regiment  of  the  declination  of  the  Sun")  and  with  other  stars 
(for  instance,"the  regiment  of  the  southern  cross"),  rules  to  compute  the 
corrections  in  distance  when  the  course  is  deviated  for  any  reason  ("the 
regiment  of  the  leagues"),  rules  to  know  the  time  during  the  night  ("the  regiment 
of  the  hours  of  the  night"),  and  so  on.  Pupils  will  interpret  these  texts, 
discovering  and  exploring  the  mathematical  underpinnings  of  the  rules.  When 
they  read  the  nautical  handbooks,  written  without  the  algebraic  symbolism 
introduced  later  in  the  history  of  mathematics,  they  will  appreciate  the  strength 
and  utility  of  the  mathematical  language. 


Building  and  graduating  nautical  instruments.  After  the  quadrant,  many  other 
types  of  instruments  of  navigation  were  introduced,  like  the  modified  astrolabe, 
the  cross  shaft  and  the  kamal.  Several  processes  were  developed  for  the  correct 
graduation  of  these  instruments.  Pupils  can  understand  the  mathematical 
principles  of  the  different  instruments,  work  in  small  groups  to  build  models  of 
some  of  them,  and  even  explore  their  uses  in  several  ways. 
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1.  The  cognitive  quality  of  culture  —  a  plea  against  fast  food  mathematics 

In  the  following,  I  shall  ask  for  the  role  history  and  culture  could  play  in  the  teaching 
and  learning  of  mathematics.  Besides  L.  S.  Vygotsky,  Jerome  S.  Bruner  has  doubtlessly 
been  the  psychologist  who,  in  part  against  Piaget,  has  pointed  out  the  significance  of 
culture  for  cognitive  development.  Though  the  considerations  I  am  going  to  quote  date 
back  nearly  thirty  years,  they  still  appear  worth  considering.  At  the  core  of  his  early 
conception  of  cognitive  development  was  the  belief  that  "the  human,  species-typical  way 
in  which  we  increase  our  powers  comes  through  converting  external  bodies  of 
knowledge  embodied  in  the  culture  into  generative  rules  for  thinking  about  the  world 
and  about  ourselves. "  (Bruner  [1972],  1 1 5)  Though  this  may  be  a  widely  shared 
viewpoint,  I  have  nowhere  read  a  more  impressive  description  of  the  resulting  conceptual 
problem  for  (cognitive)  psychology  than  with  Bruner:"//  is  always  difficult  for  the 
psychologist  to  think  of  anything  'existing'  in  a  culture  or  however  one  wishes  to 
express  the  presence  of  traits  and  skills  transcending  any  one  individual's  life  or  even 
the  span  of  a  generation.  Psychology  is  in  the  main  acultural  and  ahistorical  in  its 
theories:  ...  We  are,  alas,  wedded  to  the  idea  that  human  reality  exists  within  the 
limiting  boundary  of  the  human  skin!"  (Bruner,  Olver,  &  Greenfield  [  1967],  321)  This  has 
been  written  in  1967,  and  I  am  well  aware  that  meanwhile  a  lot  has  been  done  to  overcome 
the  said  deficit,  particularly  with  regard  to  mathematics  instruction  and  by  scientists  who 
feel  obliged  to  the  context  of  "psychology  of  mathematics  education".  Nevertheless,  I 
shall  not  be  wrong  in  assuming  that,  on  the  whole.  Burner's  statement  is  still  true  and  that 
we  find  it  as  difficult  as  before  to  understand  the  cognitive  quality  of  culture  and  history  in 
a  theoretically  appropriate  way.  An  indication  for  this  is  again  found  in  Bruner  when, 
today,  he  speaks  of  a  "cultural  psychology"  (Bruner  [1990])  as  a  desideratum  and  not  as 
an  existing  discipline. 

This  unsatisfactory  state  of  affairs  within  cognitive  psychology  is  reflected  in  a 
corresponding  pedagogical  uncertainty  about  the  role  of  culture  and  history  in  the 
teaching  of  formal  sciences.  Though,  frequently,  lip-services  are  payed  to  the  cultural 
dimension,  in  reality  only  very  few  people  take  it  serious.  In  fact,  even  if  we  accept  the 
thesis  that  the  formal  sciences  are  founded  in  and  by  culture,  it  is  not  at  all  obvious  that  the 
cultural  dimension  should  be  made  an  explicite  object  of  teaching.  As  far  as  I  know,  even 


Bruner  did  not  held  the  idea  to  assigne  a  greater  relevance  to  the  history  of  science  in  the 
teaching  of  formal  sciences  ,  and  it  must  be  stated  that  the  movement  of  "New  Math"  to 
which  Bruner  adhered,  at  the  time  the  above  lines  were  written,  was  characterized  by  a 
profoundly  unhistorical  conception  of  mathematics  and  of  mathematics  instruction. 
Bruncr's  thesis  about  cognitive  development  is  at  first  sight  merely  a  proposition  which 
states  something  about  the  evolution  of  human  thinking.  It  is  a  cultural  achievement  that 
man  generates  ever  more  mediated  and  powerful  systems  of  symbols.  But  it  is  doubtful 
whether  making  culture  a  topic  will  contribute  anything  towards  making  the  conversion  of 
cultural  artefacts  into  generative  rules  more  profound  and  more  efficient.  Somehow,  it  is  as 
with  logic.  Thinking  is  logical,  nevertheless  it  is  doubtful  whether  a  treatment  of  logic 
proper  will  contribute  anything  towards  enhancing  thinking. 

There  are  two  lines  of  argument  for  the  significance  of  the  history  of  mathematics  for 
teaching  which  we  owe  to  the  19th  century.  The  first  is  known  as  "biogenetical  law"  and 
says  that  the  cognitive  development  of  the  individual  recapitulates  the  development  of  the 
human  race  on  the  whole.  Hence,  the  conclusion  is,  teaching  should  also  present  the 
subject  matter  in  the  order  of  their  historical  genesis.  Without  doubt,  this  "law"  may  claim  a 
certain  plausibility.  Mathematical  reasoning  in  the  individual  develops  from  primitive 
counting  skills  to  higher  mathematical  compentencies  as  it  has  been  in  history.  In  essence, 
however,  this  "law"  seems  to  be  too  undifferentiated  and,  on  the  whole,  wrong.  Firstly,  it 
provides,  strictly  spoken,  no  legitimation  for  treating  history  of  mathematics  in  the 
classroom,  but,  at  best,  requires  that  the  makers  of  curricula  should  know  something  about 
history.  Secondly,  every  person  grows  up  in  a  new  and  different  culture,  and  if  his  mental 
development  consists  in  transforming  the  artefacts  of  culture  into  his  personal  mental 
property,  then  the  way  of  learning  cannot  recapitulate  history. 

The  second  argument  in  favor  of  history  is  much  more  specific  and  has  exerted  a  strong 
influence  on  many  mathematicians  and  mathematics  teachers,  at  least  in  Germany. 
Mathematician  Otto  Toplitz  formulated  it  most  poignantly  in  the  1920ies.  It  starts  from  the 
observation  that,  for  many  learners,  mathematics  is  a  conglomerate  of  techniques  and 
concepts  whithout  meaning.  At  some  point  in  time,  however,  these  contents  have  been 
invented  as  answers  to  concrete  questions  posed  by  human  beings,  and  if  we  would  go 
back  to  the  times  when  they  emerged,  "the  dust  of  the  times,  the  scratches  of  long  use 
would  drop  from  them,  and  they  would  rise  before  us  as  entities  full  of  life. "  (Toeplitz 
[1927],  90)  Hence,  history  of  mathematics  could  play  an  important,  even  decisive,  role  in 
teaching  by  giving  recourse  to  the  original,  proper  meaning  of  mathematical  concepts. 
Without  doubt,  this  thesis  deserves  a  detailed  discussion.  I  should  like  to  confine  myself  to 
some  short  remarks. 

It  is  certainly  true  that  we  obtain  crucial  insights  into  our  thinking  by  going  back  to  its 
beginnings.  A  comparison  to  teaching  general  history  is  useful.  There,  too,  we  invest  much 
effort  in  teaching  history  to  adolescents  in  the  hope  that  they  will  grasp  something  about 
their  identity  als  social  and  cultural  beings.  But  the  example  of  teaching  general  history 
shows  also  something  else.  In  general  history,  there  has  been  a  significant  and  instructive 


change  of  paradigm.  In  the  19th  cen'ury,  educated  European  people  held  the  view  that  it 
is  most  important  to  teach  the  ancient  history  of  the  Greeks  and  Romans,  because  this 
period  constituted  the  origin  of  Western  civilization.  Knowing  this  history  was  identical 
with  knowing  our  innermost  identity.  Today,  this  view  is  certainly  no  longer  held.  Of 
course,  we  continue  teaching  Greek  and  Roman  history,  but  it  has  lost  its  prime 
importance.  Modern  history  is  deemed  as  significant  as  the  ancient,  and  it  is  a  matter  of 
debate  which  part  has  contributed  more  towards  forming  our  identity.  Our  present-day 
teaching  of  history  has  become  more  pluralistic.  We  learn  something  about  our  past  in  an 
exemplary  way,  but  only  few  teachers  will  still  conceive  of  history  as  of  a  process  in  which 
a  "Western"  identity  was  formed  and  developed  ever  higher. 

To  me,  this  has  significant  consequences  for  discussing  Toplitz'  thesis.  On  the  one  hand, 
in  affirming  it.  Just  as  Greek  history  remains  important,  it  is  a  significant  experience  to  recur 
to  the  origin  of  a  mathematical  concept.  On  the  other  hand,  in  correcting  it:  I  would  deny 
that  something  like  the  proper  meaning  of  a  mathematical  concept  exists  at  all  and  as  well 
that  it  can  be  found  in  its  origins.  Rather,  it  is  an  overwhelming  experience  that  history 
introduces  those  who  beome  involved  with  it  to  a  foreign  world  which  may  be  interesting 
and  fascinating,  but  which  is  considerably  at  odds  with  one's  own  notions  about 
mathematics.  I  shall  go  into  this  in  more  detail  with  two  examples  in  the  main  part  of  my 
lecture. 

The  tension  between  history  and  the  notion  of  mathematics  which  is  formed  in  today's 
classrooms  has  a  simple  and  important  consequence  which  is  not  always  taken  seriously 
enough  by  those  who  plead  in  favor  of  more  history  in  mathematics  teaching.  History  of 
fflajhjanatfcs  IS  difficult!  At  all  times,  scientists  have  written  for  a  close  circle  of  colleagues 
and  experts,  and  what  they  wrote  was  the  fruit  of  long  and  intense  reflections.  There  is  no 
reason  to  assume  that  this  should  be  easily  accessible  to  adolescent  students,  even  if 
subject  matter  is  concerned  which  today  seems  to  be  quite  elementary  and  which  we  can 
teach  to  a  larger  circle  of  students  without  great  problems.  Indeed,  we  have  to  state  that 
while  the  idea  to  include  history  in  one's  teaching  is  considered  attractive  by  many,  it  has 
not  been  very  successful  as  yet.  Where  it  is  done,  there  are  mostly  entire  groups  composed 
of  teachers  and  scientists  devoting  themselves  to  this  task  with  much  engagement  (for 
efforts  of  this  type  in  France  and  Italy  see  Commission  Inter-IREM  Epistemologie  et 
Histoire  des  Mathematiques  [19921  and  Bazzini  &  Steiner  [19891).  Of  course,  the 
achievements  of  individual  excellent  school  and  university  teachers  should  not  be 
neglected,  too.  However,  as  a  rule,  teachers  consider  history  of  mathematics  as  additional 
subject  matter  in  face  of  too  short  a  time  and  they  do  not  feel  prepared  adequately. 
Somehow,  history  is  felt  to  be  alien  to  normal  classroom  work  (see  Jahnke  [  1991  ]). 

In  view  of  this  situation,  it  seems  to  be  crucial  to  arrive  at  an  adequate  understanding  of 
the  aims  of  integrating  history  into  the  curriculum.  These  aims  should  be  realistic  and 
regard  the  difficulties  mentioned.  Above  all,  we  should  develop  an  appropriate  (neither  too 
exaggerated  nor  too  low)  idea  of  what  history  cj^jifJiicve..  This  idea  will  not  be  easy  to 
elaborate  and  will  require  not  only  pragmatic  work  but  profound  reflection  as  well.  Thus,  I 
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should  like  to  pose  my  above  question  once  more:  does  the  explicit  inclusion  of  cultural 
and  historical  references  yield  an  indispensible  cognitive  support  for  learning  mathematics, 
and  if  so,  which  is  the  cognitive  quality  of  this  contribution,  and  how  can  it  be  described? 
Or  rather:  does  history  provide  only  additional  subject  matter  which  has  nothing  to  do 
with  "mathematics  proper"  and  which,  at  best,  does  no  harm,  but  which  has  no  intrinsic 
connection  to  the  mathematics  we  teach? 

Faced  with  questions  of  this  type,  it  is  often  useful  to  take  a  step  back  and  look  for 
analogous  situations  in  other  fields.  We  know  that  every  vital  function  of  man  is  culturally 
mediated,  however  basic  and  close  to  his  biological  needs  it  may  be.  It  would  be  easy  to 
think  that  while  this  cultural  moulding  is  a  fact  of  life,  becoming  aware  of  it  plays  no  role 
for  exercising  them.  But  this  is  simply  not  true.  Even  if  we  consider  functions  so  basic  as 
sexuality  and  nutrition,  it  is  quite  evident  that  their  cultural  dimension  plays  a  quite 
important  part  in  our  everyday  world.  How  strongly  sexuality  is  culturally  thematized,  I 
need  not  dwell  upon,  nor  on  the  extent  to  which  this  thematization  influences  our  actual 
experience  of  sexuality.  But  even  in  regard  to  nutrition  it  is  true  that  while  one  can  eat 
without  knowing  anything  about  the  culture  of  eating,  it  is  not  only  gourmets  who  know 
that  one  cannot  really  relish  food  without  knowing  about  manifold  cultural  aspects  (eating 
habits,  producing  and  refining  foodstuffs,  how  and  where  the  raw  products  are  grown). 
This  includes  quite  naturally  a  historical  dimension  as  well,  and  quite  a  branch  of  experts  is 
fully  occupied  with  disseminating  knowledge  about  these  things  in  magazines,  books,  films 
and  advertising.  Of  course,  the  cultural  dimension  of  eating  is  differently  perceived  by 
different  people,  with  some  quite  elaborately,  with  others  only  in  rudiments.  To  formulate 
things  polemically:  eating  without  cultural  perception  is  consuming  "fast  food",  the  latter 
meaning  both  the  products  and  a  certain  attiude  towards  eating. 

This  example  teaches  us  something  else,  too.  The  way,  how  the  eating  culture  is 
conveyed  to  us,  embraces  also  historical  dimensions,  though  they  they  may  be  rather 
reduced.  Thus,  like  any  culture,  the  cultu.e  of  eating  should  be  differentiated  into  two 
aspects:  into  a  synchronous  and  a  diachronpus  culture.  The  crucial  problem  is  then  to 
understand  how  the  synchronous  and  the  diachronous  culture  are  intertwined  and  how 
they  interact. 

What  does  this  comparison  teach  us?  To  me,  one  insight  seems  to  be  most  important: 
the  cultural  moulding  and  reflection  of  our  basic  needs  is  a  spontaneous,  natural,  hum.™ 
process.  It  is  not  intentional.  Nobody  consciously  decides  to  look  for  the  cultural 
dimension  of  nutrition  and  sexuality  in  order  to  motivate  people  to  maintain  their  own  lives 
and  their  species,  but  vice  versa,  culture  is  an  integral  part  of  these  functions.  "Fast  food", 
however,  also  shows:  culture  has  natural  enemies.  Culture  of  eating  is  not  simply  there,  but 
it  has  to  be  developed,  enhanced  and  defended. 

For  mathematics  teaching,  this  means:  the  value  of  the  historical  view  is  missed  if  we  try 
to  make  it  function  for  some  other  purpose.  If  we  only  intend  to  "motivate"  our  students 
and  to  keep  their  attention  awake,  the  real  importance  of  the  historical  view  is  missed. 
History  should  be  a  natural  component  of  teaching  and  it  cannot  be  justified  by  anything 
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but  itself.  History  of  mathematics  requires  justification  just  as  little  as  mathematics  proper. 
Whoever  gives  mathematics  lessons  in  which  questions  of  how  a  concept  came  historically 
into  being  never  arise,  has  already  made  a  far-reaching  decision  about  the  cultural  framing 
of  his  teaching.  To  say  it  polemically:  he  has  opted  for  fast  food  mathematics. 

In  the  subsequent  parts  of  my  lecture  I  should  like  to  develop  first  some  considerations 
on  the  relationship  between  mathematics  and  culture  from  two  small  case  studies,  and  then, 
in  the  closing  part,  I  shall  present  a  model  for  the  integration  of  history  into  teaching  which 
aims  at  interlinking  the  synchronous  and  diachronous  culture  of  teaching. 

2.  Cultural  dimensions  of  mathematics  —  the  case  of  quadratic  equations 

In  order  to  study  the  significance  of  cultural  and  historical  frames  for  understanding 
mathematics  I  shall  discuss  two  cases:  the  history  of  Quadratic  equations  and  the 
introduction  nnd  justification  of  the  transfinite  ordinal  numbers  bv  Georg  Cantor.  Let  us 
begin  with  quadratic  equations.  We  shall  confine  ourselves  to  two  texts  (episodes).  While 
they  are  presented  here  in  their  historical  order,  we  shall  see  that,  from  the  viewpoint  of 
school  teaching,  it  does  not  make  sense  to  study  them  in  this  order.  Indeed,  the  first  text  is 
difficult  to  understand,  and  its  relation  to  quadratic  equations  is  not  evident.  This 
highlights  some  of  the  difficulties  historical  texts  frequently  entail. 

The  text  in  question  is  theorem  6  from  the  Ilnd  book  of  Euclid's  Elements  (in  the 
following  we  say  Euclid  II,  6):  If  a  straight  line  be  bisected  and  a  straight  line  be  added 
to  it  in  a  straight  line,  the  rectangle  contained  by  the  whole  with  the  added  straight  line 
and  the  added  straight  line  together  with  the  square  on  the  half  is  equal  to  the  square 
on  the  straight  line  made  up  of  the  half  and  the  added  straight  line.  (Heath  [ 19561,  385) 

Thus,  the  theorem  says  (see  fig.  1):  AD-DB  +  CB2  =  CD^. 


A  C  B  D 


E  G  F 

Figure  1 


Obviously,  the  meaning  of  this  and  other  theorems  in  Euclid  II  is  not  easy  to  decipher. 
The  historians'  standard  view  ist  that  this  is  algebra  in  geometrical  disguise,  the  so-called 
"geometrical  algebra".  According  to  this,  the  theorem  is  a  means  to  construct  geometrically 
the  solution  of  a  quadratic  equation  of  the  form 
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x2+ax  =  b2. 


This  can  be  achieved  in  the  following  way.  The  idea  is  somehow  concealed  in  the 
wording  of  the  theorem,  since  the  Greeks  expressed  it  additively.  If  we  reformulate  the 
theorem  slightly,  the  idea  can  be  seen  better: 

ADBD  =CD!  -CB2 

Here,  the  difference  between  the  two  squares  on  the  right  side  has  a  geometrical  meaning. 
It  is  the  angular  area  NOP  situated  around  the  point  H  (fig.  1 ).  Such  angular  figures  were 
designated  by  the  Greeks  with  a  proper  term  as  a  "gnomon".  Since  the  gnomon  at  hand  is 
the  difference  between  two  squares,  it  is  suggestive  that  the  Pythagorean  theorem  must 
somehow  be  applicable.  Indeed,  if  we  take 

AB  =  « 

as  the  given  quantity  and 

BD  =  v 

as  the  sought  one,  then  we  have 

(a+x)x  =  x2  +ax  -  Gnomon. 

The  gnomon,  however,  is  a  difference  between  two  squares  and  shall  be=b'.  Thus,  the 
Pythagorean  theorem  can  be  applied  to  construct  the  solution  of  the  equation: 

This  yields  immediately  a  geometrical  construction  of  a  root  by  means  of  compass  and 
ruler.  ^ 

As  has  been  said  above,  this  interpretation  has  not  remained  unquestioned,  as  no 
source  can  be  found  with  the  Greeks  in  which  this  theorem  is  used  in  this  way  (see  f.e. 
Unguru  [1975/76]  and  van  der  Waerden  [1975/76].  For  a  discussion  cf.  Artmann  [1991]) 
One  finds,  however,  that  it  has  been  used  for  geometrical  problems  which,  today,  we  would 
describe  algebraically  by  quadratic  equations.  Thus,  for  instance,  in  Euclid  It,  1 1  the  golden 
section  is  derived  from  our  theorem  Euclid  11,6,  and,  algebraically,  the  golden  section 
requires  the  solution  of  a  quadratic  equation.  Likewise,  Appolonius  has  characterized  the 
conic  sections  by  conditions  which  take  recourse  to  the  corresponding  theorems  in  Euclid 
II.  Nevertheless,  it  may  rightfully  be  asked  whether  it  is  justified  to  speak  simply  of  algebra 
here.  Euclid  II  contains  purely  geoemtrical  theorems  which  are  used  to  solve  purely 
gcocmtrical  problems.  However  this  question  may  be  answered,  in  any  case,  to  me  the 
conclusion  seems  irrefutable  that  Euclid  II  belongs  into  the  history  of  algebra,  because 
some  subsequent  authors  referred  explicitely  to  Euclid  or  used  similar  geometrical  figures 
in  order  to  justify  the  undisputably  algebraic  formulae  for  solving  quadratic  equations. 
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This  is,  for  instance,  the  case  with  al-Khowarizmi,  and  with  this  we  come  to  our  second 
text.  In  the  9th  century  A.D.,  al-Khowarizmi  (see  Rosen  [1831])  formulated  a  verbal  rule  to 
solve  the  quadratic  equation  of  the  type  "Roots  and  Sqares  are  equal  to  Numbers"  (e.g.: 
.x !  + 10*  =  39):  "...you  halve  the  number  of  the  roots,  which  in  the  present  instance  yields 
five.  This  you  multiply  by  itself;  the  product  is  twenty-five.  Add  to  this  thirty-nine;  the 
sum  is  sixty-four.  Now  take  the  root  of  this,  which  is  eight,  and  subtract  from  it  half  the 
number  of  roots,  which  is  five;  the  remainder  is  three.  This  is  the  root  of  the  square 
which  you  sought  for;  the  square  itself  is  nine"  (I.e.,  8).  He  justified  this  rule  by  the 
following  geometrical  diagram 


G 

B 

25 

D 

H 


Figure  2 

The  square  AB  represents  the  x1  sought,  to  which  the  two  rectangles  G  und  D  of  size 
5*  are  made  adjacent.  In  the  lower  left  corner  is  then  a  square  of  size  5 -5  =  25  "missing".  If 
it  is  added,  the  large  square  SH  has  the  area  25+39  =  64  and,  thus,  the  side  length  8  =  5+*. 
Therefore,  a  solution  of  the  equation  is  x  =  3. 

Obviously,  there  is  a  certain  similarity  between  this  figure  and  that  in  Euclid.  Al- 
Khowarizmis's  figure,  however,  is  much  simpler,  and  its  meaning  is  much  easier  to  decipher. 
It  does  not  aim  at  a  geometrical  theorem  which  would  have  to  be  formulated  statically,  but 
rather  for  an  arithmetical  or  geometrical,  in  any  case  algorithmic,  determination  of  a  certain 
quantitiy.  Al-Khowarizmi's  figure  must  be  read  dynamical!,  and  it  is  incomplete  in  the  sense 
that  it  does  not  contain  any  equality  at  all.  We  must  mentally  add  this  equation.  Al- 
Khowarizmi's  figure  has  only  an  operative  meaning,  but  this  meaning  is  clear  and 
unmistakable. 

This  purely  cognitive  description  of  the  difference  between  Euclid  and  al-Khowarizmi, 
however,  remains  incomplete  and  unintelligible,  if  the  respective  cultural  context  is  not 
considered.  Indeed,  there  is  evidence  that  al-Khowarizmi  belonged  to  a  group  of  Arabian 
mathematicians  who  followed  an  anti-Euclidean  attitude  and  did  mathematics  not  out  of  a 
theoretical,  but  out  of  a  purely  practical  interest.  Solomon  Gandz  has  described  this  very 
impressively,  and  I  should  like  to  quote  him  at  some  length:  "At  the  university  of  Baghdad 
founded  by  al-Ma'mun  (813-33),  the  so-called  Bay,  al-Hikma,  'the  House  of  Wisdom', 
where  al-Khowarizmi  worked  under  the  patronage  of  the  Caliph,  there  and  then 
flourished  also  an  older  contemporary  of  al-Khowarizmi  by  the  name  ofal-Haijaj  ibn 
Yusufibn  Matar.  This  man  was  the  foremost  protagonist  of  the  Greek  school  working  for 
the  reception  of  Greek  science  by  the  Arabs.  All  his  life  was  devoted  to  the  work  on 
Arabic  translations  from  the  Greek.  Already  under  Harun  al-Rashid  (786-809)  al-Haijaj 
had  brought  out  an  Arabic  translation  of  Euclid's  Elements.  When  al-Mamun  became 
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Caliph,  al-Haijaj  tried  to  gain  his  favor  by  preparing  a  second  improved  edition  of  his 
Euclid  translation.  Later  on  (829-30)  he  translated  the  Almagest.  Now  al-Khowarizmi 
never  mentions  this  colleague  of  his  and  never  refers  to  his  work.  Euclid  and  his 
geometry,  though  available  in  a  good  translation  by  his  colleague,  is  entirely  ignored 
by  him  when  he  writes  on  geometry.  On  the  contrary,  in  the  preface  to  his  Algebra  al- 
Khowarizmi  distinctly  emphasizes  his  purpose  of  writing  a  popular  treatise  that ,  in 
contradiction  to  Greek  theoretical  mathematics,  will  serve  the  practical  ends  and  needs 
of  the  people  in  their  affairs  of  inheritance  and  legacies,  in  their  law  suits,  in  trade  and 
commerce,  in  the  surveying  of  lands  and  in  the  digging  of  canals.  Hence,  al-Khowarizmi 
appears  to  us  not  as  a  pupil  of  the  Greeks  but,  quite  to  the  contrary',  as  the  antagonist  of 
al-Haijaj  and  the  Greek  school,  as  the  representative  of  the  native  popular  sciences.  At 
the  Academy  of  Baghdad  al-Khowarizmi  represented  rather  the  reaction  against  the 
introduction  uf  Greek  mathematics.  His  Algebra  impresses  us  as  a  protest  rather  against 
the  Euclid  translation  and  against  the  whole  trend  of  the  reception  of  the  Greek 
sciences.  "(Gandz  [  1 932],  65/66) 

In  the  history  of  medieval  Arabic  algebra,  there  were  obviously  two  currents.  One 
consciously  adopted  Greek  traditions  and  founded  the  methods  to  solve  quadratic 
equations  by  recurring  directly  to  Euclid  II,  This  current  can  be  designated  as  a  scientifc- 
academic  one.  The  other  current  had  its  sources  more  in  Indian  mathematics  and  in  Near 
and  Middle  East  traditions  oriented  towards  popular  applications.  Van  der  Waerden 
speaks  of  a  tradition  of  popular  mathematics  in  Egypt  and  in  the  Near  East  during  the 
hellenistic  and  post-hellenistic  epoch  (van  der  Waerden  [1985],  14);  similar  statments  have 
been  made  by  J.  Hoyrup  (see  Scholz  [1990],  43).  Al-Khowarizmi  was  probably  inspired  by 
these  sources.  Thus,  the  history  of  algebra  seems  to  be  fed  by  different  lines  of  tradition 
which  had  been  influenced  and  shaped  by  various  theoretical  and  practical  interests. 

If  we  take  these  facts  for  granted,  we  may  ask  whether  such  knowledge  should  be  part 
of  the  mathematical  teaching  offered  to  our  students.  I  should  like  to  answer  this  clearly  in 
the  affirmative.  Why?  The  core  of  my  answer  is  that  history  serves  to  thematize  problems 
which  concern  the  students  and  for  which  there  is  no  opportunity  of  discussion  in  the 
usual  learning  environment.  This  concerns  a  host  of  aspects  among  which  I  should  like  to 
single  out  two,  which  seem  particularly  important  to  me.  The  first  is  the  contrast,  already 
mentioned,  between  practical  and  theoretical  mathematics.  This  contrast  can  first  be 
connected  with  the  question  why  al-Khowarizmi's  solution  of  the  quadratic  equation  is  so 
easy  to  understand  and  why  Euclid's  theorems  prove  to  be  so  inaccessible.  We  had  already 
pointed  out  that  al-Khowarizmi's  diagram  must  be  read  dynamically,  as  a  step-by-step 
calculation  of  a  quantity  which  is  represented  as  a  geometrical  variable.  This  type  of 
mathematics  is  characterized  by  the  immediately  perceptible  connection  between  the 
motive  of  action  (one  wants  to  know  a  concrete  quantity),  plan,  and  action.  On  the  other 
side,  there  is  the  unwieldy  Euclidean  theorem.  It  does  not  immediately  express  its  meaning 
and  why  we  should  bother  at  all  with  such  a  theorem.  As  mathematicians,  we  are  familiar 
with  this  phenomenon.  Many  theorems  of  mathematics  have  no  meaning  out  of 
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themselves,  but  only  as  components  of  a  theoretical  structure.  To  establish  and  to  develop 
such  a  structure,  i.e.  a  theory,  is  not  only  a  cognitive  achievement,  but  requires  also  a 
certain  social  and  cultural  context  within  which  dealing  with  such  purely  mental  structures 
makes  sense  (and,  as  we  know,  leads  often  to  substantial  practical  conclusions).  In  Greece, 
for  instance,  a  book  like  Euclid's  can  only  be  understood  if  we  take  into  consideration  the 
cultural  climate  in  which  philosophies  of  mathematics  like  those  developed  by  Platon  and 
Aristotle  could  grow.  Students,  too,  are  confronted  with  the  contrast  between  theoretical 
and  practical  mathematics  from  the  very  beginning  of  their  mathematical  career,  but  there  is 
no  place  in  teaching  where  the  perceptions,  attitudes,  motives  and  sentiments  linked  with 
the  different  types  of  mathematics  can  be  thematized  and  reflected  upon.  Thus,  important 
distinctive  features  of  mathematics  are  reduced  to  individual  observations  never  publicly 
mentioned  which  frequently  turn  into  bizarre  sediments  of  an  unreflected  mathematical 
biography.  Here,  history  would  offer  an  opportunity  to  relate  one's  own  experience  to  the 
historical  lines  of  traditions  and,  thus,  to  experience  subjective  impressions  as  objectively 
founded. 

My  second  point  refers  to  the  concept  of  variable.  This  is  a  fundamental  concept  of 
mathematics.  It  is  fundamental  for  the  mathematical  mode  of  thinking  and  for  the  way  how 
mathematical  objetcs  exist.  However,  it  does  not  belong  to  its  'subject  matter'  and  is  not 
explicitely  treated.  Though  being  one  of  the  most  fundamental  ideas  of  mathematics,  the 
concept  of  a  variable  is  more  a  notion  of  meta-mathematics  than  of  mathematics  itself.  The 
simple  idea  to  suppose  something  not  yet  known  as  known  and  to  represent  it  by  a  symbol 
"x"  required  a  long  history  before  it  was  elaborated.  In  al-Khowarizmi,  we  evidently  find 
variables  in  geometrical  form,  but  already  conceived  of  operatively  as  constituents  of 
algorithmic  procedures.  Al-Khowarizmi  did  certainly  not  invent  variables,  but  rather  they 
had  already  existed  for  a  long  time  within  the  practical  popular  tradition.  In  Greek 
mathematics.  Pappus  reported  about  the  "analytical  method"  which  embraces  the  very  idea 
of  assuming  what  is  sought  as  known.  It  is  very  probable  that  this  idea  goes  back  to  the 
tradition  of  practical  mathematics.  It  is  this  very  idea,  Descartes  mentions  again  at  the 
beginning  of  his  "geometry"  (1637).  The  meaning  of  the  concept  of  variable  is  obviously 
not  confined  to  finding  the  correct  algebraic  equation  for  elementary  mathematical 
problmes.  In  his  dispute  with  Frege,  Hilbert  has  pointed  out  that  systems  of  axioms  can  be 
compared  to  systems  of  conditional  equations.  Every  axiom  is  some  kind  of  equation  for 
the  undefined  terms  occurring  within  it,  which  must  in  consequence  be  regarded  as 
variables  (cf.  Steiner  [1964].  Steiner  [1965]  and  Jahnke  [1978],  147  -  151).  In  tis 
generalized  sense,  the  use  of  variables  is  even  not  only  constitutive  for  mathematics,  but 
for  any  theoretical  science.  Every  science  contains  basic  concepts  which  are  at  first  onyl 
partially  interpreted  and  are  progressively  determined  by  new  applications  and  new 
theorems  in  the  course  of  theoretical  progress. 

Again,  we  have  to  note  that  current  teaching  has  no  proper  place  for  such  ideas 
though  they  are  constitutive  for  an  adequate  understanding  of  mathematics. 
Consequently,  we  encounter  only  a  small  number  of  pupils  and  students  who  are 
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somehow  aware  of  the  significance  of  the  method  of  setting  the  "unknown"  equal  to  "x". 
At  best,  they  will  see  this  as  a  "brilliant  trick",  but  none  will  realize  that  the  concept  of 
variable  is  a  key  to  large  parts  of  the  history  and  philosophy  of  science.  Thus,  there  is  again 
the  danger  that  this  important  achievement  becomes  a  "bizarre  sediment"  within  an 
unreflected  mathematical  biography.  Such  ideas  should  and  can  be  thematized 
independent  of  historical  contexts,  but  1  claim  that  the  very  individual  character  of  a  case 
like  al-Khowarizmi's  substantially  contributes  towards  understanding  the  general  meaning 
of  a  concept  like  that  of  variable.  This  insight  is  deepened  by  the  contrast  between  our 
present  purely  symbolical  algebra  and  its  geometrical  versions  which  can  be  found  in 
history.  This  contrast  provides  the  opportunity  of  imbedding  the  meaning  of  algebra  in 
broader  contexts  and  making  it  understandable. 

These  brief  remarks  will  suffice  to  make  clear  how  I  think  that  history  could  be 
included  into  the  topic  of  "quadratic  equations".  Obviously,  not  genetically  as  a  means  to 
teach  the  algebraic  methods  of  solution.  This  should  be  done  in  one  of  the  usual  ways.  In 
the  subsequent  period  of  exercises,  however,  one  of  al-Khowarizmi's  texts  could  be  read. 
His  geometric  derivation  is  mathematically  fascinating  and  challenging  for  students. 
According  to  the  classroom  situation,  the  other,  more  difficult  cases  of  quadratic  equations 
can  be  treated  as  well.  If  al-Khowarizmi's  book  is  then  discussed  as  a  whole,  the  class  will 
be  guided  immediately  to  the  cultural  and  historical  context.  With  regard  to  his  practical 
motives,  al-Khowarizmi  is  very  explicit.  Among  the  interesting  questions  is  the  one  which 
practical  applications  al-Khowarizmi  offers  for  quadratic  equations.  The  students  will  be 
bitterly  disappointed  and  find  not  one  unartificial  example.  Perhaps  comparisons  with  the 
textbook  in  use  will  be  possible.  The  cultural  context  would  also  provide  a  key  for  a  brief 
glance  at  Euclid,  but  under  normal  circumstances  this  would  be  going  too  far.  I  am 
convinced  that  the  students'  material  view  on  algebra  will  substantially  profit  from  this 
excursion  into  history. 

3.  The  cultural  dimension  of  mathematics  -  Georg  Cantor's  introduction  and 
justification  of  the  transfinite  ordinal  numbers 

As  my  second  case,  I  should  like  to  treat  the  introduction  and  justification  of  the 
transfinite  ordinal  numbers  by  Georg  Cantor  in  1883.  Obviously,  this  case  is  far  from  the 
former  with  regard  to  content  and  historical  period,  yet  there  is  a  relationship.  This  is 
established  by  the  generalized  meaning  of  the  concept  of  variable  of  which  I  have  spoken 
above.  Cantor  introduced  the  transfinite  ordinals  as  symbolic  quantities  having  certain 
properties.  This  procedure  was  not  as  evident  to  him  as  it  is  for  us  today,  and,  hence,  he 
gave  quite  a  number  of  reasons  which  can  only  be  understood  when  considering  the 
cultural  and  philosophical  context  of  his  time.  These  I  am  going  to  analyze.  As  a  result  of 
this  analysis.  Cantor  will  prove  to  be  a  typical  representative  of  a  transitional  period  from 
the  19th  century  to  modern  mathematics,  and  getting  familiar  with  his  mode  of  reasoning 
offers  us  a  unique  access  to  the  origins  of  modern  mathematical  thought. 
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To  understand  Cantor's  situation,  we  must  realize  that  there  are  two  different 
components  in  Cantor's  set  theory.  One  is  the  set  theoretical  description  of  point 
aggregates  of  real  numbers  or  of  spaces  of  higher  dimension.  This  was  intuitively 
accessible  to  Cantor's  colleagues,  and  as  an  informal  way  of  speaking  this  type  of  set 
theory  had  existed  a  long  time  before  Cantor.  He  was  only  the  first  to  start  a  systematical 
study  in  this  field  and  to  attain  remarkable  and  surprising  results.  His  achievements  in  this 
area  were  received  and  used  by  his  colleagues.  Quite  different  is  the  situation  with  the 
theory  of  the  transfinite  cardinals  and  ordinals,  which  Hilbert  later  designated  as  "one  of 
the  most  audacious  creations  of  the  human  mind".  This  part  of  set  theory  met  with 
widespread  lack  of  understanding  and  even  sharp  criticism  among  his  contemporaries. 

The  emergence  of  set  theory  started  in  1872,  when  Cantor  published  a  paper  on  the 
uniqueness  of  Fourier  series  representations  (in  regard  to  Cantor's  biography  and  the 
emergence  of  his  set  theoretical  ideas  cf.  Dauben  [1979]  and  Purkert  &  Ilgauds  [1987]). 
For  the  theorem  to  be  proved  he  needed  the  new  concept  of  a  "derived  set"  to  characterize 
certain  subsets  of  the  reals.  He  defined  the  derivation  F  of  a  subset  P  of  the  reals  as  the  set 
of  all  limit  points  of  P.  In  the  same  paper  he  gave  also  a  new  foundation  for  the  real 
numbers,  an  achievemnet  which  had  been  sufficient  to  secure  him  a  prominent  place  in  the 
history  of  mathematics.  In  1874,  Cantor  published  another  paper  where  he  proved  that  the 
algebraic  numbers  are  countable  whereas  the  reals  are  not.  In  1877,  after  many  efforts,  he 
was  successful  to  prove  the  result,  surprising  even  to  himself,  that  the  the  set  of  points  of 
the  unit  square  has  same  the  cardinality  as  the  set  of  points  of  the  unit  interval!. 

Though  some  of  these  results  were  a  real  sensation,  they  remained  within  the  limits  of 
the  widely  accepted  set  theoretical  description  of  the  continuum  and  its  subsets.  From 
1 879  on,  however.  Cantor  began  publishing  a  series  of  papers  under  the  heading  "Ubcr 
lineare  uncndliche  Punktmannichfaltigkeiten"  ("On  linear  infinite  point  sets"),  part  1  to  6,  in 
which  he  accomplished  the  decisive  step  towards  the  theory  of  transfinite  ordinals.  This 
was  in  the  5th  contribution  published  in  1883  (Cantor  [1883]).  In  the  introduction,  C-n.or 
wrote  that  his  studies  had  progressed  to  a  point  "where  their  continuation  becomes 
dependent  on  an  extension  of  the  concept  of  the  real  whole  number  beyond  the  p:  esent 
limitations,  and  this  extension  falls  into  a  direction  where  nobody  has  hitherto  sought 
it."  (I.e.,  73)  He  was  well  aware  of  the  fact  this  his  endeavour  was  "in  a  certain  opposition 
to  views  widely  held  concerning  the  mathematical  infinite  and  to  opinions  frequently 
defended  on  the  nature  of  numbers"  (I.e.).  Therefore,  he  devoted  most  of  this  paper  to 
historical  and  philosophical  reflections  on  the  infinite  and  his  new  transfinite  ordinals.  In  its 
entire  character,  this  paper  went  beyond  what  was  then  mathematically  accepted  use,  and 
Felix  Klein's  amazing  foresight  was  required  to  ensure  that  Cantor's  work  could  be 
published  at  all  in  a  mathematical  periodical. 

To  understand  Cantor's  epistemological  problem  and  the  audacity  of  his  step,  we  must 
go  back  a  bit.  Cantor  had  already  introduced  the  transfinite  ordinals  in  the  second  paper 
"On  linear  infinite  point  sets"  of  1880  as  symbols  designating  the  order  of  a  certain  iterative 
procedure  (Cantor  [1880]).  If  P  is  a  set  of  points,  and  if  P,P'  ,...Pw,...are  derivations  of  P 


of  finite  order,  we  obtain  the  first  derivation  with  infinite  order  and,  thus,  the  first  infinite 
ordinal  according  to  P{u)  =f)/>w.  After  PM  follow  then  /5<",n,  f*°"2).  The  derivation  of 


important  fact  is  that  intuitive-geometric  examples  can  be  given  for  all  these  sets,  as  Cantor 
showed.  Therefore,  the  transfinite  operative  symbols  a),a)",a)<"",...have  a  clearly 

determined,  intutive  meaning,  too.  In  order  to  illustrate  the  situatiuon,  one  could  perhaps 

3  1 

draw  an  analogy  to  fractions.  Fractions  like  —  or  —  can  be  understood  as  operative 

4  7 

symbols  producing  parts  from  a  whole  (e.g.  a  cake).  In  this  sense,  fractions  have  a  well- 
defined  intuitive  meaning.  But  it  is  something  very  different  to  detach  fractions  from  this 
intuitive  meaning  and  to  conceive  of  them  as  of  autonomous  objects,  for  which  an  abstact 
calculus,  the  calculus  of  fractions,  is  established. 

This  is  precisely  the  step  Cantor  does  in  the  said  5th  paper.  The  transfinite  operative 
symbols  -  Cantor  speaks  of  "hestimmt  defmierte  Unendlichkeitssymbole"  ("definitely 
defined  symbols  of  infinity")  (Cantor  [1883],  74)-  are  detached  from  their  intuitive  context 
and  conceived  of  as  "unendliche  reale  game  Zahlen"  ("infinite,  real,  whole  numbers") 
(I.e.).  As  we  have  seen,  Cantor  was  well  aware  of  the  audacity  of  this  step,  and  I  am  going 
to  discuss  some  of  his  arguments  for  justifying  it.  My  purpose  is  not  to  reconstruct  Cantor's 
mathematico-philosophical  views  completely,  but  I  shall  select  some  of  his  arguments, 
classify  them,  and  relate  them  to  their  cultural  and  philosophical  background  within  19th 
century  Germany.  I  distinguish  seven  arguments: 
1.  Mathematics  is  a  formal  science. 

Cantor  distinguishes  between  two  meanings  of  the  reality  of  whole  (finite  or  infinite) 
numbers,  their  intrasubiective  or  immanent  reality  and  their  transsuhiective  or  transient 
reality  (I.e.,  90/91 ).  The  former  consists  in  the  relations  of  numbers  to  other  "components  of 
our  thinking ".  the  latter  says  that  numbers  have  to  be  considered  also  as  expressions  or 
images  of  processes  in  the  exterior  world  with  which  the  intellect  is  confronted.  A 
concept's  immanent  reality,  according  to  Cantor,  presupposes  that  its  relations  to  the  other, 
previously  formed  concepts  are  well-defined  and  consistent.  Consequently,  pure 
mathematics  must  deal  only  with  a  concept's  immanent  reality  and  is  not  subject  to  a 
metaphysical  control.  In  this  sense,  it  is  "free"  mathematics.  Against  that,  "applied" 
mathematics  (analytical  mechanics  and  mathematical  physics)  must  take  into  account  the 
relationship  towards  external  objects  and  is  insofar  metaphysical  in  its  foundations  and 
objectives. 

The  strategic  function  of  this  reasoning  is  clear.  It  provided  a  genera!  legitimation 
against  all  those  colleagues  who  frankly  denied  the  existence  of  the  actual  infinite  and 
therefore  would  reject  the  transfinite  ordinal  numbers.  If  GauB,  Abel,  Jacobi,  Dirichlet, 
WeierstraB,  Hennite  and  Ricmann  had  been  subject  to  a  metaphysical  control,  Cantor  said. 


order  of  P{u)  is  then  defined  by  P'a2)  =  f)pi°"").  This  process  can  be  continued  over  all 

n  =  l 

polynomials  in  ,  up  to  expressions  like  P"",P""  ,  etc.  In  the  present  context,  the  most 
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the  modern  theory  of  complex  functions,  which  at  first  had  no  applications,  could  never 
have  been  developed.  Cantor  extended  this  general  argument  by  another  one  specific  to 
the  mathematics  of  the  19th  century. 

2.  The  example  of  Ideal  elements.  The  transfinite  ordinals  and  the  actual  infinite,  Cantor 
says,  are  creations  just  as  legitimate  and  at  the  same  time  alien  to  the  everyday  mind  as  the 
complex  numbers  had  been  ages  ago  (I.e.,  74).  We  may  note  that  this  argument  has  a 
certain  tradition  in  mathematics.  Leibniz  and  others  had  already  justified  their  use  of 
infinitesimally  small  numbers  with  the  same  remark.  In  the  19th  century,  this  entire  method 
of  introducing  new,  intuitively  uninterpre table  concepts  in  a  purely  symbolical  way  had 
been  elaborated  into  a  systematic  technique  by  various  mathematicians.  Thus,  for  example, 
infinitely  distant  points,  straight  lines  and  planes  in  projective  geometry,  one  infinitely 
distant  point  in  the  complex  plane  and  ideal  algebraic  numbers  had  been  created  and 
proved  to  be  powerful  mathematical  instruments.  Cantor  pointed  explicitely  to  these 
examples,  and  indeed  a  present-day  mathematician  who  has  grown  up  with  these 
techniques  has  difficulties  in  understanding  why  Cantor  was  exposed  to  such  a  strong 
criticism.  Thirty  years  later,  David  Hilbert  used  the  very  same  argument  to  legitimize  his 
formalist  foundation  of  mathematics.  Hilbert  considered  only  finite  combinatorial  objects  to 
be  intuitively  interpretable,  and  the  rest  of  mathematics  turned  into  a  universe  of  "ideal 
elements".  Cantor's  proclamation  of  the  liberty  of  pure  mathematics  thus  was,  under 
philosophical  aspects,  an  offshoot  into  mathematical  modernity  which  nevertheless  had  its 
distinctive  genesis  within  the  cultural  and  philosophical  soil  of  the  19th  century. 

Cantor's  roots  in  19th  century  culture  can  be  seen  most  impressively  from  the  fact  that 
he  was  not  simply  a  formalist  and  was  not  content  with  a  formal  view  on  pure  mathematics, 
either.  For  him,  there  was  no  doubt  that  immanant  and  transient  reality  will  always  be  in 
accordance,  and  he  saw  the  reason  for  that  "in  the  unity  of  the  universe  to  which  we 
belong  as  well"  (I.e.,  91).  Thinking  and  external  reality  are  in  the  last  instance  tied  together 
by  an  inner  harmony  even  if  this  is  not  evident  at  any  time  and  in  all  respects.  In  order  to 
elaborate  the  material  meaning  of  the  transfinite  ordinals,  Cantor,  thus,  advanced  quite  a 
number  of  additional  arguments  which  again  have  their  roots  in  19th  century  culture. 

3.  The  Appeal  to  Internal  Intuition  ("Innere  Anscahuung").  In  various  parts  of  his  text, 
Cantor  appeals  to  "internal  intuition"  ("innere  Anschauung")  as  proof  that  the  transfinite 
ordinals  exist.  In  one  place  he  says,  that  the  concept  of  counting  possesses  an  immeadiate 
objective  reality  in  our  internal  intuition  and  that  this  proves  the  reality  of  ordinal  numbers 
even  when  they  are  definitely  infinite  (I.e.,  76).  A  little  later,  he  states  that  the  laws  of  these 
numbers  can  be  derived  with  apodictic  certainty  from  "immediate  internal  intuition"  (I.e., 
78).  He  even  proclaims  the  theorem  that  any  set  can  be  well-ordered  to  be  an  universally 
valid  law  of  thinking  (I.e.).  The  entire  scope  of  this  appeal  to  internal  intuition  can  be 
understood  only  within  the  cultural  climate  of  19th  century  Germany.  The  concept  seems 
to  appear  first  in  Kant  where  it  is  the  psychological  correlate  to  pure  intuition.  It  designates 
our  ability  to  internally  grasp  spatial  and  temporal  forms  as  the  basis  of  geometry  and 
arithmetics,  independent  of  any  external  empirical  perception.  Later  on,  this  concept  was 
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extended  and  linked  to  that  of  "productive  imagination",  then  designating  the  ability  to 
imagine  even  objects  which  go  beyond  spatio-temporal  intuition.  Internal  intuition  thus 
meant  the  ability  of  imagining  worlds  which  lie  beyond  our  empirical  everyday  world.  The 
concept  also  had  an  important  pedagogical  function,  as  all  pedagogical  authors  from 
Herbart  to  Diesterweg  agreed  that  the  development  of  internal  intuition  in  contrast  to 
external  perception  is  the  main  aim  of  mathematics  instruction  (c.f.  Jahnke  [1990],  34  -  62). 
During  the  entire  19th  century,  the  concept  of  internal  intuition  played  an  important  role  in 
the  mathematical  literature,  because  ideal  elements  such  as  the  infinitely  distant  points  in 
projective  geometry,  while  not  being  empirically  perceptible,  seemed  accessible  to  internal 
intuition,  and  Cantor  used  it  in  precisely  this  way  in  the  phrases  mentioned  above.  He  was 
firmly  convinced  that  such  an  internal  intuition  existed  and  was  apt  to  prove  the  existence 
of  a  mathematical  object,  and  he  could  trust  that  this  would  convince  his  readers,  too. 

4.  The  Aesthetical  Argument.  The  beauty  of  a  theory  was  a  much-used  topos  in  the 
scientifc  literature  of  the  19th  century,  and,  consequently.  Cantor  also  wrote  that  it  was 
"pure  delight"  for  him  to  see  how  the  number  concept  splits  into  the  two  concepts  of 
cardinal  and  ordinal  number  when  one  ascends  to  infinity  (I.e.,  90). 

5.  The  Legitimacy  of  Abstract  Speculation.  Kronecker,  Cantor's  strong  opponent,  held 
the  view  that  only  the  finite  whole  numbers  really  existed  and  that,  in  the  last  instance,  all 
other  analytical  concepts  should  be  conceived  of  as  relationships  between  finite  whole 
numbers.  This  conception,  later  designated  as  "early  intuitionism",  was  directed  against 
most  analysts  of  the  time,  in  particular,  however,  against  Cantor.  In  a  very  poignant  remark 
of  his  paper,  Cantor  supposed  that  Kronecker's  intention  was  "to  draw  limits  to  the  free 
flight  of  the  mathematical  speculation,  to  prevent  its  falling  into  the  chasm  of  the 
'transcedent'. "  (I.e.,  82)  This  leads  directly  into  one  of  the  hottest  and  typically  German 
disputes  within  19th  century  science.  While  philosophy  and  science  had  been  closely 
allied  at  the  beginning  of  the  century,  such  as  in  romantic  natural  science  ("romantische 
Naturforschung"),  an  anti-philosophical  turn  occurred  later  which  led  to  a  predominance  of 
positivistic  views.  Cantor,  obviously,  views  himself  as  being  on  the  side  of  speculative 
thought  and  opposed  to  positivism  even  in  1883.  He  believes  to  advance  a  strong 
argument  when  he  reproaches  Kronecker  for  being  attacheii  to  "utilitarianism".  C.  G.  J. 
Jacobi  had  already  instisted,  against  Fourier,  that  he  "did  science  for  the  glory  of  the 
human  mind".  Within  the  German  academic  climate,  it  was  not  opportune,  even  at  the  end 
of  the  century,  and  despite  the  positivism,  to  be  considered  an  adherent  of  "utilitarianism". 

6.  Organismic  Conception  of  Nature.  Cantor  does  not  state  it  openly,  but  he 
nevertheless  suggests  to  the  reader  in  connection  with  one  of  his  remarks  about  Leibniz' 
and  Spinoza's  philosophy  that  transfinite  numbers  are  a  first  step  towards  a  mathematics 
which  would  be  suitable  for  an  organismic  research  into  nature,  whereas  the  mathematical 
analysis  hitherto  used  sided  with  the  mechanical  explanation  of  nature.  Again,  we  observe 
a  cognitive  motive  of  romantic  natural  science  (I.e.,  86). 

7.  Mathematical  Generalization  and  Differentiation  of  Properties.  Against  those 
mathematicians  and  philosophers  who  saw  in  the  existence  of  the  actual-infinite  a 
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contradiction  to  other  concepts  and  principles  of  mathematics.  Cantor  argued  that  it  is  one 
of  the  essential  features  of  mathematical  generalization  that  the  generalized  objects  do  not 
necessarily  have  the  same  properties  as  those  which  had  been  assumed  at  the  outset.  For 
finite  sets,  cardinal  and  ordinal  number  (in  German  "Anzahl",  we  say  for  the  sake  of 
simplicity  "ordinal  number")  are  congruent  in  the  sense  that  sets  of  the  same  cardinality 
also  have  the  same  ordinal  number.  This  is  no  longer  true  for  infinite  sets.  Sets  of  the  same 
cardinality  may  very  well  have  different  ordinal  numbers.  This  is  so,  because  for  infintc  sets 
the  ordinal  number  is  dependent  on  the  previously  defined  well  ordering,  whereas  for  finite 
sets  the  possible  different  orders  lead  to  the  same  ordinal  number.  In  the  finite  case,  the 
commutative  law  of  addition  holds  for  ordinal  numbers,  but  this  is  not  true  for  infinite  sets, 
since  l+o)= co*  co+l.  For  finite  sets,  an  ordinal  number  is  either  even  or  odd,  in  the  infinite 
cases,  it  can  be  both,  because  of  <u-2  =  \+co-2.  The  situtaion  is  like  that  with  complex 
numbers,'  where  one  cannot  distinguish  between  positive  and  negative  numbers  either  (I.e., 
75,  77,  78).  Teacher  students  should  be  able  to  see  the  analogies  to  problems  learners 
encounter  when  switching  from  calculating  with  natural  numbers  to  fractional  or  negative 
numbers.  Among  other  things,  with  fractions  the  "law"  that  multiplication  increases  a 
number  will  not  longer  hold  true. 

If  we  try  to  sum  up  these  arguments,  we  will  not  be  able  to  pereieve  them  as  a  closed 
edifice  of  reasoning.  The  very  same  internal  intuition  which  made  Cantor  "see"  his 
transfinitc  ordinals  served  him  as  a  reason  to  consider  the  infinitely  small  quantities 
mathematically  illegitimate.  Nevertheless,  there  is,  as  we  have  seen,  a  perhaps  surprising 
relation  to  some  general  trends  in  German  cultural  history  of  the  19th  century.  Cantor's 
entire  arguments  had  already  played  a  part  eighty  years  before  in  the  romantic  movement 
and  romantic  natural  science.  Romanticism  had  had  to  cede  to  positivist  views,  but  some 
lines  of  thinking  which  originated  from  romanticism  remained  vital  within  the  German 
academic  world.  With  Cantor  they  fused  again  into  a  surprising  synthesis. 

Again,  we  may  ask  whether  our  students  can  profit  from  such  a  text  and  from  being 
able  to  comprehend  it  historically.  Of  course,  today,  one  hundred  years  after  Cantor,  we 
will  not  justify  the  introduction  of  the  transfinite  ordinals  in  the  same  way.  Nevertheless, 
the  tension  between  theoretical  concepts  and  their  intuitive  interpretation  remains  a 
problem  which  concerns  every  mathematician,  I  would  even  say,  every  scientist,  and  for 
which  there  is  no  definite  answer.  It  is  precisely  this  which  makes  the  historical  view 
indispensiblc.  Cantor's  text  quoted  contains  a  fascinating  mixture  of  aspects  which  can  be 
immediately  linked  to  present-day  learners'  experience  and  other  aspects  which  must  be 
inferred  from  the  contemporary  context.  But  even  the  romanticist  subcurrent  in  Cantor's 
thinking  is  not  so  alien  to  our  present-day  problems  as  may  seem  at  first  glance.  The  big 
topic  ot  romanticism  of  imagining  worlds  which  lie  beyond  the  everyday  world  has 
attained  surprising  actuality  in  the  computer  age  with  its  artificial  worlds.  Thus,  the 
historical  view  docs  not  only  lead  us  back  into  the  past,  but  enables  us  to  see  our  present- 
day  problems  more  clearly. 


4.  The  Twofold  Cirlce 


To  close,  I  should  like  to  sketch  a  conception  for  integrating  historical  dimensions  into 
mathematics  teaching.  As  I  have  said  in  the  beginning,  it  is  particularly  important  to  relate 
the  svchronous  and  the  diachronous  mathematical  culture  to  each  other.  The  synchronous 
culture  contains  the  culture  of  dialogue  and  work  in  the  classroom  just  as  well  as  the  role 
of  mathematics  in  public  life,  in  economy  and  technolgy  and  the  image  which  is  attached 
to  it.  The  diachronous  culture  must  be  related  to  this  life  of  mathematics,  but  it  should  not 
simply  affirm  the  sychronous  culture,  but  should  rather  widen  our  visions. 

My  principal  thesis  is  that  the  concept  of  "hermeneutics"  is  suitable  to  describe  the 
pedagogical  interaction  between  synchronous  and  diachronous  culture.  At  a  first  glance, 
this  thesis  has  quite  simple  consequences.  The  mathematics  teacher  who  wants  to  use 
history  of  mathematics  in  his  teaching  should  understand  something  of  the  historian's 
work.  I  mean  this  in  the  sense  that  also  a  physics  teacher  should  understand  something 
about  the  phsicists's  work,  at  least  so  much  as  to  have  an  approximate  idea  how  physical 
theories  refer  to  reality,  which  is  the  role  of  experiments,  how  hyotheses  are  obtained  and 
tested.  If  history  of  mathematics  is  not  to  deteriorate  into  a  dead  dogma,  a  mere  addition  to 
the  dogmas  of  mathematics,  then  the  teacher  introducing  history  should  know  something 
about  historical  sources  and  the  basically  hypothetical  character  of  large  parts  of  our 
historical  knowledge. 

On  the  other  hand,  my  thesis  implies  the  claim  that  the  historian's  perspective  represents 
an  important  element  of  an  appropriate  teaching  culture.  Seen  under  the  aspect  of  method, 
history  of  mathematics,  like  any  history,  is  essentially  a  hermeneutic  effort.  Theories  and 
their  creators  are  interpreted,  and  the  interpreter  is  always  aware  of  the  hypothetical,  even 
intuitive  character  of  his  interpretation.  Interpretation  itself  takes  place  within  a  circular 
process  of  forming  hypotheses  and  checking  them  against  the  text  given.  In  the  case  of 
history  of  science,  the  objects  of  this  process  of  interpretation,  the  scientific  subjects 
(individuals  and  groups),  are  again  hermeneuticians  who  interpret  fields  of  objects.  Of 
course,  this  view  of  scientific  work  will  be  adequate  with  varying  precision  in  different 
times  and  different  fields.  But  if  we  do  not  understand  it  too  narrowly,  this  description  can 
very  well  be  advanced.  Scientific  interpretation,  too,  is  now  subject  to  the  circular  process 
of  forming  hypotheses,  testing  and  revising  them.  He  who  is  concerned  with  history,  thus, 
has  to  do  with  a  complex  network  of  interpreters,  problem  fields,  and  interpretations 
(theories)  which  I  have  represented  in  a  little  diagram  and  which  I  should  like  to  name  the 
"twofold  circle". 

This  diagramm  consists  of ;. :  ilmary  circle  in  the  right  bottom  representing  the  circular 
relation  between  a  scientist  (S),  a  theory  (T)  and  a  field  of  objects  (O)  and  a  large 
secondary  circle  representing  the  hi.  (orian  (S|),  a  historical  interpretation  (T|)  and  the 
primary  circle  as  his  field  of  objects. 

My  proposition  that  the  teacher  should  know  and  understand  something  about  the 
historian's  perspective  if  he  takes  history  of  mathematics  into  the  classroom,  refers  precisely 
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to  the  problem  that  he/she  must  be  aware  of  this  twofold  circle  and  able  to  move  within  it. 
Only  this  will  enable  him  and  his  students  to  acquire  a  certain  freedom  against  the  subject 
matter  to  form  hypotheses  and  to  be  ready  to  think  oneself  into  other  persons  who  have 
lived  in  another  time  and  another  culture. 

For  me,  this  thinking  oneself  into  another  person  and  into  a  different  world  seems  to  be 
the  core  of  an  educational  philosophy,  providing  a  basis  for  historical  contents  in 
mathematics  teaching.  He  who  thinks  himself  into  a  scientist  or  into  a  group  of  people 
doing  mathematics,  has  to  do  mathematics  as  well,  he  moves  as  a  mental  game  in  the 
primary  circle.  This  compels  him,  for  instance,  to  imagine  the  theoretical  conditions  the 
historical  person  is  explicitely  or  implicitely  supposing.  These,  however,  he  will  know  but 
incompletely,  he  will  have  to  mobilize  imagination  to  form  hypotheses  about  them.  The 
essential  thing  in  this  is  that  doing  mathematics  in  the  primary  circle  is  guided,  in  its 
objectives,  by  other  aspects  which  result  from  relations  within  the  secondary  circle. 

Thinking  ourselves  into  other  persons  leads  us  to  reflect  about  our  own  relationship  to 
mathematics.  This  reflection,  in  turn,  is  objectivated  by  the  material  (mostly  texts)  we  are 
working  upon.  Certain  aspects  of  the  historical  person  will  be  easily  accessible  to  us, 
others  will  reamin  alien.  Again:  Why?  As  always  in  hermeneutics,  our  own  self 
unavoidably  comes  into  play,  and  it  is  not  felt  to  be  a  disturbing  factor,  but  a  decisive 
prerequisite  to  insight. 

A  third  element  in  this  work  is  of  especially  pedagogical  value.  The  roles  of  teachers 
and  students  have  to  change  necessarily  if  hermeneutics  is  to  be  taken  seriously.  Surely, 
their  roles  will  not  become  equal,  but  more  symmetrical.  At  certain  points  the  authority  of 
the  teacher  will  necessarily  end. 

Let  me  end  with  the  statement  that  in  all  fields  of  life  it  will  become  more  and  more 
important  in  the  future  to  consciously  relate  the  diachronous  and  synchronous  culture. 
The  teaching  of  mathematics  should  participate  in  this  process. 
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Why  do  we  need  to  consider  new  approaches  to  the  teaching  of  school  algebra?  In 
reporting  the  seventh-  and  eleventh-grade  results  of  the  fourth  mathematics  assessment 
of  the  National  Assessment  of  Educational  Progress  (NAEP),  Brown  et  al.  (1988) 
concluded  that:  "Secondary  school  students  generally  seem  to  have  some  knowledge  of 
basic  algebraic  and  geometric  concepts  and  skills.  However,  the  results  of  this 
assessment  indicate,  as  the  results  of  past  assessments  have,  that  students  often  are  not 
able  to  apply  this  knowledge  in  problem-solving  situations,  nor  do  they  appear  to 
understand  many  of  the  structures  underlying  these  mathematical  concepts  and  skills" 
(pp.  346-347).  However,  to  cover  their  lack  of  understanding,  it  appears  that  students 
resort  to  memorizing  rules  and  procedures  that  they  eventually  come  to  believe 
represents  the  essence  of  algebra.  Brown  et  al.  reported  that  a  large  majority  of  the 
students  of  the  NAEP  study  felt  that  mathematics  is  rule  based  and  about  half  of  the 
students  considered  that  learning  mathematics  is  mostly  memorizing. 

Such  findings  are  not  limited  to  the  United  States.  In  the  algebra  research  reports 
presented  here  at  PME  and  at  other  international  gatherings,  time  and  again  we  have 
heard  that  students  can  learn  to  carry  out  the  expression-simplification  and  equation- 
solving  tasks  we  give  them,  but  are  unable  to  justify  the  operations  they  carry  out.  What 
is  it  in  current  algebra  instruction  that  leads  students  to  this  impoverished  state  of 
cognition? 

In  this  paper  I  will  attempt  to  begin  a  discussion  on  an  alternate  approach  to  the 
teaching  of  algebra.  The  first  part  is  a  theoretical  analysis  of  the  development  of  algebra 
and  of  students'  cognitive  difficulties.  The  second  part  addresses  questions  related  to  the 
adoption  of  a  functional  approach  to  algebra  from  the  very  beginning.  And  the  third  part 
of  the  paper  describes  one  researched  attempt  at  organizing  the  teaching  of  algebra 
around  the  notion  of  function. 

Theoretical  Background 

A.  Process-Object  Model 

Anna  Sfard,  my  co-researcher  in  the  project  to  be  described  later  in  this  paper,  has 
analyzed  the  development  of  various  mathematical  concepts,  definitions,  and 
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representations,  from  a  combined  historical  and  psychological  perspective.  This  analysis, 
supported  by  research  findings  in  the  learning  of  school  mathematics,  has  shown  that 
abstract  notions  such  as  number  and  function  can  be  conceived  in  two  fundamentally 
different  ways:  structurally  (as  objects)  or  operationally  (as  processes).  Sfard  (1991)  has 
presented  the  distinctions  between  the  two  approaches  in  the  following  way: 

There  is  a  deep  ontological  gap  between  the  structural  and  the  operational 
approach.  Seeing  a  mathematical  entity  as  an  object  means  being  capable  of 
referring  to  it  as  if  it  was  a  real  thing--a  static  structure,  existing  somewhere  in 
space  and  time.  It  also  means  being  able  to  recognize  the  idea  "at  a  glance" 
and  to  manipulate  it  as  a  whole,  without  going  into  details.  In  contrast, 
interpreting  a  notion  as  a  process  implies  regarding  it  as  a  potential  rather  than 
actual  entity,  which  comes  into  existence  only  in  a  sequence  of  actions.  Thus, 
whereas  the  structural  conception  is  static  and  integrative,  the  operational  is 
dynamic  and  detailed,  (pp.  4-5) 

Sfard  has  claimed  that  the  operational  conception  is,  for  most  people,  the  first  step  in 
the  acquisition  of  new  mathematical  notions.  The  transition  from  a  "process"  conception 
to  an  "object"  conception  is  accomplished  neither  quickly  nor  without  great  difficulty. 
After  they  are  fully  developed,  both  conceptions  are  said  to  play  important  roles  in 
mathematical  activity.  The  process-object  duality  of  mathematical  concepts,  which  is  a 
pivotal  part  of  the  discussions  in  this  paper,  has  also  been  elaborated  in  somewhat  related 
ways  by  other  researchers  in  the  mathematics  education  research  community,  including, 
Douady  ( 1 985),  Dubinsky  ( 1 99 1 ),  Harel  and  Kaput  ( 1 99 1 ),  and  Gray  and  Tall  ( 1 99 1 ). 

At  the  heart  of  these  models  is  the  notion  that  mathematical  conceptions  lie  in  the  eyes 
of  the  beholder.  To  illustrate,  I  quote  from  a  recent  paper  by  Sfard  and  Linchevski 
(1994): 

When  you  look  at  an  algebraic  expression  such  as,  say,  3(x  +  5)  +  1,  what  do 
you  see?  It  depends.  In  certain  situations  you  will  probably  say  that  this  is  a 
concise  description  of  a  computational  process.  3(x  +  5)  +  1  will  be  seen  as  a 
sequence  of  instructions:  Add  5  to  the  number  at  hand,  multiply  the  result  by  3 
and  add  1.  In  another  setting  you  may  feel  differently:  3(x  +  5)  +  1  represents 
a  certain  number.    It  is  the  product  of  a  computation  rather  than  the 
computation  itself.  Even  if  this  product  cannot  be  specified  at  the  moment  due 
to  the  fact  that  the  component  number  x  is  unknown,  it  is  still  a  number  and  the 
whole  expression  should  be  expected  to  behave  like  one.   If  the  context 
changes,  3(x  +  5)  +  1  may  become  yet  another  thing:  a  function  -  a  mapping 
which  translates  every  number  x  into  another.  This  time,  the  formula  does  not 
represent  any  fixed  (even  if  unknown)  value.  Rather,  it  reflects  a  change.  The 
things  look  still  more  complicated  when  a  letter  appears  instead  of  one  of  the 
numerical  coefficients,  like  in  a(x  +  5)  +  1.  The  resulting  expression  may  now 
be  treated  as  an  entire  family  of  functions  from  R  to  R.  Alternatively,  one  may 
claim  that  what  hides  behind  the  symbols  is  a  function  of  two  variables,  from 
R2  to  R.  There  is,  of  course,  a  much  simpler  way  of  looking  at  3(x  +  5)  +  1:  it 
may  be  taken  at  its  face  value,  as  a  mere  string  of  symbols  which  represents 
nothing.  It  is  an  algebraic  object  in  itself.  Although  scmantically  empty,  the 
expression  may  still  be  manipulated  and  combined  with  other  expressions  of 
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the  same  type,  according  to  certain  well-defined  rules,  (emphasis  in  the  original 
version,  p.  191) 

B.  The  Development  of  Algebra 

The  above  example  is  particularly  appropriate  because  it  sets  the  scene  for  the 
continuation  of  our  discussion.  In  that  example,  we  saw  how  an  algebraic  expression 
can  be  interpreted  as  a  computational  process,  a  fixed  but  unknown  number,  a  function,  a 
family  of  functions,  and  a  string  of  symbols.  The  order  of  these  interpretations  is 
significant,  because  it  reflects  the  historical  development  of  algebra.  As  we  next  look 
briefly  at  this  evolution,  it  is  to  be  kept  in  mind  that  what  was  conceived  in  terms  of 
process  at  one  level  became  reconceptualized  as  an  object  in  the  next  phase  of 
development.  (See  Sfard  (1991)  and  Sfard  and  Linchevski  (1994)  for  more  details.) 

1.  Operational  algebra.  During  this  period,  which  encompasses  all  of  what  we  refer 
to  as  rhetorical  algebra,  algebra  was  characterized  by  the  use  of  ordinary  language 
descriptions  for  solving  particular  types  of  problems  and,  with  a  few  exceptions,  lacked 
the  use  of  symbols  or  special  signs  to  represent  unknowns.  Even  the  approaches  of  the 
Renaissance  mathematicians  of  the  16th  century  were  purely  verbal  and  operational. 
Generalized  computational  processes  on  number  continued  to  be  the  focus  until  Vieta's 
work  of  the  late  1500s  at  which  time  algebraic  objects  were  conceptualized.  This  is  not 
meant  to  suggest  that  the  presence  of  symbols  can  be  equated  with  the  development  of  a 
structural  view.  But  it  is  extremely  difficult  to  imagine  conceptualizing  a  process  as  an 
object  when  one  has  only  words  to  work  with  and  does  not  have  some  symbol  system. 

2.  Algebra  of  a  fixed  value  (of  an  unknown).  Algebra  could  enter  a  structural  phase 
once  a  means  was  developed  to  present  a  computational  process  in  a  very  concise  and 
highly  manipulable  way.  Symbolic  algebraic  expressions  with  an  unknown  represented 
by  a  letter  were  such  a  means.  It  was  Vieta  who.  by  the  end  of  the  sixteenth  century, 
definitely  set  a  basis  for  symbolic  algebra,  r'rom  now  on,  an  expression  such  as  3(x  +  5) 
+  1  (using  the  symbolism  of  today)  could  represent  not  only  a  set  of  operations  to  be 
carried  out  on  some  unknown  number,  it  could  be  viewed  also  as  a  number  itself,  albeit 
an  unspecified  one.  The  process-product  distinction  with  respect  to  algebraic 
expressions,  first  mentioned  by  Davis  (1975),  captures  the  essence  of  the  point  to  be 
made  here. 

Historically,  this  phase  had  to  be  attained  before  any  future  progress  could  be  made. 
The  process  had  to  itself  become  an  object;  in  fact,  the  algebraic  expression  came  to  be 
interpreted  as  having  a  double  sense.  Similar  developments  occurred  earlier  with  respect 
to  the  operations  of  division  and  subtraction  whereby  objects  such  as  1/3  and  -4  were 
created. 

There  is  some  evidence  that  algebra  may  have  entered  this  structural  phase  with  the 
work  of  Diophantus  (3rd  century  A.D.).  Diophantus,  who  used  a  combination  of 
symbols  and  words  and  thus  created  so-called  "syncopated"  algebra,  solved  many 
different  types  of  equations.  Sfard  and  Linchevski  (1994)  have  suggested  that  "while 


solving  word  problems,  he  constructed  such  expressions  as  10  -  x  and  10  +  x  (in  fact,  he 
wrote  equivalent  strings  of  Greek  letters)  and  manipulated  them  as  if  they  were  genuine 
numbers  (e.g.,  he  multiplied  them  obtaining  100  -  x2);  the  fact  that  thirteen  centuries  after 
Diophantus  mathematicians  still  preferred  the  awkward  verbosity  of  rhetoric  algebra 
bespeaks  the  inherent  difficulty  of  his  way  of  thinking"  (p.  199).  But  this  period  can 
only  be  considered  a  first  step  in  the  development  of  structural  algebra,  for  Diophantus 
did  not  develop  any  general  methods;  each  of  the  189  problems  of  his  Arithmetica  was 
solved  in  a  different  way.  Kline  (1972)  has  remarked  that  the  work  of  Diophantus  "reads 
like  the  procedural  texts  of  the  Egyptians  and  Babylonians,  which  tell  us  how  to  do 
things"  (p.  144). 

3.  Functional  algebra.  This  next  phase  of  structural  algebra  was  made  possible  by 
one  ingenious  contribution  made  by  Vieta:  his  introduction  of  letters  in  two  different 
roles--as  unknowns  and  as  givens.  His  use  of  letters  in  this  double  role  was  crucial  to  the 
development  of  functional  algebra:  it  now  became  possible  to  express  general,  non- 
numerical  solutions  to  problems,  something  that  Diophantus  had  not  imagined.  In  other 
words,  the  letter  could  now  be  viewed  as  a  variable. 

The  use  of  symbolic  expressions  to  "reify"  computational  processes  brought  a  real 
breakthrough  in  algebra,  and  in  fact  in  the  whole  of  mathematics.  Concise  procedures 
were  then  developed  for  the  solving  of  equations  by  mere  manipulation  of  the  algebraic 
objects.  These  processes  were  in  stark  contrast  to  the  reversing  computational  processes 
applied  earlier  when  algebraists  were  seeking  to  find  the  value  of  the  unknown  quantity. 

Over  the  course  of  time,  these  parametrized  expressions  which  were  the  objects  of 
algebra  came  to  be  viewed  in  a  functional  way.  Sfard  and  Linchevski  (1994)  have 
pointed  out  that  "after  the  new  invention  [introduction  of  the  symbolism]  was  transferred 
(mainly  by  Descartes  and  Fermat)  to  geometry  to  serve  as  an  alternative  to  the  standard 
graphic  representations,  and  then  applied  in  science  (by  Galileo,  Newton,  and  Leibniz, 
among  others)  to  represent  natural  phenomena,  algebra  was  ultimately  transformed  from  a 
science  of  constant  quantities  into  a  science  of  changing  magnitudes"  (p.  200). 

Despite  these  advances,  the  new  mathematical  object  of  function  still  had  a  long  way 
to  go  in  its  evolutionary  path  before  it  assumed  the  identity  it  has  today.  However,  I  will 
not  dwell  any  longer  on  these  historical  unfo!dings  since  they  are  of  less  relevance  for  my 
story  which  focuses  on  the  introduction  of  high  school  algebra. 

C.  Reflections  of  History  In  Students'  Learning  of  Algebra 

The  previous  account  of  the  historical  development  of  algebra  provides  a  perspective 
for  interpreting  research  findings  on  student  learning  of  algebra.  Only  a  few  samples  of 
past  research  are  presented  here,  in  order  to  provide  a  flavor  of  how  students'  algebra 
learning  difficulties  can  be  interpreted  as  a  series  of  cognitive  adjustments  to  be  made  in 
moving  from  process  to  object  conceptualizations.  Bear  in  mind  that,  quite  often, 
instruction  has  tended  to  follow  the  historical  order.  Thus,  it  is  essential  that  we  be 
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cognizant  of  student  difficulties  in  order  to  begin  to  evaluate  the  implications  of  altering 
our  approach  to  teaching  algebra. 

1.  Operational  algebra.  This  perspective  is  shown  in  students'  early  work  with 
algebra  problem  solving.  Simple  problems  such  as  "Amy  has  5  more  marbles  than  Bill, 
and  Bill  has  twice  as  many  marbles  as  Ken;  if  Amy  has  49  marbles,  how  many  does  Ken 
have?"  are  usually  solved  verbally  and  by  reversing  the  operations  specified  in  the  story 
(49  -  5  and  then  44  /  2).  This  operational  approach,  which  reflects  students'  earlier  work 
in  arithmetic,  is  easily  extended  to  cover  the  solving  of  simple  equations  such  as  3x  +  5  = 
23.  With  problems  involving  the  algebra  of  a  fixed  value,  however,  this  undoing 
approach  fails. 

2.  Algebra  of  a  fixed  value  (of  an  unknown).  Much  of  the  algebra  research 
literature  provides  evidence  of  students'  difficulties  in  handling  tasks  requiring  a  fixed- 
value-algebra  interpretation.  Collis  (1974)  has  described  one  symptom  of  this  difficulty 
as  students'  inability  to  accept  Lack  of  Closure.  Filloy  and  Rojano  (1984)  have 
characterized  the  phenomenon  of  being  able  to  solve  equations  such  as  the  one  above, 
but  not  examples  with  an  unknown  on  both  sides,  such  as  3x  +  5  =  2x  +  12;  they  have 
called  this  phenomenon  the  Didactic  Cut.  Bell,  Malone.  and  Taylor  (1987),  in  their  report 
of  the  development  of  14-year-old  students'  abilities  at  setting  up  equations  to  solve 
word  problems,  noted  that  the  initial  conceptual  obstacle  of  how  to  express  certain  word- 
problem  statements  (e.g.,  "15  more  than  x")  were  overcome;  however,  the  difficulties 
associated  with  treating  an  algebraic  expression  as  an  object  (e.g..  coping  with  "15  more 
than  [x  -  30]"),  were  less  fully  resolved.  Even  when  students  do  appear  to  have  acquired 
the  beginnings  of  a  fixed  number  interpretation  (as  evidenced  by  their  ability  to  solve 
equations  by  performing  the  same  operation  on  both  sides),  this  knowledge  is  often 
found  to  be  quite  fragile  when  they  are  faced  with  explaining  the  underpinnings  of  their 
solving  approaches  for  systems  of  equations  (Sfard  &  Linchevski.  1994). 

3.  Functional  algebra.  Kuchemann's  (1981)  report  of  the  algebra  segment  of  the 
CSMS  study  contained  a  few  examples  of  tasks  requiring  a  variable  interpretation  of  the 
leUer  and  of  students'  attempts  at  such  tasks.  For  example,  the  question.  "Which  is  large, 
2n  or  n  +  2?",  was  successfully  answered  by  only  10%  of  the  15-year-olds  of  the  study. 
Several  researchers  (e.g.,  Clement,  1982;  Mevarech  &  Yitschak,  1983)  have  also  found 
that  expressing  functional  relations  by  means  of  an  equation  poses  difficulties  to 
students.  However,  it  is  not  only  the  function  concept  which  is  elusive  to  many  (e.g., 
Leinhardt,  Zaslavsky,  &  Stein,  1990);  functional  notation  poses  its  own  special  barriers 
(Carpenter  et  al.,  1981).  The  limits  of  student  understanding  of  functional  algebra  are 
sometimes  revealed  with  tasks  involving  parameters  (e.g.,  Assessment  of  Performance 
Unit,  1980).  In  this  regard,  the  potential  of  innovative  computer  programs,  in  conjunction 
with  the  necessary  instructional  support  of  a  capable  teacher,  has  been  suggested  by  a 
few  recent  studies  (e.g.,  Hcid,  to  appear;  Moschkovich,  1992;  Schwarz,  1989). 

In  algebra  curricula  that  have  followed  the  sequence:  operational  algebra  -->  fixed- 
value  algebra  -->  functional  algebra,  there  has  never  been,  to  my  knowledge,  any  serious 
effort  to  test  whether  the  student  difficulties  that  have  been  documented  with  respect  to 
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moving  from  an  unknown-to-a-variable  interpretation  of  the  letter  (Harper,  1987; 
Kuchemann,  1981)  are  dependent  on  the  nature  of  this  instruction.  In  any  case,  even 
with  those  curricula  that  do  not  follow  this  order,  students  have  been,  found  to 
experience  serious  problems  with  functional  algebra.  Thus,  the  obstacles  that  the  field  of 
mathematics  has  experienced  over  the  centuries  in  its  lengthy  evolution  from 
computational  to  functional  algebra  are  seen  to  be  reflected  daily  in  the  microcosm  of 
student  learning. 

Why  a  Functional  Approach  to  Algebra  From  the  Very  Beginning? 

The  previous  section  devoted  to  the  Theoretical  Background  was  intended  to  make 
apparent  jhat  a  functional  approach  to  algebra  is  one  in  which  the  letter  is  viewed  as  a 
variable.  As  well,  with  representations  that  do  not  involve  symbols,  such  as  story 
contexts,  the  term  functional  approach  is  extended  to  include  the  expression  of  variable 
notions  in  a  more  rhetorical  formulation. 

1.  Some  Arguments  Against 

From  the  preceding  historico-psychological  analyses,  reinforced  by  the  available 
research  literature,  we  see  not  only  that  functional  algebra  was  late  in  developing 
historically,  but  also  that  students  appear  to  have  a  great  deal  of  difficulty  with  this 
advanced  kind  of  algebra.  It  is  widely  accepted  that  the  difference  between  thinking  in 
terms  of  known  and  unknown  quantities  versus  thinking  in  terms  of  variables  and 
constants  marked  a  demarcation  line  between  two  distinct  kinds  of  algebra  during  the 
past  centuries.  Many  researchers  have  emphasized  how  much  of  a  challenge  it  is  for 
students  to  switch  from  the  former  mode  of  thought  to  the  latter.  But  what  if  students 
did  not  learn  operational  and  fixed-value  algebra  before  going  on  to  functional  algebra? 
What  if  they  were  to  begin  with  functional  algebra?  The  evidence  from  individual 
learning  might  then  not  correspond  with  historical  development.  Sfard  and  Linchevski 
(1994)  have  warned  that  "a  direct  jump,  say,  over  the  wide  gap  separating  functional 
algebra  from  operationally  interpreted  algebra  may  end  in  broken  bones"  (p.  205); 
nevertheless,  they  have  added  that,  due  to  computers,  there  is  new  hope  for  such  a  jump. 

Functional  approaches  to  algebra  have  been  attempted  in  the  past.  During  the  New 
Math  movement,  function  was  presented  as  the  thread  tying  together  all  of  high  school 
algebra.  But  that  entire  movement  failed  for  reasons  that  have  not  been  fully  analyzed. 
Since  the  concept  of  function  is  extremely  difficult  for  students,  the  odds  are  that  the 
way  it  was  then  introduced  may  have  had  much  to  do  with  the  failure. 

In  certain  countries,  Israel  for  example,  the  introduction  to  algebra  starts  right  away 
with  the  use  of  letters  as  variables  and  not  only  as  unknowns.  Equation  solutions,  even 
the  solving  procedures,  are  described  in  set-theoretic  terms.  The  official  introduction  of 
the  concept  of  function  conies  later.  At  that  point,  solutions  of  equations  and  inequalities 
O    e  supported  with  graphical  representations.  According  to  Sfard  and  Linchevski  (1994), 


"this  uncompromisingly  structural  way  of  dealing  with  the  subject  is  certainly  very 
attractive  due  to  its  mathematical  elegance,  consistency,  and  universality"  (p.  213). 
However,  the  resulting  student  conceptualizations  have  been  found  to  be  considerably 
less  structural  than  the  instruction  would  suggest  (Sfard,  1987,  1989)  and,  in  fact,  fraught 
with  gaps  and  misconceptions  (e.g.,  Dreyfus  &  Eisenberg,  1982;  Markovits,  Eylon,  & 
Bruckheimer,  1986;  Vinner  &  Dreyfus,  1989).  This  leads  us  to  ask  how  one  might 
conceive  a  structural  approach  to  algebra  involving  functions  that  avoids  some  of  the 
pitfalls  of  the  past. 

2.  Some  Arguments  For 

According  to  Schwartz  and  Yerushalmy  (1992),  "function"  is  the  primitive  algebraic 


We  believe  it  is  important  for  both  students  and  teachers  to  have  a  reasonably 
simple  coherent  top-level  view  of  the  subject  thaf  they  are  learning  and 
teaching.  This  belief,  in  turn,  leads  us  to  try  and  formulate  the  subject  of 
algebra  parsimoniously,  building  everything  on  the  concept  of  function.  There 
are  several  reasons  for  this  choice.  First,  we  believe  that  it  is  pedagogically 
workable.  ...  Second,  the  function  is  a  mathematically  powerful  and  pervasive 
idea.  Third,  the  capacity  of  suitably  crafted  microcomputer  software  to  present 
several  different  representations  of  functions  simultaneously  seems  to  us  to  be 
a  pedagogic  opportunity  worth  seizing,  (p.  262) 

The  top-level  view  of  algebra  advocated  by  Schwartz  and  Yerushalmy  is  one  for 
which  it  is  possible  to  describe  certain  obvious  cognitive  advantages,  such  as  possession 
of  a  general  and  concise  conceptualization  rather  than  one  that  is  detailed  and  diffuse, 
versatility  and  adaptability  of  perspective  that  greatly  increases  the  student's  ability  to 
cope  with  the  task  at  hand,  and  so  on. 

The  potential  of  beginning  with  a  more  powerful  concept  in  the  introduction  to 
algebra  has  been  researched  by  Davydov  (1962)  in  the  (former)  Soviet  Union  with 
elementary  school  children.  (See  also  Frcudenthal's  (1974)  discussion  of  this  work.) 
Even  though  Davydov's  study  was  not  oriented  explicitly  around  functional  algebra,  but 
rather  the  teaching  of  part-whole  relations  as  a  means  of  introducing  algebra,  the  positive 
findings  of  the  study  clearly  indicate  the  feasibility  of  beginning  with  top-level  views. 
The  nature  of  Davydov's  approach  is  summarized  as  follows: 

In  the  first  phase  of  the  study  involving  classes  of  8-year-olds,  strips  of  paper 
cut  into  parts,  volumes  of  water,  weights  of  grits,  and  so  on  were  used  to  show 
children  the  meaning  of  whole  and  parts.  From  the  beginning,  the  whole  and 
parts  were  indicated  by  letters  on  drawings-numbers  were  never  used.  Later 
on.  the  wholes  and  parts  were  related  in  equations  involving  plus,  minus,  and 
equal  signs.  Children  learned  to  make  drawings  corresponding  to  formulas 
such  as  k  =  a  -  c  -  h  -  f.  After  about  three  dozen  lessons  on  the  relation  of 
whole  and  parts,  the  second  phase  on  problem  solving  began.  Texts  such  as, 
"There  were  a  red  and  b  blue  pencils  in  a  box.  and  together  there  were  c 
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pencils,"  were  to  be  translated  into  a  drawing,  a  scheme,  and  three  formulas. 
Then  the  children  had  to  invent  texts  to  correspond  to  given  drawings  and, 
later  on,  to  given  formulas.  Eventually  numerical  values  were  introduced. 
(Kieran,  1992,  pp.  403-404) 

According  to  Davydov,  the  use  of  literal  data  in  problem  situations  compelled  the 
children  to  fix  their  attention  on  the  relations  between  magnitudes  and  on  their 
variability.  The  report  of  this  study  does  not  state  whether  the  children  were,  in  fact, 
viewing  these  relations  in  terms  of  fixed-value  algebra  or  of  functional  algebra;  however, 
the  point  here  is  that  they  had  not  first  gone  through  the  phase  of  operational  algebra. 

Schwartz  and  Yerushalmy  mention  above  the  potential  of  the  computer  to  work  hand 
in  hand  with  and,  in  fact,  enhance  a  function-based  approach  to  the  teaching  of  algebra. 
Some  examples  of  their  approach  are  provided  in  Chazan,  Yerushalmy,  and  Schwartz 
(1993).  Even  though  they  "expect  that  it  will  take  the  better  part  of  the  next  decade  to 
work  out  the  full  details  of  a  curriculum  in  mathematical  analysis  for  12-  to  18-year-olds" 
(Schwartz  &  Yerushalmy,  1992,  p.  289),  they  do  claim  to  have  grounds  for  optimism:  "In 
large  measure,  this  optimism  stems  from  the  deep  conviction  that  mathematics  is  at  least  as 
much  a  visual  undertaking  as  it  is  a  symbolic  one;  now,  for  the  first  time  we  have 
available  a  set  of  instruments  that  allow  us  to  manipulate  our  mathematical  constructs 
graphically"  (p.  289). 

Other  technologically-supported  projects  that  have  recently  been  built  around  the 
concept  of  function,  many  of  them  via  mathematical  modeling,  include  the  Computer- 
Intensive  Algebra  curriculum  project  (Fey  &  Heid,  1991),  the  Pittsburgh  Urban 
Mathematics  Project  (Hadley,  1993),  and  the  Empowering  Teachers-Mathematical 
Inquiry  Through  Technology  project  (Carter,  1993).  It  should  perhaps  be  mentioned  that 
the  way  in  which  the  computer  is  used  in  these  projects  is  not  of  the  early  programmed 
instruction  type;  rather  students  use  computers  as  tools  to  explore  mathematical  ideas 
and  to  solve  mathematical  problems. 

The  problem  with  several  of  these  recent  attempts  at  building  algebra  around  the 
notion  of  function  is  the  lack  of  a  theoretical  framework  (except  for  those  researchers 
who  have  adopted  a  process-object  perspective)  for  both  designing  the  functional 
approach  and  for  testing  it.  Thus,  we  still  know  very  little  about  whether  such 
approaches  are  indeed  a  route  to  follow  in  future  algebra  teaching  or  not.  I  would  like 
now  to  share  with  you  one  theory-based  attempt  at  developing  an  approach  to 
functional  algebra  and  for  researching  its  potential. 


1.  Overview 

Our  intention  in  this  project  was  to  develop  an  approach  to  teaching  algebra  that  did 
not  follow  the  historical  sequence  of  operational  to  fixed  value  (of  an  unknown)  to 
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function.  We  aimed  to  introduce  algebra  from  the  start  with  a  functional  notion  of 
variable.  But  as  we  have  seen,  on  the  face  of  it,  there  is  really  nothing  so  new  or 
controversial  about  emphasizing  the  importance  of  variables  and  functions— even  for 
beginning  algebra  students.  The  novelty  of  our  project  resides,  we  believe,  in  its 
theoreticaldimensions;  also,  the  actual  route  we  take  is,  in  some  respects,  quite  original. 

Looking  at  the  matrix  (Figure  1),  we  can  follow  the  trail  of  history,  as  shown  by  the 
solid  arrows.  It  begins  in  the  top  left  cell  with  operational  algebra,  followed  by  the  first 
phase  of  structural  algebra--the  algebra  of  a  fixed  value-which  led  in  turn  to  the  second 
phase  of  structural  algebra-functional  algebra.  The  lower  left  cell  of  the  matrix  does  not 
contain  part  of  the  solid  arrow  because  functional  algebra  does  not  seem  to  have 
developed  directly  from  computational  algebra. 

Since  the  theoretical  model  underlying  our  work  emphasizes  the  process-object 
duality  of  mathematical  conceptions,  we  decided  to  design  two  alternative  versions  of  a 
functional"  algebra  approach  (shown  by  the  two  dotted  arrows  in  the  matrix  of  Figure  1): 
(a)  a  process-oriented  version  which  begins  with  an  operational  interpretation  of 
functional  algebra  and  heads  toward  a  structural  interpretation,  and  (b)  an  object- 
oriented  version  which  does  the  opposite,  that  is,  it  begins  with  a  structural  interpretation 
of  functional  algebra  and  gradually  adds  an  operational  interpretation. 

By  separating  our  functional  approach  into  these  two  theory-based  parallel  versions, 
we  hoped  to  be  able  to  observe  critical  features  of  student  learning  of  functional  algebra 
that  can  be  identified  with  either  process  or  object  emphases,  and  to  isolate  cognitive 
difficulties  associated  with  one  version  or  the  other.  (The  implicit  assumption  with 
respect  to  the  theory  is  that  the  process-object  model  is  applicable  to  the  learning  of 
functional  algebra  which  according  to  the  historical  development  of  algebra  had  a  strong 
structural  component  from  the  very  beginning.)  Our  ultimate  goal  is  to  design  an 
approach  to  functional  algebra  that  integrates  the  essential  aspects  of  both  versions  and 
that  might  icad  to  a  refinement  of  the  model  with  respect  to  its  application  to  the  learning 
of  structural  mathematics. 

Before  continuing,  it  is  to  be  noticed  that  both  versions  explicitly  bypass  the  algebra 
of  a  fixed  value  in  which  the  letter  is  treated  as  an  unknown.  Our  intention  in  this  regard 
was  to  include  in  both  versions  examples  involving  an  unknown  by  spreading  them  over 
the  teaching  units.  Such  examples  of  fixed-value  algebra  would  be  derived  from  the 
functional  algebra  (by  providing  some  numerical  value  to  the  function).  It  is  of 
significant  research  interest  to  examine  the  impact  of  such  a  reordering  of  traditional 
teaching  approaches  on  student  algebra  learning. 

In  order  to  give  a  sense  of  the  spirit  of  these  two  versions,  I  will  illustrate  each  by 
showing  some  of  the  ways  by  which  we  intended  to  provide  for  the  construction  of 
meaning  for  (a)  algebraic  expressions  and  (b)  the  operations  underlying  symbolic 
manipulations.  But,  first,  a  few  words  describing  methodological  aspects  of  the  project 
are  in  order. 
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Figure  1:  Theoretical  matrix  in  which  the  path  of  the  solid  arrows  represents  the 
historical  development  of  algebra,  and  the  two  dotted  arrows  indicate  the  process-to- 
object  and  object-to-process  dimensions  of  our  functional  algebra. 

2.  General  Description  of  the  Experiment 

Two  teaching  sequences  with  accompanying  materials  (teacher  materials  and  student 
activity  sheets)  were  developed-each  one  designed  for  thirty  45-minute  lessons.  The 
sequences  were  aimed  at  seventh  or  eighth  grade  students  (12-14  years)  who  had  not  yet 
had  any  algebra  before,  but  who  had  already  learned  to  operate  with  integers.  The 
object-oriented  version  began  with  introducing  the  students  to  Cartesian  graphs  in  the 
context  of  story-based  functional  situations  and  went  as  far  as  the  solving  of  equations 
and  inequalities  by  graphing  methods.  The  process-oriented  version  began  with  an 
emphasis  on  the  computational  processes  involved  in  describing  functional  situations 
and  ended  with  the  solving  of  equations  and  inequalities,  but  by  tabular  rather  than 
graphical  representations.  Both  versions  included  a  great  deal  of  work  on  equivalent 
expressions.  We  had  intended  to  cover  algebraic  methods  of  equation  solving,  as  well  as 
the  use  of  graphical  representations  in  the  process-oriented  class,  but  did  not  have 
enough  time  for  these. 

After  pilot  testing  our  materials  with  two  groups  of  four  students  at  another  school,  we 
embarked  on  the  main  part  of  the  study  in  a  relatively  small,  private,  Montreal  secondary 
school-in  two  of  the  Grade  7  classes.  All  students  were  pretested  and  many  of  them 
were  also  interviewed  prior  to  the  start  of  the  classroom  teaching  sessions.  It  was 
planned  that  the  students  should  work  in  pairs  on  all  of  the  activities.  In  general,  they 
chose  their  own  partners,  which  led  to  various  combinations  of  abilities  being  paired 
together.  We  found  that  these  partnerships  worked  better  than  those  few  combinations 
that  we  ourselves  engineered.  Another  pedagogical  aspect  of  the  sftidy  was  an  attempt 
O    keep  to  a  minimum  the  amount  of  time  spent  by  the  teacher  doing  frontal  teaching. 
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After  a  brief  introduction  to  new  material,  students  went  on  to  working  at  their  activity 
sheets.  It  was  only  at  the  end  of  each  unit  (each  unit  being  four  to  six  days  in  length) 
that  the  students  spent  a  rather  larger  portion  of  the  r  time  in  whole-class  discussions 
orchestrated  by  the  teacher.  In  these  discussions,  there  was  an  attempt  to  bring  out  and 
draw  together  the  notions  that  had  been  tackled  by  the  student  pairs  during  the  previous 
few  days. 

The  teaching,  which  began  at  the  end  of  January  this  year,  was  done  by  the  two 
research  assistants  of  the  project  and  by  a  math  teacher  from  the  school;  both  principal 
researchers  also  circulated  in  the  class  to  help  out  while  the  students  were  working  on 
their  activity  sheets.  All  class  and  computer  laboratory  sessions  were  video-taped.  While 
the  students  were  working  in  pairs,  the  two  cameras  were  focused  on  the  same  two  pairs 
of  students  each  day.  After  each  week's  lessons,  the  two  pairs  in  each  class  were 
interviewed  (two  at  a  time)  by  the  principal  researchers.  The  aim  of  these  interviews  was 
to  follow  the  students'  conceptual  development.  We  also  attempted  to  identify  those 
areas  that  they  were  finding  either  difficult  or  rather  easy,  as  well  as  to  probe  into  the 
kinds  of  meanings  they  were  forging  for  the  new  mathematical  symbols  and 
transformations.  Further  interviews  were  conducted  with  these  students  on  an  individual 
basis  immediately  after  the  study  ended,  as  well  as  three  weeks  later.  Written  tests  were 
administered  to  the  two  classes  of  students  midway  through  the  study  and  also  at  the 
end.  The  same  test  that  was  written  by  the  two  seventh  grade  classes  at  the  end  of  the 
study  was  given  to  all  of  the  other  students  of  the  school  from  Grades  8  to  1 1 . 

3.  Creating  Meaning  for  Algebraic  Expressions 

Process-oriented  version.  In  this  version,  the  emphasis  from  the  outset  was  on 
computational  processes  involving  functional  interpretations  of  the  variable.  One  of  the 
best  ways  in  our  opinion  to  encourage  an  operational  perspective  in  learners  is  by  means 
of  their  generating  computer  algorithms.  The  computer  software  that  we  used  was 
CARAPACE  (Boileau  &  Garancon,  1987).  This  software  requires  the  entry  of  an 
algorithm  before  one  can  gain  access  to  the  associated  table  of  values.  The  central  idea 
of  this  approach  was  that  the  students  develop  algebraic  symbols  as  means  for 
programming  the  computer--as  a  way  of  encoding  computational  procedures. 

An  example  illustrating  the  early  emphasis  on  computational  processes,  which 
included  activities  with  tables  and  computer  algorithms,  as  well  as  a  focus  on  verbal 
descriptions  of  a  story  situation  (though  th-  latter  are  not  depicted  here),  is  provided  in 
Figure  2.  This  very  explicit  use  of  variables  in  an  equally  explicit  computational  setting 
within  a  computer  environment  is  a  rather  new  approach  to  the  introduction  of  algebra. 
Other  researchers  have  attempted  to  simulate  this  with  paper  and  pencil,  but  student 
difficulties  in  carrying  out  their  own  computations  each  time  they  replace  the  input 
variable  with  another  numerical  value  have  tended  to  remove  their  attention  from  the 
critical  aspect  of  functional  change  which  is  taking  place. 


The  vocabulary,  input  and  output  variables,  and  computational  procedures,  was  an 
integral  part  of  this  process-oriented  teaching  sequence.  Other  early  activities  included 
guessing  rules  from  tables  and  translating  verbal  descriptions  of  computational  recipes 
into  expressions.  In  the  CARAPACE  environment,  the  transition  from  significant 
variable  names  to  single  letters  was  made  without  much  fuss.  Linking  the  input  and 
output  variables  of  computer  programs  with  algebraic  expressions  was  facilitated  by  the 
writing  of  one-line  programs  and  the  use  of  computer-generated  tables  of  values  that 
displayed  the  algebraic  expression  as  the  header  of  the  output-variable  column  (sec 
Figure  3).  It  is  to  be  noted  that,  initially,  students  wrote  only  one  operation  per  line  in 
their  CARAPACE  programs,  and  that  the  one-line  program  illustrated  in  Figure  3  is  the 
result  of  a  few  sessions  devoted  to  the  replacement  of  several  one-operation  lines  by  a 
single  line  containing  the  final  "story-telling  output  variable." 


Yen  have  Veen  asked  to  take  charfe  of  preparing  and  painiint.  a  square, 
shaped  notica  award  10  advertise  the  school  play.   It  has  not  *tt  been 
decided  how  long  the  tide  of  this  square  notice  board  should  he.  The  cost  o 
paintint  the  Trow  of  this  notice  board  is  tO.OI  Tor  each  square  eenttmeier. 


a)  Fill  in  the  table  hclfw: 


.leaps)  of 
notice  board 
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t>)    Write  i  CARAPACE  propim  ihu  would  produce  *  title  like  jrouii. 
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Figure  2 
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Figure  3 


Object-oriented  version.  In  this  structural  approach  to  functional  algebra,  the 
graphical  representation  was  emphasized.  Sfard  (1991)  has  pointed  out  that  "geometric 
ideas  for  which  the  unifying  static  graphical  representations  appear  to  be  more  natural 
than  any  other,  can  probably  be  conceived  structurally  [as  objects]  even  before  full 
awareness  of  the  alternative  [process]  descriptions  has  been  achieved"  (p.  10).  It  should 
perhaps  be  mentioned  that  graphical  representations  can  also  be  interpreted 
operationally  in  terms  of  computational  processes,  but  the  particular  slant  we  used  did 
not  stress  such  aspects. 

Because  of  the  potential  of  computer  technology,  which  not  only  makes  available  the 
intensive  use  of  Cartesian  graphs  but  also  provides  for  novel  and  powerful  explorations 
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of  the  properties  of  functions,  we  were  able  to  exploit  the  structural  features  of  functional 
graphs  in  ways  that  would  otherwise  not  have  been  feasible.  The  computer  software 
used  was  Math  Connections:  Algebra  II  (Rosenberg,  1992),  a  learning  environment  that 
permitted  the  students  to  work  with  up  to  three  graphs  at  a  time-graphs  that  were  color- 
coordinated  with  accompanying  (if  desired)  tabular  and  algebraic  representations.  The 
central  idea  of  this  approach  was  that  the  students  develop  (a)  algebraic  symbols  as 
means  for  describing  the  functions  represented  by  the  graphs  and  (b)  algebraic 
manipulations  as  means  for  recording  operations  with  the  graphs  of  functions. 


MAKING  AND  USING  RULES 

ACME  Builder.  k.,e  put  „  ,  ,„  „,„,„,„,  Md  k 
eonc.pl:    ..try  room  li  ik,  building  i.  „„„,  ,.„„,'  room! 
...  .ml.  in  ««,.!  d„f„,„  ,im.    WC,  .1 , Z 
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PARTONE 

(1)  To  p«  „rip.  of  U|IM  In  .  „„.„  ,„„  wn„,  ,,„,  |,  ,„  lau 
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(!)  If  00  fttl  .f  ,d,in«  ,iU  fit  uound  on.-  of  ,b.  «,*m  ,o.m..  .h,, 
II  ihe  lcn£tk  of  one  tide  tit  ike  room?    f„( 

I))  Fill  in  tkc  folio,  in,  t.Ue  «hi.h  .how,  ko.  muck  ,dtin,  »,H  be 
n.-.d,J  iccordini  ,.  ik<  Itni.k  of  ■  nit  of  .  ,„on. 
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(4)  Wriie  the  mathematical  mlc  that  you  vied  ■©  calculate  area  at  a 
function  of  ihc  knfih  of  tide  of  the  tquatc: 


To  calculate  area: 
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USING  THE  COMPUTER  TO  CHECK  YOUR  GRAPH 
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Figure  4 
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Global  overviews  of  functional  graphs  were  encouraged  right  from  the  beginning  with 
story-based  discrete  and  continuous  graphs  that  did  not  have  an^  ."^y1"!.^^ 
example,  an  age-height  function  provided  the  context  for  discussing  how  height  vanes 
wi  h  ag   when  height  increases,  when  it  increases  more  or  less  quickly,  when  ,t  levels  off 
2 s on  Then  Students  were  introduced  to  story-based  graphs  involving  a  rule  w,  th 
amities  like  the  one  illustrated  in  Figure  4.  Verbally-stated  rules  were  translated  mto 
aS  ai  expressions  which  were  subsequently  graphed;  the  analysis  of  the  graph  was 
always  a  major  focus.  Soon  students  learned  to  associate  the  slope  and  y-.ntercepto 
inea  graph  with  the  corresponding  features  of  an  algebraic  expression  and  a  su,  able 
.Tory  context.  Explorations  in  the  computer  graphing  environment  also  permuted  them 
,o  categorize  expressions  of  different  degrees  into  linear,  parabolic,  and  others;  and  to 
begin  an  analysis  of  the  parameters  of  quadratic  functions  vis-a-vis  their  graphical 
representations. 

4.  Creating  Meaning  for  Algebraic  Manipulations 

Some  of  what  we  consider  to  be  the  most  interesting  and  exciting  aspects  of  the 
pro^t  occurred  around  the  creation  of  an  underlying  support  for 
transformations.  Our  aim  for  this  part  of  the  teaching  sequence  was  he  meamngfu 
StatTon  of  equivalence  of  algebraic  expressions  via  computational  and  graph*  I 
wo' k  with  the  properties  of  associativity,  distributivity,  and  commutativity,  leadmg  to 
general  formulations  of  these  properties.  ...  ms 

For  example,  in  the  process-oriented  version,  we  wanted  to  use  computer  algonthms 
and  tne  underlying  numerical  relationships  as  a  base  for  generalizing  the  propert.es  he 
auer  being  instantiated  with,  for  example,  partially-covered  dot  arrays.  Man  he 
follow-up  activities  involved  the  generation  of  equivalent  expresses  and  their  testing 
by  means  of  computer-produced  tables  of  values  (see  Figure  5). 

In  the  object-oriented  version,  we  decided  to  introduce  algebraic  manipulations  a  an 
equivalent  of  operations  on  functions,  such  as  adding,  multiplying  by  a  number  and  so 
ZXTotLn,  were  first  to  be  demonstrated  with  graphs.  We  began  w,t  ad  ing 
the  graphs  of  two  linear  functions.  The  expressions  for  these  graphs  would  not  be 
provided  n  advance.  Thus,  students  would  add  vertical  segments  of  the  twe -  hnea 
graphs  (for  a  given  x-value  they  would  add  the  two  y-values),  marking  the  urns  by 
Snt   nd  join  the  points.  They  would  then  discover  that  the  resulting  graph  ,  linear  as 
S  i  would  theTgenerate  for  it  an  expression  for  the  sum.  Let's  say  that .  turned 
TJbe  50  +  ,5x.  The  students  would  then  he  a-d  to  'ook  ag.n  aUhe  tw«  ongma, 
oraDhs  and  to  generate  their  expressions  (15  +  lOx  and  J3  +  *"i-y 
Se  that  the  expressions  (15+  10x)  +  (35  +  5x)  and  50  +  15x  are  equ.va.enU 
Eqtvalen  expressions  were  defined  earlier  as  "leading  to  the  same  graphs   n  any 
domain."  thus  as  "representing  the  same  function."  After  working  w.th  several  graph 


9 

ERIC 


Iii  Mr.  Swaosoe'a  seventh  gride  At  students  wert  given  t  lift  of 
expression*  and  were  asked  w  find  for  eaeh  of  them  ■  short  *n<l  simple 
equivalent  eitwsaio*.    ielow  ere  scat  of  the  answers  given  by  the 
studcata  it  hit  cltsi,  i«  *«■  case  you  will  be  asked  10  check  on  the 
comptilcr  whether  iht  studeau  arc  corrcci. 


EXAMPLE: 

■)  Mr.  Swanstti  gexe  the  espmsion  3d  ♦  7)  ♦  2.  Mirk  thinks  thai  3i  *  9 
U       equivalent  ciprciliM.    I*  h<  right* 

Tvnim  the  two  expression*  into  CARAPACE  it  one  line  protranis. 


wt  ask  CAKAPACE  w  'Hun  ihe  program*  In  •suiomitte  mode*  tnd  if  *e 
■ik  Iht  dialogue  boi  io  choose  values  from  1  to  10  «nih  steps  of  1  »f 
get  the  table  of  values  below: 


Since  the  two  ciprcssioas  do  not  hive  the  tame  uble  of  value*  they 
eennot  be  equivalent    So  Marks  espmsion  3t  ♦  9  i»  not  correct. 

Someone  else  suggests  thai  Mifk  miy  have  forgotten  w  muliiply  the  7 
if  the  bnekeis  by  3  and  thinks  the  eocrtet  eipression  would  be  3t  ♦  23. 
The  9  it  ihe  above  prog- en.  is  replaced  by  23  and  the  ublct  vt  again 
produced  using,  for  •  change,  values  for  a  between  12  t*d  20.   The  uMe 
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■Mr.  Swanson's  elass  it  convinced  Ji  ♦  23  U  the  equivalent  cspfession 
jihey  were  looting  for.   How  do  you  think  ihe  student  fol  thit 
csorcssion?  .  


b)  Nut  Mr.  Swanson  Ja*e  ihe  csprcssioo:  3*  »  7  «  5(«  .  2).  Joel 
suttcstcd  thit  8»  •  3  *ss  t  simpler  equivalent  eiprtHioo. 

Utinf  the  computer  at  in  the  etsmple  above,  lett  to  see  if  Joel's 

expression  it  cqulvaleM  to  Mr.  S*anlon's.    Is  Joel's  correct?   

If  it  is  not.  find  an  expression  that  is. 


Figure  S 

additions  of  this  type,  the  ground  would  have  been  prepared  for  discussions  of  the 
property  of  distributivity,  for  example,  3x  +  4x  =  (3  +  4)x  =  7x. 

The  first  session  devoted  to  operations  on  functions  gave  an  unexpected  direction  to 
the  subsequent  teaching,  which  was  not  quite  what  we  had  initially  planned.  In  order  to 
motivate  the  whole  business  of  adding  graphs,  we  placed  the  two  starting  graphs  into  a 
story  context:  "Two  brothers  have  savings  accounts  in  the  bank.  When  they  opened 
their  accounts,  they  each  had  a  lump  sum  to  deposit;  this  amount  was  to  be  increased  by 
regular  deposits  of  their  allowances.  The  two  given  graphs  represent  how  their  accounts 
have  grown  each  month.  If  they  had  opened  only  a  joint  account  from  the  beginning, 
what  would  the  graph  look  like?"  The  students  were  given  some  help  in  figuring  out 
how  to  go  about  adding  together  two  graphs-by  adding  vertical  segments  from  the 
horizontal  axis  to  the  corresponding  point  on  each  graph.  They  drew  their  sum-graph 
(by  joining  the  resulting  points)  on  the  activity  sheet  containing  the  two  given  graphs 
(see  Figure  6). 

When  the  sum-graph  was  finished,  they  were  to  try  to  generate  the  expression  for  that 
function.  As  we  were  circulating  around  the  class,  observing  how  they  were  going 
about  this  task,  we  happened  to  hear  one  pair  of  students  remark  that  they  had  figured 
out  a  quick  way  to  add  two  functions:  "Just  add  the  y-intercepts  and  then  add  the 
slopes."  When  the  research  team  got  together  at  the  end  of  the  day  to  discuss  all  that 
had  transpired  during  that  class  session,  we  decided  to  take  advantage  of  this 
unexpected 
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Figure  6 


Figure  7 


approach  that  had  surfaced.  We  revised  some  of  the  subsequent  activities  in  order  to 
build  on  this  formulation.  This  student-generated  interpretation  of  the  simplification  of 
linear  algebraic  expressions  was  then  tested  by  the  class  during  the  following  days  on  all 
ihe  major  linear  functions  they  were  dealing  with:  those  with  graphs  passing  through  the 
origin,  those  not  passing  through  the  origin,  and  constant  functions.  They  also  tried  it 
out  with  more  complicated  sum  combinations,  for  example,  (8x  - 1 )  +  (-2x  +  5)  +  (3x  -  2). 
Obviously,  it  was  not  immediately  generalizable  to  full  general  versions  of  distributivity, 
associativity,  and  commutativity  (all  of  which  were  involved  in  adding  linear 
expressions),  but  this  would  not  be  a  problem  in  the  current  study,  which  because  of  time 
constraints  would  not  go  any  farther  than  the  solving  of  linear  equations  and  inequalities 
by  means  of  graphical  and  tabular  representations.  What  still  remained  to  be  done  with 
this  group  before  going  on  to  the  comparing  of  functions  (equations  and  inequalities) 
was  the  multiplying  of  a  function  by  a  constant  (see  Figure  7).  This  too  was  approached 
by  graphical  operations,  which,  just  as  with  the  previous  experience,  provided  the 
underlying  support  for  further  algebraic  manipulations.  They  now  had  a  coherent  whole 
for  operating  on  equations;  they  could  meaningfully  simplify  any  combination  of  linear 
functions  into  canonical  form.  Thus,  equations  such  as  3x  +  4  -  2  -  7x  +  6(x  +  5)  =  2(3  - 
4x)  -  14  could  easily  be  solved  graphically  by  first  "adding  both  the  slope  and  intercept 
terms  on  each  side"  to  obtain  the  canonical  form  of  each  expression,  and  then  graphing 
the  two  functions  being  compared  by  means  of  the  slope  and  y-intercept  terms  of  the 
two  expressions. 
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Closing  Remarks 


There  are  many  more  stories  that  could  be  told  at  this  point  in  our  research,  but  most  of 
them  would  be  incomplete  because  we  have  not  yet  finished  analyzing  our  data.  You 
are  probably  curious  to  know  which  version  seemed  better.  But  there  is  no  point  in 
asking  such  a  question  because  it  was  really  not  a  competition.  Until  we  have  done  a 
complete  analysis  of  the  data,  it  would  be  premature  to  say  anything  specific  about  the 
merits  and  the  drawbacks  of  each  of  the  two  approaches.  Thus,  you  must  be  kept  in 
suspense  for  some  time.  All  that  might  be  mentioned  at  this  point  is  that  both  versions  ■ 
showed  certain  strengths  and  weaknesses.  Each  one  of  them  provided  us  with  ideas  on 
good  opportunities  for  learning  algebra  in  a  meaningful  way,  and  each  brought  its  own 
caveats  as  to  what  shouldn't  be  done. 

But  this  has  not  been  a  presentation  about  our  research  project.  It  has  been  an 
attempt  to  open  up  discussion  on  an  alternate  way  of  approaching  the  teaching  of 
algebra  to  early  high  school  students.  Much  of  the  past  algebra  research  has  tended  to 
take  the  traditional  curriculum  as  a  given  and  to  document  the  nature  of  the  learning  that 
accrues  with  such  a  curriculum;  the  kinds  of  learning  obstacles  associated  with  such 
instruction  were  noted.  More  recent  research  that  has  taken  advantage  of  the  potential 
of  technology  has  pointed  to  ways  in  which  we  might  rethink  the  teaching  of  algebra, 
but  much  of  this  work  has  lacked  a  theoretical  framework  by  which  we  can  not  only 
assess  what  is  occurring  in  these  novel  environments  but  also  place  it  in  a  broader 
context. 

In  elaborating  some  of  the  pros  and  cons  of  introducing  algebra  right  from  the  start 
with  a  functional  interpretation  of  variable,  I  have  attempted  to  situate  such  an  approach 
within  both  a  historical  and  a  psychological  perspective.  The  process-object  model 
afforded  the  foundation  for  a  theoretical  matrix  for  generating  two  different  versions  of  a 
functional  approach  to  algebra.  It  is  hoped  that  the  few  examples  that  were  supplied  and 
the  description  of  the  underlying  theoretical  framework  were  adequate  to  provide  a  basis 
for  further  dialogue  and  development  in  this  area  of  mathematics  learning. 
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INTRODUCTION 

To  express  is  to  over  stress 

As  I  cast  about  for  a  suitable  form  for  what  I  want  to  express,  I  find  myself  drawn  deeper  and 
deeper  into  the  web  of  language,  the  philosophical  disputes  which  have  produced  volumes  of 
words  over  centuries.  In  preparation  for  this  talk,  I  have  been  refreshing  my  reading  of 
psychology,  sociology,  and  philosophy,  by  skipping  and  wading  through  vast  tracts  of 
discourse.  What  came  to  mind  repeatedly  is  the  phrase  'about  it  and  about',  from  FitzGerald's 
verse  XXIX  of  Omar  Khayyam's  RubaiySt. 

Myself  when  young  did  eagerly  frequent 

Doctor  and  Saint,  and  heard  great  argument 

About  it  and  about;  but  evermore 

Came  out  by  the  same  door  wherein  I  went. 

Words  generate  more  words  in  explanation,  but  often  draw  us  away  from  the  experiences  from 
which  they  stem.  I  want  to  stay  with  my  knowing.  And  so  just  as  I  have  been  seeking  nuggets 
in  the  writings  of,  and  about,  others,  so  you  will,  I  hope,  find  some  nugget  in  what  follows. 
Indeed,  what  follows  is  an  expression,  replete  with  concomitant  over-stressings,  of  what  I  am 
tempted  to  call  common  epistemology,  a  description,  elaboration,  and  precising  of  how  we  all 
come  to  know  that,  know  how,  and  know  to.  But  to  make  such  claims  requites  mo  to  ground 
my  remarks  in  the  discourse  of  philosophy,  psychology,  and  sociology,  as  well  as  mathematics. 
And  that  there  is  certainly  neither  time  nor  space  to  attempt  in  detail. 

I  shall  attempt  to  draw  your  attention  away  from  cause-and-effect  oriented  direct  approach 
that  characterises  so  much  of  our  collective  research,  and  towards  a  more  indirect  action- 
based  approach  espoused  by  John  Dewey  (1933): 

Perhaps  the  greatest  of  all  pedagogical  fallacies  is  the  notion  that  a  person  learns 
only  the  particular  thing  he  is  studying  at  the  time.  Collateral  learning  ...  may  be 
and  often  is  much  more  important  than  the  lesson. 

His  sentiment  is  reflected  in  research  such  as  Denvir  &  Brown  (1986)  and  Bereiter  (1991)  in 
which  children  appeared  to  master  components  of  a  topic  only  indirectly  connected  with  that 
topic,  and  not  to  learn  some  components  which  the  researchers  felt  were  core  to  the  topic.  I 
want  instead  to  draw  your  attention  inwards  to  the  vital  and  essential  role  of  the  researcher's 
own  sensitivities.  I  shall  need  to  draw  upon  techniques  for  promoting  effective  shared 
meaning,  what  Maturana  &  Varela  (1988)  called  consensual  coordination  (of  consensual 
coordination  of  action),  which  produces  language.  I  shall  offer  an  opportunity  to  engage  in 
actions  of  construal,  spurred,  as  Sperber  &  Wilson  (1986)  propose,  by  the  assumption  that  I 
believe  that  what  I  offer  you  is  of  relevance,  and  to  engage  in  mutual  co-determination  (Varela 
et  al.  1991).  As  my  title  suggests,  one  approach  is  through  Buber's  expression  of  the  triad  I- 
You-It  but  before  developing  that  theme,  a  word  or  two  about  background  motivation  and 
beliefs. 


1  An  expanded  version  of  this  paper  is  available  under  the  same  title  from  CME,  The  Open  University,  Milton 
Keynes,  MK7  6AA,  U.K. 
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AIMS  AND  BELIEFS 

I  have  long  concluded  that  it  is  very  hard  to  say  anything  new  that  has  not  been  said  more 
eloquently  elsewhere.  Plato  and  Greek  Myths,  Chinese,  Indian,  and  Islamic  philosophers,  and 
more  recently,  Dewey,  Piaget,  Freudenthal,  and  Skemp,  (to  name  but  a  few  major  theorists) 
have  said  it  all  beautifully.  Nevertheless  it  is  important  to  re-search,  recollect,  re-connect,  re- 
learn,  re-integrate,  and  re-cast  insights  in  the  discourse  of  the  times.  I  see  working  on 
education  not  in  terms  of  an  edifice  of  knowledge,  adding  new  theorems  to  old,  but  rather  as  a 
journey  of  self  discovery  and  development  in  which  what  others  have  learned  has  to  be  re- 
experienced  by  each  traveller,  re-learned  re-integrated  and  re-expressed  in  each  generation. 
Nor  is  effective  teaching  a  matter  of  producing  the  correct  causes  which  are  then  guaranteed 
to  have  a  desired  effect.  Rather,  each  effective  act  of  teaching  is  an  action  which  involves  the 
mutuality  of  three  impulses  (Bennett  1956,  Mason,  1994).  Each  individual  has  to  re-work  the 
main  themes  for  themselves  as  they  become  aware  of  their  awarenesses  in  preparation  for 
teaching.  Researchers  cannot  hand  results  to  teachers  as  recipes  with  guaranteed  results. 

My  aim  is 

to  understand,  to  construe, ...  for  myself; 

to  develop,  socialise,  and  integrate  my  various  selves; 

to  attend  to  the  process  that  I  may  help  others  do  the  same. 
In  short  my  aim  is  to  set  up  actions  whose  working  out  will  keep  me  alive  to  situations  in 
which  I  find  myself.  As  Gattegno  (1990)  put  it, 

All  I  have  to  share  is  my  awareness  of  my  awareness 
and  Fey erabend  (1991)  offered: 

All  you  can  do,  if  you  really  want  to  be  truthful,  is  to  tell  a  story. 
So  my  aim  is  to  extend  my  awareness,  increase  my  sensitivities  to  others,  and  to  do  this  by 
telling  stories,  and  by  evoking  stories  from  others.  My  position  is  easily  stated: 

I  cannot  change  others,  but  I  can  work  at  changing  myself. 
I  am  not  the  only  one  to  take  this  pragmatic  view.  Rice  (1993)  posed  it  as  a  question:  "Should 
we,  as  Robinson  (1989)  suggests,  abandon  our  attempts  to  change  teachers,  and  concentrate 
on  creating  opportunities  for  them  to  change  themselves?" 

This  runs  counter  to  the  systemic  approach  in  which  huge  projects  attempt  to  effect  change  in 
most  or  all  teachers.  I  believe  such  approaches  to  be  fundamentally  flawed,  precisely  because 
they  ignore  the  psychological  process  of  searching,  integrating,  construing,  and  acting,  which 
constitute  the  intra-human  and  inter-human  processes  of  teaching  and  learning.  I  am 
interested  in  what  is  possible,  more  than  in  what  is  the  norm,  and  in  self-actualisation  rather 
than  changing  others,  so  I  align  myself  with  Maslow  (1971).  I  take  this  opportunity  not  to  try 
to  persuade  you  about  something,  but  rather  to  use  the  energy  of  your  attention  to  engage  in 
the  action  of  exposition,  in  which  your  presence  (actual  or  virtual)  as  audience  enables  me  to 
contact  a  world  of  experience  in  a  fresh  way,  to  talk /rom  experience  rather  than  talking  about 
it,  through  relating  directly  to  my  topic  rather  than  merely  referring  to  it. 


Buber  is  well  known  for  his  contrast  between  I-It  connection  and  I-You2  relationship.  The  I-It 
connection  is  subject-object,  owner-owned,  user-used,  whereas  I-You  is  co-acknowledging,  co- 


2  Kaufmann  (1980  p2S3)  points  out  that  Buber's  original  title  was  Ich  und  Du,  and  that  the  Thou  appeared  in  the 
first  English  tranalation,  made  by  a  clergyman.  Buber  bemoana  the  inevitability  of  transition  of  You  into  It,  but 
Kaufmann  pointa  out  that  the  underlying  malaitt  reflecta  Buber's  being  deeply  affected  by  aeparation  from  hia 


I  -  You  -  It. 


determining,  co-evolving  mutuality.  I-It  thinking  characterised  much  of  19th  and  early  20th 
century  attitudes  to  the  environment:  man  controlling  nature  and  the  use  of  the  engine  as 
fundamental  metaphor  for  thinking  about  nature  and  about  people.  Buber  suggested  that 
most  human  relationships  are  I-It  in  nature,  rather  than  the  humanistic  I-You. 

There  is  no  I  as  such  but  only  the  I  of  the  basic  word  I-You  and  the  I  of  the  basic 
word  I-It.  (Buber  1923,  p54) 

It  borders  on  other  Its;  It  is  only  by  virtue  of  bordering  on  others.  But  where  You  is 
said  there  is  no  something.  You  has  no  borders.  (Ibid  p51) 

The  world  as  experience  belongs  to  the  basic  word  I-It.  The  basic  word  I-You 
establishes  a  world  of  relationship.  (Ibid  p53) 

Kang  &  Kilpatrick  (1992)  used  Buber's  characterisations  to  describe  the  'fragility  of 
knowledge'  in  which  'constant  form  cannot  keep  constant  meaning1  (p3)  as  it  emerges  from 
formless  personal  awareness  (I-You)  into  form-full  public  articulation  (I-It)  in  a  journal,  and  is 
then  further  organised  and  edited  into  formulae,  technique,  and  even  mnemonic,  as 
instruction.  I-You  knowledge  is  insightful,  connected,  and  personally  situated.  I-It  knowledge 
is  behavioural  action  manifested  in  a  material  world.  Unfortunately,  instructional  materials 
convert  I-You  expert  awareness  into  I-It  behavioural  knowledge,  which  Chevellard  (1985)' 
called. the  transposition  didactique. 

Textbooks  appear  to  be  transmitters  of  knowledge,  but  in  fact  re-inforce  mechanicality.  The 
very  act  of  simplification  so  that  'they  will  understand'  is  an  act  of  reduction  (Tahta  1991) 
from  I-You  awareness  to  I-It  formality  which  each  student  has  to  reconstruct  into  I-You 
awareness  if  they  are  to  re-locate  complexity,  to  'make  it  their  own  and  achieve  ownership'  (a 
popular  play  on  words  in  Mathematics  Education  in  the  UK  in'  the  80's).  Brousseau  (1984) 
spoke  in  terms  of  a  contrat  didactique  which  has  at  its  heart  a  didactic  tension  (Laborde, 


The  more  explicitly  the  teacher  indicates  the  behaviour  which  would  arise  from 
understanding,  the  more  likely  students  are  to  be  able  produce  that  behaviour 
without  generating  it  from  understanding  (Mason  1989). 

Of  course  to  turn  assertions  like  this  into  stimuli  for  informing  teaching  requires  agreement 
on  the  meaning  of  terms  such  as  understanding,  behaviour,  etc.  which  is  not  my  focus  here. 
Researching  from  the  inside  involves  developing  means  to  work  at  negotiation  of  meaning 
(giving  brief-but-vivid  accounts  of  incidents  which  illustrate  the  terms  and  the  functioning  of 
the  tension  so  as  to  develop  a  shared  vocabulary  and  the  basis  for  sharing  alternative  actions) 
which  not  only  assist  in  building  an  I-You  relationship,  but  also  offer  teachers  experience  of 
processes  which  they  can  themselves  use  in  their  own  teaching.  Thus  knowing-that  can 
become  knowing-to. 

Constructivism  draws  attention  to  the  necessity  for  each  individual  to  construct  an  I-You 
relationship  from  I-It  knowledge,  through  what  Piaget  called  assimilation  and 
accommodation,  Skemp  (1969)  called  relational  understanding,  Gattegno  (1970)  called 
integration  through  subordination  (developed,  for  example,  in  Hewitt  1894),  and  Pirie  & 
Kieren  (1989,  199,  1994)  extended  into  a  picture  of  recursive  unfolding  and  folding  back. 
Whereas  textbook  authors  often  appear  to  be  trying  to  replace  or  minimise  the  role  of  the 
teacher,  thereby  exhibiting  distrust  of  teacher  capabilities,  all  the  authors  quoted  above 
suggest  that  the  teacher  is  essential  for  exhibiting  and  displaying,  in  Vygotsky's  words, 
'higher-psychological  functioning"  (Vygotsky  1978,  Wertsch  1985).  Most  pupils  require  the 
presence  of  exemplary  awareness  in  order  themselves  to  become  aware,  to  be  stimulated  and 


mother  at  the  age  of  three,  and  suggests  that  this  influenced  the  essentially  longing  quality  of  Buber's  description 
of  an  I-You  relationship. 
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prompted  to  seek  an  I-You  relationship,  to  enter  into  and  experience  the  complexity  of 
knowing  rather  than  being  satisfied  with  simplified  pre-digested  I-It  knowledge.  This  is  the 
teacher's  epistemological  vigilance  (Bousseau  1986),  their  'sharing  of  awareness  '  (Gattegno 


Through  I-You  relationships,  an  educated  person  both  listens  and  speaks,  engaging  in  two 
way  co-determination  and  co-evolution  of  interacting  selves  (Varela'et  al  1991).  Neither  acts 
upon  or  causes  the  other,  but  both  develop  in  relationship.  Buber  saw  human  development  as 
leading  to  the  ability  to  make  decisions  in  the  moment,  to  responding  sensitively  and 
existentially,  using  principles  and  traditional  practices  as  checks  and  reminders  rather  than 
as  rules.  This  is  non-trivial  to  achieve.  It  requires  authenticity,  the  courage  to  be  (as  Tillich 
1952  also  stressed)  rather  than  to  seem.  Like  many  educationalists  before  and  since,  Buber 
felt  that  learning  had  to  be  related  to  subsequent  action.  A  similarly  pragmaticist  theme  is 
present  in  researching  from  the  inside,  since  the  main  test  of  validity  of  a  distinction  is  that  it 
informs  future  practice. 

Peirce  used  the  same  words  as  Buber  rather  similarly  some  sixty  years  earlier: 

Though  they  cannot  be  expressed  in  terms  of  each  other,  yet  they  have  a  relation  to 
each  other,  for  THOU  is  an  IT  in  which  there  is  another  1. 1  looks  in,  IT  looks  out, 
THOU  looks  through,  out  and  in  again.  I  outwells,  IT  inflows,  THOU  commingles.  I 
is  self-supported,  IT  bears  on  a  staff,  THOU  leans  on  what  it  supports  (Peirce  1861 
reprinted  in  Moore  1982  p  45-46). 

The  developed  and  balanced  triad  I-You-It  makes  it  possible  to  transcend  cause-and-effect 

thinking  by  focusing  on  actions  (Mason  1994). 

RESEARCHING  FROM  THE  INSIDE 

Researching  from  the  inside  arose  from  interrogating  my  own  experience  of  work  on  myself 
while  addressing  the  question  of  how  to  support  teachers  in  teaching  mathematics.  My 
conclusion  was  that  they  have  to  work  on  themselves,  informed  by  research,  and  shared 
practices.  I  then  realised  that  all  educational  research  depends  on  blending  research  from  the 
inside  and  from  the  outside. 

There  is  a  strong  sense  in  which  the  most  important  effect  of  educational  research  is  on  the 
researcher  themself  (Mason  1994).  What  a  researcher  finds  out  most  about  is  themselves,  not 
just  in  mathematics  education,  but  even  in  mathematics  and  science: 

We  have  found  that  where  science  has  progressed  the  farthest,  the  mind  has  but 
regained  from  nature  that  which  the  mind  has  put  into  nature.  We  have  found  a 
strange  footprint  on  the  shores  of  the  unknown.  We  have  devised  profound  theories, 
one  after  another,  to  account  for  its  origin.  At  last  we  have  succeeded  in 
reconstructing  the  creature  that  made  the  footprint.  And  Lo!  It  is  our  own. 
(Eddington,  quoted  in  Kline  1980,  p341) 
No  matter  how  hard  we  struggle  to  find  out  about  the  external  world  (and  independently  of 
whether  our  epistemological  foundations  even  admit  of  such  a  construct),  what  we  see  and 
construe  is  in  strong  measure  a  mirror  image  of  ourself.  The  theme  of  mirroring  appears  in 
fairy  stories  such  as  Snow  White,  and  in  philosophical  treatises  (Rorty  1979).  Jackson  (1992), 
in  reporting  on  extensive  classroom  observations,  illustrates  mirroring  beautifully  through 
choosing  to  report  incidents  that  acted  as  stimulus  to  enquire  and  interrogate  his  own 
perceptions  and  assumptions,  rather  than  intrude  on  the  teacher  whose  lessons  he  was 
observing. 

At  one  end  of  the  spectrum,  you  can  literally  research  yourself,  and  at  the  other  end  of  the 
spectrum,  using  personal  experience  (whether  through  analogy  or  more  directly)  you  can  at 
inform  perceptions,  observations,  analysis  and  theorising. 
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Experience 

The  core  of  researching  from  the  inside  is  attending  to  experience  to  get  a  taste  of 

What  it  is  like  to  ...  be  stuck  on  a  problem,  think  you  know  how  to  ...  but  in  fact  have 
a  buggy  algorithm,  face  a  new  class  of  on  the  first  day  of  term,  etc. 

so  as  to  develop  sensitivities  to  others  and  to  be  awake  to  possibilities.  The  practices  of 
researching  from  the  inside  are  derived  from  working  on  ways  to  learn  from  experience 
ourselves,  so  as  to  be  assistance  to  each  other. 

Once  attention  is  directed  onto  any  word  such  as  experience,  it  becomes  woolly  and 
problematic.  Suddenly  it  evaporates  into  a  myriad  of  unclear  notions.  I  want  to  use  it  to  refer 
both  to  that  accumulation  from  conception  to  death  which  we  call  life,  and  also  to  moment-by- 
moment  incidents  (those  fragments  which  can  be  re-called  and  re-entered).  Often  it  is 
tempting  to  speak  of  experience  of  something  (such  as  counting,  factoring,  reasoning, 
specialising  or  generalising,  abstracting,  using  a  computer,  etc.),  but  this  use  begs  the 
question  of  whether  there  is  an  'it'  that  can  be  experienced,  or  whether  life  is  a  continual 
process  of  experiencing. 

Philosophers  and  psychologists  have  worked  hard  to  define  experience, 
My  experience  is  what  I  choose  to  attend  to.  (James  1890  p402) 
Experience  is  remoteness  from  You  (Buber  1923  p60) 

These  sorts  of  definitions  only  make  full  sense  when  I-You  connection  is  made  with  the  total 
weltenschauung  of  the  writer.  I  prefer  a  Wittgensteinian  or  Peircean-pragmaticist  stance, 
indicating  meaning  through  use  in  context,  metaphor,  and  effect. 

For  example,  in  1884,  Abbott  published  the  astoundingly  popular  Flatland.  In  it,  hft  developed 
the  notion  that  in  any  given  world  you  only  ever  experience  sections  of  objects  of  higher 
dimension.  You  cannot  be  aware  of  higher  dimensionality  except  as  you  construct  it  virtually 
and  analogically.  Flatland's  continuing  popularity  is  partly  due  to  the  metaphoric  content: 
what  we  see,  what  we  attend  to,  is  necessarily  confined  to  the  dimensions  of  what  we  are 
attuned  to.  Higher  dimensions  have  to  be  imagined  and  pieced  together.  Experiencing  a 
succession  of  sections  does  not  ensure  that  you  have  an  experience  of  that  succession  as  a 
complete  object,  but  working  by  analogy  is  one  way  to  educate  awareness  about  a  higher- 
dimensional  structure.  The  adage 

A  succession  of  experiences  does  not  add  up  to  an  experience  of  that  succession, 
has  been  attributed  to  Kant,  and  admirably  summarises  one  of  his  central  tenets  in  Critique 
of  Pure  Reason  (1781).  It  also  hints  at  the  possibility  of  having  experience  of  succession,  or  in 
other  words,  having  a  shift  in  the  structure  and  focus  of  attention  (Mason  &  Davis  1988)  from 
participating  in  an  action  to  awareness  of  that  action. 

It  is  quite  remarkable  that  although  it  is  a  cliche'  that  we  learn  from  experience,  one  thing  we 
don't  seem  to  learn  from  experience  is  that  we  do  not  often  learn  from  experience  alone.  Extra 
effort  is  often  required.  The  child  touching  the  hot  stove  may  learn  not  to  touch  stoves,  but  the 
student  who  rushes  in  with  the  first  idea  that  comes  to  them  and  then  gets  stuck  does  not 
seem  to  learn  so  readily,  nor  the  teacher  who  answers  their  own  questions  because  students 
don't,  or  the  researcher  who  gets  caught  up  in  their  own  ideas  while  conducting  an  interview. 

Reflection  has  been  much  touted  as  the  way  to  learn  from  experience,  but  my  experience  has 
shown  me  that  more  is  required  more  than  mere  'thinking  back'.  The  Discipline  of  Noticing  (to 
be  summarised  shortly)  was  articulated  in  order  to  provide  more  systematic  structure  and 
methodical  practices  which  are  founded  in  psychological  insight  and  which  have  proved 
effective  in  a  wide  variety  of  circumstances.  In  a  different  vein,  Pearson  &  Smith  (1986)  offer 
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a  range  of  debriefing  strategies  to  support  practitioners  in  learning  from  experience,  Boud  et 
al  (1985)  offer  a  range  of  suggestions,  Kemmis  (1982)  developed  Stenhouse's  notion  (1975)  of 
teacher  as  researcher  into  action  research,  but  this  has  turned  into  a  mechanical  procedure  in 
four  stages  which  are  the  antithesis  of  what  action  research  was  designed  to  support,  and 
Kolb  &  Fry  ( 1975)  offer  a  four  stage  model  redolent  of  action  research  but  omitting  many  of 
the  elements  which  are  crucial  to  effective  research  from  the  inside. 
Using  Experience 

A  vital  part  of  participation  in  society  is  checking  what  others  say  against  our  own  experience. 
Leonardo  da  Vinci  put  it  as 

Avoid  the  teaching  of  speculators,  whose  judgements  are  not  confirmed  by  experience 

(quoted  in  Zammattio,  et  al  1980  pl33). 
In  mathematics  it  is  possible  to  accept  a  result  stated  by  another  mathematician  (although 
one  ought  to  check  it  for  oneself),  but  in  education  it  is  impossible  to  build  upon  a  proposed 
'result'  without  testing  it  in  one's  own  experience  and  situation.  If  it  checks  out,  sheds  light, 
sharpens  awareness,  or  extends  the  range  of  actions,  it  will  be  taken  as  valid  for  that 
individual,  otherwise  it  will  fade  into  the  background. 

Dewey  (1933)  turned  his  sense  of  the  importance  of  experience  as  the  grounding  of  all 

learning,  all  epistemology,  into  an  educational  principle: 

Since  learning  is  something  the  pupil  has  to  do  himself  and  for  himself,  the 
initiative  lies  with  the  learner.  The  teacher  is  a  guide  and  director;  he  steers  the 
boat,  but  the  energy  that  propels  it  must  come  from  those  who  are  learning.  The 
more  a  teacher  is  aware  of  the  past  experiences  of  students,  of  their  hopes,  desires, 
chief  interests,  the  better  will  he  understand  the  forces  at  work  that  need  to  be 
directed  and  utilized  for  the  formation  of  reflective  habits.  (p36) 

My  impression  from  the  recent  ICMI  conference  on  Research  in  Mathematics  Education:  its 

methods  and  its  results  was  a  widespread  acknowledgment  that,  to  paraphrase  Dewey, 
Teaching  is  something  the  teacher  has  to  do  themself,  the  initiative  lies  with  the 
teacher.  The  researcher  can  guide.  But  the  energy  that  propels  teaching  comes  from 
the  teacher. 

In  other  words,  we  cannot  hand  teachers  facts  or  strategies  with  guaranteed  effects  (Artigue 
&  Perrin-Glorian  1991).  In  order  for  research  activity  to  affect  anyone  other  than  the 
researcher  themself,  it  is  necessary  that  an  action  take  place,  in  which  the  practitioner's 
experience  is  spoken  to  directly,  and  acted  upon  by  the  practitioner.  They  have  to  reconstruct 
the  awareness  and  check  it  in  their  own  experience. 

That  is  exactly  what  researching  from  the  inside  is  about.  The  next  sections  contain  a  brief 
general  description  of  my  approach,  followed  by  a  particular  case  study.  If  you  prefer  to  work 
from  the  particular  to  the  general,  you  might  begin  with  the  case  study. 
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Spection 

One  way  to  appreciate  something  is  to  see  what  it  is  not.  To 
this  end,  it  is  useful  to  employ  what  Bohm  (1983)  called 
rheomode,  building  new  words  from  old  roots.  In  this  case, 
spection  (from  the  Latin  specare  meaning  to  look)  is  the  root 
for  such  words  as  inspection  (related  to  observation  and  so  at 
the  heart  of  all  research),  respect,  spectacles,  and  speculation 
(future  looking).  From  spection  we  can  produce  words  like 

extraspection:  looking  from  outside; 

introspection:  one  self  observing  another; 


interspection:  sharing  and  negotiating  observations  with  another. 

These  three  terms  serve  to  distinguish  aspects  of  research  perspectives.  Traditional  research 
methodologies  are  based  on  extraspection.  Studying  what  children,  teachers,  and  others  do, 
both  inside  and  outside  of  schools,  by  observing  them,  analysing,  making  distinctions,  and 
explaining  and  theorising  is  valuable  work.  I  call  it  extraspective  because  it  is  observation 
from  outside  of  the  situation,  inevitably  separate  and  I-It,  and  perceived  through  different 
forms  of  attention  from  that  of  the  participants.  Only  the  most  extreme  forms  of  ethnography 
are  anything  other  than  extraspective. 

By  contrast,  introspection  describes  the  development  of  an  inner  observer  (Mason  et  al  1984, 
Schoenfeld  1985)  who  watches  and  witnesses,  and  when  strengthened,  can  inform  practice  in 
the  moment  by  awakening  the  functioning  self  to  alternative  possibilities.  Spection  is  being 
awake  in  the  moment,  noticing  and  responding  freshly  and  creatively  in  the  instant,  catching 
oneself  before  embarking  on  habitual  behaviour.  As  noticing  becomes  less  retrospective  and 
increasingly  spective,  an  altered  structure  of  attention  is  created.  Intraspection  becomes  more 
frequent  and  more  vivid.  This  requires  hard  and  lengthy  work  on  different  selves  and  on 
splitting  attention. 

Interspection  describes  interactions  between  colleagues  who  go  beyond  extraspection  and 
begin  to  form  a  shared  or  taken-as-shared  (Cobb  1991)  world  of  experience.  They  develop 
labels  for  collections  of  similar  incidents  and  actions  to  trigger  a  rich  web  of  negotiated 
description  and  experience.  One  by-product  of  sharing  descriptions  is  that  strategies  and 
gambits  (Pimm  1987)  emerge  which  can  turn  into  future  possibilities. 

While  reflection  continues  to  be  an  ill-defined  and  overly  used  term,  I  use  it  to  refer  to 
retrospective  re-entering  of  salient  moments  from  the  recent  past,  and  attempting  to  give 
accounts  of  these  in  descriptions  which  do  not  embellish,  judge  or  justify.  Their  purpose  is  to 
resonate  similar  experience  in  the  listener  through  which  they  can  enter  the  experience  of  the 
describer.  To  prepare  for  future  actions,  I  am  prospective  by  mentally  imagining  myself  in  a 
typical  situation  in  which  I  wish  to  work  differently,  and  projectively  imagining  myself 
responding  in  the  way  I  wish. 

It  is  essential  not  to  get  caught  up  in  ones  own  little  solipsistic  world,  and  to  make  use  of  the 
rich  source  of  insight  and  awareness  provided  by  colleagues.  It  is  necessary  therefore  to  be 
interspective  through  describing  salient  moments  to  others  by  re-entering  one's  own  moments 
and  giving  accounts-of  them  to  others,  nnd  being  triggered  to  re-enter  moments  by  listening  to 
other  accounts. 
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None  of  these  spections  is  to  be  confused  with  introtpection  which,  although  a  useful  word,  is 
now  tainted  with  the  brush  of  19th  century  Northern  European  psychologists  such  as  Wundt 
(Gardener  1986  pl02-106).  Wundt  and  his  colleagues  promoted  introspection,  in  which 
subjects  (largely  fellow  experimenters,  because  they  had  to  be  trained  as  observers)  attended 
to  their  own  sensations  and  reported  as  objectively  as  possible.  Behaviourism  grew  out  of  a 
logical-positivist  reaction  to  excesses  which  introspection  produced.  Introspection  is  based  on 
accepting  the  need  for  training  in  inner  observation,  but  not  accepting  any  account  as  valid 
just  because  it  is  personal  and  idiosyncratic  and  hence  unchallengeable.  Instead,  a  rigorous 
discipline  of  reporting  and  validating  is  involved,  avoiding  the  theorising  of  "I  must  have 
and  "I  think  that and  focusing  on  direct  brief-but-vivid  descriptions  which  resonate  with 
other  people's  experiences. 
Basic  Processes  of  Noticing  as  a  Discipline 

I  never  imagined  that  there  could  be  so  many  ways  to  look  mathematically  at  a  box  of 
raisins  or  our  own  families.  It  has  made  me  open  my  eyes  to  the  simple  things  around 
me. 

This  comment  from  a  fifth-grade  teacher  (Muscella  1992)  captures  vividly  a  sudden 
awakening  of  awareness,  a  feeling  in  the  moment  that  'things  will  never  be  the  same'  which  is 
characteristic  of  moments  of  sudden  noticing. 

Most  of  the  time,  students,  teachers,  educators,  researchers,  and  administrators  react  to 
stimuli.  Their  actions  are  the  working  out  or  unfolding  of  decisions  made  hours,  months  or 
years  earlier.  In  order  to  cope  with  the  variety  of  situations  that  develop,  it  is  essential  to 
automate  certain  responses  so  that  they  become  rehearsed  reactions  which  can  flow 
automatically  without  agonising  all  the  time  over  making  choices.  But  the  trouble  with  habits 
is  that  they  sink  below  the  level  of  awareness,  and  then  are  not  available  for  inspection: 

Habit  forming  can  be  habit  forming 
One  aspect  of  inner  research  is  to  seek  out  such  habits  and  make  them  available  for  re- 
questioning  from  time  to  time,  to  maintain  a  conjecturing  'as-if  stance  towards  the  whole 
process  of  teaching  and  learning.  Learning  diaries  and  personal  journals  can  serve  to  awaken 
an  enquirer  to  issues  which  are  of  significant  to  them,  simply  by  looking  back  over  the 
incidents  that  were  considered  sufficiently  significant  to  record,  and  locating  patterns  and 
commonalities  in  these. 

Wheeler  (1965)  advocated  description  of  classroom  incidents  as  the  currency  of  exchange 
between  teachers,  and  this  has  been  developed  by  many  groups  including  the  my  own  Centre. 
For  extended  descriptions,  see  OU  (1988),  OU  (1992),  and  Mathematical  Association  (1991). 
The  roots  lie  very  deep.  Plato  advocated  use  of  the  particular  in  the  way  he  set  out  his 
dialogues,  while  through  the  voice  of  Socrates,  he  commented  on  the  difficulty  that 
discussants  have  in  dealing  with  abstraction  without  using  the  particular.  Effective  writers 
are  those  who  are  able  to  resonate  reader  experience  through  the  clever  use  of  brief-but-vivid 
evocations. 

Study  of  teachers  noticing  in  the  moment,  that  is  teacher  decision-making,  provides  a  study  in 
transition  from  outer  to  inner  research.  Early  studies  (Peterson  et  al  1978a,  1978b,  McNair 
1978a,  1978b)  focused  on  interviews  and  observations  by  objective  researchers.  More 
recently,  teachers  are  finding  that  such  decisions  are  available  to  self  study,  and  that  it  is 
precisely  in  such  moments  that  the  taste  of  freedom,  of  being  alive  to  the  situation,  is  felt 
(Rosen  1991,  Baird  &  Northfield  1992,  Williams  1989,  Chatley  1992,  Billirigton  1992). 
The  Discipline  of  Noticing  is  elaborated  in  several  sources  (Mason,  1984,  Davis  &  Mason  1989, 
Mason  1991,  Davis  1992,  Mason  1993).  Thera  are  four  aspects: 


Systematic  Reflection:  retrospective  re-entry  through  brief-but-vivid  accounts  of 
incidents,  without  judgement  or  explanation;  once  a  corpus  of  accounts  accumulates,  it 
is  possible  to  identify  common  threads. 

Recognising  and  Labelling  Choices:  locating  alternative  strategies  and  gambits  for  use 
in  particular  situations  in  the  future,  either  from  reading,  from  sharing  incidents,  or 
from  observing  others;  labelling  typical  incidents  and  corresponding  gambits  so  as  to 
trigger  recollection  of  possible  actions  spectively. 

Preparing  and  Noticing:  entering  recent  experiences  post-spectively,  then  imagining 
making  an  alternative  choice  pro-spectively.  It  takes  considerable  effort  to  move  the 
moment  of  recognition  from  the  retrospective  to  the  spective. 

Validating  with  Others:  to  guard  against  solipsism  and  self-delusion,  continued 
interspective  exchange  of  bricf-but-vivid  incidents  and  observations;  refining  task- 
exercises  which  permit  colleagues  to  experience  (directly  or  by  analogy)  something 
proposed  as  worthy  of  noticing. 

Popper's  fallibilism  requires  theories  to  be  falsifiable.  The  Discipline  of  Noticing  requires 
theories  to  be  sufficiently  resonant  to  inform  future  practice,  but  this  may  take  work.  Lack  of 
resonance  falsifies  the  theory  only  locally,  at  the  given  time  and  under  the  given  conditions, 
since  resonance  may  arise  later,  and  attention  may  be  focused  elsewhere  at  that  time.  By 
maintaining  a  questioning  attitude,  seeking  recognition  of  salient  moments  and  resonance 
with  the  experience  of  others,  you  act  against  a  tendency  to  become  fixed  in  your  new  ways. 
Attention  and  Awareness  In  Inner  Research 

Through  systematic  use  of  the  discipline  of  noticing,  and  through  interrogating  my  own 
experience  (whether  corresponding  or  analogic)  and  that  of  others  I  find  that  I  am  able  to 
propose  conjectures  and  focus  attention  when  tackling  a  problem  in  mathematics  education. 
These  conjectures  may  sometimes  be  usefully  investigated  by  measuring  things,  but  often 
more  efectively  by  working  at  locating  experiences  which  contribute  to  enriching  and 
deepening  sensitivities  so  as  to  be  awake  to  possibilities  in  the  future.  The  test  of  validity  is 
whether  it  generates  convincing  stories  about  the  past,  and  whether  it  informs  actions  in  the 
future. 

My  attention  has  been  self-referentially  or  perhaps  recursively  drawn  to  the  central 
importance  of  attention  and  awareness,  and  hence  imagery  and  energies  as  research  domains, 
as  an  explanatory  component  of  a  global  theory  of  teaching  and  learning,  and  as  the  essence  of 
methodology.  Epistemological  foundations  of  any  research  paradigm  are  based  on  how 
attention  and  awareness  is  employed,  made  explicit,  and  interrogated.  Inner  research  makes 
explicit  use  of  the  study  of  attention,  which  in  turn  seems  to  me  to  be  at  the  heart  of  learning, 
teaching,  research,  and  administration. 

Incidents  that  remain  salient  in  memory,  even  for  a  short  time,  can  be  taken  as  the 
phenomena  under  study,  or  as  indicators  of  it.  They  can  also  be  taken  as  a  mirror  in  which  to 
see  oneself,  to  locate  one's  interests  and  concerns.  Jackson  (1992  p37-56)  illustrates  mirroring 
beautifully,  through  choosing  to  use  things  that  stood  out  for  him  as  stimulus  to  enquire  and 
interrogate  his  own  perceptions  and  assumptions  rather  than  intrude  on  the  teacher  whose 
lessons  he  was  observing. 

The  universe  is  a  mirror  in  which  we  can  contemplate  only  what  we  have  learned  to 
know  in  ourselves.  (Calvino  1986,  pl07) 

which  brings  us  back  to  mirors  and  the  Eddington  (quoted  earlier).  All  research  has  an 
element  of  research  of  self  within  it. 
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CASE  STUDY:  WHAT  DID  YOU  SEE? 

My  case  study  illustrates  the  beginnings  of  an  investigation  described  in  a  manner  which 
reflects  the  process  of  researching  from  the  inside  as  closely  as  I  can  manage  in  text.  I  begin 
with  an  incident. 

A  colleague  and  I  were  observing  a  lesson  involving  twenty-five  17-18  year  olds  doing 
A-Level  (pre-university)  mathematics.  The  teacher  drew  their  attention  to  the 
following  problem  as  a  potential  homework  from  an  old  exam  paper: 


V7 


Show  that  the  shaded  area 


18  J  53" 


"0  1  " 

She  then  asked  the  class  "what  do  you  see?".  I  distinctly  heard  a  student  say  "root 
three",  but  the  teacher  appeared  not  to  hear.  She  waited,  and  someone  else  offered  "the 
equation  of  the  curve".  On  getting  no  further  reply  within  a  few  seconds,  she  drew 
attention  to  the  subtraction  in  the  'show  that'  as  a  difference  between  two  areaB. 
It  transpired  in  later  conversation  that  she  had  indeed  not  heard  the  "root  three", 
though  she  began  from  then  on  to  refer  to  it  as  if  she  in  fact  had  heard  it.  She 
expressed  disappointment  that  they  had  not  had  more  to  say. 
You  might  like  to  pause  and  consider  what  if  anything  strikes  you  about  this  incident. 
What  strikes  me  initially  is  the  not-hearing.  I  felt  a  resonance  between  this  incident  and 
many  others  I  have  participated  in.  I  recognise  so  clearly  being  caught  up  in  the  flow  of  what  I 
am  thinking  that  it  is  only  later  when  I  listen  to  a  tape  that  I  realise  that  I  have  not  'heard' 
what  a  student  or  colleague  was  saying  to  me.  Instead  I  hear  what  I  can  hear,  and  run  from 
there.  It  is  only  when  1  actuall  hear  an  unexpected  reply  that  I  realise  I  had  a  very  clear 
image  in  my  head,  and  that  my  question  was  intended  to  point  them  to  what  I  was  seeing 
(Love  &  Mason  1992).  It  is  a  form  of 'guess  what  is  in  my  mind'.  But  I  only  recognise  it  as  such 
when  the  response  differs  from  what  I  am  expecting  and  I  am  awake  to  that  discrepancy. 
Then  I  can  do  more  than  react  by  asking  a  more  focused  question.  Recognition  offers  a 
moment  of  choice: 

I  can  carry  on  and  ask  another  question  that  is  more  focused,  perhaps  ending  with  a 
trail  of  more  and  more  specific  questions  such  as  Holt  (1964)  captures  so  beautifully  in 
his  account  of  Ruth  ("If  I  wouldn't  tell  her  the  answers,  very  well,  she  would  just  let  me 
question  her  right  up  to  them");  and  which  Bauersfeld  called  funnelling. 
I  can  acknowledge  that  I  am  caught  in  a  guessing  game  and  reveal  (try  to  describe) 
what  I  am  seeing; 

I  can  let  go  of  my  thoughts  and  concentrate  on  what  the  students  are  saving. 
The  latter  strategy  parallels  another  common  strategy  of  asking  students  to  construct  their 
own  question  of  a  similar  type  which  they  consider  to  be  hard,  because  students  then  reveal 
where  their  attention  and  concern  is  focused,  and  it  is  often  not  where  the  teacher  expects  it. 
Listening  to  what  other  students  say  they  are  seeing,  and  discovering  that  different  students 
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are  seeing  different  features  can  be  one  way  for  students  to  realise  that  there  are  alternative 
ways  of  seeing  which  may  be  more  effective. 

I  now  have  something  to  look  out  for  (an  unexpected  response),  and  some  strategies  to  try  out 
when  I  notice  an  opportunity.  I  set  myself  to  catch  a  similar  moment  in  the  future,  and  I  do 
this  by  imagining  myself  in  a  class  asking  a  question  and  being  surprised  by  the  response. 
Then  I  imagine  myself  choosing  to  tell  them  what  is  in  my  mind,  and  I  also  imagine  myself 
taking  time  to  listen  to  what  they  say,  and  giving  time  for  others  to  make  different  reports.  In 
order  to  help  trigger  my  awareness  of  strategies  to  use,  I  produce  a  label  for  this  sort  of 
incident,  for  example,  rather  unimaginatively,  unexpected  response. 

After  working  in  this  way  for  a  while,  I  find  perhaps  that  I  am  beginning  to  recognise  I  am 
about  to  ask  a  question  pointed  at  what  I  am  seeing,  and  am  able  to  ask  less  pointed 
questions,  to  dwell  more  in  the  students'  experience  than  in  my  own.  Or  perhaps  I  find  that  it 
does  not  help  me,  and  I  soon  forget  all  about  the  incident,  the  label,  and  questioning  as  an 
issue.  If  I  find  my  practice  being  informed.  I  seek  out  particularly  sharp  examples  which  I  can 
turn  into  task-exercises  to  offer  to  others  as  the  basis  for  discovering  whether  they  too 
recognise  what  I  think  I  am  noticing,  and  whether  it  too  informs  their  practice. 


That  was  an  example  of  one  phase  of  researching  from  the  inside,  working  at  extending 
sensitivity  to  notice  opportunities  to  alter  what  I  am  attending  to,  to  awaken  my  awareness  in 
the  moment.  It  might  have  been  triggered  by  reading  some  research  on  questioning,  from 
something  a  colleague  said,  or  a  moment  of 'graced'  noticing  (Mason  &  Davis  1988). 

What  I  have  described  here  is  a  process  of  I-You  connection;  but  it  is  presented  in  words,  so 
you  have  to  battle  through  an  I-It  reduction  to  re-construct  an  I-You  of  your  own.  The  purpose 
of  task-exercises  is  to  provide  specific  highlighted  recent  experience  to  which  to  relate  and 
through  which  to  build  connections. 

Development 

Having  located  one  incident  that  struck  me,  suddenly  it  is  everywhere.  I  begin  to  notice  'the 
phenomenon'  in  other  situations  (not  even  necessarily  in  the  classroom).  An  action  is 
beginning,  parallel  to  the  growth  of  early  language  (Brown  1973)  in  which  meanings  are  over 
generalised  and  then  re-specialised  to  common  usage.  All  sorts  of  'examples'  come  to  mind, 
before  an  editing-selecting  process  refines  the  class,  choosing  some  particularly  central  or 
paradigmatic  examples  (Lakoff  1987).  Past  and  present  experience  are  juxtaposed  by  a 
strength  of  intention  to  look  out  for  such  incidents.  The  very  notion  of  'example',  'such 
incidents',  and  'this  phenomenon'  is  an  indication  that  abstraction  is  taking  place.  It  is  a 
delicate  shift  in  the  structure  of  my  attention  (Mason  1989).  My  experience  with  graduate 
students  suggests  that  this  is  a  significant  and  non-trivial  component  of  any  research. 

As  the  investigation  continues  there  will  be  a  temptation  to  discriminate  more  finely,  to 
produce  more  distinctions,  to  classify  and  taxonimise.  Sometimes  this  can  be  helpful,  but 
intricate  classifications  not  based  on  direct  experience  or  extant  structures  are  usually  very 
hard  to  remember.  Dyads  and  triads  and  well  chosen  labels  for  metonymic  triggering  are 
much  easier  to  reconstruct,  and  more  likely  to  'come  to  mind'  than  lists. 

More  Exemplars 

The  unexpected-response  phenomenon  is  itself  a  particular  case  of  a  more  general 
phenomenon  of  not-seeing  turning  into  seeing,  which  I  have  labelled  as  coming-to-see,  and 
which  I  recognise  having  worked  on  in  a  different  guise  as  shifts  of  attention  (Mason  &  Davis 
1988).  In  the  interests  of  conserving  space,  I  limit  myself  to  a  very  few  examples  from  each  of 
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the  domains  mathematical  content,  mathematical  themes,  learning,  teaching,  and  teacher 
education. 


Mathematical  Content 

A  student  describes  the  surface  of  a  ball  as  three  dimensional.  It  "takes  up  space". 
The  perimeter  of  a  region  ignores  the  'space  inside'. 
Learning 

A  student  looks  at  y  =  x/k  and  does  not  see  this  as  the  equation  of  a  straight  line 
with  slope  1/*  because  it  is  not  in  the  form  y  =  mi. 

A  student  can  calculate  how  many  handshakes  will  be  needed  in  a  group  of 

strangers  for  specific  sizes  of  group,  but  not  how  to  'do  it  in  general'. 

A  student  can  read  off  points  from  a  graph,  but  seems  to  have  no  sense  of  what  the 

graph  says  about  the  situation  being  graphed. 
This  stimulated  Janvier  (1978)  and  led  to  insights  and  new  materials  (Swan  1985). 

A  student  can  talk  about  triangles  and  lines,  but  acts  as  if  they  are  not  aware  of 

angles,  vertices,  and  edges  of  the  triangles 
This  observation  forms  the  core  of  the  van  Hiele  (Burger  &  Shaunessyl986)  investigations 
leading  to  their  classifications  of  stages  in  geometry. 

Mr.  Short's  height  is  6  paperclips.  It  is  also  4  matchsticks.  Mr.  Tail's  height  is  6 

matchsticks.  What  is  Mr.  Tail's  height  in  paperclips? 

Hart  (1981)  and  many  others  used  this  and  a  variety  of  other  contexts  (based  on  ideas  drawn 
from  Karplus)  to  study  children's  use  of  addition  strategies  in  what  experts  classify  as  ratio 
and  proportion  tasks  (see  for  example  Hiebert  &  Behr  1988). 

For  me  these  are  generic  examples  of  observations  that  most  teachers  will  recognise. 
Sometimes  it  is  not  until  their  attention  is  drawn  to  them  that  teachers  actually  recognise 
them  as  phenomena,  which  in  itself  provides  a  generic  example  of  the  difference  between 
noticing  and  marking.  (You  have  noticed  if  you  recognise  what  someone  else  remarks  upon; 
you  have  marked  if  you  can  initiate  a  remark  about  it.) 

What  do  I  see  that  they  have  in  common?  In  each  case,  the  student  appears  to  be  unaware  of 
some  feature.  They  appear  not  to  see  what  the  teacher  sees.  This  is  not  simply  a  feature  of 
schooling,  for  it  is  thought  that  neonates  are  aware  only  of  surfaces,  and  those  rather  fuzzy  at 
first,  and  only  later  come  to  distinguish  edges,  colours,  and  textures  (Kellman  &  Spelke  1983). 
Their  perceptual  apparatus  has  to  learn  to  discriminate.  So  too,  every  act  of  learning  can  be 
seen  as  an  act  of  new  distinction-making,  of  coming  to  see  what  was  previous  undetected, 
undistinguished,  unseen.  It  all  depends  on  what  you  are  attending  to,  and  that  is  influenced 
by  habits,  practices,  and  integrated  awarenesses. 
Mathematical  Themes 

Mathematicians  use  the  metaphor  of  not-seeing  explicitly,  as  became  clear  when  category 
theory  introduced  the  forgetful  functor  in  order  to  formalise  the  way  mathematicians  suppress 
extra  information  (MacLane  1986).  For  example: 

treating  fractions  as  ratios,  or  division  operations,  or  rational  numbers,  according  to 

the  context  and  ignoring  the  other  interpretations. 

treating  on  polynomials  as  vectors  which  can  be  added  and  'forgetting"  that  they  can 
be  multiplied  or  solved; 

These  are  deliberate  not-seeings,  suppression  of  context  when  it  does  not  suit.  Suppression 
has  positive  and  negative  aspects,  and  there  are  clear  resonances  with  psychological 
behaviour  in  which  we  suppress  what  we  cannot  cope  with,  and  literally  do  not  see  it.  This 
aspect  deserves  considerable  more  attention  (sec  Tahta  1991, 1993). 
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Teaching 


When  students  are  introduced  to  the  modulus  function  (y  =  I  x  I ),  the  lecturer  sees  this 
function  as  generic,  illustrating  how  functions  can  be  continuous  at  a  point  but  not 
differentiable  there,  but  the  students  see  it  is  an  exceptional  case. 

MacHale  (1980)  pointed  out  that  most  textbooks  offer  students  a  single  counter-example  to 
natural  conjectures,  such  as  that  continuity  implies  differentiability.  Consequently,  students 
demonstrate  Lakatosian  facility  in  monster-barring,  treating  the  single  example  as  an 
isolated  exception.  Most  students  require  assistance  to  build  a  rich  web  of  examples  and 
implications  from  a  single  example. 

Teacher  Education 

Gates  (1993)  observed  that  when  pre-service  teachers  look  back  over  a  lesson  they  have 
planned  and  carried  out,  they  become  aware  that  they  'just  hadn't  thought'  of  what  would 
happen.  For  instance, 

One  trainee  had  brought  only  one  object  for  the  whole  class  to  feel  or  examine,  but  with 
the  intention  that  everyone  have  hands-on  experience.  Asked  about  it  later,  he  replied 
"I  just  hadn't  thought  of  it." 

It  is  not  just  a  matter  of  not  employing  mental  imagery  to  prospectively  enter  the  class  and 
see  what  would  happen,  for  the  novice  teacher  does  not  have  th  •  experience  even  to  notice 
that  there  might  be  a  difficulty. 


As  researchers  we  see  what  we  are  attuned  to  see,  rather  than  'what  is  there'.  Researched 
events  consist  of  the  collection  of  memories  and  reconstructions  that  participants  have  of 
them.  Goodman  (1978)  exploits  his  world-making  metaphor  and  extends  Hanson's  (1958) 
observation  that  'facts  are  theory-laden'  to 

(facts)  are  as  theory  laden  as  we  hope  our  theories  are  fact-laden  ...  facts  are  small 

theories,  and  theories  are  big  facts  (p96-97). 

Donaldson  (1978)  among  others  showed  how  easy  it  is  when  conducting  experiments  with 
children  to  assume  that  they  hear  the  question  in  the  same  way  that  you  imagine  it:  "How 
many  more  white  counters  than  counters?"  may  be  heard  as  "how  many  more  white  then 
black?",  and  lead  to  puzzling  results.  When  you  ask  a  question,  you  assume  that  people 
respond  to  that  question  as  if  it  matters  to  them  and  as  if  they  hear  what  you  are  thinking. 

When  you  think  you  see,  when  you  dwell  in  what  you  see,  you  are  less  open  to  seeing  more. 
This  is  consistent  with  Peirce  and  Dewey  who  stressed  the  role  of  doubt  as  essential  for 
successful  research:  not  temporary  or  interim  doubt,  but  repeated  and  continuing. 


The  next  phase  of  development  is  to  isolate  some  task-exercises  which  highlight  pertinent 
noticing.  I  will  offer  some  examples,  in  the  presentation.  Their  aim  is  to  provide  direct  recent 
experience  of  what  it  is  like  to  not-see,  exemplifying  the  role  of  relating  ideas  to  your  own 
experience  as  directly  as  possible,  through  analogy.  These  tasks  are  then  tried  out  with 
colleagues,  modified  and  honed  so  as  to  focus  attention  on  not-seeing  and  strategies  for 
coming  to  see.  They  can  then  be  used  as  the  focus  for  crystallising  past  experience,  for  being 
sensitive  to  new  situations  with  similar  qualities,  and  for  locating  alternative  strategies  and 
gambits.  The  cycle  of  investigation  continues. 
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I  beean  with  an  incident,  then  drew  out  from  that  (lacking  the  possibilities  of  ^interaction) 
omething  worth  noticing  (being  surprised  by  an  unexpected  response)  which  I  have  found 
fruitful  f  illustrated  it  and  suggested  alternative  choices  that  could  be  made.  I  then 
broadened  my  t us  to  situations^  which  people  do  not  discriminate.  I  offered  a  sample 
~  of  situations  (as  substitute  for  collecting  examples  from  you)  to  indicate  the  domain  of 
appfLbi    "   the  phenomenon.  The  examples  in  some  sense  constitute  the  domain the. 
generic  o   paradigmatic  qualities  being  a  matter  of  personal  perception .  and  collective 
negotiation.  The  te^for  whether  what  I  have  said  and  done  is  valid  ^  *e™£J  J 
whether  you  feel  you  recognise  the  sort  of  situation  I  describe,  and  whether,  at  least  for 
short  time,  you  find  yourself  thinking  and  perceiving  in  these  terms. 

I  offered  a  variety  of  forms  of  analysis:  some  classifications,  some  parallels  with  other  aspects 
of  SoloS  and  some  connections  to  specific  mathematics  education  research  Al  of  this 
was ^attempt  to  locate  how  this  framework  helps  me  to  see  situations,  and  to  structure  my 
Tct  ons  Idea'y  through  sharing  descriptions  of  relevant  incidents  we  would  *™fv*™& 
of  strategies  which  various  people  have  used  in  similar  situations,  we  would  report  on 
iSSSSlSv  these,  and  so  develop  a  practice  with  a  shared  (or  taken-as-shared, 
vocabulary  of  description. 

Nnte  the  self  reference  of  the  case  study  in  the  process  of  validation  with  colleagues. 
SLles  maj tot  themselves  be  able  to  hear  or  see  what  it  is  I  am  pointing  to,  perhaps 
be  us^he^tention  is  fully  taken  up  by  other  concerns,  perhaps  because  my  examples u« 
not  in  fact  examples  for  them,  perhaps  because  I  am  deluding  myself  to  some  extent.  Hence 
Te  Importance  o?  conferences,  where  colleagues  can  share  experience  and  negotiate  the  use  of 
technical  terms  and  frameworks  in  an  extended  community. 
But  is  this  research? 

I  know  that  this  is  a  contentious  issue.  Let  me  put  the  case  that  what  I  have  outlined I  con 
cons^ute  a  research  practice.  I  have  sketched  how  to  ground  the  methodology  in  a  consistent 
epistemlgy  I  have'indicated  a  domain  of  applicability  of  the  methodology,  not  just  the 
SuTand'central  aspects  of  psychology  including  attention,  ^^T^^ 
inner  nrocesses  such  as  mental  imagery  and  energies.  Any  issue  concerning  the  expenence ,  ot 
others  ™  informed  and  illuminated  by  careful  interrogation  and  use  of  your  own 
experience  I  have  illustrated  examples  of  the  sorts  of  questions  it  is  best  able  to  inform  and 
expenence  _1  nave  m  v  discussed  briefly  the  sort  of  validity  and 

rained  <P™>  ^  *  ™< 

awareness). 

COMMON  EPISTEMOLOGY 

I  call  it  a  common  epistemology  because  it  describes  the  processes  which  I  have  found  ,„ 
m  vself  and  which  seem  to  accord  with  the  experience  of  most  of  the  people  I  have  talked  to  n 
many  different  diSnl.  It  concerns  how  we  commonly  rather  than  theoretically  come  to 
know  things  in  mathematics  education. 

IvWt  researchers  I  know  arc  unable  to  read  everything  published  that  pertains  to  their 
est  So  they  are  selective.  They  tend  to  read  articles  in  a  few  parti cul ar  journals 
regularly  and  to  cast  about  to  others  when  connections  arise.  They  tend  no  to  read 
evemh  n'g  and  even  the  articles  they  read  they  attend  to  diffe rently.  8 °^  authors  are 
known  to  hem  and  may  receive  special  (or  little)  attention.  Statements  that  conform to 
experience  ar passed  over  unless  they  pertain  directly  to  current  activity  in  which  case  they 
aTnoted  for  future  reference;  statements  that  conflict  with  current  thinking  are  either 
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dismissed  (with  justifications  to  do  with  methodology  or  context  or  some  other  factor),  or  are 
noted  and  checked  out  at  the  next  opportunity. 

Even  where  a  researcher  tests  a  pedagogical  activity,  shows  that  'it  worked'  and  then 
publishes  it,  others  must  adapt  and  adjust  the  task  for  their  conditions.  They  cannot  simply 
import  it  and  then  build  upon  it.  Indeed  the  failure  of  a  sequence  of  major  national  projects 
intended  to  improve,  change,  or  revamp  mathematics  teaching  and  learning  have  been 
singularly  unsuccessful  precisely  where  they  have  focused  on  behaviour  and  failed  to  work  on 
awareness,  have  treated  teachers  and  pupils  as  objects  in  Mt  relation,  and  failed  to  attract 
the  person  within  to  work  on  whatever  was  being  offered  in  I-You  connection. 
CONCLUSION 

I  began  by  observing  that  to  express  is  to  over  stress.  Once  catapulted  into  language,  it  is  very 
hard  to  preserve  the  complexity  of  teaching  and  learning  mathematics  because  of  the 
inevitable  distinctions  and  classifications  through  which  we  simplify  the  world  of  our 
experience.  As  soon  as  emphasis  is  placed  on  separation,  on  I-It,  as  for  example  in  researching 
solely  from  the  outside,  there  is  a  de-emphasis  on  I-You  relationship;  as  soon  as  emphasis  is 
placed  on  relationship  (which  in  itself  is  hard  to  express  or  manifest  in  linear  text?),  there  is  a 
corresponding  de-emphasis  on  separation.  Gilligan  (1982  p48)  added  significance  to  this 
tension  by  suggesting  that  separation  and  relationship  form  one  dimension  along  which 
women's  and  men's  ways  of  knowing  differ.  Just  as  you  think  you  are  noticing  something 
useful,  someone  else  sees  that  your  seeing  is  partial  and  biased! 

I  am  grateful  to  my  colleague  Liz  Binns  for  her  frequent  comments  during  the  drafting  of  this 
paper,  and  to  my  many  colleagues  whose  insights  and  incidents  have  contributed  to  my 
seeing. 
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This  paper  addresses  the  study  of  teachers'  knowledge,  beliefs,  conceptions  and 
practices,  presenting  some  illustrations  from  the  area  of  problem  solving.  In  mathematics 
education,  the  teacher  has  attracted  much  less  work  than  the  student.  This  may  be  due,  in 
part,  to  the  different  knowledge  base  of  interest  in  each  case.  Regarding  students,  we  are 
concerned  with  their  learning  of  mathematics.  The  nature  of  mathematical  knowledge  is 
itself  problematic,  yet  that  does  not  seem  to  rise  too  many  difficulties  for  our  work. 
Regarding  teachers,  it  is  much  less  clear  what  is  the  specific  knowledge  (necessary  for 
teaching  mathematics)  that  we  should  be  looking  at.  Is  it  knowledge  of  mathematics 
content?  of  mathematics  pedagogy?  of  students'  cognitive  processes?  some  mixture  of 
several  of  these? 

In  recent  years,  the  teacher  emerged  as  a  key  figure  from  whom  depends  much  of  the 
success  of  current  reform  efforts  in  mathematics  education.  At  our  research  group,  the  study 
of  teaching  became  a  major  area  of  interest.  Problem  solving  appeared  as  an  interesting 
focus  for  inquiry  since  (a)  it  is  strongly  valued  by  the  new  curriculum  orientations,  (b)  there 
are  many  different  views  about  it,  among  both  teachers  and  mathematics  educators 
(Schoenfeld,  1992),  and  (c)  it  deals  with  processes  that  we  all  agree  to  be  at  the  heart  of  the 
mathematical  activity. 

In  the  first  part  of  the  paper  I  will  briefly  review  work  done  on  teachers'  professional 
knowledge  and  related  concepts  within  and  outside  PME.  Then,  I  will  present  cases  taken 
from  empirical  research  and  discuss  a  few  concepts  used  in  our  investigations.  And  in  the 
final  part  I  will  contrast  some  general  frameworks  to  study  mathematics  teachers' 
professional  knowledge  and  draw  some  perspectives  for  future  work. 


*  This  work  was  done  within  the  project  "O  Saber  dos  Professores"  ("Teachers'  Knowledge), 
supported  by  a  grant  from  JNICT — Junta  Nacional  de  lnvestigac,ao  Cientffica  e  Tecnol6gica. 
Portugal,  under  the  contract  PCSH/379/92/CED.  The  project  team  also  includes  Henrique  M. 
Guimariies.  Ana  Paula  Canavarro,  Lconor  Cunha  Leal  and  Paulo  Abrantcs.  The  author  thanks  Jose" 
Manuel  Matos  and  Maria  dos  Anjos  Casciro  who  made  helpful  comments  in  a  previous  version  of 
the  manuscript. 


Teachers  and  research  on  teaching 


The  place  of  the  teacher  in  mathematics  education  research.  Until  quite  recently, 
teachers  received  just  a  very  devaluated  view  both  in  curriculum  development  projects 
(Elbaz.  1983;  Howson,  Keitel  and  Kilpatrick,  1981)  and  in  psychologically  oriented  studies 
in  mathematics  education  such  as  those  reported  in  PME  (Hoyles,  1992). 

Research  on  teaching,  like  classroom  research,  has  generally  viewed  teachers  in  a 
fragmented  way,  in  terms  of  isolated  characteristics,  and  from  a  negative  stance... 
Such  approaches  reinforce  the  view  of  the  teacher  as  an  instrument;  she  is  a  cog 
in  the  educational  machine,  and  one  which  often  seems  to  fall  below  the  quality- 
controlled  standards  of  the  whole,  at  that...  Part  of  the  problem  of  such  research 
undoubtedly  lies  on  viewing  the  teacher  and  her  work  in  isolation  from  the 
substance  of  what  she  teaches,  that  which  gives  much  of  its  meaning  and 
direction  to  her  work.  But  the  main  failing  of  these  approaches  is  that  they  view 
teachers  as  passive,  dependent  and  often  unsuccessful  participants  in  the 
educational  enterprise.  (Elbaz.  1983.  p.  9-10) 

This  devaluated  view  is  quite  natural  within  the  dominant  individualistic  tradition  of 
educational  research,  "focusing  on  learners,  their  intelligence,  their  abilities,  and  their 
thinking"  (Bauersfeld.  1994.  p.  133).  However,  it  is  not  acceptable  to  an  interactioni.it  view 
in  which  the  individual  and  the  society  are  seen  as  inseparable  units,  having  a  mutually 
interdependent  relationship,  as  "teacher  and  students  interactively  constitute  the  culture  of 
the  classroom"  (p.  1 39). 

The  intcractionist  perspective,  requiring  the  consideration  of  both  psychological  and 
sociological  theories,  is  receiving  increasing  acceptance.  Many  mathematics  educators  now 
concur  that  a  comprehensive  understanding  of  the  main  issues  bearing  in  the  processes  of 
teaching  and  learning  mathematics  cannot  be  studied  just  by  looking  at  the  learner.  It  is 
necessary  to  take  into  account  also  other  factors,  such  as  the  social  context  of  learning 
(Balacheff,  1990)  and  the  nature  of  the  knowledge  being  learned  —  also  a  social  construct 
(Berger  and  Luckmann,  1976).  The  teacher  is  certainly  one  of  the  most  important  elements 
of  the  learning  context  and  a  key  person  in  the  definition  of  what  is  knowledge. 

Not  surprisingly,  the  individualistic  tradition  of  educational  research,  focusing  on  the 
learner,  basically  sees  the  teacher  as  a  complicating  variable.  However,  a  growing 
awareness  of  the  limitations  of  this  individualistic  stream  of  educational  research  —  for 
example,  making  it  impossible  to  guarantee  reproducibility  conditions  in  teaching 
experiments  (Artigue,  1992)  —  and  the  current  pressures  for  reform  in  mathematics 
education  all  led  to  a  greater  awareness  of  the  complexities  of  the  mathematics  classroom 
and  of  the  important  role  of  the  teacher. 

Recent  work  in  PME.  In  PME,  many  studies  have  addressed  (in  one  way  or  another) 
mathematics  teachers'  beliefs.  This  research  mostly  derives  from  the  pioneer  work  of 
Thompson  (1982)  and  Cooncy  (1985),  standing  r>n  the  assumption  that  what  teachers  do  in 
the  classroom  mostly  depends  on  their  beliefs  about  mathematics  and  mathematics  teaching. 
Recently,  the  view  that  the  classroom  environmt.nt  and  social,  educational,  and  personal 
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constraints  also  shapes  teachers'  beliefs  is  favoring  a  more  dialectical  perspective  of  the 
relationship  between  beliefs  and  practices  (Hoyles,  1992;  Thompson,  1992). 

Another  line  of  research  in  PME  has  to  do  with  teachers'  knowledge  of  subject  matter 
and  teaching  strategies,  reflecting  the  influence  of  Shulman' s  (1986)  ideas  about  the  key 
role  of  subject  matter  pedagogy.  These  studies  investigate  teachers'  knowledge  of 
mathematical  concepts  and  how  to  teach  them  (Even  and  Markovits,  1991;  LHnares  and 
Sdnchez.1991;  Sanchez  and  Llinares,  1992).  Their  assumption  is  that  teachers  who  do  not 
know  well  their  subject  cannot  do  a  good  job  in  teaching  it,  which  is  certainly  a  relevant 
point.  However,  this  research  has  a  strong  focus  on  declarative  aspects  of  knowledge  and 
may  be  leaving  out  of  the  scene  the  most  important  issues  regarding  teachers'  instructional 
activity,  clearly  stressed  in  Shulman's  (1992)  more  recent  writings. 

Some  research  about  teachers  mostly  stand  on  general  frameworks  of  constructivism 
and  activity  theory,  usually  either  presenting  these  ideas  as  content  for  teachers  to  learn  or 
using  them  to  inform  the  approach  followed  in  teacher  education  initiatives  (Adler,  1992; 
Crawford,  1992;  Hart  and  Najee-ullah,  1992;  Rice,  1992).  Such  general  frameworks  may 
provide  useful  starting  points,  but  still  need  to  be  developed  into  more  specific  concepts  and 
models  related  to  teachers'  actual  professional  roles. 

The  NCTM  Standards  (1989,  1991)  key  concepts  of  mathematical  power,  discourse, 
problem  solving,  etc.  are  the  basic  frame  for  didactic  oriented  studies  (Davenport,  1992; 
Dougherty,  1992;  Santos  and  Kroll,  1992).  Such  studies  are  clearly  grounded  in  teachers' 
subject  matter  and  pedagogical  knowledge  but  seem  to  require  a  more  elaborated  view  about 
the  specific  ways  how  such  knowledge  develops  and  works  in  practice. 

Finally,  recent  work  has  been  done  in  the  perspective  of  teachers  as  reflective 
practitioners,  or,  going  one  step  further,  of  teachers  as  researchers  (Chapman,  1993; 
Jaworski,  1992;  Lerman  and  Scott-Hodgetts,  1991;  Mousley,  1992).  Teachers,  in  this 
perspective,  are  seen  as  playing  an  important  role  in  the  definition  of  the  purposes  and  goals 
of  their  work  as  well  as  on  the  means  to  attain  them  and,  therefore,  participate  in  the 
production  of  knowledge  about  teaching  (Zeichner,  1993).  Most  of  these  ideas  spring  from 
the  influential  work  of  Schon  (1983),  discussing  different  kinds  of  reflection,  notably 
reflection-on-action  and  reflection-in-action. 

Work  not  much  represented  in  PME,  However,  there  are  other  important  lines  of 
work  on  teaching  which,  perhaps  surprisingly,  have  not  been  strongly  represented  in  PME: 

a)  The  study  of  teachers'  thinking  within  a  cognitive  psychology  approach,  dealing  with 
teachers'  interactive  thoughts  and  decisions,  both  in  planning  an  in  conducting  classroom 
activities.  Most  of  this  research  has  been  done  contrasting  "expert"  and  "novice"  teachers, 
looking  at  their  squemata  or  knowledge  structures  (Berliner  et  al.,  1988;  Leinhardt,  1988). 

b)  Whereas  that  program  of  study  presupposed  that  actions  arc  guided  by  knowledge 
structures  existing  in  the  individual  mind,  more  recently  situated  cognition  began  defining 
expertise  from  the  perspective  of  knowledge  use  in  practice,  assuming  that  the  acquisition 
and  use  of  expert  knowledge  is  essentially  bound  to  particular  contexts  (Lampert  and  Clark, 


1990). 


c)  With  a  similar  concern  but  with  a  different  origin,  the  study  of  teachers'  practical 
knowledge  has  been  carried  from  an  interpretative-phenomenological  perspective.  For 
example,  Elbaz  (1983)  views  teachers'  knowledge  as  a  complex,  pratfically-oriented  set  of 
understandings  used  to  shape  and  direct  the  work  of  teaching.  The  content  of  this  knowledge 
is  revealed  in  the  responses  that  teachers  give  to  the  situations  that  they  live  in  their 
professional  activity.  Also  in  this  perspective,  Clandinin  (1986)  describes  personal  practical 
knowledge  as  being  experiential,  value-laden,  positive  and  oriented  towards  practice.  In  her 
view,  such  knowledge  is  acquired  through  trial  and  error,  is  subject  to  change,  and  implies  a 
dialectical  relationship  between  theory  and  practice. 

In  mathematics  education  research,  the  teacher  has  been  mostly  viewed  as  a  deficient 
professional  —  a  person  with  deep  misconceptions,  lack  of  mathematical  knowledge,  and 
inappropriate  and  inconsistent  beliefs,  contradictory  with  current  reform  efforts.  This  brief 
review  suggests  that  research  on  mathematics  teaching  may  consider  alternative 
perspectives.  Outside  mathematics  education,  other  lines  of  study  have  considered  important 
aspects  of  teachers'  activity  and  knowledge.  Without  denying  the  difficulties  that  teachers 
face,  both  in  conceptual  and  practical  grounds,  these  perspectives  may  yield  new  and  more 
intersting  ways  of  looking  at  them. 

Teachers  conceptions  and  practices  regarding  mathematical  problem  solving 

In  Portugal,  recommendations  to  radical  reform  in  mathematics  teaching  have  been 
strongly  supported  by  teacher  education  institutions  and  the  association  of  mathematics 
teachers  and  were  partially  adopted  by  the  Ministry  of  Education.  In  just  a  few  years, 
positions  that  were  minority  became  part  of  the  official  discourse.  Problem  solving  is  at  the 
heart  of  the  new  curriculum  orientations  that  also  emphasize  aspects  as  enhancing  students' 
attitudes  and  values,  applications  of  mathematics,  use  of  calculators,  active  methods,  group 
work,  history  of  mathematics,  and  new  assessment  methods. 

1  will  consider  several  examples  of  teachers'  professional  knowledge  and  practice  as  it 
relates  to  problem  solving.  The  ideas  and  data  presented  in  this  paper  were  developed  using 
an  interpretative  qualitative  methodology,  based  in  case  studies  of  teachers.  Of  special 
concern  were  their  personal  and  professional  experiences,  including  their  conceptions, 
motivations,  and  areas  of  difficulty ' .  And  I  will  take  these  examples  as  starting  points  to 
discuss  some  related  theoretical  concepts. 

Carolina'.  Carolina  has  5  years  of  experience  teaching  7th- 1 1th  grade  students.  She 
graduated  two  years  ago  from  the  Faculty  of  Sciences  of  Lisbon,  where  she  had  some 
difficulty  in  completing  all  her  mathematics  requirements.  She  felt  that  in  the  mathematics 
methods  course  there  was  a  stress  in  just  a  few  ideas  (as  problem  solving)  that  she  did  not 
view  as  particularly  relevant  for  mathematics  teaching.  During  the  internship,  under  the 
influence  of  the  supervising  teacher,  she  began  viewing  more  favorably  the  new  orientations 
for  mathematics  education.  Stimulated  by  her  colleagues,  she  has  participated  in  meetings  of 
the  association  of  teachers  of  mathematics,  co-leading  some  sessions  oh  the  use  of  graphic 
calculators. 
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Problem  solving,  as  a  personal  activity,  does  not  attract  much  of  her  enthusiasm.  As  she 
indicated:  "I  am  not  very  good  in  solving  problems."  Her  attempts  to  introduce  specific 
problem  solving  activities  in  her  classroom  have  not  been  very  encouraging.  She  feels  a 
particular  difficulty  in  the  discussion  of  the  solutions: 

Last  year...  With  one  of  my  classes  I  did  some  problems...  I  think  that  the  big 
interest  is  the  discussion  that  is  generated...  And  my  discussions  are  terrible! 
[Each]  problem  has  a  discussion,  [contrasting]  the  several  ways  they  did  them, 
and  it  is  a  disaster...  Those  classes  go  very  poorly...  And  it  is  something  from 
which  I  run  away,  not  because  I  do  not  find  it  interesting,  but  because  [I  do  not 
feel  good]. 

Carolina  also  indicates  some  trouble  in  finding  good  materials  to  support  problem 
solving  classes.  She  considers  that  her  classes  follow  basically  a  "traditional"  model,  with 
moments  for  exposition  and  periods  for  solving  exercises.  She  does  not  feel  comfortable  in 
unforeseen  situations  and  tries  to  prevent  those  from  arising.  She  has  trouble  in  changing  her 
approach  if  the  situation  requires  so.  She  likes  to  present  mathematical  material  in  the  form 
of  games  and  is  very  concerned  (and  apparently  successful)  in  establishing  a  good 
relationship  with  her  students.  Notwithstanding  all  her  difficulties  and  frustrations  she  has  a 
prevailing  feeling  of  satisfaa  —  not  because  of  the  intensity  of  the  mathematical  activity 
she  is  able  to  promote  but  because  her  good  relationship  with  students. 

A  distinction  among  knowledge,  beliefs  and  conceptions  may  be  helpful  in  interpreting 
this  case.  I  take  knowledge  to  refer  to  a  wide  network  of  concepts,  images,  and  intelligent 
abilities  possessed  by  human  beings.  Beliefs  are  the  incontrovertible  personal  "truths"  held 
by  everyone,  deriving  from  experience  or  from  fantasy,  having  a  strong  affective  and 
evaluative  component  (Pajares,  1992).  Conceptions  are  the  underlying  organizing  frames  of 
concepts,  having  essentially  a  cognitive  nature.  Both  beliefs  and  conceptions  are  part  of 
knowledge. 

Beliefs  are  just  a  part  relatively  less  elaborated  of  knowledge,  kept  from  confronts  with 
empirical  reality.  Belief  systems  do  not  require  social  consensus  regarding  their  validity  or 
appropriateness.  Personal  beliefs  do  not  even  require  internal  consistency.  This  implies  that 
beliefs  are  quite  disputable,  more  inflexible,  and  less  dynamic  than  other  aspects  of 
knowledge  (Pajares,  1992).  Beliefs  play  a  major  role  in  domains  of  knowledge  where 
verification  is  difficult  or  impossible.  Although  we  cannot  live  and  act  without  beliefs,  one 
of  the  most  important  goals  of  education  is  to  discuss  and  promote  our  awareness  of  them. 

Conceptions,  as  underlying  organizing  frames,  conditionate  the  way  we  tackle  tasks, 
very  often  in  forms  that  others  find  far  from  appropriate.  The  interest  in  the  study  of 
conceptions  stands  on  the  assumption  that,  as  a  conceptual  substratum,  they  play  an 
essential  role  in  thinking  and  acting.  Instead  of  referring  to  specific  concepts,  they  constitute 
a  way  of  seeing  the  world  and  organizing  thought.  However,  they  cannot  be  reduced  to  the 
most  immediate  observable  aspects  of  behavior  and  they  do  not  reveal  themselves  easily  — 
both  to  others  and  to  ourselves. 
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Carolina  moved  from  rather  definite  beliefs  about  the  non-appropriateness  of  current 
curriculum  orientations  to  a  somehow  middle  ground  position:  these  ideas  seem  all  right  but 
they  are  very  difficult  to  put  into  practice.  She  does  not  know  how  to  conduct  several 
aspects  of  a  problem  solving  activity  (how  to  get  materials?  how  to  lead  a  discussion?)  and 
so  keeps  following  what  she  recognizes  as  a  traditional  approach.  She  is  perfectly  aware  that 
her  teaching  practice  does  not  conform  to  the  current  curriculum  orientations  which  she 
does  not  know  how  to  carry  out.  Her  beliefs  about  the  importance  of  the  personal 
relationships  between  teacher  and  student  constitute  a  very  strong  core  around  which  she 
constructed  her  professional  role.  Her  conceptions  regarding  the  educational  usefulness  of 
games  (that  include  a  game  metaphor  to  describe  mathematics  learning)  provide  her  an 
important  framework  to  organize  her  teaching. 

Carolina  is  a  rather  insecure  teacher  —  she  expects  that  experience  will  help  her  to 
become  more  confident.  She  has  many  problems  left  to  solve  in  her  relationship  with 
mathematics  —  an  issue  that  she  wants  to  avoid.  But  the  essential  point  is  the  remarkable 
distance  between  what  she  considers  didactically  desirable  and  what  she  does  in  practice, 
and  this  seems  to  stand  mostly  on  difficulties  in  the  practical  knowledge  regarding 
instructional  activities  and  classroom  management. 

Isaura3.  Isaura  is  a  mathematics  teach  :r  in  a  middle  school  (5th  and  6th  grade)  with  18 
years  of  experience.  She  is  a  very  responsible  person,  enthusiastic  about  teaching,  who  likes 
to  speak  about  her  work.  At  the  age  of  1 5.  she  already  intended  to  become  a  mathematics 
teacher.  However,  a  new  mathematics  class  she  had  at  10th  and  11th  grade  was  a  rather 
negative  experience.  She  disliked  the  teacher  who,  she  said,  "made  me  feel  anxious  about 
everything".  And  Isaura  chose  to  study  agricultural  engineering.  But  even  before  completing 
this  degree  she  was  already  teaching  in  a  secondary  school. 

Isaura  is  now  fully  certified  to  teach.  She  has  been  a  mathematics  head  teacher  in 
several  schools,  is  a  regular  active  participant  in  the  national  meetings  of  the  association  of 
teachers  of  mathematics  and  has  been  involved  in  the  MINERVA  project  dealing  with  the 
introduction  of  computers  in  schools. 

To  this  teacher,  problem  solving  is  the  essence  of  mathematics  and  should  underlie  all 
mathematics  teaching.  She  supports  the  new  curriculum  orientations  and  says  that  the  good 
teacher  "puts  in  the  classroom  all  the  innovations...  New  technologies,  group  work, 
materials".  And  she  indeed  puts  a  lot  of  effort  in  selecting  and  preparing  learning  situations. 
In  her  classes,  she  uses  investigations,  games,  puzzles,  and  activities  related  to  students'  out 
of  school  interests.  In  practice,  problem  solving  is  a  means  to  introduce  or  apply  different 
concepts  and  is  only  used  when  it  fits  within  the  curriculum: 

[Problems  need  to  fit]  not  just  the  sequence  of  topics  but  the  curriculum...  [I  find] 
it  difficult  to  elaborate  problems  suitable  for  students  and,  finally,  how  to 
evaluate  the  students  on  this  domain...  From  a  theoretical  point  of  view  much  is 
said  about  problem  solving  but  from  a  practical  point  of  view  [not  much]...  How 
are  we  supposed  to  take  problems  to  the  classroom?  How  do  we  integrate  them  in 
the  sequence  of  topics? 
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In  terms  of  observation,  1  circulate  among  [students],  I  observe  the  difficulties  but 
lean™  t  see  th  T support  that  each  studtnt  requires...  And  that  makes  me  very 
confused  I  &  thinking:  Are  they  stuck?  What  kind  of  help  shall  I  give  to  let 
them  arrive  afa^iven  conclusion?  Will  this  yield  a  great  mess,  each  of  us  saying 
a  different  thing?...  Sometimes  the  problems  are  not  very  well  chosen. 

lsaura  has  difficulty  in  finding  good  problems  and  in  integrating  problem  solving 
activities  within  the  sequence  of  topics.  She  prepares  many  materials  but  she  is  still 
uncertain  about  which  are  the  really  suitable  ones.  She  also  indicates  difficult.es  in 
conducting  her  classes,  especially  at  the  level  of  interaction  and  discourse.  Group  work  is 
frequent  but  the  working  climate  is  marked  by  many  distractions  and  interruptions.  Also, 
there  is  a  noticeable  pressure  to  rush  up  things  to  draw  quickly  conclusions  without  giving 
all  the  students  the  chance  to  think  thoroughly  the  proposed  tasks.  Isaura  s  concern  in 
"losine  no  time"  is  quite  apparent  in  most  of  her  activity. 

There  is  a  sharp  discrepancy  between  Isaura's  stated  beliefs  about  mathematics  teaching 
and  her  actual  practices.  However,  when  we  look  closer  on  the  possible  reasons  why 
p lice  finds  problems  in  matching  those  beliefs  we  also  find  issues  that  have  to  do  w,  h 
knowledge  We  may  understand  Isaura  a  little  better  if  we  view  our  knowledge  a  broadly 
Hured  in  different  ^  offence,  each  with  its  own  "meaning— re"  leading 
us  to  operate  with  a  particular  "cognitive  style"  (Schutz  and  Luckmann,  1973). 

Z  are  several  dimensions  of  these  worlds  of  experience,  all  mutually  interred 
One  s  its  coherence  and  self-sufficiency.  The  very  intensive  and  practical  nature  of  teaching 
Z  nd  this  restricted  world  to  be  taken  as  a  whole  and  complete.  Therefore,  the  world  of 
£X  aTLgh  overlapping  the  world  of  everyday  life,  has  a  distinctive  coherence  and 

"SS£2.  *  -  characterized  ^  a  P^ar  tension  of  ^= 
and  a  form  of  spontaneity.  The  tension  of  consciousness  bears  on  our  level  of  interest  and 
te,  tiveTess.  Teachers  need  to  be  aware  of  many  simultaneous  phenomena  which  make 
S  ng  a  very  stressing  activity.  The  form  of  spontaneity  of  a  given  world  of  experience . 
dTf £2  of  other  world,  This  explains  why,  to  a  "similar  event"  (tc >  at touu^ s 

perspective),  one  person  may  respond  very  differently  in  distinct  worlds  of  "P^en^ 
Set'  forms  o>  spontaneity  in  teaching  may  significantly  differ  regarding  hose  o 
Ive'  day  life  They  may  even  vary  noticeably  according  to  the  specific  professional  context 

ind  the  students  they  are  working  with. 

TO  Tcturc  of  our  experience  in  different  worlds  makes  quite  comprehensible  that 
teacher  as  Isaura  expresses  (since.ly)  some  beliefs  about  the  teaching 
interview  settins  and  acts  in  a  rather  different  way  in  a  classroom  plenty  of  ditt  cult 

1  S    no  inconsistency  but  just  a  gap  that  can  be  bridged  by  research  that  looks 

2  Tidy  at  teachers'  actions  in  the  classroom  and  their  contextual  an 

Our  knowledge  within  a  given  world  of  experience  may  have  d  fferent  degrees  ot 
densitv  and  consLncy.  It  conveys  complex  and  detailed  information  relative  to  the 
drains  with  S  we  have  to  work  with  frequently.  As  our  knowledge  works  ,n  a 
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satisfying  way  we  suspend  doubts  about  it.  Only  when  our  maxims  fail  in  delivering  what 
they  promised  in  the  world  of  experience  in  which  they  are  supposed  to  work  they  may 
become  seriously  problematic  (Berger  and  Luckmann,  1976). 

In  this  framework,  all  our  knowledge,  including  our  beliefs  and  conceptions,  has  social 
roots  in  our  act.v.ty  and  is  shaped  by  our  experience.  Beliefs  and  conceptions  cannot  be 
viewed  determining  practice,  since  it  is  the  nature  of  the  social  institutions  in  which  we 
move  -  including  schools  -  that  mostly  shapes  them.  In  the  long  run,  however,  these 
conceptions  are  mostly  framed  by  experience  within  social  contexts.  However  the 
interactions  perspective  does  not  indicate  the  absolute  domain  of  the  social  There  is  a 
margin  for  the  individual  which  may  be  widened  by  conscious  reflection.  Specific  actions 
are  framed  by  existing  conceptions  acting  in  a  given  world  of  experience  which  enable  to 
make  sense  of  situations  and  choose  among  alternatives. 

Isaura  has  attended  several  workshops  and  discussions  on  problem  solving  and  reads 
regularly  the  professional  literature.  However,  she  indicates  that  her  personal  relation  with 
problem  solving  is  not  a  very  easy  one: 

I  do  not  always  have  persistence...  For  some  [problems]  I  do  not  have  much 
patience...  I  like  to  know  how  it  is  done...  I  go  to  the  solutions. 

Many  of  the  existing  difficulties  begin  with  the  teachers  and  their  lack  of 
preparation  in  this  field.  In  most  of  the  cases,  the  teachers  while  Lv  were 

haUnHn^WereHn.0t  d  ^'r8  pr0blems  but  j"st  exercises  On  £  oZ 
5S? *W.  Pr°blem  ^aS  f0r  us  a  vefy  stron8  connotation,  associated  with 
the  idea  that  was  transmitted  that  who  could  not  solve  problems  was  stupid 

The  activity  of  this  teacher  seems  to  be  marked  by  some  anxiety,  which  is  probably  a 
specific  character  trait.  This  results  in  some  difficulty  in  managing  a  stable  and  productive 
working  relationship  with  the  students.  As  with  Carolina,  there  are  also  some  problems  left 
to  solve  m  her  relation  with  mathematics.  However.  Isaura's  beliefs  supporting  the  new 
curriculum  orientations  seem  to  have  a  positive  impact  in  her  classes,  enriching  her  the 
students'  learning  experiences. 

Julia*.  Julia  is  a  teacher  of  mathematics  with  10  years  of  experience,  who  graduated 
from  the  Faculty  of  Sciences  of  Lisbon.  She  teaches  7th- 1 1th  grade  students  in  a  secondary 
school.  She  is  a  communicative  and  active  person,  who  usually  manages  to  accomplish  what 
she  plans  and  enjoys  chatting  and  laughing.  Julia  attended  a  couple  of  national  meetings  of 
the  association  of  teachers  of  mathematics  and  was  involved  for  several  years  in  the  national 
project  MINERVA.  She  enjoys  artistic  activities,  something  she  would  now  gladly  consider 
for  a  profess.on.  In  teaching,  she  highly  regards  the  possibility  of  designing  and  conducting 
what  she  views  as  "creative"  classes. 

Her  classes  have  an  enjoyable  working  climate,  with  most  of  the  students  involved  in 
the  proposed  activities.  Mathematical  situations  with  a  problematic  character  are  the  starting 
point  for  the  activities  that  she  carries  with  students.  Most  of  these  situations  involve  just 
mathematical  notions  and  do  not  refer  to  real  life  contexts.  She  stresses  interrelating 
graph.cal  and  analytical  approaches,  establishing  relationships  among  concepts,  generalizing 
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and  formalizing.  All  of  this  is  carried  encouraging  communication  among  students  and 
teacher  and  students. 

During  the  interviews,  she  made  in  two  different  moments  the  following  statements 
about  problem  solving: 

Look,  I  do  not  solve  many  problems  myself...  Perhaps  because  I  am  not  a  person 
that...  That  gets  much  interested  about  problem  solving.  It  is  not  because  I  feel 
that  as  not  important,  you  know?...  But  I  think  that  it  is  important  to  propose 
problems  to  students.  There,  I  miss  some  opportunities.  As  I  do  not  solve  many 
problems  myself,  I  only  know  those  most  trivial  ones  and  those  that  are  on  the 
books. 

I  think  it  is  important  that  [mathematics  teaching]  is  done  this  way:  putting  the 
student  in  the  position  of  the  mathematician,  of  the  mathematician  that 
discovered,  because  he  is  also  a  person...  [The  student]  also  thinks  and  is  able  to 
discover  the  same  as  the  [mathematician].  Or  else,  always  in  a  [perspective  of 
proposing]  a  problem  that  we  have  to  solve...  [1  say],  'let  us  see  how  we  can  solve 
this'  and  here  it  comes  the  mathematics. 

Julia  seems  to  have  more  than  one  conception  of  mathematics  problem.  On  one  hand, 
she  regards  a  problem  as  a  self-contained  situation,  referring  to  a  mathematical  or  non- 
mathematical  context,  but  not  much  related  to  the  mathematics  curriculum  —  something 
that  she  indicates  to  be  important  but  that  docs  not  play  a  significant  role  in  her  teaching.  On 
the  other  hand,  by  problem  she  means  a  strictly  mathematical  question  that  requires  a  non 
immediate  response,  implies  to  relate  several  concepts  and  yields  the  discovery  of  new 
mathematics  knowledge  —  a  perspective  that  is  consistent  with  her  views  and  practices  of 
mathematics  teaching.  She  seems  to  refer  to  very  different  kinds  of  "problems",  but  the  use 
of  the  same  term  to  express  distinct  ideas  generates  what  can  be  regarded  as  an 
inconsistency  in  her  responses.  Julia  is  just  referring  to  different  worlds  of  experience:  one 
concerns  general  talk  about  mathematics  and  mathematics  education  and  another  refers  to 
actual  classroom  activity. 

Situations  of  practice  have  unique  characteristics  of  complexity,  specificity,  instability, 
disorder,  and  undetermination.  Sehiin  (1983)  considers  hwwing-in-aclhn  as  a  kind  of 
knowledge  that  is  built  into  and  reveals  itself  in  action.  In  his  view,  knowing-in-action  has 
an  intuitive  and  tacit  nature,  is  marked  by  spontaneity,  and  is  learned  through  action  and 
reflection  in  situations  of  practice.  With  a  similar  intent  other  authors  speak  of  personal 
professional  knowledge  (Connelly  and  Clandinin,  1986)  or  teachers'  craft  knowledge 
(Grimmett  and  Mackinnon,  1992;  Brown  and  Mclntyre,  1993). 

Educational  theory  is  unable  to  direct  practice  taking  into  account  all  the  myriad 
features  underlying  practical  situations.  If  one  is  concerned  with  practice  and  with 
knowledge  that  evolves  out  of  contcxtuali/.ed  activity  and  informs  intelligent  action  (such  as 
that  of  the  teacher  in  the  classroom),  we  need  to  focus  in  a  different  kind  of  knowledge, 
which  I  will  call  professional  knowledge. 

A  professional  activity  is  characterized  by  the  accumulation  of  practical  experience  in  a 
given  domain.  It  is  not  adequate  to  judge  the  professional  knowledge  of  a  practitioner  by  the 
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standards  of  academic  (scientific  or  philosophical  knowledge.  Judgment,  and  on  the  case  of 
teachers,  judgment  on  the  spot,  plays  an  essential  role  in  professional  activity.  This 
judgment  may  profit  from  academic  knowledge  but  requires  the  use  of  other  resources.  It 
needs  an  intuitive  apprehension  of  the  situations,  an  ability  to  articulate  thinking  and  action, 
a  sense  of  personal  relationships,  and  self-confidence.  That  is,  professional  knowledge  is 
essentially  knowing  in  action,  based  both  on  theoretical  knowledge  and  on  experience  and 
reflection  on  experience. 

We  may  differentiate  among  academic,  professional  and  common  knowledge  based  on 
the  ways  the  basic  underlying  beliefs  are  articulated  with  specific  patterns  of  thinking  (based 
on  logical  reasoning  and  experience).  Experiential  aspects  are  pervasive  in  more  elaborated 
professional  knowledge.  Rational  arguments  predominate  in  academic  knowledge. 
Academics  and  professionals  (when  they  act  in  their  quite  circumscribed  special  domains) 
have  a  strong  explicit  or  implicit  concern  for  consistency  and  systematicity.  Common 
people  (and  academics  and  professionals  when  they  act  outside  their  activity  domains)  have 
other  priorities  and  do  not  worry  too  much  about  such  matters. 

If  we  want  to  regognize  professional  practice  on  its  own  right,  we  need  to  take  it  as  the 
starting  point  for  research  and  not  just  the  place  for  application  of  theory.  The  concern 
becomes  not  just  in  applying  theory  to  practice  to  improve  it;  but  instead,  to  work  with 
professionals  to  better  understand  practice  and  its  constraints  —  to  make  it  stronger.  Or,  as 
Connelly  and  Clandinin  (1986,  p.  294)  put  it,  "to  enhance  its  ongoing  practicality". 

Somehow  disturbing  is  Julia's  little  personal  involvement  in  the  practice  of  mathematics 
investigations  and  problem  solving,  suggesting  a  perplexing  dissonance  between  what  she 
considers  a  valuable  learning  experience  for  her  students  and  what  she  values  in  her 
personal  life.  However,  this  teacher  has  the  ability  to  make  the  mathematical  content  appear 
quite  naturally  in  a  problematic  way.  Her  practices  seem  to  fit  what  Stanic  and  Kilpatrick 
(1989)  described  as  problem  solving  as  context  to  develop  mathematical  ideas.  One  may 
wonder  if  her  students  get  a  sharp  notion  of  what  are  mathematical  problems,  what  are 
problem  solving  strategies  and  how  is  mathematics  applied  in  real  world  situations.  But 
Julia  certainly  provides  an  example  of  great  mathematics  teaching,  with  plenty  of 
opportunities  for  students  to  reason  and  communicate  mathematically.  Although  not  quite 
adjusted  to  all  requirements  of  the  new  curriculum  orientations,  she  gives  us  a  superb  case 
of  professional  knowledge. 

The  structure  and  development  of  teachers'  professional  knowledge 

Structure.  Elbaz  (1983)  suggests  that  teachers'  professional  knowledge  is  structured  at 
three  levels:  images,  practical  principles,  and  practical  rules.  A  rule  of  practice  is  a  concise 
statement  of  what  to  do  in  a  frequent  practical  situation.  It  may  apply  to  rather  specific  or 
fairly  general  situations,  but  it  always  refers  to  their  concrete  aspects.  Rules  of  practice 
concern  means  —  the  purposes  of  the  action  are  taken  for  granted  —  and  are  quite 
idiosyncratic.  They  are  formulated  for  the  purpose  of  eliminating  the  need  for  unnecessary 
deliberative  thought. 
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For  Elbaz,  a  practical  principle  i*  a  less  explicit  statement  indicating  a  purpose.  They 
are  more  expressive  of  the  personal  dimension  of  professional  practical  knowledge. 
Principles  may  stand  on  theory,  may  develop  out  of  experience,  or  both.  Although  they  do 
not  guarantee  similar  courses  of  action  in  similar  situations,  they  still  enable  us  to  say  that 
practice  is  principled.  It  is  worth  noting  that  such  practical  principles  and  rules  of  practice 
seem  rather  similar  to  actions  and  operations  as  assumed  in  activity  theory  (Crawford, 
1992). 

Images  of  how  teaching  should  be  are  the  less  explicit  and  the  most  general  level  of 
teachers'  practical  knowledge.  They  are  broad  and  metaphorical  statements  that  express  in  a 
clear  way  some  purpose  and  result  from  the  combination  of  feelings,  values,  needs  and 
beliefs.  Images  organize  the  teachers'  knowledge  in  different  areas.  They  capture  some 
essential  aspects  of  their  perceptions  of  themselves,  of  their  teaching,  of  their  situation  in  the, 
classroom,  and  of  their  subject  matter.  Summarizing  her  conclusions  of  a  case  study  of  a 
teacher,  Elbaz  (1983)  writes:  "Sarah's  practical  knowledge  is  structured  around  a  small 
number  of  images  that  reflect  the  entire  body  of  her  knowledge  and  serve  to  hold  together 
the  principles  and  rules  she  uses  in  bringing  her  knowledge  to  bear  on  practice"  (p.  144-5). 
The  idea  of  image  is  also  present  in  other  authors.  For  example,  Clandinin  (1986)  views 
images  as  "the  coalescence  of  diverse  experiences  and  their  expression  in  diverse  practices" 
(p.  180)  and  Berliner  et  al.  (1988)  seem  to  regard  images  as  reference  frames  of  how  things 
should  go  in  a  classroom. 

Leinhardt  (1988)  uses  two  other  constructs  to  study  teachers'  professional  knowledge: 
script  and  agenda.  A  script  refers  to  a  specific  lesson  segment  and  concerns  the  goals  and 
structured  actions  enacted  to  teach  a  particular  topic.  For  each  lesson  the  teacher  has  an 
agenda,  which  includes  goals  and  actions,  tests,  and  an  overall  strategy.  Typically,  in  each 
lesson,  the  teacher  sets  an  agenda  and  uses  several  scripts.  A  fundamental  objective  of 
teaching  is  to  go  on  using  a  script,  or,  according  to  the  intended  agenda,  to  move  to  the  next 
script.  Modest  adjustments  are  made  when  necessary  in  response  to  the  needs  of  the 
students. 

Leinhardt  contends  that  teachers  construct  models,  but  not  of  individual  students 
knowledge.  She  found  that  teachers  essentially  diagnose  what  went  well  and  what  went 
wrong  in  their  teaching  and  not  the  specific  mental  representations  of  their  students. 
Therefore,  the  core  of  these  models  refers  to  the  ways  of  teaching  the  subject  matter  and 
provides  an  orientation  for  the  future  —  how  each  topic  will  be  taught  next  time.  This  is  a 
line  of  thinking  that  brings  us  close  to  Shulman's  (1986)  ideas  about  the  centrality  of  subject 
matter  pedagogical  knowledge. 

There  are  several  differences  between  these  authors.  Elbaz  is  concerned  with  the  general 
structure  of  the  teacher's  professional  knowledge  while  Leinhardt,  Berliner  and  their 
colleagues  focus  on  the  knowledge  structures  mostly  bearing  in  the  development  of  the 
lesson.  Also.  Elba/,  regards  teachers  as  having  just  a  few  organizing  images  while  Berliner 
seems  to  extend  this  term  to  include  practical  principles,  suggesting  that  teachers  (especially 
experienced  teachers)  hold  a  great  variety  of  images  regarding  classroom  work.  And  thirdly, 
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Elbaz  strongly  takes  into  account  the  personal  and  contextual  factors  bearing  on  teachers' 
knowledge  while  Leinhardt  and  Berliner  seem  to  be  essentially  concerned  with  classroom 
performance. 

Adopting  Elbaz's  terminology,  we  can  say  that  Julia  seems  to  base  all  her  teaching  in  a 
strong  image  of  the  working  mathematician,  as  someone  who  has  successes  and  failures  in 
striving  to  relate  concepts  and  solve  problems.  Her  self-image  as  a  creative  and  autonomous 
professional  is  also  crucial  and  has  a  strong  impact  in  her  classroom  practice.  Her  practical 
principles  and  rules  of  practice  do  not  seem  to  be  in  conflict  with  her  fundamental 
professional  images. 

Isaura  also  has  a  strong  and  clear  (rather  ambitious)  image  of  what  is  an  innovative 
teacher.  However,  when  she  comes  to  concrete  action  this  image  is  overshadowed  by 
concerns  about  the  curriculum,  the  classroom  dynamics,  and  her  view  of  the  students' 
capacities.  She  may  face  a  problem  of  competing  images.  Alternatively,  we  may  conjecture 
that  she  does  not  dispose  of  appropriate  practical  principles  and  rules  of  practice  to  enact  her 
espoused  teaching  images.  There  is  little  doubt  that  if  we  just  studied  her  stated  beliefs  and 
conceptions  we  would  gather  a  very  different  picture  of  how  she  is  as  a  teacher  and  what 
may  be  her  most  significant  professional  development  needs. 

Finally,  Carolina  distinguishes  what  may  be  all  right  in  principle  from  what  she  feels 
confident  in  doing.  She  has  a  self-image  of  not  being  very  well  succeeded  in  mathematics 
nor  in  conducting  classroom  discussions.  She  organizes  her  professional  practice  around 
activities  in  which  she  feels  secure  and  constructs  her  professional  role  through  her  personal 
relationship  with  the  students. 

Development.  Experience  is  certainly  one  major  factor  contributing  to  the  development 
of  teachers'  knowledge.  As  Berliner  et  al.  (1998)  indicate,  experience  changes  the  way  we 
see  the  world  around  us,  creating  insensivity  towards  ordinary  things  and  prompting  us  to 
notice  atypical  aspects.  This  is  extremely  helpful,  specially  in  dealing  with  complex 
situations,  since  we  do  not  need  to  look  at  usual  features  and  can  concentrate  in  a  few 
se;  acted  issues. 

Preservice  teachers  do  not  have  a  professional  experience.  But  we  may  argue  that  their 
personal  experience  in  elementary,  secondary,  and  higher  education  yields  the  essential 
frame  in  which  they  organize  their  teaching  images  and  tentative  practical  principles  and 
rules  of  practice  (Crawford,  1992).  So,  let  us  see  in  what  ways  may  experience  contribute  to 
the  development  of  teachers'  professional  knowledge. 

Referring  to  their  empirical  research,  Berliner  et  al.  (1988)  indicate  that  the  responses  of 
many  of  the  experienced  teachers  reveal  that  they  have  rich  images  or  prototypes  for 
students  and  classroom  events.  These  teachers  also  accumulate  a  great  quantity  of 
information  about  students,  so  that,  in  some  sense,  they  seem  to  know  their  students  even 
before  they  meet  them.  They  also  use  routines  in  more  areas  of  instruction  more  frequently 
and  with  more  success.  Supporting  the  view  that  professional  knowledge  is  somehow 
distinct  from  common  everyday  knowledge,  these  authors  say  that  experienced  teachers 
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show  evidence  of  more  reasoned  thinking,  referring  to  concrete  evidence  in  their 
explanations  and  justifications  of  their  actions. 

Experienced  teachers  constantly  monitor  students  and  the  class  activity.  If  things  are 
going  as  expected,  there  is  no  need  to  give  too  much  attention  to  details  and  it  is  possible  to 
follow  the  intended  agendas  and  scripts.  A  similar  view  is  proposed  by  Brown  and  Mclntyre 
(1993),  who  claim  that  teachers  are  mostly  concerned  in  maintaining  some  "desirable 
normal  state  of  pupil  activity"  enabling  progress  towards  the  intended  goals.  But,  if 
something  unforeseen  arises,  the  teacher  needs  to  act  in  a  different,  deliberative  mode,  close 
to  Schon's  (1983)  idea  of  reflection-in-action.  Both  through  positive  and  negative  instances, 
in  an  intuitive  way,  we  subsume  our  experience  in  practical  principles  but  we  can  also  do  it 
at  a  more  conscious  level,  through  deliberate  and  systematic  reflection. 

The  influence  of  the  context  is  a  major  concern  of  recent  approaches  to  cognition.  In 
these  three  teachers  we  note  the  influence  of  context  through  preservice  and  inservice 
opportunities.  However  this  influence  seems  to  be  mediated  by  (a)  their  attitude  towards  the 
profession,  (b)  their  personal  relationships  with  mathematics,  shaped  by  experience  as 
elementary,  secondary  and  university  students,  and  (c)  the  way  they  personally  relate  to 
students,  shaped  by  all  their  former  experience  of  interpersonal  relationships. 

Julia  derived  most  of  her  images  of  the  mathematics  classroom  from  her  preservice  and 
inservice  experiences,  participation  in  projects,  and  other  professional  activities.  Isaura,  also 
took  an  interest  in  innovative  approaches  to  mathematics  education  mostly  from  her 
intensive  contacts  with  a  professional  association.  Carolina,  quite  differently,  did  not  accept 
the  ideas  proposed  in  her  preservice  education,  showing  how  the  effect  of  these  professional 
learning  contexts  highly  depends  on  a  personal  readiness  factor.  During  her  internship, 
under  the  influence  of  an  enthusiastic  and  supportive  supervisor  and  within  a  group  context, 
she  changed  notably  her  general  attitudes  towards  the  current  curriculum  orientations  and 
accepted  to  give  a  try  to  some  of  the  new  ideas.  However,  regarding  the  ways  she  presently 
organizes  her  classes,  one  may  ask  how  strongly  she  changed  her  essential  conceptions.  All 
these  personal  processes  take  many  years,  showing  that  teachers'  professional  development 
has  to  be  studied  in  a  very  different  time  scale  of  that  usually  adopted  in  teacher  education 
programs. 

Conclusion 

This  paper  presented  some  theoretical  concepts  which  may  prove  to  be  useful  in 
studying  teachers'  professional  knowledge.  It  also  showed  some  evidence  suggesting  that  a 
different  view  of  the  teacher's  knowledge  and  professional  activity  may  be  fruitful  in 
studying  mathematics  teaching. 

Recent  research  has  most  emphasized  teachers'  conceptions  and  beliefs.  We  may  also 
study  teachers'  images  (a  clearly  less  evaluative  concept),  practical  principles  and  rules  of 
practice  (more  directly  related  to  teachers'  actions),  and  how  these  relate  to  teachers' 
agendas  and  scripts  in  specific  lessons.  We  should  be  looking  for  the  internal  integration  of 
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the  different  levels  of  the  structure  of  teachers'  knowledge  as  well  as  for  their  ability  to 
guide  actual  practice  in  a  variety  of  contexts. 

The  difficulty  in  integrating  problem  solving  into  the  mathematics  curriculum  is  a 
feature  common  to  all  these  teachers.  Julia  presents  her  students  with  situations  with  a 
problem  solving  flavor,  but  does  not  value  specific  problem  solving  activities  or  students' 
learning  of  problem  solving  strategies.  Isaura  proposes  many  problem  solving  tasks,  but 
does  not  explore  them  to  their  full  potential.  She  is  aware  that  sometimes  things  do  not  go 
very  well  but  has  trouble  in  understanding  the  specific  nature  of  the  difficulties.  Carolina 
agrees  that  problem  solving  activities  would  be  desirable  but  simply  does  not  feel 
comfortable  in  doing  them  and  chooses  to  work  in  other  directions. 

Practice,  an  inherently  complex  and  unpredictable  realm,  has  its  own  specific 
characteristics  that  need  to  be  valued  on  its  own  right.  Teachers  work  within  many 
constraints  (of  which  we  need  a  better  understanding)  but  still  create  quite  sensible  solutions 
for  their  practical  situations.  Innovative  curriculum  orientations,  such  as  problem  solving, 
need  to  be  studied  more  closely  from  the  point  of  view  of  practitioners. 

There  is  a  need  to  keep  discussing  general  models  and  concepts  of  teachers' 
professional  knowledge  as  well  as  carrying  specific  studies  on  the  external  influences  and 
on  the  internal  development  processes.  Such  research  may  provide  important  guidance  for 
the  development  of  new  professional  development  programs  and  promote  a  better  account 
of  the  role  of  the  teacher  in  curriculum  development  initiatives.  To  be  successful,  research  in 
this  field  needs  to  include  a  strong  participation  of  teachers  where  they  are  granted  the  role 
of  active  partners  speaking  on  their  own  voice  (Jaworski,  1992).  This  collaborative  process 
may  turn  out  to  be  a  most  valuable  key  for  a  better  understanding  and  improvement  of 
mathematics  education. 

Notes 

1  Although  specific  methodological  aspects  arc  not  discussed  here,  important  issues  arise  in  this 
kind  of  research,  such  as  the  relative  role  of  observation  and  interviewing  and  the  relation  of  the 
researcher  with  participating  teachers  and  students. 

2  This  case  is  reported  in  detail  in  Pontc  ct  al.  (1993).  In  this  and  the  following  cases,  I  kept  the 
pseudonyms  used  in  the  original  research  reports. 

3  This  case  is  discussed  in  Dclgado  (1993). 

4  This  case  is  taken  from  Canavarro  ( 1993)  and  Ponte  and  Canavarro  (1993). 
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BUILDING  ON  CHILDREN'S  INTUITIONS  ABOUT  LINE 

GRAPHS 

Janet  Aintey 

Mathematics  Education  Research  Centre 
University  of  Warwick 
Coventry,  UK. 

This  paper  describes  one  aspect  of  the  work  of  the  Primary  Laptop  Project, 
which  aims  to  study  the  effects  of  continuous  and  immediate  access  to  high 
levels  of  computer  provision  on  children's  teaming  of  mathematics.  Children 
who  are  competent  in  the  use  of  spreadsheets  to  record  data  are  ab  e  to  produce 
graphs  auickiy  and  easily,  and  so  it  may  seem  that  more  traditional  stalls  of 
constructing  graphs  become  redundant.  However,  evidence  presented  in  this 
paper  suggests  that  children  as  young  as8-9  years  are  able  to  assimilate  hese 
skills,  and  produce  and  use  reasonably  accurate  hand-drawn  graphs  as  a  result 
of  their  computer  experience  without  any  explicit  teaching. 

Background 

The  Primary  Laptop  Project  has  the  long-term  aim  of  studying  the  effects  of  continuous  and 
immediate  access  to  high  levels  of  computer  provision  on  children's  learning  of  mathematics.  Two 
classes  within  the  school  -  currently  Y4  (8/9  year  olds)  and  Y5  (9/10  year  olds)  -  are  equipped  with 
one  portable  computer  for  every  two  or  three  children.  They  have  access  to  these  machines 
throughout  the  school  day.  and  take  them  home  overnight  and  at  weekends.  The  software  available 
includes  LogoWriter  and  ClarisWorks,  a  commercial  package  containing  wordprocessor,  database, 
spreadsheet  and  graphics  facilities. 

Two  researchers  arc'  working  alongside  the  class  teachers,  focusing  on  work  in  mathematics  and 
science.  The  researchers  operate  as  a  teacher/researcher  pair,  each  responsible  for  teaching  one 
class,  and  observing  lessons  in  the  other.  Field  notes  taken  in  the  classroom  (directly  onto  a 
portable  computer)  are  supplemented  by  examples  of  children's  work,  recorded  interviews  with 
children  and  teachers,  discussions  between  researchers  and  class  teachers,  and  field  notes  taken  by 
the  teachers  themselves. 

Activities  in  the  classroom  are  planned  jointly  by  the  class  teachers  and  researchers,  following  the 
thematic  approach  normally  used  in  the  school,  but  building  into  this  opportunities  to  explo.t  the 
potential  offered  by  the  children's  high  levels  of  computer  competence. 

Initial  evidence  of  children's  intuitions 

As  part  of  a  series  of  activities  linked  to  the  theme  of  Growing  and  Shrinking,  the  Y4  class  had 
been  researching  their  own  body  measurements,  and  how  these  had  changed  since  they  were  bab.es. 
They  had  experience  of  the  use  of  a  spreadsheet  and  its  graphing  facilities  through  entenng  the.r 
own  body  measurements  in  a  table,  and  drawing  bar  charts  to  compare  heights,  foot  sizes  etc.  In  an 
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attempt  to  extend  the  children's  experience  of  graphs,  an  activity  using  line  graphs  of  children's 
growth  was  introduced. 

I  introduced  the  activity  by  showing  some  data  about  the  height  of  a  baby  (in  fact  my  own  daughter 
Lilian)  between  birth  and  age  three.  From  this  data  I  produced  a  line  graph  as  shown  in  Figure  1, 
and  invited  the  children  to  comment  on  what  they  saw. 


Immediately  Emily  said:  It  says  two 
and  a  half  there  (i.e.  on  the  axis)  but 
that  wasn't  in  the  data.  I  asked  if  they 
could  work  out  how  tall  Lilian  was 
when  she  was  two  and  a  half.  Several 
ideas  were  offered. 

Joanne:  Would  it  be  half  way  along  that 
part  of  the  line? 

Emily:  You  could  look  at  the  numbers 
and  work  out  half  way  between  them. 
A  number  of  other  children  did  not  say 
anything,  but  were  moving  their  fingers 
in  the  air,  apparently  trying  to  read  off 
the  height  on  the  vertical  axis. 

After  some  discussion,  the  next  stage 
of  the  activity  was  introduced.  The 
children  were  presented  with  tables  showing  the  heights  of  four  imaginary  children  at  various  ages. 
The  task  was  to  produce  a  line  graph  from  one  set  of  data,  and  to  find  out  from  it  how  tall  that  child 
was  at  age  3  and  age  1 3. 

The  task  of  entering  their  chosen  data  into  the  spreadsheet,  and  producing  a  line  graph  from  it 
presented  few  problems  to  the  children,  and  most  groups  were  able  to  make  a  good  attempt  at 
interpolating  the  values  for  the  heights  at  age  3  and  age  13.  They  used  a  variety  of  methods  for 
doing  this:  pointing  with  fingers,  using  the  mouse  pointer,  using  graphics  lines  from  the  drawing 
tools.  In  addition,  conversations  with  the  children  while  they  were  working  revealed  their 
understanding  of  the  meanings  of  the  graphs  they  produced. 

Holly  and  Verity  quickly  produced  a  line  graph.  Verity:  (Pointing  with  the  mouse  to  1 1 )  That's 
about  1 1  there  and  (pointing  again)  about  3  there.  Holly:  (reading  across  the  graph)So  it's  about 
80  centimetres  at  age  three  Is  that  right?  They  then  went  over  to  get  a  ruler  to  see  what  80  cm 
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looked  like.  They  had  a  quick  discussion  about  whether  this  could  be  the  height  of  a  three  year  old. 
In  the  end  they  decided  their  answer  was  all  right. 


Emma  and  Phillipa  showed  their  graph 
to  the  class  teacher  because  it  didn't 
look  as  they  had  expected.  She  asked 
them  what  the  chart  told  them;  they 
said  that  Danny  had  shrunk  as  he  got 
older.  The  teacher  asked:  Is  that 
likely?  Phillipa  thought  that  they  had 
probably  put  in  the  wrong  data.  They 
went  away  to  check,  and  found  that 
Phillipa  had  put  in  191  instead  of  119 
for  the  height  at  age  7.  They  quickly 
changed  this  entry,  and  were  satisfied 
with  their  new  graph. 

Both  teacher  and  researchers  were 
excited  about  the  events  of  this  lesson 
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Figure  2:  Emma  and  Phillipa's  surprising  graph. 


because  of  the  intuitive  ease  with  which  the  children  seemed  to  handle  line  graphs.  The  children's 
facility  with  the  graphs  was  remarkable  for  a  number  of  reasons. 

.      This  was  the  children's  first  introduction  to  line  graphs  in  school  (though  they  would  have 
been  exposed  to  their  use  in  the  media.)  Line  graphs  are  generally  considered  to  be  relatively 
difficult,  and  would  not  normally  be  introduced  to  children  as  young  as  these. 
.      By  default,  the  software  draws  graphs  showing  only  the  main  horizontal  grid  lines  (as  can  be 

seen  from  the  figures  above),  so  very  little  support  is  available  for  interpolation. 
.      The  software  chooses  a  scale  for  the  graph  which  best  fits  the  frame  available,  and  the  scale 
then  alters  as  the  size  of  the  frame  was  changed.  This  meant  that  the  children  had  to  deal  with 
a  variety  of  scales,  some  of  which  were  not  ones  which  we  would  have  chosen  as  being  easy 
to  read. 

.      The  children  had  had  no  explicit  instruction  in  how  to  interpolate  points  on  the  graph,  or  how 
to  read  scales  on  the  axes. 

Intuitions  explored 

In  order  to  explore  further  the  strength  of  the  children's  intuitive  understanding  of  the  work  they 
had  done  with  line  graphs,  individual  structured  interviews  were  conducted  with  about  a  third  of  the 
class  taking  a  cross-section  of  abilities.  In  the  interview,  the  children  were  given  new  sets  of  data 
for  the  growth  of  two  more  imaginary  children.  They  were  asked  to  produce  a  line  graph  on  the 
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computer  from  one  set  of  data,  and  to  read  from  the  graph  the  person's  height  at  3  and  at  13,  as  in 
the  previous  lesson.  If  they  did  this  confidently,  the  computer  was  removed,  and  they  were  then 
asked  if  they  could  draw  a  similar  graph  from  the  other  set  of  data  by  hand,  on  a  sheet  of 
centimetre-squared  paper.  If  this  task  seemed  beyond  them,  they  were  offered  a  sheet  with  ready 
drawn  axes  on  which  to  produce  the  graph.  We  posed  this  task  not  because  we  particularly  valued 
the  ability  to  draw  graphs  by  hand,  but  as  a  way  of  exploring  the  children's  understanding  of  the 
structure  of  the  graphs  they  had  been  using. 

All  of  the  children  interviewed  were  able  to  repeat  the  original  task  of  entering  data  into  the 
spreadsheet  and  using  the  software  to  produce  a  line  graph.  All  but  two  of  the  children  interviewed 
were  prepared  to  attempt  drawing  a  graph  by  hand.  These  varied  in  their  accuracy,  but  most 
showed  a  reasonable  choice  of  scales  on  the  axes,  often  copying  the  scales  used  by  the  computer. 
The  children  found  more  difficulty  in  plotting  points  efficiently.  The  general  strategy  was  to  start 
drawing  a  line,  often  with  a  ruler,  from  the  bottom  left  corner,  and  hope  to  arrive  at  the  right  place 
for  the  first  point.  We  did  give  a  strong  hint  at  this  point  about  marking  the  point  first.  Once 
provided  with  prepared  axes,  all  but  one  of  the  children  (a  boy  with  very  low  self-confidence  who 
would  not  attempt  the  task)  produced  a  graph  from  which  they  could  interpolate  satisfactorily. 


Figure  3:  Sam  s  graph  Figure  4:  Emily's  graph 


Initial  conjectures 

From  the  evidence  described  above,  we  conjectured  that  the  computer  played  a  significant  role  in 
enabling  children  to  gain  access  to  work  with  line  graphs,  and  furthermore  in  allowing  children  to 
build  on  their  intuitive  understanding  to  construct  for  themselves  the  skills  required  to  draw  such 
graphs  by  hand.  It  seemed  possible  that  being  able  to  produce  graphs  without  needing  to  worry 
about  the  problems  of  scaling  axes  and  plotting  points,  freed  children  to  focus  attention  on  using  the 
graph  in  a  meaningful  way.  Also,  experiencing  a  number  of  examples  of  similar  graphs  enabled 
them  to  assimilate  some  features  of  the  use  of  scale,  which  they  were  then  able  to  use  to  produce 
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their  own  graphs.  One  feature  of  the  software  seemed  to  be  potentially  important  here:  if  the  sire  of 
the  frame  within  which  the  graph  is  drawn  is  changed  (something  which  the  children  would 
naturally  do  to  get  the  graph  looking  as  they  wanted  it)  the  scale  is  altered  to  fit  the  new  frame.  We 
had  a  sense  that  this  might  be  powerful  in  implicitly  drawing  children's  attention  to  sigmficant 
features  of  the  graph  which  did  not  change  under  these  conditions. 

These  initial  results  are  in  clear  contrast  to  the  experiences  of  other  researchers,  for  examples  those 
of  Padilla,  McKenzie  and  Shaw  (1986),  who  used  pencil  and  paper  tests  to  investigate  success  rates 
in  a  number  of  different  skills  relating  to  line  graphs.  They  open  their  paper  with  the  statement  that 
as  many  experienced  teachers  are  well  aware,  creating  graphs  and  interpreting  data  from  them  are 
skills  not  easily  acquired  by  most  students.  With  students  in  grades  7  - 12,  (i.e.  3  to  8  years  older 
man  the  pupils  in  the  Primary  Laptop  Project)  they  found  that,  although  84%  were  successful  in 
reading  and  plotting  points,  only  57%  were  able  to  interpolate  and  extrapolate,  and  only  32%  were 
able  to  scale  axes  successfully.  Swatton  and  Taylor  (1994),  reporting  on  tests  of  graphing  skills 
within  the  Assessment  of  Performance  Unit  studies,  observed  similar  levels  of  competence  with 
children  at  age  eleven:  78%  success  at  reading  points,  but  only  35%  success  for  interpolation. 

Although  there  appears  to  be  considerable  difference  in  the  results  we  had  obtained  and  those 
reported  by  these  two  papers,  it  is  worth  pointing  out  two  factors  which  we  recognise  as  havmg 
considerable  significance.  The  children  in  our  project  class  were  carrying  out  this  work  within  the 
context  of  a  project  they  had  been  closely  involved  with  for  some  weeks.  The  data  they  were 
working  with  was,  although  artificial  in  the  sense  that  it  referred  to  imaginary  children,  real  and 
meaningful  to  them.  This  would  not  be  the  case  for  pupils  in  either  of  the  studies  referred  to  above. 
Secondly,  the  line  graphs  the  children  produced  were  ones  in  which  the  appearance  of  the  graph 
matched  the  phenomenon  which  was  being  graphed:  the  graph  goes  up  as  the  child  grows  up. 
Kerslake  (1981)  suggests  that  graphs  of  this  type  are  the  easiest  for  children  to  interpret,  and  u  is 
not  clear  whether  Padilla's  or  Swatton's  test  items  contained  only  graphs  of  this  k.nd. 

A  comparative  study 

In  an  attempt  to  replicate  our  results  and  to  explore  the  role  of  the  computer  in  this  activity,  we 
undertook  a  comparative  study  with  a  group  of  9/10  year  old  children  in  another  of  the  project 
classes.  Our  aim  was  to  introduce  the  idea  of  line  graphs  in  two  ways,  one  making  use  of  the 
computer,  and  one  relying  on  more  traditional  resources.  Our  conjecture  was  that  children  who  had 
used  the  computer  would  be  better  able  to  produce  their  own  graphs  by  hand,  and  to  interpolate 
from  them.  We  gave  the  whole  class  a  pre-test  which  presented  a  table  of  data  and  a  hand-drawn 
line  graph  of  a  child's  growth,  and  asked  them  to  recognise  specific  points,  and  to  interpolate.  The 
results  from  this  pre-test  were  used  to  establish  a  baseline  of  skills,  and  to  divide  the  class  into  two 
groups  of  matched  pairs. 
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Our  aim  was  to  provide  parallel  experiences  for  each  group  without  explicitly  teaching  either  group 
how  to  draw  graphs.  One  group  (the  computer  group)  was  given  a  series  of  activities,  following 
closely  the  work  done  by  the  Y4  children.  That  is,  they  were  given  tables  of  data  for  various 
imaginary  children,  and  asked  to  produce  graphs  from  this  on  the  computer  and  read  off 
information  which  required  them  to  interpolate.  The  second  group  (the  paper  group)  worked  with 
the  same  data,  but  had  it  presented  to  them  on  duplicated  sheets  containing  the  table  of  data  and  a 
hand-drawn  graph.  They  were  asked  to  discuss  and  compare  the  graphs,  and  to  read  off 
information  in  the  same  way  as  the  computer  group.  The  hand-drawn  graphs  used  the  same  scales 
as  those  on  the  computer,  in  order  to  keep  the  experiences  of  the  two  groups  as  similar  as  possible. 

After  working  on  these  activities  for  about  45  minutes,  the  computers  and  the  duplicated  sheets 
were  put  away,  and  both  groups  of  children  were  given  a  new  set  of  data  and  asked  to  produce  a 
line  graph  by  hand.  The  results  at  this  stage  were  generally  disappointing,  and  we  felt  that  the 
groups  had  not  had  sufficient  time  to  get  to  grips  with  the  work,  particularly  as  they  had  been 
introduced  to  the  topic  in  rather  an  artificial  way,  without  it  being  part  of  an  on-going  project.  We 
wanted  to  focus  the  children's  attention  on  the  task  of  drawing  their  own  graphs,  but  without 
explicitly  teaching  the  skills  of  constructing  axes  and  plotting  points.  In  order  to  do  this,  we 
returned  the  children's  initial  attempts  at  drawing  graphs  without  comment,  and  asked  them  to 
compare  and  discuss  them  in  small  groups.  We  then  lead  general  discussions  in  which  the 
computer  group  compared  their  attempts  to  graphs  produced  on  the  screen,  and  the  paper  group 
looked  back  at  examples  of  hand-drawn  graphs.  After  this  both  groups  were  given  a  post-test.  For 
this  they  were  given  squared  paper,  and  a  table  of  data  about  a  child's  growth.  They  were  asked  to 
produce  a  graph  by  hand  and  interpolate  to  read  off  information  about  both  the  height  of  the  child  at 
various  ages,  and  her  age  at  a  particular  height. 

In  analysing  the  post  test,  one  result  was  immediately  clear:  there  was  no  difference  between  the 
computer  group  and  the  paper  group  in  their  ability  to  produce  hand-drawn  line  graphs.  After  an 
initial  response  of  considerable  disappointment  that  our  conjecture  about  the  effect  of  the  computer 
had  not  been  supported,  we  began  to  consider  the  results  more  carefully.  We  believe  that  they  point 
to  exciting  possibilities  for  building  on  children's  intuitive  responses  to  line  graphs  of  this  kind. 

A  large  number  of  the  children  (more  than  half)  were  able  to  complete  the  post-test  successfully: 
that  is,  they  could  construct  sensible  axes  using  an  appropriate  scale,  plot  the  points  they  had  been 
given  using  these,  and  interpolate  from  their  graph  to  read  off  information  with  reasonable 
accuracy.  (We  accepted  as  accurate  any  response  which  fell  within  the  correct  square  on  the  grid.) 

To  analyse  the  performance  of  the  children  more  precisely,  we  scored  them  separately  for  their 
ability  to  perform  each  of  these  parts  of  the  task.  In  order  to  get  a  graphical  representation  which 
reflected  this  analysis,  we  used  a  binary  scoring  system,  awarding  one  point  for  the  ability  to 


interpolate,  2  points  for  plotting 
points  correctly  and  4  points 
for  constructing  sensible  axes. 
Those  children  who  completed 
the  post-test  correctly  scored  7. 
Figure  5  shows  the  results  for 
both  groups  presented  in  this 
way,  and  makes  a  number  of 
features  immediately  clear.  For 
example,  no  child  scored  6:  in 
other  words,  there  were  no 
children  who  could  plot  points 
and  construct  sensible  axes  but 
who  could  not  then  interpolate 
successfully  from  their  graphs.  In  fact,  apart  from  the  3  children  who  failed  to  score,  only  one  child 
failed  to  interpolate  from  the  graph  she  had  drawn.  Two  children  made  a  reasonable  attempt  at 
interpolation  even  when  their  graphs  were  not  'sensible'  ones:  for  example  see  James'  graph  in 
Figure  6.  A  significant  group  of  the  children  (5  out  of  25).  were  more  successful  at  constructing 
suitable  axes  than  at  plotting  points  accurately 
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Figure  6:  James'  graph  and  attempts  to  Interpolate 


Conclusions 

Our  results  suggest  that  these  relatively  young  children  were  able  to  respond  intuitively  to  these 
graphs;  interpolating  points  not  actually  marked  on  the  graph,  and  reading  information  off  axes 
with  differing  scales  did  not  seem  to  be  difficult  for  most  of  them.  Furthermore,  in  the  process  of 
working  with  graphs,  many  of  the  children  seemed  to  assimilate  skills  which  enabled  them  to  draw 
simple  line  graphs  by  hand. 
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On  reflection,  we  conjecture  that  the  children  were  able  to  interpolate,  handle  scales,  plot  points  and 
construct  sensibly  scaled  axes  because  we  did  not  attempt  to  teach  them  these  skills.  In  contrast  to 
the  way  in  which  line  graphs  are  traditionally  introduced,  we  did  not  deconstruct  the  task  into 
constituent  skills,  but  presented  the  children  with  complete  images  of  the  graphs  in  contexts  which 
focused  not  on  the  representations  themselves,  but  on  meaningful  tasks  using  the  graphs.  We  see 
this  as  an  example  of  what  Hewitt  (1994)  refers  to  as  functionalisation.  the  process  by  which  skills 
reach  a  level  at  which  we  are  able  to  function  with  them  automatically,  when  they  are  encountered 
in  contexts  in  levels  subordinated  to  other  tasks. 

The  presentation  of  a  complete  image  was  the  common  feature  of  the  approaches  taken  with  both 
the  paper  and  computer  groups  within  the  comparative  study,  and  this  seemed  to  be  more 
significant  than  the  differences  between  working  with  or  without  the  computer.  More  traditional 
approaches  to  introducing  line  graphs  would  necessarily  begin  by  teaching  construction  skills: 
constructing  suitably  scaled  axes  and  plotting  points.  If  attention  is  focused  on  these,  it  is  difficult 
for  children  to  keep  in  mind  the  context  and  purpose  for  which  the  graph  is  being  drawn.  Indeed, 
the  skills  of  constructing  graphs  are  often  taught  in  isolation  from  any  meaningful  context,  and  so 
appear  to  children  to  be  an  end  in  themselves. 

We  now  believe  that  the  presentation  of  complete  images  of  line  graphs  in  purposeful  contexts 
offers  exciting  opportunities  for  building  on  young  children's  intuitive  ideas  to  introduce  difficult 
but  powerful  skills  such  as  interpolation  and  manipulating  scales.  Such  images  could  be,  of  course, 
provided  by  using  printed  materials,  but  these  resources  are  not  under  the  children's  control,  and 
will  not  generally  be  drawn  from  what  we  have  come  to  call  hot  data  (Ainley  &  Pratt,  1993).  This 
is  data  which  has  been  collected  or  researched  for  a  clear  purpose,  as  part  of  some  wider 
exploration,  rather  than  as  an  end  in  itself.  Using  computers  allows  children  to  have  control:  to 
select  the  data  which  is  appropriate  for  their  work,  and  to  produce  graphical  images  of  that  data 
quickly  and  easily.  Our  experience  suggests  that  given  this  opportunity,  young  children's  ability  to 
work  with  line  graphs  is  far  greater  than  is  generally  recognised. 
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Abstract 

The  present  article  deals  with  the  performance  of  Spanish  students  in  a 
Teacher  Training  College  when  solving  problems  of  mental  computation  with 
natural  and  decimal  numbers  before  and  after  receiving  instruction  based  on 
formal  methods  (i.e.  methods  taken  from  the  written  tradition  found  in 
arithmetic  textbooks).  The  study  seeks  to  establish  the  cognitive  processes 
underlying  lack  of  competence  and  to  establish  a  typology  of  the  different  errors 
of  the  students. 

Resumen 

Este  artkulo  trata  sobre  el  desempeHo  de  estudiantes  espanoles  para  futuros 
profesores  al  resolver  ejercicios  de  cilculo  mental  con  ntimeros  naturales  y 
decimates,  antes  y  despuis  de  recibir  enseHanza  de  los  mitodos  formales 
(entiindase  que  son  aquellos  que  recoge  la  tradicidn  escrita  en  los  libros  de 
Aritmttica).  El  estudio  se  orientd  hacia  la  determinacidn  de  los  procesos 
cognitivos  involucrados  en  la  falta  de  competencia,  y  en  particular  en  la  tipologia 
de  los  errores  que  cometieron  . 

Introduction 

Recently  there  has  been  a  growing  interest  in  the  roots  of  students  systematic 
errors.  Matz  (1980),  in  an  article  about  errors  in  the  solution  of  algebra  problems, 
suggests  that  they  stem  from  adaptations,  which  though  reasonable  do  not  always 
work,  of  previously  acquired  knowledge  to  new  situations  and  that  some  of  these 
errors  in  algebra  are  rooted  in  a  lack  of  mastery  and  understanding  of  arithmetic 
procedures. 

On  the  other  hand  it  has  been  empirically  established  that  one  of  the 
problems  in  mental  computation  is  the  generalized  lack  of  competence  and  more 
specifically  in  a  diminished  competence  when  problems  involving  decimal 
numbers,  rather  than  integers,  are  to  be  solved.  It  has  been  claimed  that  this  is 
because  the  concepts  are  not  well  developed  or  because  learners  lack  valid 
strategies  (Reys,  Trafton,  Reys  and  Zawolesky,  1984,  in  Reys,  1985,  p.25). 
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It  has  also  been  argued  that  mental  computation  Is  an  excellent  method  for 
bringing  out  and  checking  students'  conceptions  of  arithmetic,  which  normally 
remain  concealed  when  standard  pen  and  paper  calculations  are  performed. 

An  experimental  study  based  on  these  ideas  has  been  carried  out  to 
determine  how  far  the  lack  of  strategies,  insufficiently  developed  concepts,  lack  of 
mastery  and  understanding  of  arithmetic  procedures  and  faulty  adaptations  of 
previously  acquired  procedures  are  the  cause  of  the  generalized  lack  of 
competence  in  students  who  have  already  demonstrated  adequate  capacity  in 
arithmetic  and  algebra  at  school. 


The  study  was  carried  out  throughout  the  academic  year  1992-93  with 
Spanish  students  training  to  be  future  teachers  in  their  normal  venue  of  study 
the  E.U.d  F.P.  of  the  University  of  Valencia. 

The  students  were  administered  two  tests:  one  prior  to  instruction  in  formal 
methods  of  mental  calculation  and  another  after  the  period  of  instruction.  Both 
tests  were  divided  into  two  one-hour  sessions,  one  session  of  each  test  consisted 
of  subtraction  problems  and  the  other  of  multiplication  problems.  The  problems 
were  selected  after  a  number  of  pilot  experiments  and  were  characterised  by  the 
following  features:  they  were  not  excessively  difficult,  it  was  possible  to  use 
alternative  strategies  to  solve  them,  they  allowed  for  comparison  between  data 
gathered  for  natural  numbers  and  decimals,  the  number  of  problems  in  each  test 
was  such  that  students  were  able  to  solve  them  in  a  one  hour  session. 
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547-189  1243-75 

1300-87!  1*61-166  fcftS-199 

13-8.7!  |2.23-l.i8 

»,12  b7x0.25 

28x3!      1*7x99  1(1x42 

MxO.l!  1*4x2! 

Post-instruction  Problems 


737-289  |634-7i. 

1400-67!.  1*81-186 

24i-l97 

14-7.7!.  B.32-I.67    154.7.18.9  124.3.7.! 

16.1-16.6 

«.l2  1*7x0.2! 

t>6x3i  b?x98 

tlx42     b,4x0.1i  Is4x75      b.8x0.45  l*.9x!.l 

19x18 

Students  were  required  to  solve  the  problems  in  their  head  and  although 
there  was  no  time  limit  for  each  item,  the  time  assigned  to  each  session  was  one 
hour,  which  proved  to  be  sufficient.  They  were  instructed  to  write  only  the  result 
of  their  computation  so  that  they  had  to  compete  the  operation  before  writing 
anything.  On  the  same  sheet,  they  then  had  to  explain  in  their  own  words  how 
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they  had  obtained  the  answer.  Subsequently  the  answers  and  the  students' 
explanations  were  analyzed  and  a  typology  of  student  errors  was  established, 
which  was  refined  by  means  of  individual  interviews. 

The  instruction  in  methods  of  mental  computation  was  developed 
following  an  experimental  program  which  had  been  previously  devised  by  the 
author  (Gomez,  b  1994)  and  based  on  a  broad  study  of  the  history  of  mental 
calculation  in  the  school  curriculum. 

Unlike  the  program  which  is  currently  popular  in  school  textbooks  and 
which  is  analytic  and  case  dependant,  the  experimental  program  is  a  global  and 
simultaneous  synthesis  of  formal  methods  for  the  four  operations  based  on 
levels  of  generalization  and  commqn  guiding  principles. 

The  students  were  introduced  to  this  synthesis.  The  basis  of  the  synthesis 
was  discussed  in  class  to  bring  out  the  basic  facts  of  the  number  system  and  the 
properues  and  concepts  of  the  four  operations  and  to  promote  flexibility  rather 
than  mere  training  or  pointless  discussion  of  which  is  the  best  method. 

Results  and  conclusions 

Before  receiving  instruction  in  formal  methods,  most  of  the  students  were 
restricted  to  column  methods  and  the  most  common  errors  were  those  that 
seemed  to  stem  from  carelessness  or  lapses  of  memory,  however  some  errors 
were  also  observed  that  appeared  to  be  symptomatic  or  evidence  of  more  specific 
problems. 

After  instruction  students  showed  more  flexibility  and  there  was  a  greater 
number  of  error  types  in  particular  for  symptomatic  errors  .  In  the  subtraction 
problems  15  different  types  of  error  were  identified,  of  which  7  could  be  put  down 
to  carelessness  or  lapse  of  memory  and  8  seemed  symptomatic;  in  the 
multiplication  problems,  of  the  27  types  of  error  10  seemed  to  be  due  carelessness 
and  17  symptomatic. 

The  high  number  of  error  types  may  be  explained  by  the  way  error  types 
have  been  distinguished,  since  we  have  considered  as  belonging  to  different  types 
both  errors  that  appear  in  different  methods  and  errors  that  appear  in  the  same 
method  but  which  seem  to  require  a  different  explanation. 
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This  wide  range  of  error  types  can,  however,  be  arranged  in  terms  of  three 
categories:  rule  extrapolation,  generalized  method,  or  centring  on  the  modified 
element  instead  of  on  the  modification. 


1.  Examples  of  Rule  extrapolation: 


3»12  =  "96»1. 1  multiplied  3»lx3»l  ->  3»1 

3»1 


3  1 


9  3  . 
9  6»1." 


This  error  seems  to  be  an  extrapolation  of  the  rule  for  placing  the  decimal 
point  from  the  column  based  algorithms  for  adding  and  subtracting.  Here  it 
seems  that  the  student  applies  the  same  rule  to  multiplication  so  that  he  brings 
the  decimal  point  down  respecting  its  initial  position. 

The  mistake  of  misplacing  the  decimal  point  by  counting  final  zeroes  in  a 
decimal  number: 

2»4x0»15=  "0»036;  2»4x0»15=l»2x0»30=0»6x0»60=0»036" 

seems  to  be  an  extrapolation  of  the  rule  which  counts  decimal  places  of  the  data 
in  order  to  place  the  decimal  point  in  the  product.  In  this  case  the  student  seems 
to  count  the  zeroes  to  the  right  of  the  final  significant  decimal  place,  as  though  he 
considered  0*60  to  be  different  from  0*6. 

The  error  of  eliminating  or  recovering  improperly  the  decimal  point  after 
moving  it  in  both  factors 

3»4x0»15=10»5  "I  multiplied  34  by  1*5  and  got  6»0+4»5  =10»5" 

(In  this  example  there  is  the  additional  error  of  not  recognising  the  place  value  of 


seems  to  be  an  extrapolation  of  the  rule  used  in  the  division  algorithm  to 
eliminate  the  decimal  point  in  the  divisor  by  moving  the  decimal  point 
simultaneously  in  the  dividend  and  the  divisor. 


3  in  34.) 
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2.  Examples  of  errors  that  seem  stem  from  generalizing  methods  from  one 
operation  to  another. 


The  error  of  decomposing  a  number  and  multiplying  its  first  digit  by  the 
other  number  and  subsequently  multiplying  the  result  by  the  second  digit: 

28x35=  "I  multiplied  5x28  and  then  multiplied  the  result  by  3". 

appears  to  be  a  generalization  of  the  method  of  addition  by  decomposition 
combined  with  a  failure  to  recognise  the  place  value  of  the  3. 

The  error  of  invalid  "adding  and  taking  away"  which  involves  multiplying, 
not  the  data  given,  but  the  results  of  adding  a  number  to  one  of  the  data  and 
taking  away  the  same  number  from  the  other  datum. 

64x75=4830.  "I  take  5  away  from  75  and  add  5  to  64  so  I  get  69x70  (I  multiply  by  an 
easier  number  and  I  get  the  same  result) 

seems  to  be  a  generalization  of  the  compensation  approach  to  adding,  whereby  a 
quantity  is  added  to  one  datum  and  taken  away  from  the  other. 

The  mistake  of  "front-ending"  or  place  grouping  the  elements  of  a 
multiplication  without  recognising  the  intermediate  products. 

Completed  diyits  (i.e.  including  their  place  order  zero) 

28x35=640  "I  multiplied  20x30=600  and  then  8x5=40  and  I  added  600+40  =  640". 

appears  to  be  a  generalization  the  method  for  adding  whereby  digits  with 
different  place  values  are  added  separately:  units  with  units,  tens  with  tens. 

Isolated  digits 

3«l2="9«l.  I  squared  3  and  then  1  (I  multiplied  3«lx3«D" 

This  variation  seems  to  be  evidence  of  the  same  theorem  Implicit  in  the 
previous  example,  but  here  the  student  is  not  aware  of  the  initial  decimal  form 
0«  (zero  point)  before  the  1  of  3«1  when  this  is  decomposed  into  3+0«l. 
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3.  Examples  of  errors  that  seem  to  result  from  centring  on  the  element  modified 
rather  than  on  the  effect  of  the  modification. 

The  error  of  increasing  the  multiplier  by  x  and  subtracting  the  product  of  the 
multiplier  and  x  instead  of  subtracting  the  product  of  x  and  the  multiplicand: 

28x35=  "994. 1  multiply  35x30  and  I  subtract  56" 

seems  to  be  evidence  of  centring  on  the  modified  element.  It  seems  that  here  the 
student  does  the  following:  28x35=(30-2)x35=30x35  -2x28. 

The  error  of  subtracting  x  from  the  multiplier  and  adding  the  product  of  the 
multiplier  and  x  instead  of  adding  the  product  of  x  and  the  multiplicand: 

41x32=1294.  "41  times  30  =  1230  and  I  add  64". 

seems  again  to  indicate  centring  on  the  modified  element.  Here  it  appears  that 
the  student  multiplies  each  of  the  elements  of  the  decomposition  (30+2)  by  each 
of  the  original  numbers:  30x41  and  2x32. 

The  error  of  miscounting  the  zeroes  after  multiplying  numbers  ending  in 

zero: 

47x99«"423;  47x100=470-47=423". 

appears  to  indicate  centring  on  a  hundred  when  multiplying  by  a  hundred  and 
not  on  the  effect  that  it  produces. 

Implications 

The  problems  identified  in  student  errors  seem  to  originate  not  so  much  in 
the  existence  of  badly  developed  concepts  as  in  rigid  rule  applications, 
generalizations,  extrapolations  and  centring,  that  could  be  the  consequence  of 
teaching  which  lays  too  much  emphasis  on  the  creation  of  automatism  at  the 
expense  of  and  of  promoting  reflection  on  procedures  and  on  the  effect  that 
modifications  to  data  have  on  the  results. 
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To  avoid  these  undesirable  consequences  it  seems  reasonable  to  propose  a 
change  in  teaching  so  as  to  improve  students'  conceptions  of  arithmetic 
procedures  as  a  meaningful,  non-automatic  actions  on  numbers. 
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VARIOUS  REPRESENTATIONS  OF  THE  FRACTION 
THROUGH  A  CASE  STUDY 

Marta  Elena  Valdemoros  Alvarez 
Research  and  Advanced  Studies  Center  of  the  1PN,  Mexico 

In  the  development  of  a  research  centered  on  the 
construction  of  the  "language  of  fractions"  and  its 
relationship  with  the  involved  concepts,  we  applied  an 
exploratory  questionnaire  in  the  fourth  grade  of  an 
elementary  schooi.  We  also  carried  out  various  qualitative 
observations  of  classes  and  designed  the  study  of  some  cases 
(through  individual  interviews).  The  present  report  is  only 
referred  to  FABIOLA  CASE,  characterized  by  the  effective  use  of 
pictorial  representations  connected  with  the  sum  of  fractions 
and  the  generation  of  adequate  representations  tied  to  the 
manipulation  of  concrete  materials  (in  contrast  with  her  own 
algorithmic  handle). 

In  general,  Sastre  (1984)  identified  some  primal  connections 
between  the  verbal  language,  the  arithmetical  signs  and  pictorial 
representations  that  resulted  in  conjugated  arithmetic  teaching  and 
learning.  The  cognitive  activities  develop  by  any  individual,  in  the 
mentioned  symbolic  fields,  are  inmersed  in  multiple  difficulties.  To 
carry  out  the  passage  of  one  symbolic  plane  to  another,  the  introductory 
approach  most  accessible  could  be  the  pictorial  representations  which 
also  could  fulfill  the  role  of  precursor  of  the  arithmetic  writing. 

Lesh  (1987)  recognized  distinct  types  of  representation  systems 
tied  to  the  mathematic  learning;  between  others,  the  representations 
derived  of  manipulative  models,  the  drawings  or  diagrams  and  the  written 
symbols. 

Laborde  (1990)  has  emphasized  the  internal  complexity  of  the 
mathematic  language,  jointly  has  ratified  the  constructive  character  of 
their  symbolic  processes  and  their  tight  links  with  the  thought. 

Opportunely  (Valdemoros,  1993a,  1993b),  we  had  recognized  which 
activities  were  included  in  our  exploratory  questionnaire  of  tne 
"language  of  fractions",  in  Valdemoros,  1993b,  we  centered  on  results 
derived  of  simple  tasks  referred  to  the  fraction  recognition.  The 
necessity  to  deepen  toward  the  additive  situations  contemplated  in  the 
exploratory  questionnaire,  made  us  realize  some  case  studies 
(Valdemoros,  1993a);  here  we  will  limit  ourselves  to  present  only  one  of 
them,  relying  on  the  circumstance  that  this  case  accentuates  the  role  of 
semantic  enrichment  fulfilled  by  the  pictorial  representations,  in  the 
sum  of  fractions  context. 
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FABIOLA  CASE 

The  results  of  the  fifteen  addition  problems  incorporated  in  the 
exploratory  questionnaire,  permitted  us  to  identify  some  very  noticiable 
tendencies,  in  the  escolar  group  selected  for  the  research.  The  most 
relevant  and  frequent  phenomenon,  in  such  questionnaire,  defined  the 
profile  of  various  cases.  A  very  generalized  difficulty  among  the 
children  was  related  to  the  recognition  of  the  notion  of  unit  implicated 
in  each  task;  nevertheless,  in  the  contexts  which  included  the  pictorial 
representations,  we  detected  that  there  were  a  considerable  number  of 
pupils  who  successfully  solved  such  obstacles  and  expressed  an  adequate 
result,  with  the  help  of  drawings  (Fabiola  was  the  student  that 
evidenced  such  situation  with  greater  clarity). 

Through  the  observation  of  some  classes  developed  by  the  teacher  in 
charge  of  the  group,  we  noted  that  what  was  manifested  by  the  last 
mentioned  children  ,was  not  found  to  be  induced  by  the  common  teaching 
(because  the  instruction  processes  tended  to  be  centered  on  the 
algorithmic  procedures  and  included  a  very  restrictive  use  of  concrete 
treatments). 

From  those  antecedents  we  described  the  case  of  the  last  children 
like  a  concrete  domain  of  the  additive  situations  referred  to  the 
fractions,  favored  and  expressed  by  the  use  of  pictorial 
representations.  Not  being  made  propitiated  by  the  teaching,  we 
conceived  that  such  concrete  domain  was  generated  by  a  generalization 
and  ampliation  of  the  ■■constructive  mechanisms"  that  Kleren  (1988) 
attributed  to  the  fraction  (partitioning,  quantitative  equivalence  and 
formation  of  a  divisible  unit);  this  is  the  hypothesis  of  the  case. 

Fabiola  registered  many  algorithmic  inconsistencies  in  various  word 

addition    problems    of    the    exploratory    questionnaire.    Nevertheless,  she 

accomplished   adequate    solutions   each   time    that    the    addition  problem 

included  pictorial  representations. 

Although    we    did    not    ask    for    any    drawing    in    the  subtraction 

problems,   Fabiola   included  some  pictorial   representations  spontaneously. 

Taking   into  account  the  aforementioned  aspects,    we  designed  ten  tasks 

that  were  developed  within  three  hours  of  interview  and  were  taped.  Next 

we  exposed  these  tasks  (Table  1). 
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Task  1 


Task  2 


Task  3 


Task  4 


Task  5 


Task  6 


Task  7 


Task  8 


Task  9 


Task  10 


Invent    a  problem   that  contains:    2/8   +  2/4. 


Invent   a  problem  that  contains:    1/2  -  1/4. 


Choose   a  figure    In  which  you  can   represent:   2/8  *  2/4. 


How  will  you  represent   1/2  -   1/4     with  pencil  and  paper? 


Demand  at  can(riantat  ian  between   the  7a<WU  1  and  3. 


'Mequiiement  a{    cantiaat  between    the  Vaaka  2  and  4. 


Demand  af  necan olfaction  a{  tame  eapaeaoed  aalutiana,  in 
centain  piahtema  a{    the  eczptariataiu  quest iannaiie  . 


In   this  collection   represent:   1/2  +  2/6. 

^j<j£  k£j> 


Use    the  blocks*    to   represent    in    this  figure:   2/8  *  2/4. 


<VAA 


Use    the  blocks*    to  represent    in    this  figure:    1   -  2/5. 


Table  I 


•  Blocks  designed  by  Zullie  (1975). 
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SOME  RESULTS  AND  THEIR  INTERPRETATIONS 
Briefly,   we  centered  our  attention  on  the  tasks  where  the  most 
important  passages  of  the  activities  were  concentrated  (we  realized  a 
detailed  presentation  of  the  case  in  Valdemoros,  1992). 


Task  1: 


Invent  a  problem  that  contains:  2/8  *  2/4. 


Fabiola  wrote  "Benito  has  2/8  of  apples  and  2/4  of  plums  =  2/8  ♦ 
2/4  =  2/12".  Static  text  where,  in  spite  of  the  situation  of  measurement 
chosen,  was  absent  the  unit  of  measure.  Likewise,  both  fractions  were 
referred  to  distinct  classes  of  objects.  Such  inconsistencies  in  the 
global  elaboration  of  the  text  generated  a  lack  of  an  interrogative 
statement  (because  of  the  indicated  components  disabled  the  semantic 
closure  of  the  text,  through  a  question).  On  an  algorithmic  level 
Fabiola  added  the  denominators  as  though  they  were  natural  numbers. 

Task  2: 


Invent  a  problem  that  contains:  1/2  -  1/4. 


In    the    first    attempt,    FABIOLA    wrote    "Carlos    has    1/2    kilo  of 
chocolates  and   1/4  of  candy"  without  getting  to  finish  this  text  (the 
operation   was   associated   to  distinct   classes  of   objects   and   the  first 
fraction  was  related  to  a  unit  of  measure).   In  the  second  attempt,  it 
emerged  as  a  definitive  text  "Carlos  has  1/2  kilo  of  chocolates  and  gave 
1/4  to  his  brother.  How  much  chocolate  does  he  have  left?  1/2  -  1/4  = 
1/4".     The     final     rectification    indicates    that     the     subtraction  has 
permitted  FABIOLA  to  refer  the  operation  to  a  unique  class  of  objects, 
for    what    she    has    identified    satisfactorily    a    unit    of  measure. 
Presumably,    she   could   manage   in   an   adequate    manner   the  equivalence 
between  fractions  required  for  the  solution  of  the  problem  because  both 
fraction  were  very  familiar  to  Fabiola. 

The  solutions  presented  by  FABIOLA,  in  the  context  of  word 
problems,  revealed  certain  instability  (this  characteristic  was  notably 
accentuated  in  the  exploraty  questionnaire). 
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Alternatively,  FABIOLA  selected  distinct  continuous  whole  and 
subdivided  them  (according  to  what  we  demonstrated  in  Figure  1).  The 
motives  of  the  variations  of  one  to  another  of  the  options  were  able  to 
be  established  with  great  effort,  because  she  was  very  concentrated  on 
the  particular  designs  and  did  not  notice  the  great  affluence  of  her  own 
thoughts.  After  a  very  extense  dialogue  and  a  very  advanced  development 
of  the  task,  we  were  able  to  find  that  she  tried  to  obtain  three  parts 
in  the  initial  figures  because  "they  are  two  quarters  and  one  quarter 
(that  signifies  two  elghths)...they  are  three...  three  quarters".  In 
other  words,  recognizing  three  quarters  as  a  result  She  was  centered  on 
the  numerator  and  intented  to  indicate  three  parts  in  the  first  square 
represented  and  in  the  triangle  that  then  was  substituted  by  the  final 
square.  (See  figure  1). 


FIRST  FIGURE 

SECOND  FIGURE 


A 


THIRD  FIGURE 


PICTORIAL  REPRESENTATIONS  TIED  TO  TASK  3 


FIGURE  1 

As  soon  as  she  could  graphically  place  the  complement  of  three 
quarters  (the  part  not  marked  of  the  last  figure)  FABIOLA  developed  the 
final  adequate  representation.  Later  she  marked  with  her  hand,  the 
presence  of  "one  eighth,  two  eighths...  one  quarter  and  one  quarter"  in 
the  last  square;  she  wrote  "3/4"  as  a  result  of  it  and  colored  in 
"Egyptian  style"  each  one  of  these  parts  (with  four  different  colors). 
Such  shaded  areas  ratified  what  was  stated  by  Kieren  (1985),  with 
respect  to  the  generative  role  of  the  unitary  fractions  (meaning  the 
ones  that  have  numerator  I).  Many  children  of  this  group  realized  to 
similar  shades  in  other  contexts. 
Task  4: 


How  would  you  represent  1/2  -  1/4  with  pencil  and  paper? 


In  the  exploratory  questionnaire  we  omitted  the  tasks  of  this 
nature,  considering  the  marked  difficulties  that  brought  about  the 
pictorial  representation  of  subtraction.  Here,  we  formulated  with  great 
extent  the  requirement,  giving  more  liberty  to  FABIOLA  for  the 
interpretation  of   the   consignment   of   work.    In   the    first    instance  she 
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wrote  this  text:  'Juan  bought  J/2  sheet  of  craft  paper,  but  only  used 
1/4.  How  much  paper  does  he  have  left?" 

To  orient  her  answers  toward  the  pictorial  representations  and 
their  intrinsic  difficulties,  we  suggested  she  make  a  drawing.  FABIOLA 
designed  what  we  exposed  in  Figure  2.  To  give  meaning  to  this  pictorial 
representation,  she  invented  the  next  text:  "Juan  bought  half  of  a 
chocolate  and  only  ate  half  of  what  he  had,  meaning  one  quarter  of 
chocolate". 

This  spontaneous  resource  added  to  her  desing  a  dynamic  model,  in  a 
way  not  deliberate  (drawings  preserved  sufficient  ambiguity  in  spite  of 
having  been  organized  as  a  sequence). 


er|c 


FIGURE 


FIGURE  3 


We  asked  Fabiola  if  she  had  something  to  add  to  the  pictorial 
representation  tin  Figure  2)  or  if  it  was  established  for  another  person 
foreign  to  the  interview  could  understand  it.  As  a  way  of  answering. 
FABIOLA  completed  the  drawing,  as  we  show  it  in  Figure  3.  With  such 
,  epresentation.  she  identified  with  great  clarity  the  unit  of  reference. 
Task  5: 


Demand  of  confrontation  between  Tasks  1  and  3 


In  this  field,  having  to  corroborate  that  the  same  addition  of 
fractions  she  has  assigned  different  results  (in  the  Tasks  1  and  3), 
FABIOLA  retreated  inward  in  a  strong  conflict.  FABIOLA  ratified  both 
solutions  and.  trying  to  resolve  the  contradiction  recently  recognized, 
she  stated  that  "both  fractions  resultant  of  the  addition  were 
equivalent,  to  justify  such  false  statement.  The  girl  was  supported 
exclusively  in  verbal  formulations.  We  required  her  to  support  her 
statement  via  creating  a  design. 

Once  again.  in  association  with  the  pictorial  representation 
KABIOLA  proved  the  unexistence  of  the  equivalence  between  recognized 
tractions  in  those  tasks,  as  a  result  of  the  addition. 

This  drcunstance  revealed  to  us  the  strangth  given  by  the  pupil  to 
ihe  algorithm  that  prevailed  over  the  intuitive  sureness  brought  about 
horn  an  adequate  use  of  the  pictorial  representations  (even  though  she 
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expressed  a  non  conventional  algorithm  and  it  was  false,  in  this 
task). 

We  suppose  that  a  teaching  based  on  those  empiric  evidences,  will 
propitiate  in  FABIOLA  the  generation  of  important  meanings  and  proving 
tools. 

The  instruction  received  by  FABIOLA  dropped  such  possibilities  and 
in  this  spontaneous  dynamic  confrontation,   the  intuitive  support  tended 
to_  be  subordinated  to  the  algorithm  in  a  context  not  appropiate  for  such 
hegemony. 
Tasks  9  and  10: 


Use  the  blocks  to 
this  figure :    2/8  ^ 

represent  in 
2/4. 

FIGURE  4 


Use  the  blocks  to  represent  in 
this  figure:   1  -  2/5. 
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FIGURE  5 


With  respect  to  the  manipulation  of  the  concrete  materials  and  to 
the  "active  representations"  involved,  the  Figures  4  and  5  showed  the 
respective  final  distributions  of  the  colored  blocks,  mended  to  both 
figures,  by  FABIOLA.  Without  showing  evidence  of  difficulties,  FABIOLA 
went  on  comparing  all  existing  blocks  probing  them  over  the  worksheet 
and  decided  upon  such  solutions.  With  this  she  demonstrated  the  ability 
to  generalize  the  domain  manifested  in  the  pictorial  systems,  from  such 
of  another  planes  of  concrete  representation  very  close  to  the  action. 


CONCLUSIONS 

About  the  use  of  distinct  ways  of  representation  articulated  in  the 
integrated  field  of  arithmetic  language,  FABIOLA  could  generalize  a 
recognition  markedly  intuitive  of  links  and  operations  between 
fractions,  from  the  pictorial  domain  towards  other  symbolic  concrete 
representation  systems. 

So,  such  Instruments  appeared  to  conform  the  most  fluid  and 
accesible  processes,  in  this  particular  case. 

Globally,  these  mentioned  resources  showed  to  propitiate  the 
identification  of  divisible  units,  the  adequate  partitioning  that  the 
diverse  tasks  required,   and  the  recognition  of  quantitative   equivali-i.>  . 
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relations.  Such  mechanisms  were  seen  as  seriously  limited  when  the 
beliefs  sustained  by  FABIOLA,  with  reference  to  the  algorithm,  generated 
contradictions  in  which  resolution  FABIOLA  fell  back  on  these  false 
convictions,  in  detriment  of  her  own  empiric  evidences.  The  direction  of 
that  problematic  and  the  maximum  unfolding  of  the  mentioned  intuitive 
resources  (in  the  direction  suggested  by  Sastre.  1984).  requires  being 
aboard  through  a  efficient  teaching. 
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THE  INFLUENCE  OF  CHILDREN'S  CULTURE  ON 
THEIR  PROBABILISTIC  THINKING 


CIlMd  Amir.  Julian  Williams 
University  of  Manchester 


Abstract 


This  research  examines  the  influence  of  children's  culture  on  their  probabilistic  thinking.  In 
the  first  stage  38  11-12  year  old  children  were  interviewed.  The  interviews  included 
discussion  of  their  concepts  of  'chance'  and  'luck'  ,  their  beliefs  and  attributions,  their 
relevant  experiences,  and  their  probabilistic  thinking.  Interpretations  of  the  concepts  'chance' 
and  'luck'  were  varied,  often  not  involving  randomness.  Several  distinct  types  of  reasoning 
were  identified.  In  some  cases  religion  and  superstitious  beliefs  appear  to  influence  their 
inclination  to  use  probabilistic  thinking.  Certain  heuristics  and  approaches  were  common: 
the  'outcome  approach',  'representativeness',  'availability',  the  'equiprobability  bias'.  Some 
children  did  not  understand  coins  and  dice  as  random  devices.  In  the  second  stage,  a 
questionnaire  will  be  administered   in  an  attempt  to  further  validate  these  results. 

1.  Literature  and  theoretical  framework 

The  object  of  this  investigation  is  to  research  the  probabilistic  thinking  of  11  year  old  children 
in  their  first  year  of  secondary  school,  before  any  special  instruction  has  begun,  and  how  this 
is  affected  by  their  'culture'.  We  define  the  latter  as  their  language,  their  experience  and  their 
beliefs,  and  explore  these  in  so  far  as  they  relate  to  probability  and  chance. 

Piaget  and  Inhelder  (1975;  original  in  French,  1951)  analysed  children's  thinking  about 
probability  into  the  usual  stages  (pre-operational,  concrete  operational,  etc.),  culminating  in  a 
formal  understanding  of  probability  through  combinatorics.  This  structure  to  some  extent  still 
holds  good,  and  Green  (1982),  in  a  survey  of  3000  secondary  pupils  aged  11-16  methodologically 
inspired  by  the  CSMS  studies  (Hart,  1981),  showed  how  their  development  followed  a 
hierarchy  which  was  consistent  with  this.  But  Green  also  concluded  that  most  English  pupils 
finish  secondary  school  without  achieving  the  level  of  formal  operations.  Green  found  that 
reasoning  ability  was  the  main  significant  factor  associated  with  students  level  of 
understanding,  explaining  44%  of  the  variance,  whilst  age  group  explained  only  14%. 

Another  focus  of  criticism  on  much  of  Plaget's  research,  see  e.g.  Donaldson  (1978),  has  been 
targeted  on  the  gap  in  communication  which  may  develop  between  researcher  and  child. 
Borovcnik  and  Bentz  (1991,  p.101)  cast  doubt  on  some  interpretations  of  answers  to  commonly 
used  probability  questions:  "Seemingly  false  answers  can  be  traced  to  such  breakdowns  in 
communication  rather  than  missing  concepts."  For  this  reason  we  adopted  an  open,  flexible 
interview  format  in  trying  to  deduce  children's  patterns  of  reasoning  and  thinking. 
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With  Green's  conclusion  that  most  English  16  year  old  do  not  reach  Piagef  s  'formal'  stage  It  Is 
not  surprising  that  Kahnemann,  Slovlc  and  Tversky  (1982)  show  how  even  adults  reason  In 
situations  of  uncertainty  using  Intuitive  -heuristics',  which  are  rules  of  thumb  which  seem  to 
be  developed  to  guide  our  behaviour  In  dally  living.  They  are  often  used  erroneously  to  make 
mistaken  judgments,  which  they  refer  to  as  biases,  in  probabilistic  situations. 
'Representativeness',  which  involves  expecting  a  sample  to  be  representative  of  its  parent 
population,  and  'availability',  which  Involves  estimating  odds  according  to  memories  of 
similar  past  experiences,  are  just  two  which  are  relevant  to  children.  Ucoutre  (1992)  added  a 
further  Important  'equlprobabUlty  bias'  In  which  random  events  tend  to  be  assumed  to  be 
equlprobable  by  nature. 

Konold  (1989,  Konold  et  al,  1993)  suggests  that  In  additional  to  normative,  formal  reasoning 
and  to  reasoning  with  heuristics,  people  also  reason  In  some  situations  (  e.g.  when  predicting 
the  weather)  according  to  an  'outcome  approach':  they  are  Inclined  to  view  probability 
inappropriately  as  'operative',  I.e.  as  attempting  to  predict  the  outcome  of  an  event.  This  is 
accompanied  by  a  desire  to  seek  causal  explanations.  In  other  words  -  people  might  be  making 
mistakes  not  In  their  probabilistic  judgments,  but  In  applying  to  a  probabilistic  situation 
another  type  of  judgment.  In  our  research  we  will  be  checking  to  what  extent  do  children 
apply  the  'outcome  approach'.  We  will  also  examine  to  what  extent  are  different  situations 
seen  by  the  child  as  related  to  probability . 

Fischbeln  (1975)  showed  that  some  Intuitions  (and  biases)  In  young  children's  thinking  are 
important  in  helping  (and  hindering)  their  pre-formal  probabilistic  thinking.  These  Intuitions 
are  a  product  of  personal  experience  (Fischbeln,  1987)  .  A  teaching  programme  can  bring 
significant  Improvement  (Fischbeln  k  Gazlt,  1984).  The  tendency  to  look  for  causal- 
explanations  Is  noticed,  and  there  Is  a  suggestion  that  this  might  actually  increase  with  age 
given  the  existing  way  of  teaching. 

We  hypothesise  that  all  these  heuristics,  Intuitions,  Inclinations  and  biases  might  be  affected 
by  cultural  factors.  Influences  of  culture  on  cognition  have  been  shown  to  be  Important  In 
general,  (Holland  and  Quinn,  1987;  Buscaglla,  1987).  Saxe  (1991)  has  shown  how  children's 
experiences  of  sweet  selling  on  the  streets  of  Raclfe  might  have  Influenced  their  mathematical 
thinking.  Fischbeln,  Nello  and  Marino  (1991)  Indicate  that  cultural  Influences  on  probabilistic 
reasoning  might  be  Important.  Phillips  and  Wright  (1977)  speculated  that  differences  between 
UK  and  Hong  Kong  Chinese  students'  Inclination  to  take  a  probabilistic  view  of  events  might 
be  due  to  the  relative  'fate-orientation'  of  Chinese  culture. 

It  seems  likely  that  'availability'  will  be  circumscribed  by  the  frequency,  strength  or  recency  of 
relevant  experiences  In  culturally  determined  experiences  and  practices  like  gambling  or 
board  games.  We  also  expect  that  strong  beliefs  or  attitudes  to  fate  might  Influence  children's 
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inclination  to  view  an  event  as  'random'.  Children  strongly  causal  in  their  view  of  the  world 
might  be  expected  to  adopt  the  'outcome  approach'  to  random  events.  Indeed,  we  wonder 
whether  children  understand  the  term  'chance'  in  an  appropriate  way. 

Our  theoretical  standpoint  is  therefore  to  view  attitudes,  beliefs,  experiences  and  use  of 
language  as  the  means  by  which  culture  might  influence  children's  probabilistic  thinking,  (in 
particular  their  attribution  of  events  to  chance,  use  of  heuristics,  level  of  understanding,  and 
use  of  an  outcome  approach  ). 

Our  aim  here  is  to  find  and  describe  examples  of  this.  In  the  interviews  certain  types  of 
thinking,  and  certain  stereotypes  of  students  did  indeed  emerge. 

2.  Method 

The  first  stage  of  the  research  included  interviews.  These  were  conducted  for  two  main 
purposes: 

a)  Building  communication:  clarifying  main  concepts  used;  trying  out  and  modifying  items 
from  previous  research  and  new  items;  trying  out  interview  techniques. 

b)  Trying  an  holistic  approach:  looking  for  patterns  linking  the  different  fields  of  the  child's 
probabilistic  thinking,  and  between  these  and  the  child's  culture.  These  patterns  could  lead  to 
hypotheses,  with  the  intention  of  further  validation  in  the  second  stage  of  research. 

38  pupils  were  interviewed,  all  in  their  first  year  of  high  school  (11-12  years  old),  from  two 
inner-city  schools  in  Manchester.  33  were  born  in  England.  Of  the  parents  -  20  children  had 
two  parents  born  in  England,  13  had  two  parents  born  elsewhere,  and  5  had  one  of  each.  Of 
families  with  one  or  two  parents  not  born  in  England,  5  were  born  in  Pakistan,  4  in  Jamaica,  4 
in  Africa,  3  in  the  Far  East  (2  other ).  Each  interview  lasted  for  about  45  minutes. 

The  interviews  were  not  uniform,  due  to  the  need  to  develop  suitable  questions  and 
interview  techniques,  and  due  to  the  flexibility  needed  when  an  interesting  aspect  of  the 
child's  thinking  emerged,  requiring  clarification.  The  main  topics  discussed  were: 

'Language  related  to  probability,  mainly  -  the  concepts  of  'chance*  and  'luck'. 

'Beliefs  and  superstitions,  and  the  system  of  attribution. 

'Background  and  experience  related  to  chance. 

■Specific  questions  in  probability. 

Although  some  quantitative  analysis  was  done,  the  main  emphasis  remained  qualitative,  due 
to  the  small  numbers  and  non  representative  sample.  The  perspective  was  basically  a  case- 
study  perspective,  trying  to  reach  cautious  generalisations  as  hypotheses  for  further  research. 
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3.  Results 
3.1  language 


The  pupils'  understanding  of  what  is  meant  by  'chance',  'things  happening  by  chance'  or  luck' 
was  very  varied.  Some  of  the  main  interpretations  of  chance  were: 

The  possibility,  or  opportunity  of  something  happening,  that  is  to  'have  a  chance'.  For 
example: 

Chess  is  analysed  as  a  game  of  chance,  because  "you've  got  to  try,  and  you've  got  a  chance  of  winning  and  a 
chance  of  not  winning."  (INTERVIEW  NO  1) 

Interviewer:  Could  you  tell  me  what  do  we  mean  when  we  speak  of  "things  happening  by  chance"  in  our 
lives? 

N.:  like  -  chance  to  become  something. 
I.:  What  do  you  mean  by  that? 

N.:  When  yo«  leave  school  and  go  to  college  or  university,  to  become  something.  (INTERVIEW  NO  24) 
Something  to  do  with  uncertainty: 

l:  What  would  be  something  that  does  NOT  happen  by  chance? 
R.:  When  you  know  what's  going  to  happen. 
Later  weather  is  discussed. 

R.:  I'd  agree  that  was  chance,  cause  you  wouldn't  know.  (INTERVIEW  NO  31) 
Something  that  just  happens,  without  planning  or  intention: 

A  road  accident?  By  chance  I  suppose...  unless  the  driver  is  trying  to  kill  the  person,  or  the  person  that  gets 
run  over  is  trying  to  kill  himself.  It's  usually  by  accident  if  you  stepped  into  the  road  in  the  wrong  time;  or 
two  cars  skid  -  it's  usually  by  chance.  (INTERVIEW  NO  22) 

Some  of  the  main  interpretations  of  luck: 

Something  good  or  bad  that  happened,  not  necessarily  random: 

The  discussion  is  about  a  computer  game  called  lemmings': 

I've  got  a  sister,  she's  younger  than  me.  She's  not  very  lucky.  You've  got  to  use  a  mouse  and  she  can't  use  a 
mouse  property.  So  she's  always  killing  these  lemming.  (INTERVIEW  NO  21) 

Example  of  luck:  I  got  39  out  of  39  in  a  maths  test.  (INTERVIEW  NO  6) 
An  unexplained,  perhaps  supernatural  factor. 

About  dice:  My  sister  is  very  lucky.  She  gets  6  eight  times  in  a  row.  1  sometime «  get  a  6  straight  away, 
sometimes  1  wait  for  ages...  (INTERVIEW  NO  2) 

In  many  cases  children  used  several  Interpretations  of  these  concepts  during  the  interview. 
3.2  Beliefs 

Beliefs  appear  to  be  the  element  of  culture  with  the  most  Influence  on  probabilistic  thinking. 
The  pupils'  beliefs  were  explored  in  several  areas:  their  religion;  their  view  of  God's  role  In 
the  world;  their  superstitions;  their  attributions. 


Some  pupils  thought  Cod  controls  everything  that  happens  in  the  world.  Others  thought 
Cod's  control  was  partial  -  God  controls  the  things  He  chooses  to  control.  Others  do  not  believe 
in  God,  or  think  He  does  not  control  anything  in  the  world. 

Several  of  the  pupils  believed  in  superstitions,  such  as  walking  under  a  ladder,  breaking  a 
mirror,  lucky  and  unlucky  numbers,  black  cats,  etc.  There  were  also  beliefs  directly  connected 
to  coins  and  dice,  like,  for  instance,  that  when  throwing  a  coin  'tails'  is  luckier. 

After  clarifying  what  the  child  meant  by  the  terms  'chance'  and  luck',  it  was  attempted  to 
understand  to  what  areas  of  life  does  he  think  these  terms  apply,  i.e.  where  does  he  use  them 
as  attributions?  This  is  important  as  an  independent  goal,  of  seeing  how  chance  is  mapped  in 
the  children's  general  view  of  the  world.  It  is  also  important  to  see  if  random  devices 
commonly  used  by  researchers  and  teachers  (dice,  coins,  counters,  etc.)  are  seen  in  the  same 
way  by  the  children. 

When  discussing  the  broader  issue,  several  contexts  were  used,  such  as  road  accidents,  the 
weather  and  success  in  sports,  and  their  relationship  to  chance  was  discussed.  The  variation 
in  views  was  quite  broad.  For  example  road  accidents  were  sometimes  seen  as  known  in 
advance  or  even  planned  by  God;  they  were  mostly  seen  as  controllable  by  people's  behaviour; 
some  saw  chance  as  playing  a  role. 

Common  devices  used  in  probability  teaching  and  research  are  dice,  coins,  counters,  etc.  It  is 
often  taken  for  granted  that  children  see  these  devices  as  random.  But,  quite  a  number  of 
children  thought,  in  different  degrees  of  certainty,  that  their  results  depend  on  how  you  throw, 
or  handle,  these  different  devices.  This  was  especially  so  with  coins.  Some  associated  this  with 
cheating;  others  -  with  experience;  others  could  not  explain  why,  but  suggested  some  people 
ere  luckier  than  others.  Specifically  -  quite  a  number  of  children  prefer  'tails'  when  tossing  a 
coin  (9  of  the  12  asked,  as  compared  to  1  that  preferred  heads  and  2  that  did  not  prefer  either), 
some  quoting  the  sentence  'tails,  tails,  never  fails'.  Most  of  these  had  no  rational  explanation 
for  this,  with  exceptions  such  as  explaining  that  'heads'  sticks  out,  and  so  it  is  heavier,  causing 
the  'tails'  result  to  be  the  more  frequent. 

A  few  pupils  used  God  as  their  major  attribution,  others  tended  to  use  causal  attributions,  and 
a  few  used  chance  a  lot.  As  it  will  be  shown  later,  these  seemed  to  be  types  of  reasoning  modes, 
used  along  a  lot  of  their  responses.  But  many  pupils,  perhaps  the  majority,  could  not  be 
described  as  revealing  a  consistent  type  of  reasoning,  but  rather  used  a  mixture  of  types. 

34  Experience 

Pupils'  experiences  seemed  to  be  generally  quite  similar,  regarding  probability.  All  pupils  play 
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board  games  with  dice  and  computer  games,  few  mentioned  card  games.  There  were 
differences  in  the  amount  these  games  were  played,  but  these  didn't  seem  to  be  an  important 
factor  in  explaining  differences  in  probabilistic  thinking.  Perhaps  experience  that  you  do  not 
reflect  upon  or  discuss  with  someone  does  not  influence  concept  building  as  much  as  could  be 
assumed.  For  example,  a  pupil  describing  himself  as  his  football  team's  'coin  flicker'  seemed  to 
have  a  lot  of  experience  in  flicking  coins,  but  this  did  not  diminish  his  belief  that  he  could 
manipulate  the  coins'  results  (even  though  when  trying  to  show  his  abilities  in  the  interview 
-  he  succeeded  about  half  the  time...  but  he  was  still  proud  of  himself!).  Even  so  -  experience 
might  influence  the  strength  of  an  'availability'  heuristic,  discussed  in  the  next  section. 

3.4  Probabilistic  thinking 

Many  of  the  interviews  revealed  application  of  heuristics.  These  sometimes  caused  the 
children  to  see  common  random  devices  in  a  non  normative  way.  Many  children 
remembered  from  their  experience  with  board  games  waiting  a  long  time  for  a  '6'  on  the  die, 
often  needed  to  begin  a  game.  This  made  them  conclude  that  it  is  harder  to  get  a  '6'  than  other 
numbers  (17  pupils).  This  could  be  thought  of  as  an  example  of  the  'availability' heuristic 
(Kahnemann  et  al,1982).  Sometimes  this  view  did  not  emerge  immediately,  but  only  after 
some  probing. 

Another  common  heuristic  used,  mainly  in  the  context  of  coins,  can  be  classed  as 
'representativeness'  (14  pupils).  For  example,  some  expected  that  when  you  toss  two  coins  you 
will  mostly  get  one  "heads'  and  one  'tails'  (rather  than  two  "heads'  or  two  'tails'). 

Some  children  used  equiprobability  -  but  did  so  automatically,  reflecting  the  'equlprobability 
bias*.  For  example  -  when  asked  about  a  raffle  in  a  class  comprising  16  girls  and  13  boys,  10  out 
of  23  interviewees  thought  a  girl  was  just  as  likely  to  win  as  a  boy.  Part  of  their  explanations 
seemed  to  indicate  a  view  that  chance  is  'naturally'  equiprobable. 

The  'outcome  approach'  was  common  in  the  interviews.  In  fact  -  a  majority  of  the  children 
revealed  this  approach  to  some  extent.  For  example  -  16  out  of  21  interviewees  answered  that 
if  after  a  prediction  of  70%  chance  of  rain  it  did  not,  in  fact,  rain  -  then  the  probabilistic 
prediction  was  wrong. 

3.5  Possible  links  between  culture  and  probability 

A  crucial  question  in  this  study  is  -  does  culture  play  a  significant  role  in  the  building  of  a 
child's  probabilistic  thinking?  Although,  due  to  the  nature  of  the  interviews,  this  is  not  easy  to 
generalise  definitely,  we  claim  that  such  a  role  exists.  Examples  of  influences  are: 
6  children  with  a  high  level  of  supertUUousneM,  leading  to  views  of  dice  and  coins  as  not 
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equlprobable,  without  any  explanation,  and  to  etude,  unrefined  probabilistic  thinking. 
A  child  with  a  strong  influence  of  religion  (see  discussion  below). 

3  children  with  a  strong  tendency  to  causality  and  determinism,  in  areas  normatively  seen  as 
involving  randomness. 

A  child  whose  world  of  chance  was  dominated  by  tricks  and  suspicion. 

A  child  with  a  view  of  chance  that  was  extremely  'equlprobable',  as  in  Lecoutre  (1992). 

This  is  not  to  say  that  these  views  are  the  main  influence  on  the  child's  probabilistic  thinking. 
As  shown  in  previous  research  (Green,  1982),  ability  is  by  far  the  major  factor  effecting 
probabilistic  thinking.  But  beliefs  do  seem  to  be  an  additional  factor,  leading  to  several  types  of 
reasoning.  The  types  that  have  been  presented  are  probably  not  all  existent  types,  and  most 
children  probably  reflect  not  a  'pure'  type  of  thinking,  but  some  kind  of  individual 
combination.  But  this  might  be  the  link  between  culture  and  probabilistic  thinking. 

We  will  now  present  one  detailed  example  of  this  type  of  possible  link  between  a  belief  system 
and  probabilistic  thinking.  In  interview  no  2  religion  seems  to -have  a  strong  impact  on  the 
boy's  feelings  toward  chance.  G.  was  born  in  England,  and  so  were  his  parents.  G's  father  is 
head  of  a  Nazarene  theological  college,  serving  in  the  past  as  a  missionary  in  Africa,  so  G. 
spent  ages  2  to  5  in  Africa.  The  result  of  these  influences  appears  to  be  a  mixture  of  rational 
and  Irrational  elements  in  his  interpretation  of  events: 

When  I  was  in  Africa  a  poisonous  snake  almost  killed  my  sister.  By  chance  I  came  outside  so  I  could  tell 
someone.  But  it  was  not  luck,  it  was  God.  He  saw  that  my  sister  didn't  die.  That  wasn't  chance...  Fruit 
machine,  thafs  chance.  I  don't  think  God  would  like  that.. 
I  don't  gamble...  I'm  against  it.  You  just  get  ripped  off.  Most  places  are  fixed. 

So  some  things  may  look  like  chance,  but  are  actually  acts  of  God.  Others  -  have  a  touch  of  evil 
in  them.  This  could  explain  G.'s  answers  about  probabilities,  revealing  a  mixture  of  fairly 
correct  knowledge  with  irrational  ideas.  Dice  are  seen  on  one  hand,  quite  rationally,  as 
unpredictable: 

You  can't  say  what  you  will  get.  I  sometimes  get  a  6  straight  away,  sometimes  I  wait  for  ages. 
But  on  the  other  hand  : 

My  sister  is  very  lucky.  She  gets  6  eight  times  in  a  row...  With  two  dice:  there  is  more  chance  to  get 
different  numbers.  But  my  mum  is  good  in  getting  the  same  number. 

So  G.  seems  to  hold  the  irrational  belief  that  certain  people  (the  'good'  people?)  have  better 
chances  than  others  when  throwing  dice. 

In  a  question  involving  combinatorics  G.  reveals  quite  advanced  combinatorics  reasoning,  but 
still  gives  an  unexplained  preference: 

I.:  Whit  number  would  you  bet  on  when  summing'results  of  two  dice,  a  3  or  a  6? 

G.:  I'd  bet  on  a  6,  because  there  are  three  possibilities  to  get  it  (3,3  ;  4,2  ;  5,1)  and  3  has  only  one  chance 
(2,1). 

I.:  And  if  you'd  have  to  choose  between  3  or  11  ? 
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G.!  It'll  be  difficult  because  both  hive  one  possibility.  But  I  prefer  5,6. 


So,  to  sum  up,  G.  reflects  a  duality  of  rational  with  irrational  ideas  that  seem  to  be  influenced 
by  religious  belief.  The  hypothesis  that  probabilistic  reasoning  Is  influenced  by  religious  belief 
will  be  one  of  those  investigated  in  the  second  stage  (questionnaires)  of  the  research. 

4.  Conclusion* 

1.  We  have  found  that  certain  intuitions,  approaches,  biases  and  heuristics  noted 
in  the  literature  take  a  strong  and  common  form  in  11  year  old  thinking,  e.g.  the  'outcome 
approach',  'representativeness',  'availability',  'equiprobabillty'.  Coins  and  dice  may  not  be 
understood  by  some  children  as  random  devices. 

2.  We  have  instances  where  individuals'  reasoning  appear  to  be  related  to  their 
beliefs  about  the  world  and  events.  A  few  stereotypes  of  religious,  superstitious,  causal  and 
suspicious  thinkers  emerged. 

Further  research  might  add  to  the  list,  test  the  reliability  of  these  stereotypes  and  discover  their 
frequency  in  the  population.  We  might  also  correlate  the  strength  of  these  beliefs  with  the 
different  measures  of  probabilistic  thinking,  approaches  and  heuristic  reasoning. 
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TOE  CASE  OP  MOLTOUCXTION  OF  A  FRACTION  BY  Ml  INTEGER 

liana  Arnon.  Ed  Dubinsky,  Perla  Nesher 


Abstract 

Two  learning  theories,  both  based  on  the  work  of  Piaget,  are  brought 
together  to  contribute  to  curriculum  development,  research,  and  teaching 
mathematics  to  children  of  7-12  years  of  age.  The  theory  of  learning 
Systems  (Meaner,  1989)  provides  the  curriculum  developer  with  a 
structure  of  learning  units,  using  physical  objects  to  teach 
mathematics.    The  question  "How  does  the  learner  become  independent  of 
the  physical  objects?"  remains  without  an  explicit  answer  in  this 
theory.    We  suggest  that  the  scheme  of  learning:    Action  -  Process  - 
Concept  (Dubinsky,  1991)  provides  an  answer  to  this  question.  The 
analysis  is  presented  via  an  example:  fractions  in  grade-four. 


I.  Theory  and  the 

Piaget  (Piaget  &  Inhelder,  1958;  Piaget,  1974;  1975;  1976)  taught 
that  at  the  age  of  concrete  operations,  children  learn  and  construct 
abstract  ideas  while  reflecting  on  actions  they  perform  with  their  own 
hands  on  physical  objects. 

The  theory  of  Learning  Systems  (Hester  1989),  based  on  Piaget's 
assumptions  described  above,  provides  the  curriculum  developer  with  a 
structure  of  mathematics  learning  units  which  use  physical  objects.  A 
learning  unit  consists  of  a  Knowledge  Domain,  an  Exemplification  Domain, 
and  a  series  of  activities  defined  in  the  theory. 

The  Knowledge  Domain  consists  of  a  collection  of  related 
mathematical  concepts  which  one  aims  to  teach.    For  example:  fractions 
in  grade  four.    The  mathematical  concepts  discussed  here  are  of  four 
kinds:  new  objects  (such  as  fractions) ;    qualities  of  these  objects 
(such  as  being  greater  than  or  smaller  than  1) ;    relations  between  the 
objects  (such  as  one  fraction  is  greater,  smaller,  or  equal  to  another) ; 
and  arithmetic  operations  on  these  objects  (such  as  binary  operations, 
e.g.  addition  of  fractions,  unary  operations,  e.g.  the  expansion  of  a 
fraction,  or  any  n-ary  operation,  e.g.  the  average  of  n  fractions) . 

The  Exemplification  Domain  consists  of  the  collection  of  physical 
objects  which  we  want  to  use  when  teaching  the  Knowledge  Domain.  The 
collection  should  be  carefully  chosen  according  to  two  main  criteria: 

a)  The  objects  should  be  familiar  to  the  children  in  advance. 

b)  The  collection  should  be  as  analogous  as  possible  to  the  Knowledge 
Domain:  the  mathematical  objects  should  be  represented  by  the 
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physical  object.,  on  which  one  can  check  qualities  and  relations 
analogous  to  the  mathematical  qualities  and  relations  of  the 
Knowledge  Domain.    Further-ore,  there  exist  physical  actions 
isomorphic  to  the  arithmetic  operations  of  the  Knowledge  Domain  and 
easy  to  perform  in  class,  which  represent  the  arithmetic  operations, 
and  are  taught,  at  least  at  the  beginning,  instead  of  numeric 
algorithms.    Such  a  physical  action  becomes  the  definition  of  the 
arithmetic  operation  it  represents. 
Example:    a  learning  unit  on  fractions  for  grade  four  was  planned 
according  to  this  theory,  the  physical  objects  being  ready  made  circle 

cuts  representing  a  variety  of  fractions  (1/2    1/6,  1/8,...1/10, 

1/12    1/16,  1/20),  n  cuts  for  each  l/n  fraction.    The  Knowledge  Domain 
and  Exemplification  Domain  of  this  learning  unit  will  be  presented  in 
detail  in  the  presentation. 
Tbe  Activities  include  three  stages: 

a)  Activities  within  the  Exemplification  Domain,  emphasizing  those 
qualities  of  the  objects  which  are  relevant  to  the  Knowledge  Domain. 

b)  Activities  which  combine  the  Exemplification  Domain  and  the  Knowledge 
Domain.    The  mathematical  language  and  symbol,  are  introduced  at  this 
stage  with  their  mewing  in  the  Exemplification  Domain:  they  are 
defined  and  given  meaning  to  in  the  terms  of  the  Exemplification 
Domain.    Here  is  an  example  of  a  typical  stage  B  activity:    the  child 
is  faced  with  the  arithmetic  problem   1/5*3-.     In  order  to  solve 
it   he  or  she  takes  three  1/5  circle  cut.  (three  "times" (  )  ), 
arranges  them  in  a  consecutive  array,  which,  according  to  the  rules 
of  correspondence  between  the  Exemplification  Domain  and  Knowledge 
Domain,  stand  for  the  fraction  3/5.    Therefore,  the  pupil  offer.  3/5 
as  the  answer  of  the  multiplication  problem. 

c)  Activities  within  the  Knowledge  Domain:    this  is  the  stage  where  a 
child  acts  without  touching  the  physical  objects  of  the 
Exemplification  Domain.    They  might  even  not  be  present  any  more. 

A  remeerch  question:    how  does  the  shift  from  stage  B  to  stage  C 

activities  happen?   What  bring,  about  the  learner',  independence  of  the 

physical  objects  of  the  Exemplification  Domain? 


l)  Another  mewing,  frequently  atta^ed  to  ^UiplicaUon  of  a 
'  fraction  by  an  integer    -    the  »eaning "part  of  a  quantity 
is  not  dealt  with  in  this  research  report. 
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Dubimky  (1991)  suggests  that  every  Mathematical  object  Is 
constructed  by  a  learner  as  a  result  of  an  action  on  objects  (concepts) 
previously  constructed.    The  learning  of  a  new  concept  starts  with  the 
"Interiorization"   of  the  action.    Interiorization  is  one  of  the  five 
different  reflective  abstractions  defined  in  this  theory: 
Interior isntion,  Coordination,  Reversal,  Encapsulation  and 
Generalization. 

Interiorization  is  revealed  by  two  major  characteristics: 

a)  The  learner's  ability  to  perform  the  action  in  his  or  her 
imagination. 

b)  The  learner '»  awareness  of  his  or  her  action,  including  many  of  its 
details.    A  high  degree  of  awareness  is  expressed  by  the  learner's 
ability  to  describe  his  or  her  action  verbally,  and  to  feel  free  to 
invent  examples,  problems  and  shortcuts  of  his  or  her  own. 

When  the  interiorization  of  an  action  is  completed  the  learner's 
knowledge  reaches  a  stage  called  "Process"  in  this  theory.     The  next 
stage  in  the  development  of  a  concept  is  the  stage  in  which  the  learner 
is  already  able  to  operate  new  actions  on  the  process.    The  process  (the 
interiorized  action)  has  become  a  concept.    This  stage  is  brought  about 
by  the  reflective  abstraction  called  by  Dubinsky  "Encapsulation". 

II.  The  oontr-iwiHow  of  the  Action  -  Procanfl  -  Qfrltrt  thrary 

to  tint  flam  at  Trnimlna  rrrnti— 

When  joining  the  two  theories,  we  add  a  new  criterion  to 'the  planning 
of  the  Exemplification  Domain  in  the  Learning  System  theory.    If  in  the 
original  planning  the  new  mathematical  objects  of  the  Knowledge  Domain 
were  represented  by  physical  objects,  according  to  Dubinsky 's  theory, 
new  mathematical  objects  have  to  be  constructed  by  the  learner  via 
actions  on  previously  constructed  objects.    According  to  Piaget,  for 
children  of  ages  7-12  these  objects  should  be  physical.    So,  instead  of 
starting  the  learning  with  a  collection  of  physical  objects  that 
satisfies  the  above  criteria,  we  start  with  an  action:    the  action  of 
producing  such  objects.    It  is  the  action  of  producing  a  physical  object 
that  stands  for  each  individual  mathematical  object  of  the  Knowledge 
Domain  (for  example:  a  fraction),  and  not  the  physical  object  itself. 
The  learner  will  start  working  with  ready  made  physical  objects  only 
after  there  exist  enough  indications  to  the  fact  that  the  action  has 
been  interiorized  to  a  degree  where  the  child  knows,  and  can  explain 
verbally,  how  to  produce  each  object. 
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Example:  in  the  unity  for  grade  four,  special  tools  were  suggested 
and  produced,  which  enable  the  children  to  draw,  with  satisfactory 
precision,  circles  divided  into  n  equal  parts,  and  shade  k  such  parts, 
■mis  action  was  taught  as  representing  a  fraction  k/n  (greater  than, 
smaller  than,  or  equal  to  1) .    Other  learning  units,  constructed  for  the 
learning  of  further  mathematical  concepts  related  to  fractions, 
consisting  of  Exemplification  Domains  using  collections  of  different 
physical  objects,  were  structured  according  to  this  principle:  the 
learning  always  starts  with  an  action  of  producing  a  physical  object, 
■mis  action  is  carefully  chosen  so  that  it  serves  as  a  definition  of 
the  new  mathematical  object  (idea)  that  is  the  main  topic  of  the 
learning  unit. 

ttTi  iuft  onntribut}™  of  the  Action  -  Profit  -  Snnrapt  theory 
to  \hi  ww«gdi  gwrti"1- 

An  hypothesis  was  made:    if  a  mathematical  idea  is  taught  via  an 
action  on  physical  objects,  the  learner  will  stop  using  these  objects 
once  he  has  interiorized  the  action  to  a  degree  that  he  can  perform  it 
in  his  imagination,  no  longer  needing  the  actual  touch  of  the  physical 
objects.    The  question  raised  within  the  Learning  System  theory,  of  how 
the  learner  moves  from  using  the  Exemplification  Domain  in  order  to 
solve  problems  of  the  Knowledge  Domain  to  acting  exclusively  within  the 
Knowledge  Domain,  is  answered  in  the  following  way:    at  the  beginning, 
learners  only  mmm  to  work  exclusively  within  the  Knowledge  Domain.  In 
reality,  they  use  an  imaginary  Exemplification  Domain:    when  presented 
with  an  arithmetic  problem  of  the  Knowledge  Domain,  they  imagine  the 
necessary  physical  objects,  act  upon  them  in  their  mind's  eye,  produce 
an  imaginary  physical  result,  and  hand  in  an  arithmetic  solution  (in  the 
mathematical  language,  analogous  to  the  Exemplification  Domain 
terminology) . 

Do  children  really  work  that  way?  That  is  the  question  our  research  set 
out  to  find. 

Ffi    ITMinr*  Method 
Two  grade  Tour  classes  of  schools  of  similar  children  population 
i*«ned  fractions  using  two  different  sets  of  materials:  booklets  and 
sets  of  physical  objects. 


One  class  used  Materials  planned  according  to  the  principles  of 
Learning  systems:    the  set  of  physical  objects  consisted  of  ready  made 
circle  cuts  representing  the  fractions  1/2  1/6,  1/8,... 1/10,  1/12, 

1/16,  1/20,  n  cuts  for  each  1/n  fraction,  each  circle  cut  carrying  its 
appropriate  fraction  in  print.    This  class  is  called  class  A. 

The  second  class  used  materials  planned  according  to  the  combination 
of  the  Learning  Systems  ideas  and  the  Action  -  Process  -  Concept  scheme: 
the  set  of  physical  objects  consisted  of  the  same  set  of  circle  cuts, 
except  that  here  most  of  them  did  not  carry  printed  fractions  (an 
important  activity  was  to  find  out  and  write  the  appropriate  fraction  or 
fractions).    In- addition,  the  set  included  circle  cuts  for  fractions 
with  numerator  greater  than  1  (such  as  3/4,  4/5).    The  last  addition  to 
the  set  of  physical  objects,  which,  in  our  opinion,  makes  the  most 
significant  difference  between  the  two  Exemplification  Domains,  was  the 
tool  with  which  to  partition  a  circle  into  n  equal  parts.    This  tool 
enabled  the  learning  unit  to  start  with  th*  ,«ction  of  drawing  a 
representation  of  a  fraction  in  a  circle,  long  before  the  ready  made 
circle  cuts  were  first  introduced  in  cl?9s.    The  class  using  this 
Exemplification  Domain  is  called  Class  B. 

Another  difference  between  these  two  classes  lies  in  the  use  of 
numeric  algorithms:    in  Class  B  actions  on  the  physical  objects  were  the 
only  methods  introduced  in  class,  either  to  solve  problems,  or  as 
reference  in  discussions.    In  Class  A,  at  the  beginning  of  grade  five, 
the  teacher  found  it  necessary  to  teach  an  additional  method  of  solving 
problems  of  multiplication  of  a  fraction  by  an  integer:    the  numeric 
algorithm     a/b  *  c  «  (a*c)/b  . 

At  the  beginning  of  grade  five  (after  the  summer  vacation,  and  after 
the  learning  of  the  numeric  algorithm  took  place  in  class  A) ,  the  pupils 
of  these  classes  were  interviewed  with  the  purpose  of  exposing  the 
degree  of  interiorization  of  some  of  the  actions  they  learnt  in  these 
learning  units.    We  will  describe  some  of  the  findings  concerning  the 
arithmetic  operation  "Multiplication  of  a  Fraction  by  an  Integer"  . 

«»  Multiplication  Pert  of  thm  Tntwlm.  .nH  Jjg  PTft 

No  physical  objects  were  present  during  the  interview.    The  last 
question  of  the  interview  was  either  1/5*3    or    3  «  1/5.    The  children 
were  eaked  to  explain  their  answers.    If  the  pupils  did  not  solve  the 
problem,  or  if  they  did  not  refer  in  their  explanations  to  the  physical 
objects  used  in  class,  the  interviewer  gave  what  we  will  call  The 
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Prompt:  sh.  suggested  that  the  pupils  try  to  recall  and  refer  to  the 
physical  objects  which  were  used  in  class. 

Yi  fir*11"?* 

Here  are  some  illuminating  findings  of  the  multiplication  part  of  the 
interview* 

a)  Many  children  of  both  classes  used  some  numeric  algorithm  in  solving 
the  problem.  The  source  of  such  algorithms  for  children  who  had  not 
been  taught  any  is  a  matter  of  further  research. 

b)  some  children  used  wrong  numeric  algorithms.    The  prompt  enabled  the 
interviewer  to  find  the  origin  of  their  wrong  algorithm:    it  was 
always  the  interiorization  of  a  wrong  action  on  physical  objects. 

c)  Children  who  did  not  correctly  solve  the  problem  before  the  prompt, 
but  after  it  offered  a  correct  answer  followed  by  an  explanation 
relying  on  the  physical  objects,  were  found  in  both  classes:  five  of 
them  in  class  B,  but  only  one  in  class  A. 

d)  one  girl  offered  a  numeric  algorithm,  but  spontaneously  explained 
that  she  did  not  solve  that  way,  but  used  an  action  on  imaginary 
circle  cuts. 

ftylm  of  the  tw  SUMS* 

The  children's  reactions  were  analyzed  according  to  their  success  in 
solving  the  problen,  their  success  to  do  so  with  the  help  of  the  prompt 
after  havin,  failed  without  it,  and  their  ability  to  relate  their 
explanations  to  the  actions  on  the  physical  objects.    Following  this 
analysis,  they  were  grouped  into  five  categories  described  in  the  table: 

 Cateoorv  Mrtrr        j  <*  ^jjfg 


wrong 
answer 
or 
none 


~a)  no  influence  of  the  prompt  11  <39%)       7  (21%) 


b) 

the  prompt  helps  to  expose 
source  of  misconception 

2 

(  7%) 

2 

(  6%) 

c) 

after  the  prompt:  improvement 

2 

(  7%) 

1 

(  3%) 

d) 

no  good  answer  before  the  prompt, 
satisfying  answer  and  explanation  after 

1 

(3.5%) 

4 

(12%) 

e) 

satisfying  answer  and  explanation 
without  the  prompt 

12 

(43%) 

19 

(58%) 

 total 

28 

33 

o 
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All  the  children  of  the  first  three  categories  did  not  solve  the 
multiplication  problem  correctly.     Yet  the  categories  differ  from  each 
other  by  the  kind  of  influence  the  prompt  had  on  the  children.    In  the 
first  category  (a)  the  prompt  had  no  influence  on  them.    In  the  second 
category  (b)  after  the  prompt  the  children  gave  a  physical  object 
oriented  explanation.    This  explanation  helped  the  researcher  to 
understand  the  source  of  their  wrong  answers.    Category  (c)  is  the  first 
category  with  children  on  whom  the  prompt  had  a  real  positive 
influence:  after  the  prompt  they  have  improved  their  answer  of  the 
multiplication  problem,  although  not  to  a  completely  correct  answer. 
Category  (d)  is  the  category  in  which  the  influence  of  prompt  is  the 
strongest:    these  children  did  not  correctly  solve  the  problem  before 
the  prompt,  but  after  it  they  offered  a  correct  answer  followed  by  an 
explanation  relying  on  the  physical  objects.    In  category  (e)  the 
children  solved  the  problem  correctly  and  offered  a  satisfactory 
explanation  without  a  prompt.    The  difference  between  the  two  classes  is 
shown  in  the  following  figure: 


c 

Categories 

no  «vi<nnc«  of  lnt«lotlMtlon     I     lnt»riorti«i  »rtlon 


In  this  figure  wc  can  see  that  the  section  point  between  those  children 
who  interiorized  the  action  of  multiplying  a  fraction  by  an  integer  and 
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those  who  did  not  is  between  categories  (o)  and  (d) .    The  line  of  class 
B  goes  below  that  of  class  A  to  the  left  of  this  point,  and  above  the 
line  of  class  A  to  the  right  of  this  point:    in  class  B,  where  the 
children  worked  according  to  the  combined  theories,  the  percentage  of 
children  who  achieved  some  degree  of  interiorization  of  the  action  is 
higher  than  in  class  A.    In  terms  of  the  research  question  we  say  that 
in  class  B,  where  the  teaching  put  more  emphasis  on  learning  via  actions 
which  can  be  performed  in  the  learner's  imagination,  more  children 
interiorized  the  multiplication  of  a  fraction  by  an  integer  to  a  degree 
where  they  became  independent  of  the  concrete  objects  (stage  C 
activities  in  the  theory  of  Learning  systems) . 


He  believe  that  the  evidence  collected  in  this  research  indicates  that 
the  solution  suggested  by  Dubinsky's  scheme  of  learning  to  the  question 
raised  within  Nesher's  framework  is  effective:    teaching  fractions  to 
elementary  school  children  using  physical  objects  according  to  the 
Learning  systems  framework  and  the   Action  -  Process  -  Concept  scheme 
seems  to  facilitate  the  child's  prospect  of  becoming  independent  of  the 
physical  objects,  without  the  need  to  teach  and  memorize  numeric 
algorithms.    Additional  learning  units  on  fractions  have  been  developed 
and  are  being  tried  out  in  the  light  of  this  paradigm. 
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Summary.  This  study  is  framed  in  a  wider  analysis  of  the  nature  of  algebraic  language  and  of 
its  related  cognitive  processes,  which  has  been  carrying  out  by  the  authors.  These  analysis  point 
out  the  difference  between  "sense"  and  "denotation"  of  a  symbolic  expression  as  a  key  element  of 
algebraic  thinking  in  problem  solving:  this  distinction  and  the  mutual  interaction  of  the  two  poles 
are  investigated  more  deeply.  Particularly,  the  report  focuses  on  the  relationship  between  sense  and 
denotation  during  the  process  of  naming,  that  is  the  process  of  assigning  names  to  the  elements  of 
the  problem.  An  analysis  of  the  process  and  of  the  difficulties  met  by  students  is  given  through 
examples;  evidence  is  given  about  the  crucial  role  of  the  naming  process  in  determining  the  success 
of  the  solution. 

Introduction. 

In  a  previous  work  (Arzarello-Bazzini-Chiappini,  1993)  we  have  analysed  the  nature  of 
algebraic  language  distinguishing  between  sense  and  denotation  in  an  algebraic 
expression  and  we  have  identified  the  activation  of  frames  as  the  driving  force  of 
algebraic  thinking  in  problem  solving.  In  this  report  we  analyse  more  deeply  the 
relationship  between  sense  and  denotation  in  the  knowledge  domains  where  algebraic 
representation  is  used.  Particularly  we  focus  on  the  so  called  process  of  naming,  which 
makes  possible  incorporating  and  clarifying  the  sense  of  a  problem  into  the  system  of 
algebraic  representation. 

This  process  is  typical  of  algebra  and  constitutes  a  breaking  away  with  arithmetic. 
Thus  it  is  a  novelty  for  students,  as  well  as  it  represented  a  novelty  in  the  historical 
development  of  the  discipline.  At  this  regard  let's  remind  the  work  by  Vi6te,  who 
emphasised  the  crucial  role  played  by  the  process  of  predication  in  analytical  methods 
("Logistica  numerosa  est  quae  per  numeros,  Speciosa  quae  per  species  seu  rerum  formas 
exhibetur,  ut  pote  per  Alphabetica  elementa"). 

In  contemporary  literature  on  algebra  learning  (Chalouh&Herscovics,  1988; 
Chevallard,  1989;  Kieran,  1989)  there  is  evidence  that  much  work  towards  solution  is 
done,  once  a  good  process  of  naming  has  been  produced  by  the  subject . 

It  is  equally  clear  that  many  troubles  are  rooted  in  the  students'  incapability  to 
construct  suitable  formulas,  which  should  incorporate  the  meanings  of  the  objects 
involved  and  their  mutual  relationships.  Such  difficulties  have  different  reasons,  as  recent 
research  has  pointed  out:  for  example  the  epistemological  difference  between  arithmetic 
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and  algebra  (Chevallard,  1989),  obstacles  due  to  the  gap  between  procedural  and 
relational  aspects  in  formulas  reading  (Arzarello,  1991;  Linchevski&Sfard,  1991;  Sfard 
1991),  didactic  cuts  between  levels  of  complexity  in  using  formulas  (Filloy&Rojano,  1989). 

For  many  students  there  is  an  objective  difficulty  in  coaching  their  stream  of  thinking 
in  order  to  condense  the  most  relevant  aspects  of  a  given  problem  into  a  formula. 

The  process  of  naming:  a  theoretical  analysis 

The  process  of  naming  consists  in  assigning  names  to  the  elements  of  a  problem  and  is 
aimed  at  constructing  an  algebraic  expression  able  to  make  explicit  the  sense  of  the 
problem.  It  implies  the  activation  of  a  frame  and  of  the  dynamic  relationship  between 
sense  and  denotation  of  the  algebraic  expression  within  the  frame  (see  below  and 
Arzarello-Bazzini-Chiappini ,  1993). 

In  the  naming  process  the  role  of  constructing  and  interpreting  letters  (variables  or 
parameters)  is  crucial.  Utters  can  be  used  to  give  a  name  to  the  extra  linguistic  elements 
(mathematical  or  not)  which  are  involved  in  the  problem  and  to  emphasise  the 
relationships  among  the  elements  within  an  algebraic  expression.  The  choice  of  names  to 
designate  objects  is  strictly  linked  with  the  control  of  the  variables  introduced.  In  this 
process,  one  main  difficulty,  especially  for  novices,  derives  from  the  impossibility  of 
sustaining  the  stream  of  thought  using  natural  language:  in  fact,  it  is  very  unusual  that 
algebraic  formulas  are  a  linear  stenography  of  what  is  expressed  by  means  of  natural 
language. 

Let  us  consider  as  an  example  the  following  problem. 

Problem:  By  means  of  a  good  choice  of  names  to  designate  two  subsequent  odd  numbers,  show 
that  their  sum  is  a  multiple  of  4. 

Experiments  carried  out  with  students  attending  junior  secondary  school  (11-14  year 
old)  and  University  courses  have  revelled  similar  typologies  of  errors: 

*  x  +  y 

*  2h+l+2k+l  or  2h+l+2k+l+2   instead  of  2h+l+2h+3; 

moreover,  a  high  percentage  of  students  made  only  arithmetical  checks. 
The  example  shows  that  some  students,  who  can  express  the  relationships  among  the 
elements  of  the  problem  using  the  natural  language  or  the  arithmetic  code,  are  unable  to 
express  them  suitably  by  means  of  the  algebraic  code.  More  specifically,  they  are  unable 
to  use  the  algebraic  code  as  a  mediator  between  the  identified  goals  of  the  problem  and 
the  qualitative  and  quantitative  relationships  among  its  elements.  In  fact,  they  are  unable 
to  express  the  algebraic  sense  of  the  problem  in  adequate  algebraic  terms.  By  "algebraic 
sense  of  a  problem"  we  mean  the  clarification  of  the  relationships  among  the  elements  of 
a  problem  that  the  problem  exhibits  when  is  interpreted  according  to  the  rules  of  the 
algebraic  language. 


A  good  mastery  of  the  algebraic  code  consists  in  the  capability  of  incorporating  the 
sense  of  the  problem  into  an  algebraic  expression. 

The  process  of  naming  is  highly  influenced  by  connotative  aspects,  when  the  subject 
stresses  some  specific  properties,  because  of  their  adequacy  with  the  aims  of  the  problem. 
Citation  Tthus  highly  connected  with  anticipatory  and  heuristic  aspects; 
connotative  features  are  important  insofar  as  they  feature  the  startmg  pomt  of  the 
thinkine  process  towards  the  aims. 

From  the  very  beginning,  good  solvers  have  usually  a  glimpse  of  a  possible  path  and 
put  it  implicitly  in  their  first  trials  of  naming;  usually  they  are  able  to  .neonate _the 
relationships  among  the  elements  and  prefigure  transformations  apt  to  reach  the  solution. 
Not  so  for  novices,  who  proceed  more  randomly  while  choosing  and  naming  van.bles: 
their  naming  is  weaker  and  often  superficial,  in  any  case  not  linked  with  anticipatory 
aspects  but  rather  influenced  by  rigid  stereotypes. 

Sometimes  the  process  of  naming  is  impoverished  or  blocked  when  the  subject 
constructs  or  interprets  symbolic  expressions  in  a  rigid  way,  without  understanding  the 
complex  and  flexible  relationship  between  sense  and  denotation^  As  a  cons^e^th« 
subject  usually  does  not  grasp  the  potential  of  the  algebraic  code,  i.e.  *e  possibility  of 
incorporating  different  properties  within  the  names.  The  name  becomes  a  rigid 
debtor  and  may  be  an  obstacle  to  algebraic  reasoning  since  it  inhibits  flexibility,  winch 
is  a  basic  support  of  the  functions  underlying  the  use  of  algebraic  language. 

In  order  to  better  understand  such  difficulties,  we  need  a  more  detailed  analysis  of 
the  meaning  of  algebraic  expressions.  .      ,  . 

In  our  previous  work  (Arzarello-Bazzini-Chiappini,  1993, 1994)  we  haye  referred  to 
Frege's  semiotic  triangle  to  distinguish  between  sense  and  denotation  of  an  algebraic 
expression.  More  precisely,  we  call  "denotation"  of  a  symbolic  expression  -  algebra  the 
number  set  that  is  represented  by  the  expression.  It  is  determined  by  *ejymboUc 
expression  and  by  the  universe  in  which  the  expression  is  considered  (for  example  the 
equation  xM=0  denotes  the  empty  set  when  it  is  considered  in  R  and  the  set  (+i,  -.)  when 

considered  in  C).  ,  , 

On  the  contrary,  the  sense  consists  in  the  way  the  denoted  set  is  given  through  a 
symbolic  expression.  In  Mathematics,  as  well  as  in  natural  language,  it  is  not  difficult  to 
find  expressions  whose  senses  are  different  but  have  the  same  denotation:  for  ex.,  both 
"the  least  prime  number"  and  "the  least  even  number"  denote  the  same  number,  even  if 
their  sense  is  different. 

Moreover,  the  same  expression  may  have  different  senses. 

A  first  one  is  given  by  .he  way  the  algebraic  expression  incorporates  in  its  signs  a 
computational  rule,  by  which  the  denoted  set  can  be  obtained:  we  call  it  "algebraic  sense 
of  an  expression".    For  ex.  the  expressions  4x+2  and  2(2x+l)  mean  different 
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computational  rules,  and  thus  they  have  different  algebraic  senses,  but  denote  the  same 
number  set. 

But  in  a  symbolic  expression  it  is  also  relevant  its  reference  to  a  specific  knowledge 
domain:  we  call  it  "contextualized  sense".  In  this  frame  the  contexrualized  sense  of  an 
expression  can  be  seen  as  a  mapping  between  the  culture  of  the  knowledge  domain  under 
consideration  and  the  syntactical  structure  of  the  expression,  where  its  algebraic  sense  and 
its  denotation  are  incorporated  .  A  given  expression  may  have  different  contexrualized 
senses,  without  that  its  algebraic  sense  changes:  for  example  2(x+l)  may  be  interpreted  as 
the  double  of  a  number  or  as  the  area  of  a  rectangle  whose  sides  measure  2  and  x+1. 

Typically,  in  algebraic  problem  solving,  the  same  expression  can  be  used  to  solve 
different  problems,  its  algebraic  sense  is  the  same  but  its  contextualized  sense  may  change 
very  deeply.  That's  why.  the  process  of  naming  is  crucial:  in  fact  it  is  successful  insofar  it 
allows  to  grasp  the  algebraic  sense  of  a  problem  by  the  algebraic  sense  of  an  expression, 
which  reflects  the  meaning  of  the  problem  by  means  of  a  suitable  contextualized  sense. 
From  this  point  of  view,  our  use  of  such  notions  as  sense  and  denotation  is  near  to 
Vygotsky's  distinction  between  "reference"  and  "meaning"  (1962).  In  fact,  Vygotsky's 
theory  of  concept  development  shows  how  the  child's  grasp  of  the  "meaning"  or  "mode  of 
presenting"  of  words  changes  from  purely  perceptual  criteria  to  purely  conceptual  or 
symbolic  features.  This  distinction  is  critical  for  understanding  how  the  levels  of 
generality  expressed  by  words  contribute  to  the  levels  of  generality  expressed  by  a 
sentence.  Similarly,  we  can  speak  of  levels  of  generality  of  symbols  and  expressions  in  the 
language  of  algebra,  namely  when  naming  is  used  in  algebraic  expressions  in  order  to 
generate  a  contexrualized  sense  suitable  to  grasp  the  sense  of  the  problem. 

The  process  of  naming:  an  experimental  study 

This  study  has  been  designed  to  investigate  the  role  of  naming  in  the  solution  process. 
We  have  conjectured  that  the  dynamics  made  active  by  students  while  solving  problems 
highly  depend  on  the  process  of  naming  and  on  the  connotative  aspects  which 
characterise  such  process. 

A  sample  of  70  undergraduate  students  in  Mathematics  at  the  University  of  Turin  and 
a  sample  of  67  students  (age  range:  16-18)  attending  a  scientifically  oriented  high  school 
(Liceo  Scientifico)  in  Pa  via  have  been  engaged  for  the  study. 

All  students  have  been  required  to  record  their  reasoning  while  solving  problems  as 
faithfully  as  they  could.  They  have  been  informed  that  their  findings  would  not  be 
assessed  according  to  the  common  standards  at  school. 

Here  is  an  example  of  a  problem,  which  has  been  administered  to  the  students 
individually: 
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Show  that  if  you  add  to  a  number  of  four  figures  the  number  obtained  reversing  the  order  of 


Strategies  have  been  classified  according  to  the  types  of  naming  and  the  activated 
frame  as  shown  below.  We  have  adopted  the  notion  of  frame,  as  introduced  in  Artificial 
intelligence:  i.  e.  a  structure  of  data  that  is  stored  in  memory  and  is  able  to  represent 
generic  concepts  or  stereotyped  situations. 

Types  of  naming: 

Nl  The  position  value  of  the  figures  is  pointed  out  by  means  of  the  polynomial 

representation  (abed  =  a-103  +  b-102  +  c-10  +  d) 
N2  The  position  value  of  the  figures  is  not  pointed  out  (the  number  is  represented  as 

abed). 
N3  Others 

Types  of  frame: 

Fl    Multiple  of  11;  F2   Criteria  of  divisibility  by  11; 

F3  Divisibility  of  polynomials;  F4  Arithmetical  checking 

If  both  the  process  of  naming  and  the  activation  of  frames  are  taken  into  account,  four 
major  strategies  are  identified: 

Si  (  Nl ;  Fl)  or  (Nl;  F4+F1)  ;  S2  (  Nl;  F3) ;  S3  ( N2;  F2)  or  (N2;  F4+F2 ) ;  S4  (N3;  F4) 
Here  we  report  some  typical  protocols  of  these  strategies: 


abcd=a-103  +  b-102  +  c-10  +  d 

deba  =  d- 103  +  c  •  102  +  b  •  10  +  a 

abed  +  deba  =  (a+d)  1000  +(b+c)  100  +  (c+b)  10  +  (d+a)  1 

(a+d)(1000+l)  +  (b+c)(100+10)  = 

(a+d)1001  +(b+c)110 


figur  ■•  (ex.  1235  +  5321)  you  get  a  multiple  of  eleven. 


TYPE  SI 


— >  I  have  found  that  (a+d)  is  multiplied 
by  1001,  which  is  a  multiple  of  11  and 
also  110. 

— >  I  think  I  have  found  the  solution . 
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TYPES2 

a  =  A103+  B-102+C10  +  D 

b  =  D103  +  CIO2  +  BIO  +  A  /  try  to  write  the  number  in  this  form, 

otherwise  if  I  write 
a=ABCD,  b=DCBA  I  cannot  add 

a+b  =  (A+D)  103  +  (B+C)  102  +  (C+B)  10  +  (A+D) 

(A+D)  103  +  (B+C)  102  +  (C+B)  10  +  (A+D)        I  10+1 

-(A+D)  103-  (A+D)  102  I  

  I  (A+D)100  +[(B+C)-(A+D)]10+(A+D) 

[(B+C)  -(A+D)]  102+(C+B)  10  I 

-  [(B+C)  -(A+D)]  102-  [(C+B)  -  (A+D)]  10 


(A+D)  10  +  (A+D) 
-(A+D)  10 -(A+D) 


//         the  remainder  is  zero:  so  a+b  is  a  multiple  of 
11 


TYPE  S3 

[The  student  checks  the  property  with  numbers] 

1235  I  try  to  see  if  there  is  anysimmctry 

5769  /  try  with  numbers  >5 

I  have  simmetry  only  if  the  sum  of  the  figures  in  each  number  is  <10 

abed 
d  cb  a 


(a+d)  (b+c)  (c+b)  (a+d)   if  (a+b)  and  (b+c)  <10 
(a+d)  +  (c+b)  =  (b+c)  +  (a+d) 

If  I  have  4  figures  in  the  result  the  sum  of  the  first  and  of  the  third  figure  equals  that  of  the 
second  and  of  the  fourth  figure.  

The  strategy  classified  as  Type  S4  is  exclusively  based  on  arithmetical  checks,  which, 

taken  by  themselves,  do  not  stimulate  a  more  general  reasoning. 

The  following  table  compares  the  type  of  strategy  adopted  and  the  percentage  of  success. 


o 

ERIC 


University  Students 


High  School  Students 


Chosen  Success 


Chosen  Success 


SI 
S2 
S3 
S4 


33%  96% 

8%  83% 

32%  0% 

18%  0% 


73%  100% 
0% 


18%  0% 
9%  0% 


Discussion 

The  strategy  SI  is  the  most  common  in  both  samples,  even  if  the  percentage  of  high 
school  students  overcomes  that  of  university  students.  We  observe  here  a  good  naming 
which  allows  the  solution  quite  easily.  Also  the  strategy  S2  is  successful :  it  shows  a  good 
naming  and  a  good  mastery  of  anticipatory  thinking.  It  was  only  adopted  by  a  small 
percentage  of  university  students  and  it  is  absent  in  the  sample  of  high  school  students. 

The  strategy  S3  and  S4  were  totally  unsuccessful  for  both  samples. 
In  the  example  reported  above  (type  S3)  the  student  has  the  flexibility  necessary  to  remind 
possible  carries,  but  the  bad  naming  (which  does  not  make  decimal  powers  explicit)  and 
the  anticipation  of  some  possible  symmetry  inhibits  her  from  guessing  a  possible  solution. 

The  results  we  got  show  very  clearly  the  crucial  role  of  naming  in  the  solution  of  the 
problem.  As  conjectured,  a  good  mastery  of  this  process  is  linked  to  anticipatory  aspects 
and  allows  the  subject  to  orient  the  solution  process  in  view  of  the  aim  of  the  problem.  On 
the  contrary,  rigid  designators  can  hinder  or  block  the  process.  In  our  case  one  main 
block  was  constituted  by  the  number  written  as  a  sequence  of  letters  without  any 
connection  with  their  decimal  value.  In  no  case  this  led  to  success. 

It  is  interesting  to  observe  that  the  two  frames  Fl,  F2  are  somewhat  similar  and  correlate 
sensibly  with  the  type  of  naming:  in  fact  Nl,  N2  facilitate  respectively  the  frames  Fl,  F2. 

The  former  (namely  strategy  SI)  allows  students  to  enter  into  the  problem  in  a  very 
transparent  way.  The  latter  (namely  strategy  S3)  drives  students  towards  the  use  of  such 
automatic  rules  as  criteria  of  divisibility  by  11.  In  this  case  the  semantic  control  is  less 
easy.  In  fact  the  reasons  why  one  must  add  the  odd  and  even  figures  to  check  if  a  number 
is  divisible  by  11  are  very  obscure  for  most  students. 

The  results  we  obtained  in  the  above  mentioned  problem  are  confirmed  by  the  analysis 
of  solution  processes  in  other  problems.  Rigid  designators  show  the  student's  incapability 
to  use  algebraic  expressions  as  flexible  thinking  tools;  as  such,  the  algebraic  code  loses  its 
representative  function.  Hence  students  do  not  see  the  different  senses  of  formulas  and 
use  them  in  a  purely  instrumental  way. 

Conclusions 

The  experiments  we  have  carried  out  at  pre  university  and  university  level  have 
revealed  that  many  students  still  have  difficulties  in  the  use  of  algebraic  code,  even  when 
facing  easy  problems.  On  the  ground  of  these  persisting  difficulties,  we  have  come  to  the 
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conclusion  that  learning  how  to  use  the  algebraic  code  correctly  and  meaningfully  could 
only  be  the  result  of  a  long  cognitive  apprenticeship  during  which  the  student  learns  to 
separate  the  representative  function  of  the  algebraic  code  from  the  purely  instrumental 
function.  Then  he  learns  how  to  incorporate  senses  in  algebraic  terms  and  expressions, 
senses  which  have  to  be  adequate  with  the  problem  situation. 

Of  course,  we  should  not  forget  the  risk  that  the  teacher  and  the  learner  interpret  algebraic 
expressions  in  different  ways.  On  the  one  side,  the  teacher  combines  sense  and  denotation 
according  to  the  problem  situation  and  is  able  to  use  the  representative  function  of 
algebraic  language  as  a  semiotic  mediator.  On  the  other  side,  the  beginning  learner  is  not 
able  to  master  suitably  the  representative  function  of  algebraic  language,  that  remains  at  a 
very  instrumental  level.  In  short,  he  does  not  control  the  sense  of  expressions  and  uses 
names  as  rigid  designators.  In  this  phase  the  risk  of  misunderstanding  between  teacher 
and  learner  is  very  high  and  can  easily  induce  misunderstandings  in  learning. 

Taking  this  issue  into  account  should  be  the  basic  ground  for  designing  activities 
oriented  towards  a  meaningful  learning  and  use  of  the  algebraic  code. 
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Abstract 

An  experiment  is  described  involving  students  using  a  graphical  spreadsheet  in  three 
different  ways,  labelled  'prescriptive'  ,  'constructivist' ,  and  'open-ended' .  The  clear 
superiority  of  the  c  onstructivist  approach  is  described  and  theoretical  reasons  for 
this  are  discussed.  Specific  difficulties  that  students  have  with  using  graphical 
spreadsheets  are  briefly  described  and  discussed.  Recommendations  are  made 
regarding  the  opt  imum  educational  use  of  graphical  spreadsheets. 
Introduction 

Spreadsheets  with  advanced  graphical  capabilities  have  been  around  for  several  years 
now  and  their  educational  potential  in  a  range  of  subject  areas  has  been  widely 
recognised,  (e.g.  Beare,  Hewitson  and  Stephen,  1993,  Healy  and  Sutherland,  1991). 
Apart  from  their  graphing  capabilities  spreadsheets  are  characterised  by  the  dynamic 
represention  of  algebraic  relationships  and  the  ability  to  replicate  formulae  in  order  to 
represent  iterative  processes.  Amongst  the  perceived  pedagogic  benefits  of 
spreadsheets  as  learning  tools  is  their  ability  to  support  a  variety  of  learning  styles 
including,  especially,  open-ended  investigative  learning,  in  which  the  student  has  a 
large  measure  of  control  and  ownership  of  the  learning  process,  (e.g.  Beare,  1992). 
The  most  important  criterion  for  using  software  for  aiding  learning  is  that  it  actually 
aids  learning  in  some  way,  and  with  an  investment  of  time,  money  and  computer 
resources  that  makes  it  all  worthwhile.  We  therefore  need  to  know:  'In  what 
pedagogic  situations  can  spreadsheets  enhance  specific  types  of  learning?'  and  'How 
can  spreadsheets  best  be  used  in  these  situations?'  This  paper  describes  an 
experiment  to  measure  the  benefit  of  using  one  particular  graphical  spreadsheet  as  a 
simulation,  and  to  compare  three  quite  different  ways  of  using  it.  However  many  of 
the  conclusions  are  relevant  for  spreadsheets  in  other  context  anJ  also  for  other 
types  of  software  with  graphical  output. 
Description  of  the  Experiment 

A  spreadsheet  was  designed  to  compare  two  different  types  of  growth  pattern  for 
biological  species,  known  as  r-selection  and  K-selection.  It  was  used  with  56  first 
year  teacher  training  undergraduates  on  an  'Ecosphere'  course  whose  main  subjects  of 
study  were  either  Biology  or  Geography.  None  of  the  students  had  studied  the  topic 
previously  and  it  therefore  made  a  good  choice  for  the  experiment  since  no  students 
had  prior  knowledge  which  would  have  influenced  the  experimental  results.  Before 
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working  with  the  spreadsheet  the  students  had  a  one  hour  lecture  from  their  usual 
lecturer  on  r-  and  K-selection.  They  had  been  randomly  assigned  to  three  different 
seminar  groups,  and  were  given  different  sets  of  instructions  for  using  the 
spreadsheet  (loosely)  labelled  'prescriptive',  'constructivist'  and  'open  ended'.  The 
students  had  to  give  written  answers  to  the  questions  on  their  worksheets  and  these 
were  analysed  together  with  their  answers  on  a  pre-test  and  an  identical  post -test,  to 
leam  as  much  as  possible  about  how  they  used  the  spreadsheet  and  how  their 
cognitive  understanding  was  developing. 

It  is  necessary  to  outline  a  few  of  the  ideas  involved.  See  any  Ecology  textbook  for 
details  (e.g.  Krebs  1985).  r-selecting  species  are  'opportunist'  and  rapidly  increase  in 
numbers  in  favourable  conditions,  e.g.  aphids  (like  greenfly)  in  a  greenhouse. 
Typically  they  are  small  in  size,  live  a  short  time,  reproduce  rapidly  devoting  a  lot  of 
energy  and  material  to  reproduction,  and  are  poor  competitors  for  resources  such  as 
food  and  space.  K-selecting  species  reproduce  relatively  slowly,  but  out-compete 
other  species,  producing  a  stable  equilibrium  population.  They  are  sometimes  called 
'equilibrium  species',  typically  are  larger  in  size,  live  longer  and  devote  less  energy 
and  material  to  reproduction.  Oak  trees  and  elephants  might  be  good  examples. 
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Figure  1:  idealised  growth  curves  for  r  and  K-selecting  species 

Idealised  growth  curves  for  the  two  types  of  species  are  shown  in  figure  1.  The 
growth  curve  for  an  r-selecting  species  is  exponential  at  first,  finally  crashing  when 
circumstances  change  (e.g.  temperature  suddenly  drops).  The  growth  part  of  the 

curve  is  described  by  the  differential  equation    ^  =  rN  where  r  is  the  growth  rate 

dt 

constant  and  N  is  the  population  density.  The  idealised  growth  curve  for  a  K- 
selecting  species  is  given  by  the  equation    ^j-  =  rM  — ~-  \  where  K  is  a  positive 


constant  called  the  'carrying  capacity'.  Initially  the  growth  is  almost  exponential  but 
it  soon  slows  down  as  individuals  compete  for  resources  such  as  food  or  space  and  a 
final  equilibrium  population  density  equal  to  K  results. 

The  spreadsheet  calculated  idealised  growth  curves  for  an  r-species  and  a  K-species. 
These  were  labelled  'A'  and  'B'  and  and  plotted  on  the  same  axes.  Students  could 
alter  the  values  of  r  for  both  species,  the  population  at  which  the  r-species  crashed, 
and  the  value  of  K  for  the  K-species.  The  spreadsheet  was  written  using  the  Warwick 
Spreadsheet  System  (based  on  Microsoft  Excel)  (Beare,1993)  and  this  enabled  the 
students  to  superimpose  different  growth  curves  quickly  and  easily. 
During  the  lecture  the  students  had  been  introduced  to  the  biological  differences 
between  the  two  types  of  species  and  their  different  growth  strategies  and  growth 
curves,  but  without  any  mathematical  explanation  or  analysis.  At  this  stage  V  and 
'K'  for  them  were  simply  descriptive  labels  for  two  different  types  of  species.  Tall 
(1989)  has  suggested  p  useful  term  for  analysing  the  conceptual  frameworks  or 
cognitive  structures  involved.  He  says:  We  shall  use  the  term  concept  image  to 
describe  the  total  cognitive  structure  that  is  associated  with  the  concept,  which 

includes  all  the  mental  pictures  and  associated  properties  and  processes         As  the 

concept  image  develops  it  need  not  be  coherent  at  all  times         In  the  present  case 

elements  of  both  biological  and  mathematical  understanding  would  be  needed  to 
form  a  complete  concept  image  of  r  and  K-selecting  species.  The  spreadsheet  was 
intended  to  help  develop  the  more  quantitative  aspects  and  to  help  make  links 
between  different  conceptual  components,  biological  and  graphical,  (but  without  any 
knowledgo\of  the  underlying  differential  equations  used).   

K-selection 

(1)  Imagine  a  population  of  bluebells  in  <•  deciduous  wood.  When  first  observed 
they  have  an  average  density  of  1  plant  per  square  metre.  Assuming  that  the 
bluebells  are  K-selecting  and  the  wood  has  a  carrying  capacity  K  of  12  bluebell 
plants  p<^r  square  metre  sketch  the  kind  of  population  growth  curve  that  you  might 
expect  using  the  axes  below.  Label  your  curve  'A'. 

(3).  Suppose  that  the  carrying  capacity  K  is  limited  by  the  available  space.  Sketch 
a  second  curve  to  show  how  the  bluebells  would  grow  in  numbers  if  half  the 
available  space  was  already  occupied  by  daffodils.  Label  this  curve  'B'.  

Table  2:  Extracts  from  the  identical  pre-test  and  post-test. 

To  make  the  students  apply  the  ideas  involved,  rather  than  just  recall  information,  the 
questions  on  the  pre-test  and  identical  post-test  related  to  two  specific  (idealised) 
situations  that  were  different  to  those  the  students  'investigated'  using  the 
spreadsheet.  For  the  r-selecting  and  K-selecting  species  respectively,  these  were 
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aphids  in  a  greenhouse  and  bluebells  in  a  deciduous  wood,  rather  than  dandelions  on 
a  recently  cleared  plot  of  land  and  elephants  in  the  bush.  This  prevented  students 
transferring  what  they  remembered  from  the  spreadsheet  to  the  post-test  answers 
without  thinking  about  the  conceptual  ideas  involved.  Two  typical  questions  on  the 
test  are  shown  in  table  2. 

The  students  worked  in  pairs  at  the  computer  so  that  they  would  have  to  clarify  their 
ideas  by  communicating  with  each  other.  Students  could  alter  parameters  such  as  r 
and  K  on  the  spreadsheet  and  observe  the  resulting  changes  on  the  growth  curves  and 
they  could  also  superimpose  different  curves.  Each  of  the  three  groups  of  18  to  20 
students  was  given  a  worksheet  for  use  with  the  spreadsheet  with  a  different  set  of 
instructions  so  that  although  they  all  investigated  the  same  aspects  of  the  growth 
curves  they  had  to  take  different  approaches.  The  specific  wordings  at  the  top  were: 
Prescriptive:  Go  through  the  numbered  instructions  and  questions  in  order.  Record 
any  answers  required  in  the  spaces  provided. 

Constructivist:  Before  carrying  out  each  investigation  I  would  like  you  to  try  and 
predict  the  outcome  of  it  and  give  reasons  for  your  prediction.  Record  these  things 
in  the  spaces  provided.  Afterwards  record  your  findings.  If  they  differ  in  any  way 
from  your  predictions  try  and  modify  your  explanation  to  account  for  the  differences. 
Open-ended:  Before  carrying  out  each  investigation  think  about  how  you  arc  going 
to  carry  it  out.  In  some  cases  the  approach  might  be  quite  obvious;  in  other  cases  it 
may  require  some  thought.    After  carrying  out  the  investigation  give  a  short 
explanation  in  the  spaces  provided  of  how  you  went  about  the  investigation  and  what 
you  expected  to  find,  what  you  actually  found  out  and  what  your  conclusions  were. 
Having  to  record  observations  on  worksheets  which  were  subsequently  collected  in 
and  analysed  was  important.  It  directed  students'  attention  to  specific  aspects  of  the 
situation  being  modelled  and  ensured  they  actually  observed  them.  Analysis  of 
worksheet  answers  in  conjunction  with  the  pre-  and  post-test  answers  showed  what 
students  actually  did  with  the  spreadsheet  and  gave  useful  insights  into  individual 
students'  cognitive  structures  and  processes  as  will  be  made  clear  below. 
Discussion  of  Prescriptive,  Constructivist  and  Open-ended  Results 
The  prescriptive  group  were  told  what  values  to  try,  and  asked  to  answer  specific 
questions,  such  as  'What  final  equilibrium  density  does  the  elephant  population 
reach?'  The  constructivist  group  and  the  open-ended  group  were  given  identical 
questions  to  investigate,  e.g.  'Investigate  the  significance  of  the  carrying  capacity  K 
for  the  growth  curve  [Jor  elephants]'.  Unlike  the  prescriptive  group  they  had  to 
decide  for  themselves  what  values  to  try  and  what  to  look  for.  The  constructivist 
group  had  to  think  about  what  they  expected  to  happen  first  and  then  make  a 


prediction.  They  then  recorded  their  observations  using  the  headings  prediction, 
reasons,  observations,  modified  explanation  if  any  differences.  The  open-ended 
group  on  the  other  hand  did  not  have  to  make  specific  reasoned  predictions.  Their 
observations  were  recorded  using  the  headings  how  we  went  about  the  investigations 
and  what  we  expected  to  find,  what  we  observed,  our  conclusions. 


100  -, 


Figure  2:  Percentages  of  students  increasing  their  scores  on  initially  wrong 
questions.  Graphical  questions  are  arrowed.  Half  right  answers  count  0.5. 


Prescriptive 
Group 

Constructivist 
Group 

Open-ended 
Group 

Graphical  questions 

31  (41) 

68  (34) 

39  (50) 

Non-graphical  questions 

17  (69) 

23  (81) 

16  (87) 

Table  3:  Overall  percentage  increases  for  initially  incorrect  graphical  and  non- 
graphical  questions  within  the  three  groups  (sample  sizes  in  brackets). 


Of  the  total  of  1 3  pre  and  post-test  questions,  6  (3  r  and  3  K)  tested  graphical  aspects 
of  understanding  by  asking  the  students  to  sketch  growth  curves,  and  7  tested  non- 
graphical  aspects  (e.g.,  the  environmental  or  biological  factors  that  might  influence  K 
for  bluebells  in  a  wood).  Answers  to  individual  questions  for  each  student  were 
graded  1  (for  correct),  0  (for  incorrect)  and  0.5  (for  partly  correct).  A  spreadsheet 
was  used  to  calculate  the  percentages  of  students  in  each  group  getting  each 
individual  question  correct  having  previously  got  it  incorrect.   In  this  way,  the 
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effectiveness  of  the  spreadsheet  exercise  in  improving  understanding  could  be 
compared  question  by  question  for  each  group  separately,  taking  into  account  only 
those  students  who  did  not  initially  know  the  correct  answer.  In  this  way  inherent 
differences  between  the  3  groups  were  largely  eliminated.  See  figure  2  and  table  3. 
Overall  the  spreadsheet  exercise  was  quite  successful  in  promoting  understanding  of 
growth  curves.  On  graphical  questions  the  constructivist  group  improved  about 
twice  as  much  (68%)  as  the  other  two  groups,  with  the  open-ended  group  (39%) 
doing  a  little  better  than  the  prescriptive  group  (31%).  On  non-graphical  questions 
the  increases  were  less,  as  one  would  expect,  but  with  the  constructivist  group  still 
faring  best,  although  by  a  smaller  margin.  The  clearest  message  emanating  from  this 
is  the  superiority  of  the  constructivist  approach  to  using  the  spreadsheet  as  compared 
with  the  prescriptive  and  open-ended  approaches.  The  key  element  in  this  is  making 
a  reasoned  prediction  before  each  investigation.  In  order  to  do  this  they  had  to 
reflect  on  their  own  understanding. 

This  is  illustrated  in  figure  3.  The  broken  lines  indicate  the  traditional  pedagogical 
methods  of  observing,  scientific  experimention  and  using  analogies  in  teaching 
understanding  of  phenomena  in  the  real  world.  The  thin  solid  lines  refer  to  using  a 
graphical  spreadsheet  as  a  simulation  to  teaching  scientific  understanding.  Assuming 
that  students  are  able  to  interpret  the  spreadsheet-generated  graphs  correctly,  the  end 
result  of  this  process  is  knowledge  of  how  the  real  world  behaves  in  specific  instances 
(e.g.  a  bluebell  population  in  a  particular  habitat)  rather  than  understanding. 
For  students  to  understand  this  behaviour  in  terms  of  more  fundamental  knowledge 
and  understanding  it  is  necessary  for  them  to  reflect  on  their  own  understanding. 
This  is  indicated  by  the  thick  solid  lines  in  figure  3.  The  constructivist  group  were 
forced  to  do  this  through  the  predict  with  reasons  -  observe  -  explain  any  differencics 
sequence.  The  open-ended  group  were  also  asked  to  say  what  they  thought  would 
happen,  but  without  basing  their  predictions  on  any  reasoning.  They  could  simply 
guess  without  any  thought  being  given  as  to  why  the  graphs  would  change  in  a 
particular  way  and  given  the  natural  human  tendency  to  take  the  easiest  path  this  is 
exactly  what  they  did  in  almost  all  cases  as  their  written  worksheet  answers  showed. 
The  prescriptive  group  were  able  to  simply  observe  without  any  thinking  at  all. 
Graphical  and  other  specific  difficulties  experienced  by  some  students 
Six  specific  difficulties  experienced  by  some  students  were  discovered  from  analysis 
of  their  worksheet  answers  and  those  on  the  pre-test  and  post-test  but  space  only 
permits  a  brief  mention  of  these.  Details  will  be  found  in  Bcare  (submitted).  These 
difficulties  can  all  interfere  with  the  effectiveness  of  a  graphical  spreadsheet  as  a 
learning  tool  and  this  has  been  indicated  by  the  question  marks  in  figure  3.  The  first 
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Figure  3:  Cognitive  Processes  Involved  in  Using  Simulations  as  Learning  Tools 
(letters  in  parentheses  refer  to  students'  difficulties  mentioned  in  the  text) 

two  difficulties  are  graphical  in  nature  and  can  prevent  students  observing  adequately 
the  behaviour  of  the  computer  model:  (a)  difficulties  with  observing,  recalling  and 
interpreting  the  shapes  of  graphs  and  (b)  difficulties  in  recognising  the  quantitative 
features  of  graphs.  Much  of  the  research  on  children  using  graphs  has  either 
concentrated  on  the  mechanics  of  graph-plotting  and  reading  values  rather  than  the 
interpretation  of  graphs  as  a  means  of  communication,  or  it  has  introduced  distracting 
extra  problems  of  interpretation,  (e.g.  Kerslake,  1981  and  Bell  et  al.,  1985).  The  next 
three  difficulties  are  ones  students  have  developing  higher-order  more  generalised 
abstract  concepts  from  specific  situations  and  these  can  prevent  students  drawing 
conclusions  about  the  behaviour  of  real  world  phenomena  from  the  behaviour  of  a 
computer  model:  (c)  taking  graphs  at  face  value  rather  than  interpreting  them  in 
terms  of  the  underlying  processes  they  are  intended  to  represent,  (d)  difficulties  in 
generalising  graphs  from  specific  numerical  examples  and  (c)  difficulties  with 
deriving  generalised  concepts  from  specific  situations.  Finally:  if)  a  lack  of 
adequate  basic  understanding  of  the  underlying  scientific  ideas  prevented  some 
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students  reflecting  adequately  on  the  processes  being  modelled  by  the  computer  so- 

that  their  understanding  could  develop. 

Conclusions 

Figure  3  makes  it  clear  that  a  number  of  separate  processes  are  involved  in  the 
effective  use  of  a  simulation  based  on  a  computer  model.  The  experiment  described 
in  this  paper  pinpoints  some  of  the  ways  in  which  these  processes  may  fail  to  occur 
and  shows  the  steps  needed  to  ensure  that  they  do  in  fact  happen  so  that  effective 
learning  takes  place.  First  of  all  the  constructivist  approach  with  a  predict  with 
reasons  -  observe  ■  explain  any  differences  sequence  helps  force  students  to  reflect 
on  their  understanding  of  how  the  how  the  real  world  behaves  in  terms  of  more 
fundamental  knowledge  and  understanding.  Secondly  specific  steps  need  to  be  taken 
to  ensure  that  the  specific  difficulties  mentioned  previously  are  circumvented:  (i) 
help  and  practice  with  interpreting  the  shapes  of  graphs  correctly,  (ii)  help  and 
practice  with  the  quantitative  interpretation  of  graphs,  (Hi)  help  and  direction  in 
making  the  links  between  the  understanding  of  a  phenomenon  and  its  graphical 
representation,  (iv)  help  with  identifying  generalised  patients  from  specific- 
examples,  and  (v)  a  pedagogic  approach  that  links  use  of  a  computer  simulation  to 
understanding  of  what  it  represents  (either  beforehand  afterwards  or  concurrently). 
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DEVELOPING  A  COMMUNITY  OF  RISK-TAKERS' 
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litis  paper  provides  a  snmllscale  evaluation  of  a  high  school  mathematics  teacher  staff 
development  project  which  aims  to  support  teachers  as  their  schools  implement  tie  tracking  and  put 
all  ninth  grade  students  in  algebra  I.  Two  forms  of  data  are  reported  here:  results  from  three 
administrations  of  an  Instructional  Practices  Scale  (n --27)  and  results  from  a  two  hour  focus 
discussion  qrotip  with  five  teachers  from  the  first  war  of  the  project,  liolli  forms  of  data  a'e  used 
to  idemifv  those  aspects  of  the  program  which  have  had  the  most  impact  on  teachers'  beliefs  and 
classroom  practices.  Areas  in  need  oj  further  development  to  support  teachers  as  lhe\-  implement 
innovations  in  curriculum  and inslrm  lion  are  discussed. 

Background 

This  study  is  part  of  an  ongoing  series  of  investigations  by  Becker  and  Pence  (1990a; 
1990b;  unpublished  manuscript)  about  inscrvicc  education  for  secondary  teachers.  Although  there 
is  a  large  body  of  literature  in  the  areas  of  learning  and  teaching  mathematics,  little  is  known  in  the 
held  of  teacher  education  in  mathematics.  In  the  last  edition  of  the  Handbook  of  Research  on 
Teaching,  the  chapter  on  mathematics  education  (Romberg  and  Carpenter,  1986)  hardly  mentions 
research  on  teacher  education.  As  Grouws  ( 1988)  pointed  out,  there  is  little  information  available 
about  the  overall  design  features  ol  inscrvicc  education  programs  which  maximize  changes  in 
teacher  beliefs  and  classroom  behavior.  Grouws  has  called  for  studies  which  focus  on  the  impact 
of  various  features  ot  inscrvicc  education  on  cla;.sr<x>m  practice.  In  previous  work,  Becker  and 
Pence  haw  found  that  although  changes  in  teacher  beliefs  about  mathematics  and  its  teaching  may 
be  necessary  lor  changes  in  leachci  behavior  to  occur,  such  changes  may  not  be  sufficient.  This 
paper  extends  that  previous  work  anii  includes  a  new  methodological  approach  to  better  ascertain 
the  impact  of  the  program  on  participants. 

Program  Description 

The  project  discussed  here,  "Building  Bridges  to  Mathematics  for  All,"  is  an  extensive  stall 
development  project  with  lour  mam  components:  an  intensive  summer  institute  of  13  days;  live 
days  of  followup  sessions  during  the  academic  year;  classroom  coaching;  and  materials  purchase 
for  participant  teachers.  The  project  is  part  of  a  collaboration  with  Equity  2000,  a  College  Board 
initiative  winch  aims  to  increase  the  attendance  and  graduation  rates  of  students  traditionally 
undcrrcprcscntcd  in  college  in  the  US:  students  of  color  and  low  income  students.  In  a  study  of 
students'  college-attending  rates,  Pclav  in  and  Kane  (1990)  found  that,  among  students  who  had 
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completed  geometry  in  high  school,  college  attending  rates  of  Hispanics  and  African-Americans 
were  very  close  to  those  of  European-Americans.  Therefore  one  of  the  strategics  Equity  2000  is 
pursuing  in  cooperating  schools  (16  schools)  is  to  have  all  ninth  graders  (1 1,000)  enroll  in  at  least 
algebra  1  by  1994. 

As  the  schools  implement  this  bold  initiative,  it  is  clear  that  staff  development  for  teachers 
is  just  one  component  or  the  support  needed.  Figure  1  shows  the  other  components  of  the  Equity 
2000  program.  In  this  paper  wcarc  concerned  with  the  staff  development  done  with  the  high 
school  teachers;  this  is  outlined  in  Figure  2. 

The  goals  of  the  staff  development  include  the  following: 

•  Teachers  will  learn  new  ideas  about  how  students  learn  mathematics.  They  will  change 
their  instruction  to  a  construct  vis!,  student-centered  one  using  a  variety  or  instructional 
modes  and  ihcy  will  leam  to  serve  a  diverse  student  population. 

•  Teachers  will  learn  how  their  expectations  of  student  achievement  can  make  a  critical 
difference  on  student  achievement  and  what  their  role  is  in  achieving  educational  equity  for 
all  students. 

•Teachers  will  learn  new  content  and  leam  to  extend  content  across  topics  and  strands  as 
needed  for  implementation  of  integrated  courses  1  and  2. 
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The  summer  institute  of  the  high  school  program  involved  the  teachers  in  two  types  of 
activities:  traditional  workshops,  and  visits  to  summer  bridge  classes  for  incoming  ninth  graders  in 
which  they  could  observe  exemplary  teachers  working  with  the  type  of  students  they  themselves 
would  lace  the  following  Fall.  The  observations  focusscd  on  a  number  of  topics,  including:  use  of 
sheltered  instruction  with  limited  English  proficient  students;  use  of  manipulativcs  to  develop  new 
concepts;  and  use  of  technology.  Topics  for  the  workshops  included  alternative  approaches  to 
teaching  algebra,  sheltered  instruction,  alternative  assessment,  use  of  technology  (especially 
graphing  calculators),  and  equity.  Each  teacher  received  a  graphing  calculator,  and  over  the  three 
years  of  the  project  all  participating  schools  will  rcccivc  a  class  set  of  graphing  calculators  with  an 
overhead  one  included.  In  addition,  the  teachers  get  to  select  manipulative  materials  and  software 
which  arc  needed  at  their  school  to  implement  changes  in  curriculum  and  instruction  in  algebra  and 
succeeding  courses. 

Methodology 

The  Instructional  Practices  Scale  (Becker  &  Pence,  1990a)  was  administered  to  all  teachers 
in  the  project  at  three  points  during  the  year:  the  first  day  of  the  summer  institute,  when  the  focus 
was  on  practices  used  the  previous  year:  at  the  end  of  the  summer,  when  the  focus  was  projecting 
how  much  one  would  use  each  practice  the  upcoming  academic  year;  and  in  May,  when  teachers 
rcllcctcd  on  how  much  they  had  used  each  practice  the  proceeding  year.  A  total  of  27  forms  arc 
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available  lor  all  three  administrations.  This  scale  is  a  Likcrt  scale  with  21  items  derived  from 
recommendations  in  the  National  Council  of  Teachers  of  Mathematics  Curriculum  and  Evaluation 
Staiidaids  lor  Schcxil  Mathematics  (NCTM,  1989).  Items  include  positive  and  negative  ones 
looming  on  problem  solving,  use  of  alternative  instructional  modes,  use  of  technology, 
assessment,  and  connections.  The  largest  subscalc  is  instructional  modes  which  provides  a 
contrast  bctu  ccn  a  classroom  which  has  students  actively  involved  and  a  more  traditional  tcuchcr- 
ccnlcred  one  (Sec  Table  I  in  the  Results  section  below).  An  individual  score  on  each 
administration  was  made  for  each  teacher;  in  addition,  each  item  was  averaged  i-.-ross  teachers  for 
each  administration  of  the  test. 

The  individual  scores  wcic  used  to  select  five  teachers  to  participate  in  a  focus  discussion 
group  conducted  by  the  first  atithoi ,  someone  outside  the  project.  Teachers  were  selected  w  ho  had 
increased  scores  from  the  Inst  to  second  administration  ol  the  test,  but  then  went  down 
considerably  in  the  postlcst. 

Questions  for  the  focus  group  include  the  follow  ing: 

-  Has  it  (the  project)  been  harder  to  implement  that  you  thought  it  w  ould  be? 

-  How  adequate  has  planning  time  been? 

-  Describe  any  resistance  from  students.  Staff. 

-  What  other  obstacles  have  gotten  in  the  way'.' 

-  Can  you  implement  (the  innovations)  with  the  lc\  el  ol  training  provided  by  this  project? 

-  What  changes  would  you  make  in  the  inscn  ice  given? 

-  What  do  you  believe  your  influence  has  been  on  others .' 

-  What  currently  is  the  difference  between  what  you  believe  and  what  you  feel  you  can  do? 
This  discussion  was  audio-taped  and  analyzed  by  the  first  author. 


Only  whole-group  results  on  the  Instructional  Practices  Scale  will  be  discussed  here.  Of 
the  2 1  items,  four  showed  a  substantial  increase  from  pretest  to  postlcst:  less  memorization  of 
facts;  more  use  of  cooperative  learning;  less  text-based  curriculum;  and  more  interrelating  strands 
in  mathematics.  The  first  three  showed  a  progression  of  increase  from  pretest  to  intermediate  lest 
to  postlcst.  For  the  rest  of  the  items,  the  pretest  and  postlcst  differed  slightly,  but  in  all  instances, 
the  intermediate  score  was  higher  than  both  the  pretest  and  postlcst.  In  fact,  the  averages  for  the 
whole  test  were:  pretest  3.12;  intermediate  test  3.61;  and  postlcst  3.1.  From  these  data  it  seems 
that  there  were  a  small  number  of  areas  in  which  the  teachers  self-reported  major  change.  More 
interesting,  perhaps,  is  that  they  intended  to  use  the  recommended  practices  more  that  they  found 
they  actually  did  when  they  reflected  tack  on  the  academic  year.  (Sec  Table  1  below). 

From  the  focus  discussion  group  two  types  of  results  arc  discussed  here:  what  positive 
impact  teachers  lelt  the  project  had  on  them,  and  areas  of  need  for  further  development. 

All  of  the  participants  feel  the  project  to  have  been  a  success  and  its  intervention  a  critical 
factor,  and  perhaps  the  critical  lactor,  in  allccting  their  own  attitudes  toward  change  as  well  as  their 
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willingness  10  work  to  implement  new  cumcular  design,  methodology  and  materials.  Comments 
made  included  the  feeling  that  most  participating  teachers  would  still  be  doing  the  same  thing  had  it 
not  been  for  the  project,  which  gave  a  necessary  push,  provided  support,  opened  doors,  met 
needs,  pulled  widely  separate  elements  together,  provided  a  multi-district  effort  and  created  a 
community  of  risk-takers. 

From  the  point  of  view  of  the  participants,  the  project  served  several  purposes.  It 
presented  the  opportunity  to  explore  different  ways  to  present  algebra,  to  look  into  various  systems 
and  assessment  procedures  and  to  sec  demonstrations  and  other  teachers  in  action.  It  alsootlcrcd 
the  opportunity  to  observe  group  work  strategics,  to  learn  new  methodology  and  to  be  introduced 
to  the  uses  of  calculators  and  other  technology  in  the  classroom.  But  most  importantly,  in  the 
opinions  of  the  participants,  it  offered  a  platlorm  for  the  exploration  and  evolution  of  perspectives 
and  points  of  view ,  as  well  as  a  sale  and  encouraging  atmosphere  for  the  risk-taking  necessary  to 
the  implementation  of  new  curriculum  and  methodology.  It  further  provided,  for  these 
participants,  a  resource  and  support  structure  for  change,  as  well  as  a  forum  for  active  association 
w  ith  other  participants  as  "risk  partners." 

There  was  a  strong  feeling  that  implementation  was  much  harder  than  anyone  thought  it 
would  be  and  that,  perhaps,  the  level  of  staff  development  offered  by  the  project  is  not  sufficient, 
in  and  of  itself,  for  full  implementation  to  take  place.  The  experience  of  the  participants  is  that 
implementation  too  often  finds  the  innovator  in  the  role  of  a  salesperson  to  students,  parents  and 
colleagues.  The  project,  they  feel,  gave  good  preparation  for  this  role  with  respect  to  parents  and 
students,  but  more  in-service  in  areas  such  as  group  dynamics  is  necessary  for  implementation. 
They  stress  that  the  main  goal  of  the  project,  in  their  eyes,  was  to  change  point-ol'-vicw,  not 
implementation.  The  project  gave  the  opportunity  and  the  resources  to  sample  and  experiment  and 
ti  i  overcome  the  fear  of  risk. 

All  sec  a  need  for  more  planning  time  during  the  academic  year,  as  well  as  the  opportunity 
for  more  networking  and  sharing  time.  The  more  experience  with  technology  the  better,  and  joint 
in-scrvicc  and  articulation  across  grade  levels  were  considered  important.  More  staff  development 
in  writing  and  group  work  would  be  important  as  they  arc  major  points  of  resistance  on  the  part  of 
students.  A  point  all  of  the  participants  kept  coming  back  to,  again  and  again,  was  (he  need  for 
staff  development  in  the  skills  of  facilitating  change.  Resistance  from  colleagues  and  staff  was 
underestimated  by  the  participants,  and  they  felt  unprepared  to  deal  with  it. 

They  feel  their  influence  on  others  has  been  to  change  their  philosophy  of  teaching 
mathematics  a  little,  to  raise  expectations  for  all  students  and  to  affect  teachers'  attitudes  through 
discussion,  and  the  use  of  materials  and  technology  they  were  able  to  bring  back  to  their  school 
sites.  The  project,  they  feel,  puts  practitioners  in  a  position  to  begin  to  affect  student  outcomes  and 
to  positively  influence  the  attitudes  of  their  colleagues  toward  change. 

The  participants  believe  that  additional  staff  development  in  the  areas  of  group 
management,  classroom  management  and  study  skills  is  needed  but  they  arc  strong  in  their  belief 
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that  their  students  arc  truly  learn.ng  more  math  than  they  did  three  years  ago.  They  see  their 
participation  in  the  project  as  the  main  factor  in  making  that  happen. 

Finally,  the  group  thought  that  assessment  must  be  addressed  in  greater  depth  including 
assessment  skills  and  options.  There  seemed  to  be  a  common  feeling  that  new  methods  of 
assessment  were  no.  well  understood.  How  do  you  use  these  new  methods,  how  many  do  you 
use.  how  are  they  used  together  and  for  what  purposes  do  you  use  which  methods  are  only  some 
ol  the  problems  expressed  by  the  participants  in  what  seemed  to  the  interviewer  .o  represent  almost 
an  assessment  anxielv. 


Active  nivolu-inem 


Memorisation  ()f  fact* 


Questioning  of  S< 


Cooperative  learning 


Problem  solving  as  means 
of  instruction 


Prob  solving  to 
introduce  concepts 


Ss  comm  in  w 


tiling 


Assessment  integral  pail 
of  instruction 


Integrated  approach 
Connections 


TOTALS 


PRETEST 

1.7 


3.88 


2.61 


3.95 


3.35 
2.28 


2.27 
3.66 


3.38 
3.34 


3.87 
3.69 


3.16 


3.35 
3.02 


2.74 
2.36 


3.44 


3.34 
3 
3 


3.12 


INTERMED. 


2.15 


4.35 


2.9 


4.1 


3.78 


2.65 


2.65 


3.35 


3.85 


3.79 


4.23 


4.25 


3.93 


3.95 


3.75 


2.92 


3.42 


3.79 


4.18 


3.65 


3.93 


3.61 


POSTTEST 


1.7 


3.9 


3.1' 


3.8 


3.8* 


2.8* 


2.3 


2.8 


3.4 


3.1 


3.8 
3.5 


3.6 


2.5 


3.3 


3.8* 


3.3 


3.3 


TABLE  I 

Discussion 

These  motypes  ol  data  provtde  us  with  mul.tple  ways  toexamme  the  project.  Based  on 
the  results  (rem,  the  Instructional  Practices  Scale  it  seems  that  the  project  d,d  encourage: 
teacher  movement  away  from  having  students  memorize  facts; 
teacher  movement  towards  more  use  of  coopcraln  e  learning; 
less  emphasis  on  teu-bascd  curriculum; 
and  interrelating  several  mathematical  strands. 
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r5  2ire  to  carry  out  these  ambH.ous  plans.  The  focus  di.uss.on  group  prov.des  some 

inS,8ht  or  ,e  n,  focus  grouP  parents,  the  project  a 

commnnZf  risk-takcrs  who  supper,  and  ac,  as  resources  for  each  other.  They  sp^ak  of  a 
Kradua.  evolution  of  pomt-of-vicw  as  a  participant  is  exposed  to  new  .nformat.on  and  stratcg.es  n 
Cln    of  cnoolgcmcnt,  resources  and  support.  These  aspects  of  the  program,  how 
did  not  full v  prepare  ,hc  cachcrs  toovercome  resistance  tochange  wh.ch  they  encountered  m  the. 
^slJLrnnum.t.cs.  These  obstacles  included  students,  other  teachers,  parents,  and 

^'"f.nd.ngspo.nt  out  some  of  the  weaknesses  and  ^  need  of  funherdev^= 
Over  ,h  .  vearsof  the^ect  we  will  work  with  more  teachers  at  each  site,  wh.ch  should  extend 

L  ,s  obv.ouslv  needed  to  inform  parents  and  adm.n.strators  about  the  mathemat. c * ioj 
movement ,n  general  and  Equity  2000  specifically.  The  classroom  coach.ng  was  not  fully 
"ntcd  dunng  the  f.rst  year  of  the  project  but  it  holds  promise  (Madsen-Nason  *  U= 
Z)  to  support  teachers  as  they  try  to  imp.ement  new  curricu.um,  .nstrucfona,  strateg.es  and 

'"""The  muU.pic  strateg.es  used  in  this  project:  traditional  workshops;  visas  to  exemplary 
"dasses-  fnUowup  sess.ons  dunng  the  academ.c  year;  and  provision  of  resource  matenaU  such  as 
tZ Irs,  manipulates  and  software,  provided  for  some  change  in  teacher  att.tu  *. .and 
ingness  ,o  «,  L  .ns.ruct.onal  techniques.  Viewing  these  tchn.ques  ,n  act.or, ,  .n  the  summe 
bndgc  classes  and  hav.ng  t.me  to  network  and  plan  with  other  teachers  were  .dent.f.ed  as  th  en.  s 

teachers  implement  .ntended  changes  in  their  classrooms  as  they  met  obstacles  a,  the.r  school 

SUCS'   Once  back  m  the  schools,  these  teachers  became  a  small  component  in  a  larger  system.  In 
order  to  support  these  agents  of  change  at  the  sue  level,  efforts  need  to  be  extended  beyond  a  core 
roup  of  tiers.  How  can  we  no,  only  develop  a  community  of  r,sk  takers,  but  also  support 
Lmsotheyc.n,ruly.mplementchange?Thisquestionremainsforfurther.nves,,gaUon. 
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THE  EMERGENCE  AND  DEVELOPMENT  OF  ALGEBRA  IN  A  PROBLEM  SOLVING 
CONTEXT:  A  PROBLEM  ANALYSIS 


Ntdlne  Bediuxz,  Bemadette  Dufour-Juivier 
CDtADE,  UnWenltt  da  Quebec  *  Montr**! 


ABSTRACT 


T)te  difficulties  met  by  students  when  tliey  sohv  problems  in  algebra  led  us  to  reflect  on  one  hand  on  the 
nature  of  the  problems  given  to  students  at  various  grade  levels,  and  on  the  other  linnd.  on  procedures  used 
to  solve  them.  In  many  studies  on  algebra  problem  solving,  the  analysis  of  problems  has  often  been 
reduced  to  the  exploitation  of  tlte  equation  structure.  Our  study  of  "algebraic"  problems  as  well  as  our  first 
experimental  work  with  different  problems  lead  us  to  question  this  symbolic  approach.  Indeed,  this 
approach  docs  not  adequately  convey  tlte  involvement  required  from  tlte  solver  facing  these  problems.  On 
tlte  basts  of  "relational  calculus"  (Vergnaud.  19821  involved  in  the  representation  and  the  resolution  of 
such  problems,  the  research  team  elaborated  a  reference  framework  and  an  experimentation  to  be 
conducted  with  students  at  different  grade  levels  (12  (o  16  years).  The  results  obtained  single  out  the 
relative  complexity  of  the  different  tasks  faced  by  students,  as  well  as  the  continuities  and  discontinuities 
from  one  grade  level  to  the  next. 


I#s  dtfflcultes  que  rencontrent  tes  eleves  dans  la  resolution  de  problemes  en  algebre  necessitent  une 
rejlexion  d'une  part  sur  la  nature  des  problemes  utilises  a  differents  ntveaux  scolafres  et  d'autre  part  sur 
les  proc6durcs  utilisees  par  les  eleves  pour  les  resoudre.L'analyse  des  problemes  en  algebre  a  souuent  ete 
redutte,  dans  les  recherches  conduites  dans  ce  domaine,  a  I'explfcitatfon  de  leur  structure  sous-Jacente  en 
termes  d'equation-Nolre  etude  des  problemes"algebriques"  et  nos  premieres  experimentations  portant  sur 
differents  types  de  problemes  nous  conduisent  d  questtonner  cette  approche  symbolique  qui  rend  mat 
comple  de  I'engagement  qu'exigent  ces  problemes  du  point  de  vue  du  solutlonneur.Un  cadre  d'analyse 
developpe  par  Vequipe  sur  la  base  des  calculs  relationnelsl  Vergnavd.82)  qu'lmpltquent  la  representation  et 
resolution  de  teis  problemes  a  ete  mis  a  Vepreuve  lors  d'une  experimentation  conduite  au  pres  d'eleves  de 
differents  ntveaux  scolaires(!2  a  16  ansl.L'analyse  des  resuttats  permet  de  faire  ressortlr  la  complexlte  des 
dtfferentes  laches  pour  les  etudiants.et  les  continuites.dlscontinuttes  d'un  ndieau  scolaire  a  I'autre. 

Resolution  of  "algebraic"  problems  represents  one  of  the  Important  goals  of  the  high  school  program, 
where  students  often  encounter  numerous  difficulties.  Among  these,  mathcmatlzatlon  was  studied  In 
Clement  (1982):  Lochead  (1988):  Kaput  (1983)  and  others,  mostly  In  Its  phase  of  statement  translation  Into 
the  equation  form.  These  studies  agree  with  Kucheman's  results  (1981)  by  showing  that  In  that  specific 
translation  procedure,  most  of  the  students  treat  letters  like  concrete  objects  Instead  of  number  of  objects. 
Their  results,  with  those  of  Bell.  Malone.  Taylor  (1988)  and  Mayer  (1982)  point  out  the  obstacles  met  along 
this  process  of  symbollzatlon.  How  then  should  wc  Introduce  students  to  algebraic  problem  solving  In 
order  to  make  them  better  at  matlicmatlzlng? 

We  believe  that.  In  order  to  put  forward  teaching  model  principles  that  would  lead  to  Improvement, 
much  deeper  reflexions  on  the  nature  of  the  problems  given  to  students  are  needed.  We  must  establish 
crlterlas  which  would  allow  us  to  analyze  the  relative  complexity  of  the  problems.  Much  more  has  to  be 
known  on  students  reasoning  and  solving  strategics  at  different  stages  of  their  learning  of  algebra:  Just 
when  they  start  studying  algebra,  after  their  first  year,  after  they  arc  Introduced  with  problems  involving 
several  unknowns. 
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Indeed,  any  didactic  setting  necessarily  relies  upon  the  knowledge  of  the  relative  difficulty  of  situations 
usually  encountered  in  algebra,  the  repertory  of  available  procedures  to  handle  them,  and  the  obstacles 
encountered.  This  knowledge  can  help  in  the  choice  of  pertinent  situations  and  Interventions  In  that 
domain.  These  reflections  question  more  particularly  the  type  of  transitions  expected  from  the  student  In 
the  resolution  of  "algebraic"  problems  all  along  their  learning  of  algebra  (Bednarz  and  al..  1992:  Janvier. 
Bcdnar/.  1993).  They  are  part  of  a  wider  research  program  which  alms  at  clarifying  llic  conditions  for  the 
construction  and  evolution  of  algebraic  reasoning  In  situations  that  allowed  or  allow  It  to  emerge. 
.  OBJECTIVES 

Al  first,  we  worked  al  establishing  crlterlas  from  which  a  grid  of  analysis  of  problems  emerged.  This 
tool  allowed  us  to  characterize  the  different  types  of  problems  generally  met  In  algebra  textbooks  and  help 
us  to  shed  some  light  on  the  difference  between  what  we  would  call  an  arithmetic  problem  In  opposition  to 
an  algebraic  problem.  This  grid  Is  also  a  good  one  lo  analyze  the  relative  complexity  of  problems,  and 
consequently  we  could  wish  to  use  It  to  produce  a  repertory  of  problems  covering  a  range  from  easy  to 
difficult  depending  on  the  selected  crltcrtas.  Above  all.  this  part  of  the  research  displays  the  continuities 
and  "leaps"  In  relation  with  the  solving  of  these  different  "algebraic"  problems,  particularly  in  the 
transition  from  arithmetic  to  algebra,  or  within  algebra  Itself. 

These  first  findings  mostly  related  to  the.  analysis  of  problems  had  to  be  confirmed  and  completed  by 
Informations  concerning  students'  responses  when  solving  these  problems.  Another  aspect  of  the  research 
was  to  investigate  on  the  different  ways  students,  at  different  grade  levels,  represent  themselves  problems 
and  resolve  them  spontaneously,  in  relation  with  their  underlying  experience  In  ariihmetlc  and  their 
knowledge  of  algebra.Apart  from  the  objective  Just  mentioned,  we  wished  to  single  out  solving  procedures 
developed  by  students  within  a  class  of  problems  in  the  evolution  form  one  grade  to  the  next. 
THEORETICAL  FRAMEWORK 

Studies  conducted  on  an  analysis  of  problems  in  algebra  and  on  their  classification  remain  somewhat 
limited.  These  studies  rejoin  the  results  of  more  global  pieces  of  research  on  problem  solving  with  regard  to 
the  Impact  of  the  formulation  of  the  problem  and  the  students'  knowledge  structures  (Grccno.  1985; 
Mayer.  1982).  More  specifically.  Mayer's  study  (1982)  In. this  domain  uses  relatively  simple  problems  tc 
provide  a  first  categorization  of  these  "algebraic"  problems  In  terms  of  the  different  types  of  propositions 
present  in  the  problem  statement  (assignment  propositions,  relational  propositions).  However,  this 
linguistic  analysis  has  its  limits.  Indeed,  it  does  not  account  adequately  for  the  relative  complexity  of 
different  types  of  problems  found  in  the  same  class  (referring  to  the  same  types  of  propositions)  and  It  Is 
hard  to  extend  the  analysis  to  more  complex  algebraic  problems.  Other  studies  with  a  symbolic  approach 
of  analysis  of  problems  and  their  complexity  In  algebra  were  also  conducted.  Thus,  numerous  studies  have 
laid  emphasis  upon  the  so  called  stage  of  translating  the  problem  statement  into  symbolic  language 
(Hlnsley.  1977:  Clement.  1982:  Lochead.  1988:  Fisher.  1988:  Malle.  1990...).  The  stress  put  on  the  equation 
will  lead  some  researchers  to  talk  about  a  didactic  cut  when  passing  from  solving  problems  which 
underlying  equation  is  of  the  type  ax  +  b  =  c  (Fllloy.  Rojano.  1984)  to  problems  thai  can  be  solved  by 
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equations  of  the  type  ax  +  b  =  cx  +  d.  This  didactic  cut  would  justify  a  certain  graduation  In  the  choice  of 
possible  problems  In  the  Introduction  to  algebra,  and  an  Important  conceptual  "leap"-  from  the  problems 
referring  to  trie  ax  +  b  =  c  pattern  to  these  types  of  problems  (ax  +  b  =  cx  +  d). 

Our  analysis  of  the  textbooks  shows  us  that  this  "equation  approach"  also  guides  the  distribution  of  the 
problems  from  one  level  to  another.  This  gradation  will  guide  the  choice  of  problems  at  a  given  academic 
level,  and  most  Importantly  the  choice  of  the  first  problems  in  which  solving  with  one  variable  Is  expected. 
Our  study  of  "algebraic"  problems,  as  well  as  our  first  experimental  work  with  different  problems  (Bednarv. 
and  al.  1992:  Janvier.  Bednarz.  1993)  leads  us  to  question  this  approach. 

Indeed,  we  can  produce  problems  with  similar  equation  patterns  that  will  be  answered  very  differently 
by  the  students  (as  shown  later),  and  on  the  other  hand,  problems  having  different  equation  patterns  will 
be  answered  relatively  similarly.  Therefore,  an  eventual  gradation  of  the  problems  in  terms  of  the 
underlying  equation  will  not  reflect  adequately  the  involvement  required  from  the  student. 

This  first  part  of  our  research  done  in  the  perspective  of  our  past  work  on  problem  solving  with  complex 
additive  arithmetic  problems,  has  led  us  to  elaborate  classification  of  different  "algebraic"  problems,  in 
terms  of  what  Vergnaud  (1982)  has  called  relational  calculus  (calculs  rclationncls).  Involved  In  the 
representation  and  resolution  of  problem  situations.  Our  analysis  of  the  problem's  structure,  realized  with 
regards  to  the  nature  of  the  relations  between  the  quantities  of  the  problem,  known  and  unknown 
quantities  and  the  linkage  of  these  relations'  unablcs  us  to  lay  emphasis  on  the  eventual  difficulty  of  the 
problem  for  the  student  and  his  possible  Involvement  in  terms  of  resolution. 
REFERENCE  FRAMEWORK 

The  reference  framework  developed  by  the  team  was  based  on  a  systematic  analysis  of  different  types  of 
problems  found  in  arithmetic  and  algebra  sections  of  textbooks  at  various  grade  levels.  The  analysis  has 
Identified  three  major  classes  of  problems  (sec  table  1)  based  on  the  nature  of  the  quantities  involved  and 
the  relationships  between  them. 

Tabic  I 

Classes  of  problems  In  algebra:  Underlying  "relational  calculus" 
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1  The  set  of  criteria  developed  also  involves  other  elements  (formulation,  context...). 

2  A  more  complex  version  of  this  problem  was  given  to  us  by  Francois  Connc  during  the  meeting  with 
our  research  group. 
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The  general  structure  of  the  three  main  types  of  problems  represented  In  table  1  lays  emphasis  on  the 
quantities,  knowns  and  unknowns,  their  relation  to  one  another  and  the  type  of  relation  Involved.  These 
relations  are  given  more  or  less  explicitly  In  the  statement  of  the  problem  and  they  have  to  be 
reconstructed  by  the  student  (with  ihc  help  of  the  known  quantities  or  other  mathematical  or  conlcxlual 
knowledge  acquired  before  the  resolution  of  the  problem).  For  example,  the  general  structure  of  the  first 
problem  In  tabic  1  Involves  two  types  of  relations:  an  additive  companion  (114  more)  between  two 
unknown  quantities,  a  multiplicative  comp»rlf  on  13  times  more)  also  between  two  unknowns.  The  two 
relations  join  together  and  continue  in  the  same  direction:  the  number  of  students  playing  basketball 
obtained  from  the  number  of  students  skating,  and  the  number  of  students  swimming  from  the  number  of 
basketball  players.  A  different  type  of  link  between  the  quantities  is  also  explicit  In  that  problem,  the 
whole  quantity  related  to  1U  p«rU  (which  should  be  given  equal  consideration).  In  problem  one.  the  whole 
quantity  Is  known  (number  of  participants  in  the  combined  activities).3 

With  the  schemas  used  (sec  table  1)  to  illustrate  the  general  structure  of  problems,  the  criterias  we  use  to 
characterize  the  problems,  as  well  as  their  anticipated  solving  difficulties  are  made  more  evident. 

-For  example,  we  can  see  that  no  easy  bridging  can  be  made  between  the  known  data:  this  addresses 
an  important  characteristic  of  the  problems  generally  encountered  in  algebra,  in  relation  to  those 
proposed  in  arithmetic  (see  Bednarz  and  at.  1992:  Janvier.  Bednarz.  1993). 

The  arithmetic  procedures  generally  organize  themselves  In  function  of  the  processing  of  the  known 
quantities,  by  trying  to  create  links  between  them  in  order  to  be  able  to  operate  (see  Bednarz  and  a)..  1992). 
-   In  the  preceding  problem,  the  known  quantities  arc  the  relations,  or  the  whole.This  is  the  only  known 
state  in  this  problem  which  constitutes  a  possible  opening  for  the  student  to  •  bridge"  from  one  given 
known  quantity  to  produce  a  new  one. 

-Therefore  with  this  technique  of  analysis,  problem  2  (cf.  table  1)  will  appear  more  complex  to 
resolve  than  the  problem  1  In  so  far  as  here  the  only  known  quantities  are  formed  from  relations  or 
transformations  (no  state  is  provided  In  the  problem). 


3    For  the  analysis  ofthc  other  problems  see  Bednarz  and  al.  (1992). 
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-Moreover,  problem  1  requires  the  simultaneous  processing  of  two  types  of  relations  (x  and  + )  by  the 
student,  this  composition  appears  complex  (as  we  will  see  later  on)  especially  when  one  approaches  It 
arithmetically. 

This  a  priori  analysis  allowed  us  to  underscore  crlterlas  which  might  Influence  the  complexity  of  the 
problems:  the  nature  of  the  relationships  Involved  between  the  data,  their  linking  (continuous  or  not. 
direct  or  not),  the  number  of  relationships  Involved,  the  formulation  of  the  relations.  A  bank  of  whole- 
parts  problems  was  set  up  based  on  these  criterfas  and  using  this  kind  of  diagram  (see  table  3  for  some 
examples  of  problems). 

DATA  SOURCE 

The  grid  of  analysis  was  put  (o  Ihe  (est  In  an  experiment  Involving  students  from  different  grade  levels 
(first  year  high  school.  12-13  years  old)  before  any  Introductory  course  In  algebra;  second  and  third  years, 
(after  an  Introductory  course  In  algebra).  Up  to  this  level,  the  current  curriculum  restricts  students  to  single 
variable  solution.  Students  In  the  fourth  year  of  high  school,  after  the  Introduction  of  solution  with 
several  variables  were  also  Included  (see  table  2).  At  this  level,  students  were  selected  from  a  regular  course, 
as  well  as  an  optional  course  leading  to  studies  In  science.  Three  to  four  groups  of  students  per  level  from 
different  schools  had  to  solve  (he  proposed  problems  and  explain  their  solving  strategies.  Certain 
"arithmetic"  problems  were  used  as  a  "barometer"  In  the  test  and  allowed  us  to  weigh  the  relative  strength 
of  each  of  the  groups. 

Table  2 
Data  source 


Sec.  1 02-13  yearj  old) 
befon!  jrty  introduction 
to  algebra 

Sec.  II  (13-14  years 

old)  after  an 
introductory  count  in 
tltcbn  a  variable) 

Sec.  Ill  (14-15  years) 
after  two  years  of 
algebra  (1  variable) 

Sec.  IV  (15-1S  years) 
after  an  introduction  hi 

several  variables 
Pnular  Ostion 

4  groups 

1JI  students 

4.  groups 
132  students 

3  groups 
305  students 

5  (roups 

123 
students 

4  group* 

119 
students 

We  will  restrict  the  discussion  that  follows  to  one  clear  class  of  problems  through  which  the 
Introduction  to  algebra  Is  generally  made  (table  1.  class  1).  It  Is  for  this  whole-parts  class  that  a  first  bank 
of  problems  was  set  up. 
RESULTS 

1.    Experimental  results  (see  table  3  for  partial  results  In  some  problems)  explain,  more  or  less  the  great 
difficulty  students  have  with  these  problems.  Their  Inability  to  create  links  between  the  known 
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quantities  prevents  them  from  getting  ■arithmetically  Into  the  problem  (In  grade  I.  before  any 
Introduction  in  algebra). 

2.  The  results  of  this  experimentation  confirm  the  Influence  of  the  criterias  of  complexity  Identified  a 
priori  In  analyzing  the  problems: 

2.1  In  the  whole-part  structure,  we  observe  the  influence  of  the  nature  of  the  relationships  between  the 
quantities.  Homogeneous  (two  relations  of  the  same  type  as  in  problems  a  and  b)  appears  relatively 
difficult.  When  solved  arithmetically  the  Homogeneous  addlvite  problem  appears  more  complex. 
When  we  treat  them  algebraically,  the  additive  versus  multiplicative  relationships  appear  at  the  same 
level  of  difficulty.  Non-homogeneous  composition  of  the  two  relationships  as  in  problem  d  are 
difficult  problems.  Thus,  the  problem  d  appears  more  complex  than  the  others  in  terms  of  an  algebraic 
treatment  (sec.  II.  III.  IVreg  )  given  llic  composition  of  multiplication  and  addition  involved.  The 
algebraic  treatment  implies  here  resorting  lo  parentheses,  and  lo  a  genuine  composition,  which  Is  not 
the  case  for  problem  c. 

2.2  The  influence  of  the  sequencing  of  relationships  Is  evident:  direct  linking  as  In  problem  g  (Involving  a 
composition  of  two  multiplicative  relationships!  versus  non-linear  (where  no  composition  is 
explicitly  involved  as  in  problems  c  and  1):  convergent  as  in  problem  e  (where  the  different  quantities 
can  notbe  expressed  directly  in  terms  of  one  unknown)  and  divergent  as  In  problem  f  (where  the 
different  quantities  can  be  easily  expressed  in  terms  of  the  first  one).  Problem  e  appears  very  difficult 
to  solve  at  all  grade  levels,  as  predicted,  due  lo  the  non-obvious  choices  it  imposes  on  the  unknown  or 
unknowns,  and  the  complex  operations  involved. 

2.3  Other  influences  (not  mentioned  In  this  table)  were  confirmed  as  well  during  the  introduction  to 
algebra  (sec.  II):  the  number  of  relationships  involved,  making  the  data  more  or  less  complex  to 
organize:  the  formulation  of  the  relationship  .  confirming  the  conclusions  of  other  studies.  Clement 
(1982)  and  Lochead  (198811. 

3.  These  results  (table  3)  show,  moreover,  the  fundamental  differences  between  the  -relational  calculus" 
on  which  an  arithmetic  mode  of  reasoning  is  founded  (results  of  first  year  high  school  students  before 
the  introduction  of  algebra)  and  the  "relational  calculus"  on  which  an  algebraic  mode  of  reasoning  is 
based  (results  at  the  other  grade  levels).  Thus,  for  example,  problem  c  appears  complex  to  solve 
arithmetically  yet  not  algebraically.  This  problem  Involves  the  simultaneous  managing  of  two  types 
of  relationships  (x  ct  t)  whose  arithmetic  composition  turns  out  to  be  quite  complex.  The  student  must 
see  that  the  same  quantity  (number  of  students  skating)  Is  repeated  and  Is  found  in  the  glvens  for 
basketball  (repeated  3  times)  and  for  swimming  (once  again  repeated  3  times). 

Similarly,  the  analysis  of  problems  a  and  b  shows  us  that  these  problems  are  differentiated 
arithmetically  and  not  algebraically. 
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Tablg  3 

Performance  at  different  grade  levels  tn  some  problems 


M  3*0  JNica*  Kt  rtiiiKrrA  in 
itlMMI  k«i  7i  ami  u«k  ab  ««o 


mvm  »*»«•»>*   s.c  i  it  jar  nr  iz 

««|  Oft 


*#*tn4t*immll  bit  1.4  «4ft     /  \         ^*fe  Jl  « I  »  *J 

Id  3*0  «**»«,...  ftMkuUll  h*i£  m 
iwiMMlu  kit  twis*  %j  many  ai 


_  nl«  hi*  twit*  u  many  If        /  \ 
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ttaifin      *f**  admits?  Q— * O  rf~ 1 
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Hun  V*tlutWU.  How  m«y  ttWrnli      /  \         J*  *1    71  51-  Iz. 
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Tqattfcrr  ftc/  h*vt  Iff  nurthj.  /1\ 
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4.  Certain  distinctions  appear  Interesting  within  one  level,  and  between  different  academic  levels  In  so 
far  as  they  bring  about  significant  differences  in  the  manner  in  which  the  students  solve  the 
situations.  Thus,  certain  problems  find  more  difficulty  in  raising  up  the  students  arithmetic 
Involvement  (for  example  the  problems  a.  c  and  e).  These  problems  are  may  be  Interesting  to  use  to 
motivate  a  transition  to  algebra. 

Some  other  problems  suscitate  more  in  algebra,  one  variable  treatment  as  In  (problem  0.  or  a  multiple 
variable  treatment  (as  in  problem  c  where  x  Is  defined  as  the  number  of  beads  Denis  possesses,  and  y  as 
Georgcs  s  beads.  Pierre  therefore  possesses  6x  but  also  3y).  Thus,  a  more  in  depth  analysis  of  the  results 
(implicative  graphs)  allowed  us  to  find  different  classes  of  problems  and  different  ways  to  engage  In  the 
problem. 
CONCLUSION 

The  preceding  results,  give  us  a  framework  that  unable3  us  to  assign  relative  difficulties  to  problems 
generally  met  In  algebra.  A  deeper  analysis  of  the  results  by  means  of  Implicative  analyses,  had  been 
realized  at  each  level  Involved  In  Ihe  set  of  problems.  This  analysis  confirmed  what  was  previously  stated 
and  unables  us  to  go  further  In  the  analysis  of  the  relative  complexity  of  each  of  the  problems. 
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Such  an  analysis  of  the  problems  was  realized  for  the  case  of  arithmetics  for  the  conceptual  field  of 
additive  and  multiplicative  structures  (Vergnaud.  1982)  but  was  never  achieved  for  algebra.  It  should  shed 
some  light  on  the  relevant  situations  and  their  progressive  organization  within  a  learning  of  algebra 
stressing  problem  solving  processes.  More  particularly,  it  allows  us  to  question  teaching  approaches  to 
algebra  problem  solving. 
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COMMON  SPATIAL  REPRESENTATIONS. 
AND  THEIR  EFFECTS  UPON  TEACHING  AND  LEARNING  OF  SPACK 

AND  GEflMETRY 

Berthelot  R.  et  Salin  M.H. 


Abstract 

The  authors  support,  with  empirical  observations,  curriculum  analysis  and  didactic  engineering,  the 
theoretical  hypothesis  put  forward  by  Brousseau  (1983)  and  Galvez  (1985)  about  micro  spatial,  rneso 
spatial  and  macro  spatial  common  representations. 

They  show  some  major  Units  between  many  of  the  students'  errors  observed  during  the  elementary 
learning  of  geometry,  and  the  micro  spatial  representation,  and  they  support  these  links  by  alternative 
didactic  engineering. 

They  alto  support  that  it  is  necessary  and  possible  to  help  students  to  improve  their  meso  spatial 
and  macro  spatial  representation  during  their  compulsory  school  attendance. 


Les  auteurs  appuient,  en  la  precisant  par  des  observations  empiriques  et  des  travaux  d'inge'nierie 
didactique,  l'hypothese  theorique  de  Brousseau  (1983)  et  Galvez  (1985)  selon  laquelle  les 
cormaissances  spontanees  des  Aleves  sont  structurees  selon  au  moms  trois  representations  : 
microspatiale.  mesospatiale  et  macrospatiale.  Leurs  travaux  permettent  de  relier  a  la  representation 
microspatiale  de  nombreuses  erreurs  constatees  tant  dans  le  de'roukment  de  1' initiation  a  la  geomeWe 
que  dans  les  ^valuations  de  cet  enseignement.  lis  montrent  aussi  1' importance  et  la  possibility  de  taire 
e"voluer  les  representations  meso-  et  macro-spatiales  des  clews  dans  la  scolariti  obligatoire. 

I.  Presentation 

Specific  spatial  knowledge  learning  is  missing  in  the  French  compulsory  school  attendance 
curriculum.  Geometry  acts  as  a  substitute  for  it.  In  the  introduction  to  geometry,  teachers  and  pupils 
can  only  rely  on  common  space  knowledge.  So,  if  this  common  knowledge  is  inadequate  in  some  of 
its  aspects,  it  can  have  serious  consequences  on  difficulties'encountered  by  teachers  and  pupils  in  our 
classes. 

MG  Ptcheux  (1990)  assesses  the  results  of  main  works  led  during  the  last  twenty  years  to  clarify 
the  spatial  knowledge  development  in  childhood.  She  notices  that  the  concept  of  representation  gathers 
many  varied  mechanisms,  and  that  it  is  very  difficult  to  organise  them  in  their  effects  upon  the 
development  of  spatial  abilities  from  baby  to  adult  level.  She  shows  that  the  question  must  be  studied 
from  the  point  of  view  of  children's  spatial  practices,  and  she  points  to  the  problem  of  classifying  these 
practices.  Then,  she  concludes  on  the  incapacity  of  psychology  to  classify  the  spatial  relations  in  order 
to  take  in  account  the  variety  of  the  student's  knowledge  and  their  potential  multiple  processes  in 
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spatial  behaviour. 

The  didactic  processes  developed  about  mathematical  education  enable  us  to  exploit  the  tools 
developed  by  the  theory  of  situations  in  school  practices. 

Relying  on  analysis  of  different  restrictions  set  by  the  environment  on  judicious  information  capture 
and  treatment  in  common  situations.  Brousseau  (1983)  and  Galvez  (1985)  propose  a  classifying 
process  of  these  situations  by  which  they  get  three  main  situations  classes,  by  using  the  space  scale 
variable. 

The  space  scale  has  already  been  studied  by  many  researchers,  and  particularly  the  difference 
between  small  and  large  scale  spaces.  Although  Acredolo  (1981)  has  already  pointed  to  the  difficulty 
to  isolate  one  from  the  other  in  the  experimental  tasks  proposed  by  researchers. 

Brousseau  (1983)  and  Galvez  (198S)  developed  a  theoretical  analysis  of  the  usual  practices,  based 
for  one  part  on  the  specific  restrictions  set  though  the  space  scale  to  people's  environment  interactions, 
and  for  the  other,  by  their  frequency  and  importance  in  our  society.  So,  these  authors  showed  the 
pertinence  to  consider  not  only  small  and  large  scale  space  interactions,  but  also  the  interactions  with  a 
third  kind  of  space  scale  that  he  named  meso  space  They  classify  common  spatial  interactions  with 
three  values  of  the  space  scale  variable,  and  they  support  the  hypothesis  that  a  specific  spatial 
representation  at  least  corresponds  to  each  of  these  classes.  Brousseau  (1983)  named,  as  a  spatial 
representation,  a  group  of  specific  conceptions  (each  conception  corresponding  to  a  geometrical 
concept)  linked  by  their  frequent  common  implementation  in  the  same  kind  of  situation.. 

We  have  extended  this  researche  and  our  works  have  specified  the  respective  roles  of  the  space, 
interaction  restrictions  from  one  part,  and  the  scale  space  on  the  other.  We  got  mainly  pupils' 
observations,  engineering  elaboration  and  implementing  in  classrooms,  and  former  works  analysis. 

II.  The  three  main  common  space  representations  linked  with  the  space  scale 
hypothesis 

In  order  to  present  these  representations,  we'll  choose  one  of  the  geometrical  notions  we  studied. 

1)  The  micro  space,  or  space  of  common  interactions  with  manipulated  small  objects. 

This  space  is  familiar  to  each  one  from  birth  and  most  of  the  problems  met  don't  need  any 
geometrical  conceptualisation. 

The  central  notion  of  this  kind  of  interaction  is  the  notion  of object.  This  space  is  mainly  composed 
of  objects.  One  object  can  be  distinguished  from  another  if  you  can  separate  them  by  a  space(ing).  that 
you  aw  eleminate  in  one  instant,  without  any  effort.  In  this  environment,  the  notion  of  distance  can 
hardly  be  distinguished  from  spacing ;  so  it  has  Stw  links  with  the  geometrical  notion. 

The  micro  spatial  conception  of  length  is  linked  to  the  objects  recognition,  or  cutting,  and  it  is 
nearer  to  the  geometrical  notion. 

2)  the  meso  space,  or  space  of  domestic  mom  and  interactions 

It  gathers  situations  of  interactions  linked  with  moves  or  position  choices  and  modifying  them 
within  a  field  of  domestic  space.  This  part  of  space  can  be  perceived  by  a  global  vision,  obtained  from 
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successive  but  very  brief  perceptions.  The  moves  cost  more  in  the  meso  space  than  in  the  micro  space. 
Thence  the  necessity  of  a  intellectual  representation  of  space  which  enables  people  to  master  their 
moves. 

The  central  notions  are  here  those  of  locates,  routes,  and  objects.  The  new  objects  are  Gxed  or 
semi-Sxed  ones.  No  space  is  necessary  between  two  objects  (mils...).  Between  the  biggest  objects 
there  are  several  possible  routes,  the  possibility  to  bring  other  objects  (furniture...)  ;  so  there  is  a 
distance  concept,  linked  with  length,  height,  depth,  and  their  measures. 

3)  The  macro  spaces  (urban,  rural,  maritime...) 

It  corresponds  to  areas  the  scale  of  which  is  so  large  that  you  can  only  get  information  though 
successive  local  visual  glances  separated  by  your  moves  on  the  earth  surface. 

In  a  macro  space,  you  cannot  get  a  simultaneous  global  view  of  the  area  with  which  you  are 
interacting.  The  objects  stay,  you  move.  To  direct  your  moves,  you  must  build  a  global  space 
representation  to  link  your  local  views  and  recover  the  continuity  of  the  travelled  space. 

A  conceptualisation  is  needed  to  build  an  image  of  the  whole  which  is  out  of  direct  perception 
access. 

A  macro  space  is  mainly  a  space  composed  of  locates  and  travels.  The  specific  objects  are  fixed 
ones  and  fulfil  a  landmark  function,  distances  are  measured  in  km  or  travelling  time. 

4)  Our  contribution 

We  studied  the  theoretical  features  of  the  common  spatial  representations  that  we  can  associate  to 
the  main  spatial  and  geometric  notions. 

The  main  result  is  that  there  is  no  reason  for  people  to  build  a  homogenous  space  representation, 
only  by  individual  or  social  interactions  with  common  situations.  Only  professional  situations  require 
such  a  representation  which  enables  to  master  meso  space  or  macro  space  tasks  and  concepts  with  their 
geometric  properties. 

The  geometric  concept(s)  of  angle(s)  particularly  requires  such  a  homogenous  representation,  and 
may  be  a  good  theme  to  observe  the  pupils'  spatial  representation  level  of  homogeneity. 

HI.  Pupils'  observations  illustrating  the  space  scale  effects  in  the  building  of 
different  conceptions  of  a  geometric  notion 

The  rectangle  seems  to  be  one  of  the  best  known  by  pupils  among  geometric  notions  with  angles 
which  are  explicitly  taught.  We  tried  to  find  signs  of  different  conceptions. 

1)  microspace 

According  the  1992  ministry  evaluation  of  CE2-6eme',  90,6  %  know  how  to  draw  a  7cm  sided 
square.  So  we  infer  that  about  the  same  proportion  know  how  to  draw  a  little  4cmx7cm  rectangle,  for 
example. 

The  capacity  to  recognise  rectangles  has  been  acquired  quite  sooner  as  long  as  the  Wermus  (1976) 


1  CE2  man  9  yetr  ok)  pupik  and  6*me  mm  12  yeu  ok)  ooet.  The  umpte  w»t  2000  repnsentolive  pupils 
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conditions  are  fulfilled  (not  too  small  width,  proportion  between  length  and  width,  and  so  on...). 


2)  meso  space 

On  the  contrary,  pupils'  abilities  seems  to  be  quite  different  when  the  space  scale  grows  as  the 
following  samples  show  : 

a)  We  marked  on  the  ground  two  places  distant  of  lm  (the  virtual  line  was  not  parallel  to  the 
walls).  We  announced  that  the  (rectangular)  table  (lmx2m)  would  be  turned  upside  down.  We  have 
asked  two  good  level  pupils  to  mark  on  the  ground  where  the  two  last  comers  of  a  table  would  be 
when  the  others  were  placed  on  the  marks. 

The  pupils  measured  the  length  and  width,  and  reported  the  length,  with  particular  attention  to 
parallelism  but  no  attention  to  right  angles. 

When  we  turned  the  table  upside  down  to  evaluate  the  marking,  the  pupils  noticed  that  their  marks 
were  far  from  the  corners,  but  they  were  not  able  to  identify  the  origin  of  their  error. 

b)  On  a  circular  lawn,  we  stuck  two  stumps  7  m  away.  We  successively  asked  to  four  groups  of 
two  pupils  to  stick  the  other  two  stumps  so  that  the  four  should  mark  the  four  comers  of  a  9m  long 
rectangle.  In  order  to  determine  the  position  of  the  stumps,  each  group  checked  the  right  angle  either 
bodily,  or  with  a  square.  But.  the  last  stump  stuck,  three  of  the  groups  made  adjustments  only  by  the 
sides  length  and  failed.  The  other  group,  who  succeeded,  controlled  the  direction  and  the  length,  even 
the  diagonals  lengths,  but  they  still  were  not  persuaded  they  had  succeeded  :  they  said  "Some 
quadrilaterals  may  have  four  right  angles  and  the  opposite  sides  of  the  same  length,  but  they  are  not 
rectangles !" 

3)  macro  space  restrictions 

We  also  made  an  empirical  study  upon  two  samples  of  about  50  pupils  (11  year  old)  to  determine 
the  respective  influence  of  the  scale  (between  micro  and  meso  space)  in  one  part  and  of  the  restrictions 
in  space  interactions  (near  to  macro  spaces  conditions).  We  found  that  these  limitations  succeeded  for 
about  50%  of  the  samples,  in  blocking  the  micro  spatial  knowledge  of  the  rectangle. 

4)  Conclusion 

At  the  end  of  elementary  school,  all  pupils  can  act  nearly  as  if  they  had  a  micro  spatial  conception 
of  the  rectangle. 

As  soon  as  the  spatial  interactions  lose  they  micro  spatial  characteristics,  a  great  number  of  pupils 
are  no  more  able  to  spontaneously  call  on  the  learned  notions  of  right  angles.  They  have  not  yet 
developed  meso  spatial  or  macro  spatial  conceptions  of  the  rectangle.  But  some  of  them,  may  be  50% 
have. 

We  made  other  observations  in  order  to  show  some  different  conceptions  of  spatial  or  geometric 
notions  which  should  be  linked  with  the  space  scale.  This  vork  is  very  complex,  and  the  main 
difficul'  we  came  across  is  the  question  of  the  invariability  of  the  question  in  pupils'  minds,  when  the 
space  scale  varies  a  great  deal.  Actually,  it  is  exceptional  to  spontaneously  consider  the  same  question 
in  such  different  environments.  A  question  which  is  meaningful  in  an  environment,  is  meaningless 
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when  you  make  the  space  scale  vary. 

IV.  The  common  space  representations  influence  on  geometry  teaching  and 
learning 

The  hypothesis  of  different  spatial  representations  enables  us  to : 

-  renew  the  analysis  of  pupils'  errors  in  geometry.  Most  of  the  problems  are  set  in  the  paper  sheet 
space  environment,  which  presents  a  lot  of  micro  spatial  characteristics.  Consequently,  we  can  expect 
to  find  signs  of  a  micro  spatial  treatment  mode  in  pupils'  behaviour. 

-  find  out  the  conditions  which  favour  a  geometric  conceptualisation,  to  be  able  to  produce  or  to 
simulate  them  in  the  teaching  situations. 

1)  The  micro  spatial  representation  as  an  analysis  tool  of  the  pupils'  behaviour  in  geometry, 
a)  Solid  or  void  spaces 

We  give  an  example  of  a  new  pupils'  test  results  interpretation  with  a  test  from  the  ministry  of 
education  evaluation  in  the  first  class  after  elementary  school. 


The  pupils  are  asked  to  measure 
with  their  graduated  ruler,  in  one 
hand  the  length  of  the  [BC]  segment 
which  is  traced,  and  in  the  other  hand 
the  distance  from  point  A  to  point  C. 


En  uoliswt  U  regie  graduee, 
mesure  en  centimetres : 

U  longueur  du  segment  (BC]  : 
|BC-  .cm] 

A 

*  c 

La  distance  du  point  A  au  point  C 
:|AC  -  cm| 

The  difficulties  of  the  directions  and  measuring  the  two  segments  measuring  difficulty  are  quite  the 
same,  and  very  well  got  over,  since  93.2  %  of  the  pupils  succeed  in  the  first  question.  But  only  54.4 
succeed  the  second  question.  Unfortunately,  all  the  errors  are  not  identified  but  it  is  said  that  23.6% 
badly  position  their  rulers  (1.8%  for  the  first  one),  and  10%  measured  and  gave  AB+BC  or  AD+DC 
instead  of  AC.  The  non  response  percentage  is  very  low. 

One  might  think  that  those  pupils  don't  know  the  meaning  of  the  word  "distance".  But  in  the  1991 
tests,  the  same  question  (measure  the  distance  between  two  points  of  a  traced  segment),  the  success 
score  had  been  91%. 

Consequently,  we  can  assign  this  difference  to  the  influence  of  the  heterogeneous  micro  spatial 
representation  (in  the  solid-void  meaning)  applied  to  the  paper  sheet  space. 

The  obstacle  to  a  punctual  conception  of  geometrical  figures  showed  by  different  researchers 
(Artigue  and  Robinet  1982)  (Grenier  1988)  is  a  very  clear  consequence  of  the  figures  taught  as  objects, 
obviously  micro  space  objects. 

Bautier  (1987)  showed  the  heterogeneity  of  IS  year  (and  more)  old  pupils'  spatial  representations 
from  the  solid  and  void  point  of  view,  at  the  time  of  conic  perspective  learning.. 
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b)  The  angle  teaching  didactic  obstacle 

We  point  here  to  a  string  of  well  known  errors  or  blocks,  attested  up  to  the  angle  definition  in  some 
mathematical  books  (Berdonneau  1980),  linked  with  the  attribution  to  angles  of  sides  traced  length 
properties. 

We  showed  that  these  errors  can  easily  be  explained  if  you  see  how  the  teaching  presents  angles  as 
(micro  spatial)  objects  from  traced  sides :  "this  is  an  angle..." 

We  developed  in  the  COREM,  with  10  and  11  year  old  pupils,  a  very  well  controlled  alternative 
process  of  teaching  angles,  which  saves  from  presenting  angles  as  objects,  and  we  found  that  we  could 
save  teachers  and  pupils  from  the  usual  obstacle. 

c)  The  over-figures  and  under-figures 

many  researches  showed  the  pupils  difficulty  (13  year  old  and  after)  to  consider  the  possibility  to 
include  the  figure  they  traced  in  an  over-figure  to  be  traced  or  to  consider  under  figures,  by  mental 
removal  of  some  of  their  elem  s. 

The  analysis  of  the  traced  figures'  teaching,  during  the  elementary  schooling,  shows  that  these 
figures  are  always  assimilated  to  concrete  objects.  The  micro  spatial  representation  is  implicitly 
solicited  in  this  environment,  and  becomes  an  obstacle  to  a  geometrical  treatment.  So  are,  for  example 
the  segment  continuation  difficulties  (Grenier  1988)  or  the  treatment  of  non  connect  figures. 

2)  Curricula  problems 

We  examined  the  balance  between  the  use  of  the  showing  geometrical  teaching  method  (until  14 
year  old)  and  the  restriction  of  the  interactions  with  a  sensible  space  to  micro  spatial  interactions  with 
the  paper  sheet  space. 

This  method  persistence  and  reappearance  as  a  disguised  showing  method  ("what  can  you  tell 
about  ?")  is  explained  :  it  allows  the  teaching  process  to  expel  the  effective  space  problems,  and  seems 
to  take  into  account  the  pupil's  activity. 

The  consequence  is  that  the  deductive  geometric  teaching  will  be  remit  into  an  exclusion  expulsion 
of  sensible  space  out  of  the  classroom  practices,  and  not  by  its  mastering. 

The  flat  triangle  problem  (4cm,  9cm,  5cm)  studied  by  Arsac  (1989)  shows  the  logic  of  this 
exclusion  :  the  teacher  can't  accept  the  real  triangles  obtained  by  pupils,  which  puts  in  contradiction 
the  showing  method  of  teaching  and  the  mathematical  requirement  of  the  three  points  alignment.  So 
the  real  space  must  be  excluded  to  let  deductive  geometry  exist. 

3)  Engineering  problems 

So,  if  you  limit  yourself  to  micro  spatial  interactions,  it  is  impossible  to  organise  teaching  processes 
which  help  pupils  construct  good  space  geometric  models  by  effective  interactions  with  space. 

Let  us  take  the  example  of  tracing  a  superimposed  figure  to  another.  To  make  pupils  become  aware 
of  the  geometrical  properties,  the  space  interactions  must  not  be  micro  spatial  interactions,  which 
allow  pupils  to  compare  continuously  the  traced  object  and  its  model,  but  meso  or  macro  spatial 
interactions  ;  we  found  these  conditions  in  the  carpenter's  work  when  he  must  prepare  on  the  ground 


a  beam  so  that  it  can  adapt  to  a  particular  place  in  the  framework,  or  in  the  work  of  the  glazier  who 
must  cut  a  parallelogram  shaped  glass  pane  in  its  workshop. 

Following  Galvez  (1985),  we  showed  (1992  and  1993)  that  some  space  interactions  conditions 
which  are  specific  to  macro  spaces  can  be  introduced  in  the  teaching  situations  inside  the  classrooms. 
These  situations  allow  pupils  to  interact  effectively  with  a  sensible  space  and  construct  some  learning 
which  were  blocked  in  the  usual  teaching  situations. 

By  these  methods,  we  built  and  studied  in  detail  two  teaching  learning  processes  : 

-  The  first  aims  at  some  macro  spatial  learning  that  the  school  should  make  each  pupil  succeed  :  to 
be  able  to  relate  a  real  space  and  a  plan  of  it.  We  worked  with  a  class  of  9  year  old  pupils.  One  year 
later,  those  pupils'  abilities  were  better  ,  with  a  significant  difference,  than  1 1  year  old  pupils'  of  a 
similar  class  in  the  same  school.  Weil  Fassima  and  Rachedi  (1993)  noted  the  difficulties  of  adults  in 
similar  tests. 

-  The  second  aims  at  an  elementary  geometric  learning  :  it  is  a  teaching  process  of  sector  angles, 
for  10  and  1 1  year  old  pupils.  We  showed  that  the  usual  obstacle  -  the  sides  length-  that  we  link  with 
the  micro  spatial  representation,  can  be  avoided  by  this  kind  of  process,  where  an  angle  is  not  an 
image  of  a  concrete  object,  but  firstly  a  means  to  get  and  treat  pertinent  information  about  some  kind 
of  object.  So  we  proved  that  the  difficulties  met  by  teachers  and  pupils  about  sides  length  is  an  effect 
of  didactic  choices,  and  not  a  specific  pupils'  problem  about  angles. 

V.  Conclusion 

We  hope  we  showed  you  that  the  hypotheses  of  Brousseau  (1983)  and  Galvez  (1985)  are  confirmed 
by  a  lot  of  corroborating  and  socially  important  facts. 

The  previous  examples,  and  many  others,  enable  us  to  support  the  hypothesis  that  an  important 
proportion  of  16  year  old  French  pupils  leave  the  compulsory  school  attendance  only  provided  with 
common  and  heterogeneous  space  representations, 

-  which  are  inadequate  in  relation  with  people's  needs  in  the  today's  society,  particularly 
concerned  by  space  graphics, 

-  which  have  not  been  improved  by  the  teaching  of  geometry, 

-  which  have  been  an  often  still  are  obstacles  to  a  geometrical  learning. 

Otherwise,  we  showed  that  it  is  possible  to  facilitate  some  important  space  learning  by  choosing 
some  didactic  variables  in  order  to  simulate,  in  a  school  limited  space,  some  specific  macro  spatial 
conditions  of  interactions. 
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ONE'S  COMPANY,  TWO'S  A  CROWD  -  PUPILS'  DIFFICULTIES 
WITH  MORE  THAN  ONE  VARIABLE 


J.  E.  Binns 


Open  University,  Milton  Keynes,  U.K. 


I  give  some  accounts  of  and  for  difficulties  faced  by  sixteen- 
and  seventeen-year-old  pupils  in  meeting  situations  where 
they  have  to  deal  with  more  than  one  variable.  I  describe  one 
approach  to  overcoming  these  difficulties. 


Pupils'  difficulties  with  early  algebra  are  well-documented  if  not  well 
understood.  In  particular  there  is  a  lot  of  research  evidence  of  pupils' 
discomfort  with  the  presence  of  an  "unknown".  The  CSMS  research,  for 
example  (Kuchemann  1981),  identifies  "letter  evaluation"  as  a  common  strategy 
for  dealing  with  an  unknown  or  variable.  The  researchers  found,  in  other 
words,  that  faced  with  a  letter  in  place  of  a  number,  pupils  would  often  invent  a 
replacement  number  to  use  rather  than  deal  with  the  letter  as  a  variable.  It  may 
be  that  the  ubiquity  of  this  reaction  is  related  to  the  historical  emphasis  on 
solving  equations  in  the  British  early  algebra  curriculum. 

My  interest  is  in  older  pupils  and  the  difficulties  they  face  with  more  advanced 
algebra.  In  particular  I  have  been  studying  situations  where  pupils  are  faced 
with  problems  involving  two  or  more  variables  which  play  quite  different  roles. 
Some  examples  of  these  situations  are 

using  "standard"  forms  such  as  y=mx+c,  axz+bx+c=0,  where  the  roles  of  the 
x  and  y  variables  are  familiar,  but  a,  b,  c  and  m  are  replacements  for  what 
have,  up  till  now,  been  numbers 

considering  functions  such  as  k(k-l)x2+2(k+3)x+2  in  which  the  roles  of  the 
two  variables  could  be  seen  as  equivalent  but  are  more  likely  to  be  seen  as  very 
different  because  of  the  familiarity  of  one  (x)  and  the  relative  unfamiliarity  of 
the  other 

using  the  notion  of  a  variable  point,  (x,  y)  or  (a,  b)  rather  than  a  single 
variable,  or  of  a  variable  line  or  curve. 
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I  will  offer  you  some  short  accounts  of  pupils'  working  on  these  types  of  problems, 
together  with  some  reflections  on  and  accountings  for  these  events.  My  aim  in 
doing  this  is  to  recall  for  you  the  similar  experiences  that  you  may  have  had  and  to 
encourage  you  to  use  your  recollection  of  such  events  to  enter  into  my  reflections. 

Each  of  the  following  accounts  is  of  an  event  in  the  same  classroom  in  a  local 
school.  I  have  been  working  with  this  class  and  their  teacher  twice  a  week  since 
September  1993.  They  are  studying  the  Pure  Mathematics  component  of  an  'A'- 
level1  course  in  mathematics  and  aro  mainly  aged  16  and  17  years.  Peter  is  their 
teacher  and  any  other  names  used  in  the  accounts  are  of  members  of  the  class. 

Peter  spends  today's  lesson  going  through  the  test  which  the  class  did 
last  Thursday. 

Question  5  has  caused  difficulties  for  everybody  (nobody  has  got  any 
marks  for  it)  and  reads 

"A  point  P,  co-ordinates  (or,  b)  is  equidistant  from  the  x-axis  and  the 
point  (3,  2).  Find  a  relationship  connecting  a  and  b." 

Peter  says  that  he  cannot  understand  why  it  was  difficult  and  asks  the 
class  why  they  have  found  it  difficult.  David  H  replies  that  it  is 
complicated  and  that  "you  have  to  remember  all  the  formulas". 

Peter  asks  them  to  write  down  the  two  distances  involved  i.e.  the 
distance  from  (a,  b)  to  (3,  2)  and  the  distance  from  (a,  b)  to  the  x-axis. 
We  both  walk  around  the  class  giving  assistance  as  they  do  this. 

I  speak  to  James,  Ewan,  Mai  and  Simon  C,  in  particular  to  James.  He 
has  drawn  a  diagram  showing  the  position  of  (3,  2)  and  the  axes  but 
has  not  marked  on  (a,  b).  I  ask  him  where  he  is  going  to  put  (a,  b)  and 
he  says  that  he  does  not  know.  I  say  that  it  is  a  general  point  and  can 
go  anywhere.  He  is  trying  to  place  it  so  that  it  is  equidistant  from  (3,  2) 
and  the  x-axis.  I  assure  him  that  this  is  not  necessary  and  suggest  a 
general  area  in  which  he  should  place  it.  Meanwhile  Simon  has 
placed  his  (a,  b)  on  the  x-axis.  I  suggest  that  he  put  it  somewhere  else 
and  he  says  "But  you  said  it  could  go  anywhere!"  When  they  have  got 


I'A'-level  is  the  main  academic  qualification  taken  at  18  plus  in  England  and 
Wales.  Most  Universities  accept  it  as  an  entrance  qualification. 
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suitable  diagrams  I  ask  them  to  find  the  distance  between  the  two 
points.  Nobody  mentions  the  formula  for  finding  the  length  of  a  line 


joining  two  given  points  so  I  ask  them,  by  pointing  at  the  diagram, 
about  the  horizontal  and  vertical  distances  from  the  axes  of  the  two 
points  (3,  2)  and  (a,  b).  James  knows  that  the  horizontal  distance  of  (3, 
2)  from  the  y-axis  is  3.  When  I  ask  him  the  horizontal  distance  from 
the  y-axis  to  (a,  b)  (by  pointing)  he  says  "It  looks  about  1".  I  say  "I  don't 
want  'it  looks  about I  want  an  exact  distance".  He  says,  "Okay, 
exactly  1  then!" 

After  this  I  point  out  that  the  distance  is  a  and  they  go  on  to  write  down 
the  length  of  the  line  joining  the  two  points  without  much  prompting 
from  me.  Simon  C  seems  more  confident  than  James. 

Peter  is  an  enthusiastic  and  well-informed  teacher  of  six  years'  experience  and  he 
had  had  time  since  marking  the  test  papers  to  consider  why  it  was  that  the  question 
had  proved  so  difficult  for  everybody  in  the  class.  Yet  he  did  not  anticipate  the 
nature  of  the  problem  that  some  pupils  were  having.  Speaking  to  me  the  following 
day  he  said  that  dealing  with  (a,  b)  as  a  general  point  was  so  familiar  to  him  that 
could  not  see  where  the  difficulties  lay  for  the  pupils. 

I  interpret  James'  initial  behaviour  as  being  similar  to  that  of  the  pupil  who  wants 
to  know  the  value  of  the  letter.  He  interprets  the  action  of  placing  (a,  b)  on  the 
diagram  as  equivalent  to  choosing  values  for  a  and  b  and  so  he  is  cautious  about 
where  to  place  it.  In  particular  he  tries  to  place  it  so  that  the  condition  expressed  in 
the  question  is  true.  Because  he  sees  the  placement  as  assigning  values  to  a  and  b, 
when  I  ask  him  about  the  distance  from  (a,  b)  to  the  y-axis  he  gives  me  a  numerical 
answer.  The  more  experienced  mathematician  can  cope  with  this  feature  of 
geometry,  that  a  representation  which  is  necessarily  particular  can  be  treated  as 
general.  She  can  distinguish  those  properties  of  the  point  which  would  be  true  of 
any  point  from  those  which  are  consequences  of  its  particular  position. 

One  interpretation  of  Simon's  behaviour  is  that  he  had  sufficient  confidence  in  my 
statement  that  (a,  b)  could  go  anywhere  to  place  it  somewhere  which  was 
convenient  for  the  subsequent  working.  What  is  clear  is  that  he  failed  to 
distinguish  between  general  and  particular  properties  of  (a,  b). 

My  second  extract  is  from  an  earlier  lesson  in  which  we  had  been  working  on  the 
equations  of  straight  lines  defined  by  various  properties.  Prior  to  the  events 
described  in  this  extract  I  had  asked  them  to  write  down  the  equation  of  a  straight 


line  with  gradient  3  and  intercept  with  the  y-axis  at  (0,  1).  Next  they  had  to  write 
down  the  equation  of  a  straight  line  with  gradient  3  and  intercept  at  (0,  -3),  and  then 
a  general  equation  for  a  straight  line  with  gradient  3.  After  that  I  showed  them 
how  to  find  the  equation  of  a  straight  line  with  gradient  3  and  going  through  the 
point  (2,  8).  This  process  involved  substituting  the  values  2  and  8  for  x  and  y  in  the 
equation  y=3x+c.  They  did  one  more  similar  question  themselves  and  then  I  split 
them  into  pairs  and  asked  one  of  each  pair  to  explain  to  the  other  in  general  terms 
the  process  by  which  they  had  found  the  equation  of  a  straight  line  given  the 
gradient  and  a  particular  point  on  the  line. 

Quite  early  in  the  lesson  I  ask  them  to  find  the  equation  of  a  straight 
line  with  gradient  m  and  going  through  the  point  (x„  y,).  Although  we 
have  done  two  particular  examples  of  this  process  and  they  have 
described  the  process  to  each  other,  they  find  this  very  difficult.  In 
particular  there  is  a  lot  of  confusion  about  the  roles  of  x  and  y  and  x, 
and  y,.  For  example,  having  used  the  equation  y,=mx,+c  to  find  an 
expression  for  c,  Gary  substitutes  this  expression  for  c  into  the 
equation  y,=mx,+c  and  gets  0=0.  Sonny  gets  the  equation  basically 
correct  but  cannot  decide  which  of  the  *s  and  ys  should  have 
subscripts.  There  is  again  some  difficulty  when  I  ask  them  to  check 
their  formula  with  a  numerical  example.  Some  do  not  realise  that  they 
must  leave  x  and  y  and  substitute  the  given  numbers  for  m,  x,  and  yt. 

The  roles  of  x  and  y  in  this  problem  are  familiar  to  the  pupils,  though  their  ability  to 
deal  with  them  is  not  necessarily  robust.  I  shall  refer  here  to  the  role  of  x  and  y  as 
that  of  variable.  Each  of  them  takes  no  specific  value,  either  known  or  unknown. 
Their  importance  is  not  in  the  values  they  take  but  in  their  relationship  to  each 
other.  For  these  pupils  the  form  y=mwc  has  become  a  representation  of  a  straight 
line,  and  they  can  substitute  numbers  for  m  and  c  and  interpret  the  meaning  of  the 
equation.  However,  the  introduction  of  another  type  of  literal  symbol  changes  the 
level  of  difficulty  of  the  problem  for  them.  Firstly  the  role  of  m  is  slightly  changed. 
It  is  no  longer  to  be  replaced  by  a  number  immediately  and  before  any  manipulation 
is  required.  It  is  no  longer  simply  a  placeholder.  It  is  an  unknown-to-be-given2  but 
the  stage  at  which  it  will  be  given  has  been  delayed.  Secondly  the  point  through 


2The  person  usually  credited  with  first  using  letters  in  this  way  is  Vieta  (see,  for 

example,  van  der  Waerden  (1985)  p85).  He  did  this  in  the  context  of  writing  a 
general  method  for  solving  certain  types  of  equation  and  used  consonants  for 
unknown-to-be-given  quantities  to  distinguish  them  from  unknown-to-be- 
found  quantities  which  were  represented  by  vowels. 
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which  the  line  must  pass  is  now  represented  by  letters  rather  than  numbers.  These 
are  also  unknowns-to-be-given  and  must  be  worked  with  as  letters  in  the  first 
instance. 

Gary  fails  to  distinguish  between  the  roles  of  variable  and  unknown-to-be-given. 
The  letters  x  andy  never  enter  into  his  calculations,  x,  andy,  playing  both  roles. 
Sonny  knows  that  there  are  two  types  of  literal  symbol  involved  (he  has  made  no 
attempt  to  simplify  an  equation  which  involves  two  appearances  of  x  and  y  )  but 
their  similarity  confuses  him  and  he  ends  with  no  clear  picture  of  their  roles. 

The  events  described  in  my  third  extract  took  place  two  weeks  after  those  of  the 
second  extract. 

After  some  work  on  the  remainder  and  factor  theorems  and  on  division 
of  polynomials,  Peter  asks  the  class  to  factorise 

(1)  x3-l 

(2) 

(3)  xV-a* 

(4)  *W 

We  both  walk  around  the  class  looking  at  students'  work.  David  and 
Gary  are  the  first  to  finish  (1)  and  (2).  In  question  (1)  they  have 
identified  (x-1)  as  a  factor  by  seeing  that  f(l)  is  zero  and  have  then  used 
long  division  to  find  the  other  factor.  In  question  (2)  they  have  used  the 
same  method.  When  I  reach  them  they  are  beginning  (3)  and  remark*, 
"If  we  had  done  this  one  first  we  needn't  have  bothered  with  the  first 


Some  time  later  I  go  to  the  table  where  Sonny  is  working.  He  is  also 
about  to  begin  (3).  He  asks  for  my  help,  saying  "I  don't  know  what  a 
is".  I  tell  him  that  he  cannot  find  out  what  a  is.  Somebody  else  at  the 
table  attracts  my  attention  for  a  moment  and  when  I  return  to  Sonny 
he  is  keying  something  in  on  his  calculator.  I  tell  him  that  it  is  no  use 
trying  to  use  his  calculator  since  he  does  not  know  the  value  of  a  .  He 
seems  stuck  so  I  say  that  (3)  is  really  a  generalisation  of  (1)  and  (2)  and 
explain  that,  in  (2)  the  8  can  be  seen  as  23,  so  that  it  conforms  to  the 
pattern  expressed  in  (3).  I  ask  him  to  find  the  linear  factor  of  x3  -27  = 


two". 
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*3-33,  which  he  does  without  difficulty.  Then  I  ask  him  for  the  linear 
factor  of  z^-lS3.  He  pauses  a  long  time  over  this,  then  reaches  for  his 
calculator  to  work  out  163.  After  another  long  pause  he  says  "a:- 16?"  I 
go  on  to  show  him  how  to  do  (3),  relating  it  to  these  special  cases. 

After  another  few  minutes  Simon  asks  for  help.  He  has  started  (3)  but 
has  put  (x-a3)  as  the  linear  factor.  Ewan  and  I  explain  to  him  why  this 
is  wrong.  My  argument  is  along  the  lines  that  Ra3)  is  not  zero.  Ewan 
says  "It's  Ra)  because  it's  like  the  others". 

In  this  lesson,  which  was  focussed  on  methods  of  factorising  polynomials  and 
solving  polynomial  equations,  Peter  wanted  to  take  the  opportunity  to  introduce  the 
pupils  to  the  factorisations  of  a3-b3  and  tf+b3-  All  the  polynomials  they  had 
factorised  so  far  were  in  x  and  had  numerical  coefficients.  The  three  conversations 
I  report  seem  to  me  to  represent  different  stages  in  the  development  of  an 
appreciation  of  the  connection  between  (1)  to  (3).  Sonny's  original  statement  ("I 
don't  know  what  a  is")  betrays  that  the  unfamiliarity  of  this  situation  had  thrown 
him  back  into  the  state  of  wanting  to  evaluate  the  letter.  Notice  that  he  was  not 
concerned  that  he  did  not  know  what  x  was.  The  role  of  x  as  a  variable  (in  the  sense 
I  used  earlier)  was  well-established.  By  the  end  of  my  conversation  with  Sonny  he 
still  was  not  comfortable  with  the  presence  of  a  .  His  hesitation  and  use  of  the 
calculator  in  factorising  ^-163  indicate  that  the  commonality  of  form  of  (1)  to  (3)  was 
not  apparent  to  him. 

Ewan,  on  the  other  hand,  had  seen  the  connection  between  the  first  three 
expressions  and  was  using  his  experience  of  the  first  two  to  solve  the  third.  In  fact 
he  preferred  his  explanation  "It's  Ra)  because  it's  like  the  others"  to  mine  (Ra3)  is 
not  zero).  The  "pattern"  which  he  had  seen  was  then  more  salient  to  him  than  the 
method  which  he  used  in  performing  the  first  two  factorisations. 

David  and  Gary  had  seen  not  only  that  (3)  conformed  to  the  same  pattern  as  (1)  and 
(2)  but  also  that  (1)  and  (2)  were  special  cases  of  (3),  that  they  were  therefore 
included  in  it.  This  aspect  of  the  role  of  the  unknown-to-be-given  was  not 
emphasised  by  the  way  in  which  the  task  was  set.  The  special  cases  were  set  up  to 
lead  to  the  more  general  case  rather  than  to  flow  from  it. 

This  kind  of  "top-down"  generalisation,  which  starts  with  the  general  and  moves  to 
the  particular  is  labelled  by  Krutetskii  (1976)  as  "on-the-spot  generalisation"  and 
identified  by  him  as  a  feature  of  the  work  of  very  able  pupils.  Davydov  (1990) 
suggests  that  the  top-down  approach  should  be  used  in  mathematics  teaching  with 
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pupils  of  all  abilities  and  ages  and  that  the  alternative  "inductive"  or  "special  to 
general"  approach  is  most  commonly  used  in  schools  now  (that  is  in  Soviet  schools 
of  the  nineteen  sixties)  and  has  failed.  The  teaching  strategies  he  suggests  include 
the  use  of  letters  to  stand  for  quantities  which  will  not  for  the  moment  be 
enumerated,  for  example  the  length  of  a  stick. 

The  approach  with  which  I  have  begun  experimenting  in  this  class  falls,  I  think, 
somewhere  between  the  two.  I  have  tried  to  use  a  technique  which  I  have  labelled 
the  "generic  example".  By  this  I  mean  that  I  have  approached  a  generalisable 
procedure  by  tackling,  in  front  of  the  class,  a  particular  example,  but  using  it  to 
point  to  the  general.  During  the  exposition  I  would  repeatedly  stress  that  my  choice 
of  numbers  has  been  (at  least  in  some  sense)  arbitrary  and  that  other  numbers 
could  have  been  used  in  their  place.  I  would  leave  numerical  expressions 
unevaluated  until  the  last  possible  moment  so  that  the  structure  of  the  solution 
would  remain  visible.  I  would  refer  to  a  number  as,  for  example  "the  ^-coordinate 
of  the  first  point",  rather  than  using  its  numerical  value.  This  then  leads  into  a 
general  expression  of  the  procedure. 

I  have  also  begun  to  leave  parts  of  this  process  to  the  pupils,  at  the  same  time 
making  explicit  to  them  what  I  am  aiming  to  do  and  why. 

It  is  my  hope  that  being  party  to  this  process  will  assist  pupils  in 

clarifying  the  distinction  between  variable  and  unknown-to-be-given  -  they 
will  have  seen  a  set  of  numbers  being  replaced  by  the  letters  representing  the 
unknown-to-be-given 

appreciating  what  is  meant  by  "the  letter  could  stand  for  anything"  and 
overcoming  the  need  to  evaluate 

understanding  which  aspects  of  a  "specific  but  standing  for  general" 
diagram  are  specific  and  which  are  general 

speeding  up  or  removing  the  need  for  "inductive  generalisation"  of  the 
kind  envisaged  by  Peter  in  my  third  extract 
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THE  ANAL6EBRAIC  NODE  OF  THINKING  -  THE  CASE  OF  PARAMETER 

Hava  Bloedy-Vinner 
Hebrew  University,  Jerusalem,  Israel 

Abstract:    Algebraic  language    Is    analysed   for   the   case  of 

parameter.  The    term   analgebraic    is   defined.  A  conceptual 

framework  1s  suggested   to   explain   students'    difficulty  to 

distinguish  between   the   role   of   parameters  and  the  role  of 

unknowns  and  variables.  The  difficulty  and  its  explanation  are 

illustrated  with   data   from   students'    written  responses  and 
interviews. 

1.  Introduction 

There  are  many  studies  about  students'  difficulties  with  algebraic 
langauage.  This  paper  presents  a  part  of  a  study  in  which  I 
suggest  a  conceptual  framework  for  dealing  with  phenomena  related 
to  these  difficulties,  some  of  which  are  well  known  and  treated  in 
literature,  and  some  less  known  or  less  treated. 
The  understanding  that  learning  algebra  includes  the  acquisition  of 
algebraic  language  lies  behind  all  related  research.  In  my  study  I 
attempt  to  systematically  analyze  the  structure  of  algebraic 
language,  compare  it  to  the  structure  of  natural  language,  and 
learn  about  the  influence  of  the  latter  (for  better  or  for  worse) 
on  the  acquisition  of  algebraic  language. 

It  turns  out  that  many  students  do  not  understand  algebraic 
language  correctly,  and  as  a  result,  their  thinking  and  performance 
are  badly  affected.  I  would  like  to  call  this  language  deficiency 
analaebraic  (and  use  the  word  algebraic  here,  to  describe 
understanding  of  algebraic  language).  The  meaning  of  these  terms 
vary  from  one  context  to  another.  In  this  paper  I  will  deal  with 
the  analgebraic  mode  of  thinking  in  the  context  of  parameter. 

2.  Letters  can  be  used  In  different  ways 

Although  letters  in  algebraic  expressions  always  denote  numbers, 
and  the  meaning  of  an  expression  is  always  a  number  (or  a  process 
which  results  1n  a  number),  there  is  another  level  of  meaning  that 
depends  on  the  context  and  application  of  the  expression. 
Kuchemann  (1981),  and  Usiskin  (1988)  suggest  the  following  usage 
and  meanings  for  letters: 

(1)  Generalized  numbers  (pattern  general izers) ,  used  in  rules, 
patterns,  and  formulae,  e.g.  a+b«b+a  or  A"LW  (area  of  rectangle). 

(2)  Specific  unknowns,  used  when  solving  equations. 
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(3)  Variables  (function  arguments),  used  when  the  referents  of 
letters  vary,  as  1n  "what  happens  to  the  value  of  1/x  as  x  gets 
larger  and  larger?"  (Uslskln  1988),  or  1n  "which  1s  larger,  2n  or 
n+2?"  (Kuchemann  1981). 

Sfard  i  UnchevsM  (to  appear)  use  the  terms  algebra  of  fixed  value 
for  usage  of  letters  as  specific  unknowns,  and  functional  algebra 
for  usage  of  letters  as  variables. 

In  this  paper,  I  would  like  to  distinguish  between  using  letters  as 
parameters,  and  using  letters  as  unknowns  or  variables.  Like  the 
above  mentioned  distinctions,  this  distinction  too  depends  on  the 
context  and  application  of  the  algebraic  expressions. 

3.    Paruwter  1n  high  school  algebra 

In   high    school    algebra  parameter  1s  encountered  explicitly  when 

learning  about  parameter  as    such,    as   well    as    implicitly,  when 

learning    about    families    of   equations  (as  in  analytic  geometry), 

families  of  functions,  and  in  some  problem  solving. 

Here  are  some  examples  of   problems   and    statements    that  involve 

parameters: 

(a)  In  the  following  equation  x  is  an  unknown  and  m  is  a  parameter: 
m(x-5)-m+2x.  For  what  value  of  the  parameter  m  will  the  equation 
have  no  solution? 

(b)  The  graph  of  (x-m)2+(y-n)2-R2  1s  a  circle. 

(c)  Find  an  equation  for  the  line  through  (2,5)  with  slope  3. 

(d)  Write  the  coordinates  of  the   extremum   of   the   graph    of  the 

2 

function  y-ax  +bx+c. 

(e)  X  1s  the  price  of  one  pencil.  Find  the  price  of  one  eraser  if 
I  paid  $K  for  10  pencils  and  7  erasers. 

The  knowledge  of  which  letters  are  meant  to  be  parameters  and  which 
aro  unknowns  or  variables  1s  not  built  Into  the  expression  or  the 
equation  Itself.  This  knowledge  1s  sometimes  gained  from  an 
explicit  declaration  about  which  letters  are  used  as  parameters,  as 
1n  example  (a),  sometimes  from  common  knowledge  about  types  of 
equations  or  functions  as  1n  examples  (b)-(d),  and  sometimes  by  the 
formulation  of  the  question  as  1n  example  (e). 

Moreover,  the  meaning"  of  a  letter  as  a  parameter  or  as  an  unknown 
or  variable,  might  change  throughout  the  process  of  solving  a 
problem  as  in   example    (c).     Solving    this   problem   starts  with 


writing  an  equation  y-ax+b,  where  common  knowledge  determines  that 
x  and  y  are  variables  whereas  a  and  b  are  parameters.  The  process 
continues  by  substituting  the  constant  3  for  a,  .  and  solving  an 
equation  with  unknown  b,  where  constants  are  substituted  for  x  and 
y.  The  process  terminates  by  substituting  the  constants  found  for 
a  and  b,  and  by  letting  x  and  y  be  variables  in  y«3x-l. 

4.  The  algebraic  and  the  analgebralc  modes  of  thinking  in  the 
context  of  parameter 

Understanding  algebraic  language  related  to  parameter  means 
understanding  from  the  context,  which  letters  are  used  as 
parameters,  and  understanding  the  role  of  parameters  as  opposed  to 
the  role  of  unknowns  or  variables.  The  different  roles  are 
explained  by  the  fact  that  an  equation  or  a  function  with 
parameters  stands  for  a  family  of  equations  or  functions,  where 
specific  instances  may  be  created  by  substituting  numbers  for  the 
parameters,  while  the  other  letters  still  assume  the  roles  of 
unknowns  or  variables. 

In  understanding  this  difference  of  roles,  there  are  some  implicit 
quantifiers  involved.  (The  existence  of  implicit  quantifiers,  in  a 
different  mathematical  context,  have  already  been  mentioned  by  Esty 
(1992).) 

Let  me  specify  the  quantifier  structures  corresponding  to  equations 
with  parameters.  I  will  use  example  (a)  from  the  above  (this  is  an 
equation  with  a  parameter  and  an  unknown.  A  similar  treatment  can 
be  given  to  equations  with  parameters  and  variables): 
(al)  "for  all  m,  there  exists  E(x),  so  that  E(x)  is  the  equation 
m(x-5)»m+2x" 

This  means  that  in  E(x)  here,  m  (having  been  quantified)  is  now  a 
specific  constant,  and  x  is  an  unknown. 

Note  that  the  existential  quantifier  in  this  statement  is  of  second 
order,  namely,  quantifying  an  equation  and  not  a  number.  As  will 
presently  be  shown,  this  quantifier  may  be  followed  by  different 
statements  about  the  equation. 

The  difference  between  the  roles  of  parameters  and  the  roles  of 
other  letters  is  related  to  a  dynamics  of  possible  substitutions; 
first  substitute  for  the  parameter,  get  an  equation,  then 
substitute  for  the  unknowns  or  variables  to  check  if  the  equality 
holds.     This  dynamics  may  be  expressed  by  adding  (a2)  to  (al)  from 
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above: 

(a2)  "...  and  for  all  x,  E(x)  is  either  true  or  false" 

(meaning  that  each  x  may  or  may  not  be  a  solution  of  E(x).) 

Note    that    the   unknown    is   quantified     in    (a2)    after  having 

quantified  the  parameters  and  the  equation  in  (al). 

This   order  of  quantifiers  expresses  the  dynamics  of  substitutions. 

which  is  characteristic  of  equations  with  parameters. 

In  specific  parameter  tasks,  one  is  asked  to   find   values   of  the 

parameters    for   which    the  equations  have  special  properties.  To 

continue  with  example  (a),  (al)  should  now  be  followed  by  (a3): 

(a3)  "there  exists  m,  so  that  E(x)  has  no  solution" 

where  the  latter  part  may  be  expressed  by  (a4): 

(a4)  "there  does  not  exist  x,  so  that  E(x)  holds" 

Here  again,  as  in  (a2),  the  quantification  of  x   comes    only  after 

the  existential  quantification  of  the  equation,  performed  in  (al). 

If  we  look  at  natural  language,  we  might  find  structures  similar  to 
unknowns  ("someone  called")  or  to  generalized  numbers  ("kids  like 
ice  cream").  In  natural  language,  there  do  not  exist,  though, 
structures  similar  to  usage  of  variables  and  parameters,  nor 
structures  with  (implicit)  quantifiers  which  are  as  complex  as 
described  here. 

The  analqebraic  mode  of  thinking  in  the  context  of  parameter  means 
failing  to  understand  these  implicit  quantifier  structures.  As 
will  be  shown,  the  analgebraic  students,  will  wrongly  (implicitly) 
quantify  unknowns  and  variables  before  quantifying  the  equations. 
The  failure  to  distinguish  between  roles  of  parameters  and  other 
letters  is  almost  not  mentioned  in  literature.  Goldenberg,  Louis, 
&  O'Keefe  (1992)  mention  this  failure  in  the  context  of  graphing 
software.  Sfard  and  Linchevski  (to  appear)  bring  this  failure  as 
illustration  to  Sfard's  theory  of  reification. 

5.  Method 

As  mentioned  before,  the  purpose  of  this  study  is  to  examine  to 
what  extent  students  are  algebraic  or  analgebraic  in  the  context  of 
parameter.  For  this  purpose  1  compiled  a  questionnaire,  part  of 
which  is  presented  in  figure  1. 
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Figure  1:  Five  questions  administered  In  the  study 


1.  In  his  homework  assignment  Gadi  was  asked  to  explain  why  a 
line  has  infinitely  many  equations.    Gadi  answered:   A  line 
equation  Is  Ax+By-C,  and  there  are  Infinitely  many 
possibilities  for  x  and  y,  therefore  there  are  Infinitely 
many  equations.   What  do  you  think  of  his  answer? 

2.  Is  the  line  equation  y-b  a  specific  case  of  the  line  equation 
y-ax+b?   Explain  vour  answer  1 

3.  Students  were  asked  when  the' following  equation  was  not 
quadratic:  mx*+(m+5)x+m-l-0  (m  1s  a  parameter).  Av1  answered: 
when  m-0.    Michael  answered:  When  x-0.  What  do  you  think  of 
each  of  the  answers?    (right,  wrong,  explain  vour  answer  I) 

4.  A  number  A  1s  given.    Can  we  always  find  a  number  B  so 
that  (A-3)(B-2)-l?   Check  the  correct  answer: 

a.  Always.      b.  Only  when  B=)=2.      c.  Only  when  A^3. 
d.  Only  when  B=j=2  and  A=j=3. 

5.  Can  you  write  the  equation  of  a  circle  with  center  (4,6)  and 
radius  5  which  goes  through  (1,2)?   Check  the  correct  answer: 

a.  Yes,  the  equation  of  the  circle  is:  (x-m)J+(y-n)J-  R*. 

b.  Yes,  the  equation  of  the  circle  1s:  ( 1-4) 2+( 2-6) 2-25 . 

c.  Yes,  the  equation  of  the  circle  1s:  (x-4)*+(y-6)J-25. 

d.  No,  there  1s  superfluous  data. 


For  each  of  these  questions,  a  correct  answer  requires  an  (at  least 
Implicit)  understanding  of  the  order  of  quantification  as  described 
above,  while  a  wrong  answer  reflects  a  wrong  quantification  order. 
Task  analyses  will  be  given  in  the  next  section. 
The  questionalre  was  administered  to  Israeli  students  who  had  taken 
3-5  unit  matriculation  exams  in  mathematics  (a  unit  is  one  weekly 
hour  during  3  years  of  high  school).  They  answered  the  questions 
after  having  restudied  the  related  material  in  a  course,  at  the  end 
of  which,  they  repeated  the  matriculation  exam.  This  course  is  a 
part  of  a  one  year  university  program  for  students  who  do  not  meet 
university  admission  requirements.  By  a  rough  estimate,  more  then 
half  of  high  school  graduates  are  on  their  mathematics  level  or 
below.  Results  will  be  given  for  two  groups:  Group  A  of  48  students 
repeating  4  or  5  unit  exams,  and  preparing  to  study  science  at  the 
university,  and  group  B  of  34  students  repeating  the  3  unit  exam, 
and  preparing  to  study  humanities  or  social  sciences.  Some  students 
In  group  B  were  Interviewed  after  answering  the  questionalre. 


6.  Results 

For  all  questions,  answeres  were  classified  into  3  categories: 
Category  1:  The  algebraic  answers. 
Category  2:  The  analgebraic  answers. 

Category  3:  Answers  that  could  not  be  classified  according    to  the 
algebraic/anal gebraic  criterion,  and  will  not  be  analysed  here. 
The  distribution  of  the  answers  is  given  in  table  1. 
Let   me   now,  for  each  question,  give  its  task  analysis,  illustrate 
the  categories,  and  analyse  some  of  the  answers: 
Question  1:  The  correct  analysis  is:  "for  all  A,  B,  C,  there  exists 
an  equation  E(x,y)."    The  analgebraic  students  think  that:  "for  all 
x,  y,  there  exists  an  equation."     The     order   of   quantifiers  is 
implicitly  reflected  in  answers  in  categories  1  and  2.    All  answers 
that    related   correctly    to  the  roles  of  x,  y  and  of  A,  B,  C,  like 
"One  equation   with    infinitely   many   solutions"    or    "His  answer 
should   be  that  x  and  y  have  infinitely  many  combinations  that  when 
multiplied  by  constants  A  and  B  they  give  result  C,"  were  included 
in   category    1,    eventhough    they   do   not    point  out  Gadi's  wrong 
implication.     The  answer  "Gadi  is  wrong,  it  depends  on   A,    B,  C" 
does  point  this  out.    All  answers  that  justified  Gadi's  claim,  were 
included    in    category   2,  e.g.:  "Gadi's  answer  is  correct",  "true! 
each  number  we  substitute  for  x,  y  gives  a  different  result  for  the 
equation  (C)",  "His  answer  is  correct,  there    are    infinitely  many 
equations    because   on   the  line  there  are  infinitely  many  points." 
Apparently,  some  students  think  that  different  x,    y  substitutions 
make   different  equations  because  they  make  different  C's,  and  some 
think  that  each  substitution  is  in  itself  an   equation.     This  was 
also  supported  by  the  interviews,  which  for  lack  of  space  cannot  be 
quoted  here. 

Question  2:  The  correct  analysis  is:  "for  all  a,  b,  there  exists  an 
equation,  and  when  a-0,  that  equation  is  y«b."  The  analgebraic 
students  think:  "for  all  x,  there  exists  an  equation,  and  when  x-0, 
that  equation  is  y-b."  This  is  implicitly  reflected  in  the  answers 
"yes,  when  x-0"  and  "yes,  when  a-0  or  x-0"  which  are  in 
category  2.  The  answer  "yes,  when  a-0"  is  in  category  1.  Note, 
though,  that  in  the  interviews,  some  of  those  students,  readily 
accepted  x-0  as  an  additional  answer.  This  suggests  an  analgebraic 
mode  of  thinking  which  produced  a  seemingly  algebraic  response  only 
because  it  was  incomplete.     The  high  incidence   of  unclassifiable 
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answers    in  this  question  was  due  to  the  fact  that  students  did  not 

specify  the  substitution  in  their  explanations:    "yes,    when  ax-0" 

or  "yes,  y«b  is  a  specific  line  and  y»ax+b  is  a  general  line". 

Question   3:     The  correct  analysis  is:  "for  all  m,  there  exists  an 

equation,    and   there   exists   m,    so   that    the   equation    is  not 

quadratic,  and  this  m  is  m-0".    Analgebraic  students  wrongly  think: 

"for   all    x,  there  exists  an  equation,  and  there  exists  x,  so  that 

the  equation  is  not  quadratic,  and  this    x    is   x«0."     Category  1 

includes    all    answers    claiming   that   Avi  is  right  and  Michael  is 

wrong.     Some  of  the  answers  added   explanations    like  "...because 

then    [when    x«0]    it's  not  an  equation"  or  "...  with  parameter  you 

are  concerned  with  m,  not  with  x".     All  answers  justifying  Michael 

2 

were  included  in  category  2,  e.g.:     "Both    are   right    because  x 

becomes    zero."    or    "...  Michael    is  right  because  then  [when  x-0] 

m-l»0,  and  it  is  not  quadratic".     When  interviewing  these  students 

2 

it  was  found  that  they  (like   those   who   wrote   x     becomes  zero) 

2 

considered  "m-l=0"  not  quadratic  because  it  did  not  have  x  . 


Table  1:  Distribution  of  categories  1  (algebraic),  2  (analgebraic) 
and  3  (unci assifi able),  for  groups  A  (n«48),  B  (n-34). 


question 

group 

category  1 

category  2 

category  3 

no  answer 

1 

A 

26  (54%) 

14  (29%) 

8  (17%) 

0 

B 

5  (15%) 

22  (65%) 

1  (  3%) 

6  (17%) 

2 

A 

19  (40%) 

22  (46%) 

7  (14%) 

0 

B 

7  (21%) 

14  (41%) 

11  (32%) 

2  (  6%) 

3 

A 

27  (56%) 

18  (38%) 

3  (  6%) 

0 

B 

3  (  9%) 

29  (85%) 

1  (  6%) 

0 

4 

A 

8  (16%) 

39  (81%) 

1  (  3%) 

0 

B 

1  {  3%) 

31  (91%) 

2  (  6%) 

0 

5 

A 

33  (69%) 

13  (27%) 

2  (  4%) 

0 

B 

18  (53%) 

12  (35%) 

2  (  6%) 

2  (  6%) 

Question  4:  The  role  of  A  as  parameter  and  the  role  of  B  as  unknown 
are  declared  implicitly  by  the  formulation  of  the  question.  The 
correct  analysis  is:  "for  all  A,  there  exists  an  equation  E(B),  and 
when  A^3,  E(B)  has  a  solution  for  B"  (answer  c).  Answers  b  and  d 
wrongly  state:  "for  all  A,  B,  there  exists  an  equation  E,  and  when 
frf=2  (and  A^3)  that  equation  has  a  solution."  Category  1  includes 
answer   c,    and   category   2    includes  answers  b  and  d  (answer  a  is 
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category  3).  In  the  interviews  the  analgebraic  students  explained 
that  when  B-2  we  get  0«1  and  therefore  the  equation  has  no 
solution.  They  did  not  understand  that  by  substituting  8=-2,  one 
does  not  get  an  equation,  but  a  specific  substitution  inside  an 
equation,  and  therefore  the  correct  conclusion  should  be:  "8=2  is 
not  a  solution",  and  not:  "the  equation  has  no  solution." 
Question  5:  The  correct  analysis:  "for  all  m,  n,  R,  there  exists  an 
equation".  The  analgebraic  students  wrongly  think:  "for  all  a,  b, 
R,  x,  y,  there  exists  an  equation",  namely,  they  substitute  for  all 
5  letters  to  obtain  the  circle  equation  (being  tempted  to  do  so  by 
the  extra  given  point  (1,2).)  Thus,  category  1  includes  answer  c, 
and  category  2  includes  answer  b  (no  one  checked  answer  a.  Answer 
d  is  category  3) . 


7.  Conclusion 

Most  of  the  questions  had  a  high  rate  of  analgebraic  answers,  and 
even  a  routine  question  like  5,  was  answered  analgebraically  by 
many  students.  These  results  can  be  explained  by  the  fact  that  the 
notion  of  parameter  includes  implicit  but  unavoidable  quantifier 
structures  which  are  even  more  complex  then  advanced  notions  like 
(,6  definitions  in  calculus,  which  teachers  try  to  avoid. 
As  was  to  be  expected,  group  A  usually  performed  better  than  group 
B.  Question  2  is  an  exception.  This  may  be  due  to  the  higher 
technical  skill  of  group  A  which  led  them  to  specify  the 
substitutions  a=0,  x=0,  thus  performing  skillfully  but  analgeb- 
raically, not  paying  attention  to  the  meaning. 
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APPROACHING  RATIONAL  GEOMETRY: 
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Reflections  on  some  historical  and  epistemological  aspects  of  the  statements  of  theorems  in 
geometry  suggested  a  teaching  experiment  with  students  in  grade  VI I,  concerning  the  production  of 
geometry  statements  and  the  comparison  between  the  statements  produced  and  the  statements 
contained  in  the  text-books.  An  analysis  of  the  students' papers  proves  that  through  such  activities, 
in  an  adequate  educational  context,  they  are  able  to  approach  geometry  statements  constructively. 

1.  Introduction 

Research  concerning  the  didactical  and  cognitive  problems  about  approaching  theorems  and  proofs 
has  expanded  especially  on  the  proofs  (see  References):  particularly,  few  works  concerning  the 
construction  and  analysis  of  the  statements  of  rational  geometry  have  been  published.  This  report 
concerns  an  exploratory  study  on  the  students'  early  approach  to  the  statements  of  theorems  in 
geometry  through  the  production  of  statements  during  suitable  tasks,  and  the  comparison  between  the 
statements  produced  and  the  statements  in  the  text-books.  Our  hypothesis  is  as  follows:  in  an  adequate 
educational  context  students  from  11-12  years  of  age  should  be  able  to  perform  these  acliv'.ics  and 
constructively  approach  "rational  geometry" 

Our  research  developed  from  a  reflection  on  some  historical  and  epistemological  aspects  of  (he 
approach  to  geometry  statements  (synthetically  mentioned  in  §  2):  from  this  we  derived  the  guidelines 
of  a  teaching  experiment  concerning  the  approach  to  geometry  statements  in  grade  VII  "'  (sec  §  3). 
The  aspects  considered  in  §2  also  suggested  some  keys  suitable  to  analyze  students'  papers  (sec  §  4). 

2.  Historical  and  epistemological  aspects  concerning  geometry  statements 

The  statements  of  theorems  in  "rational  geometry"  arc  general  (each  statement  expresses  the 
properties  of  a  class  of  figures  -  all  rectangular  triangles,  all  circles...,  not  of  a  particular  figure), 
abstract  (the  statements  concern  geometrical  figures  and  not  concrete  objects),  conditional 
(statements  are  logically  articulated  in  the  form:  "in  the  hypothesis  that  ...it  is  true  that ... "  ).Wc  may 
also  observe  that  (also  depending  on  their  content)  statements  may  be  expressed  in  a  procedural  way 
(especially  when  they  concern  how  to  perform  a  geometric  construction  or  to  work  out  a  measure:  sec 
Heron's  Theorem)  or  in  a  relational  way  (as  many  theorems  in  Euclid's  "Elements"). 
From  a  historical  point  of  view,  Euclid's  "Elements"  have  been  the  first  systematic  organization  of  a 
hypothetical-deductive  kind,  based  on  the  "evident"  properties  (axioms)  of  the  elementary  geometrical 
entities,  of  geometrical  knowledge  expressed  in  the  form  of  general,  abstract  and  conditional 
statements.  Historians  consider  it  a  controversial  problem  how  in  the  Greek  culture  the  complex 
transition  was  achieved  from  the  particular  methods  used  for  particular  concrete  problems,  to  the 

')  we  shall  use  the  expression  "rational  geometry"  as  in  the  Italian  syllabi  for  secondary  education 
("geomctria  razionalc"),  to  signify  an  axiomatic-deductive  theoretical  organization  of  the  geometrical 
knowledge,  apart  from  the  particular  system  of  axioms  chosen. 

")  in  Italy,  it  is  usually  in  grade  VII  that  comprehensive  school  students  get  in  touch  with  the  first 
theorems  of  geometry  (generally  the  theorem  of  Pythagoras,  sometimes  the  theorem  of  Thalcs,  more 
seldom  the  theorems  of  Euclid). 
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"Thales  statements"  as  general  properties  of  abstract  geometrical  figures,  and  from  these  to  the 
"Euclidean  statements"  as  statements  of  a  conditional  kind  which  arc  true  since  they  can  be  proved  (in 
them  the  hypotheses  are  conditions  under  which  a  thesis  can  be  proved).  Indeed  the  oldest  geometrical 
propositions  of  the  times  of  Urates  probably  were  statements  on  the  truth  (based  on  evidence)  of  some 
general  properties  of  abstract  geometrical  figures  not  requiring  any  proof  based  on  other  more 
elementary  properties  (Szabo,  1961).  Surely  at  the  time  of  Aristotle  the  conditional  (as  well  as  abstract 
and  general )  nature  of  the  geometry  statements  was  known  (Heath,  1956). 

Serres  (1992)  assumes  that  the  investigation  concerning  peculiar  contexts  (such  as  that  of  sun 
shadows),  in  a  suitable  cultural  environment,  might  have  suggested  the  transition  to  abstract 
geometrical  shapes.  Szabo  (1961)  relates  about  different  hypotheses  interpreting  the  transition  from 
Thales  to  Euclid,  and  points  out  their  possibile  complementarity.  He  refers  to  ideas  of  Kolmogorov 
(concerning  the  development  of  mathematical  proof  in  a  socio-cultural  context  which  was  very 
advanced  for  the  time),  of  van  der  Waerden  (concerning  the  need  -  felt  by  the  Greeks  -  to  build  general 
statements  in  order  to  overcome  the  limitations  and  contradictions  existing  between  different  practical 
methods  derived  from  the  Egyptians  or  the  Babylonians),  of  von  Fritz  (who  analyses  the  relationships 
between  the  development  of  Aristotelian  logic  and  the  structure  of  geometry  statements  and 
mathematical  proof)-  And  to  its  own  ideas  (concerning  the  implications  of  the  development  of  the  early 
Greek  philosophical  thinking  •  especially  the  Eleatic  School,  on  the  development  of  geometrical 
thinking  towards  abstraction,  generalization  and  logical  deduction).  Arsac  ( 1961)  discusses  Szabo's 
position,  thus  showing  possible  interactions  between  internal  motivations  of  the  synchronic 
development  of  the  structure  of  geometrical  statements  and  mathematical  proof  (depending  on  crucial 
problems,  such  as  that  of  incommensurability  between  the  side  and  the  diagonal  of  the  square),  and 
external  cultural  development  (especially  concerning  philosophy,  starting  from  the  Eleatic  School). 
Historical  and  epistemological  research  may  offer  interesting  suggestions  to  plan  didactical  activities 
aimed  at  making  the  transition  to  statements  of  "rational  geometry"  accessible  to  students,  starting  from 
their  working  experience  in  particular  and  concrete  geometrical  situations.  This  is  in  our  view  an 
open  didactical  problem,  not  so  far  exhaustively  and  globally  investigated  in  the  research  on 
mathematical  education.  Particularly,  in  the  few  experimental  woiks  to  be  found  in  literature  on  the 
costruction  of  geometrical  statements  by  younger  students,  we  can  sec  that  they  arc  only  concerned 
with  the  transition  from  particular  cases  to  general  properties  (recently,  by  also  exploring  geometrical 
situations  realized  through  suitable  softwares,  such  as  Cabri  (Labordc  &  Labordc,  1 992)  or  Geometric 
Supposer  (Yerushalmy  &  Chazan,  1990)),  or  from  concrete  to  abstract  situations  (Gcrdes,  1988), 
while  the  problem  of  the  construction  of  "conditional"  statements  is  virtually  overlooked. 

3.  Planning  the  teaching  experiment 

Based  on  the  analysis  briefly  explained  in  the  previous  paragraph,  we  have  identified  a  preliminary 
didactic  context  and  two  subsequent  tasks  which  seemed  adequate  to  effectively  and  rapidly  achieve  a 
direct  constructive  approach  of  the  students  to  the  aspects  of  the  statements  of  the  theorems  of  rational 
geometry  that  we  deem  essential. 

The  educational  context  has  been  the  study  of  the  phenomenon  of  the  shadows  of  the  sun  (sec  Garutl 


&  Boero,  1992  for  the  motivations  and  the  first  part  of  the  didactic  itinerary);  in  this  context  the  students 
of  the  two  classes  we  will  consider  in  this  report  had  gradually  come  to  solve  problems  concerning  the 
determination  of  the  heights  of  objects  (inaccessible  by  direct  measuring),  by  using  the  proportionality 
existing  between  the  heights  of  the  objects  projecting  the  shadows,  and  the  lengths  of  the  projected 
shadows. 

To  introduce  the  didactic  activities  forming  the  object  of  this  report,  two  ancient  versions  'of  the 
"Thales  and  the  height  of  the  pyramids"  anecdote  were  told,  then  compared  and  discussed. 
In  this  context,  the  notion  of  "triangle  similarity"  was  introduced  under  the  double  aspect  of 
"preservation  of  the  ratios  between  the  sides"  and  "preservation  of  the  angles". 

The  first  task  proposed  was:  "Imagine you  are  Thales,  and  write  what  he  might  have  written  down  in 
his  testament  in  order  to  explain  his  findings  to  posterity.  If  you  can,  write  a  general  statement " 
From  the  point  of  view  of  motivation,  this  task  could  be  expected  to  stimulate  a  number  of  students  to 
reconstruct  the  meaning  of  the  work  done.  It  was  also  assumed  that  the  task  would  stimulate  some 
students  to  produce  statements  with  the  typical  attributes  of  the  statements  of  rational  geometry,  to  be 
used  in  the  following  comparison  and  discussion  activities.  Indeed  the  students  had  initially  faced  the 
problem  of  the  height  of  a  lamp-post  and,  subsequently  that  of  a  tower;  the  Thales  anecdote  was 
concerned  with  the  height  of  a  pyramid  ...  It  was  therefore  assumed  that  some  students  would  feel 
uneasy  (in  writing  down  their  testament)  about  the  many  different  examples  of  "concrete"  problems, 
and  that  the  progress  to  generality  and  abstraction  of  the  statements  relating  to  geometrical  figures 
might  be  for  them  an  adequate  and  practicable  answer  to  the  need  to  overcome  their  cmbarassmcnt. 
It  was  also  assumed  that  in  the  transition  to  generality  and  abstraction  of  the  statements  relating  to  the 
geometrical  figures,  some  students  might  feel  the  need  to  underline  the  parallelism  of  straight  lines  as  a 
"hypothesis".  In  fact,  in  facing  the  "concrete"  problems  met  in  the  "field  of  experience"  of  sun 
shadows  many  students  had  become  convinced  that  the  proportionality  between  the  heights  of  the 
objects  and  the  lengths  of  the  shadows  projected  depended  on  the  parallelism  of  the  sun  rays,  and 
therefore  might  consider  this  parallelism  as  the  condition  of  the  ratio  invariancc. 

At  this  point,  we  deemed  impossible  a  spontaneous  evolution  of  all  the  students  towards  statements  of 
rational  geometry  (due  to  a  lack  of  reference  models).  This  was  the  motivation  for  the  second  task, 
proposed  a  few  days  after  the  "testament"  had  been  produced,  which  reads  as  follows:  "Try  to 
establish  which  of  the  following  four  statements  resembles  yours,  and  explain  why". 
In  this  task,  the  students  arc  offered  four  different  formulations  of  Thalcs's  statement  (sec  Annex) 
taken  from  high  school  Icxt-books.Thc  statements  have  been  selected  according  to  different  criteria:  an 
analysis  of  the  texts  produced  by  the  students,  so  that  each  one  of  them  may  identify  with  an  "official" 
statement;  statement  content;  significance  in  relation  to  the  strategics  adopted  by  the  students  during  the 

"Tliales  measures  the  heights  of  the  pyramids  by  measuring  their  shadows,  after  laving  obsenvd  the 
time  when  our  shadow  is  the  same  as  our  height ..."{ Diogenes  Lacrtius] . 

"/  especially  admire  you,  Thales  of  Miletus,  because,  by  placing  your  stick  at  the  end  of  the  shadow  of 
a  pyramid,  you  formed  two  triangles  with  the  sun  rays,  and  proved  that  the  height  of  the  pyramid  is  to 
the  length  of  the  stick  as  the  shadow  of  the  pyramid  is  to  the  shadow  oTthc  stick"  |  Plutarch]. 


work  on  proportional  reasoning;  diffusion  in  the  text-books.  Drawings  were  modified  in  comparison 
with  those  usually  found  in  books  so  that  the  students  may  perceive  analogies  with  the  shadows 
phenomenon  without  however  representing  this  phenomenon  explicitly. 

As  to  the  objectives  of  the  second  task,  we  can  remark  that  the  request  to  recognize  analogies  and 
differences  between  a  student's  own  statement  and  one  of  the  four  proposed,  calls  upon  the  distinctive 
attributes  of  a  geometry  statement  (see  §  2)  and  can  therefore  represent  an  important  step  in  the  process 
of  becoming  aware  of  them. 

As  for  the  methods  of  observation,  in  planning  the  teaching  experiment  we  considered  that  the  two 
classes  (which  had  been  working  two  years  with  the  same  Maths  and  Science  teacher)  were  by  then 
used  to  writing  down  their  reasoning  extensively  and  accurately.  It  could  therefore  be  assumed  that  the 
verbal  records  produced  during  the  two  tasks  would  supply  enough  material  for  our  study. 

4.  Analysis  of  the  students'  behaviour  (sec  TABLE  I,  annexed) 
4.1.  Statement  production 

The  texts  produced  by  the  students  can  be  analyzed  according  to  different  keys,  linked  to  the  analysis 
carried  out  in  the  second  paragraph. 
'  1)  Particular-General 
The  text  types  identified  are  listed  below: 

a)  some  students  stick  to  a  particular  case  (Pc),  for  instance  the  case  of  the  equinox  '»  or  to  another 
numerical  example; 

b)  others  generate  (G)  by  stating  general  properties  of  the  sun  rays  and/or  generally  describe  the 
process  adopted  for  which  no  examples  are  given; 

c)  others  still  have  mixed  behaviours  (Pc/G)  because  they  go  from  a  particular  case  to  a  general 
statement  or  else  state  the  general  aspects  first,  and  then  apply  them  to  a  particular  example. 

The  G  or  Pc/G  texts  are  prevailing  perhaps  because,  beyond  the  explicit  request  in  this  sense,  the 
production  of  a  testament  shifts  the  attention  from  the  geometrical  representation  of  a  particular 
phenomenon  to  the  construction  of  a  text  concerning  general  properties. 

However,  we  can  see  that  it  is  not  easy  to  make  a  distinction  between  the  "particular"  as  an  example  to 

express  a  general  property,  and  the  "particular"  as  a  failure  to  have  a  more  general  view  of  the  property 

in  question  (see  later  on:  examples  concerning  the  "testaments"  of  students  1 1 1  and  1 27). 

H)  Concrete-abstract 

The  behaviours  are  of  a  different  kind: 

a)  some  students  stick  to  the  phenomenon  they  have  observed,  and  the  elements  they  describe  are 
concrete  objects  (rays,  sticks,  pyramids. ...)  (O; 

b)  others  explicitly  state  the  properties  of  abstract  geometric  entities(parallel  straight  lines,triangles..)(A) 

c)  finally,  some  students  begin  by  mentioning  concrete  elements,  but  later  in  the  discussion  they 
gradually  go  on  to  talk  of  geometrical  entities  (C&A). 

'>  they  had  experienced  that  in  the  equinox  day  at  noon  (at  our  latitude)  the  length  of  a  pole  is  equal  to 
the  length  of  the  projected  shadow 
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According  to  this  key  we  can  see  how  the  majority  of  the  students  are  still  tied  to  the  physical 
phenomenon  observed.  This  can  be  explained  on  the  one  hand,  by  the  relevance  of  the  gcometrization 
work  performed  in  the  previous  year,  and  on  the  other  hand,  by  the  fact  that  the  transition  to 
abstraction  possibly  requires  a  further  didactical  mediation  to  go  from  sun  rays  to  parallel  straight  lines, 
from  the  cross  section  "drawing  of  shadows/objects/rays"  to  similar  triangles. 

III)  Conditional  nature  of  the  statements 

About  the  mechanism  determining  the  transition  from  "parallelism  of  the  sun  rays  as  a  cause  of 
proportionality"  to  "parallelism  of  the  straight  lines  as  a  condition  of  proportionality"  it  can  be  said,  in 
all  four  cases  (1 1],(2],[3],[1 8])  where  this  transition  spontaneously  occurs  (IF),  that  this  might  imply 
some  degree  of  awareness  that  the  straight  lines  (unlike  the  sun  rays)  may  not  be  parallel,  and  the 
conviction  that  parallelism  is  the  property  of  the  rays  granting  proportionality  between  objects  and  their 
shadows. 

IV)  Procedural-Relational 

The  students'  behaviours  are  essentially  of  three  kinds: 

a)  Procedural  (P),  when  the  students  describe  only  the  measuring  process  of  an  object  of  height 
unkown  by  using  its  shadow; 

b)  Relational  (R)  when  the  students  detect  the  parallelism  as  a  cause  (or  a  condition)  for  the  ratio 
invariance  and  relate  the  elements  of  the  phenomenon  (parallel  rays,  same  angular  height,...)  or  of  the 
geometrical  figure  without  however  caring  to  describe  the  process  to  work  out  the  measure; 

c)  Procedural-Relational  (P&R):  when  the  students  describe  both  the  process  to  reckon  the  height 
unknown  and  the  "causes"  (or  "conditions")  for  the  ratio  invariance. 

According  to  this  key,  we  can  see  that  the  students  are  almost  equally  distributed  in  the  three  groups: 
the  procedural  statements  probably  reflect  a  will  to  make  explicit  (in  a  more  or  less  general  way)  the 
resolutive  methods  concerning  the  problem  of  inaccessible  height  constructed  during  the  previous 
year's  activities;  while  the  relational  statements  probably  correspond  to  an  idea  of  mathematics 
developed  by  a  number  of  students  of  this  age,  due  to  their  school  experience  about  mathematics  (as  a 
"study  of  the  properties  of  mathematical  entities").  We  can  see  how  the  distinction  between  the  two 
types  of  statements  does  not  seem  to  be  cognitively  relevant  here  (both  types  of  statements  are 
proposed  by  students  of  any  level). 

Let  us  now  analyze  some  of  the  papers  to  sec  how  the  aspects  we  have  so  far  observed  have  mixed  in 
reality;  examples  such  as  these  strengthen  our  conviction  that,  in  the  particular  situation  of  statement 
production  we  are  considering,  the  attributes  "general"  and  "relational"  or  "abstract"  do  not  indicate  any 
superior  cognitive  performance. 

a)  [27]:  he  only  considers  the  equinox  case  and  concrete  objects  (Pc-C-P): 

« I  have  considered  a  pyramid,  I  have  measured  its  shadow  and  knowing  that  it  was  the  equinox  day. 
I  have  found  the  height  of  the  pyramid.  The  ratio  existing  between  the  pole  and  the  shadow  is  one  » 

b)  |  24]:  his  text  is  characterized  by  a  high  degree  of  generalization  both  in  the  description  of  the 
procedure  and  in  the  drawing  illustrating  it .  In  this  drawing  we  may  detect  an  approach  to  abstraction 
(G-C&A-P&R). 
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«  /,  Thalcs  leave  the  following  statements  to  my  descendants: 

■  the  sun  rays  are  parallel 

■  an  object  and  another  taken  at  the  same  time  and  exposed  for  the 
same  length  of  time  in  the  sun  have  an  element  in  common:  if  we 
measure  their  shadows  at  the  same  time  and  divide  the  larger  by  the 
smaller,  we  find  a  ratio  equal  to  that  of  the  heights. 

■  if  I  know  the  ratio  of  the  shadows,  I  can  find,  through  it,  the  height 
of  an  object  through  the  height  ofanother.» 

c)  |  33):  he  builds  the  text  starting  from  the  case  of  the  equinox  and  goes  on  to  the  general  case  by 
linking  the  ratio  invariance  with  the  parallelism  of  the  sun  rays.  He  therefore  completes  the  picture  by 
giving  a  numeric  example  where  he  makes  the  procedure  explicit.  In  this  general  statement,  he  states  a 
general  property  of  the  "parallel  rays".  This  text  is  unique  for  its  complexity  and  the  dialectic  existing 
among  the  various  aspects  (Pc&G-C-P&R). 

«  I,  Thales,  [-..]  have  discovered  [...]  :  given  that  the  sun  rays  are  parallel,  I  have  worked  out  the 
height  of  the  pyramid\...\  I  have  used  another  object,  i.e.  a  short  pole  (...)  In  terms  of  proportions 
the  stick  was  as  long  as  its  shadow,  and  the  pyramid  was  as  high  as  its  shadow  and  so[...]  I  then  saw 
that  even  if  the  shadows  were  not  exactly  as  long  as  the  objects  [...]  Therefore,  if  the  stick  is 
contained  in  its  shadow  a  certain  number  of  times,  then  another  object  is  also  contained  in  its  shadow 
the  same  number  of times.  ..(numerical  ex.].  Since  the  rays  arc  parallel,  if  a  shadow  is  contained  in 
another  a  certain  number  of  times,  hen  a  stick  is  also  contained  in  another  the  same  number  of  times  ». 

d)  II]:  his  text  opens  with  the  equinox  example,  then  goes  on  to  a  different  numeric  example.  This 

student  docs  not  express  any  relation  or  generalization  on  these  two  cases.  Afterwards,  he  "jumps"  to 

a  purely  geometrical  statement.  In  this  text,  the  various  aspects  do  not  flow  together  at  an  explicit 

level,  and  there  is  a  sudden  progress  to  the  "theorem"  (Pc&G-C&A-IF-P). 

«Dear  descendants,  I  have  made  a 
wonderful  discovery:  I  know  how  to  work 
out  the  height  of  an  object  by  measuring  its 

shadow.    I  / 

Statement:  if  three  angles  of  two  triangles 
are  equal,  I  can  work  out  the  size  of  another 
side  unknown,  since  the  ratio  between  the 
two  is  the  samc.» 

4.2.  Comparison  between  produced  and  official  statements:  an  outline  of  results. 

During  the  recognition  process  the  students  should  interpret  systems  of  different  signs:  text,  figure 
and  symbols.  They  try  to  detect  the  statement  analogue  to  their  own  by  recognizing  analogies  in  the 
drawing  (DA)  or  the  text  (TA),  or  (also  depending  on  the  content  of  their  texts)  through  a  more 
articulated  process  of  interpretation;  in  this  second  case,  some  students  (Row),  stimulated  by  "official" 
statements,  revise  their  texts  making  them  more  general  and  abstract  as  well  as  closer  to  an  official 
one;  others  (Ro)  transform  one  of  the  official  statements  to  bring  it  closer  to  their  own  statement, 
which  therefore  becomes  a  consequence  (or  a  realization)  of  the  official  statement. 

5.  Discussion 

As  is  shown  in  the  examples  and  also  in  the  table,  many  texts  produced  during  the  first  and  second 
task  are  characterized  by  remarkable  variety  and  complexity,  and  by  the  dialectical  presence  of  the 
different  aspects:  particular/general,  concrete/abstract,  procedural/rational;  this  allows  the  students, 
from  time  to  time,  to  rest  on  one  and/or  the  other  aspect  according  to  what  they  wish  to  communicate. 
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The  official  statements  proposed  in  the  second  task  are  not  interpreted  by  a  number  of  students  as 
formal  texts,  but  seem  to  "speak"  to  them  about  shadows,  sun  rays  and  objects  projecting  shadows, 
and  to  also  evoke  the  conquest  by  the  students  of  the  proportionality  model.  In  the  official  statements 
they  thus  tend  to  recognize  their  own  geometrical  work  experience. 

The  comparison  between  produced  statements  and  official  statements  seems  suited  to  fulfill  the  double 
function  of  maintaining  the  relation  between  the  official  statements  and  the  students'  geometric 
experience  and  introduce  them  to  the  cultural  system  of  rational  geometry. 

With  these  considerations  in  mind,  the  teaching  experiment  suggests  a  certain  optimism  as  regards  the 
feasibility  of  the  objective  to  get  grade  VII  students  constructively  involved  in  approaching  "rational 
geometry",  obviously  in  an  adequate  educational  context. 

The  teaching  experiment  also  suggests  some  questions,  concerning  the  teacher's  didactical  choices, 
we  would  like  to  point  out  very  concisely:  the  opportunity  or  not  of  forcing  (by  modifying  the  first 
task)  the  production  of  relational  statements;  or  especially  the  production  of  conditional  statements;  the 
most  appropriate  moments  to  introduce  classroom  discussions  (which  might  be  quite  useful  to  foster 
the  classification  process  of  statements  and  the  detection  of  the  typical  characteristics  of  the  statements 
in  rational  geometry);  the  ways  to  accomplish  the  transition  to  proof  once  the  "conditional"  nature  of 
the  statements  has  been  recognized. 

A  further  question  concerns  the  usage  of  the  history  of  mathematics  in  mathematics  education,  apart 
from  the  usage  that  may  be  made  in  planning  teaching  experiments  by  deriving  some  suggestions  from 
the  hypotheses  of  historians  (as  we  did).  We  think  it  might  be  useful  to  clarify  the  role  (that  we  deem 
important  both  on  the  affective  and  cognitive  ground)  explicit  references  to  personalities  and 
intellectual  activities  so  far  back  in  time  might  have  for  students. 
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TABLE  I:  this  table  summarizes  the  main  characteristics  of  students'  behaviours 
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ANNEX :  official  texts  of  the  Theorem  of  Thalcs 


1..     If  a  sheaf  of  parallel  straight 
lines  cuts  two  transversals,  then 
equal  segments  on  one  of  these 
transversals  correspond  to  equal 
segments  also  on  the  other. 

2.     If  a  sheaf  of  parallel  straight 
lines  cuts  two  transversals, 
the  ratio  between  the 
segments  that  are  on  one  of 
these  is  equal  to  the  ratio 
between  the  corresponding 
segments  that  arc  on  the 
other. 

aA>=a'A}'              \^  -""^ 

a      \        h  \ 

3.  If  a  sheaf  of  parallel  straight 
lines  cuts  two  transversals,  the 
ratio  between  corresponding 
segment  on  the  two 
transversals  is  constant. 

a/a'-b/b' 

*•      Two  triangles  that  have 
equal  angles  have 
-  corresponding  sides  in 
proportion. 

/\  a:a'-b:b'=c:c'-k 

a     X     b  \ 

a  a" 
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A  MODEL  FOR  STUDENTS'  UNDERSTANDING  IN  A  MULTI-  REPRESENTATIONAL 

ENVIRONMENT 
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Abstract 

This  paper  presents  a  model  to  describe  students '  understanding  of  transformations  of 
functions  in  a  multiple  representation  computer  environment.  A  case  study  is  presented  of  a 
student  who  generates  rules  about  stretches  of  a  function  and  finds  justification  for  the  rules 
through  noticing  discrepancies  and  support  among  different  representations.  The  teacher  has 
an  important  role  in  this  model  since  the  "why  question",  which  can  be  asked  by  either  the 
teacher  or  the  student,  is  crucial  in  the  model  developed.  The  model  is  seen  as  being 
potentially  extended  to  other  topics  of  the  curriculum. 

INTRODUCTION 

The  relevance  of  the  study  of  transformations  of  functions  has  been  associated  with  its 
importance  in  the  modeling  process  (Confrey  &  Smith  1991).  The  use  of  multiple  representations 
in  mathematics  education  has  also  been  discussed  intensively  in  the  last  few  years  (Wenzelburgcr. 
1992,  Eisenbcrg  &  Dreyfus  (1991),  Rubin,  (1990).  Arcavi  &  Nachmias  1989.  Kaput,  1987).  In 
particular  the  use  of  multiple  representations  in  the  learning  of  transformations  of  functions  has 
been  attracting  attention  (Confrey,  1991).  Many  have  argued  that  multiple  representations  would 
help  students  to  connect  realms  of  meaning  which  might  have  otherwise  remained  separate. 
Moreover,  with  the  availability  of  computers,  the  use  of  multiple  representations  in  the  classroom 
has  become  feasible.  However,  few  examples  of  how  students  have  actually  worked  in  such 
environments  exist.  In  this  paper  I  will  present  a  case  study  of  a  student  working  with 
transformations  of  functions  and  a  model  of  how  students  may  understand  functions  in  multi- 
representational  environments.  The  research  involved  investigation  of  students'  understanding  of 
transformations  of  functions,  although  I  believe  that  the  model  developed  to  describe  students' 
understanding  can  be  applied  to  students'  understanding  of  concepts  other  than  functions. 

THE  RESEARCH 

Traditionally  the  study  of  transformations  of  functions  has  been  dominated  by  algebra.  This 
study  uses  visualization  of  graphs  and  direct  actions  on  graphical  software  (through  the  mouse)  as 
the  starting  point  of  the  study  of  transformations.  Then  the  impact  of  these  graphical 
transformations  on  values  in  the  table  window  and  on  algebraic  equations  is  explored. 

Function  Probe  (FP)  (Confrey,  1989)  is  a  multi-representational  software  that  allows  a 
graph  to  be  transformed  into  anothei  through  direct  actions  on  the  graph  using  translation,  stretch 
or  reflection  icons.  FP  allows  both  the  reflection  line  and  anchor  line  for  the  stretch  to  be  moved. 
Therefore,  a  graph  can  be  reflected  on  or  stretched  from  any  line  parallel  to  the  y  or  x  axis.  Points 
can  be  sampled  from  a  graph  allowing  a  transformation  in  a  continuous  graph  to  be  studied  as 
actions  on  discrete  points.  These  samples  can  be  sent  to  the  table  where  they  will  be  stored  in  "x" 
and  "y"  columns.  Any  pair  of  columns  can  be  sent  back  to  the  graph  window  as  points  and 
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columns  of  numbers  can  be  altered  in  the  table  window.  In  this  study,  three  students  were 
interviewed  in  a  teaching  experiment  fashion  (Cobb  &  Steffe.  1983)  over  approximately  eight  two- 
hour  sessions.  Students  were  introduced  to  the  features  of  the  software  through  three  tutorials  and 
then  given  tasks  involving  absolute  value  (AV),  quadratic,  and  step  functions.  In  the  first  part  of  the 
experiment,  the  focus  was  entirely  visual.  Using  the  transformations  icons,  subjects  attempted  to 
transform  graph  A  into  graph  B.  In  the  second  part,  a  numeric  component  was  added  as  students 
were  asked  to  predict  what  would  happen  to  the  coordinate  values  of  a  given  point  of  a  graph  when 
the  graph  was  transformed.  Finally,  students  were  asked  to  explore  the  relationships  between 
actions  in  the  grapli  and  coefficients  of  algebraic  expressions.  The  interviewer  was  the  author  of 
this  paper. 

RELEVANT  RESULTS  FOR  THIS  PAPER 


Figure  1  -  The  original  graph  y=abs(x)  was  stretched  by  3  (s=3)  with  the  anchor  line  at  x=2  (a=2) 
resulting  in  graph  A.  The  original  graph  was  also  stretched  (s=4,  a=- 1 )  resulting  in  graph  B.  On  the 
left  hand  side  from  the  top  down  six  icons  of  the  graph  window  of  FP  can  be  seen:  the  selection 
icon,  the  equation  icon,  the  cartesian  point  icon,  the  sketch  pad,  the  translation  icon,  the  reflection 
icon  and  the  stretch  icon. 


Borba  &  Confrey  (1992),  Confrey  &  Smith  (1991)  have  discussed  the  potential  and  the 
relevance  of  using  multiple  representations,  visualization  and  discrete  points  in  the  learning  of 
transformations  of  functions.  Borba  &  Confrey  (1992)  reported  an  example  of  how  Doug,  a  16 
year  old  high  school  student  in  Ithaca,  New  York,  coordinated  tables  and  graphs  and  actions  in  this 
graph  to  formulate  a  law  of  what  would  happen  to  a  given  point  of  y=lxl  when  the  function  is 
horizontally  stretched.  Doug  had  already  worked  through  the  first  visual  part  of  the  teaching 
experiment  and  was  working  through  the  second  part,  trying  to  incorporate  numerical  value  to 
transformations.  In  other  words,  he  was  trying  to  discover  what  would  happen  to  a  given  ordered 
pair  of  y=lxl  when  a  graph  is  transformed.  In  this  second  part,  Doug  has  also  already  gone  through 
translations  and  reflections  and  stretches,  and  was  dealing  with  stretches  with  anchor  lines  which 
were  not  at  the  y-axts.  Under  these  conditions  when  a  horizontal  stretch  (HT)  was  performed  the 
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line  of  invariance  would  not  be  al  the  y-axis.  Doug  formulated,  in  regular  language,  a  law  of  what 

would  happen  to  this  function  when  stretched,  as  shown  in  figure  1 . 

In  a  Lakatosian  (Lakatos,  1976)  fashion,  Doug  worked  through  a  sequence  of  examples  in 

the  computer  and  found  that  a  horizontal  stretch  by  "s"  with  the  anchor  line  at  "a"  could  be 

described  by  the  following  law  x'=sx-a(s- 1 ),  where  x'  is  the  transformed  coordinate,  "s"  the  stretch 

ta-tor  and  "a"  represents  the  position  of  the  anchor  line  at  the  line  x=a.  It  should  be  noted  thai 

Doug  was  working  at  this  point  only  with  covarialional  equations  (Borba,  1993).  Co-varialional 

equations  are  equations  such  as  x'=4x-9  and  y'=y  which  represent  algebraically  a  transformation  of 

the  function  (in  this  case  a  1  IS  by  4  with  the  anchor  line  a=3).  Co-variational  equations  are  heavily 

influenced  by  reasoning  in  a  table  environment  and  are  embedded  in  a  view  of  function  as 

covariation  instead  of  the  inpui-outpul  view  (Rizzuti.  1991;  Confrey,  1991). 

Doug  reached  the  conclusion  described  above  after  analyzing  several  transformations  made 

in  the  graph  window  and  analyzing  these  transformations  within  a  table  environment,  looking  at 

sets  of  points  which  were  sent  from  the  graph  window.  Not  yet  described  by  Borba  &  Confrey 

(1992)  is  the  effect  of  a  "why  question"  (Henderson,  1992)  that  was  then  posed  by  the  interviewer. 

Doug  was  asked  why  his  rule  held  true,  leading  him  to  explore  the  problem  further. 

This  question  took  Doug  on  a  very  different  track.  His  first  attempt  to  solve  the  problem 

was  a  visual  one.  Doug  had  generated  the  rule  essentially  through  an  analysis  of  discrete  points  in 

the  table.  Now  he  turned  to  the  graph  window  to  look  for  support  for  his  rule.  In  front  of  him  he 

had  now  the  graph  window  sliuvn  in  figure  2  which  was  left  from  a  previous  investigation,  since 

he  was  now  focusing  on  the  analysis  of  the  results  which  were  stored  in  the  table  window. 

Apparently  looking  at  the  part  of  the  computer  screen  grown  in  figure  2,  Doug  came  up 

with  an  initial  explanation: 

"what  I  am  thinking  right  now  .  .  is  . .  if  I  have  my  anchor  line  at  a  given  point  . .  .say 
positive  .  .  one  .  .  x=+l , .  .  then  .  .  each  point  that  is  already  .  .  to  the  left  or  negative  side 
of  it .  .  .is  gonna  continue  moving  left .  . .  .and  each  point  that  is  already  on  the  right .  .  ur 
positive  right  is  gonna  keep  moving  right  or  becoming  .  .  more  positive  ...     a  greater 
positive  value  .  .  hum  .  .  and  . . .  each  stretch  . .  is .  .  as  I  increase  the  value  of  the  stretch  . 
, .  it  moves  even  further .  .  .  right  .  .  if  it  is  already  on  the  right  ...  or  even  left  if  it's 
already  on  the  left . .  .that's  where  1  am  right  now  .  . ."  [4:I2| 


ID! 

(H 

,_              lirnpn  — 
y  )  -  (  -6.7  ,  4.3  ) 

Ji 

y  = 

II 

•U           -10  "s^^^^^?^^ 

16 

» 

I-'igurc  2  -  Dong's  sketch  for  HS  (s=2,  a=-2).  The  dots  are  the  results  of  HScs  he  made  from  the 
original  sampled  set  of  points  of  y=lxl.  The  stretches  on  the  points  were  made  after  his  prediction 
(the  highlighted  sketch). 
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Doug  seems  to  be  explaining  the  role  he  has  found  in  visual  terms  inspired  by  the  activities 
he  had  developed  in  the  graph  window.  He  was  trying  to  explain  the  way  a  given  point  moved  to 
the  left  or  right  when  a  graph  is  stretched.  This  train  of  thought  did  not  lead  him  to  fully  answer  the 
"why  question",  but  on  the  other  hand  it  helped  him  to  better  understand  stretching,  enabling  him 
to  make  a  wider  variety  of  predictions. 


a  b 
1  =a=b 


Figure  3  -  a  reproduction  of  Doug's  sketch.  The  vertical  line  on  the  right  hand  side  is  his 
representation  of  the  anchor  line. 

As  Doug  realized  that  the  track  he  was  following  was  not  being  very  productive,  he  turned 
away  from  the  computer  and  drew  a  sketch  similar  to  the  one  shown  on  figure  3.  This  sketch 
.shows  what  aspect  of  stretching  he  is  emphasizing  at  this  point.  Doug  is  trying  to  look  at  a  family 
of  sketches  with  different  stretch  factors  on  a  given  function  (y=lxl)  with  a  fixed  anchor  line  (x=l). 


X=0 


Figure  4  -  Reproduction  of  the  sketch  made  by  Doug  upon  the  interviewer's  suggestion. 

Although  Doug  could  reassure  himself  of  some  features  of  the  rule  he  had  generated  for  stretches 
and  anchor  lines,  he  seemed  to  have  stumbled  in  his  reasoning.  The  interviewer  suggested  that  he 
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draw  another  set  of  stretched  graphs  with  the  anchor  line  at  the  y-axis  so  that  he  could  contrast  the 
sketch  on  figure  3  and  the  one  on  figure  4.  The  interviewer's  suggestion  had  the  effect  of  leading 
Doug  to  compare  the  sketches  reproduced  on  figure  3  and  figure  4  but  also  to  look  at  the  computer 
screen  shown  on  figure  2.  Doug  compared  these  figures  and,  with  the  help  of  the  interviewer  who 
pointed  out  what  he  had  in  mind  when  he  suggested  that  he  draw  figure  4,  he  arrived  at  the 
following  explanation: 

I:  OK,  right.  But  what  I'm  trying  to  tell  you  is.  when  you  look  at  this  one  here  without 
moving  the  anchor  line  [figure  4],  all  you  do  is  multiply  by  2,  OK?  In  a  stretch  by  2. 

D:  Right. 

1:  In  this  one  that  you  move  [the  anchor  line |  by  1  [figure  4|.  what  you  do  is  you  multiply  by 
2  and  you  subtract  1 .  Then  when  you  made  a  stretch  by  3. 

D:  It's  a  .  .  huh!  It's  a  .  .  it's  actually  . .  1  can  think  of  it  in  2  ways.  It's  actually  pretty  simple. 
I  wasn't  looking  at  all  the  different . .  the  fact  that  I  add  the  same  number  or  subtract  the 
same  number  to  each  one,  which  is  a  translation  after  a  stretch.  It's,  so  that . .  yeh,  wow.  I 
didn't  even  realize  that.  /  was  thinking  loo  much  ab<Htt  how  each  value  changed.  Not .  .  oh, 
my  goodness.  I  didn't  realize  that.  So  thai..  .  it  is  ti  translation,  I  don't  know  exactly  .  .  .  well 
.  .  .  And  then  the  translation  is  just,  um  . .  increases  for  each  time  the  stretch  increases. 

I:  When  I  do  a  translation? 

D:  The  trans  ...  the  . .  each  one  is  a  translation.  Even  this  (figure  4]  is  a  translation  of  0. 
This  is  a  translation  of  - 1 ...  /  can  . .  the  fact  that  the  values  are  inverse  in  that  if  my  anchor 
line  is  a  =1,  it's  a  subtraction,  I  can  get  from  the  fact  that,  if  my,  um  . .  x=0,  um  . .  that  even 
though  my  y,  tih,  my  x,  no  .  .  my  y-axis  is  always  gonna  be  the  same  line,  if  I  look  at  it  as 
though  my  anchor  line  were  the,  um  . .  the  y-axis,  then  this  would  be  +1,  even  though  its 
actual  coordinate  is  -I.  You  see,  this  is  -I,  but  the  y-axis  in  relationship  to  it  is  +1.  And  the 
opposite  is  true  here,  that  even  though  this  is  +  / ,  um  . .  the  relationship  of  the  y-axis  to  this 
line  is  -I.  That  explains  why  it's  an  inverse  value,  at  least  to  some  degree.  [4;  18-19] 


It  seems  that  Doug  arrived  at  a  new  finding  in  the  problem  he  was  working  with.  He  was 
able  to  construct  an  explanation  for  the  first  minus  sign  in  the  formula  x'=sx-(s-l)  he  had  found 
before.  He  saw  the  inversion  of  the  sign  -  a  movement  to  the  right  of  the  y-axis  of  the  anchor  line 
would  mean  a  minus  sign  -  as  a  way  of  explaining  the  relationship  between  the  position  of  the 
anchor  line  and  what  happened  to  a  given  point  when  a  given  stretch  has  been  finished. 


DISCUSSION  AND  THE  MODEL  FOR  STUDENTS'  UNDERSTANDING 
This  case  study  indicates  that  understanding  mathematics  in  a  multi-representational  environment 
may  be  something  quite  different  than  it  has  been  in  other  environments.  Doug  had  first  worked 
only  in  the  graph  window  of  FP  learning  how  to  transform  a  function  through  icons  driven  by  the 
computer  mouse.  Next,  he  generated  rules,  including  the  one  describing  stretches  with  anchor  lines 
different  than  the  y-axis  which  resulted  from  the  observation  of  several  sets  of  points  he  had 
previously  stored  in  the  table  window.  This  rule  was  a  result  of  an  attempt  to  explain  in  the  table 
environment  regularities  he  had  visualized  in  the  graph  window.  However,  the  explanation  in  the 
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table  environment  had  "taken  a  life  of  its  own",  since  he  was  working  only  on  the  numeric  realm 
without  being  concerned  with  the  visual  part  any  longer.  In  a  certain  sense,  it  was  this  emphasis  on 
one  single  aspect  that  allowed  him  to  generate  his  powerful  rule  to  link  a  stretched  graph  -  with  the 
anchor  line  not  coinciding  with  the  y-axis  -  to  the  original  one.  On  the  other  hand,  once  the  why 
question  was  asked,  he  had  to  look  for  an  explanation  in  the  visual  realm.  He  combined  both  the 
paper  and  pencil  and  the  computer  media,  using  a  suggestion  by  the  interviewer,  to  understand 
further  the  law  he  had  generated  before  and  obtained  an  explanation  to  the  crucial  minus  sign  in  his 
oral  explanation  of  the  rule  he  had  generated.  Moreover  he  could  associate  the  translation  of  the 
anchor  line  -  thinking  of  the  anchor  line  as  having  a  default  position  at  the  y-axis  -  with  the  streteh 
inade  on  the  graph. 


Figure  5  -  Concept  map  showing  part  of  the  model  for  understanding  in  a  multiple  representation 
environment. 

It  is  important  to  note  the  dialectical  aspect  of  this  "game"  among  representations.  As  he 
looked  at  the  graph  window  and  the  table  window,  he  was  able  to  synthesize  them  to  generate  his 
powerful  rule.  What  was  once  powerful  was  not  as  powerful  anymore  when  the  why  question  was 
asked  and  it  became  clear  that  rule  had  been  generated  with  its  basis  on  just  one  representation.  At 
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this  point,  he  had  to  look  again  at  both  the  graph  and  table  representation  to  explain  the  rule  he 
found. 

As  a  result  of  the  analysis  of  this  excerpt  and  others  from  Doug  and  several  others  from 
other  subjects  which  were  interviewed,  a  model  for  students  understanding  in  a  multiple 
representation  environment  was  synthesized  in  figures  5  &  6.  Figure  5  emphasizes  the  notion  that 
in  trying  to  understand  a  theme,  which  could  be  a  contextual  problem  (Confrey  1991)  or 
transformations  of  functions  in  the  "computer  context"  (Borba,  1993),  the  student  would  generate 
rules  by  either  noticing  regularities  in  an  observed  phenomenon  or  discrepancies  between  what  lie 
observed  in  that  phenomenon  and  his  previous  experience,  


SECOND  STEP  OF  THE  MODEL:  "WHY"  QUESTION  IS  ASKED 
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Figure  6  -  The  second  step  emphasizes  the  role  of  a  representation  in  supporting  (or  not)  a 
regularity  noticed  in  another  representation. 

In  Borba  (1993)  there  is  a  collection  of  instances  in  which  the  "why  question"  is  asked 
either  by  the  interviewer  or  by  the  student  him/herself.  This  why  question  in  a  multiple 
representation  environment  is  usually  motivated  by  discrepancies  among  patterns  found  in  different 
representations  or  by  regularities  found  in  one  representation  but  lacking  any  kind  of  justification 
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that  can  give  any  kind  of  assurance  to  the  knower  about  the  result  found.  The  justification 
provoked  by  the  why  question  can  serve  as  a  means  of  reassurance.  If  we  consider  the  idea  of 
Henderson  (1992)  of  proof  as  being  a  "convincing  argument",  it  might  be  the  case  that  the  model 
presented  on  figures  5  &  6  is  also  a  draft  of  what  mathematics  proof  might  become  if  multiple 
representations  become  pervasive  in  mathematics  and  mathematics  education. 

Finally,  it  should  be  mentioned  that  Confrey  (1991)  has  argued  that  multiple  representations 
bring  diversity  to  the  classroom.  The  diversity  observed  by  Confrey  (1991)  might  be  extended  if 
one  considers  the  model  below,  especially  the  role  of  the  why  question.  As  the  reader  might  have 
noted,  the  answer  given  by  Doug  to  the  why  question  could  be  unsatisfactory  in  other 
circumstances  (different  characters  involved  or  the  same  character  involved  in  different  setting  and 
different  time).  That  means  that  a  new  why  question  can  arise  and  new  connections  with  other 
representations  and  knowledge  about  other  phenomena  may  arise.  As  a  consequence,  the  process 
described  by  the  model  can  be  seen  as  endless,  allowing  teachers  to  allow  different  students  to 
answer  a  different  amount  and  different  types  of  why  questions,  asked  by  a  teacher  or  by  a  student 
himself.  It  also  seems  that,  the  model  could  be  used  to  describe  students'  understanding  of  other 
topics  of  the  curriculum,  although  more  research  will  have  to  be  developed  to  assure  this  point. 
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ABSTRACT 

The  general  framework  of  this  research  is  the  problem  of  the  curricular  changes  determined  by  the 
introduction  of  computers  in  school.  We  investigate,  through  a  case  study  methodology,  how  in- 
service  mathematics  teachers  are  reacting  to  this  introduction.  In  the  paper  we  briefly  outline  the 
methodology  of  our  work  and  the  context  in  which  it  is  set.  Then  we  identify  a  number  of  issues  we 
consider  significant  to  investigate  links  between  teachers'  beliefs  in  mathematics  and  the  use  of 
computers.  Findings  resulting  from  the  analysis  of  the  case  studies  are  presented  according  to  these 
issues.  They  allow  to  enlighten  the  links  between  beliefs  in  maths  teaching  and  the  use  of  computers. 


fffTRODUCTION 

The  problem  of  curriculum  changes  and  the  consequent  renewal  in  teaching  emerges  periodically  in 
mathematics  instruction  of  secondary  school.  (Wojciechowska,  1989)  points  out  two  major  changes 
which  took  place  in  the  secondary  school  mathematics  curriculum  in  this  century.  The  first  one, 
referring  to  the  Meran  Syllabus  (1905),  had  its  principal  advocate  in  Felix  Klein  who  identified  the 
development  of  pupil's  geometrical  imagination  and  functional  thinking  as  being  the  basic  objectives 
of  mathematics  teaching.  The  second  major  change,  dating  back  to  the  early  60's,  was  supported  by  a 
French  group  of  mathematicians  known  as  Bourbaki:  it  ascribed  a  central  role  in  mathematics  to  the 
abstract  notion  of  structure,  based  on  the  set  theory. 

Today  the  great  challenge  offered  to  maths  education  by  computers  is  leading  to  a  third 
curriculum  change,  which  is  still  in  progress.  Unlike  the  previous  ones,  this  change  does  not  come 
from  within  of  the  mathematical  community  as  a  consequence  of  certain  cultural  developments  of  the 
discipline,  but  it  is  the  consequence  of  the  great  changes  in  the  social  and  economical  reality  provoked 
by  the  impact  of  new  information  technologies. 

Studies  of  the  consequences  of  this  impact  in  mathematical  instruction  show  that  the  influence 
of  computers  in  mathematics  teaching  is  a  complex  phenomenon  that  has  been  approached  with  very 
different  orientations  depending  on  the  context  in  which  curriculum  changes  are  carried  out  as  well  as 
on  the  cultural  (mathematical  and  technological)  background  of  mathematics  educators.  The  updated 
edition  of  the  ICMI  studies  on  the  influence  of  computers  and  informatics  on  mathemat.cs  and  its 
teaching  (Cornu  and  Ralston,  1992)  offers  a  perspective  of  the  different  orientations  observed  in 
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research  and  in  school  practice  as  regards  the  relationship  between  informatics  and  mathematics.  We 
can  sum  up  these  different  orientations  under  the  following  labels: 

-  computers  as  an  aid  to  teaching  and  learning  mathematics; 

-  introduction  of  informatics  elements  in  the  mathematics  curriculum; 

-  mathematical  basis  of  computer  science. 

In  this  paper  we  consider  aspects  of  the  development  of  the  first  two  orientations  observed  at 
secondary  school  level;  in  particular,  we  focus  on  the  reactions  of  teachers  facing  curricular 
innovations  involving  the  use  of  computers.  In  this  regard,  while  in  the  past  one  could  mainly 
observe  'extreme'  positions  (absolute  refusal  or  enthusiastic  acceptance),  it  is  now  possible  to  detect  a 
variety  of  nuances  of  attitudes  between  the  extreme  poles.  An  analogous  pattern  was  followed  in 
research:  pioneering  studies  tended  to  single  out  the  causes  of  teachers'  attitudes  in  extreme  factors 
(think,  for  example,  of  'computer  anxiety'  or  of  'computer  appeal'),  research  has  subsequently 
passed  from  this  somewhat  oversimplified  point  of  view  to  a  more  articulated  one  by  considering  a 
wider  range  of  factors  in  analysing  of  teachers'  behaviour.  In  this  paper  we  focus  on  some  of  these 
factors  and,  in  particular,  we  attribute  a  crucial  role  to  teachers'  beliefs,  in  line  with  the  recent  trend  of 
research  (see,  for  example,  Hoyles,  1990;  Moreira  and  Noss,  1993;  Ponte,  1990).  Teachers'  beliefs 
influence  the  transformation  of  the  'official'  proposals  of  curriculum  innovations  into  their  'real' 
implementation  in  classrooms.  Different  beliefs  can  be  considered  as  a  sign  of  different  awareness  of 
the  curriculum  changes  proposed,  both  at  the  level  of  contents  and  methodology. 

We  observe  that,  in  our  particular  case,  beliefs  have  to  be  analysed  in  two  different  domains: 
the  domain  of  mathematics  and  its  teaching  and  that  of  informatics  and  its  teaching.  According  to  the 
terminology  adopted  in  the  IFIP  "Guidelines  for  good  practice  on  informatics  education  in  secondary 
school"  (Taylor,  Aiken  and  van  Weert,  1991,  p.2)  henceforth  the  term  informatics  will  indicate  «the 
science  concerned  with  information  processing*  that  is  to  say  the  theoretical  aspects  as  well  as  the 
different  applications  of  related  technology,  which  in  our  case  means  the  use  of  computers  for 
educational  purposes. 

We  believe  that  the  relevance  of  our  work  is  twofold:  on  the  one  hand,  it  may  suggests 
elements  to  understand  the  reasons  of  the  gap  between  proposals  of  curricular  innovations  and  their 
actual  implementations  in  classroom,  and,  on  the  other,  it  may  offer  researchers  in  educational 
computing  elements  for  producing  effective  'tools'  for  the  teaching  of  mathematics. 


The  present  situation  of  Italian  secondary  school  (age  14-18)  offers  a  suitable  framework  for  our 
research,  since,  at  this  school  level,  new  mathematics  curricula  have  been  proposed  by  the  Ministry  of 
Education  and  are  now  under  experimentation  in  a  great  number  of  schools. 

These  curricula,  in  addition  to  updating  the  teaching  of  classical  topics  (algebra  and  geometry), 
provide  for  the  introduction  of  new  ones  (informatics,  statistics  and  probability,  logic)  and  suggest 
innovations  in  methodology. 


CONTEXT  AND  METHODOLOGY  OF  THE  RESEARCH 


In  this  paper  we  deal  with  the  innovations  induced  in  mathematics  teaching  by  the  introduction 
of  informatics,  which,  as  previous  researches  have  pointed  out,  see  for  example  (Bottino  and 
Furinghetti,  1990),  is  perceived  as  being  one  of  the  most  impressive  innovations  both  for  its  cultural 
weight  and  for  the  pressures  which  teachers  are  placed  under  by  students  and  by  the  world  outside  the 
school.  It  is  not  by  chance  that  informatics  is  the  only  subject  for  which  a  widespread  national 
initiative  of  training  (addressed  to  mathematics  teachers  of  upper  secondary  school)  has  been  carried 
out  This  training  programme  is  one  of  the  first  initiatives  of  national  training  ever  realised  in  Italy, 
and  it  has  been  a  powerful  stimulus  for  teachers  in  the  direction  of  experimenting  informatics  and  the 
use  of  computers  in  their  classrooms.  An  analysis  of  the  training  project  carried  out  and  of  its  results 
can  be  found  in  (Bottino  and  Furinghetti,  1991). 

In  this  context  the  objective  of  our  research  is  to  study  the  different  beliefs  on  the  use  of 
computers  in  maths  teaching  formed  by  teachers  required  to  deal  with  a  project  of  curriculum  reform 
contemplating  the  introduction  of  elements  of  informatics. 

To  pursue  the  stated  objective  we  used  a  case-study  methodology;  this  methodology  seems  to 
be  appropriate,  given  the  exploratory  character  of  the  study  and  the  complexity  of  the  relationships 
between  teachers'  orientations  as  regard  informatics,  the  use  of  computers  and  mathematics. 

We  have  chosen  the  case  studies  on  the  basis  of  the  results  of  a  questionnaire,  which  was 
aimed  at  investigating  the  above  mentioned  orientations,  distributed  to  120  mathematics  teachers.  The 
considered  sample  was  significant  with  regard  to  types  of  schooling,  social  context  and  teachers' 
characteristics.  According  to  the  data  collected,  we  singled  out  five  teachers  (the  five  case  studies) 
which  we  considered  representative  of  the  emerged  orientations. 

Once  selected  the  five  case  studies,  we  performed  a  deeper  investigation  of  these  cases 
through  interviews  (transcribed  verbatim)  and  the  analysis  of  the  instructional  materials  used  by  the 
teachers  during  classroom  work  and  of  the  tests  employed  by  them  in  assessing  students'  learning. 


In  analysing  the  considered  case  studies  we  focus  on  the  issues  reported  hereunder  which  we 
consider  significant  for  the  investigation  of  the  links  between  teachers'  beliefs  in  mathematics  and  the 
use  of  computers: 

1)  Peculiar  features  of  mathematics  teaching. 

2)  Teacher's  inner  philosophy  of  maths. 

3)  Ways  in  which  informatics  is  introduced  in  relation  to  maths. 

4)  Motivations  for  the  introduction  or  the  refusal  of  informatics  in  maths  teaching. 

5)  Ways  of  looking  at  informatics. 

6)  Opinions  about  new  ways  of  working  induced  by  the  use  of  computers  (e.g.  team  work). 

7)  Motivations  at  using  (or  not  using)  software  packages. 

8)  Software  packages  used. 


ANALYSIS  OF  THE  CASE  STUDIES 


Issues  1)  and  2)  provide  a  framework  of  teachers'  conceptions  of  maths  and  its  teaching.  Firstly, 
teachers  were  asked  a  number  of  questions  concerning  their  behaviour  in  teaching  (i.e.  contents,  time 
dedicated  to  the  teaching  of  each  content,  degree  of  depth,  types  of  problems  faced,  methodology  of 
work,  assessment,  etc.).  Answers  encompass  many  factors  which  are  difficult  to  synthesise  into  a 
unique  orientation.  Nevertheless,  for  each  teacher,  we  found  some  feature  which  seem  to  characterise 
his/her  teaching  orientation.  These  features  are  related  to  the  methodology  of  work  in  maths  and/or  to 
the  way  of  transmitting  maths  knowledge.  Then  teachers  were  presented  with  statements  that  briefly 
outline  different  positions  as  regard  philosophy  of  mathematics  (platonism,  formalism  and 
constructivism).  The  teachers  had  to  reflect  on  these  statements  and  to  state  whether  they  recognise 
their  way  of  looking  at  mathematics  in  one  of  these  positions.  It  seems  to  us  that  this  information, 
aimed  at  a  first  (rough)  explanation  of  the  teachers*  inner  philosophies  of  maths,  may  have  relevance 
in  studying  the  elements  affecting  teachers  beliefs,  their  decisions  on  curricula  and  their  methodology 
of  teaching,  as  discussed  in  the  specific  studies  (Jurdak,  1991;  Lerman.1983). 

Issues  3)  and  4)  are  related- to  the  way  in  which  a  proposal  of  curriculum  reform  which 
includes  informatics  is  perceived  by  maths  teachers.  In  this  context  it  is  important  to  stress  how  links 
between  the  teaching  of  maths  and  informatics  were  perceived.  In  particular,  our  interest  is  in 
investigating  whether  the  links  pointed  out  by  teachers  are  conceptual  (i.e.  related  to  common 
objectives,  methodologies,  skills,  etc.)  or  only  instrumental  (i.e.  related  to  the  opportunities  offered 
by  computers  as  tools  for  problem  solving  or  as  means  to  motivate  students  or  to  update  teaching, 
etc.).  Obviously  the  way  in  which  links  are  perceived  is  connected  to  the  way  in  which  teachers  look 
in  general  at  informatics  (issue  5),  for  example,  if  prevalence  is  given  the  idea  of  informatics  as  a 
technological  subject  or  as  a  discipline  with  a  strong  theoretical  foundation.  The  investigation  on 
issues  3)  and  4)  enables  us  to  point  out  also  some  awkwardness  teachers  feel  about  their  traditional 
maths  teaching  and  whether  or  not  they  perceive  informatics  and  the  use  of  computers  as  means  to 
overcome  these  difficulties. 

Issue  6  considers  teachers'  beliefs  with  regard  to  the  new  ways  of  classroom  work  induced  by 
the  use  of  computers  (e.g.  team  work,  'experimental'  strategies,  autonomous  work,  etc.).  We  feel 
that  the  analysis  of  this  aspect  is  important  in  order  to  ascertain  the  effective  acceptance  of  the 
proposed  curriculum  change  by  the  teachers,  in  other  words,  to  establish  whether  the  introduction  of 
computers  induces  only  superficial  changes  or  more  substantial  ones. 

Issues  7)  and  8)  point  out  the  links  between  the  different  choices  made  by  teachers  with  regard 
to  the  use  of  software  tools  (e.g.  didactical  or  applicative  packages)  and  the  needs  they  feel  in  maths 
teaching.  Differences  concern  both  the  type  of  chosen  packages  and  the  ways  in  which  they  are  used. 
We  remark  that,  as  it  will  be  pointed  out  from  the  reported  findings,  teachers  usually  use  the  software 
packages  which  are  enclosed  with  the  adopted  maths  textbook  or  use  some  applicative  packages,  such 
as  Lotus  spreadsheet,  for  which  they  had  received  some  preparation  in  the  training  courses. 

In  table  1  we  briefly  outline  findings  resulting  from  the  five  case  studies  on  the  lines  of  to  the 
issues  discussed  above. 
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Case  Study  1 

The  teacher's  attitude  in  mathematics  teaching  (stress  on  deduction  processes  and  on  theoretical 
aspects)  guides  her  approach  in  the  use  of  computers:  she  focuses  on  the  basic  informatics  ideas 
rather  than  on  technological  aspects  and  concentrates  on  concepts  (such  as  variable,  syntax, 
algorithm)  considered  common  to  the  two  disciplines.  The  teacher  sees  computers  as  mediators  of 
maths  concepts  since  they  offer  motivations  for  the  use  of  a  formal  language,  they  foster  the  adoption 
of  a  structured  approach  in  problem  solving  and  they  make  concrete  the  use  of  abstract  concepts.  For 
these  reasons  she  lays  greater  emphasis  upon  the  aspects  related  to  programming  than  upon  those 
closer  to  the  use  of  software  tools.  These  tools  are  considered  useful  in  some  case,  especially  at  the 
beginning,  but  the  teacher  does  not  ascribe  a  subst  mtial  role  to  them  in  her  teaching.  This  attitude 
points  out  her  little  confidence  in  an  intuitive  approach  to  learning  and  is  linked  with  her  orientation 
towards  a  formal  view  of  mathematics.  We  remark  that,  during  the  interview,  the  teacher  expressed 
her  interest  at  using  Cabri,  since  this  didactical  software  is  considered  more  congenial  to  her  way  of 
teaching  geometry. 
Case  Study  2 

This  teacher  reveals  a  pragmatic  view  in  teaching  which  is  present  also  when  she  introduces 
informatics  elements  and  stresses  those  aspects  she  considers  more  relevant  in  preparing  students  for 
their  future  work.  Computers  are  used  in  maths  teaching  as  a  motivating  tool  and  as  a  means  to 
facilitate,  to  strengthen  or  to  build  maths  ideas  and  concepts.  The  use  of  software  tools  is  to  be 
considered  in  this  context.  They  are  seen  as  a  means  to  introduce  some  maths  notions  more  quickly  or 
to  reify  concepts;  this  is  done  without  forcing  the  per  se  introduction  of  the  tools,  producing,  for 
example,  ad  hoc  exercises,  but  using  them  as  needed  by  the  teaching  situation.  Teacher's  attitude 
towards  teaching  can  be  put  in  relation  to  her  inclination  towards  constructivism  in  looking  at  maths 
and  is  transferred  also  to  the  way  in  which  she  approaches  informatics  teaching.  As  a  matter  of  fact 
she  seems  to  regard  informatics  as  a  subject  that  allows  the  discovery  of  properties  and  relationships 
through  personal  inquiry. 
Case  Study  3 

The  teacher  looks  at  maths  as  a  system  of  formal  rules,  informatics  is  seen  mainly  as  a  technological 
discipline,  service-subject  to  maths,  that  can  be  useful  to  solve  problems  and  to  motivate  students.  Its 
insertion  in  the  program  does  not  substantially  change  the  way  of  approaching  and  of  introducing 
maths  concepts.  Links  with  maths  teaching  concern  more  function  (use)  than  common  methodologies 
and  methods.  The  teacher  defines  an  advantage  of  the  use  of  computers  in  maths  teaching  the  stepping 
up  of  computation  procedures  and  the  development  of  trial  and  error  strategies  in  problem  solving.  He 
is  also  interested  in  providing  students  with  views  on  the  practical  utility  of  computers  and  their 
impact  on  social  life.  The  way  how  software  packages  are  used  should  be  considered  according  to 
this  general  orientation:  they  can  be  useful  to  develop  maths  exercises  but  not  to  introduce  or  visualise 
concepts. 
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Case  Study  4 

This  teacher  looks  at  informatics  as  a  technological  subject  which  can  be  useful  to  attract  students' 
interest  and  to  'surprise'  them  (see,  for  example,  the  visualisation  of  fractals),  but  she  does  not 
ascribe  real  educational  potentialities  to  the  use  of  computers  in  maths  teaching  a  part  from  a  surface 
updating  of  contents.  She  seems  to  have  accepted  the  curriculum  change  only  to  comply  with  the 
suggestion  of  the  new  maths  programs  but  maintains  a  substantial  lack  of  confidence  in  the 
opportunities  offered  by  computers,  as  evidenced  also  by  her  refusal  of  the  new  ways  of  work 
induced  by  the  use  of  these  tools.  In  general  she  has  a  prescriptive  attitude  in  maths  teaching  that  is 
transferred  also  to  the  use  of  computers  which  is  carried  out  mostly  in  a  passive  way. 
Case  Study  S 

This  teacher  has  chosen  not  to  use  computers  in  his  maths  course;  we  have  decided  to  include  him  in 
our  study  since  we  think  that  it  may  be  relevant,  for  the  purpose  of  our  research,  to  analyse  also  the 
reasons  for  which,  in  certain  cases,  informatics  is  waived.  The  teacher  looks  at  informatics  as  a 
technological  subject  and  any  relation  with  maths  is  denied,  even  at  the  level  of  service-subject  This 
opinion  is  connected  with  the  teacher's  conception  of  maths  and  of  its  teaching:  he  considers 
deduction  as  the  central  method  in  maths  and  working  by  trial  and  error  the  method  peculiar  to  the 
computer  world.  These  two  methods  are  not  seen  as  complementary  but  antithetical  and  the  latter  one 
is  rejected.  According  to  the  teacher,  the  interest  in  maths  is  in  'existence'  aspects  and  not  in  the 
computational  ones.  He  is  further  not  interested  in  problem  solving  as  an  activity  to  be  performed  in 
his  teaching.  From  a  pedagogical  point  of  view,  the  teacher  does  not  recognise  a  role  of  stimulus  to 
computers  when  doing  maths  and  dislikes  team  work  since  in  his  opinion  mathematical  learning  needs 
individual  work. 


We  believe  our  work  may  give  new  insight  into  the  studies  of  maths  teachers'  beliefs  since  it  stresses 
the  links  between  the  existing  beliefs  and  those  induced  by  changes  in  curricula.  The  case  we 
consider  concerns  the  introduction  of  computers  in  maths  secondary  school  curriculum.  We  observed 
two  levels  of  looking  at  the  role  of  computers  in  maths  teaching:  a  'surface  level'  that  regards 
computers  as  tools  for  better  presenting  topics  and  a  'deep  level'  where  computers  are  seen  as  means 
for  constructing  knowledge.  The  analysis  we  have  performed  by  means  of  the  case  studies  points  out 
that  teachers'  beliefs  on  the  role  of  computers  are  mainly  a  projection  of  their  beliefs  on  maths 
teaching.  If  teaching  maths  is  interpreted  as  a  transmission  of  knowledge,  without  a  real  participation 
of  students,  the  use  of  computers  appears  of  little  relevance  (or  even  more  as  a  disturbance)  since 
teachers  are  not  interested  in  its  'constructive'  facilities.  On  the  other  hand,  teachers  who  are 
interested  in  constructing  knowledge  (and,  as  a  consequence,  in  making  concrete  abstract  ideas,  in 
concepts  reification,  in  knowledge  mediators,  etc.)  find  in  computers  answers  to  their  needs. 

The  beliefs  on  the  nature  of  mathematics  are  less  influential  in  the  acceptance  or  refusal  of 
computers  but  play  a  role  in  the  choice  of  the  type  of  software  tools  used,  see,  for  example,  the 
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relation  between  the  interest  on  deduction  processes  expressed  by  case  study  1,  her  interest  on  Cabri 
and  the  little  relevance  ascribed  to  other  lands  of  software  tools. 

From  the  previous  considerations,  it  follows  that  in  planning  maths  teachers  training  for  the 
use  of  computers,  it  is  necessary  to  carefully  discuss  the  aims  of  maths  teaching,  presenting  not  only 
characteristics  and  opportunities  offered  by  computers  (and  of  software  tools)  but  also  didactical 
itineraries  in  which  their  use  is  functionally  linked  to  maths  objectives.  This  integrated  approach  is  a 
necessary  premise  for  effecting  'real'  curricular  changes  with  the  introduction  of  computers. 
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One  of  our  purposes  as  we  worked  with  a  first-grade  teacher,  was  to  develop,  in  her 
classroom,  a  form  of  practice  compatible  with  socioconstructivist  assumptions  about 
students '  learning  of  mathematics.  Supporting  her  efforts  to  cope  with  the  constraints  of  a 
compulsory  national  curriculum,  which  has  a  traditional  character,  gave  us  the  opportunity  to 
study  her  process  of  learning.  In  this  paper,  we  present  our  first  attempt  to  analyze  the 
process  by  which  she  accommodated  our  purpose  and  changed  her  practice  in  the  course  of 
her  interactions  with  the  students  and  us. 

Recent  reform  recommendations  in  mathematics  education  (NCTM,  1989,  1991)  are 
linked  with  many  research  studies  related  to  teachers'  education  (e.g.,  Ball,  1 990;  Carpenter, 
Fennema,  Peterson,  Chiang,  &  Loef,  1989;  Cobb,  Yackel,  &  Wood,  1991;Cooney,  1985; 
Simon,  1 991 ;  Thompson,  1984).  These  studies  allow  us,  in  a  certain  extent,  to  become 
aware  of  the  complexities  involved  in  innovative  approaches  of  mathematics  teaching.  The 
crucial  role  of  the  teacher  in  any  reform  movement  has  led  most  of  these  studies  to  analyses 
of  different  aspects  of  teachers'  knowledge,  beliefs,  and  practices.  However,  research 
focused  on  the  processes  by  which  teachers  reorganize  their  pedagogical  beliefs  and  related 
practices  is  still  incomplete.  A  few  studies  related  to  this  issue  do  not  account  for  teachers' 
learning  in  the  context  of  their  classrooms.  Although  the  contextual  nature  of  teaching  has 
long  been  recognized,  only  in  a  series  of  studies  by  Cobb,  Wood,  and  Yackel,  classrooms  are 
viewed  as  learning  environments  for  teachers,  and  teachers'  learning  is  tied  to  their  classroom 
interactions  (Cobb,  Wood,  &  Yackel.  1990;  Cobb,  Yackel,  &  Wood,  1991;  Wood,  Cobb,  & 
Yackel,  1990;  Wood,  Cobb,  &  Yackel,  1991).  These  studies  provide  an  impetus  for  our  work 
presented  in  this  paper.  Our  purpose  is  to  analyze  the  process  by  which  a  first-grade  teacher 
reorganized  her  traditional  pedagogical  beliefs  and  practices,  and  thus,  learned  as  she  was 
trying  to  teach  in  a  way  that  encourages  students'  autonomous  construction  of  mathematical 
knowledge.  Our  analysts  takes  into  account  the  teacher's  intentions  as  well  as  the  meanings 
she  interactively  constituted  with  her  students.  In  addition,  we  take  into  account  the  fact 
that  our  teacher  was  obliged  to  cope  with  the  constraints  of  a  compulsory  national 
curriculum,  traditional  in  character. 


Our  theoretical  perspective  for  studying  our  teacher's  learning  derives  from 
socioconstructivism.  From  this  perspective,  teachers'  learning  can  be  viewed  as  both  an 
individual  and  an  interactive  activity.  More  specifically,  teachers'  learning  can  be 
characterized  as  a  process  of  self-reflection  and  mutual  adaptation  by  which  they  reorganize 
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their  pedagogical  beliefs  in  order  to  give  meaning  to  their  personal  experiences  in  the  process 
of  interacting  with  others.  In  this  sense,  we  believe  that  our  teacher's  interactions  with  her 
students  in  the  classroom,  with  us,  as  well  as  with  other  members  of  the  school  community 
provided  opportunities  for  the  transformation  of  her  traditional  beliefs  and  practices. 

The  above  characterization  of  teachers'  learning  is  analogous  to  the  way  we  view 
students'  learning.  Therefore,  in  the  analysis  of  our  data,  we  used  theoretical  constructs  and 
methods  that  have  been  developed  for  the  analysis  of  students'  learning  in  classrooms  (Voigt, 
19851.  In  particular,  as  we  analyzed  the  discourse  in  the  episodes  we  selected,  our  focus 
was  on  the  nature  of  classroom  social  interactions.  This  allowed  us  to  infer  the  patterns  of 
interaction,  and  thus,  the  social  norms  negotiated  in  the  classroom.  The  evolving  nature  of 
these  patterns  was  taken  as  an  indication  of  our  teacher's  learning.  In  turn,  based  on  the 
reflexive  relationship  between  norms  and  beliefs,  we  were  in  a  position  to  characterize  the 
teacher's  implicit  beliefs  about  her  own  role,  her  students'  roles,  the  nature  of  mathematical 
activity,  and  the  role  of  the  mathematics  textbook.  In  this  way,  our  teacher's  learning  was 
analyzed  from  a  psychological  and  a  sociological  perspective  (Cobb,  Yackel,  &  Wood,  1993). 


Our  teacher  was  induced  in  the  project  after  having  participated  in  a  seminar  that  we 
organized  the  year  before.  Some  information  about  this  seminar  can  be  found  in  Boufi  and 
Kafousi  (1993). 

In  the  course  of  an  interview  prior  to  the  seminar,  we  collected  some  data  about  our 
teacher's  beliefs.  As  a  teacher  of  mathematics,  she  believed  that  she  was  the  only  person  in 
the  classroom  responsible  for  students'  learning.  In  accounting  for  the  reasons  of  her 
students'  difficulties,  she  felt  strongly  that,  "They  are  only  due  to  bad  teaching,  which  results 
from  the  teacher  who  doesn't  prepare  himself/herself  adequately."  Her  students'  role  in 
learning  mathematics  was  viewed  as  passive.  As  she  tried  to  characterize  "the  successful 
student"  in  mathematics,  she  mentioned  that,  "He/she  is  the  student  who  can  focus  his/her 
attention  and  solve  problems  step-by-step  by  applying  what  he/she  already  knows." 
Mathematics,  for  her,  was  a  subject  which,  compared  to  the  others,  could  be  characterized 
as,  "The  lesson  with  the  very  well-defined  answers  and  fixed  solutions... the  lesson  in  which 
words,  like  'maybe'  and  'possibly'  do  not  have  a  place  and  are  not  allowed."  Finally, 
textbooks  were  described  as  having  a  mechanistic  approach  to  mathematics,  and  as  she  said, 
"I  am  dissatisfied  with  them,  but  I  am  obliged  to  use  them."  Observations  in  her  classroom, 
before  the  interview,  confirmed  that  the  above  beliefs  were  compatible  with  her  practice. 

Starting  our  collaboration  with  her,  we  were  audiotaping  and,  occasionally,  videotaping 
most  of  her  lessons.  Also,  twice  a  week,  we  were  observing  her  lessons,  and  every  week, 
we  were  meeting  with  her  in  order  to  discuss  students'  progress  and  plan  the  following 
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week's  activities. 

The  three  episodes  that  we  present  and  analyze  below  were  selected  because  they 
illustrate  some  crucial  points  in  our  teacher's  development  and  because  each  of  them  reflects 
her  practice  for  a  significant  period  of  time,  thus,  allowing  us  to  infer  regularities  in  her 
classroom  social  interactions. 
1st  Episode: 

This  episode  occurred  in  November.  Students  were  working  on  a  family  of  word 

problems.  The  whole  class  discussion  that  follows  concerns  the  second  problem. 

Teacher:        So,  at  the  second  stop,  the  bus  arrived  with  10  people.  There,  3  people  got 
off  the  bus.  Could  you  tell  me  how  many  people  are  in  the  bus  now?  Hands, 
thinking  and  explanation.  What  do  you  say  Katerina? 

Katerina:        In  the  bus,  I  think  there  were  5  people  because  3  people  got  off. ..and  there 
were  8  altogether  (raises  8  fingers  simultaneously)  and  as  3  people  got  off 
(folds  down  3  fingers  simultaneously),  now,  there  are  5. 

Savas:  Ma'am,  I  disagree. 

Teacher:        Why  do  you  disagree? 

Savas:  There  are  not  5,  there  are... 

Teacher:        No.  Why  do  you  disagree  with  Katerina? 

Savas:  Because. ..you  said  that  there  are  10  people  and  3  people  got  off.  If  2  more 

people  had  gotten  off  the  bus,  there  would  again  be. ..5  more  people  on  the 
bus... so,  but  there  are  not  5. 

Teacher:        The  people  were  10.  Tell  me,  how  many  people  are  in  the  bus? 

Teacher:        You  said  that  there  were  10  people.  You,  Katerina,  how  many  people  did  you 
say  that  there  were  on  the  bus?  What  did  you  say  Kosmas?  Speak  louder. 

Kosmas:        8  people  were  in  the  bus  when  it  started.  Now,  there  are  10  people. 

Teacher:        There  were  10  people  and  then  3  people  got  off.  What  do  you  say  Danae? 

Danae:  There  were  10  altogether  and  3  got  off  (shows  10  fingers  and  folds  down  3 

fingers].  Now,  there  are  1,2, 3, 4,5,6, 7  (counts  on  her  fingers). 

Teacher:        Okay.  That's  very  nice. 

IStudents  agree,  and  the  teacher  moves  on  to  the  next  problem.) 

In  this  episode,  the  teacher  expects  that  finger  counting  can  be  the  only  means  to  an 
answer.  By  not  asking  for  different  ways  of  finding  the  answer,  she  and  her  students  take  for 
granted  that  finger  counting  is  the  only  acceptable  strategy  that  they  can  use.  As  the 
textbook  is  full  of  pictures  with  discrete  objects  and  the  teachers'  guide  encourages  the  use 
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of  manipulatives,  we  night  take  this  expectation  as  reasonable.  However,  she  is  in  the 
process  of  establishing,  in  her  classroom,  norms  that  facilitate  students'  communication 
among  themselves.  By  asking  students  to  give  reasons  for  their  disagreement,  she,  in  effect, 
encourages  and  expects  students  to  listen  and  understand  others'  solutions.  Another  point 
that  we  could  make  is  that  she  was  reluctant  to  let  students  resolve  their  differences.  When 
she  does  not  make  sense  of  students'  explanations,  she  always  decides  to  funnel  them  to  the 
answer  that  she  has  in  her  mind  through  direct  questioning. 
2nd  Episode: 

The  following  episode  occurred  just  after  the  Christmas  break.  Students  had  worked 

in  pairs  on  the  following  subtraction  sentences:  20  -  8  =   ,  20  -  3  =   , 

16  -  3  =   ,  and  18  -  3  =   .  Segments  of  the  whole  class  discussion  that  followed  the 

small  group  work  are  presented  below: 

Let's  see  what  you  have  done.  Who  wants  to  tell  us  the  first?  Will  Chrissoula, 
who  is  raising  her  hand,  tell  us? 


Teacher: 

Chrissoula: 

Teacher: 

Students: 

Teacher: 

Antonis: 


We  put  together  with  Nikos  20  [both  children  hold  up  their  two  hands),  and  I 
took  out  8  [Chrissoula  closes  eight  fingers). ..and  there  remained  1 ,2,3A..1 2. 

Do  you  agree  that  1 2  remain? 

Yes. 

I  would  like  to  hear  many  ways  in  order  for  me  to  agree.  We  listened  to  one 
way,  but  don't  forget  that  if  you  wanted  to  find  it,  and  you  did  not  have  a 
partner  in  order  to  take  fingers,  what  would  you  do?  What  would  Antonis  and 
Yannis  like  to  say? 

Ma'am,  we  found  it  by  using  the  counting  frame. 


[The  teacher  is  letting  students  present  their  solutions.  Most  of  the  students  are  using 
their  and  their  partner's  fingers.  However,  she  only  repeats  solutions  that  are  not 
based  on  primitive  finger  counting.) 

Marianna:  I  had  the  20  in  my  mind,  and  then  I  was  taking  off,  one  by  one,  from  my 
hands. 

Costas:  That  reminds  me  of  something... that  Marianna  has  done  in  the  past. 

Marianna:  (She  counts  down  while  keeping  record  on  her  fingers. 1  20, 1 9, 1 8, 1 7, 1 6, 1 4. 

Teacher:  [Intervenes]  1 5. 

Marianna:  1 5, 1 4, 1 3  and  1 2  remain. 

Yannis:  I  did  not  understand. 

Teacher:  Yannis  says  he  did  not  understand.  Can  you  repeat  it,  Marianna? 
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Danae:  You  go  down  and  you  confuse  us. 

Marianna:  I  take  the  20,19,18,17,16,15,14,13,and  12.  The  10  are  in  my  mind. 

Student:  Another  ten? 

Marianna:  2  and  10  in  my  mind  makes  1  2. 

Teacher:  That's  a  wonderful  way.  Do  you  want  her  to  explain  this  once  more? 

Student:        But  always  when  we  do  math,  she  always  finds  this  way  either  with  another 
one  or  by  herself. 

Teacher:        But  this  way  is  comfortable  for  her. 

Student:        It's  like  someone  else  found  it  and  she  repeats  it. 

Teacher:        Someone  else  found  it? 

Kosmas:        She  always  says  the  same  way. 

Teacher:        We  are  going  to  think,  and  we  will  find  many  ways;  that  does  not  mean  that 
her  way  is  not  wonderful. 

Student:        But  it  confuses. 

Teacher:        Let  is  confuse  us  a  little. 

Student:        Every  day  she  says  this  way. 

Teacher:        Your  way  is  very  nice,  Marianna.  Shall  I  repeat  is  one  more?  I  will  raise  my 
fingers  so  that  you  can  see  them  well.  Well,  Marianna  said  as  I  want  to  take 
off  8,  I  will  go  back  from  20,  8  times.  And  she  goes  down 
20,19,18,.17,16,15,14,13.  How  many  remained? 

Students:  12. 

The  teacher  seems,  now,  to  be  aware  that  counting  fingers  in  primitive  ways  has 
become  an  institutionalized  practice  in  her  classroom.  Her  effort  to  make  students  use 
different  methods  is  apparent  in  this  episode.  The  fact  that  the  textbook  does  not  any  longer 
emphasize  counting  makes  her  even  more  reluctant  to  accept  finger  counting.  On  the  other 
hand,  her  increased  understanding  of  students'  competencies  informs  her  interactions  with 
them  and  helps  her  to  abandon  her  romantic  attitude  that  students  can  use  any  method  tney 
like.  She  now  expects  that  they  can  use  more  sophisticated  methods.  The  norm  that 
students  must  explain  their  answers  seems  to  be  wall  established.  Also,  now  whan  a  student 
presents  a  sophisticated  solution,  she  usually  repaats  it.  This  action  does  not  only  create 
learning  opportunities  for  the  rest  of  the  class,  but  is  also  used  as  a  means  to  encourage 
solutions  that  she  values. 
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3rd  Episode: 

In  April,  students  are  discussing  the  problem:  4  x  . 

different  ways  for  2  x  8  =   . 

Teacher:        Let's  hear  Danae. 


=  16,  after  they  had  found 


Danae: 


I  said,  4, ...5, 6,7, 8, 9, 10,1 1,12,13,14,15, 16(looks  at  her  fingers).  So  it  must 
be  12. 


Antonis:  That's  wrong. ..2  times  12  is  13,14,15,16,17,...yousee,  it's  more  than  16. 
Teacher:        Did  you  understand  Danae? 

IDanae  seems  confused.) 
Teacher:        Can  you  repeat,  Antonis,  what  you  said? 
12  plus  12  is... 


Antonis: 
Teacher: 

Teacher: 
Danae: 
Teacher: 
Kosmas: 

Teacher: 


Antonis,  can  you  draw  a  figure?  (Antonis  makes  4  circles  and  places  1 2  in 
each  of  them.  Then,  he  tries  to  find  out  with  Danae  how  much  is  1 2  plus  12.1 

What  do  you  think  Danae? 

I  am  wrong.  I  thought  that  it  was  addition. 

Kosmas,  how  did  you  do  it? 

I  took  4  times  2  and  it  was  2  plus  2,  4  plus  2,  6,  plus  2,  8.  [He  raises  4 
fingers  to  keep  track  of  his  counting. 1  Then,  I  tried  4  and  it  was  right.  (He 
repeats  the  same  strategy. 1 

(Repeats  his  solution,  and,  at  the  same  time,  she  circles  the  first  2  circles  and 
places  an  8  next  to  it  and  does  the  same  thing  as  she  moves  to  the  next  2 
circles.) 

The  teacher  is  now  more  willing  to  let  students  resolve  their  disagreements.  Her  goal 
when  she  intervenes  is  to  facilitate  their  communication.  Another  aspect  of  her  practice  is 
the  use  of  symbolic  representations  to  model  her  students'  thinking.  As  we  can  see, 
students  are  also  expected  to  use  symbolic  representations  for  their  explanations. 

CONCLUSIONS 

The  above  analysis  shows  some  of  the  changes  in  our  teacher's  beliefs  and  practices. 
Her  classroom  experiences  have  persuaded  her  that  students  can  share  a  part  of  the 
responsibility  for  their  learning.  As  a  consequence,  her  views  about  her  own  role  as  a  teacher 
have  also  changed.  Mathematics  is  not  anymore  the  subject  with  the  fixed  answers.  As  she 
works  with  her  students,  she  experiences  a  way  of  doing  mathematics  much  more  different 
than  the  one  she  was  used  to.  The  textbook  ceased  to  be  the  source  of  her  teaching.  In  our 
meetings,  she  was  increasingly  involved  in  the  development  of  instructional  activities. 
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It  is  apparent  that  the  changes  in  her  beliefs  were  reflexively  related  to  the  changes  in 
her  practice.  However,  we  need  more  systematic  analyses  of  the  teachers'  practice  as  they 
try  to  be  innovative  if  we  want  to  develop  models  that  characterize  their  learning.  Then, 
teacher  education  programs  will  be  easier  to  design. 
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AN  ANALYSIS  OF  YOUNG  CHILDREN'S  STRATEGIES  AND  USE  OF  DEVICES 
FOR  LENGTH  MEASUREMENT 


Gillian  M.  Boulton-Lcwis.  Lynn  Wilss  &  Sue  Mutch 
Queensland  University  of  Technology,  Brisbane,  Australia. 

This  is  a  study  of  the  strategies  and  length  measuring  devices  used  by  70 
children  in  years  1,2  and  3  in  two  schools  in  Brisbane.  Children  were  given 
materials  to  use  and  asked  to  explain  their  procedures.  The  teachers  were 
interviewed  to  determine  the  procedures  that  they  were  introducing.  The  overall 
developmental  sequence  was  a  peak  in  use  of  arbitrary  devices  in  year  2,  a  high 
interest  in  use  of  standard  devices  in  all  years  with  a  significant  increase  in  year 
3,  and  a  significant  increase  in  understanding  in  the  length  measuring  process 
over  the  threeyears.  These  results  are  in  conflict  with  the  normal  recommended 
curriculum  sequence  and  are  considered  from  the  perspective  of  the  demand 
they  might  make  on  capacity  to  process  information. 

The  intention  of  the  research  was  to  present  children  with  a  range  of  measurement 
tasks  in  order  to  determine  the  strategies  and  devices  that  they  would  choose  to  use  to 
measure  length.  An  analysis  of  possible  strategis  and  devices  was  made  in  advance 
from  an  information  processing  perspective  and  from  earlier  research  in  the  area  and 
compared  with  the  strategies  and  devices  that  the  teachers  were  introducing.  The 
hypothesis  was  that  some  of  the  representations  and  strategies  that  teachers  currently 
accept  as  good  practice  may  not  actually  be  the  most  appropriate  or  effective. 
THEORIES  OF  COGNITIVE  DEVELOPMENT,  MEASUREMENT  AND  USE  OF 


Length  measurement  requires  knowledge  of  number,  of  units  of  length  and  of 
application  of  both  of  these  in  the  length  measuring  process  (Boulton-Lewis,  1987). 
Aspects  of  the  length  measuring  process  can  be  analysed  on  the  basis  of  theories  of 
cognitive  development  such  as  those  of  Halford  (1992;  1993)  or  Case  (1992)  and 
approximate  ages  of  achievement  can  be  proposed,  assuming  that  children  possess 
requisite  prior  knowledge. 

Half  ord's  structure  mapping  theory  of  cognitive  development  (1988;  1992;  1993) 
accounts  for  cognitive  development  in  terms  of  the  structural  complexity  of  tasks, 
together  with  the  factors  of  capacity  and  knowledge.  He  has  defined  four  levels  of 
structure  mapping  the  processing  demands  of  which  have  been  demonstrated 
empirically  and  by  task  analysis. 

In  terms  of  Half  ord's  theory'the  ability  to  recognize  and  name  the  attribute  of  length 
in  a  nominal  sense  is  a  task  at  the  element  mapping  level  and  should  begin  to  be 
possible  from  1  to  2  years  of  age  even  if  an  incorrect  term  such  as  big  is  used. 
Comparison  of  two  lengths  and  the  ability  to  use  a  standard  measure  without 
understanding  the  reasons  for  construction  of  such  a  measure  or  the  relationship  of 
units  of  length  is  an  ability  at  the  relational  mapping  level.  This  should  allow  the 
child  to  recognize  equality  or  inequality  of  length  and  to  order  objects  by  pair  by  pair 
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comparison.  All  these  abilities  should  begin  from  2  to  5  years.  From  about  4  or  5 
years,  the  child  should  begin  to  be  capable  of  understanding  aspects  of  length  at  the 
system  mapping  level  which  require  cognition  of  three  elements  and  the  relation 
between  them.  This  should  allow  recognition  of  the  invariance  of  the  length  of  an 
object  despite  distracting  perceptual  factors,  such  as  conservation  of  length  as 
described  and  tested  by  Piaget,  Inhelder  &  Szeminska  ( 1960),  transitive  reasoning 
about  length  in  situations  that  require  both  standard  and  non  standard  measures,  and 
procedures  for  measuring  length  that  require  consideration  of  comparative  length 
and  number  of  sub  units. 

Case  ( 1985, 1992)  hypothesized  four  stages,  rather  than  levels,  of  cognitive 
development  (sensorimotor,  interrelational,  dimensional,  and  vectorial).  In  terms  of 
Case's  (1992)  theory  cognitive  development  takes  place  recursively.  That  is  earlier 
separate  operations  are  integrated  to  produce  higher  order  operations.  An  element 
mapping  task  would  be  one  at  the  last  interrelational  substage  from  about  31/2  to  5 
years  where,  for  example,  numbers  can  be  used  to  tag  a  set  of  objects  and  presumably 
words  can  be  used  to  tag  objects  according  to  the  attribute  of  length.  From  about  5  to 
10 years  of  age  children  move  through  the  dimensional  substages  where  they  can 
cognize  third  order  relations.  From  about  5  to  7  years  of  age  (unidimensional 
substage)  children  can  understand  the  relation  between  enumeration  and  quantity, 
which  is  a  relation  in  a  single  dimension  (Case  &  Griffin,  1990;  Case  &  Sowder, 
1990),  hence  presumably  they  should  be  able  to  understand  single  dimension  length 
relations  such  as  longer  than.  At  the  bidimensional  thought  substage,  from  about  7  to 
9  years  children  can  co-ordinate  two  units  of  operations  which  allow  them  to 
understand  part  whole  number  relations  and  hence  presumably  relations  between  the 
length  of  two  objects  each  compared  with  a  third  object.  The  final  stage  of 
integrated  bidimensional  thought  allows  children  from  about  9  years  to  construct  and 
compare  entities  that  result  from  numerical  operations  and  hence  this  understanding 
should  be  able  to  be  used  in  length  measuring  situations  which  require  comparison  of 
lengths  of  objects  in  terms  of  numbers  and  lengths  of  units. 

In  research  with  children  aged  from  3  to  7  years  Boulton-Lewis  (1987)  predicted 
sequences  of  length  measuring  knowledge  on  the  basis  of  a  logical  analysis  from 
measurement  theory,  from  a  literature  search,  and  from  an  information  processing 
analysis  of  the  tasks  on  the  basis  of  Halford's  (1982)  and  Case's  (1982)  theories. 
Empirical  research  found  three  clearly  separated  groups  of  tasks  which  included  at 
the  first  level  variables  such  knowledge  of  equality  and  inequality  of  length,  ordering 
of  lengths  by  pair  by  pair  comparison  and  related  number  knowledge;  at  the  second 
level  recognition  of  length  invariance,  correct  response  to  a  transitivity  task  and  then 
conservation  of  length  on  a  Piagctian  task;  and  at  the  third  level,  in  order,  were 
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measurement  with  a  ruler,  a  length  measurement  strategy  when  arbitrary  units  were 
involved  and  then  the  ability  to  reason  transitively. 

Predicting  conservatively  from  Halford's  and  Case's  theories  one  would  expect 
children  to  begin  to  cognize  and  name  the  attribute  of  length  in  some  way  from  1  to 
3 1 12  years,  begin  to  compare  lengths  from  4  to  5  years,  and  begin  to  conserve  length 
and  reason  transitively  from  5  to  7  years  onwards  and  hence  be  able  to  understand  the 
length  measuring  process. 

Resnick  (1987)  discussed  differences  between  learning  in  and  out  of  school  and 
provided  an  example  of  a  real  world  situation  in  which  money  is  used.  In  a  real 
buying  situation  children  would  use  the  coins  they  have  to  make  up  an  amount  rather 
than  calculate  in  an  abstract  way  what  they  would  need.  Similarly  it  is  proposed  that 
children  will  want  to  measure  length  in  the  way  they  see  it  done  out  of  school. 

On  the  basis  of  the  theories  of  cognitive  development  described  above,  and  from 
what  we  know  about  learning  in  and  out  of  school  the  conventional  wisdom  about  the 
kind  of  sequences  usually  recommended  in  curriculum  documents  for  teaching  length 
measuring  to  young  children  is  questioned  here.  The  Queensland  curriculum  guides 
recommend  starting  with  arbitrary  units  then  progressing  to  the  standard  units  of 
metre  and  centimetre  respectively  by  the  end  of  year  three.  It  would  seem  that  this 
sequence  would  defeat  the  purpose  of  what  it  is  intended  to  achieve.  In  the  third 
group  of  variables  identified  by  Boulton-Lewis  ( 1987)  children  could  succeed  with 
measuring  using  a  ruler  before  they  could  devise  a  measurement  strategy  using 
arbitrary  units  and  before  they  could  reason  transitively.  In  order  to  realise  that 
arbitrary  measures  are  not  reliable  a  child  must  reconcile  the  varying  lengths  and 
numbers  of  arbitrary  units  and  reason  transitively.  On  the  other  hand  to  use  a 
standard  device  such  as  a  30cm  or  metre  ruler  to  make  pair  by  pair  direct 
comparisons  of  lengths  of  objects  is  a  less  demanding  task.  It  also  has  the  advantage 
that  it  appears  to  be  a  real  world  meaningful  activity. 

RESEARCH  IN  CHILDREN'S  LENGTH  MEASURING  STRATEGIES 
Research  concerned  with  young  children's  knowledge  and  strategies  for  length 
measuring  addresses  two  main  issues;  the  sequences  and  stages  children  go  through 
(Boulton-Lewis,  1987;  Hiebert,  1981),  and  children's  understanding  of  identified 
measurement  concepts  and  problems  arising  in  the  practical  application  of 
measurement  strategies  (Carpenter,  Corbitt,  Kepner,  Lindquist,&  Reys,  1981; 
Hiebert,  1984;  Miller,  1989). 

Hiebert's  (1981)  posited  that  children  move  initially  from  no  understanding  of  the 
measurement  situation,  to  employing  an  appropriate  measurement  strategy  but 
achieving  an  approximate  solution,  to  using  finally  an  appropriate  strategy  with  an 
accurate  solution. 
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Carpenter  et  al.  (1980),  Hiebert  (1984),  and  Miller  (1989)  believe  that  children 
need  to  have  an  understanding  of  basic  measurement  concepts  if  they  are  not  to  make 
mistakes.  Problems  that  can  arise  in  the  use  of  a  ruler  include,  incorrect  alignment 
with  the  object  to  be  measured,  focussing  on  the  numbers  rather  than  the  standard 
unit  of  measurement,  starting  at  a  point  other  than  zero  and  leaving  gaps  (Hiebert, 
1984;  Kouba  et  al.  1988). 

Haylock  and  Cockburn  ( 1984)  maintain  that  comparisons  can  be  made  directly 
without  using  measuring  devices  i.e.  visual  peception.  For  indirect  comparions  they 
believe  that  children  should  begin  measuring  with  son-standard  (arbitrary)  devices  to 
gain  an  awareness  of  the  need  for  a  standard  unit.  However  this  belief  does  not  take 
into  account  the  information  processing  demand  that  the  use  of  arbitrary  units  would 
make,  neither  does  it  allow  children  to  believe  that  they  are  really  measuring  as  they 
see  in  the  real  world. 

This  research  was  to  determine  what  strategies  and  measurement  devices  children 
would  choose  to  use  in  a  range  of  measurement  situations  and  then  to  consider  the 
results  in  terms  of  the  theories  described  above  and  the  procedures  that  the  teachers 
were  using.  The  study  was  undertaken  in  two  schools  at  early  and  late  in  the  school 
year,  with  a  sample  of  children  from  years  1  to  3. 

METHOD 

Sample 

This  consisted  of  70  children,  23  in  year  1, 25  in  year  2  and  22  in  year  3,  in  two 
suburban  schools  in  Brisbane  in  low  to  medium  and  high  socioeconomic  areas. 
Design 

The  teachers  were  asked  to  identify  in  advance  their  objectives  for  length 
measurement,  and  the  representations  and  strategies  that  they  intended  to  use.  Each 
child  was  interviewed  in  term  2  and  term  4,  with  an  interval  of  16  weeks,  to  assess  use 
of  concrete  materials  and  the  processes  or  strategies  they  chose  to  use.  All  interviews 
wijh  the  children  were  videotaped,  viewed,  transcribed  and  coded  by  the  authors. 
Materials 

Materials  were  selected  on  the  basis  of  what  teachers  said  they  intended  to  use  and 
included  unifix  cubes,  unmarked  sticks,  half  and  full  matches,  string  and  scissors, 
children's  body  parts,  metre  rulers  and  30  centimetre  rulers. 
Procedure 

The  cnild  and  the  interviewer  discussed  the  materials.  Any  unfamiliar  materials  were 
explained  in  case  the  child  wanted  to  use  them.  Three  tasks  were  presented  as 
follows. 

Task  1.  The  child  was  shown  3  pieces  of  string ,  2  pieces  were  27  centimetres  in 
length,  th?  third  piece  was  24  centimetres  long  (cf.  Boulton-Lewis,  Neill  &  Halford, 
1<J87/. 
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The  child  was  asked  'Do  you  think  any  of  these  pieces  of  string  are  the  same  length?  . 
Why?  'Could  you  measure  them  using  any  of  the  materials  to  find  out  if  you  are  right? 

Task  2.  The  child  was  shown  a  skipping  rope  and  told  This  is  my  favourite  skipping 
rope  and  I  want  to  buy  another  cne  just  like  it,  so  I  need  to  know  how  long  it  is.'  The 
child  was  then  asked  'How  could  you  find  out  how  long  it  is?  Would  you  measure  it?' 

Task  3.  This  task  posed  problems  of  comparison  between  two  rows  of  matches,  with 
one  of  the  rows  being  constant  for  each  comparison  and  where  the  child  could  not 
move  the  matches  to  use  direct  comparison  as  a  strategy.  The  child  was  shown  four 
cards  with  matches  glued  onto  them  (cf  Boulton-Lewis,  Neill  &  Halford,  1987).  Card 
1  (CI)  had  five  full  matches  glued  in  a  straight  line  and  was  paired  with  cards  2  (C2), 
3  (C3)  and  4  (4C)  respectively  as  shown  in  Figure  2. 


mm  2     Cu*  tm  lawth  m  a  tomlsi  mt  <ua  mi  t—mt  at 
mtm  mtN  wits. 

The  child  was  asked  'Do  you  think  these  lines  of  matches  are  the  same  length,  or 
are  they  different?  Why?  How  could  you  find  out?' 

RESULTS 
Teacher  expectations  and  strategies 

All  teachers  indicated  that  they  followed  closely  the  objectives,  materials  and 
activities  recommended  in  the  state  curriculum  as  described  above. 
Categorisation  of  responses 

Strategies  were  derived  from  a  literature  review  and  examination  of  our  data.  The 
responses  that  the  children  gave  were  categorised  first  by  successful  and  unsuccessful 
use  of  a  strategy.  These  were  as  follows,  SVP/UVP  •  successful/unsuccessful  use  of 
visual  perception,  SAD/UAD  •  successful/  unsuccessful  use  of  arbitrary  device, 
SSD/USD  •  successful/ unsuccessful  use  of  standard  device,  SSDL  •  successful  use  of 
standard  device  with  language  error  or  lack  of  measurement  language,  SSDA/USDA 
•  successful/unsuccessful  use  of  standard  device  in  an  arbitrary  way,  NSDC  • 
nonconventional  use  of  standard  device  but  correct  answer,  MUC  •  mixed  use  of 
standard  and  arbitrary  units,  correct  answer,  MUIC  •  mixed  use  of  standard  and 
arbitrary  units,  incorrect  answer,  NO  •  no  response  at  all,  no  measurement  attempted, 
probably  lacking  the  concept  of  length  measurement.  The  categories  were  then 
collapsed  to  specific  strategy  use  rather  than  correct  and  incorrect  strategy  use,  that 
is  VP,  AD,  SD,  SDL,  NSDC,  SDA,  MU  and  NO. 
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Analyses 

A  MANOVA  for  time  by  year  was  computed  for  SVP,  UVP,  SAD,  UAD,  SSD,  USD, 
SDL,  SDA,  USDA,  NSDC,  MUC,  MUIC  and  NO.  The  overall  time  by  year  effect  was 
significant  (Pillai's  trace=0.6,  F=  1.8,  DF=2,67,  p«.015).  The  univariate  analyses 
for  time  by  year  showed  that  differences  for  UAD  (unsuccessful  use  of  arbitrary 
device)  and  NO  (no  response,  no  measurement  attempted)  were  significant,  ¥=2.9 
(p  =  .06)  and  F = 10.6  (p  =  .00)  respectively.  Tukey  post  hoc  analyses  were  used  to 
confirm  the  significant  differences  between  groups  in  these  categories  at  the  0.05 
level.  These  differences  are  shown  in  Figures  3a  and  3b.  There  was  a  significant 
increase  in  the  un-successful  use  of  arbitrary  devices  late  in  year  1,  a  decrease  to  late 
year  2,  an  increase  early  in  year  3  and  then  a  decline.  There  was  a  sharp  decline  in  the 
use  of  the  NO  strategy  late  in  year  1,  followed  by  a  marginal  increase  early  in  year  2 
with  this  decreasing  to  no  use  of  this  strategy  at  all  in  late  year  3. 
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Oneway  analysis  of  variance  for  VP,  AD,  SD,  SDL,  NSDC,  SDA,  MU  and  NO  showed 
significant  differences  between  years  for  SD,  SDA  and  NO  which  were  confirmed  at 
the  0.05  level  by  Tukey  post  hoc  analysis.  These  differences  were  for  SD  between 
year  3  and  both  years  1  and  2  (Fig.  4a),  for  SDA  between  years  1  and  3  (Fig.  4b)  and 
for  NO  between  years  1  and  both  years  2  and  3  (Fig.  4c).  The  overall  developmental 
trends  shown  in  these  figures  indicate  that  the  use  of  arbitrary  devices  increased  in 
year  2,  probably  due  to  teaching  effects,  that  there  was  high  interest  in  the  use  of  a 
standard  device  even  in  year  1,  that  this  increased  over  the  three  years  and 
significantly  in  year  3,  that  standard  devices  wt^e  used  in  an  arbitrary  fashion  from 
year  1  and  this  kind  of  use  declined  significantly  by  year  3,  and  that  there  was  a 
significant  increase  in  understanding  in  the  length  measuring  process  from  year  1  to 
years  2  and  3  as  indicated  by  the  decline  in  NO  responses. 
An  examination  of  strategy  use  by  task  over  the  three  years  showed  that  the  most 
frequently  chosen  were  for  task  1  (SD,  SDL),  task  2  (SD,  SDL  and  AD  equally),  task 
3a  (AD,  SD),  task  3b  (AD,  VP),  task  3c  (AD,  VP).  This  analysis  of  strategy  use  also 
showed  that  children  change  strategy  to  suit  their  perception  of  the  difficulty  of  the 
task  as  proposed  by  Siegler  and  Robinson  (1982)  for  number  and  that  there  was  a 
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steady  preference  for  use  of  a  standard  device,  where  possible,  despite  the  fact  that 
teachers  were  emphasising  the  use  of  arbitrary  devices  until  year  3. 


Oneway  analysis  of  variance  of  strategy  use  by  school  showed  no  significant 
differences  between  them. 

DISCUSSION 

The  results  confirm  some  of  the  predictions  made  from  the  theories  of  cognitive 
development.  Generally  there  was  a  significant  increase  in  understanding  of  the 
length  measuring  process  over  the  three  years  from  about  5  to  8  and  a  half  years. 
They  also  confirm  that  children  will  choose  to  use  a  standard  measuring  device,  if 
possible,  even  if  they  do  not  understand  it  fully  or  use  it  accurately. 

CONCLUSION 

The  research  indicates  that  a  careful  examination  should  be  made  of  the  sequences 
for  length  measuring  recommended  in  curriculum  guidelines.  We  would  suggest  that 
children  be  encouraged  to  measure  directly  and  indirectly  with  standard  measures 
(and  arbitrary  units  if  they  so  desire)  from  the  first  year  of  school.  To  avoid  the  kinds 
of  errors  of  usage  associated  with  standard  measures  described  in  the  literature  and 
in  this  research,  teachers  could  discuss  explicitly  with  children  how  people  use 
standard  measures,  that  is  that  they  ignore  the  gap  at  the  end  of  a  ruler,  do  not  leave 
spaces  between  measures  and  so  on. 

The  results  also  suggest  that  if  children  prefer  to  use  standard  measures  then 
measurement  activities  would  have  more  interest  and  meaning  for  children  if  they 
were  encouraged  to  use  them  and  if  the  activities  appeared  to  be  for  some  real  life 
purpose. 
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Abstract 

One  of  the  dangers  of pre-service  mathematics  teacher  education  courses  is  that  the 
presenters  of  such  courses  can  become  so  involved  in  their  own  construction  of  the 
imperatives  of  mathematics  teaching  that  they  fail  to  pay  sufficient  attention  to  the  real 
contexts  in  which  their  students  will  be  teaching.  This  potential  split  becomes  even  more 
problematic  when  the  context  is  one  of  contestation  of  a  society  in  transition.  The  focus  of 
this  paper  is  on  one  particular  method  course  for  pre-service  mathematics  teachers  at  a 
South  African  university.  The  research  reported  here  was  undertaken  in  an  attempt  to 
determine  the  perceived  effectiveness  of  the  course  by  former  students. 

Introduction 

The  research  reported  in  this  paper  takes  place  against  a  context  of  the  present  contested 
transformation  of  South  African  society.  It  focuses  on  the  evolvemcnt  of  a  Mathematics 
Method  pre-service  course  for  secondary  school  mathematics  teachers  at  the  University  of 
Cape  Town  during  a  period  where  education  was  often  at  the  forefront  of  the  struggle  for 
change  (Breen  1 988).  In  summary,  the  course  prepares  an  average  of  45  students  each  year 
to  teach  in  schools  across  the  racially  and  regionally  divided  19  different  education 
departments.  Lectures  occur  over  a  period  of  20  weeks  in  a  single  year  and  arc  held  on  one 
day  over  a  period  of  4  'A  hours.  The  initial  phase  of  the  content  section  of  the  programme, 
between  1983  and  1986,  included  an  emphasis  on  open-ended  investigations  and  an 
exploration  of  Gattegno's  description  of  geometry  as  'an  awareness  of  imagery'.  The  section 
of  the  course  which  tried  to  contcxtualisc  mathematics  education  into  society  focused  on 
readings  on  current  debates  on  the  non-Eurocentric  roots  of  mathematics,  ethnomathematics, 
and  gender  issues  in  mathematics  education. 

The  programme  was  thoroughly  revised  in  1987  in  the  light  of  the  ineffectiveness  of  me 
programme  in  getting  students  to  recognise  their  own  need  to  integrate  the  theory  of  the 
course  into  their  own  practice  (see  Breen  1990).  The  political  context  of  the  period  seemed 
to  encourage  students  to  take  up  simplistic  polarised  positions.  In  an  attempt  to  challenge 


387  ~ 


students  to  confront  their  own  preconceptions  about  themselves,  society  and  the  teaching  of 
mathematics,  an  experiential  programme  which  focused  on  cognitive  and  affective  conflict 
was  introduced.  The  programme  was  based  on  a  reflection  model  which  is  described  in  more 
detail  in  Brecn  (1992).  The  model  drew  from  the  work  of  Gattegno's  statement  that  'only 
awareness  is  cducable'  (Gattegno  1970)  and  tried  to  integrate  Vygotskyan  concepts  of  the 
teacher  (in  this  case  teacher  educator)  as  mediator  and  the  value  of  the  social  interaction  in 
learning  (Vygotsky  1978),  and  a  Rogerian  sense  of  valuing  the  whole  person  (Rogers  1983). 
The  course  became  an  experiential  course  where  students  were  put  in  situations  which 
forced  them  to  mix  socially,  and  to  participate  in  activities  which  highlighted  uncomfortable 
aspects  of  the  teaching  reality  (Breen  1990,  1991,  1992).  Throughout  the  course  students 
were  required  to  reflect  on  their  assumptions  and  actions,  and  a  crucial  element  of  the 
programme  was  the  requirement  that  students  keep  a  reflective  journal  on  their  own  growth 
as  learners,  mathematicians  and  teachers.  This  journal  served  as  the  major  source  of 
evaluation  for  the  year. 


Ratio'.  ..ic  for  study 

By  the  time  the  programme  had  run  a  few  years,  it  had  become  extremely  popular  and 
students  were  describing  it  as  one  of  the  most  important  courses  in  their  university  career. 
While  this  was  gratifying  for  the  lecturer  it  did  not  mesh  with  the  continuing  reported 
injunction  from  teachers  in  schools  to  student  teachers  that  they  should  forget  all  the 
idealistic  nonsense  that  they  learnt  at  university  and  deliver  what  was  required  in  schools.  A 
further  concern  was  the  extendibility  of  many  of  the  ideas  of  the  course  to  the  realities  of 
teaching  mathematics  to  large  classes  of  75  pupils  in  severely  underrcsourccd  schools.  In  a 
context  of  increasing  turmoil  in  schools  and  an  urgent  need  to  reform  the  process  of 
schooling  in  the  country,  it  became  apparent  that  the  evaluation  of  the  course  by  students 
finishing  the  course  left  a  number  of  unanswered  questions.  Accordingly,  it  was  decided  to 
conduct  some  research  which  attempted  to  access  the  field  experiences  of  practising  teachers 
who  had  completed  the  course. 


Method  of  research. 

Dr.  Wendy  Millroy  was  appointed  as  a  senior  researcher  during  1992  to  conduct  the 
research.  Her  first  task  was  to  develop  a  data  base  of  past  students  and  their  current 
addresses.  At  the  same  time  as  this  long  process  was  in  operation,  Dr.  Millroy  conducted  a 
scries  of  six  short  interviews  of  past  students  teaching  in  the  Cape  Town  region.  The  data 
obtained  from  these  interviews  was  used  to  develop  an  interview  script  In  analysing  the  data 
from  these  initial  interviews  it  became  apparent  that  teachers  enjoyed  the  opportunity  to  talk 
to  the  researcher,  particularly  about  the  method  course.  The  considerable  time  taken  for  this 
section  of  the  interview  meant  that  far  less  time  was  available  to  focus  on  their  present 
teaching  situation  and  their  effectiveness  at  introducing  changes  into  their  schools. 
Accordingly  the  order  of  the  interviews  was  changed  to  emphasis  their  current  practice  and  a 


new  script  was  used  tor  a  further  set  of  nine  long  interviews  with  practising  teachers. 
Transcripts  were  made  of  each  interview. 


These  interview  transcripts  were  then  analysed  and  searched  for  possibilities  for  the 
construction  of  a  questionnaire  which  could  be  sent  to  all  past  HDE  students.  The 
questionnaire  generally  consisted  of  statements  which  required  a  response  based  on  a  five 
point  Likert  srale  and  was  then  pilot  studied  with  a  group  often  students  from  the  current 
method  class  of  1992.  Their  comments  and  criticisms  were  noted  and  the  final  questionnaire 
drafted.  The  revised  questionnaire  consisted  of  93  questions  which  were  subdivided  into 
four  sections  which  focused  respectively  on  their  present  teaching  practice;  their  experience 
with  introducing  change  in  their  schools;  their  recollections  of  the  Maths  Method  course; 
and  their  present  needs  for  further  professional  development.  The  questionnaires  were  sent 
to  320  latest  known  addresses  of  students  who  had  completed  the  course  since  1983.  102 
completed  questionnaires  were  returned  and  subsequently  analysed. 

Results  and  implications. 
Present  Teaching 

The  picture  painted  by  the  results  of  the  questionnaire  are  both  reassuring  and  generally 
predictable.  There  is  a  sense  of  enormous  perceived  optimism  in  their  responses.  For 
example,  87%  felt  that  they  were  free  to  use  their  own  ideas  about  teaching  in  their 
classrooms,;  85%  disagreed  with  the  statement  that  "I  do  not  encourage  too  many  questions 
in  class  because  it  can  be  too  time-consuming";  and  85%  replied  that  they  w;re  open  to  new 
ideas  and  to  trying  new  things  in  the  classroom.  In  contrast  to  this  sense  of  confidence  and 
freedom,  their  responses  to  a  question  which  asks  them  to  identify  their  main  concerns 
during  their  first  years  of  teaching  coincide  with  many  of  the  frequently  documented  issues 
raised  by  first  year  teachers.  Teachers  in  this  sample  list  problems  of  discipline  in  class  and 
the  difficulties  associated  with  achieving  this;  getting  through  the  syllabus  in  time  and  the 
negative  effect  this  has  on  creative  teaching;  and  the  importance  of  ensuring  that  studc»ts 
get  good  examination  results. 

Experiences  with  Change. 

There  is  an  interesting  spread  of  perceived  power  in  controlling  change.  58%  disagreed  with 
the  statement  "I  don't  feel  that  I  have  the  power  to  change  anything  at  school  (compared  to 
24%  who  agreed),  75%  agreed  that  the  teacher  needs  the  support  of  a  progressive  principal 
to  successfully  make  changes  at  school,  while  63%  agreed  that  pupils  have  the  power  to 
implement  changes  at  their  schools. 

As  regards  their  own  involvement  in  trying  to  introduce  change  in  their  schools,  53%  agreed 
that  they  can  think  of  several  areas  where  they  have  been  able  to  make  significant  changes 
(28  %  disagreed);  47%  agreed  that  the  changes  they  have  been  able  to  make  have  been 
positive  and  long-lasting;  45%  disagreed  that  they  had  met  lots  of  resistance  when  trying  to 
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change  things  at  their  school  (35%  agreed);  and  50%  agreed  that  change  has  to  be 
introduced  slowly  at  schools  because  teachers  have  a  natural  resistance  to  change  (30% 
disagreed). 

Influence  of  the  Course. 

The  course  appears  to  have  had  a  far  reaching  influence  on  those  who  have  responded.  The 
results  of  the  questions  which  focused  on  their  recollections  of  the  HDE  course  are  generally 
encouraging.  84%  agreed  or  strongly  agreed  that  the  course  had  taught  them  to  reflect  upon 
themselves  as  teachers;  83%  agreed  that  their  experience  in  the  course  had  encouraged  them 
to  treat  learners  with  respect;  77%  agreed  that  they  had  tried  to  develop  an  atmosphere  of 
freedom  and  enjoyment  in  their  maths  classes  as  a  result  of  the  Maths  Method  course;  and 
74%  agreed  that  their  experiences  in  the  Maths  Method  course  had  changed  their  ideas  of 
what  it  means  to  be  a  mathematics  teacher.  65%  agreed  that  their  experiences  in  the  Maths 
Method  course  had  a  great  influence  on  their  approach  to  teaching  and  the  same  number 
agreed  that  their  experience  in  the  course  had  encouraged  them  to  work  co-operatively  with 
others. 

Practical  Implications  of  the  course. 

Responses  in  this  section  are  less  clear  but  some  of  the  unmet  needs  begin  to  become 
evident  and  generally  centre  around  their  first  year  needs  and  their  difficulties  in  ensuring 
that  pupils  deliver  good  results.  For  example,  50%  felt  the  course  equipped  them  with  useful 
strategies  to  survive  in  the  classroom,  and  36%  agreed  that  the  course  had  taught  them 
survival  skills  which  helped  them  through  their  first  years  of  teaching  compared  to  47%  who 
disagreed.  35%  agreed  that  they  had  been  able  to  use  a  lot  of  the  activities  with  their  pupils 
at  school.  62%  agreed  that  time  should  be  devoted  to  the  special  problems  associated  with 
teaching  Matric  maths.  39%  felt  there  should  have  been  more  emphasis  on  maths  content 
while  46%  disagreed  that  the  lecturer  should  have  been  far  more  prescriptive  in  covering 
specific  subject  topics  and  giving  teaching  ideas. 

Significance  of  the  Course. 

48%  agreed  with  the  statement  that  "the  Maths  Method  course  was  the  most  important 
tertiary  experience  1  had".  In  responding  to  the  statement.  "The  most  significant  aspect  of 
the  course  for  me  was....",  the  most  frequent  responses  were: 

i)  the  variety  of  interesting,  new  and  different  approaches  to  teaching  that  were  experienced 

ii)  the  fact  that  the  students  got  to  know  each  other  and  to  work  co-operatively  at  group 
activities  and  interactive  games 

iii)  the  course  promoted  self-reflection  and  critical  self-evaluation  both  as  a  person  and  as  a 
teaching  professional. 

iv)  the  idea  of  the  teacher  as  a  learner  and  the  possibility  of  the  teacher  being  able  to  put 
him/herself  in  the  learner's  shoes. 


The  activities  which  were  most  frequently  mentioned  were:  the  role  playing  of  Mr.  Smith, 
the  silent  lesson;  video  recording  and  playback  micro  lessons;  and  circle  dancing 


While  these  results  convey  a  picture  of  the  continuing  impact  of  the  course  and  of  a  general 
optimistic  attitude  towards  classroom  innovation,  the  data  gathered  in  the  long  interviews 
present  a  much  richer  source  of  understanding  different  dimensions  of  teacher  realities.  In  an 
attempt  to  explore  these  different  realities,  two  case  studies  taken  from  these  long  interviews 
will  be  described. 

Case  Studies 

Paul  had  already  taught  for  several  years  in  one  of  the  sectors  of  education  which  have  been 
disadvantaged  by  apartheid  before  he  came  on  the  HDE  course.  He  had  continued  to  be  very 
active  politically  during  the  year  of  the  course,  and  had  challenged  the  lecturer  on  several 
occasions  during  the  year  because  he  felt  that  the  introduction  of  a  humanistic  element 
through  the  playing  of  games  masked  the  political  struggle  and  asked  people  to  accept  or 
tolerate  each  other  at  a  time  of  national  contestation.  There  were  several  heated  debates 
between  lecturer  and  student  during  the  year,  both  in  written  form  in  the  journal  and  in 
personal  conversations. 

In  reflecting  on  the  course  to  the  researcher,  he  regretted  that  he  had  not  participated  earlier 
in  group  activities.  At  the  end  of  the  course  at  one  stage  he  found  that  his  non-participation 
had  led  to  his  being  marginalised  at  a  time  when  he  needed  support.  In  addition,  during  the 
year  he  had  seen  the  importance  of  engaging  with  people  with  different  beliefs  and 
experiences  rather  than  totally  reject  them  for  their  positions.  On  returning  to  teaching,  now 
as  a  head  of  department,  he  had  been  able  to  apply  this  new  sensitivity  and  tolerance  to  a 
conflict  he  had  had  with  a  new  staff  member  and  had  found  the  issue  more  easily  resolved 
than  previously  would  have  been  the  case.  Colleagues  ha<i  also  given  him  the  feedback  that 
it  was  the  first  time  they  had  seen  him  smiling  and  he  believed  that  he  was  able  to  achieve 
more  in  implementing  changes  in  the  school  because  he  was  more  open  to  negotiation  and 
understanding  the  other  person's  point  of  view  than  he  had  been  before  the  course. 

His  strongest  criticism  of  the  course  was  that  it  created  a  safe  and  supportive  environnv  .tt 
for  students  which  in  no  way  resembled  the  reality  that  they  would  encounter  in  the  school 
situation.  He  recalled  an  incident  where  students  were  criticising  each  other  and  the  lecturer 
had  intervened  to  control  the  situation  as  having  been  a  missed  opportunity  for  students  to 
experience  the  reality  of  teaching.  The  successful  separation  of  people  through  apartheid 
was  also  of  concern  to  him  and  he  felt  that  it  was  essential  for  students  to  teach  or  observe 
the  different  possibilities  on  the  spectrum  of  teaching  situations. 

In  talking  about  the  extent  to  which  he  was  able  to  incorporate  ideas  from  the  course  into  his 
own  teaching,  he.  raised  the  interesting  point  about  students  trying  to  teach  using  the 
lecturer's  method.  If  it  didn't  work  first  time  they  would  reject  it.  He  stressed  the  importance 
of  teachers  owning  the  methods  they  use.  "This  is  my  method  now.  I  am  going  to  do  it  my 
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way.  If  the  situation  is  different  from  in  the  HDE  class,  I'm  going  to  change  it  to  suit  my 
circumstances". 


Dennis  tells  a  very  different  story.  He  left  the  HDE  course  with  a  great  deal  of  enthusiasm 
for  what  he  called  'the  discovery  principle',  a  belief  in  the  merits  of  group  work  and  the  need 
to  use  apparatus  to  teach  mathematics.  His  meeting  with  the  reality  of  teaching  was  harsh. 

In  the  first  place  he  was  confronted  by  the  absence  of  teaching  aids  in  his  school.  He  had 
chalk  and  duster  and  could  not  do  anything  about  purchasing  anything  for  himself  as  he  did 
not  receive  a  salary  for  the  first  three  months.  His  enthusiasm  was  greeted  with  scepticism 
by  his  new  colleagues  who  gave  him  two  months  before  he'd  be  teaching  like  them  because 
they  said  his  fancy  theories  wouldn't  work.  The  classes  he  was  assigned  were  another 
problem.  He  taught  5  std  6  classes  each  day  and  the  average  class  size  was  70.  This  meant  at 
times  that  4  students  shared  a  desk  built  for  2.  He  also  found  that  students  were  severely 
disadvantaged  through  previous  deficiencies  in  their  knowledge  of  mathematical 
foundations. 

His  story  bears  testimony  to  his  strength  of  character.  He  carried  on  and  tried  to  apply  his 
ideas  of  the  'discovery  principle'  and  was  pleased  to  find  that  the  students  enjoyed  them.  His 
class  motto  was  'Take  Risk'.  He  told  the  class  that  at  the  end  of  the  day  that  they'll  see  there 
will  be  a  discovery.  Students  got  excited  when  they  arrived  at  a  group  answer.  Introducing 
this  method  took  time  and  he  organised  Saturday  classes  so  that  they  could  keep  up  with  the 
other  classes.  He  said  that  if  students  did  not  come  to  these  extra  classes  he  would  have  to 
stop  doing  extra  things  in  class.  They  came  and  other  classes  started  to  ask  for  his  help.  He 
conformed  a  lot  more  near  the  June  exams  so  that  his  class  would  not  be  disadvantaged. 

The  principal  heard  of  the  enthusiasm  Dennis's  teaching  was  generating  and  decided  to  sit  in 
on  a  lesson.  At  the  time  the  Principal  was  registered  for  a  Masters  degree  at  UCT  and  was 
open  to  progressive  teaching  ideas.  He  became  extremely  excited  at  what  he  saw  and  asked 
Dennis  to  share  and  develop  some  of  his  ideas.  Dennis  enjoyed  this  opportunity  and  started 
thinking  about  different  possibilities.  In  the  first  place  he  said  that  it  was  no  good  teaching 
the  same  standard  each  year  -  it  was  important  that  teachers  should  follow  the  class  up  each 
year  so  that  there  was  continuity.  The  principal  liked  this  and  agreed  that  Dennis  should  take 
a  Std  7  class  in  the  next  year.  He  also  asked  Dennis  to  take  over  one  of  the  Standard  9 
classes  to  improve  the  results  of  the  class.  Dennis  suggested  a  form  of  team  teaching  to 
avoid  being  seen  as  a  thereat  to  the  present  teacher.  In  this  method  teachers  would  develop 
their  own  area  of  specialisation  and  support  the  others  in  that  particular  field.  They  should 
also  examine  the  syllabus  and  make  recommendations  to  other  teachers  as  to  where  the 
important  emphasis  for  each  year  should  be.  The  principal  was  excited  at  this  initiative.  At 
the  end  of  the  year  he  rewarded  this  enthusiasm  and  dedication  by  promoting  Dennis  to 
Head  of  Department.  Everything  was  going  like  a  fairy  tale  

The  honeymoon  ended  abruptly  at  the  beginning  of  the  next  year.  The  other  teachers  were 
not  happy  that  this  youngster  has  been  promoted  over  the  heads  of  those  who  had  greater 


experience  just  because  he  was  better  qualified  and  had  new  ideas.  They  agitated  in  the  local 
community  and  got  Dennis  and  4  other  teachers  suspended  from  the  school.  He  was  out  of 
teaching  for  three  weeks  without  pay.  In  the  meantime  the  principal  faced  the  wrath  of  the 
teachers.  The  Department  came  to  the  principal's  aid  and  he  was  promoted  to  circuit 
inspector  of  another  district. 

Dennis's  class  becomes  angry  that  he  was  not  there  to  teach  them  and  they  started  a  counter 
movement  to  get  him  back  through  the  PTSA  (Parent  Teacher  Student  Association).  It 
succeeded  partially  and  he  was  reinstated  but  since  his  mentor  had  left  the  school  his 
position  was  downgraded  to  the  rank  of  assistant  teacher  and  his  standard  7  class  was  taken 
away  from  him  so  that  he  returned  to  teaching  the  6's. 

One  would  think  that  he  would  be  devastated  by  this  turn  of  events,  but  he  returned  to 
teaching  at  the  school  and  his  7's  joined  him  for  the  extra  Saturday  classes.  But  more 
problems  hit  him  and  soon  after  his  interview  for  this  project  he  was  suspended  again.  Not 
surprisingly  at  the  top  of  his  list  of  needs  was  a  desire  to  get  together  with  like-minded 
teachers  to  form  a  support  group.  He  wants  UCT  to  set  up  a  school  in  the  township  so  that 
other  teachers  can  be  convinced  of  the  viability  of  these  new  methods  and  that  he  has  a  place 
to  go  to  get  support. 


Implications  of  the  research 

Before  drawing  implications  from  this  research,  it  is  important  to  highlight  some  of  its 
limitations.  In  the  first  place  the  divisive  nature  of  South  African  society  and  the  education 
system  in  particular  means  that  the  students  are  teaching  in  a  wide  variety  of  contexts. 
Added  to  this  is  the  dynamic  nature  of  the  course  which  undergoes  annual  revision.  The 
statistics  obtained  from  the  questionnaire  have  been  present  for  the  group  as  a  whole  and 
show  some  interesting  trends,  but  it  is  the  differences  between  categories  which  would  be  of 
greater  value.  Unfortunately  grouping  according  to  education  department  is  likely  to  be 
simplistic.  However  an  attempt  will  be  made  to  re-analyse  the  data  using  different  categories 
including  those  of  the  two  different  stages  of  the  course. 

However,  it  is  apparent  that  there  are  several  important  considerations  arising  from  the 
research  which  need  to  be  addressed.  In  the  first  place  there  is  the  issue  of  the  concerns  of 
first  year  teachers  and  the  degree  to  which  they  are  going  to  struggle  to  cope.  To  what  extent 
should  the  pre-service  course  attempt  to  give  them  a  tool  kit  of  skills  to  survive  the  first  year 
of  teaching?  Dennis's  experience  underlines  the  urgent  need  for  there  to  be  a  support 
structure  for  first  year  teachers  in  particular.  Yet  Coombe  ( 1 992)  describes  how  she 
attempted  to  set  up  such  a  support  group  for  the  1991  Method  class  at  UCT.  Despite  initial 
student  enthusiasm  for  the  idea,  in  the  end  it  was  the  teachers  from  schools  which  had  well 
established  internal  support  structures  for  their  teachers  who  found  the  time  to  attend 
meetings.  In  analysing  her  experience  Coombe  suggests  that  it  is  impossible  to  prepare 
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students  sufficiently  to  understand  and  cope  with  the  different  contexts  in  which  they  are 
likely  to  teach. 

Paul's  experience  of  the  course  and  the  way  in  which  he  was  able  to  apply  aspects  of  it  to  his 
teaching  situation  suggest  that  this  type  of  experiential  course  would  be  more  valuable  for 
teachers  who  have  gone  through  an  induction  period  in  teaching.  This  familiarity  with  the 
classroom  context  and  a  knowledge  of  their  own  capacity  to  cope  with  the  daily  stresses 
allows  these  teachers  the  possibility  of  introducing  changes  into  their  practice  that  are  not 
available  to  a  beginner  teacher  who  has  still  to  develop  a  style  of  teaching.  The  difficulty  in 
South  Africa  is  that  no  ethos  of  in-service  continuous  education  exists  and  teachers  can 
generally  secure  a  life  long  position  without  doing  any  further  study  after  their  initial 
training.  Addressing  this  issue  and  creating  opportunities  for  accredited  in-service  upgrading 
of  teaching  skills  would  seem  to  be  a  crucial  aim  for  the  education  department  created  by  the 
new  government  of  the  country. 

A  final  implication  can  be  drawn  from  Dennis's  case  study  where  he  has  tried  to  implement 
a  different  model  of  teaching.  The  danger  of  presenting  a  radically  different  methodology  is 
that  it  runs  the  danger  of  separating  teachers  from  their  existing  knowledge  base.  A  more 
sensible  approach  would  be  to  get  students  to  take  a  fresh  look  at  their  assumptions  about 
teaching  and  get  them  to  experience  some  of  the  strengths  and  weaknesses  of  different 
methodologies,  so  that  they  are  in  a  position  to  choose  for  themselves  what  they  would  like 
to  employ  in  any  particular  situation.  The  need  for  balance  is  particularly  important  in  a 
country  in  transition  where  it  is  tempting  to  set  up  polarities  which  lead  to  the  destructive 
creation  of  opposites  (Breen  1993)  which  actually  discmpowcr  teachers  (Ellsworth  1989). 
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Abstract 


In  this  paper  it  is  suggested  that  mathematical  phenomena  generally  have  their  roots  in 
man 's  practical  concerns  and  the  underlying  social  dimension  can  be  seen  as  an 
essential  feature  of  the  educational  process  in  learning  mathematics.  By  seeing 
mathematics  as  ideas  accessed  through  their  cultural  presentation,  an  analogy  is  drawn 
with  post-modernist  views  within  which  there  is  a  rejection  of  over-arching  schematic 
accounts  of  the  world  in  which  we  live.  It  is  shown  how  such  an  analogy  can  lead  to  a 
view  of  learning  mathematics  where  it  is  seen  primarily  as  being  concerned  with 
capturing,  in  language,  the  'experience '  of  mathematical  activity.  By  attending  to  a 
reconciliation  between  the  nature  of  mathematical  activity  as  viewed  in  a  holistic  sense 
and  as  viewed  through  particular  formalised  statements  made  within  it  we  can  re- 
introduce the  human  into  mathematical  ideas. 

Introduction 

Platonic  views  of  mathematics  (see  Ernest.  1991)  which  see  it  as  having  an  independent 
existence  offer  little  help  to  those  concerned  with  the  teaching  of  mathematics. 
Mathematics,  as  described  in  this  paper,  is  seen  as  being  socially  derived  and  its 
manifestations  are  always  subject  to  the  unique  perspective  of  an  individual  human's  gaze. 
As  such  mathematics  cannot  ever  be  surveyed  neutrally  in  a  holistic  way;  rather  it  is  always 
mediated  by  some  form  of  access.  Embedded  as  it  is  in  the  social  fabric,  mathematics  cannot 
be  disentangled  from  its  communicative  dimension  as  it  only  ever  arises  in  human  activity, 
and  then  in  the  form  of  a  language  developet'  through  historical  social  processes.  For 
someone  to  engage  in  mathematics,  an  initiation  into  the  socially  conventional  forms  which 
embed  it,  is  necessary.  To  do  mathematics  is  to  share  the  symbols  of  a  particular  community. 
Walkerdine  (1988)  and  Lave  (1988)  who  soften  the  distinction  between  individual  and 
society  are  followed  in  describing  a  socially  derived  psychology  of  which  the  individual  is 
part.  Drawing  on  post  modern  accounts  of  culture  this  paper  seeks  to  outline  an  alternative 
approach  to  viewing  and  reporting  on  mathematical  activity. 

The  roots  of  mathematics 

The  prestige  mathematics  enjoys  because  of  its  manifestation  in  every  day  situations  is  not 
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necessarily  easily  reconcilable  with  the  prestige  it  derives  from  its  status  in  the  academic 
world.  The  "queen  of  the  sciences',  in  all  of  its  supposed  purity,  is  often  seen  as  quite 
separate  from  its  mundane  existence  as  a  discipline  supporting  human  endeavours.  For 
many  mathematicians,  applied  mathematics  is  not  quite  mathematics:  a  certain  loss  of  its 
purity  seems  to  go  hand  in  hand  with  using  it  in  the  real  world.  This  is.  however,  a  curious 
state  of  affairs  given  the  origins  of  mathematics.  The  subject  comprises,  by  and  large,  ideas 
passed  down  by  our  ancestors  which,  more  often  than  not.  emerged  in  respect  of  practical 
considerations.  Most  of  these  ideas  can  be  seen  as  linguistic  framings  of  phenomena 
perceived  by  the  human  gaze.  For  example,  circles,  right  angles,  or  number  systems  did  not 
preexist  man:  all  of  these  have  been  created  by  humans.  Names  have  been  assigned  as  a 
consequence  of  repeated  use.  School  syllabi  today  are  full  of  those  areas  of  mathematics 
imagined  to  be  useful  in  some  way.  or  at  least  testable.  Indeed,  it  might  be  suggested  that 
the  rationale  underlying  most  of  school  mathematics  is  essentially  economic  and  utilitarian. 
Similarly,  vast  areas  of  mathematics  have  not  been  pursued  by  the  population  at  large  since 
any  potential  application  is  seen  as  being  too  obscure,  extinct  or  non-existent. 

The  world  as  seen  by  humans  has  necessarily  been  tainted  by  the  conventional  linguistic 
framings  employed  within  a  given  culture.  Such  framings  have  become  embedded  in  our 
collective  reality  such  that  we  now  have  difficulty  in  seeing  them  as  anything  other  than 
natural.  The  things  of  the  world  assert  themselves  in  their  very  familiarity  in  our  ways  of 
looking.  For  an  Australian  aborigine,  however,  in  a  world  lacking  the  rectilinearity  we 
experience  in  western  cultures,  or  for  a  fly  with  its  own  form  of  optical  equipment .  we  can 
see  that  the  structures  imposed  on  the  world  by  western  humans  are  not  unique.  As  a 
culture  we  have  introduced  a  structuring  of  the  world  as  a  means  of  orientation  -  a 
classification  which  allows  us  to  highlight  recognisable  and  repeatable  features.  Introducing 
the  use  of  conventional  notation  can  be  seen  as  an  initiation  into  social  practices  of  this 
community  rather  than  an  uncovering  and  recognition  of  natural  phenomena  (see 
Walkerdine.  1988).  As  a  society  we  identify  and  name  certain  features  of  our  collective 
reality  to  provide  markers.  This  is  true  of  mathematics  although  the  'truths'  of  mathematics 
have  become  so  embedded  in  our  social  fabric  that  we  have  forgotten  they  are  constructs. 


Owning  mathematics 

In  Saussure's  ( 1966)  seminal  work  in  linguistics,  carried  out  at  the  turn  of  the  century,  an 
important  distinction  is  drawn  between  langue,  the  system  and  structure  of  language,  and 
parole  ('speaking')  the  manifestation  of  language  in  everyday  speech  and  writing.  1 
suggest  a  similar  distinction  can  be  drawn  between  'mathematics'  existing  in  a  Platonic 
sense  and  'mathematical  activity',  its  manifestation  in  everyday  human  usage  in  school,  jobs 
of  work  etc.  Drawing  such  a  line  enables  us  to  focus  on  the  language  associated  with  the 
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performance  of  mathematics  by  people.  This  permits  an  examination  of  mathematics  as  a 
social  practice  rather  than  as  a  subject  with  independent  existence.  Brown  (1993)  discusses 
this  in  greater  depth. 


By  assuming  that  mathematical  knowledge  is  socially  derived  there  is  a  need  to  attend  to 
the  assumptions  implicit  in  descriptions  offered  of  mathematical  phenomena.  The  language 
of  mathematics  reflects  the  society  generating  it.  Further,  in  focusing  on  individual  acts  of 
parole  certain  perspectives  are  implicated,  emanating  from  variously  perceived  langues, 
thus  removing  any  possibility  of  neutrality  in  the  observing.  Mathematical  learning  is  not  so 
much  directed  towards  a  body  of  knowledge  but  rather  is  a  process  of  transforming 
knowing.  The  time  dependency  implicit  here  results  in  a  difficulty  in  locating  and  fixing  the 
knowledge  at  the  heart  of  the  learning  process.  The  notion  of  a  mathematical  equivalent  to 
langue  becomes  problematic  since  it  can  only  ever  be  accessed  through  individual  acts  of 
parole  governed  by  particular  perspectives.  This  presents  difficulties  for  those  whose  job 
entails  the  sharing  of  perspectives. 

There  is  a  story  about  a  man  who  throws  a  stick  for  a  dog  but  the  dog  fails  to  see  where  it 
goes.  The  man  points  in  the  direction  of  the  stick  but  the  dog  only  looks  at  his  pointing 
hand.  For  pupils  in  classrooms  there  is  a  frequent  conflict  between  attending  to  the 
teacher's  understanding  and  attending  to  the  object  of  that  understanding.  Do  you  pay 
attention  to  the  pointing  hand  or  to  the  thing  being  pointed  at?  Such  concerns  about  the 
location  of  knowledge  have  been  discussed  by  Brousseau  and  Otte  (1991).  This  problem 
might  be  characterised  as  a  'double-bind'  (Mellin-Olsen.  1991)  of  the  sort  that  might  arise  in 
a  teacher's  delivery  - 

-Look  at  what  I  see  -  but  it 's  #hat  you  see  that 's  important. 

Brousseau  and  Otte  (1991)  outline  the  problems  endemic  in  what  they  call  the  'didactical 
contract',  where  a  teacher  finds  him  or  her  self  forced  into  giving  the  child  knowledge 
rather  than  allowing  the  child  to  re-construct  the  knowledge  for  themselves.  The  child,  in 
paying  attention  to  what  the  teacher  wants,  making  this  the  focus  of  their  learning  task,  is 
drawn  away  from  the  'thing'  itself.  Brousseau  and  Otte  resolve  this  potential  dichotomy  by 
rejecting  notions  of  knowledge  seen  as  a  found  object  preferring  to  assert  its  essential 
'fragility',  something  that  can  not  be  held  as  fixed.  Learning  is  not  about  the  reproduction 
of  the  teacher's  knowledge  in  the  mind  of  the  child  but  rather  can  be  seen  as  a  transforming 
of  both  positions.  Knowledge  is  not  a  fully  constituted  object  being  confronted  by  a  fully 
constituted  student,  rather,  both  change  through  a  time-dependent  process.  Learning  is  not 
just  about  adding  to  knowledge,  rather  knowledge,  or  at  least  our  state  of  knowing,  can  be 
transformed  in  many  ways;  one  subtracts  from  it  as  well  as  adds  to  it,  forgetting  as  well  as 
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remembering,  one  re-organises  so  that  known  'things'  get  new  meanings  -  and  knowing  is 
not  just  about  things.  It  seems  to  me  the  'fragile'  learner  described  by  Brousseau  and  Otte 
has  much  in  common  with  the  human  subject  described  variously  within  modern 
philosophical  traditions  such  as  post-structuralism  and  hermeneutic  phenomenology. 
Walkerdine's  (1982)  post-structuralist  psycho-semiotic  approach,  for  example,  casts  the 
individual  learner  of  mathematics  in  a  rather  different  role  to  that  supposed  in  cognitive 
psychology.  She  replaces 

'Piaget's  abstract  epistemic  subject.,  with  the  notion  of  human  subjects  as  created 
through  the  incorporation,  through  the  medium  of  signs,  of  children  into  the  social 
practices  which  make  up  our  everyday  life  (p.  129)' 

Iii  her  later  work.  Walkerdine  (1988)  provides  many  examples  of  how  this  is  manifested  in 
the  classroom.  These  traditions  have  been  further  described  in  relation  to  the  teaching  and 
learning  of  mathematics  by  Brown  (1993). 

Post-modern  mathema'fes 

The  boundaries  of  these  modem  traditions  are  not  clearly  defined  but  the  tradition  of  post- 
modernism might  be  seen  as  embracing  post-structuralism,  perhaps  with  a  certain  degree  of 
discomfort.  Post-modernism  offers  some  possibilities  in  describing  the  sort  of  world  'fragile' 
people  might  inhabit.  Rooted  in  the  work  of  Lyotard  and  Baudrillard  (for  an  introduction 
see  Easthope  et  al  (1992)),  post-modernism  essentially  attends  to  the  medium  of  culture. 
Jencks  (1989)  suggests,  '(t)he  challengc.is  to  choose  and  combine  traditions  selectively,  to 
eclect  ...those  aspects  from  past  and  present  which  appear  relevant  for  the  job  at  hand'. 
Within  post-modernism  there  is  always  something  outside  of  theory  since  a  theory  requires 
someone  to  expound  it  with  a  particular  interest  and  from  a  certain  perspective.  According 
to  Lyotard  (1979)  there  is  'no  universal  meta  language'  -  individuals  can  only  express 
themselves  within  a  particular  story.  To  import  Saussure's  terminology,  there  is  no 
universally  agreed  langue,  but  rather  we  live  in  a  world  governed  by  acts  of  parole. 

Mathematics  is  often  presented  as  such  a  meta  language,  as  an  overarching  langue,  and  this 
often  results  the  cultural  packaging,  within  which  it  is  transmitted,  being  disregarded.  A 
quote  from  Adair  (1992,  p.5)  discussing  art  captures  the  issue: 

The  work  of  art  becomes  a  'work  of  culture'  only  when  it  has  been  externalised, 
extrapolated  from,  thought  about,  talked  about,  read  about,  communicated  and 
shared.  Culture  in  this  sense  is  applied  art,  as  one  refers  to  applied  mathematics. 


Mathematics  too  is  highly  dependent  on  how  it  is  presented.  As  teachers  and  learners  we 
are  concerned  with  initiation  into  the  culture  of  mathematics,  and  in  particular  with  the 
culture  of  school  mathematics  -  examinations,  for  example,  demand  a  particular  style  of 
mathematics.  The  media  through  which  we  view  mathematics  condition  what  we  see  and 
the  stories  we  tell  about  it.  Such  media  include  the  published  teaching  scheme  being  used, 
the  teaching  philosophy  of  the  teacher,  the  technical  facilities  available,  the  curriculum 
being  followed,  all  of  which  change  through  time.  A  view  of  school  mathematics,  which 
places  more  emphasis  on  the  cultural  packaging,  is  offered  in  the  work  of  the  'realist'  school 
(e.g.  Broekman  et  al,  1994).  Zawadowski  (1988)  has  further  discussed  school  mathematics 
in  relation  to  post-modernism. 

The  activity  of  mathematics  is  often  characterised  as  being  oriented  around  the  certainties  it 
contains.  However,  stories  describing  .'mathematical'  experience  are  less  reliable  and  we 
need  to  find  other  approaches  enabling  orientation.  Post-modernist  accounts,  through  their 
emphasis  on  individual  perspectives,  might  be  seen  as  moving  us  away  from  seeing  a 
universal  'correct'  view  of  mathematics  anchored  around  the  'facts'  of  mathematics.  Rather 
it  can  be  seen  as  a  process  of  making  sense  of  snippets  of  experience.  Dave  Wilson  (in 
conversation)  has  suggested  that  'a  post-modernist  view  might  be  to  perceive  mathematics 
as  just  being  a  set  of  facts,  not  linked  together  by  a  characteri sable  story  -  in  the  same  way 
that  an  architect  might  design  a  building  using  a  'bricolage'  (Levi-Strauss,  1970)  of  styles, 
assemblies  -  working  mathematically  might  be  about  using  a  series  of  'facts',  put  together  to 
create  an  answer'.  The  next  section  makes  tentative  moves  towards  outlining  possible 
approaches  to  coping  with  the  complexity  of  an  interpretable  mathematical  field. 

Orienting  mathematics 

Mason  (1989a)  and  Brown  (1991)  have  described  the  outcomes  of  mathematical  activity  in 
terms  of  organising  and  making  sense  of  the  experience  of  doing  mathematics.  Such  a  view 
presupposes  a  selection  from  the  different  aspects  of  a  given  mathematical  activity  and  a 
softening  of  approaches  to  mathematics  that  see  the  subject  as  being  about  exercises 
comprising  strings  of  questions  with  singular  correct  responses.  Dockar-Drysdale's  (1990) 
work  with  emotionally  deprived  children  perhaps  offers  a  useful  analogy  here.  She 
describes  some  children  who  have  difficulty  in  making  sense  of  their  everyday  experience. 
This  is  characterised  by  a  breakdown  in  their  ability  to  capture  and  store  personal  incidents 
resulting  in  a  feeling  of  disorientation.  By  teaching  the  children  to  characterise  particular 
events  in  their  lives  she  helps  them  to  develop  nodal  points  as  a  means  of  orientation  which 
enable  the  child  to  'store  a  realised  experience  in  such  a  way  that  this  can  be  preserved  and, 
if  need  be  communicated'  (p.  102).  For  these  children  structure  does  not  emerge  naturally, 
but  is  constructed,  perhaps  making  use  of  components  identified  by  the  broader  community. 
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The  way  in  which  children  embed  mathematical  terminology  in  personal  and  family 
experience  is  also  explored  by  Tahta  (1993)  and  Walkerdine  (1988).  Brown  (in  press) 
describes  an  approach  used  by  teachers  on  a  masters  course,  which  echoes  Dockar- 
Drysdale's  work.  For  these  teachers,  engaged  in  a  task  of  developing  their  own  professional  - 
awareness  towards  re-organising  their  practice,  there  was  a  need  to  heighten  their 
awareness  of  how  they  captured  their  own  professional  experience.  By  telling  anecdotes 
about  specific  issues  in  their  practice  they  became  more  able  to  give  an  account  of  their 
practice  m  general,  grounded  in  particular  events.  This  mechanism  facilitated  increased 
control  over  change  in  their  practice. 

The  sociality  implicit  in  mathematical  learning  necessarily  gives  rise  to  an  interpretive 
dimension.  Certain  styles  of  school  mathematics  activity,  for  example,  investigation  work, 
are  perhaps  more  likely  to  result  in  the  student  exercising  their  interpretive  skills.  Other 
styles,  more  focused  on  responses  to  specific  questions,  might  require  a  re-orientation  in  the 
teacher's  role  towards  more  actively  encouraging  the  student  to  articulate  the  nature  of 
their  understanding  in  respect  of  the  questions  (Brown,  1990a).  In  emphasising  the 
interpretive  aspects  of  mathematics  the  student  needs  to  fit  mathematical  statements  to  their 
experience  and  there  is  a  need  to  decide  on  their  appropriateness  in  particular  situations. 
Brown  (1991)  has  followed  Ricoeur  in  showing  how  explanation  and  understanding  can  be 
seen  as  a  complementary  duality  under  the  umbrella  of  interpretation.  In  reflecting  on  a 
mathematical  investigation  or  on  some  piece  of  research,  tor  example,  I  may  offer  some 
comment,  which  for  the  time  being,  encapsulates  my  understanding.  For  example.  Brown 
( 1991,  p.  477)  offers  some  statements  by  children  attempting  to  characterise  some 
symmetrical  drawings: 

'"If  it  goes  up  there,  the  other  side  goes  up  the  other  way." 
'It's  the  same  both  sides,  like  it's  cut  in  half." 
"That  line  up  the  middle  is  like  the  line  of  symmetry." 
"It's  straight  up  the  middle  in  that  it  divides."' 

However,  as  work  proceeds  refinements  can  be  made.  Nevertheless,  in  order  to  engage  with 
a  mathematical  task  it  is  necessary  for  me  to  make  occasional  tentative  statements  towards 
providing  markers  which  help  me  in  finding  my  bearings.  In  this  way  I  describe,  in  a 
personal  way.  the  mathematics  in  terms  of  my  perceived  relationship  with  it  but  necessarily 
in  doing  this  I  use  the  language  of  the  society  of  which  I  am  part  (see  Brown.  1994).  Brown 
( 1990b)  offers  a  fuller  account  of  children  framing  their  experience  of  a  mathematical 
investigation  in  language.  In  such  work  there  is  necessarily  an  interaction  between 
engagement  in  mathematical  activity  and  making  statements  in  respect  of  it.  As  Elliot  (1987. 
p.  160)  puts  it.  in  discussing  the  hermeneutics  of  Gadamer  interpretation  constitutes  a 


moment  within  the  process  of  understanding'.  Seen  in  this  way  mathematics  is  less  about 
finding  correct  answers  to  specific  questions  than  about  selecting,  framing  and  focusing  on 
the  key  questions.  This  sort  of  approach  has  been  discussed  in  more  depth  in  the  work  of 
Mason  (e.g.  1988, 1989b). 

Conclusion 

By  rejecting  the  notion  of  an  agreed  and  shareable  mathematical  langue  in  favour  of  seeing 
mathematics  as  being  manifested  and  shared  through  individual  acts  of  parole  it  becomes 
possible  to  assess  mathematics  as  a  social  practice.  In  meeting  mathematics  in  educational 
settings  and  in  the  world  of  work  a  social  dimension  is  endemic  in  the  mathematics  itself 
which  cannot  be  extracted  -nor  is  it  desirable  that  it  be  extracted.  Mathematics  in  the  social 
world  of  work  cannot  be  about  'body  of  knowledge'  type  mathematics  since  the 
interpretive  dimension  cannot  be  removed.  Communication  is  not  about  passing  around 
ready  made  objects,  nor  is  it  about  re-constructing  knowledge,  rather  it  is  about  operating 
on  knowing.  Knowing  cannot  be  seen  separate  to  action  since  the  social  practices  which 
host  specific  actions  are  imbued  with  the  society's  preferred  ways  of  doing  things.  Indeed 
the  individual  cannot  be  seen  as  separate  to  his  or  her  society  -  since  the  society  speaks 
itself  through  the  actions  of  its  individual  subjects.  For  example,  Walkerdine's  (1988) 
psycho-semiotic  account  of  developing  mathematical  understanding  offers  a  framework 
which  takes  us  away  from  more  individualist  notions  of  psychology  rooted  in  cognition.The 
dynamic  qualities  of  knowing  in  a  social  setting  have  rules  of  operation  quite  separate  to 
those  that  might  be  supposed  for  individuals  dealing  with  body-of-knowledge  type  visions 
of  the  various  disciplines.  This  is  discussed  further  by  Elliot  (1987).  Lave  (1988,  pp.76-93), 
for  example,  suggests  softening  the  distinctions  between  psychology  and  anthropology 
towards  bringing  cognition  and  culture  into  a  more  complementary  relation.  By  placing  too 
much  emphasis  on  the  culturally  bound  manifestations  of  mathematical  'facts',  as 
confronted  by  individuals,  we  are  diverted  from  attending  to  mathematics  as  a  social 
practice  and  the  skills  associated  with  socially  located  mathematical  activity. 
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THE  RELATIONSHIP  BETWEEN  THE  TEACHER'S  CONCEPTIONS  OF  MATHEMATICS 
AND  OF  MATHEMATICS  TEACHING.  A  MODEL  USING  CATEGORIES  AND 
DESCRIPTORS  FOR  THEIR  ANALYSIS. 

Josl  Carrillo  &  Luis  C.  Contreras 
University  of  Huelva  (Spain) 

Abstract 

This  research  report  outlines  a  framework  for  the  analysis  of  the  teacher's  conceptions  of 
mathematics  and  of  mathematics  teaching.  It  derives  from  a  theoretical  model,  tested  against  data 
obtained  from  a  case  studies,  which  also  make  explicit  the  relations  found  between  such 
conceptions.  It  greatest  interest  lies  in  the  contribution  of  a  categories  system  and  descriptors  that 
make  a  more  detailed  characterization  of  the  teacher's  beliefs  of  mathematics  and  its  teaching 
easier. 

Introduction 

The  identification  of  Teacher's  conceptions'  of  Mathematics  and  Mathematics  Teaching  (hereafter 
CM  and  CMT,  respectively)  occupies  an  important  place  in  Mathematics  Education  Research  (for 
a  detailed  account  of  this  importance  the  reader  is  referred  to  Thompson,  1984  and  1992). 

Such  conceptions  act  as  a  filter  and  as  a  decodifying  element  upon  all  information  from  whatever 
other  research  area.  Thus,  a  specific  CM  and/or  CMT  could  determine  the  interpretation  of  and 
decisions  about  students'  conceptions,  mistakes  and  epistemological  obstacles,  it  would  orient  the 
selection  of  content  and  the  related  didactic  situations,  and  it  would  allow  or  would  serve  as  a  basis 
for  the  negotiation  frame  (implicit  or  explicit)  of  a  specific  didactic  contract  (Brousseau,  1989). 
Hence,  we  consider  that  such  conceptions  constitute  a  central  thread  of  teacher's  professional 
development. 

The  implicit  nature  of  these  conceptions  makes  them  difficult  to  identify  and  whatever  system  that 
seeks  to  make  them  explicit  (verbally  explicit)  is  conditioned  and  controlled  by  distinct  intrinsic  or 
extrinsic  factors  (Llinares  and  Sanchez,  1990).  Furthermore,  the  interactive  nature  (theoretical- 
practical)  of  professional  knowledge  can  lead  the  teacher  to  express  ideas  which  he  or  she  considers 
desirable  but  which  have  not  yet  been  assimilated  into  their  practice.  This,  together  with  the  scant 
awareness  of  their  own  conceptions,  accounts  for  the  inconsistencies  between  the  teacher's  stated 
awareness  of  these  and  what  can  be  inferred  from  the  observation  of  teaching  practices  (Thompson, 
1984). 

We  arc  amongst  those  who  believe  that  an  important  relationship  exists  between  conceptions  (CM  . 

'  Ut  un  tt*  Kra  conctotlon  fottwlnf  Ttiapton  (1992) 


—  152  — 

403 


and  CMT)  and  problem-solving  modes  (Hart,  1991),  in  the  sense  that  the  latter  can  provide  data 
about  the  former  and  can  also  be  used  as  a  tool  for  their  eventual  modification.  This  conviction 
characterizes  the  way  we  will  continue  this  research,  in  which  the  information  about  verbally 
expressed  conceptions  will  be  seen  to  be  enriched  by  the  comparison  of  what  can  be  inferred  from 
teacher  observation  and  the  date  that  derive  from  the  processes  used  in  problem  solving.  Moreover, 
a  training  strategy  based  on  a  individualized  design  (depending  on  personal  conceptions)  about 
problem  solving,  in  which  monitoring  plays  a  main  role  (Hart,  1991),  will  be  as  useful  in 
challenging  the  aforementioned  conceptions  as  in  promoting  a  possible  alternative  to  them. 


The  research  presented  here  consists  of  a  case  study  (6  mathematics  teachers  who  give  class  to  14- 
18  years  students).  The  data  have  been  collated  from  the  answers  to  a  questionnaire  and  from  an 
individual  open-ended  interview,  both  related  to  their  beliefs  of  mathematics  and  mathematics 
teaching. 

In  order  to  organize  all  the  information,  obtained  from  questionnaires  and  interviews,  it  is  necessary 
to  have  a  theoretical  model,  that  can  be  used  as  a  basis  for  the  categorization  of  the  items  of 
information;  but,  likewise,  this  model  must  be  submitted  to  a  continuous  revision,  so  that  it  can 
reflect  the  reality  shown  in  the  sample  (see  table  1).  It  is  clear  that  the  classification,  obtained  by 
the  final  categorization  in  the  manner  explained  below,  can  not  be  extrapolated,  but  it  reflects  the 
tensions  that  exist  between  the  theoretical  frame  and  the  observations,  and,  what  is  more  important, 
it  offers  a  practical  classification  of  the  individuals  studied. 


Methodology 


CATEGORIZATION  accoroing  to  theoretical  model 


SELECTION  Of  ITEMS  Of  INFORMATION* FROM  INTERVIEW  AND  QUESTIONNAIRES 
("•SUGGESTIONS  FOII  SPECIFIC  CHANGES  III  THE  CATEGORIZATION — j 

'   PLACING  ITEMS  IN  THEIR  CATEGORIES 4  1 

REVISION,  AFTER  ANALYSIS  OF  THE  LAST  INTERVIEW,  OF  THE  ELEMENTS  OF  THE  CATEGORIES 


contrMt  Hith  ilnlUr  mlytlctl  tools 


VERTICAL  ANALYSIS 

(tlmtnti  In  lioUtlon) 


Tablt  1  (Rtvlilon  proctti) 
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For  the  identification  of  the  CMT  we  started  from  a  model  with  4  didactic  tendencies':  traditional, 
technological,  spontaneous  and  investigative  (Porlan,  1992),  in  which -we  established  6  categories 
in  order  to  get  descriptors  that  could  help  us  to  state  precisely  our  data  in  the  most  exhaustive 
manner.  These  categories  are:  methodology,  subject  significance,  learning  conception,  student's 
role,  teacher's  role  and  assessment.  It  constitutes  a  total  of  35  descriptors  for  each  tendency, 
many  of  which  coincide  with  those  used  in  previous  studies  (Porlan,  1989,92;  Kuhs  and  Ball,  1986; 
Ernest,  1989,91;  Fennema  and  Franke,  1992).  These  descriptors,  in  a  cross-sectionall  reading, 
establish  differences  among  the  diverse  tendencies  and,  in  some  cases,  they  have  an  accumulative 
nature  when  reading  from  left  to  right,  also  giving  an  idea  of  the  possible  development  followed 
by  a  teacher  from  the  traditional  tendency  to  the  investigative  one. 


Some  descriptors  acquire  their  full  meaning  v  a  they  are  considered  in  context  with  the  other 
descriptors  of  a  specific  tendency  (vertical  reading),  and  in  some  cases  they  are  observed  to  have 
a  complementary  nature.  In  the  same  way,  a  descriptor  belonging  to  2  tendencies  is  differenciated 
by  the  said  vertical  reading  (see  tables  2.1  to  2.4). 


CATEG.\0I0.TEHO. 

TRADITIONAL 

TECHNOLOGICAL 

SHMTAMOUS 

INVESTIGATIVE 

METHODOLOGY 

Repetitive  practice 

Reproduct.  practice 

Experimentation 

Problem  solving 

Conceptual 

object fves:contents 

Final  practical 
objectives 

Flexible  and 
oriental ive  object. 

Flexible  and 
revisable  object. 

Lecture  style 
(textbook) 

Short  research 
simulations 
(technical  means) 

Random  discovery, 
models  manipulation 

Planned  research  | 

Official  prescript, 
rffld  program 
(discr.  st.  units) 

Sequential , 
structured  y  closed 
program 

Random  program, 
negotiated  contents 

Organized  | 
conceptual  maps  1 

SUIJECT 
SIGNIFICANCE 

Conceptual  emphasis 

Aplicebllity 
(process'product) 

Emphasis  on  proced. 
and  attitudes 

Proced  concepts  1 
and  attitudes  | 

School  Hath.* 
formal  Hath. 

School  M.« 
edaptat.  of  formal 
H.  to  real  life 

School  M.«M.  that 
derives  from  real 
life 

Sch.  M.«  synthesis  | 
of  formal  H.  and  I 
everyday  H.  1 

Informative 

Informative  end 
utilitarian 

Form. (attitudes  and 
rational  valuta) 

Formative  (learner  1 
training) 

.Wt  Ult  th«  ttna  t»nd»ncy  btcautt  Ht  consldtr,  In  igrMMnt  with  Porlin  (1992),  that,  In  prictlct, 
lt'»  difficult  to  find  ttKhtn  1*0  ctn  bt  Idtntlf  ltd  with  •  concrttt  dldtctlc  aodcl 
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The  attempt  to  synthesize  in  a  table  all  underlying  ideas  in  the  descriptors  has  forced  us  to 
compress  them  in  a  few  words  -sometimes  only  one-,  attaining  in  practicability  what  is  lost  in 
richness. 


The  two  preceeding  ideas  (complementation  and  compression)  become  more  explicit  in  the  category 
of  "Teacher's  role",  in  which  the  first  and  third  descriptors  answer  the  question  "What  does  he/she 
do?",  the  second  "How  does  he/she  do  what  is  expressed  by  the  first  descriptor?",  and  the  fourth 
accounts  for  the  action  expressed  by  the  third  descriptor. 


CM  EG.  \0  ID.  TEND. 

TRADITIONAL 

TECHNOLOGICAL 

SPONTANEOUS 

INVEST I CAT  I VE  | 

STUDENT'S  ROLE 

They  don't  take 
part  fn  syllabus/ 
lei ion  design 

Doesn't  take  part 
fn  syllabus/  lesson 
design 

Takes  part  fn 
syllabus/  lesson 
design 

Takes  part  in  I 
syllabus/  lesson  1 
design  1 

The  only 

responsible  of  T*L 

transferences. 

Submission 

The  main 

responsable  of  1*1 
transfer,  (motiv. 
through  context) 

The  key  to  T*L 
transfer,  is  the 
motivation  through 
the  activity 

The  key  to  T*L  | 
transf.  is  the  S 
process(mot  i  vat ( on  i 
through  meanlngi)  fl 

Listens  and  copies 

Reproduces  and 
(Mi  tates 

Does  things 

Researches  jj 

Is  at  tend  We 

Is  attend! (ve 

Plays 

Reflects 

Accepts 

Relieves 

Engages  in  dialogue 

Questions  | 

TEACHER'S  ROLE 

Transacts  verbally 

Transnits  through 
technol.  processes 

Persuades 

Provokes  | 

Dictates 

Explains 

Promotes 

Guides  | 

Reproduces 

Organizes 

Analyzes  react,  and 
answers  to  their 
proposals 

Researches    the  1 

activity  | 

Content  specialist 

Content  and  didect. 
design  technician 

Hunsnist,  special, 
in  group  dynamics 

Interact,  expar.of  1 
cent,  and  methods  f 

t»bU  2.2 


The  theoretical  model  corresponding  to  the  CM  (table  3)  has  its  source  in  the  work  of  Ernest 
(1989,91)  (of  which  we  have  token  the  names  of  the  tendencies)  and  in  the  contributions  of  similar 
studies  (Lerman,  1983;  Skemp,  1978).  After  the  revision  process,  already  described,  the  three 
tendencies  (instrumentalist,  platonic  and  problem  solving)  are  organized  into  21  descriptors 
grouped  in  three  categories:  type  of  knowledge,  aims  (of  mathematical  knowledge)  and  means 
of  development  (of  mathematics). 


9     BEST  COPY  AVAILABLE  -4§£ 
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CATEG.VDID.TENO. 


TRADITIONAL 

TECHNOLOGICAL 

SNMTAMEOUS 

INVESTIGATIVE 

Cumulative  (tnd 

product) 

Cumulative  (process 
dependent  on  prod.) 

Formative  (process) 

Format. -cumulative 
(pr'oc.  and  prod.) 

Quantitative 

Quanta ttve 

Qualitative 

Qua I .•Ouantative 

Doesn't  Mk* 
criteria  explicit 

Hake  criteria 
explicit 

Variable  criteria 
set   by  consensus 

Explicit  and 
negotiable  crlter. 

Memory 

Achlenlng  of 
objetlves 

Degree  of 
involvement 

Heanlngs  and 
degree  of  involv. 

Hech.  application 

Hech.  application 

Heanlngful 
application 

Heanlngful  and 
relevant  appllcat. 

Rigid  mlnimun 
objective* 

Rigid  mlnlnun 
objectives 

Negotiable  minlmun 
objectives 

Revis.mln.  object, 
(dep.  on  stud., 
proc.,  subject  and 
school  context) 

Ho  individual 
differentiation 

No  Individual 
differentiation 

Implicit  Individual 
differentiation 

Explicit  Individ, 
differentiation 

Subjective 

Taxonomlcal 
(obterv.  behavior) 

Undefined 

Holistic 

Recuperating  meant 
global  repetition, 
Isolated  frow 
normal  development 

Recuperating  means 
specific  repet., 
Isolated  fro* 
normal  development 

Hotlvatlon  is 
recuperated  through 
each  activity 

Personalised 
recuperet., complex 
ft  Inserted  Into 
the  normal  devel. 

Exam  preparation 
fixes  learning 

Exan  preparation 
fixes  learning 

The  exam  distorts 
the  framework  of 
relations  and 
activities 

Exam  as  student's 
creative  act.;  one 
learns  during  Its 
execution 

Initial  Information 
based  on  previous 
contents 

Inlt. Identification 
of  errors  In  order 
to  immed.elln.  them 
before  starting 

Initial  diagnostic 
analysis  of 
student's  Interests 

Inlt.dlagn.  anal, 
which  gives  Inf. 
for  program  elab. 
and  execution 

Grading  through 
product-based  tests 

Grading  through 
tests  of  the 
objectives 

Grading  through 
revision' of 
student's  tasks  and 
|  participation 

Grading  takes 
account  of  various 
sources (ex.  book, 
obs.,exams,GU,...) 

a 
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CA TEG. \DIO. TEND. 

TRADITIONAL 

TECMOLOGICAl 

SPONTANEOUS 

INVESTIGATIVE  1 

LEARNING 
CONCEPTION 

Accumulative  rote 
learning 

Sequential  p^te 
learning 

Neani ngf  ul  random 
learning 

He an*  rel evant  D 
learning  (semmp)  6 

Deductive  process** 

Simulated  inductive 
proc.and  ded.  proc. 

Inductive  processes 

Induction-  fl 

ly  osmosis 

ly  assimilation 

ly  spontaneous 
construction 

gy  directed 
construction 

Individual  work 

Individual  work 

Group  work  and 
d  i  scuss ( ons 

Diversity  of 
grouping  and 
discussions 

Subject  logic 

Maths,  logic 

Students'  i nterests 

L  og i c  and 
interests  of  stud, 
and  subject 

(•ptitutfel 

Predetermined 

Predetermined 

Transformable 

Transformable 

Uttltude] 

Predetermined 

Partly 

transformable 

Transformable 

Transformable 

libit  2.4 


|  CATEGO* I ES/CONCEPCT I ON 

INSTRUMENTALIST 

PLATONIST 

PftOVLEM  SOLVING 

TYPE  OF  KNOWLEDGE 

Set  of  unquestionable 
truths 

Logically  structured 
knowledge 

Kevis.  knowl.;  relative 
truths  dep.  on  context 

Set  of  unrelated  rules 
and  tools 

Meaningfully  structured 
knowledge.  Core;  concepts 
and  rational  values 

Core:  concept,  struct., 
math,  proced.  and 
general  strategies 

Set  of  utilitarian 
knowledge 

Objective,  absolute, 
universal,  value-free  and 
abstract 

Knowledge  which  Implies 
values 

AIMS 

External 

Internal 

Intelectual  development 

MEANS  OF  DEVELOPMENT 

Math,  as  a  process  of 
creating  and  using 
algorithms.  Pragmat.  view 

Math,  is  not  created,  but 
discovered.  Dogmatic  view 

Knowledge  problem- 
driven;  potential  for 
creativity.  Dynamic  view 

Knowledge  built  on  the 
basis  of  looking  for 
cause  and  effect  relet. 
Oetermtnfst  view 

Knowledge  built  on  the 
basis  of  previous  results 
and  problems  arising  from 
other  sciences 

Knowledge  built  through 
social  Interaction. 
Anthropological  view 

Emphasis  on  empirical 
argumentat 1  on 

Logical  reasoning 

Ind. -ded.reas.Uonject.,  1 
proofs  and  refutations)  1 

T.bl*  3 


ERIC 


—  157  — 

408 


Discussion 

The  categories  and  descriptors  of  the  previous  tables  have  made  it  possible  to  locate  each  teacher 
in  a  didactic  tendency  more  in  accordance  with  they  have  verbally  expressed,  and  in  the  model 
closest  to  their  mathematics  conception,  it  remaining  clear  that  the  objective  is  not  to  classify  these 
teachers,  but  to  obtain  a  starting  point  for  an  eventual  modification  of  such  conceptions  through 
reflection. 

In  the  results  showed  in  table  4  we  can  observe  a  high  degree  of  consistency  between  CM  and 
CMT  (according  to  Lerman,  1983).  A  pure  problem-solving  model  corresponds  to  a  pure 
investigative  tendency;  a  pure  instrumentalist  model  corresponds  to  a  pure  technological  tendency; 
the  three  cases  in  which  platonist  and  instrumentalist  tendencies  appear  are  natureized  by  a  strong 
traditional  tendency;  and  the  last  case  shows  the  relation  that  exists  between  a  mode  of 
understanding  what  is  problem-solving  and  the  spontaneous  tendency. 


Teacher's  code\conceptlon 

CM 

CMT 

tc 

problem  solving 

investigative 

JR 

instrumentalist 

technological 

CG 

platonist  with  substantial 
instrumentalist  features 

between  traditional  and  H 
technological  | 

A» 

platonist  with  some 
instrumentalist  traits 

traditional  with  some  \ 
technological  characters 

PC 

instrumental f st  with  platonist 
features 

traditional  with  some 
technological  characters 

ID 

problem  solving  with  platonist 
features 

spontaneous  with  substantial 
invest ig.  traits,  some  techn.  t 
very  few  traditional 

libit  4 


We  have  not  looked  for  consistency  in  the  relations  between  CM  and  CMT,  although,  as  has  been 
seen  before,  we  were  aware  of  it.  Our  aim  is  to  provide  an  analytical  tool  that  can  be  used  to 
achieve  a  better  characterization  as  much  of  the  didactic  tendencies  as  of  the  mathematics 
conception  models. 

On  the  other  hand,  this  research  reflects  the  predominance  of  the  traditional  and  technological 
tendencies  in  the  CMT,  confirming,  among  others,  Dougherty's  work  (1990).  This  predominance 
could  be  explained  by  the  teachers'  tendency  to  remake,  above  all  during  the  first  period  of  their 
professional  life,  the  models  which  they  have  received  (Ball,  1988). 

ERIC 
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ON  UNDERSTANDING :  SOME  REMARKS  ABOUT  A  CALCULUS 
OPTIMIZATION  PROBLEM. 


Jaime  J.  del  Rio  Castillo 


Departamento  de  Malemdlicas 
Institute  Tecnologico  Autonomo  de  Mexico 


The  analysis  of  an  optimization  problem  may  give  some  insight  into  the  discussion  of  the 
hemreneiiticul  nature  of  concept  construction.  The  aim  of  this  study  is  to  include  ideas  and 
frameworks  proper  of  philosophy  and  center  a  discussion  around  the  possibility  of 
mathematical  concepts  being  objects  that  constitute  a  reality  to  the  extent  that  they  arc 
essential  constitutive  parts  of  schematas  of  thought  and  understanding.  The  question  of 
understanding  in  general  and  understanding  advanced  mathematics  is  addressed  in  light  of 
the  hemic neu tical  circle. 

Introduction 

Reflective  thinking  happens  to  be  provocative  vis  a  vis  situations  where  we  can  perceive 
some  uneasiness  that  occasionally  would  lead  us  to  single  out  a  problem.  The  conceptual 
identification  of  a  problem  carries  the  recognition  of  a  goal  which  in  turn  may  provide 
possibilities  for  a  prototype  to  emerge  Prototypes  seen  as  mental  representations  (Prcsmcg 
1992)  that  actualize  a  category  could  be  hepful  in  an  aim  to  develop  strategics  in  advanced 
mathematics  problem  setting  Acknowledgment  of  a  problem  with  its  consequent  scries  of 
goals  stated  as  objectives  that  need  to  be  reached  by  means  of  a  dynamic  process  brings  us 
to  the  mere  act  of  understanding  The  process  of  going  from  initial  primitive  knowing  to 
inventing  goes  beyond  acquisition  or  progressive  linear  development  Optimizing  a  system 
has  been  very  often  an  objective  and  always  a  preoccupation  The  topic  of  optimization 
becomes  central  in  common  courses  of  differential  calculus  in  several  variables  for 
sophomore  business  and  economy  majors  Getting  an  optimal  solution  is  quite  often  a 
plausible  objective  When  a  situation  is  rccongized  as  susceptible  of  being  optimized  it  is 
because  there  is  necessarily  a  stated  objective  That  could  serve  us  in  a  classroom  situation 
as  a  very  basic  motivation  to  pursue  constructivist  environments  where  concepts  like 
function,  continuous  variation  and  derivative  could  be  inserted  as  a  constitutive  part  of  some 
of  the  schemes  characteristic  of  calculus 

The  construction  of  mathematical  concepts  as  well  as  learning  mathematics  arc  complex 
phenomena  in  which  discontinuities,  jumps  and  abrupt  qualitative  changes  play  £  central  role 
in  the  study  of  modes  of  understanding  advanced  mathematics  A  significant  contribution  in 
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the  study  of  discontinuities  in  science  from  a  historical  perspective  is  given  by  a  generous 
reading  of  Kuhn  (1971)  whose  intention  is  to  show  the  way  to  a  more  open,  flexible,  and 
historically  oriented  understanding  of  scientific  inquiry  as  a  rational  activity.  Kuhn  is 
suggesting  that  we  need  to  transform  both:  our  understanding  of  scientific  inquiry  and  our 
concept  of  rationality.  Piaget  and  Garcia  (1987)  give  an  extensive  account  of  similar 
discontinuities  in  mathematics  Freudenthal  (1983)  deal  with  concepts  as  the  main  support 
for  cognitive  structures  Formal  rigor  and  logical  consistency  by  themselves  are  not 
sufficient  conditions  for  efficient  teaching  practices  but  technical  byproducts  of  a  very 
elaborate  dynamic  process 

All  this  needs  to  be  closely  connected  with  the  development  of  mathematics  as  a 
fundamental  scientific  tool  and  as  an  outstanding  paradigm  for  learning  and  understanding 
What  is  now  required  is  to  understand  understanding  itself  in  the  context  of  mathematics  and 
to  do  this  in  a  manner  that  permits  us  to  make  sense  of  the  claim  that  understanding  belongs 
to  the  sphere  of  meaning.  Dewey  (1978)  points  out  "All  knowledge,  all  science,  thus  aims  to 
grasp  the  meaning  of  objects  and  events,  and  this  process  always  consists  in  taking  them  out 
of  their  apparent  brute  isolation  as  events,  and  finding  them,  which  in  turn,  accounts  for, 
explains,  interprets  them;  i  e.  renders  them  significant  "  p.  272. 

Research  Framework 

A  viable  theoretical  framework  for  my  study  is  provided  by  Gadamer  (1975)  and  Sierpinska 
(1992).  Three  interrelated  levels  of  knowledge  have  been  established' 

i)  beliefs,  credences-  which  are  knowable  and  communicable  in  a  discoursive  form, 

ii)  schemes  of  thought,  things  that  are  learned  by  practice  and  imitation  in  the  course  of  our 
socialization  and  education  which  arc  mostly  unconscious  and 

iii)  technical  knowledge  whose  validity  is  affirmed  by  logical  coherence  and  consistency 
which  calls  in  turn  for  rational  or  scientific  justification. 

In  this  sense,  the  mathematical  technical  knowledge  that  can  be  achieved  is  strongly 
influenced  and  conditioned  by  beliefs  and  schemes  of  thought  Gadamer  includes,  in  a 
prominent  way,  beliefs  and  preconceptions  in  an  interpretative  model  that  lighten  the 
understanding  process  In  this  context,  understanding  of  mathematics  in  general  and 
understanding  calculus  in  particular  has  to  do  with  construction  of  concepts  referred 
necessarily  to  a  series  of  complex  imbrications  that  eventually  lead  to  a  explanatory  stage 
Imagery  and  visualization  play  a  significant  role  in  the  development  of  concepts  and 
strategies  in  advanced  mathematics  not  just  as  symbolic  and  diagramatic  devices  but  also  as 
a  mode  that  allows  possibility  conditions  to  manage  concepts  such  as  continuous  variation 


It  is  possible  to  regard  imagery  as  a  form  of  enunciation  (Foucault  1987)  which  it  does  not 
have  as  necesary  and  sufficient  conditions  to  exist  the  presence  of  a  well  defined 
propositional  structure 

The  theoretical  position  adopted  in  this  paper  stresses  that  strategy  in  calculus  problem 
solving  situations  is  closely  related  with  possibilities  of  arising  prototypes  or  certain  forms 
of  metaphores  in  the  constituency  of  visual  enunciations. 

The  Study  of  an  Optimization  Problem. 

Many  of  the  optimization  problems  provided  in  standard  textbooks  have  an  important 
geometrical  component  usually  contempted  or  seen  subyugated  to  the  algorithms,  rarely 
considered  as  the  kernel  or  locus  of  the  germinal  ideas  that  allows  a  more  insightful  use  of 
optimization  methods  and  envisage  new  prespectives  in  concept  developing 
The  following  is  the  report  of  classroom  experience  It  was  carried  out  in  three  different 
class  groups  of  sophomore  bussines  and  economy  majors.  What  is  reported  is  based  on  my 
observations  and  getting  notes  from  the  students 

I  asked  them  to  discuss  in  small  groups  of  three  or  four  students  the  problem  of  bending  a 
rectangular  plate  (fig  1)  of  given  dimensions  /  and  a,  in  such  a  way  that  once  the  transversal 
sections  were  covered  to  shape  a  container  (fig  2)  would  have  a  maximun  volume. 


This  is  a  problem  that  often  appears  in  standard  calculus  textbooks 

Through  this  experience  three  stages  can  be  distinguished  that  involve  multiple  and  varied 
actions  of  folding  back  to  inner  less  formal  understanding  in  order  to  use  that  understanding 
as  a  springboard  for  the  construction  of  more  sophisticated  outer  level  understanding. 

Stage  I 

Some  paper  models  were  made  and  most  of  the  students,  with  certain  ease,  reached  the 
point  of  determining  that  folding  the  plate  was  paramount  to  find  where  and  how  it  must  be 


 a   Figure  1 


I 


Figure  2 


EJM.HJIMBUHWU 


bent,  i  e  at  what  distance  x  from  the  sides  and  with  which  angle  a  with  respect  to  the 
horizontal  (fig  3)  In  addition  it  was  stated  that  the  larger  the  area  of  the  trapezoidal 
transverse  section,  the  larger  the  volume  of  the  container  and  the  length  /  of  the  plate  was 
irrelevant  for  the  purpose  of  optimizing 
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Figure  3 


With  the  above,  it  was  concluded  that  it  was  in  fact  a  situation  where  there  weie  two 
significant  quantities  x  and  /  that  could  vary  continuously  Furthermore,  the  meningful 
range  of  values  that  .v  can  have  are  is  within  the  interval  of  [0,  a/2]  and  the  pertinent  range  of 
values  of  the  angle  a  is  within  the  interval  of  [0,90°  ] 

Stage  2 

With  some  difficulty,  and  without  a  generalized  agreement,  some  students  said  that  the  plate 
shoud  have  been  bent  in  three  equal  parts.  Some  arguments  were  presented  along  the  line 
that  the  rectangle  with  a  fixed  and  given  perimeter  that  encompasses  the  larger  area  was  a 
square  The  areas  of  triangles,  a  squares  and  a  rectangles  with  identical  perimeters  were 
compared  At  this  point,  there  was  the  educated  guess  that  it  was  plausible  but  still 
conflicting  that  to  bend  in  x  -  a/3  could  be  sensible  Two  daring  proposals  were  made  to 
bend  the  plate  forming  a  transvesal  square  section  or  to  bend  having  an  angle  of  45°  as 
shown  in  figure  4 
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Figure  4 


Stage  3 

Most  students  were  struggling  with  the  problem  of  calculating  simple  areas  in  their  drawing 
The  figure  of  the  trapezoidal  transversal  section,  which  is  essentially  a  static  object,  did  not 
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embody  by  itself  dynamic  qualities  needed  to  model  the  processing  of  changing  angle  a 
whereas  the  trapezoidal  area  was  getting  distorted  and  changing  as  well.  Some 
considerations  were  made  in  terms  of  how  much  area  was  lost  and  gained  by  angle  a  varying 
continuously.  What  the  students  found  disturbing  was  obvious  based  on  the  incompatibility 
between  the  actual  picture  of  the  trapezoid  drawn  by  them  and  the  mental  picture  of  the 
actual  continuous  variation  process  involved  in  the  problem. 

Stage  4 

There  was  the  certainty  that  once  x  was  fixed,  while  a  varies  there  was  something  lost  and 
something  gained  marked  The  problem  now  lies  in  understanding  this  correspondence  that 
refers  us  to  the  funtional  relation  between  area  and  angle.  The  following  image  (fig.  5) 


embodies  geometrical  aspects  in  a  very  insightful  way  that  can  easily  be  incorporated  in  the 
final  understanding  of  the  actual  problem  It  is  important  to  underline  that  this  simple  and 
standard  problem  can  be  seeing  from  a  totally  different  perspective.  One  may  expect  that 
the  "standard"  approach  will  be  to  define  the  volume  of  the  container  as 
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V(x,a)  =  [  (a  -  2x)  (x  sena)  +  (x2  cosa)  (sena)]  /  and  to  calculate  3v  /  dx    ,3v  /  9a  to 

obtain— =  sen  a  [a  -  4x  +2x  cosa]  and^  =  x[(a-2x)cosa  +  xcos2  a-  xsen2  a] 
dx  1  dx 

and  to  solve  the  equation  system 

sena[a  -  4x  +  2xcosa]  =  0 
x[(a  -  2x)cosa  +  xcos2  x]  =  0 

Once  the  cases  a  =  0  and  x  =  0  were  eliminated  and  with  the  use  of  the  identity 
sen2  a  +  COS2  a  =  1  the  final  result  is  x=a/3  and  a=60° 

Some  remarks 

Through  this  simple  problem  setting,  one  realizes  that  any  interpretation  of  the  problem 
involves  highlighting.  Furthermore,  it  makes  no  sense  to  speak  of  the  single  or  the  correct 
interpretation  There  are  a  variety  of  interpretations,  and  it  is  even  possible  to  disciminate 
distinctive  interpretations  We  are  dealing  with  the  phenomenon  of  understanding.  As 
Gadamer  points  out  "Understanding  must  be  conceived  as  a  part  of  the  process  of  the 
coming  into  being  of  meaning,  in  which  the  significance  of  all  statements  -  those  of  art  and 
those  of  everything  else  that  has  been  transmitted  -  is  formed  and  complete  "  p  146. 
The  recognition  that  prejudices  enable  us  to  understand,  and  that  understanding  is 
constitutive  of  what  we  are  in  the  process  of  becoming,  has  some  very  strong  consequences 
in  mathematical  education  A  basic  recurrent  prejudice  is  the  use  of  some  mathematical 
algorithms  presented  in  the  classroom  without  really  understanding  what  is  acctually  being 
modeled  or  interpreted 

Gadamer  does  want  to  make  the  all  important  distinction  between  blind  prejudices  and 
justified  prejudices  productive  of  knowledge  or  what  may  be  called  enabling  prejudices  But 
this  does  not  diminish  the  significance  of  the  thesis  that  both  types  of  prejudice  are 
constitutive  of  what  we  are  But  how  do  we  make  this  crucial  distinction''  How  are  we  to 
discriminate  which  of  our  prejudices  are  blind  and  which  are  enabling''  One  answer  is  clearly 
ruled  out,  we  cannot  do  this  by  an  act  of  pure  self-reflection  For  Gadamer,  it  is  in  and 
through  the  encounter  with  problem  situations  and  more  general  what  is  handed  down  to  us 
through  tradition  that  we  discover  which  of  our  prejudices  are  blind  and  which  are  enabling 
It  is  only  through  the  dialogical  encounter  with  what  is  at  once  alien  to  us.  makes  a  claim 
upon  us,  and  has  an  affinity  with  what  we  are  that  can  open  us  to  risking  and  testing 


prejudices.  This  does  not  mean  that  we  can  ever  finally  complete  such  a  project,  that  we  can 
ever  achieve  complete  self-transparency,  that  we  can  attain  perfect  or  absolute  knowledge. 
It  make  no  sense  to  think  that  a  human  being  can  ever  be  devoid  of  prejudices.  To  risk  and 
test  our  prejudices  is  a  constant  task,  not  a  final  achievement. 

Using  as  a  starting  point  the  optimization  problem  presented  above,  formulations  of  the 
hcrmcncutical  circle  of  understanding  is  object  oriented,  in  the  sense  that  it  directs  us  to 
practices  or  forms  of  life  that  we  arc  seeking  to  understand  It  directs  us  to  the  sensitive 
dialectical  play  between  part  and  whole  in  the  circle  of  understanding.  Many  standard 
characterizations  of  the  hcrmcncutical  circle  focus  exclusively  on  the  relation  of  part  to 
whole  in  the  phenomena  which  we  seek  to  understand.  No  essential  reference  is  made  to  the 
interpreter,  to  the  individual  who  is  engaged  in  the  process  of  understanding  optimization 
and  questioning,  except  insofar  as  he  or  she  must  have  the  insight,  imagination,  openness, 
and  patience  to  acquire  this  art  -an  art  achieved  through  practice.  There  is  no  set  method  for 
acquiring  or  pursuing  this  art,  in  the  sense  of  explicit  rules  that  are  to  be  followed.  Yet,  we 
might  say  that  rules  here  function  as  heuristic  guides  that  gain  their  concrete  meaning  by 
appealing  to  exemplars  of  such  hermencutical  interpretation  But  a  full  statement  and 
defense  of  the  hermencutical  circle  requires  us  to  ask  the  Kantian  question,  How  is  such 
understanding  and  interpretation  possible9 

There  is  a  positive  role  that  fore-having,  fore-sight,  fore-conception,  and  prejudgement  play 
in  all  advanced  mathematical  understanding  The  reference  to  the  ontological  character  of 
the  circle  indicates  something  basic  about  our  very  bcing-in-the  world  -that  we  are 
essentially  beings  constituted  by  and  engaged  in  interpretative  understanding. 
The  reference  to  the  things  themselves  is  not  to  be  misunderstood  as  suggesting  that  these 
things  exist  and  we  must  purify  ourselves  of  all  forestructures  and  prejudgments  in  order  to 
grasp  or  know  them  objectively.  On  the  contrary,  the  meaning  of  the  thingsthemselves  can 
only  be  grasped  through  the  circle  of  understanding,  a  circle  that  presupposes  the 
forestructures  that  enable  us  to  understand  The  most  important  consequence  of  the  scheme 
of  hcrmeneutical  circle  clarifies  the  relation  between  the  interpreter  (student)  and  what  he  or 
she- seeks  to  understand  (optimization  problem) 

We  must  learn  the  art  of  being  responsive  to  situations  that  we  are  trying  to  understand.  We 
must  participate  or  share  in  them,  listen  to  them,  open  ourselves  to  what  they  are  saying  and 
to  the  claims  to  truth  that  they  make  upon  us  And  we  can  accomplish  this  only  because  of 
the  forestructures  and  prejudgments  that  arc  constitutive  of  our  being 
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It  is  true,  of  course,  that  understanding  requires  effort  and  care,  imagination  and 
perceptiveness,  but  this  is  directed  to  the  opening  of  ourselves  to  what  we  seek  to 
understand  And  such  receptiveness  is  possible  only  by  virtue  of  those  justified  prejudices 
that  open  us  to  experience. 
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TEACHING  PROBLEM  SOLVING:  A  TEACHER'S  PERSPECTIVE 


Olive  Chapman 
The  University  of  Calgary 


Tliis  paper  reports  on  a  case  study  that  investigated  an  experienced  elementary  teacher's  perspective  of 
teaching  problem  solving  in  mathematics.  Data  was  collected  through  interviews,  discussions  and 
classroom  observations.  Naturalistic  inquiry  processes  were  used  in  the  analysis.  Findings  indicate  that 
the  teacher  uses  a  3-stage  process,  i.e.  preparation,  collaboration  and  presentation,  to  organize  her 
teaching.  Embodied  in  this  process  is  a  non-traditional  view  of  the  teaching  and  meaning  of  problem 
solving  that  reflects  the  teacher's  belief  of  the  nature  of  problems  and  problem  solving  and  her  personal 
experience  as  a  problem  solver. 

This  paper  focuses  on  an  experienced  elementary  teacher's  perspective  of  the  teaching  of 
problem  solving  in  mathematics  and  the  meaning  framing  that  perspective. 

Research  on  problem  solving  has  traditionally  focused  on  learning  in  the  context  of  what 
students  do  or  should  do  in  solving  problems,  but  has  given  no  substantial  consideration  of  the 
teacher.  Even  when  problem  solving  instruction  was  being  investigated,  the  focus  has  been  on  the 
students  and  the  "experimental  treatment",  but  not  the  teacher.  Kilpatrick  (1985),  in  reviewing  two 
and  a  half  decades  of  problem  solving  research,  found  that  the  teacher  was  always  ignored  in  such 
studies.  He  contended  that  the  lack  of  information  on  how  teachers  approach  problem  solving 
could  be  one  of  the  reasons  there  has  not  been  much  success  in  improving  the  teaching  of  problem 
solving.  Other  prominent  mathematics  educators  (Grouws,  1985;  Lester,  1985;  Silver,  1985; 
Thompson,  1985)  have  expressed  concern  about  the  systematic  control  of  the  teacher  and  teacher- 
related  variables,  cither  consciously  for  statistical  reasons  or  unconsciously  because  of  the 
researchers  bias  towards  empirical  research  perspectives,  in  research  on  problem  solving  instruction. 
To  change  this  pattern  in  problem  solving  research,  a  shift  to  more  naturalistic  research  processes 
has  been  promoted  (Silver,  1985;  Eisenhart,  1988).  Although  this  shift  may  be  happening  with 
respect  to  mathematics  teaching  in  general  (Hoylcs,  1992,  reviews  studies  on  mathematics 
teachers),  there  is  still  a  major  gap  in  published  information  on  how  teachers  conceptualize 
problem  solving  or  how  they  attempt  to  teach  it. 

While  studies  on  mathematics  teachers  thinking  arc  only  now  beginning  to  receive  attention, 
there  exists  a  growing  body  of  literature  on  teacher  thinking  and  teacher  personal  knowledge  in 
the  context  of  teaching  in  general  (for  eg.  Clandinin,  1986;  Elbaz,  1991;  Lcindhart,  1987;  Russel 
&  Munby,  1992;  Solas,  1992;  Thompson,  1985).  This  literature  indicates  that  knowing  how  a 
teacher  makes  sense  of  his/her  teaching  is  critical  in  understanding  teaching  and  how  to  create 
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meaningful  and  effective  teacher  development  programs.  Given  recent  emphasis  on  problem  solving 
in  mathematics  education  (eg.  NCTM.  1989),  such  understandings  are  definitely  needed  to  enhance 
or  transcend  traditional  boundaries  in  the  teaching  of  problem  solving. 

This  paper  deals  with  one  aspect  of  a  larger  study1  in  progress  that  focuses  on  the  teaching 
of  word  problems,  in  general,  and  non-routine  problems,  in  particular,  from  the  perspective  of  a 
beginning  teacher  and  two  experienced  teachers.  The  case  of  one  experienced  teacher  will  be 
presented  here.  Because  of  constraint  on  space,  the  case  will  be  discussed  only  in  the  context  of 
what  happens  from  an  instructional  perspective  when  students  are  assigned  a  problem. 

THE  PARTICIPANT 

The  participant,  who  will  be  referred  to  as  Lillian,  has  been  an  elementary  teacher  for  24 
years,  3  of  which  she  was  also  an  elementary  mathematics  consultant  for  her  school  board.  In  the 
last  five  years,  as  a  classroom  teacher,  she  has  actively  participated  in  mathematics  projects 
conducted  by  her  school  board,  piloted  mathematics  text  book  materials  for  publishers  and  made 
presentations  (not  on  problem  solving)  at  mathematics  conferences.  During  the  last  10  years,  she 
has  attended  problem  solving  workshops  locally  and  at  National  Council  of  Teachers  of 
Mathematics  conferences  and  read  some  materials  on  the  teaching  of  problem  solving.  She  is 
considered  to  be  a  very  good  teacher  by  peers  and  students.  For  the  duration  of  the  study,  she 
taught  grade  6.  At  the  beginning  of  the  study,  she  had  been  using  non-routine  problems  to  teach 
problem  solving  for  about  five  years.  Prior  to  that,  she  associated  problem  solving  with  routine 
word  problems,  not  because  she  believed  that,  but  she  felt  that  that  was  what  was  required  from 
a  mathematics  perspective. 

After  learning  about  Polya's  model  to  problem  solving  in  the  early  1980's,  Lillian  started 
applying  it  in  her  teaching,  but  in  a  rote  manner,  drilling  students  on  the  various  stages.  By  the  late 
1980's,  she  became  convinced  that  this  approach  was  meaningless,  not  only  for  her  personally,  but 
more  for  the  students.  The  turning  point  occurred  when,  one  day,  she  questioned  a  group  of  her 
grade  6  students  on  what  they  were  doing  as  the  worked  on  a  problem.  They  replied,  "Carrying  out 
the  plan."  She  asked  what  was  the  plan.  They  replied  that  they  didn't  have  one.  Similar  behaviour 
was  reflected  by  other  groups  of  her  students.  Since  then,  Lillian  has  been  trying  to  figure  out  and 
create,  based  on  her  personal  experience  and  practical  knowledge,  what  works  for  her  instead  of 
slavishly  following  what  someone  else  has  prescribed.  The  findings  of  the  study  reflects  her  current 
perspective  (which  she  believes  she  always  held  conceptually)  of  teaching  problem  solving. 


"This  research  project  is  being  funded  by  the  "University  Research  Grants  Committee", 
The  University  of  Calgary. 


RESEARCH  PROCESS 

Data  for  the  study  was  collected  in  the  following  ways:  classroom  observations  of  Lillian's 
instructional  strategies;  discussion  with  Lillian  following  each  observation;  audio-taping  of  7 
problem  solving  classes;  flexible  interviews  with  Lillian  to  capture  her  past  experiences  with 
problem  solving,  her  belief  about  problem  solving,  her  understanding  of  problem  solving  and  her 
thinking  of  how  she  taught  problem  solving;  Lillian's  ongoing  feedback  on  the  transcripts  and  the 
researcher's  interpretation  of  her  teaching.  All  interviews  and  discussions  were  tape  recorded  and 
transcribed.  Copies  of  teaching  documents  (eg.  text  material,  written  plans,  handouts')  were  also 
collected. 

The  data  was  interpreted  by  drawing  from  naturalistic  inquiry  processes  (Lester,  1985),  in 
general,  and  narrative  inquiry  processes  (Connelly  &  Clandinin,  1990;  Polkinghornc,  1988),  in 
particular.  The  data  was  thoroughly  examined  to  determine  the  nature  of  and  the  factors  that  guide 
the  participant's  instructional  decisions  and  behaviours.  Meanings  and  interpretations  of  prominent 
behaviours  were  determined  through  collaboration  between  participant  and  researcher.  ' 

LILLIAN'S  TEACHING  OF  PROBLEM  SOLVING 

In  discussing  the  findings  of  the  study,  the  focus  will  be  on  situations  when  the  students  arc 
assigned  non-routine  problems.  The  most  consistent  pattern  in  Lillian's  teaching  follows  three 
stages.  These  I  have  labelled:  the  preparation  stage,  the  collaboration  stage  and  the  presentation 
stage.  Embodied  in  these  stages  arc  Lillian's  perspective  of  problems,  problem  solving  and  herself 
as  a  problem  solver.  The  most  prominent  and  consistent  features  of  each  stage  will  be  presented 
here  with  the  apparent  meaning  that  frames  them. 
STAGE  1:  PREPARATION 

The  preparation  stage  is  where  the  students  try  to  understand  the  problem  and  make  it  their 
own,  but  do  not  consider  or  attempt  a  solution.  This  stage  unfolds  in  three  sub-stages  as  follows: 

(1)  Teacher-led  discussion 

After  students  read  the  problem,  Lillian  acts  as  chair  of  a  whole  class  discussion  on  any  initial 
concerns  students  may  have  about  the  problem.  This  generally  involves  dealing  with  surface 
features  of  the  problem,  for  example,  meaning  of  words,  ambiguities  in  the  language. 

(2)  Student  Reflection 

Following  the  teacher-led  discussion,  the  students  get  into  their  groups  (size  of  2,  3  or  4)  and 

further  reflect  on  the  situation  presented  in  the  problem.  Lillian  describes  this  as: 

giving  them  time  to  rummage  around  (with  the  problem]  in  their  heads  and  in  their  groups. ... 
to  reflect  on  what  they  arc  thinking,  what  is  this  problem,  what  they  don't  understand  about  it, 
what  they  understand  about  it. 
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(3)  Teacher-led  sharing 

Lillian  acts  as  chair  of  a  whole  class  sharing  during  which  the  groups  share  their  thinking  about 
the  problem.  Her  goal  here  is  not  to  get  everyone  to  arrive  at  the  same  understanding  of  the 


ready  to  proceed  with  a  solution.  The  sharing  also  allows  the  groups  to  get  feedback  from  the  class 
on  any  misunderstanding  reflected  in  their  thinking  and  to  inform  the  teacher  of  their  starting 
point. 

The  preparation  stage  seems  to  be  intended  to  accomplish  more  than  simply  understanding  the 
problem,  when  viewed  from  Lillian's  perspective  of  problems  and  problem  solving.  Lillian  believes 
that, 

a  problem  has  to  have  meaning  for  the  participant,  if  it  doesn't,  then  there  is  no  problem. ...  If 
you  do  not  take  ownership,  then  you  do  not  care,  then  it  is  not  a  problem. 

The  preparation  stage  allows  her  students  to  establish  their  meaning  of  the  problem,  to  make  the 

problem  their  own  and  to  take  some  ownership  for  what  they  do  with  it.  The  "free  play"  aspect  of 

the  preparation  stage  allows  students  to  "play  around"  with  the  context  of  the  problem  to  gain  a 

personal  understanding  and  appreciation  of  the  problem.  Lillian,  through  her  behaviour,  constantly 

conveys  to  her  students  that  when  she  gives  them  a  problem,  it  is  also  their  problem  and  not  just 

hers.  Thus  she  allows  them  to  proceed  to  a  solution  only  after  they  have  indicated  what  they  had 

interpreted  as  their  problem  to  solve. 

STAGE  2:  COLLABORATION 

In  the  collaboration  stage,  students  collaborate  in  their  groups  to  solve  the  problem.  The  goal, 

Lillian  points  out,  is  for  them 

to  bring  to  the  solution  whatever  ability,  skills,  ideas,  thoughts  they  have  to  work  toward  a 
solution  ...  to  share  and  dump  ideas  towards  solutions,  ...to  take  that  information  into  their 
thinking  to  help  them  get  to  a  solution, ...  to  come  to  an  agreement  about  how  they  understand 
the  solution. 

This  open  ended  approach  is  discussed  with  the  students  in  the  first  few  weeks  of  the  term  when 

problem  solving  strategies  are  considered  in  the  context  of  the  students'  personal  experiences,  (eg 

what  they  bring  to  the  problem  situation)  and  collaborative  strategies  considered  in  the  context  of 

cooperative  learning.  Lillian  explains, 

At  the  beginning  of  the  year  I  have  to  teach  what  is  involved  in  the  process  and  then  they  just 
have  to  take  it  and  do  something  with  it  and  work  through  it. 

There  are  brief  reviews  of  those  strategies  throughout  the  year. 

As  the  students  work  in  their  groups,  Lillian  circulates  among  them  without  becoming  attached 


problem,  but  to  have  the  students  demonstrate  that  the  problem  makes  sense  to  them  and  they  are 
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to  their  processes  or  controlling  the  direction  of  these  processes.  She  describes  her  role: 

I  move  about  the  classroom  to  overhear  what  the  interaction  is  within  the  group  and  to  move 
into  it  to  assist,  to  referee,  to  suggest,  to  encourage.  ...  I  am  not  the  focus  of  the  activity  or  the 
deciding  factor  as  to  what  happens. 

She  is  able  to  accomplish  not  being  the  focus  or  deciding  factor  of  the  students'  processes  because 

she  generally  selects  and  assigns  problems  she  has  not  actually  solved.  She  explains: 

I  am  not  holding  secretly  the  solution  and  waiting  for  the  students  to  get  that  solution.  ... 
Often  times  I  do  not  have  a  clue  what  the  problem  is  and  how  it  operates. 

This  apparently  unique  situation  Lillian  creates  for  herself  significantly  shapes  the  social  context 

of  her  instructional  approach.  The  teacher-student  interaction  that  results  is  not  one  of  bargaining 

or  negotiating,  overtly  or  covertly,  to  arrive  at  the  teacher's  solution,  since  Lillian  does  not  claim 

ownership  of  or  have  students  work  towards  a  specific  solution.  Instead,  it  is  one  of  open-dialogue. 

Lillian  describes  this  process  as  follows: 

In  the  dialogue,  what  I'm  doing  is  I'm  hearing  what  they  (the  students)  are  saying,  and  I'm 
putting  that  into  my  context  and  then  I'm  taking  that  (the  way  she  understands  it)  and  giving  it 
to  them,  so  then  they  can  hear  it  and  put  it  in  their  context.  So  this  is  a  continual  back  and  forth 
exchange. ...  Everybody  (teacher  and  students)  is  free  to  join  the  dialogue,  so  what  you  need  to 
do  is  put  into  the  pot  (pool  of  ideas)  what  you  think  and  take  out  what  you  can  use.  ...  The 
dialogue  from  my  end  is  to  get  what  the  understanding  of  the  student  is  so  I  can  get  a  better 
sense  of  how  to  work  with  them  and  what  to  do.  I  want  them  to  give  me  what  they  have  and 
sometimes  I  can't  give  them  what  I  have,  because  I  do  not  have  any.  So  what  I  might  do  is  only 
pick  up  something  from  a  group  and  then  depart. ...  The  dialogue  from  their  (the  students)  end 
is  to  understand  what  it  is  I'm  trying  to  give  them,  how  they  can  use  it  and  what  they  do  with  it. 

There  are  2  levels  of  questioning  Lillian  initiates  in  this  dialogue.  One  is  to  get  an 
understanding  of  how  the  students  arc  thinking.  The  other  is  to  get  the  students  to  "throw  ideas 
into  the  pot",  to  reflect  on  their  processes  if  stuck  or  off  track,  or  to  stimulate  their  thinking. 
Regarding  the  latter  case,  she  explains, 

I'll  just  ask  them  questions.  What  I  want  the  questions  to  do  is  to  start  them  questioning  what 
they're  doing.  For  example,  "Are  you  sure  that's  what  you  want  to  do?"  I  don't  want  to  give  them 
specific  direction  but  I  want  them  to  re-check,  I  want  them  to  re-think  so  that  in  part  it  could  be 
their  own  re-discovery  rather  than  mine. 

In  general,  Lillian's  strategy  is  to  make  the  students  live  through  the  consequences  of  their  actions 
and  their  thinking  to  Icam  from  them. 

The  dialogue  approach  is  what  Lillian  personally  seeks  out  when  she  solves  problems,  generally, 
both  in  and  out  of  the  classroom.  In  fact,  this  is  why  she  stopped  solving  problems  before  using 
them  in  class.  She  found  it  was  more  meaningful  and  easier  for  her  to  solve  the  problems  if  she 
used  her  students  as  her  collaborators  instead  of  solving  them  by  herself.  So  as  she  listens  to  her 
students'  ideas  as  students  collaborate  in  their  groups,  she  draws  from  them  to  establish  or  clarify 
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her  understanding  and  solution  of  the  problem.  By  the  end  of  the  collaboration  stage,  she  may  or 
may  not  have  her  own  solution  and  her  solution  may  or  may  not  be  the  same  as  any  of  the  groups. 
The  dialogue,  then,  facilitates  her  own  problem  solving  needs.  But,  more  important,  through  it,  she 
is  creating  for  her  students  a  context  she  would  want  as  a  problem  solver  because  she  understands 
the  value  of  it  from  her  personal  experience. 
STAGE  3:  PRESENTATION 

The  presentation  stage  is  when  students  get  to  present  and  defend  their  solution  and  reflect 
on  what  they  had  learned.  It  is  a  coming  together  of  the  students  and  teacher  to  share  knowledge 
as  the  groups  "bring  what  they  sec  as  theirs,  both  in  the  problem  and  in  the  solution"  (Lillian)  to 
present. 

I  view  this  stage  more  like  a  conference  with  Lillian  as  the  convenor  and  the  students  as  the 

presenters  and  audience.  Lillian  summons  the  students  to  this  conference  to  present  their  problem, 

their  approach  and  their  findings.  She  chairs  the  sessions  by  acknowledging  speakers  (presenters 

and  audience),  but  also  poses  questions,  summarize  discussions  and  sometimes  becomes  a  presenter 

herself.  At  the  end  of  the  conference  the  students  should  leave  with  some  understanding  of,  for 

example,  what  they  brought  to  the  situation,  what  they  learned  from  others,  what  needs  future 

consideration,  what  was  resolved. 

During  the  conference,  both  presenters  and  audience  arc  always  actively  involved.  Lillian 

describes  the  goal  of  the  audience: 

The  audience  follows  along,  so  they  can  sec  the  direction  they  (the  presenter)  came  from, 
how  they  got  the  solution  and  whether  the  solution  in  fact  fits. 

However,  the  audience's  "following  alone"  is  not  passive.  Students  ask  questions  to  help  them  make 

sense  of  the  solution  being  presented,  make  comments  on  what  they  agree  or  disagree  with 

regarding  the  solution  and  make  suggestions  to  the  presenters.- Lillian  becomes  a  presenter  only 

if  she  thinks  her  solution  would  add  another  perspective  for  the  students.  For  her,  closure  to  the 

process  docs  not  have  to  be  a  final  answer.  Instead,  as  she  explains, 

It  is  a  going  away  with  the  understanding  of  the  process  and  what  each  of  those  students 
brings  into  his  or  her  own  repertoire  and  how  it  connects  to  what  he  or  she  had  before. 

Thus,  to  end  the  conference,  Lillian  asks  students  to  respond  to: 

what  did  you  do  in  your  group  that  made  it  work  or  did  not  work?  What  did  you  Icam  here? 
What  became  meaningful?  What  helped  you  to  understand  and  solve  the  problem? 

The  presentation  stage  legitimizes  the  students'  processes  and  Lillian's  instructional  approach  - 
--  particularly  giving  the  students  ownership  of  the  problem.  In  general,  this  stage  contributes  to 
the  experiential  conception  of  problem  and  problem  solving  reflected  in  Lillian's  teaching. 


CONCEPTUALIZING  PROBLEMS  AND  PROBLEM  SOLVING  IN  LILLIAN'S  TEACHING 

In  the  context  of  Lillian's  teaching,  problems  and  problem  solving  take  on  an  experiential 

meaning.  Conceptually,  Lillian  makes  no  distinction  between  problems  and  problem  solving.  The 

problem  solving  is  the  problem.  The  problem  is  in  the  solving  and  not  the  written  text.  One  does 

not  have  a  problem  until  one  starts  to  experience  and  deal  with  a  barrier  in  a  situation  one  is 

curious  about  or  has  an  interest  in.  Thus  problem  solving  is  the  experience  of  trying  to  satisfy  one's 

curiosity  or  to  fulfil  one's  interest  in  situations  when  one  encounters  barriers.  In  Lillian's  teaching, 

this  experience  becomes  more  significant  than  the  final  answer  to  a  problem.  Thus  solutions  arc 

viewed  as  the  experiencing  of  "the  process  of  how  to  work  through  the  problem"  (Lillian).  It  is  not 

the  final  answer  that  will  move  the  students  to  new  levels  in  their  problem  solving,  but  the  nature 

of  the  experience  leading  to  the  final  answer. 

Lillian's  teaching  also  reflects  a  different  kind  of  problem  teacher  and  students  must  face 

compared  to  a  more  traditional  classroom.  Because  students  have  to  identify  "their"  problem,  take 

control  and  responsibility  for  it  and  deal  with  it,  the  "mathematics  problem"  Lillian  assigns  becomes 

the  nucleus  of  a  larger  problem  the  students  perceive.  This  larger  problem  for  the  student  includes, 

how  to  work  collaboratively,  how  to  dialogue  with  the  teacher,  how  to  present  and  defend  their 

solutions,  how  to  understand  other  perspective  of  the  solution.  Similarly,  the  teacher  perceives  a 

larger  problem  that  includes,  as  Lillian  notes. 

To  know  how  to  dialogue  with  them  (the  students),  to  know  how  to  intervene  and  contribute 
without  interfering  with  their  process  but  add  enough  to  help  them  make  sense  so  that  they  can 
go  ahead  with  this  process.  Also  being  able  to  recognize  when  something  is  working,  not  to 
interfere  to  get  that  off  track. 

Finally,  in  Lillian's  teaching,  problem  solving  is  reflected  not  only  as  a  cognitive  endeavour,  but 
also  a  social  endeavour.  The  latter  allows  the  same  problem  to  be  different  in  different  groups  of 
students  depending  on  how  it  "bounces  off'  the  students  in  a  particular  group  and  the  nature  of 
the  group  dynamics. 
CONCLUSION 

Lillian's  case  may  not  be  representative  of  the  way  many  teachers  teach  problem  solving,  but 
it  provides  us  with  a  perspective  that  is  worth  exploring  in  its  own  right.  Investigations  of  this 
perspective  could  also  be  undertaken  to  examine  its  actual  effect  on  performance  and  the  type  of 
learning  it  produces.  The  case  also  provides  a  situation  teachers  can  resonate  in  to  reflect  on  and 
understand  their  own  teaching.  But,  of  more  importance,  it  draws  attention  to  the  role  of  teacher's 
belief  and  personal  experiences  in  shaping  problem  solving  instruction,  a  situation  that  deserves 
much  more  attention  for  us  to  understand  teacher  thinking  and  to  provide  teachers  with  the  kind 
of  support  that  will  foster  meaningful  and  effective  problem  solving  teaching  styles. 
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SKETCHING  GRAPHS  OF  AN  INDEPENDENT  AND  A  DEPENDENT  QUANTITY: 
DIFFICULTIES  IN  LEARNING  TO  MAKE  STYLIZED.  CONVENTIONAL  "PICTURES" 
Daniel  Oman  Sandra  CalliJ  Bethcll 

Michigan  Slate  University  Holt  High  School 

This  paper  presents  a  series  of  issues  which  lead  students  to  sketch  relationships  between 
quantities  non-conventionally.  Some  issues  seem  to  be  associated  with  the  quantities  being 
graphed  and  others  lead  to  graphs  which  aren't  useful  "pictures"  of  the  relationship.  An 
examination  of  these  issues  suggest  a  reinterpretation  of  the  Iconic  Translation  phenomenon 
(Monk,  1992) 

Like  many,  we  are  impressed  by  the  potential  of  technology  to  make  visual 
representations  of  mathematics  widely  available.  At  the  same  time,  we  are  aware  of  the 
student  difficulties  with  graphs  described  in  the  mathematics  education  literature  (For 
surveys,  see  Eisenberg.  1991;  Kerslake.  1981;  Romberg.  Fennema.  &  Carpenter,  1993.). 
Rather  than  approach  student  difficulties  as  misconceptions  to  be  uprooted,  we  have 
approached  them  as  ideas  which  can  change  in  the  normal  course  of  learning  and 
instruction,  and  as  Indicators  of  conventions  to  which  our  training  blinds  us. 

We  have  been  teaching  a  low-tracked,  high-school  level  Algebra  One  course  imi 
begin  this  course  with  the  sketching  of  graphs  of  dependence  relationships  between 
quantities.  As  we  begin  the  year,  we  arc  concious  of  our  own  mathematical 
enculturation  (in  the  sense  of  Bishop.  1988).  The  graphs  that  students  produce  often 
seem  mathematically  incorrect  to  us,  or,  at  least,,  non-conventional.  These  graphs 
challenge  us.  as  teachers,  to  articulate,  and  discuss  with  our  students,  how  graphs  work 
in  mathematics  and  the  reasons  behind  conventional  approaches  to  creating  "pictures" 
of  the  relationships  between  quantities  in  situations. 

In  this  paper,  we  present  a  selection  of  students'  graphs  and  a  structure  for 
understanding  how  their  graphs  contravene  accepted   mathematical  practice.  We 
organize  our  presentation  of  students'  graphs  in  two  categories,  by  the  type  of  teaching 
intervention  their  graphs  suggest  to  us.  When  students'  graphs  raise  issues  about  their 
understandings  of  "quantity,"  as  teachers,  we  can  help  students  clarify  their  options 
and  choose  what  they  want  to  represent.  By  way  of  contrast,  when  students  have 
questions  about  how  to  proceed  to  create  a  graph  of  the  relationship  that  they  arc 
representing,  we,  as  teachers  enculturatcd  In  mathematics,  find  ourselves  arguing  for 
standard  ways  of  creating  graphs  by  pointing  out  the  benefits  of  the  resulting 
displays--the  ways  in  which  they  create  "good  pictures." 

COURSF.CONTEXT 

In  the  United  States.  Algebra  is  taught  as  a  separate  mathematical  topic,  usually 
in  two  courses  labeled  Algebra  One  and  Algebra  Two.  As  teachers  of  low-track  Algebra 
One  students,  we  arc  interested  in  understanding  Algebra  in  a  way  that  would  allow  us 
to  create  a  course  which  could  be  useful  and  challenging  for  a  wide  range  of  students- 
students  who  arc  headed  to  the  world  of  work  after  high  school  and  students  who  are 
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headed  to  college  and  calculus.  We  have  been  exploring  an  approach  based  in  the 
mathematics  of  quantity. 

In  the  beginning  of  the  course,  we  look  for  quantities  in  the  world  around  us.  We 
talk  about  quantities  which  can  be  measured  and  counted,  as  opposed  to  quantities 
which  are  computed.  After  developing  what  we  mean  by  quantities,  we  begin  to  look  at 
relationships  between  quantities.  In  the  early  part  of  the  course,  wc  learn  to  represent 
these  relationships  In  verbal  descriptions,  graphs,  sketches  of  graphs,  tables  of  values, 
and  algebraic  expressions,  each  of  which  has  its  own  conventions. 

In  introducing  graphing,  we  walk  a  tight  balance.  We  emphasize  that,  even 
though  graphs  aren't  pictures,  this  visual  representation  was  created  because  it  has 
helped  people  "picture"  relationships  that  frequently  can't  be  seen  in  other  ways.  After 
•ome  introductory  activities,  we  ask  our  students  to  write  stories  for  a  partner  and  then 
to  swap  stories  and  make  graphs  to  illustrate  the  other  person's  story. 

WHAT  ARE  THE  QUANTITIES  WHOSE  RELATIONSHIP  YOU  WANT  TO  "PICTURE?" 
In  any  given  situation,  there  are  a  plethora  of  quantities  whose  relationships  might  be 
graphed.  Yet,  in  order  to  choose  to  make  an  interesting  "functional"  graph  on  the 
Cartesian  plane,  it  is  useful  to  choose  two  quantities  which  change,  where  one  can  be 
said  to  depend  on  the  other. 
What  are  quantities? 

There  are  subtle  complexities  in  choosing  quantities  whose  relationship  students  want 

to  graph.  Below  arc  descriptions  of  a  situation  and  a  student's  list  of  the  quantities 

present  In  the  description.  ,  

The  QE2  was  headed  from  Martha's  Vineyard  (o  NY  on  a  fine  nighi  wilh  clear 
visibility  and  half  .moon.  Caplin  Woodall.  with  more  than  40  years  experience,  was  in 
comand,  but  a  local  pilot  was  controling  the  navigaiion.  Shortly  after  the  QE2  left 
Martha's  Vineyard,  Woodall  said,  he  felt  a  very  heavy  vibration.  He  first  asumcd  that 
the  ship  hit  something  on  the  water  or  there  was  a  mechanical  failure.  After  crew 
members  ruled  out  those  possibilities,  the  only  one  left  was  that  the  ship  touched 
bottom.  Charts  showed  ocean  depth  of  39  ft  and  2  ft  due  to  the  tide.  The  ships  hull 
goes  32  feet  below  the  water  line.  After  the  grounding,  the  1815  passangcrs  were 
evacuated  from  the  ship. 

Passengers  were  put  on  trains  to  complete  their  journey  lo  NY.  In  his  firsi 
public  statement.  Captain  Woodall  indicated  that  on  that  day  he  didn't  drink  any 
alchohol.  (Berkshire  Eagle  on  8/14/92)  


In  the  QE2  example,  "when  you  hit  the  object"  and  "time  ship  left  and  grounded"  are 
each  listed  by  the  student  as  different  quantities.  These  are  not  seen  as  points  along  a 
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Figure  1--The  QE2  story  and  a  student's  list  of  quantities 


single  timeline.  The  student  also  views  the  number  of  years  of  experience  of  the 
captain  as  a  quantity,  even  though  it  doesn't  vary  during  the  described  situation. 

This  example  points  out  that  there  are  different  meanings  for  the  word  quantity. 
The  first  two  definitions  of  quantity  in  the  American  Heritage  Dictionary  indicate 

important  differences   in  usage: 

1.  a.  A  number  or  amount  of  anything,  either  specified  or  indefinite,  b.  A  sufficient 
or  considerable  amount  or  number,  c.  The  enact  amount  of  anything.  2.  The 
measureable,  countable,  or  comparable  property  or  aspect  of  a  thing. 
As  enculturated  mathematicians,  when  we  look  to  graph  a  relationship  between 
quantities,  we  think  about  quantity  with  the  second  definition,  certainly  not  with 
definitions  la  or  lc.  We  do  not  consider  every  number  as  a  different  quantity.  Yet. 
students  may  bring  this  other  view  of  quanitity  to  their  mathematics  class. 
What  is  the  quantity  for  this  unit? 

In  addition  to  students'  understandings  of  "quantity."  units  add  another  set  of 
complications.  Below  are  two  graphs  which  differ  in  the  labeling  of  units  and 
quantities  on  the  axes.  One  student  provides  both  quantities  and  units,  while  the  other 
>uls  a  quantity  on  one  axis  and  a  unit  on  the  other. 


Figure  2-Two  graphs  and  their  units. 
The  first  graph  comes  from  a  story  which  mentions  the  unit,  feet,  but  not  the  quantity 
which  it  measures.  Students  can  then  find  it  difficult  to  name  the  quantity  separate 
from  its  unit. 

Using  the  unit,  instead  of  the  quantity,  to  label  a  graph  can  lead  to  complications. 
In  the  following  example,  the  axes  are  not  labeled,  but  even  an  indication  of  units 
would  not  heir 
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Figure  3--A  library  story  and  its  graph 
The  class  discussed  whether  this  graph  and  story  Indicated  how  the  total  number  of 
books  checked  out  of  the  library  varies,  as  opposed  to  how  the  number  of  books  checked 
out  varies,  over  intervals  of  time.  In  the  discussion,  students  talked  about  whether  the 
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decreasing  portions  of  the  graph  represent  books  being  returned  or  a  decrease  in  the 
rate  at  which  books  were  being  checked  out. 

This  example  points  out  that  the  same  unit  can  be  used  to  indicate  different 
quantities.  In  particular,  the  unit  for  the  dependent  variable  docs  not  indicate  whether 
the  value  of  the  dependent  variable  should  be  accumulated  or  not.  If  the  variable  is 
accumulated  you  have  a  different  quantity  than  if  it  is  not  accumulated. 
Where   are   the  quantities? 

In  a  further  complication,  important  quantities  may  not  be  mentioned  at  all  (neither 
directly  or  by  their  unit)  in  a  description  of  a  situation.  The  following  two  examples 
were  recorded  by  a  student  from  a  software  program  (Dugdale  &  Kibbcy.  1986)  because 
she  did  not  understand.  In  each  case,  the  independent  quantity  is  not  mentioned  in  the 
description  of  the  situation.   Nonetheless,  as  encuiturated  mathematicians,  with  the 
travel  description  for  example,  we  would  not  find  it  strange  to  be  asked  to  sketch  a 
graph  of  the  gasoline  used  as  a  function  of  the  distance  traveled,  even  though  the 
distance  traveled  isn't  mentioned  in  the  description. 


Figure  4--Graphs  a  student  didn't  understand. 
MAKING  A  GOOD  PICTURE 
When  we  introduce  the  sketching  of  graphs  to  our  students,  we  encourage  them  to 
think  of  their  graphs  as  made  up  of  intervals  between  known  points.  Modeled  on  the 
approach  taken  in  The  GrapherS  Sketchbook  (Yerushalmy.  Shtcrnbcrg.  &  CET.  1992). 
we  present  a  set  of  icons  and  suggest  that  they  patch  these  icons  together  to  create  a 
graph  which  is  a  "good  picture"  of  the  relationship  between  quantities  that  they  are 
depicting. 
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Figure  5--A  set  of  icons. 
A  good  picture  captures  information  about  the  rate  of  change  of  a  quantity  as  well  as 
about  its  value.  This  emphasis  on  the  graph  as  a  picture  of  a  kind,  one  which  conveys 
information  about  the  value  of  the  dependent  quantity  and  how  that  changes,  allows 
students,  and  us.  their  teachers,  to  argue  for  and  against  particular  ways  of  making  a 
graph.  In  particular,  thinking  about  the  types  of  pictures  produced  by  mathematical 
approaches  to  graphing  suggests  reasons  for  having  an  equally  spaced  metric  on  the 
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axes,  reasons  for  accumulating  the  independent  variable  in  a  situation,  and  for 
choosing  one  quantity  to  be  an  independent  variable  and  another  to  be  dependent. 
Metrics  for  the  axes? 

When  beginning  to  sketch  graphs,  some  students  take  numerical  information  out  of  a 
description  of  a  situation  and  do  not  create  a  metric  along  each  axis.  Instead,  they  put 
each  value  at  an  equal  distance  from  the  next  one. 
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Figure  6--Mysterious  checks  and  their  graph 
With  the  notion  of  creating  a  "good  picture,"  we  can  argue  for  the  use  of  a  standard, 
constant  difference  metric  along  the  axes,  because  such  a  picture  allows  a  better  sense 
of  the  change  in  value  of  a  quantity  or  of  its  rate  of  change.  In  this  case,  one  can  argue 
that  the  provided  graph  is  misleading,  because  it  suggests  that  the  difference  between 
15,000  dollars  and  5,000  is  not  nearly  as  big  as  the  difference  between  0  dollars  and  5000 
dollars,  though,  a  counterargument  could  be  made  based  on  a  psychological  metric. 
Continuous   lines  or  points? 

The  natural  numbers  are  used  in  many  situations  in  an  ordinal  sense.  When  asked  to 
write  stories  and  make  graphs  of  the  variation  in  the  relationships  between  quantities, 
this  raises  the  question  of  whether  points  on  the  coordinate  plane  should  or  shouldn't 
be  connected.  In  the  example  given  below,  the  independent  variable  names  the  order 
of  the  meets.  Arrows  are  drawn  to  capture  the  variation,  but  the  points  aren't 
connected,  because  there  were  no  intermediate  values  between  the  different  meets.  In 
other  examples  of  this  kind,  students  connected  the  points. 
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Figure  7-Oraphs  of  points  for  each  meet. 
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However,  in  some  cases  when  the  natural  numbers  are  used  as  ordinals,  they 
name  an  interval  rather  than  a  specific  moment  in  time.  One  student  connects  the 
>oints  and  the  other  does  not.  
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Figure  8--Spending  on  gas  and  hair  growth 
In  the  gasoline  example,  one  might  use  a  continuous  graph  with  points  of 
discontinuity,  though  such  a  graph  requires  a  conjecture  about  the  times  of  the  flllups. 
Though  it  looks  similar,  the  hair  growth  example  is  complicated.  If  the  dependent 
quantity  is  amount  of  growth  per  week,  then  a  even  a  continuous  graph  with  points  of 
discontinuity  suggests  that  it  is  possible  to  assign  more  than  one  value  to  this  quantity 
in  a  week. 

As  these  examples  illustrate,  the  use  of  lines  or  points  is  a  complex  issue  for 
students,  but  we  must  also  admit  that  it  is  a  difficult  one  even  for  members  of  the 
mathematical  community.  In  theory,  the  use  of  lines  or  points  signals  the  types  of 
values  which  the  variables  can  take  on.  A  continuous  line  is  used  when  both  variables 
can  take  on  intermediate,  real  number  values  between  any  two  values.  In  contrast, 
when  the  variables  represent  categorical  information,  or  more  generally  are 
conceived  of  as  not  being  able  to  take  on  intermediate  real  number  values,  points  arc 
used.  However,  these  conventions  arc  not  universally  observed.  In  most  cases,  with 
variables  over  the  rational  numbcrs--a  dense  set.  a  continuous  line  is  used  and 
irrational  values  arc  overlooked.  Also,  if  the  scale  is  sufficiently  large,  a  continuous 
line  is  sometimes  used  with  variables  over  the  natural  numbers. 
Accumulation   of  the   independent  variable 

As  noted  in  the  discussion  of  metrics,  when  students  are  just  beginning  to  learn  about 
graphs,  there  is  a  tendency  to  take  numbers  directly  out  of  a  situation  without  relating 
them  to  one  another  Students  might  include  numbers  with  the  same  unit  in  a  table. 
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even  though  these  numbers  represent  different  quantities.  For  example,  students 
created  four  different  tables  for  the  fanciful  bungy-jumping  story  they  created 
collaboratively. 


Chris  bungee  jumped  from  200  ft.  He  jumped  and  at  100  ft.  above  ground  the  cord 
snapped  (after  4  seconds).  He  fell  IS  more  feet  in  2  seconds  and  then  grabbed  a 
bird.  The  bird  carried  him  100  ft.  up  in  7  seconds.  


n  Figure  9—  A  Bungie  Jumping  siory 

Notice  that  the  200  feet  and  100  feet  represent  altitudes  above  ground  while  the  15  ft 
and  second  100  feet  represent  changes  in  altitude.  All  of  the  times,  except  the  implicit 
starting   lime,    represent  intervals. 
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B 

time 

distance 

time 

distance 

0 

200 

0 

200 

4 

100 
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100 

2 

15 

6 

15 
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100 
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100 

time 
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200 

4 

100 

2 

85 

7 

185 

3 

time 

distance 

0 

200 

4 

100 

6 

85 

13 

185 

Figure  10  -Studenis'  Bungy  Jumping  Tables 
In  tables  C  and  D,  the  "distance"  (distance  above  ground)  is  accumulated;  in  tables  B  and 
D,  the  lime  intervals  are  accumulated.  As  enculturated  members  of  the  mathematics 
community,  table  D  looks  appropriate  and  table  B  might  be  fixed  to  record  changes  in 
distance  above  ground  over  intervals  of  time.  However,  tables  A  and  C  are  both 
problematic.  In  seeking  to  explain  why  we  felt  these  tables  were  problematic,  we  asked 
students  to  graph  their  tables  and  see  which  gave  them  the  "best  picture"  of  the 
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Figure   1 1 --Students  Bungy  lumping  Graphs 
Tables  A  and  C  then  stood  out  as  creating  graphs  that  double  back  on  themselves  and. 
unlike  text  in  Romance  languages,  can  not  be  read  continuously  from  left  to  right.  In 
fact,  in  part  C.  the  student  whose  work  is  above  added  arrows  to  indicate  how  the  graph 
should  be  read.  This  suggested  that  graphs  B  and  D  were  "better  pictures"  of  the 
relationships  described  in  the  situation. 
Choosing   wMrh  quantity   Is   the  independent  one 

Similarly,  in  appeal  to  the  desire  to  read  from  left  to  right  can  suggest  which  quantity 
is  the  dependent  quantity  and  which  is  the  independent  one.  Students  were  given  a 
table  with  age  and  weight  measurements  for  a  growing  child.  Many  wanted  the  age  to 
be  a  function  of  the  weight,  rather  than  the  other  way  around. 

As  soon  as  we  started  to  think  about  circumstances  in  which  the  weight  of  the 
person  began  to  decrease,  the  desire  to  have  a  graph  that  doesn't  double  back  suggested 
that  weight  should  be  depicted  as  a  function  of  age. 

CONCLUSION 

In  closing,  we  would  like  to  offer  a  reinterpretion  of  the  phenomenon  of  Iconic 
Translation  (Monk.  1992)  which  has  been  identified  in  the  literature.  When  we  first 
began  to  teach  about  sketching  graphs,  we  wanted  our  students  to  understand  that  a 
graph  was  not  "merely"  a  picture  of  a  situation;  we  did  wanted  our  students  to  overcome 
this  "misconception."  Yet.  the  more  we  thought  about  the  task,  we  realized  that  we  did 
indeed  want  our  students  to  think  of  graphs  as  pictures,  but  as  pictures  which  must  be 
drawn  In  certain  conventional  ways. 

This  perspective  on  graphs  suggests  that  the  problem  with  Iconic  Translation  is 
not  to  be  found  in  its  pictorial  literalness.  but  •  elsewhere.  We  suggest  that  when  students 
create  such  graphs,  they  make  correct  graphs  for  a  different  relationship  between 
qukntities  than  the  ones  they  are  being  asked  about.  For  example,  in  a  speed/time 
graph,  students  are  instead  drawing  a  picture  of  the  relationship  between  distance 
above  some  reference  height  and  time.  In  the  example  in  figure  4.  the  student  prefers  a 
picture  of  the  constant  rate  of  consumption  of  fuel  over  time  to  one  of  the  amount  of 
fuel  tsed  as  a  function  of  distance  traveled. 

Our  purpose  In  offering  this  reinterpretation  is  that  it  suggests  alternative 
pedagogical  moves.  Rather  than  suggest  to  students  that  graphs  are  not  pictures,  this 
reinterpretation  suggests  that  graphs  are  pictures,  but  that  we  must  understand  what  it 
is  that  they  are  indeed  pictures  of. 

As  one  of  our  students  said  when  helping  a  student  who  was  new  to  the  class 
learn  about  sketching  graphs  from  the  program  Interpreting    Graphs:  (Dugdale  & 
Kibbey.  1986) 

New:  "Oh  Yeah.  I  don'l  look  it  those."  (points  at  the  quantities  written  on  the  axes) 
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Experienced:  "You  got  to  remember  those  (points  to  the  quantities).  You  got  to  remember, 


that's  the  most  important  thing  on  the  graph.' 
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Abstract:  In  order  to  survey  how  students  conceive  the  idea  of  continuum  as  they  begin  their  training  on 
Calculus,  we  have  established  a  questionnaire  and  an  analytical  approach  to  responses,  fully  rooted  in 
networks.  The  theoretical  framework  is  based  on  the  Dreyfus  and  Vinner  idea  of  'concept  image',  where 
we  attune  the  expression  "perception  of  a  property*.  We  have  tested  the  questionnaire  on  74  students  in 
the  range  of  16-17  years  old,  acquiring  valuable  informa  tion  in  return  about  their  perception  on  non- 
discrete  order  ing.  On  the  other  hand,  we  have  established  a  draft  ordered  system  for  models  of 
geometric  continuum,  verifying  the  fact  that,  for  non-integers,  their  written  expression  comes  out  to  be 
the  most  representative  property  of  the  various  sets  of  numbers.  At  the  end,  we  put  forth  some  open 
questions,  hinting  the  need  for  a  deeper  re  search  on  the  notion  of  belonging  {€ ),  from  a  cognitive  point  of 
view. 

I.-  Introduction. 

The  mathematical  modelling  of  nature,  as  it  was  undertaken  in  the  Renaissance,  has  been,  from  the 
very  beginning,  closely  linked  to  the  invention  and  development  of  Infinitesimal  Calculus.  Being  this 
still  true  nowadays,  to  attain  an  efficient  teaching  of  Calculus  is,  consequently,  one  of  the  most 
relevant  issues  we  have  to  deal  with  today.  But  all  the  basic  concepts  of  this  specialty  are,  in  two 
ways,  built  on  top  of  the  idea  of  continuum,  both  numeric  and  geometric:  i)  the  first  way  deals  with 
the  logical  and  formal  construction  of  continuum,  soundly  establish  since  Weierstrass,  ii)  the  second 
refers  to  the  cognitive  arena,  related  to  the  apprehension  and  construction  mechanisms  of  concepts 
and  methods  on  the  student  side.  This  second  aspect  is  the  one  we  are  interested  in  now. 
The  research  we  are  presenting  is  part  of  a  wider  project  which  aims  to  at  a  complete  knowledge  of 
how  students  develop  their  concepts  of  continuum  while  they  follow  the  basic  training  on  the 
foundations  of  Calculus.  Nevertheless,  in  this  presentation,  we  are  only  concerned  about  two  goals: 

1.  -  Building  a  research  means:  that  is,  a  questionnaire  and  it  related  annexes,  to  be  submitted  to  a 
testing  process. 

2.  -  Establishing  a  first  approach  to  the  conceptualisation  the  surveyed  individuals  make  of  the 
continuum,  in  order  to  design  further  scrutinies. 

II.-  The  Continuum  as  a  Congnoscitive  Problem. 

Mathematicians  enjoy  today  of  a  satisfactory  formal  characterisation  of  the  continuum.  As  far  as 
numeric  continuum  is  concerned,  the  task  was  accomplished  by  Weierstrass,  Cantor,  Me>ay  and 
Dedekind,  while  Hilbert  IHilbert,  1930],  among  others,  did  the  work  on  the  geometric  continuum 
area,  as  he  enounced  explicit  continuity  axioms  for  the  straight  line.  Furthermore,  a  logical 
equivalence  between  both  views  was  established,  in  the  same  way  Descartes  and  Fermat  had 
proposed  three  centuries  earlier.  But,  each  individual's  knowledge  of  the  continuum  is  not  likely  to  be 


built  on  his  logical  and  formal  characterisation,  through  the  way  people  learn,  for  instance,  the  Group 
Theory.  Let's  see  why:  a  group  is  defined  as  a  system  which  conforms  some  given  axioms,  while  as 
we  build  a  formal  structure  for  real  numbers,  since  the  students  already  know  more  or  less  vaguely 
about  them,  we  only  succeed  to  show  the  existence  of  a  completely  ranked  body,  but  not  ihe  fact  that 
leal  numbers  make  up  one  [Steiner,  1984]. 

If,  for  any  reason,  it  is  advisable  to  avoid  giving  the  students  an  axiomatic  or  constructive 
introduction  to  the  straight  line,  it  is  common  use  to  bring  up  a  soi-disant  "intuitive  view"  of  its 
characteristics.  Dedekind  himself  ex  presses  it  in  a  paradigm  form  IDedekind,  1901,  pg.  1]  which 
supports  this  technique  "if  one  does  not  wish  to  lose  much  time".  But  then  we  are  implicitly  admitting 
two  hypothesis:  i)  that  the  geometric  continuum  is  a  universal  intuitive  concept  which  is,  additionally, 
easily  grasped  by  individuals;  ii)  that  the  numbers-geometry  linkage  is  also  intuitive,  that  is, 
immediate  and  universally  apprehensible  without  the  need  for  any  conceptual  elements  which  belong 
to  the  discursive  mode  of  thought.  Contrarily,  the  experiences  we  arc  about  to  present  will  show  that, 
at  least  from  a  didactic  point  of  view,  there  are  clear  indications  that  those  two  hypothesis  are  false. 
Consequently,  the  first  approach  to  the  problem  would  include  the  study  the  individual's  intuition 
about  the  continuum.  But,  for  the  targets  established  in  our  research,  the  philosophical  concept  of 
"intuition",  whatever  version  may  it  be,  comes  out  to  be  obviously  insufficient  since,  among  other 
reasons,  it  does  not  contain  any  reference  to  the  linkage  between  the  "intuitive  object"  and  the 
"intellect".  On  the  side,  some  recent  epistemologic  works  insist  on  the  fact  that  the  continuum,  far 
from  being  a  simple  intuitive  determination,  is  the  result  of  a  deeply  ontologic  cogitation  and  of  some 
maihematic  conceptualisation  (see  Caveing,  1982). 

Keeping  this  in  mind,  in  order  to  confine  our  research,  we  have  borrowed  from  Vinner,  1983,  Vinner 
&  Dreyfus,  1989,  Dreyfus,  1990,  Tall,  1991a  and  Vinner,  1991,  the  notion  of  "concept  image':  On 
doing  so,  we  have  followed  Azcarate,  1990,  and  the  main  reason  for  this  option  is  based  on  the  fact 
that  the  concept  image  definition  traces  a  clear  shape  of  the  concept  and,  furthermore,  it  fits  perfectly 
well  inside  the  constructivist  perspective  of  cognitive  science.  On  adopting  the  hypothesis  that, 
beyond  the  concept's  definition,  the  individuals  deal  with  the  "properties"  in  connection  to  the 
concept's  concept  image  itself,  rather  than  because  of  their  logical  implications,  we  are  convinced  to 
be  coherently  in  line  with  the  notion  of  concept  image.  Starting  from  different  concept  images,  the 
Same  verbal  enuncia  tion  of  a  property  may  hint  different  individuals  to  differ  ent  actions,  frequently 
without  any  mutual  cohesion.  We  shall  use  the  expression  "perception  of  a  property"  to  il  lustrate  this 
interaction  between  enunciation  of  a  property  and  the  concept  image  of  the  individual  who  uses  it. 
The  concept  of  geometric  continuum  has  been  clearly  cstab  ished  by  Eudox  in  his  Elements,  V,  def. 
5,  but  it  is  only  a  geometric  concept  within  the  Euclidean  logic  and  deductive  paradigm.  Diversely, 
the  concept  of  numeric  continuum  comes  as  a  result  of  a  long  lasting  evolution,  of  which  the  first 
signs  can  be  retraced  from  Babylonian  mathematics,  vigorously  penetrating  the  West  by  means  of  the 
widespread  calculus  over  decimal  fractions,  since  Simon  Stevin's  La  Disme.  of  1855;  we  are  in  front 
of  an  algorithmic  mode  of  reasoning  which  eludes  the  logic  foundation.  In  everyday  "practical"  use, 
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real  numbers  make  the  mathematical  entity  created  in  order  to  fix  the  more  or  less  vague  and  para- 
mathematical  (as  Chevallard,  1991 .  states  it),  notion  of  magnitude.  As  far  as  the  paradigm  magnitude 
is  concerned,  that  is  length,  we  require  thai  the  scaled  straight  line  contain  a  sufficient  amount  of 
points  as  for  the  previously  defined  unit  to  be  able  to  measure  any  other  length  established  by  any 
other  means.  The  problem  arouses  if  this  "other  means"  is  numeric,  that  is,  the  result  of  calculus 
algorithms:  we  then  lace  the  so  called  "failure  to  link  geometry  with  numbers"  [Cornu,  1991,  pgs. 
159-1601,  and  it  is  in  this  context,  before  the  cognitive  issue,  where  our  research  breeds  its  own  ra 
ionale;  we  are  persuaded  that  at  non-university  level,  the  teaching  of  mathematics  emphasises  the 
algorithmic  way  of  thinking,  probably  under  the  pressure  of  its  own  dynamics  on  the  acquisition  and 
development  of  concepts  (see  Uiebcrt  &  Wcarne,  1986,  and  Sfard,  1991). 
Ill,-  The  Questionnaire, 

The  present  project  is  designed  as  a  research  on  concept  images  and  the  perception  of  properties,  and 
consequently  of  qualitative  data.  Therefore,  both  the  tool  and  the  data  analysis  approach  have  been 
designed  to  be  able  to  deal  with  this  kind  of  data. 

In  order  to  prepare  the  questionnaire,  we  have  reviewed  the  experience  described  in  Robinct,  1986, 
and,  on  the  other  hand,  we  have  previously  tested  the  outcome  of  the  questions  which  made  up  the 
questionnaire.  To  do  so,  we  have  interviewed  people  of  different  ages  for  whom  Mathematics  is  an 
essential  professional  item.  As  a  result  of  the  testing  and  from  the  theoretical  concerns  already 
mentioned,  we  have  embraced  the  criteria  the  our  research  has  to  be  focused  on  the  mental  models 
and  on  the  perception  of  the  properties  of  continous  magnitudes,  avoiding  more  academic  categories 
of  number  sets.  Our  questionnaire  includes  the  following  questions: 

I .-  In  order  to  dig  into  the  perceptions  of  the  properties  and  characteristics  of  each  sort  of  numbers, 
we  suggest  a  taskwork  which  put  into  play  those  K  and  based  on  proposing  the  individuals  to  look 
for  and  to  establish  different  ranking  criteria  for  numbers.  Therefore,  we  ask  each  interviewed 
individual  to  classify  the  following  numbers: 


5.3x10''    0.1010...    2.0000...     -  °-     -  7.75 
-4.3333...    v/2    1.101001000100...    1.23150...    *  v/Cij 

s/he  will  find  randomly  distributed  in  a  chart.  We  hint  to  avoid  scholastic  criteria  and  to  clearly 
highlight  the  actual  criteria  used.  In  order  to  further  validate  the  responses,  we  require  two  more 
sample  numbers  from  outside  the  given  list,  for  each  ranking  criteria.  Let  us  point  out  that  the  given 
set  of  numbers  includes  "hidden  couples"  (like:  3/4  &  0.75,  or  3.1416  &  n,  etc.),  and  that -fa  is  not 
encompassed  by  the  "magnitudes"  scope. 

2.-  The  second  question  asks  lor  a  description  of  a  continous  object  -  a  straight  line.  The  question  is 
presented  following  the  hypothesis  that  concept  images  lor  geometric  objects  are  basically  constructed 
from  visualisation  experiences.  The  question  is  stated  as  follows: 


9. 


217    735     -  3    ^    =    0.75    0.325  3.1410 


"Imagine  you  have  a  very  powerful  microscope.  Even  more,  imagine  this  microscope  can  magnify  as 
much  as  you  want  and  that  you  focus  on  a  straight  line.  Give  a  description  of  what  you  see  and 
explain  what  happens  as  you  inciease  the  microscope's  magnifying.  Can  you  describe  what  you  see 
wlten  the  microscope  reaches  infinite  magnification?" 

This  question  is,  in  fact,  a  reshaped  version  of  Robinet's,  1986  fourth  of  his  questionnaire,  suitably 
modified  to  allow  seising  the  dynamic  aspect  of  the  fictitious  experience  we  propose  and  also  to  dig 
into  the  notion  the  individuals  have  of  infinity. 

3.-  Through  our  third  question  we  put  forward  the  task  of  handling  a  bound  and  complete  object.  We 
propose  to  consider  a  piece  of  rope,  one  yard  long  (traditional  representation  of  a  segment),  and  to 
use  a  "perfetc"  cutting  tool  to  submit  the  rope  to  the  following  recurrent  process: 
"Cut  the  rope  with  the  "perfect"  scissors  in  two  pieces,  identical  or  not.  Discard  one  of  the  two  pieces 
and  throw  it  to  the  waste  bin.  Cut  the  kept  piece  with  the  "perfect"  scissors  in  two  new  pieces, 
identical  or  not.  Discard  one  of  the  two  pieces  and  throw  it  to  tlie  waste  bin.  Cut  the  kept  piece..." 
.We  then  ask  the  individual  to  explain  whether  he  believes  the  process  can  go  on  for  ever  and, 
depending  on  his  option,  to  describe  the  object  he  had  in  his  hands  before  the  last  possible  cut  or  else, 
after  performing  the  unlimited  cuts.  What  we  aim  here  is  to  enquire  into  the  model  used  for  the 
straight  line,  keeping  in  mind  three  hypotetical  ones:  i)  the  atomistic  straight  line,  ii)  the  "non- 
discrete"  straight  line,  and  iii)  the  continous  straight  line. 
IV.-  Analysis  of  the  Data. 

In  order  to  compile  the  responses  we  have  fully  used  the  "network  analysis"  technique  [Bliss  et  al., 
1979].  Each  response  in  the  network  is  considered  as  an  option  acquiring  its  significance  from  being 
a  particular  configuration  of  the  structured  netting  of  independent  options.  Each  possible  option 
configuration  is  a  paradigm  (if  we  use  Bliss's  own  term),  and  each  one  of  the  significances  matches 
one  of  the  possible  paradigms.  Therefore,  tha  analysis  of  the  concept  images  is  carried  by  dealing 
them  a  set  of  options  for  representation  models,  within  various  semantic  environments  allowing 
various  option  possibilities.  The  legitimacy  of  the  approach  lies  on  the  hypothesis  that,  within  each 
environment,  the  rellevant  significance  of  the  available  options  does  not  depend  on  the  relationship 
between  the  representation  model  and  the  represented  object  but  on  the  contrast  against  other  different 
options  within  the  same  environment.  From  the  teacher  point  of  view,  the  relevant  significance  of  a 
given  mental  representation  for  a  concept  is  the  action,  the  response  an  individual  develops  when 
trying  to  solve  a  problematic  situation  related  to  the  concept.  But,  what  the  inquirer  tries  to  analyse  is 
the  rationale  which  brings  the  responder  to  this  and  not  to  any  other,  among  a  range  of  available 
actions,  corresponding  to  an  oplion,  and  not  to  any  other,  within  the  set  of  possible  representations. 
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V.-  About  the  Collected  Data.  Results. 

The  analysis  of  the  responses  to  the  first  question  in  the  questionnaire  shows  with  an  overwhelming 
evidence  that  for  the  surveyed  individuals,  the  most  significant  characteristic  of  non-integers  is  their 
written  expression:  the  number  of  times  each  non-integer  in  the  list  is  classified  following  each 
criteria,  yields  significant  maximums  to  the  their  written  expression,  against  other  different  criteria. 
Consequently,  numbers  with  different  written  expressions  come  to  be  numbers  of  different  species:  9 
and  735  were  linked  together  1 16  times,  while  9  and  5.3  x  104  were  linked  only  49  times,  and  9  and 
2.9999...  just  4  times.  But,  if  those  numbers  were  connected  to  a  specific  use  (i.e.  3.1416  and  n) 
they  would  be  considered  as  "equal". 

The  analysis  of  the  second  question  grants  a  first  ranking  for  the  concept  images  of  the  straight  line. 
In  fact,  apart  from  a  6.75%  of  the  individuals  whom  we  will  characterise  as  "naive  realistic",  since 
they  did  not  manage  to  "play  the  fictitious  game"  they  were  faced  to,  the  vast  majority,  even  thouh 
they  showed  various  levels  of  tension,  depicted  the  interaction  between  their  perceptions  of  the 
abstract  properties  of  the  straight  line  as  a  "pure  mental  construction"  and  the  images  of  the  straight 
line  as  a  "physical"  object.  The  straight  line  is  viewed  as  a  sort  of  tape  or  as  a  set  of  points,  frequently 
conceived  as  discs  or  as  little  spheres.  We  have  engaged  a  study  about  the  stability  of  the  images 
during  the  three  periods  of  the  fictitious  experience  (looking  at  the  straight  line,  increasing  the 
microscope  magnifying  and  reaching  the  infinite  magnifying):  if  from  the  very  start,  a  47.3%  view 
the  straight  line  as  a  whole  and  a  29.7%  already  see  elements  in  it,  as  they  arrive  to  the  infinite 
magnifying,  the  corresponding  share  waves  to  20.3%  and  37.8%.  By  contrast  against  the  "naive 
realism",  we  have  here  the  "naive  abstraction".  On  the  other  hand,  the  "fine  structure"  views  of  the 
straight  line  allow  us  to  rank  the  individuals  among  "continuists"  and  "atomists".  We  must  point  out 
that  the  non-discrete  order  structure  does  not  appear  in  any  of  the  continuists'  descriptions,  while,  the 
atomists,  are  equally  divided  in  two  groups,  those  who  do  not  seem  to  be  imbeding  the  non-discrete 
order  structure  into  their  concept  image,  and  those  who  struggle  to  offer  an  image  coherent  with  this 
property.  Finally,  the  responses  give  us  some  hints  to  dissect  the  kind  of  infinity  each  individual 
accepts.  The  following  tree  represents  a  summary  of  what  we  have  so  far  stated: 


Naive  Realism. 


Abstraction 


Naive  Abstraction 


Concept  Images  of 
a  Straight  Line 


^  .Struct lire  ] 


Discrete  order  not  included 


Atomists 


Potcntialists 


Infinity 


Actualists 


As  for  the  third  question,  a  21 .6%  of  the  individuals  state  that  the  subdivision  process  is  necessarily 
finite,  while  a  58.1%  explicitly  consider  it  to  be  necessarily  unlimited,  although  this  does  not  show 


discrimination  trait  for  the  responses.  Furthermore:  we  have  not  found  any  significant  correlation 
with  the  models  of  the  straight  line  obtained  from  the  analysis  of  the  second  question,  as  displayed  in 
the  previous  tree,  either.  Contrarily,  we  have  found  a  95%  significant  correlation  between  the 
response  option  and  the  need  sensed  by  the  individuals  to  offer  some  explanations  about  what  causes 
the  outcome  they  obtain  after  the  divison  process  of  the  rope:  those  who  state  that  the  process  will  be 
unlimited  do  not  give  any  explanation  to  it,  while  those  who  believe  the  process  is  always  finite  sense 
this  need  to  explain  it.  It  is  hard  to  justify  this  fact  but  we  risk  a  hypothesis  which  would  need  to  be 
tested  by  different  means  and  which  denies  "Dedekind  hypothesis":  generally  speaking,  the  various 
concept  images  of  the  continuum  are  no  more  than  a  very  loose  aggregate  of  mental  images  and 
properties  acquired  by  many  different  ways,  among  which  the  intimidation  is  included  (see  Lang, 
1985). 

VI.-  About  the  Questionnaire,  Results, 

The  first  question  has  yielded  a  quite  rich  and  complex  collection  of  data:  the  inspection  of  the  ranking 
criteria  used  to  group  the  numbers  render  significant  information  about  the  relevance  imputed  to  the 
properties  and  characteristics  of  the  different  sets  of  numbers.  Consequently,  it  has  come  out  to  be  a 
useful  tool  towards  the  target  we  were  aiming  to.  If  we  expect  the  data  from  the  second  question  to  be 
signif  icant  it  is  necessary  that  the  individuals  accept  (or  manage)  "to  play  the  abstraction  game"  in  the 
semantic  universe  we  are  putting  forward;  but,  even  with  this  constraint,  the  "game"  has  worked  out 
for  the  great  majority  of  the  cases  (83.8%-)  and  we  can  take  the  question  a  perfectly  valid.  For  the 
atomist  individuals,  the  question  grants  a  sound  scrutiny  into  the  perception  of  the  non-discrete  order, 
while  the  tontinuists  can  coherently  respond  bypassing  it.  Consequently,  to  further  investigate  this 
point  requires  to  submit  some  other  kind  of  activity  which  would  allow,  on  the  one  hand,  to  study  the 
relationship  the  individuals  establish  between  the  straight  line  and  the  numeric  continuum,  and,  on  the 
other  hand,  to  survey  the  perceptions  of  the  properties  of  the  numeric  continuum  in  itself  as  a  set  with 
a  non-discrete  order  structure. 

Most  likely  due  to  the  level  of  mathematical  knowledge  of  the  surveyed  individuals,  the  third  questios 
has  not  alloed  us  to  scrutinise  the  perceptions  of  the  completness  property  and,  consequently,  it 
should  be  validated  by  means  of  a  sample  of  higher  level  individuals.  Contrarily,  we  positively 
believe  it  yields  significant  results  about  the  perceptions  of  the  properties  of  the  infinity;  that  is:  the 
description  of  the  remaining  piece  of  rope  never  corresponds  to  a  finite  objecte.  It  is  always  "very 
small"  or  "infinitesimal"  be  cause  as  infinity  actuates  on  a  finite  object  it  anihilates  it,  Therefore,  tha 
value  of  this  question  derives  from  the  fact  it  allows  to  analyse  the  articulating  level  of  the  "mental 
pictures"  and  the  "properties  cliaracterising  the  concept"  in  the  individuals'  concept  image. 


any  significant  correlation  with  the  semantic  scope  of  the  response  which  comes  out  not  to  be  a 


VII.  -  Conclusions. 

We  arc  persuaded  that  the  analysis  wc  have  presented  provides  sound  grounds  to  assert  that,  from  a 
didactic  point  of  view,  the  "Dedckind  hypothesis"  about  the.immediate  intiiitiveness  of  the  continuum 
have  no  founding  base;  in  fact:  as  proven  by  the  research  which  led  to  the  definition  of  the  notion  of 
"concept  image"  (see  cit.  bibliography),  "intuition",  taken  here  as  an  inductive  process  over  previous 
individuals'  experiences,  is  no  more  than  resorting  to  the  concept  image  itself,  which  at  the  same  time 
is  generated  in  part  through  experiences,  as  well.  The  global  analysis  has  proven  for  the  individuals 
in  our  sample  that  the  concept  image  of  the  continuum  is  a  loose  aggregate  of  images  and  enunciations 
of  properties  which  has  caused  an  erratic  behaviour  when  facing  the  questions  we  had  submited  to 
them.  Also,  we  have  not  discerned  any  kind  of  non-trivial  link  between  geometry  and  numbers.  This 
circumstance  is  obviously  connected  to  the  already  mentioned  factor  that  the  most  relevant 
characteristic  of  numbers  has  come  to  be,  as  a  matter  of  fact,  their  written  expression. 

VIII.  -  Some  Open  Questions. 

While  developing  the  present  project,  we  have  put  forth  the  following  issues: 

i)  Wc  have  found  out  that  the  surveyed  concept  images,  mental  images,  "parts  of  the  concept  images 
of  the  continuum",  have  properties  logically  incoherent  with  "the  properties  which  characterise  the 
concept".  Putting  aside  the  fact  that  we  have  take  a  sample  of  non-expert  individuals,  we  ask 
ourselves  if  the  concept  images  of  "expert"  individuals  about  a  given  mathematic  concept  can  get  to  be 
a  set  of  menial  representations  free  from  any  kind  of  logical  incoherence.  If  the  answer  is  no,  then  wc 
have  to  raise  the  issue  of  locating  the  difference  between  an  "expert"  individual  and  a  non-expert 
individual,  difference  which  can  no  be  exclusively  nor  mainly  based  on  the  coherence  of  their  own 
concept  images. 

ii)  While  surveying  the  perceptions  of  topological  properties,  we  have  been  pushed  to  consider  the 
perceptions  of  the  way  to  be  of  points  and  numbers  inside  the  sets,  the  straight  line  or  the  real  body  to 
which  they  belong.  The  "t "  relation,  logically  primitive,  is  a  target  for  perceptions  and  we  ask 
ourselves  whether  there  are  diverse  perceptions  of  the  "x  €  A"  relation,  depending  on  the  perception 
of  the  structure  of  set  A.  Could  the  origin  of  the  obstacle  which  impedes  the  articulation  of  the 
property  of  non-discrete  order  with  the  mental  representations  of  continous  objects  be  the 
generalisation  of  a  certain  mode  of  perception,  suitable  for  a  set,  but  not  for  the  set  in  which  it  is 
immersed  (the  case  of  Z«-»Q  immersion)? 
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ABSTRACT 

Our  theorizing  in  educational  contexts,  and  in  particular  in  relation  to  the  process  of 
learning,  labours  under  the  burden  of  an  inheritance  of  metaphors  which  may  be  both 
inappropriate  and  inhibiting  with  respect  to  our  continued  theorizing  about  cognition. 
In  particular,  the  metaphors  of:  reflection  and  negotiation  should  be  subjected  to 
immediate  scrutiny.  These  metaphors  have  been  employed  as  implicit  models  of 
aspects  of  the  process  of  "coming  to  know"  in  socially-located  situations  such  as 
classrooms.  The  unguarded  use  of  each  of  these  metaphors  has  enabled  theorists  to 
gloss  over  the  need  to  specify  any  mechanism  whereby  an  interaction  in  the  social 
domain  is  translated  into  a  corresponding  perturbation  in  the  cognitive  domain.  It  is 
the  purpose  of  this  paper  to  suggest  how  these  and  other  metaphors  might  be 
incorporated  with  legitimacy  into  a  coherent  model  of  the  process  of  coming  to  know. 


INTRODUCTION 


The  challenge  in  seeking  to  understand  the  process  of  "coming  to  know"  is  the  challenge  of 
modelling  the  social-personal  interface.  The  approach  adopted  in  here  is  that  of  a  critical 
examination  of  the  metaphors  which  are  found  within  existing  theories  of  learning. 
Historically,  the  use  of  particular  metaphors  has  committed  the  mathematics  education 
community  to  particular  positions  with  regard  to  knowledge  and  the  process  of  coming  to 
know,  and  our  freedom  to  consider  alternatives  in  our  modelling  of  the  social-personal 
interface  has  been  unnecessarily  constrained  by  the  limitations  of  this  burden  of  inherited 
mcthaphors. 

In  clarification:  the  use  of  the  term  "social -personal"  is  not  intended  to  exclude  the 
"cultural"  but,  rather,  conceives  of  culture  as  a  key  element  of  Social  Context  Social  Context 
is  seen  as  a  dynamic  combination  of  elements,  such  as  Cultural,  Societal,  Institutional 
(Bishop,  1985),  and  Situational  (Clarke  &  Helmc,  1993).  each  of  which  is  always  present  in 
any  social  interaction.  We  now  find  a  universal  recognition  of  the  significance  of  social 
context  in  research  on  classroom  learning:  whether  the  classroom  is  situated  in  Australia, 
Britain,  Germany,  New  Zealand,  or  the  USA. 


REFLECTION  OR  REFRACTION 


The  first  point  of  discussion  is  the  personal  construction  of  sense.  Two  processes  should  be 
distinguished,  and  we  must  question  the  validity  with  which  the  metaphor  of  reflection  can  be 
applied  to  either.  It  is  proposed  that  these  two  processes  are: 

•  the  process  of  sense-making;  and, 

•  the  process  of  constructing  meaning. 

This  distinction  is  not  an  arbitrary  one,  and  in  many  ways  mirrors  the  Piagetian  distinction 
between  assimilation  and  accommodation.  The  process  of  sense-making  I  associate  with 
"construal",  and  I  take  this  to  refer  to  the  sense  which  an  individual  is  able  to  associate  with 
experiential  input  such  as  "authority",  "triangle",  or  "turn  on  the  light".  The  term 
"construal"  is  used  in  preference  to  the  term  "comprehension",  which  unlike  "construal" 
does  not,  from  this  writer's  perspective,  suggest  a  sufficiently  active  role  for  the  individual's 
cognitive  framework. 

In  relation  to  the  somewhat  indiscriminant  use  of  the  metaphor  of  reflection,  I 
suggest  that  the  first  of  the  above  two  processes  is  better  called  refraction:  the  reconstruction 
of  an  object's  image  in  a  form  which  reveals  certain  aspects  of  its  structure  in  a 
representation  characteristic  of  both  the  refracting  medium  and  the  original  object  To 
elaborate  the  metaphor  beyond  all  reasonable  bounds:  we  refract  our  sensory  impressions  of 
experience  through  the  prism  of  our  personal  theories  and  conceptual  frameworks,  and  the 
resulting  spectra,  that  is,  the  reconstructed  cognitive  representations  of  our  experiences, 
possess  pattern  and  structure  which  are  a  consequence  of  both  the  originating  experiences 
and  those  personal  theories  by  which  we  make  sense  of  the  experience. 

An  individual's  actions  together  with  subjectively-significant  features  of  the  social 
situation  in  which  those  actions  are  undertaken  must  be  cognitively  represented  by  the 
individual,  that  is,  they  must  be  subject  to  a  process  of  construal  or  refraction,  before  they  can 
be  considered  accessible  for  the  purposes  of  cognitive  reflection.  The  resultant  cognitive 
representations,  that  is,  the  products  of  the  refractive  process,  then  provide  the  objects  for  the 
reflective  process. 

Yackel  and  Cchb  (1993)  provide  a  useful  endorsement  of  this  distinction  in  their 
discussion  of  the  acceptability  of  student  explanations  and  justifications  within  a  particular 
classroom  microculture. 

It  was  not  sufficient  for  r  student  to  merely  describe  personally-real  mathematical 
actions.  Crucially,  to  be  acceptable,  other  students  had  to  be  able  to  interpret  the 
explanation  in  terms  of  actions  on  mathematical  objects  that  were  exponentially  real  to 
them. 

(Yackel  &  Cobb,  1993,  p.  2) 

Voigt  (1993)  has  argued  that  the  symbolic  intcractionist  approach  to  social  interaction  is  useful 
when  studying  children's  classroom  learning  because  it  emphasizes  the  individual's  sense 
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making  processes  as  well  as  the  social  processes.  This  is  precisely  the  issue  which  we  must 
now  address.  Equipped  with  one  model  of  the  individual's  sense  making  processes,  we  can 
now  examine  that  aspect  of  the  process  of  "coming  to  know"  which  most  explicitly  relates 
social  and  cognitive  phenomena,  that  is.  the  "Negotiation  of  Meaning". 


THE  NEGOTIATION  OF  MEANING 

Negotiation  as  a  form  of  social  behaviour  is  a  process  whose  goal-state  is  the  achievement 
of  consensus.  The  process  is  mediated  by  two  overt  response-types:  agreement  or 
"elaborating  statement".  Simply,  if  I  am  trying  to  establish  a  state  of  shared  meaning,  that 
is.  consensus,  with  you.  I  can  respond  to  an  utterance  of  yours  with  one  of  two  response 
types:  a  nod  of  the  head,  or  "But . . ."  followed  by  a  statement  of  my  meaning  in  a  form 
which  distinguishes  it  from  the  meaning  I  have  construed  from  your  statement. 

The  process  of  negotiation  of  meaning  can  be  modelled  in  the  following  fashion: 
In  order  to  sustain  this  process.  I  need  to  construe  your  statement.  That  is.  I  need  to  create  an 
internal  representation  of  your  statement  in  a  form  which  employs  elements  already  present  in 
my  previously  existing  cognitive  framework.  I  can  then  assess  the  degree  of  isomorphism  of 
this  cognitive  representation  with  any  other  cognitive  representation  of  the  same  subject  matter 
which  I  might  construct  from  pre-existing  cognitive  schema,  or  which  I  already  possess  and 
can  call  to  mind.  If  the  two  representations  are  of  sufficient  similarity  for  me  to  adjudge  that 
any  discrepancy  is  insignificant  with  respect  to  the  realization  of  my  immediate  social  purpose 
(which  will  be  a  consequence  of  our  social  interaction  and  situation),  then  I  will  nod  my  head 
or  display  some  equivalent  social  signal.  If.  however,  the  discrepancy  between  my  construal 
of  your  meaning  and  my  "pre-existing"  representation  is  too  great  for  the  realization  of  my 
social  purpose,  then  I  will  probably  identify  the  most  significant  area  of  discrepancy  and  say. 
"But followed  by  an  articulation  (typically  a  verbal  representation)  of  my  meaning.  You 
do  likewise  and  the  negotiation  continues  until  one  of  us  signifies  agreement,  that  is.  the 
achievement  of  mutual  consensus  as  to  the  form  of  the  shared  meaning  and  the  closure  of  the 
negotiation.  The  process  of  construal  is  crucial  to  this  exchange  and.  as  suggested  in  the 
preceding  section,  one  model  of  this  process  is  that  of  refraction. 

In  institutionalized  learning  situations,  the  process  of  "coming  to  know"  functions  as  the 
process  of  "coming  to  agree".  Consensus  is  the  goal  state  of  this  process  of  "coming  to  agree". 
Von  Glascrsfcld's  use  of  the  term  "consensual  domain"  (Von  Glasersfeld.  1991)  usefully 
identifies  the  standards  of  tolerance  within  which  collegial  agreement  might  be  meaningfully 
conceived,  and  within  which  a  community  of  discourse  can  be  said  to  exist  The  process  of 
"coming  to  agree"  is  enacted  within  both  the  social  and  cognitive  domains,  but  there  is  no 
reason  to  suppose  that  the  mechanisms  operating  in  the  two  domains  are  at  all  similar;  only  that 
their  outcomes  are  mutually  sustaining  and  mutually  constraining. 

Q  -195- 
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To  reiterate:  The  individual's  existing  cognitive  framework  is  doubly  significant.  First, 
in  the  process  of  refraction,  which  has  the  virtue  of  suggesting  the  construction  of  an  image 
which  is  simultaneously  a  consequence  of  characteristics  of  the  incoming  signal  (your 
statement,  for  instance)  and  the  refracting  medium  (that  is,  my  pre-existing  cognitive 
framework).  Second,  in  the  acknowledgement  that  negotiation  involves  the  representation  of 
my  pre-existing  knowledge  in  a  form  that  can  be  compared  by  me  with  my  construal  of  your 
statement 

In  Voigt  (1993),  and  in  other  discussions  of  negotiated  meanings,  "meaning"  is 
apparently  used  in  the  sense  that  the  meaning  of  a  word,  for  instance,  is  the  conceptual 
construct  which  the  word  is  taken  to  denote.  The  centrality  of  this  "negotiation  of  meaning"  in 
the  constructivist  view  of  classroom  learning  is  generally  acknowledged  (Voigt,  1993;  Yackel 
&  Cobb,  1993).  The  detail  of  this  negotiation  process  is  seldom  discussed.  To  assert  that  the 
negotiation  takes  place  between  learners  behaving  as  self-organizing  systems  in  interaction 
with  themselves  and  others  (Steffe,  1993,  p.  2  and  pp.  16  - 17)  is  to  associate  the  negotiation 
simultaneously  with  the  possible  interpersonal  classroom  interactions  and  with  some  internal 
dialogue  within  the  learner.  The  simultaneous  use  of  the  same  metaphorical  process  to 
represent  both  a  negotiative  process  located  in  social  interaction  and  a  related  process 
occurring  within  the  conceptual  framework  of  the  individual  constitutes  a  serious  difficulty  in 
the  use  of  negotiation  as  a  metaphor  for  the  process  of  coming  to  know.  Since  negotiation  as 
a  process  is  social  in  origin,  use  of  the  metaphor  retains  some  legitimacy  when  applied  as  a 
description  of  phenomena  in  the  social  domain.  It  remains  to  be  demonstrated  that  the 
"internal"  process  is  more  appropriately  modelled  by  the  metaphor  of  negotiation  rather  than, 
for  instance,  the  metaphor  of  arbitration,  where  some  executive  metacognitive  capability 
functions  in  an  evaluative  capacity  in  judgement  over  competing  cognitive  representations. 

The  use  of  the  same  metaphor  to  represent  both  the  social  interactive  process  and  the 
associated  internal  accommodative  process  has  enabled  constructivist  theorists  to  gloss  over  the 
nature  of  the  interface  between  the  social  and  the  personal  domains.  Importantly,  it  is  a 
characteristic  of  the  process  of  negotiation  in  social  contexts  that  negotiation  occurs  between 
different  individuals  offering  competing  representations  of  some  social  situation.  As  a 
consequence,  the  use  of  negotiation  as  a  metaphor  to  describe  the  cognitive  process  whereby 
the  individual  constructs  knowledge  from  the  interaction  between  the  cognitive  representations 
of  sensory  data  and  pre-existing  knowledge  embedded  in  the  individual's  conceptual 
framework,  necessarily  requires  that  the  individual  speak  with  "multiple  voices"  within  their 
internal  cognitive  domain.  By  contrast,  use  of  the  metaphor  of  arbitration  requires  only  that  the 
individual  arbitrate  through  some  metacognitive  capability  (reflection)  between  competing 
cognitive  representations.  In  this  second  case,  there  is  no  explicit  requirement  that  the 
individual  operate  cogniuvely  with  more  than  a  single  "voice".  I  am  not  proposing  this  second 
view  as  a  definitive  one,  but  rather  offering  it  as  a  tenable  alternative,  which  must  be  explicitly 
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rejected  if  we  arc  to  continue  to  use  negotiation  as  a  metaphor  for  some  cognitive  process.  The 
relevance  of  negotiation  as  an  appropriate  term  for  the  social  interaction  whereby  meanings  are 
exchanged  is  not  challenged.  It  is  from  social  contexts  that  the  construct  "negotiation"  derives 
its  meaning,  and  in  which  it  finds  its  most  appropriate  application. 

In  formulating  a  model  of  the  process  of  "coming  to  know",  we  have  identified  "coming 
to  know"  with  "coming  to  agree"  in  school-like  situations.  We  have  distinguished  refraction 
from  reflection,  and  negotiation  from  arbitration,  invoked  articulation,  and  located  all  of  these 
metaphors  within  the  emergent  model.  Any  attempt  to  model  learning  must  deal  with 
"intersubjectivity".  It  is  intersubjectivity  that  has  been  invoked  most  recently  by  those  arguing 
for  the  irrcconciliability  of  the  Radical  Constructivist  and  Vygotskian  perspectives  (Lerman. 
1993).  In  the  model  being  elaborated  here,  intersubjectivity  is  represented  as  those  "taken-as- 
shared"  meanings  which  facilitate  and  arise  from  the  process  of  "coming  to  agree".  As  such, 
intersubjectivity  consututes  a  form  of  agreement.  This  representation  of  intersubjectivity  is  not 
incompatible  with  existing  representations  (see,  for  example,  Leiter,  1980,  p.  162). 

Central  to  this  paper  is  the  proposal  that  identifying  intersubjectivity  with  agreement 
locates  social  interaction  within  the  process  of  learning,  while  the  necessity  to  locate  cognitive 
representations  within  the  negotiative  process  identifies  the  role  of  the  individual's  cognitive 
framework  as  the  basis  for  the  construction  of  these  cognitive  representations,  either  for  the 
purposes  of  construal  (input)  or  articulation  (output). 

So,  how  are  we  to  relate  "construal"  and  "coming  to  agree"  to  the  practices  of  the 
classroom  and  the  actions  of  the  social  group  in  which  the  process  of  "coming  to  know"  is 
being  enacted?  For  this  we  invoke  the  constructs  "Corporate  Meaning"  and  "Consensus". 
Without  proposing,  in  any  form  (including  metaphorically),  the  existence  of  a  corporate  mind. 
I  would  like  to  suggest  that  the  object  of  classroom  social  negotiation  is  the  construction  of 
"corporate  meaning".  This  corporate  meaning  is  the  evolving  consequence  of  social 
consensus,  where  consensus  is  the  goal  state  of  the  process  of  "coming  to  agree".  The 
corporate  meaning  at  any  given  point  in  an  extended  series  of  social  interactions  is  the 
combination  of  those  statements  or  discourse  elements  which  are  common  to  the  personal 
meanings  of  all  individuals  participant  in  the  social  situation.  That  is.  the  corporate  meaning  ai 
any  moment  is  the  combination  of  those  elements  with  which  all  participants  agree:  the 
combination  of  mathematical  and  social  meanings  which  arc  "taken-as-shared"  within  the 
classroom  community.  This  agreement  may  be  tacit  rather  than  explicitly  stated,  and  it  may  be 
that  the  corporate  meaning  is  never  articulated  throughout  the  particular  period  of  social 
interaction.  One  aspect  of  the  individual's  construction  of  meaning  is  the  personal  construal 
of  the  corporate  meaning,  and  individuals  contribute  to  the  construction  of  the  corporate 
meaning  through  the  communicative  (eg  verbal)  enactment  of  their  personally  constructed 
meanings.  Inclusion  of  this  dialectical  relationship  in  our  model  of  the  process  of  coming  to 
know  significantly  elaborates  the  emergent  character  of  the  social-personal  interface. 

448 


o 

ERIC 


Classrooms,  from  this  perspective,  are  the  sites  for  the  communicative  enactment  of 
individuals'  personal  meanings  (especially  the  teacher's  personal  meanings).  A  particular 
individual,  participant  in  the  social  situation,  must  construe  the  enactment  of  another's 
personal  meaning.  This  construal  involves  the  representation  of  the  other's  meaning  in  a  form 
comprehensible  within  the  conceptual  framework  of  the  recipient  The  invocation  of 
"corporate  meaning"  within  this  process  is  a  recognition  that  there  are  meanings  which  reside 
in  the  social  conglomerate,  rather  than  in  the  statements  of  any  single  individual,  and  these 
meanings  also  require  construal.  Corporate  meaning  is  the  matter  for  which  the  consensual 
domain  denotes  the  region,  its  boundaries  and  its  tolerances.  The  form  taken  by  the 
consensual  domain  and  the  obligations  imposed  by  subscription  to  the  corporate  meaning 
constrain  the  individual's  articulation;  that  is,  their  ability  to  participate  in  the  social  interaction 
of  negotiation,  and  to  contribute  to  evolving  corporate  meaning.  The  outcome  of  this  process 
at  the  level  of  the  individual  may  be  the  construction  of  knowledge  (the  outcome  of  the  process 
of  coming  to  know)  that  is,  accommodation,  or  it  may  not. 

Agreement  construed  as  consensus  can  act  within  classrooms,  and  other  social 
situations,  to  cue  closure  of  social  interactive  episodes.  Specifically,  if  time  constraints  do  not 
intervene,  closure  in  classroom  discussion  commonly  occurs  when  the  corporate  meaning  is 
adjudged  by  the  teacher  to  have  acquired  a  sufficient  level  of  complexity  to  approximate  the 
teacher's  model  of  appropriate  knowledge  of  that  topic  for  that  class. 

The  centrality  of  language  in  the  negotiation  of  meaning  in  classrooms  is  nowhere 
more  evident  than  in  mathematics  classrooms,  where  the  possession  of  a  mathematical 
vocabulary  privileges  certain  members  of  the  community  (most  notably  the  teacher)  and 
disenfranchises  others.  Language  is  culturally-specific  and  constrains  both  construal  and 
articulation,  as  well  as  conception  (that  is,  the  construction  of  new  (novel)  cognitive 
representations)  while  facilitating  all  three  processes.  Mathematical  activity  is  engaged  in 
by  individuals  as  members  of  intersecting  communities  of  discourse  and  practice.  It  is 
membership  of  a  community  of  practice  that  defines  the  context  and  the  purpose  which  an 
individual  associates  with  a  task.  It  is  as  a  member  of  a  community  of  discourse  that  an 
individual  construes  the  meaning  of  a  task  and  frames  an  appropriate  response. 

The  recognition  that  we  enact  the  constructive  process  of  coming  to  know  with 
building  blocks  that  are  culturally-constrained  and  that  our  resultant  constructions  are,  to 
some  extent,  pre-determined,  is  one  of  the  consequences  of  the  social-cultural  modelling 
stimulated  by  the  rediscovery  of  Vygotsky's  work  and  the  attention  now  being  paid  to  the 
role  of  language. 


This  paper  has  examined  the  process  of  "coming  to  know"  from  the  explicit  perspective  of  the 
metaphors  by  which  the  process  has  been  modelled  and  those  by  which  it  might  be  modelled 
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more  effectively.  In  the  course  of  this  discussion,  distinctions  were  drawn  between  refraction 
as  a  model  of  the  process  of  construal,  and  reflection  as  a  process  of  evaluative  comparison  of 
competing  cognitive  representations.  Communication  requires  the  articulation  of  individual 
cognitive  representations.  Negotiation  is  relocated  within  the  social  situations  from  which  the 
metaphor  derives  its  meaning,  and  arbitration  is  suggested  as  a  possible  metaphor  for  the 
process  whereby  an  individual  discriminates  between  competing  cognitive  representations.  I 
have  argued  for  a  recognition  of  the  metaphorical  nature  of  the  constructs  employed  in  current 
theories  of  learning,  and  for  an  explicit  reconceptualization  of  the  character  of  each,  and  of  its 
domain  of  valid  application.  In  combination,  these  re-conceived  metaphors  must  form  the 
basis  of  our  attempts  to  model  the  social-cultural  interface  and  thereby  come  to  a  coherent 
theory  of  the  process  of  "coming  to  know". 
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A  SUMMARY  OF  FOUR  CASE  STUDIES  OF  MATHEMATICAL  LEARNING 
AND  SMALL-CROUP  INTERACTION 


Paul  Cobb 
Vanderbilt  University 


The  longitudinal  analysis  summarized  in  this  paper  focuses  on  four  pairs  of  second-grade  students'  small-group 
activity  over  a  ten-week  period.  Theoretically,  the  issue  that  motivated  the  case  studies  was  that  of  clarifying  the 
relationship  between  students'  situated  conceptual  capabilities  and  their  small-group  interactions.  The  view  that 
emerged  in  the  course  of  the  analysis  was  that  of  a  reflexive  relationship  between  individual  students'  mathematical 
activity  and  the  small-group  relationships  they  established.  Pragmatically,  the  case  studies  were  conducted  to  relate  the 
various  types  of  interactions  in  which  the  children  engaged  to  the  occurrence  of  learning  opportunities.  The  findings 
are  summarized  by  discussing  two  aspects  of  students'  social  relationships  that  appear  to  be  crucial  for  productive 
small-group  activity.  The  paper  then  concludes  with  a  consideration  of  the  instructional  implications  of  theanalysis. 


group  activity  stems  from  perceived  limitations  of  neo-Piagetian  and  Vygotskian  perspectives.  From  the 
neo-Piagotian  perspective,  social  interaction  is  considered  to  stimulate  individual  cognitive  development, 
but  is  not  viewed  as  integral  to  either  this  constructive  process  or  to  its  products,  increasingly  sophisticated 


internalizes  interpersonal,  social  processes.  Here,  the  social  dimension  of  consciousness  is  primary,  and  the 
individual  dimension  is  secondary  (Vygotsky,  1979).  Against  the  background  of  these  competing 
perspectives,  I  sought  to  develop  an  approach  that  acknowledges  the  importance  of  both  cognitive  and 
social  processes  without  subordinating  one  to  the  other. 

The  pragmatic  reason  for  conducting  the  analysis  was  to  investigate  how  and  to  what  exont  small- 
group  collaborative  activity  facilitates  children's  mathematical  learning.  The  findings  of  several  previous 
investigations  indicate  that  small-group  interactions  can  give  rise  to  learning  opportunities  that  do  not 
typically  arise  in  traditional  classroom  interactions  (c.  g.,  Good,  Mulryan,  &  McCaslin,  1992;  Shimizu,  1993; 
Yackcl,  Cobb,  4  Wood,  1991).  The  case  studies  extend  this  line  of  inquiry  by  relating  the  occurrence  of 
learning  opportunities  to  the  different  types  of  interaction  in  which  the  children  engaged.  As  a  consequence, 
they  indicate  the  extent  to  which  the  various  types  of  interaction  were  productive  for  mathematical  learning. 


The  data  were  collected  in  the  course  of  a  year-long  teaching  experiment  in  which  instruction  was 
generally  compatible  with  current  American  reform  recommendations.  The  general  instructional  strategy 
used  was  that  of  small-group  problem  solving  followed  by  a  teacher-orchestrated  whole-class  discussion  of 
children's  interpretations  and  solutions.  All  mathematics  lessons  were  video-recorded  throughout  the  entire 
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The  longitudinal  analysis  reported  in  this  paper  focuses  on  four  pairs  of  second-grade  students'  small- 
group  activity  over  a  ten-week  period.  The  theoretical  reason  for  analyzing  the  four  pairs  of  children's  small- 


mathematical  conceptions.  From  the  Vygotskian  perspective,  conceptual  development  occurs  as  the  child 


Data 


school  year.  One  camera  was  used  to  record  the  whole-class  discussions,  and  two  were  used  to  record  the 


children's  small-group  work.  In  the  latter  case,  four  pairs  of  children  turned  to  face  the  cameras,  and  it  was 
possible  to  record  approximately  half  of  each  group's  mathematical  activity  on  a  daily  basis. 

The  data  analyzed  for  the  case  studies  consisted  of  the  video-recordings  of  the  small-group  portions  of 
the  27  lessons  that  involved  arithmetical  activities  conducted  between  January  23  and  March  13  of  the  school 
year.  Additional  data  consisted  of  video-recorded  individual  interviews  conducted  with  all  eight  children 
just  prior  to  the  first  of  these  lessons.  The  decision  to  limit  the  analysis  to  activities  involving  arithmetic  was 
made  so  that  established  psychological  models  of  children's  place-value  conceptions  and  their  non-standard 
computational  algorithms  could  be  used  to  account  for  their  mathematical  development  (Cobb  &  Wheatley, 
1988;  Steffc,  Cobb,  &  von  Glasersfeld,  1988).  The  data  set  was  restricted  to  the  second  half  of  the  school  year 
because  the  children  had  not  previously  been  expected  to  collaborate  to  learn  in  school.  Classroom 
observations  and  prior  analyses  indicate  that,  by  January,  most  of  the  children  could  resolve  small-group 
social  conflicts  and  thus  develop  interpersonal  relationships  that  satisfied  the  teacher's  expectations  without 
assistance  (Cobb,  Yackel,  &  Wood,  1989). 


The  methodology  used  to  analyzed  the  data  followed  the  constant  comparison  method  of  Glaser  and 
Strauss  (1967)  and  involved  coordinating  cognitive  accounts  of  the  individual  children's  mathematical 
activity  with  microsociological  accounts  of  the  small-group  participation  structures.  A  detailed  description 
of  the  methodology  and  a  discussion  of  the  viability  of  the  case  studies  can  be  found  in  Cobb  (in  press). 

For  current  puposes,  it  suffices  to  note  that  the  'ask  of  identifying  stable  structures  that  might 
characterize  the  children's  social  relationships  initially  proved  difficult  because  their  interactions  frequently 
varied  markedly  from  one  session  to  the  next.  However,  an  exploratory  analysis  of  one  pair  of  children's 
activity  across  five  consecutive  sessions  indicated  that  the  expectations  the  children  had  for  each  other's 
activity  and  the  obligations  implicit  in  their  own  activity  appeared  to  be  consistent  across  situations 
provided  the  relative  sophistication  of  their  individual  mathematical  interpretations  was  taken  into  account. 
In  other  words,  although  there  were  dramatic  differences  in  the  nature  of  the  children's  interactions  both 
within  and  across  sessions,  their  expectations  and  obligations  appeared  to  be  stable  once  their  construals  of 
tasks  and  of  each  other's  mathematical  actions  were  considered.  Further,  these  inferred  obligations  and 
expectations  suggested  a  way  to  characterize  the  social  relationships  they  established  for  doing  mathematics 
in  an  empirically-grounded  way.  The  viability  of  this  approach  was  confirmed  when  conducting  the  four 
case  studies  in  that  it  was  possible  to  identify  cognitively-situated  expectations  and  obligations  for  each  of 
the  four  pairs  of  children  that  held  across  the  ten  week  period  covered  by  the  video-recordings. 

For  each  of  the  four  case  studies,  the  analysis  was  conducted  in  the  following  three  phases: 
1.      The  interview  and  classroom  video-recordings  were  analyzed  in  chronological  order  and,  within  each 

small-group  session,  children's  attempts  to  solve  individual  tasks  were  treated  as  distinct  but  related 

episodes.  The  analysis  of  each  of  these  episodes  involved  inferring: 


Methodology 


—  202  — 


a.  The  children's  expectations  for  and  obligations  to  the  small  group  partner. 

b.  The  mathematical  meaning  the  children  gave  to  their  own  activity,  the  partner's  activity,  and 
the  task  at  hand. 

c      The  learning  opportunities  that  arose  for  each  child. 

d.      The  conceptual  reorganizations  that  each  child  made  (i.e.,  their  mathematical  learning). 
2      The  inferences  and  conjectures  made  while  conducting  the  above  cpisodc-by-cpisodc  analysis 
themselves  became  "data"  and  were  (mcta-)analyzed  to  develop  interrelated  chronologies  of : 

a.  The  children's  obligations  and  expectations  (i.e.,  the  social  relationships). 

b.  Each  individual  child's  mathematical  activity  and  learning. 

3.      In  the  final  phase  of  the  analysis,  these  chronologies  were  further  synthesized  to  create  outlines  for  the 
written  case  studies. 

Theoretical  Constructs 

Due  to  space  limitations,  1  will  outline  only  the  sociological  constructs  used  to  account  for  the  pairs  of 
children's  collective  activity.  A  discussion  of  the  cognitive  constructs  used  to  account  for  individual 
children  5  socially-situated  activity  can  be  found  in  Cobb  (in  press). 

As  has  been  noted,  each  group's  social  relationship  was  characterized  in  terms  of  regularities  in 
children's  obligations  and  expectations.  Additional  constructs  that  emerged  in  the  course  of  the  analysis 
deal  with  the  types  of  interactions  in  which  the  children  engaged,  and  the  relations  of  power  and  authority 
established  in  the  groups. 

Types  of  Interaction 

Differences  in  the  types  of  interactions  in  which  the  children  engaged  influenced  the  learning 
opportunities  that  arose  for  them.  This  was  the  case  both  when  a  pair  was  still  in  the  process  of  solving  a 
task  and  when  one  or  both  children  had  arrived  at  a  solution.  In  the  latter  case,  cither  one  child  attempted  to 
•  explain  his  or  her  thinking  to  the  other,  or  the  children  attempted  to  resolve  conflicts  between  their 
interpretations,  solutions,  and  answers.  The  relevant  distinction  in  these  situations  where  one  or  both 
children  have  already  developed  a  solution  is  that  between  interactions  that  involve  univocal  explanation,  and 
those  that  involve  multiwcat  explanation.  In  the  first  of  these  types  of  interactions,  one  child  judges  that  the 
partner  cither  does  not  understand  or  has  made  a  mistake,  and  the  partner  accepts  this  judgment.  The 
interaction  proceeds  smoothly  as  the  first  child  explains  his  or  her  solution  and  the  partner  attempts  to  make 
sense  of  the  explanation.  The  term  "univocal"  is  used  to  emphasize  that  the  perspective  of  one  child 
dominates.  It  should  be  noted  that  even  in  these  interactions,  explaining  is  a  joint  activity  in  that  the  partner 
has  to  play  his  or  her  part  by  accepting  the  first  child's  judgment  and  attempting  to  understand  the 
explanation. 

Interactions  involving  multivocal  explanation  often  occurred  when  a  conflict  had  become  apparent 
and  both  children  insisted  that  their  own  reasoning  is  valid.  One  child  might  again  assume  that  the  partner 
has  made  a  mistake.  However,  in  contrast  to  univocal  interactions,  the  partner  challenges  this  assumption  by 
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explicitly  questioning  the  explanation.  In  general,  multi  vocal  interactions  are  constituted  when  both  children 
attempt  to  advance  their  perspectives  by  explicating  their  own  thinking  and  challenging  that  of  the  partner. 

With  regard  to  the  interactions  that  occurred  while  both  children  were  still  in  the  process  of 
developing  solutions,  the  relevant  distinction  is  that  between  direct  and  indirect  collaboration.  The  children 
engaged  in  direct  collaboration  when  they  explicitly  coordinated  their  attempts  to  solve  a  task.  For  example, 
to  solve  a  multiplication  task  corresponding  to  6  X  6  =  _,  ^«e  child  might  count  modules  of  six  while  the 
partner  puts  up  fingers  to  record  how  many  modules  have  been  counted.  In  general,  interactions  involving 
direct  collaboration  only  occurred  when  the  children  made  taken-as-shared  interpretations  of  a  task  and  of 
each  other's  mathematical  activity.  Interactions  of  this  type  can  be  contrasted  with  those  that  involve  indirect 
collaboration.  Here,  one  or  both  children  think  aloud  while  apparently  solving  the  task  independently. 
Although  neither  child  is  obliged  to  listen  to  the  other,  the  way  in  which  they  frequently  capitalize  on  the 
other's  comments  indicates  that  they  are  monitoring  what  the  partner  is  saying  and  doing  to  some  extent. 

Mathematical  Authority  and  Social  Authority 

The  discussion  of  interactions  involving  univocal  explanation  illustrate  an  instance  in  which  one  child 
was  the  established  mathematical  authority  of  the  group.  There,  one  child  judged  that  the  partner  either  did 
not  understand  or  had  made  a  mistake,  and  the  partner  accepted  this  judgment  without  question.  It  is 
important  to  stress  that  the  notion  of  mathematical  authority  refers  to  the  relationship  the  children  have 
interactively  constituted  rather  than  to  a  single  child's  beliefs  about  his  or  her  own  role.  For  example,  a  child 
might  believe  that  he  or  she  if  the  mathematically  more  advanced  and  routinely  attempt  to  help  the  other 
understand.  However,  regardless  of  what  the  child  believes,  he  or  she  is  not  the  mathematical  authority  of 
the  group  unless  the  partner  accepts  the  child's  judgment.  Thus,  in  this  account,  both  children  participate  in 
the  interactive  constitution  of  one  child  as  the  mathematical  authority.  In  those  instances  in  which  such  a 
relationship  was  observed,  there  was  a  clear  power  imbalance  between  the  children  in  that  one  child  was 
obliged  to  adapt  to  the  other's  mathematical  activity  in  order  to  be  effective  in  the  group. 

A  second  type  of  power  imbalance  can  arise  when  one  child  regulates  the  way  in  which  the  children 
interact  as  they  do  and  talk  about  mathematics.  Power,  as  the  term  is  used  here,  refers  to  whose 
interpretation  of  a  situation  wins  out  and  becomes  taken-as-shared.  Thus,  for  example,  it  might  be  observed 
that  two  children  engage  in  multifocal  interactions  only  when  a  discussion  of  conflicting  solutions  fits  with 
one  child's  personal  agenda.  The  manner  in  which  the  child  controls  the  emergence  of  interactions  of  this 
type  indicate  that  he  or  she  is  the  social  authority  of  the  group. 


theoretical  approach  that  acknowledges  the  importance  of  both  the  cognitive  and  social  aspects  of  children's 
small-group  activity  without  subordinating  one  to  the  other.  The  view  that  emerged  in  the  course  of  the 
analysis  was  that  of  a  reflexive  relationship  between  individual  children's  mathematical  activity  and  the 


Findings 


As  was  stated  at  the  outset,  a  primary  reason  for  conducting  the  case  studies  was  to  develop  a 
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social  relationships  they  established.  On  the  one  hand,  the  children's  situated  cognitive  capabilities,  as 
inferred  from  both  the  interviews  and  their  activity  in  the  classroom,  appeared  to  constrain  the  possible 
forms  that  their  small-group  relationships  could  take.  Although  it  was  possible  to  imagine  that  a  particular 
pair  of  children  might  have  established  a  variety  of  alternative  relationships  in  other  circumstances,  a  wide 
range  of  possibilities  did  not  seem  plausible.  On  the  other  hand,  the  relationships  that  the  pairs  actually 
established  constrained  the  types  of  learning  opportunities  that  arose  and  thus  profoundly  influenced  the 
children's  construction  of  increasingly  sophisticated  mathematical  ways  of  knowing.  These  developing 
mathematical  capabilities  in  turn  constrained  the  ways  in  which  their  small  group  relationships  could 
evolve,  and  so  forth. 

Learning  Opportunities 

The  case  studies  indicate  that  the  social  relationships  the  four  groups  established  were  generally 
consistent  with  the  teacher's  expectations  and  yet  differed  markedly  from  each  other.  The  findings 
concerning  the  relationship  between  the  occurrence  of  learning  opportunities  and  the  four  identified  types  of 
interactions  are  summarized  below.  The  names  of  the  children  in  the  four  groups  are:  Holly  and  Michael, 
Ryan  and  Katie,  Andrea  and  Andy,  and  Jack  and  Jamie. 

Univocal  explanation,  Michael  and  Holly's  case  study  indicated  that  they  routinely  engaged  in 
interactions  that  involved  univocal  explanation  both  when  their  solutions  were  in  conflict  and  when  Holly 
judged  that  Michael  did  not  understand.  In  these  interactions.  Holly,  as  the  mathematical  authority,  was 
obliged  to  explain  her  solutions.  Michael,  for  his  part,  was  obliged  to  try  to  understand  her  mathematical 
activity.  Even  though  Holly  attempted  to  fulfill  her  obligation  of  helping  Michael  understand,  there  was  no 
indication  that  these  exchanges  were  productive  for  either  child.  This  conclusion  indicates  that  the  mere  act 
of  explaining  does  not  necessarily  give  rise  to  learning  opportunities.  In  this  regard,  Webb  0989)  contends 
that  giving  help  facilitates  a  student's  learning  only  if  the  helper  clarifies  and  organizes  his  or  her  thinking 
while  explaining  a  solution  in  new  and  different  ways.  Further,  Pine  (personal  communication)  reports  that 
interactions  involving  univocal  explanations  can  be  productive  when  one  student  is  an  active,  participatory 
listener.  However,  Michael  rarely  asked  clarifying  questions  or  indicated  which  aspects  of  Holly's  solutions 
he  did  not  understand.  Consequently,  Holly  merely  described  how  she  had  solved  a  task  when  she  gave  an 
explanation.  Although  it  was  not  possible  to  unequivocally  explain  why  Michael  did  not  play  a  more  active 
role,  there  was  some  indication  that  the  differences  in  his  and  Holly's  conceptual  possibilities  may  1iave  been 
such  that  it  was  difficult  for  them  to  establish  a  viable  basis  for  mathematical  communication.  In  any  event, 
it  seems  premature  to  conclude  from  Michael  and  Holly's  case  study  that  small  group  relationships  in  which 
one  child  is  the  established  mathematical  authority  must  inevitably  be  unproductive. 

Multivocal  explanation.  The  case  study  analyses  indicate  that  Ryan  and  Katy,  and  Andrea  and  Andy 
both  engaged  in  multivocal  explanations  with  some  regularity.  In  Ryan  and  Katy's  case,  exchanges 
characterized  by  argument  and  counter  argument  appeared  to  give  rise  to  learning  opportunities  for  both 
children.  In  addition,  they  sometimes  developed  novel  joint  solutions.  Further,  they  both  seemed  to  believe 
that  they  had  solved  a  task  for  themselves  when  they  participated  in  these  exchanges.  This  was  not  the  case 
when  Ryan  responded  to  a  sequence  of  questions  that  Katy  posed  in  an  attempt  to  lead  him  through  her 
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solutions.  The  comparison  of  Katy  and  Ryan's  and  Michael  and  Holly's  case  studies  indicates  the  need  to 
take  account  of  the  social  situations  that  children  establish  when  assessing  the  role  that  particular  activities 
such  as  explaining  can  play  in  their  mathematical  development. 

In  contrast  to  Ryan  and  Katy,  interactions  involving  multi  vocal  explanation  did  not  appear  to  be 
particularly  productive  for  either  Andrea  or  Andy.  They  had  difficulty  in  establishing  a  taken-as-sharcd 
basis  for  communication  and,  as  a  consequence,  frequently  talked  past  each  other.  The  difficulties  they 
experienced  appeared  to  reflect  differences  in  both  their  beliefs  about  mathematical  activity  in  school,  and 
their  interpretations  of  particular  tasks.  For  example,  there  was  every  indication  that  an  explanation  for 
Andrea  could  involve  stating  the  steps  of  a  procedural  instruction  whereas,  for  Andy,  it  had  to  carry 
numerical  significance.  As  a  consequence,  there  were  occasions  when  Andrea  felt  that  she  had  adequately 
explained  a  solution  and  Andy  persisted  in  asking  her  to  explain  what  she  was  doing.  Further,  in 
accounting  for  the  persistence  of  Andrea's  instrumental  beliefs,  it  became  apparent  that  her  interpretations 
of  tasks  were  sometimes  at  odds  with  those  of  Andy,  the  teacher,  and  the  other  member  of  the  class.  As  a 
consequence,  exchanges  that  might  have  given  rise  to  learning  opportunities  for  both  children  instead  often 
resulted  in  feelings  of  frustration. 

Direct  collaboration .  Interactions  that  involved  direct  collaboration  did  not  appear  to  be  particularly 
productive  for  any  of  the  children.  Consider,  for  example,  a  collaborative  solution  in  which  one  child  reads 
the  problem  statement,  the  other  counts  to  solve  it  on  the  hundreds  board,  and  the  first  child  records  the 
answer.  This  example  is  paradigmatic  in  that  the  children  typically  engaged  in  direct  collaboration  when  a 
task  was  routine  for  both  of  them  and  the  intended  solution  was  taken-as-shared.  As  a  consequence  of  this 
compatibility  in  their  interpretations,  the  possibility  that  learning  opportunities  might  arise  was  relatively 
remote. 

Indirect  collaboration.  Jack  and  Jamie  were  the  only  group  who  engaged  in  indirect  collaboration 
with  any  regularity.  In  these  situations,  they  thought  aloud  while  apparently  solving  tasks  independently. 
However,  the  way  in  which  they  frequently  capitalized  on  each  other's  comments  indicates  that  they  were  in 
fact  monitoring  each  other's  activity  to  some  extent.  Learning  opportunities  arose  when  what  one  child  said 
and  did  happened  to  be  significant  for  the  other  at  that  particular  moment  within  the  context  of  his  ongoing 
activity.  The  frequent  occurrence  of  such  seemingly  fortuitous  opportunities  of  course  requires  a  reasonably 
well  established  basis  for  communication.  In  its  absence.  Jack  and  Jamie  would  merely  have  engaged  in 
independent  activity. 

Summary.  A  comparison  of  the  learning  opportunities  that  arose  for  the  four  pairs  of  children 
indicates  that  interactions  involving  both  indirect  collaboration  and  multi  vocal  explanation  can  be 
productive.  The  former  type  of  interaction  occurs  when  both  children  are  still  attempting  to  arrive  at  a 
solution,  and  the  latter  type  occurs  when  they  attempt  to  resolve  conflicting  interpretations,  solutions,  and 
answers.  In  both  cases,  the  establishment  of  a  taken-as-shared  basis  for  communication  seems  essential  if 
learning  opportunities  arc  to  occur.  Significantly,  both  types  of  interaction  involve  a  reciprocity  in  the 
children's  roles,  with  neither  being  the  mathematical  authority.  In  contrast,  teaming  opportunities  were 
relatively  infrequent  for  the  one  pair  of  children  who  routinely  engaged  in  uni  vocal  explanation.  As  a 
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caveat,  it  should  be  noted  that  situations  of  this  type  might  be  productive  if  one  child  is  an  active 
participatory  listener. 


Implications 


The  two  aspects  of  children's  social  relationships  that  seem  critical  for  their  mathematical  learning  in  a 
classroom  where  an  inquiry  mathematics  microculture  has  been  established  are: 

1)  The  development  of  a  taken-as-shared  basis  for  mathematical  communication. 

2)  The  routine  engagement  in  interactions  in  which  neither  child  is  the  mathematical  authority,  namely 
those  involving  indirect  collaboration  and  multivocal  explanation. 

In  this  regard,  Steffe  and  Wiegel  (1992)  argue  that  cooperation  among  children 

should  involve  give-and-take  and  a  genuine  exchange  of  ideas,  information,  and  viewpoints.  To 
engage  in  such  cooperation,  a  child  must  be  able  to  assimilate  the  activity  of  the  other,  and  in  an 
attempt  to  understand  what  the  other  is  doing,  modify  the  assimilated  activity  as  a  result  of  interactive 
communication  until  there  is  an  agreement  about  what  the  activity  means  (p.  459) 

In  other  words,  the  children  should  have  developed  a  taken-as-shared  basis  for  communication.  However, 

this  is  not 

enough  to  ensure  genuine  cooperation.  Cooperative  learning  should  not  be  reduced  to  one  child 
attempting  to  understand  the  activity  of  the  other.  Rather,  each  child  also  has  the  obligation  to 
become  involved  in  his  or  her  productive  activity  that  might  yield  a  result,  and  then  be  willing  to 
correlate  the  result  with  the  result  of  the  other.  Cooperation  is  possible  only  if  the  involved  children 
are  striving  to  reach  a  common  goal.  (pp.  459-460) 

Thus,  neither  child  should  be  the  mathematical  authority  in  the  group.  The  only  caveat  to  add  to  this 

argument  is  that  it  might  be  premature  to  dismiss  as  unproductive  interactions  involving  univocal 

explanation  in  which  one  child  is  an  active  participatory  listener. 

At  first  glance,  the  two  criteria  listed  above  seem  to  indicate  that  the  differences  in  the  children's 

conceptual  possibilities  should  be  relatively  small.  Such  a  conclusion,  of  course,  leads  to  difficulties  in  that 

homogeneous  grouping  clashes  with  a  variety  of  other  agendas  that  many  teachers  rightly  consider 

important  including  those  that  pertain  to  issues  of  equity  and  diversity.  Further,  it  can  be  noted  that  the 

strongest  predictor  of  children's  eventual  reading  ability  is  the  reading  group  to  which  they  arc  assigned  to 

in  first  grade.  At  the  very  least,  it  should  be  clear  that  general  rules  or  prescriptions  for  organizing  small 

group  activity  cannot  be  derived  from  the  case  studies.  Lest  this  outcome  seems  unsatisfactory,  it  should  be 

noted  that  general  principles  of  conduct  are  almost  invariably  too  extreme  and  must  be  balanced  by 

conflicting  principles  (Billig,  1987).  This  is  clearly  the  case  in  a  complex  activity  such  as  teaching  which  is 

fraught  with  dilemmas,  tensions,  and  uncertainties  (Clark,  1988).  Within  the  context  of  such  activity,  the 

proposed  criteria  suggest  ways  in  which  teachers  might  look  at  and  interpret  small  group  interactions  when 

making  professional  judgments.  In  this  regard,  it  appears  that  neither  harmonious,  on-task  activity  nor  the 

mere  occurrence  of  explanations  are  good  indicators  of  interactions  that  are  productive  for  mathematical 

teaming.  Instead,  the  criteria  indicate  that  teachers  should  monitor  the  extent  to  which  children  engage  in 

genuine  argumentation  when  they  solve  tasks  and  discuss  their  solutions.  Further,  teachers  should 
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intervene  as  necessary  to  guide  the  development  of  small  group  norms  that  make  genuine  argumentation 
possible. 
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We  present  here  some  results  of  a  research  aimed  at  obtaining  descriptions  and  models  of  how  the 
ordinary  didactic  situations  work  in  the  classroom.  Our  study  especially  points  out  certain  events 
which  could  a  priori  appear  as  casual  events  in  a  class  situation  but  reveal  necessary  for  the  process 
of  teaching  and  learning.  After  having  described  our  theoretical  framework  and  the  questions  our 
research  is  concerned  with  and  men  presented  and  justified  our  methodology  we  detail  the  analysis  of 
a  particular  type  of  event  which  we  analyse  as  a  "milieu  breakdown  ".  For  this,  we  take  an  example 
related  to  the  introduction  of  the  notion  of  square  root  with  14  to  15  year  olds  students. 

Nous  prtsentons  ici  quelques-uns  des  rtsultats  dune  recherche  ayantpour  objectif  giniral  de 
dicrire  et  de  modiliser  lefonctionnement  de  situations  didactiques  "ordinaires  .  Notre  travail  met  en 
particulier  en  evidence  comment  certains  ivinements,  qui  pouvent  apparaitre  comme  contingents 
dans  le  deroulement  de  la  classe.  se  rivilent ,  a  Vanalyse,  ntcessaires  pour  lapprentissage  et 
Venseignement.  Apris  avoir  dicrit  notre  cadre  miorique,  les  questions  de  notre  recherche  et  prisente 
etjusSfif  notre  mithodologie,  nous  ditaillerons  Vanalyse  d'un  type  d'ivinement  particulier.  que 
nous  avons  appeli  "panne  du  milieu  ",  en  prenant  un  exemple  concemant  I  introduction  de  la  racine 
carrie  en  classe  de  Troisiime  (ilives  del4al5  ans). 


Introduction 

Our  study  places  us  alongside  researchers  who,  far  from  thinking  the 
theoretical/practical  link  in  the  unilateral  sense  of  applying  theory  to  practice,  use  theory 
in  order  to  describe  and  interpret  practices  (comiti.  1987;  grenier,  1993;  tochon,  1992). 
From  this  point  of  view,  the  classroom  is  not  simply  a  site  of  application  but  also 
becomes  a  site  of  development  for  the  researcher.  But  what  forms  and  directions  might 
this  development  take  ? 

In  this  presentation,  we  will  show  that  certain  precautions  of  methodology  should  be 
taken  when  analysing  classroom  practice  scientifically  ;  we  will  present  the  theoretical 
devices  developed  to  conduct  this  analysis  and  the  initial  results  obtained. 

Th*  research  problem 

The  research  presented  here  is  the  second  part  of  several  years'work,  the  first  part  of 
which  (1989-1991)  was  concentrated  on  mathematics  teachers'  beliefs  on  their 
discipline,  their  job,  their  students  and  the  way  in  which  the  latter  learn  (BONNEVILLE  et 
al,  1991).  These  second  part  focuses  on  the  study  of  "practices"  in  the  classroom 
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situation.  An  isolated  classroom  study  carried  out  within  this  framework  was  briefly 
presented  at  PME17  (comiti,  1993). 

In  their  teaching  plan,  teachers  define  their  forthcoming  practice  taking  the 
representations  they  have  of  their  discipline  into  account,  the  mathematics  to  be  taught, 
the  phenomena  of  the  transfer  of  knowledge  and  their  students'  means  of  learning.  In 
practice,  gaps  appear  between  this  plan  and  its  realisation  in  the  classroom  situation, 
gaps  provoked  by  trigger  events  of  different  types,  from  those  far  removed  from  the 
learning  situation  to  those  closely  linked  to  the  contents  at  stake. 

In  this  context,  our  research  proposes  to  develop  theoretical  and  methodological 
devices  in  order  to  create  models  in  terms  of  didactic  phenomena  : 

-  un-foreseen  events  in  the  classroom  situation  identified  as  important  for  learning, 

-  the  factors  at  the  origin  of  these  events, 

-  the  process  underlying  decisions  made  by  the  mathematics  teacher  in  the  classroom 
situation. 

Theoretical  framework 

This  work  overlaps  two  fields  of  research  : 

-  the  study  of  the  way  the  teacher  functions,  whether  it  be  what  he/she  "thinks"  and 

his/her  representations  (CLARK-PETERSON.1987  ;  ERNEST,1989  ;  ROBERT.1989  ;  THOMPSON. 

1992)  or  his/her  practices  and  decision-making  (ARSAC  at  ai,  1992  ;  clark-yinger,  1987  ; 

ROMBERG,  1988 ;  SCHOENFELD.  1988 ;  TOCHON,  1989) ; 

-  the  study  of  the  "milieu"  defined  as  the  whole  set  of  the  objects  (concepts,  rules...) 
which  have  achieved  stability  for  the  time  being  for  the  student  (BROUSSEAU.  1989  ; 

CHEVALLARD,  1992  ;  MARGOUNAS,  1993). 

The  research  questions 

We  can  resume  them  as  follows : 

-  the  existence  of  regular  or  variable  elements  concerning  the  events  identified  in  the 
practices  analysed ; 

-  the  identification  of  different  types  of  factors  at  the  origin  of  these  events ; 

-  the  links  between  the  means  of  integrating  these  events  into  the  teacher's  original 
plan  and  his/her  beliefs  about  the  mathematical  notion  at  work,  the  learning  situation, 
the  knowledge  available  and  the  way  the  students  function. 

Methodology 

We  are  confronted  with  the  problem  of  how  to  observe  ordinary  classes,  a  problem 
which  differs  from  that  of  observing  situations  set  up  for  research  purposes.  How  should 
the  problem  of  classroom  observation  be  raised  in  terms  compatible  with  scientific 
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practice  ?  It  is  a  problem  which  has  concerned  us  for  a  long  time  (comiti,  1988).  Let  us 
briefly  resume  our  point  of  view  on  the  subject. 

The  class  being  observed  is  a  "system".  Observing  this  system  involves  tak.ng 
information  concerning  its  "state".  The  taking  of  information  from  the  classroom  taken  as 
a  system  depends  on  what  we  mean  by  observation  and  also,  obviously,  on  the  theory 
available  for  identifying  the  "relevant"  information. 

The  data  collected  by  observing  a  system  are  not  neutral,  they  are  in  fact  construed.  If 
we  do  not  construe  them  ourselves,  we  only  collect  what  the  institution  itself  presents  to 
us  But  there  is  no  reason  why  this  institutional  data  be  relevant  to  our  research  problem: 
that  is  why  one  cannot  reduce  observation  "of"  the  classroom  to  observation  "in"  the 
classroom. 

In  order  to  overcome  these  problems  as  best  as  possible,  we  set  up  an  experimental 
protocol  (coMm,  grenier,  1993)  described  below. 

It  involves  on  the  one  hand  the  contract  agreed  with  the  teachers  concerned  and  on 
the  other  hand  the  setting  up  of  a  means  of  gathering  data  which  allows  the  taking  of 
"mixed"  information. 

The  contract  with  the  teachers : 

1  -  they  are  willing  to  participate  in  the  research,  which  means  that  they  agree  with  the 
question  they  participate  in  the  setting  up  of  the  protocol  defined  from  the  transcription 
of  recordings  and  notes  of  the  observers  and  contribute  towards  the  analysis  of  the  data 

gathered  on  their  lessons. 

2  -  the  choice  of  the  mathematical  content  on  which  their  practices  are  observed  is 
made  in  common  but  devising  and  managing  the  teaching  sessions  is  their 
responsibility  entirely. 

The  collecting  of  data.  The  data  collected  is  of  several  types : 

1  -  the  scenario  of  the  sequence  of  the  different  learning  stages,  written  before  the 
beginning  of  the  lesson  by  each  of  the  teachers  concerned ; 

2  -  interviews  with  each  teacher : 

•  an  interview  prior  to  the  sequence,  about  the  scenario  of  a  planned  lesson,  on 
the  notion  to  be  taught,  the  activities  planned,  the  teaching  methods  envisaged,  the 

objectives,  . 

•  an  interview  after  the  teaching  sequence  aimed  at  collecting  what  the  teacher 
has  to  say  on  what  happened  during  the  lessons  as  well  as  his/her  analysis  of  any 
differences  with  what  had  been  planned  ; 

3  -  the  recording  of  discussions  at  the  very  end  of  the  sequence  ; 

4  -  observations  and  sound  recording  of  sessions  in  the  classroom. 
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The  study 

The  study  presented  here  is  on  the  sequence  of  about  ten  sessions  of  55  minutes  in 
three  classes  of  14  to  15  year  olds  from  different  schools.  The  sequence  is  on  the 
teaching  of  the  square  root. 

Some  preliminary  findings 

We  will  leave  aside,  in  what  follows,  the  events  which  are  not  relevant  to  the 
teaching/learning  project,  events  which  could  occur  in  any  teaching,  not  because  they 
are  without  interest  (they  would  be  to  the  psychologist  of  sociologist),  but  because  they 
are  not  relevant  to  our  didactic  research  question. 

Our  study  reveals  different  types  of  events,  unplanned  by  the  teacher  but  which  take 
place  in  the  classroom  situation  which  we  will  identify  as  didactic  phenomena  and  that 
we  will  classify  as  follows  :  the  factors  which  trigger  them,  the  role  they  play  in  the 
students'  learning  and  whether  what  happens  in  the  classroom  is  casual  or  necessary. 

Our  study  also  enables  us  to  analyse  the  different  possible  means  for  the  teacher  to 
control  this  or  that  type  of  event. 

In  what  follows  we  have  chosen  to  analyse  a  type  of  didactic  phenomenon  which 
seems  essential  as  it  corresponds  to  a  type  of  event  in  our  typology  that  we  very  often 
observe  in  classrooms  :  the  appearance  of  student  production  that.seems  to  have  no 
connection  with  the  question  asked. 

The  "milieu  breskdown"  event 

Our  hypothesis  is  that  the  student  placed  in  a  problem-situation  reacts  by  activating 
old  knowledge  which  will  determine  the  objects  (the  •milieu-)  which  will  enable  him/her 
to  "read"  the  situation  and  the  personal  devices  he/she  can  activate  on  these  objects  in 
order  to  understand  the  questions  asked  and  to  answer  them.  The  teacher  builds  his/her 
teaching  around  the  hypotheses  that  the  students  function  with  the  milieu  appropriate  to 
the  situation  he/she  proposes. 

Numerous  un-foreseen  events  might  be  explained  by  the  gap  between  the  "milieu" 
supposed  by  the  teacher  and  that  in  which  some  students  actually  function.  Here  are 
two  examples. 


ex.1  :     a  milieu  of  signs  snd  writing  rules  versus  a  milieu 

of  positive  or  negstlve  numbers  equipped  with  multlpllcstlon 

The  aim  of  the  problem  situation  is  to  be  sure  that  the  students  know  how  to  find  the 
square  of  positive  or  negative  integers  or  of  decimals,  rationals  and  to  institutionalize  the 
properties  of  squares,  in  order  to  introduce  afterwards  the  square  root  of  a  number 
(condition  of  existence,  definition  and  properties). 
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The  following  questions  are  asked  : 

-  "Are  there  numbers  whose  square  is-1?" 

-  "Can  two  different  numbers  have  the  same  square?" 

The  M  milieu  on  which  students  are  supposed  to  be  able  to  act  is  formed  of  sets  of 
numbers  N,  Z,  D,  Q,  equipped  with  multiplication. 
The  devices  presumed  to  be  available  are  : 

-  the  definition  of  the  square  of  a  number, 

-  the  properties  of  multiplication  (rule  of  signs)  in  Z 

These  devices  functioning  in  the  M  milieu  should  allow  the  students  to  produce 
couples  (a,b)  where  b  is  positive  and  equal  to  a2. 

In  fact,  the  M'  milieu  on  which  several  students  will  work  is  defined  by  the  set  N  and 
signs  such  as :  ();-;/;          ;  2  • 

The  devices  which  function  naturally  in  this  "milieu"  are  the  usual  rules  of  writing 
these  signs,  (knowledge  of  position)  of  the  type  a  ;  -a  ;  a/b  ;  a,b  ;  a2 ;  -a2 ;  (-a)2  ;  the 
productions  are  thus  writings  obtained  by  a  combination  of  numbers  and  signs 
available. 

Therefore,  to  the  question  "Are  there  numbers  whose  square  is-1?"  Michael  replies : 
"yes,  because  ■(1)2=  -1. "  This  answer  leads  to  a  discussion  which  confirms  that  other 
students  function  like  Michael :  we  see  the  sign  minus  ( - )  arise  as  a  subtraction,  or  the 
absolute  value  as  writing  having  the  same  effect  on  (-1)  as  the  square,  the  confusion 
between  the  square  of  (-1)  and  the  opposed  to  12. 

The  teacher  can  only  come  back  to  his/her  initial  objective  with  the  complicity  of 
"good"  students,  those  who  work  with  the  M  milieu. 

This  does  not  solve  the  problem  as,  on  several  occasions,  we  will  see  arguments 
arise  from  M'  and  even,  at  the  end  of  the  session,  whilst  the  teacher  is  writing  on  the 
board  the  property  to  learn  :  "two  opposite  numbers  have  the  same  square,  for  example, 
the  square  of  -5  and  5  is  25",  several  students  protest.  For  us  the  square  of  (-5)  is  25 
"because  (-5)2  =  25" ,  but  the  square  of  -5  (without  (  ) )  is  -25  "because  -52  =  -25". 

•x.  2  :  a  "drawlngtoiMturemant  milieu"  vartut  • 
"conttructlon/gtomttric  object  mllltu" 

The  problem  raised  Is  the  geometric  construction  of  "^8  (as  in  the  length  of  a 
segment).  There  are  two  objectives : 

-  to  show  that  this  number  exists  as  one  can  construct  a  segment  of  its  size,  even 
though  one  cannot  give  its  value  in  the  sets  of  numbers  known  to  the  students  N,  D+, 

Q+:  / 

-  to  show  that  one  cannot  write  its  exact  value  without  introducing  the  symbol  "V. 
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The  following  exercise  is  proposed  : 


"Construct  a  square  with  sides  measuring  2cm.  Let  this  square  be  ABCD. 
What  is  Us  area? 

From  this  square  construct  a  square  whose  area  is  double  that  of  ABCD. 
Let  this  new  square  be  VOLE". 

The  M  milieu  on  which  the  students  are  supposed  to  be  able  to  act  is  the  following : 

-  the  square  geometric  object,  its  graphic  representation  whatever  its  position  on  the 
sheet  of  paper,  its  sides,  its  diagonals,  its  area..., 

-  the  instruments  of  construction  and  measurement 

-  the  sets  of  numbers  N,  D+,  Q+,  equipped  with  multiplication 

The  devices  supposedly  available  are  essentially  the  construction  of  a  square  the 
side  of  which  is  a  given  integer  and  Pythagoras'  theorem. 

The  expected  productions  are  the  tracing  of  the  diagonal  of  the  ABCD  square,  the 
square  of  the  size  of  this  diagonal  recognised  as  double  the  area  of  the  square,  and  the 
construction  of  the  VOLE  square  with  this  diagonal  as  its  side. 

In  fact  the  M"  milieu  on  which  most  students  work  consisted  of  drawings  of  squares 
with  sides  parallel  to  the  side  of  the  sheet  of  paper,  positive  numbers  as  measurements 
of  size  in  centimetres  and  millimetres,  the  graduate  ruler  and  the  calculator. 

The  tools  which  function  naturally  in  this  milieu  are  measuring  with  the  help  of  a  ruler, 
the  relationship  between  side  and  area  of  a  square. 

The  productions  of  the  students  are  thus  : 

-  the  calculation  of  the  area  of  the  ABCD  square  (4cm2)  and  the  double  of  this  area 
(8cm*), 

-  the  calculation,  with  the  \  key  on  the  calculator,  of  the  measurement  of  the  side  of 
the  VOLE  square  of  an  area  of  8cm2. 

-  the  tracing  of  a  square  with  sides  of  2.82cm  (rounded  from  the  value  given  by  the 
calculator). 

As  in  example  1,  the  teacher  will  rely  on  the  'good'  student,  who,  although  he  gives  a 
wrong  answer,  is  recognised  by  the  teacher  as  functioning  with  the  M  milieu. 

To  sum  up,  the  event  that  we  call  'milieu  breakdown'  generally  emerges,  in  the 
classroom  situation  with,  from  the  teacher's  point  of  view,  an  unexpected  and 
inexplicable  production  from  one  or  more  students. 

In  the  first  example,  the  production  of  -1  is,  for  the  teacher,  not  relevant 

because,  as  far  as  he  or  she  is  concerned  there  is  no  connection  for  him/her  with  the 
problem  being  treated. 
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In  the  second  case,  the  production  by  students  of  2.82,  a  number  from  which  they 
construct  a  square,  is  unacceptable  for  the  teacher  who,  on  the  contrary,  wants  to  justify 
the  existence  of  \8  based  on  a  geometric  construction. 

These  productions  show  the  objects  on  which  the  students  work  effectively.  The 
analysis  shows  how  these  possibly  chance  interventions  create  a  necessary  event  in 
order  for  the  students  to  accomplish  the  learning  aimed  at. 

To  manage  this  event,  the  teacher  has  no  other  possibility  than  relying  on  the  ■good" 
student,  the  one  who  functions  with  the  milieu  anticipated  for  the  situation. 

Discussion 

The  first  analyses  carried  out  show  how  connecting  the  "a  posteriori  analysis'  of 
didactic  situations  with  the  study  of  the  teaching  project  of  the  teacher 
•  enables  one  to  step  back  from  the  situations  observed, 

-  is  a  relevant  and  efficient  way  of  interpreting  events  which  perturb  the  teacher's 
project  in  the  classroom  situation. 

This  connection  appears  to  be  a  relevant  model  setting  device  as  it  allows  one  not 
only  to  interpret  but  also  to  predict  events  likely  to  arise  in  a  didactic  situation. 

Our  analysis  and  in  particular  the  study  of  the  event  developed  above  shows  that  the 
work  which  really  takes  place  in  the  classroom  (sensitive  objects)  is  often  concentrated 
on  other  knowledge  than  that  which  the  teacher  wishes  to  convey.  It  demonstrates  that 
the  objects  which,  according  to  the  teacher,  are  supposed  to  be  known  by  the  students 
and  thus  considered  previously  grasped,  will  in  fact  be  issues  to  be  leamt  by  the  latter. 

This  phenomenon  is  well  known  but  our  work  provides  a  sharper  analysis  by  showing 
how  the  disturbance  created  by  a  students'  intervention  will  show  objects  on  which  the 
latter  is  actually  working,  creating  an  indispensable  event  for  the  teacher  to  carry  out 
his/her  project  (a  casual  answer  which  proves  necessary  for  the  process  of 
teaching/teaming).  If  this  event  does  not  occur,  there  will  be  a  loss  of  meaning  of  what  is 
happening  of  the  students'  side. 

Other  analyses,  not  developed  here,  show  how,  in  managing  the  classroom,  the 
teacher  seizes  certain  errors  (and  not  others  which  may  to  an  outside  observer  seem 
just  as  important)  because  they  reveal  lack  of  knowledge  which  must  be  compensated 
for  in  order  to  complete  the  learning  programme. 

We  are  now  in  a  position  to  make  hypotheses  on  the  existence  of  consistencies  which 
are  beyond  the  teacher  concerned  and  beyond  aven  the  notion  being  taught. 
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Six  Approaches  (o  Transformation  of  Functions  Using 
Multi-Representational  Software 
Jere  Confrey 
Cornell  University 


This  paper  reports  on  six  approaches  to  leaching  transformations  of  functions.  The  approaches 
are  embedded  in  a  framework  for  functions  involving  multi-representational  software,  contextual 
problems  and  vertical  and  horizontal  translations,  stretches  and  reflections.  The  six  approaches 
include:  substitution  to  a  template,  function  building,  a  symmetric  approach,  visual  matching, 
horseshoe  display  and  scaling. 

This  paper  reports  on  the  results  of  five  years  of  teaching  transformations  in  a  variety  of 
experimental  settings:  1)  a  university  prccalculus  course:  2)  summer  workshops  for  teachers:  3) 
high  school  precalculus  courses  (grade  11);  4)  teaching  interviews.  The  teaching  of 
transformations  was  done  within  a  framework  for  teaching  functions  which  relied  on  the  use  of 
contextual  problems',  prototypic  families  of  functions  in  multiple  representations,  and 
transformations.  The  class  of  transformations  that  we  used  were  limited  to  vertical  and  horizontal 
translations,  dilations  (we  called  these  stretches)  and  reflections  in  a  Cartesian  coordinate  system. 
For  a  more  complete  discussion  of  the  framework,  see  Confrey  and -Smith  (1991). 

Transformations  are  an  important  part  of  the  framework  for  they  provide  the  tools  to  move 
among  functions  of  the  same  family  In  doing  so,  they  are  useful  in  modeling  activities.  Typically, 
students  in  our  courses  learn  to  examine  a  contextual  problem  and  identify  the  characteristic  family. 
Transformations  provide  the  means  for  tailoring  the  function  to  the  particular  data.  Having  a 
unified  set  of  approaches  to  transformations  across  families  of  functions  also  serves  to  provide  the 
"glue"  to  unite  the  functional  families. 
Function  Probe 

In  all  of  these  settings,  the  approach  to  functions  involved  the  use  of  multiple  representations: 
graphs,  tables,  algebra  and  calculator  keystroke  notation.  Students  used  a  software  called  Function 
Probe  (Confrey,  1992)  which  allows  the  use  of  the  four  representations,  and  was  designed  to 
highlight  meanings  of  transformations  in  different  settings.  For  instance,  in  the  graph  window, 
students  can  stretch,  translate  and/or  reflect  a  graph  through  mouse  actions.  They  can  also  sample 
points  and  send  the  points  to  the  table.  A  history  of  the  student  s  actions  is  also  available  for 
examination.  In  the  table  window,  a  variety  of  tools  are  available  for  the  students'  use.  They  can 
fill  a  column  arithmetically  or  geometrically  through  a  simple  command:  they  can  link  columns 
without  an  explicit  algebraic  dependency;  and  they  can  sort  values,  insert  means,  and  display 
differences  and  accumulations.  The  calculator  window  keeps  a  record  of  their  keystroke  procedures 
and  allows  them  to  build  buttons  to  generalize  their  procedures. 


1  Th<.  pmhlpms  m  ihn  course  ,ire  described  in  Lc.irnwfi  afrmil  Functions  through  Problem  Solving  (Confrey. 
1991). 
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We  have  claimed  that  algebraic  notation  has  repeatedly  been  used  in  modern  times  to  dominate 
other  forms  of  representation,  which  has  led  to  a  loss  in  breadth  of  thinking.  Historically,  this  was 
not  the  case,  in  that  curve-drawing  devices  and  data  tables  provided  equal  contributions  to  symbolic 
forms  in  the  development  of  functions.  Hence,  we  have  argued  for  an  "epistemology  of  multiple 
representations"  in  which  contrast  between  representations  is  recognized  as  significant  as 
convergence  in  establishing  meaning  (Confrey,  1991 ).  By  identifying  multiple  approaches  to 
transformations,  we  can  encourage  students  to  find  multiple  ways  to  make  sense  of  their  results  and 
to  develop  their  sense  of  flexibility  and  elegance.  Multiple  approaches  support  the  diversity  in 
students'  preferences  and  provide  alternative  approaches  to  use  when  faced  with  cognitive  obstacles. 
Multiple  approaches  have  also  proven  valuable  in  highlighting  the  differences  among  the  behavior 
of  different  families  of  functions  and  anions  different  contextual  problems.  As  a  result  of 
supporting  the  use  of  multiple  representations,  our  students  have  given  us  many  opportunities  to 
rethink  our  understanding  of  transformations  in  lighl  of  their  approaches.  In  this  paper,  I  seek  to 
share  six  of  the  most  prevalent  approaches. 

Algebraically,  the  class  of  transformations  we  have  confined  ourselves  to  can  be  described  one 
way  as  y=  A  f(Bx  +  C)  +  D  varying  A,  B,  C,  and  D.  or  as  a  set  of  linear  transformations  on  x  and 
on  y.  Graphically,  one  could  describe  this  as  a  set  of  vertical  and  horizontal  translations  (VT,  HT), 
vertical  and  horizontal  stretches  (VS,  HS),  and  reflections2  (R).  Tabular  descriptions  of 
transformations  include  the  use  of  adding  /subtracting  a  constant  to  all  entries  in  a  column, 
multiplying/dividing  the  column  entries  by  a  constant,  or  multiplying  by  •  1 .  Coordinating  the 
actions  in  the  different  representations  is  a  major  goal  of  our  instructional  program.  It  requires  the 
coordination  of  visual  transformations,  numerical  operations  and  algebraic  symbol  manipulation. 

All  of  the  students  we  worked  with  had  previously  been  introduced  to  algebraic  manipulation 
through  introductory  course  work  which  focused  on  solving  and  simplifying  equations,  factoring, 
working  with  trigonometric  identities,  and  plotting  graphs  from  equations.  In  this  paper,  I  will 
present  the  six  approaches.  A  longer  paper  including  examples  of  student  data  will  be  available  at 
the  conference,  and  for  further  reading,  project  papers  on  the  topics  are  available  (Borba  and 
Confrey,  1992:  Smith  and  Confrey,  1992:  Borba,  1993.  Borba.  19941. 

Approach  I :  Substitution  to  a  Template.  In  this  approach  to  (unctions,  one  uses  the  algebraic 
form  as  a  template  and  learns  to  identify  the  actions  associated  with  each  parameter.  Thus,  in  the 
form,  y=  A  f(Bx  +  C)  +  D.  the  student  learns  that: 

A  is  the  magnitude  of  the  vertical  stretch  factor. 
1/B  is  the  magnitude  of  the  horizontal  stretch  factor 
•C/B  is  the  magnitude  of  the  horizontal  translation 

2  Although  reflections  can  bo  thought  of  as  stretches  by  -I,  ivc  chose  to  tre.it  these  generally  as  a  separate 
class.  However,  students  often  curtailed  this  into  a  single  action  using  a  negative  value  for  stretch. 
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D  is  the  magnitude  of  the  vertical  translation. 
Although  this  approach  is  arguably  the  most  concise  approach,  students  often  experience 
significant  difficulties  with  it.  They  have  little  difficulty  with  the  parameters  A  and  D  which  act 
visually  in  the  same  way  as  the  parameters  appear  in  the  equation  (Artigue  and  Dagher,  1993). 
However,  the  fact  that  the  coefficient  2  in  the  equation  y  =  sin  2x  acts  as  a  horizontal  shrink 
confuses  them  for  its  apparent  inconsistency  with  its  effect  on  y=  2  sin  x  as  vertical  stretch. 
Similarly,  students  have  sonic  difficulty  understanding  why  y=  sin  x  +  2  moves  in  the  positive 
direction  vertically  while  y=  sin  (x+  2)  moves  in  the  negative  direction  horizontally.  Finally,  they 
are  confused  by  the  impact  of  the  stretch  factor  on  the  translation  factor,  such  as  in  y=  sin(2x+  3), 
where  the  translation  is  3/2  to  the  left,  not  the  3  units  they  expected.  Thus,  both  of  the  horizontal 
actions  (US  and  HT)  confuse  them  using  this  approach. 

One  alternative  approach  within  the  substitution  perspective  is  to  alter  the  template  to  y=  A'  f( 
(x  -  C'VB' )  +  D'.  In  this  case,  the  parameters  become  simply  A'.  B'.  C.  and  D'.  where 
A'  is  the  magnitude  of  the  vertical  stretch  factor; 
B'  is  the  magnitude  of  the  horizontal  stretch  factor. 
C  is  the  magnitude  of  the  horizontal  translation; 
D'  is  the  magnitude  of  the  vertical  translation. 
However,  when  this  approach  is  used,  the  meanings  of  the  parameters  are  simplified  because  the 
complexity  is  shifted  to  the  equation.  In  this  case,  students  experience  difficulties  remembering 
where  the  sets  of  parentheses  lie.  and  when  to  add  or  subtract  and  when  to  multiply  or  divide. 

In  general,  this  strategy  has  only  been  repeatedly  successful  with  stronger  students,  i-'or  these 
students,  the  variations  in  symbolic  form  can  be  coordinated  with  their  understanding  of  the 
transformations;  however,  for  less  prepared  students  the  use  of  the  template  often  results  in  errors 
they  cannot  easily  correct. 

Approach  2:  Function  Building.  With  to  this  approach,  all  functions  begin  from  the  identity 
function  y=  x.  Functions  are  then  built  through  a  scries  of  actions.  First,  a  vertical  stretch  is  applied 
to  create  y=  mx.  (note:  one  could  cither  anticipate  a  final  form  by  using  A.  B.  C.  and  D  consistently 
to  produce  the  form  y  =  A  f  (Bx+O  +  D  or  use  notation  that  describes  the  series  of  moves  in  a 
consistent  way  with  one's  actions.  1  have  chosen  the  second  approach.  I  The  first  action  could 
equally  have  been  a  horizontally  shrink  by  l/m  ,  but  most  students  prefer  to  rely  on  vertical  actions, 
as  this  approach  allows  them  to  reduce  all  methods  to  vertical  actions  only.  Secondly,  a  vertical 
translation  is  applied  to  produce  y=  nix  +  b.  Using  this  approach,  students  arc  able  to  begin  the 
problem  using  the  more  familiar  family  of  linear  functions. 

At  this  point,  the  function  is  applied  to  the  line.  This  can  be  described  as  a  composite  action, 
that  of  f(g(x)),  where  g(x)  is  linear  and  f(x)  is  the  function  one  seeks  to  create.  Applying  a  function 
to  a  line  is  a  relatively  unfamiliar  idea,  and  it  is  more  easily  imagined  for  some  functions  than 
others.  When  "function  buildinj  .  \vc  apply  the  method  at  first  to  using  the  absolute  value  function. 
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where  the  idea  of  "absolute  valuing"  a  linear  equation  such  as  2x+  i  is  discussed.  The  major  point 
of  discussion  concerns  where  to  "bend"  the  line,  to  create  the  "significant  points"  (usually  the  two 
intercepts).  Most  students  explain  this  in  terms  of  absolute  value  not  producing  any  negative 
outputs;  hence,  all  y's  must  be  greater  than  zero,  and  the  bend  is  at  the  x  axis. 

Function  building  can  also  be  applied  to  the  greatest  integer  function  with  relative  ease.  Using 
this  approach  to  construct  quadratic  functions  has  also  been  relatively  successful,  and  can  be  used  to 
emphasize  how  the  rate  of  change  of  the  quadratic  differs  from  that  of  absolute  value. 

An  advantage  of  this  approach  is  that  it  anticipates  the  introduction  of  composing  functions  and 
gives  the  student  the  sense  of  the  function  as  an  action.  Function  building  highlights  the  order  of 
operations.  Rather  than  experiencing  a  function  such  as  y=  3  abs  (2x  -  1)  +  5  as  a  whole,  students 
learn  to  3ee  it  as  a  series  of  operational  actions.  Not  only  does  such  an  approach  work  well  in  the 
graph  window,  but  also  in  the  table  window,  where  the  movement  from  column  to  column  is  the 
result  of  a  binary  operation  (each  column  is  changed  from  the  previous  set  of  x  or  y  values  by  a 
single  operation  of  +»-,  x  or  /  except  when  the  prototypic  function  is  applied).  Applying  this 
approach  to  trigonometric  or  exponenrial  functions  is  considerably  more  difficult  for  students, 
though  some  do  find  a  consistent  way  to  make  the  interpretation  across  functional  families. 

The  pedagogical  implications  of  function  building  are  compelling.  It  provides  a  solid 
conceptual  base  for  the  template  approach,  but  depends  on  a  careful  choice  of  problems  and 
functional  families.  Prematurely  giving  students  problems  such  as  f(x)  =  abs  (2(x-3))  can  challenge 
the  approach,  requiring  students  to  algebraically  transform  the  actions  inside  the  parentheses  to  2x  - 
6  or  to  apply  horizontal  rather  than  vertical  arguments  to  2(x-3).    Polynomial  functions  such  as  f(x) 
=  x^  +  2x  +  1  also  present  students  with  difficulties,  but  can  provide  strong  motivation  to  leam  to 
complete  the  square. 

Approach  3:  Symmetric  Actions.    A  major  challenge  in  the  substitution  to  a  template  approach 
results  from  the  lack  of  symmetry  between  the  actions  on  x  and  those  on  f(x).  That  is,  A  and  D  do 
not  act  in  the  same  way  as  B  and  C.  Students  can  learn  why  this  is  so  as  they  examine  the  location 
of  the  parameters  in  relation  to  the  x  and  y  variables,  but  f(x)  notation  in  fact  obscures  this  fact  by 
eliminating  the  y  from  view.  An  alternative  approach  to  this  is  to  allow  the  actions  to  be  taken 
directly  on  x  and  y,  and  to  shift  from  functional  form  to  relational  form.  Thus,  an  equation  that 
would  be  written  as  y=  3  sin  (2x  -  1 )  *  4  in  conventional  functional  form  would  appear  as  (y-4)/3= 
sin  (2x  -  l)or  perhaps  y/3  -  4/3  =  sin  (2x  -  1)  or  even  (y-4)/3  =  sin  (2  (x  •  1/2)).  In  this  final  form, 
which  we  can  write  as  A'(  y-D')=  f(B'(  x-C)  where  l/A'  is  the  vertical  stretch.  D'  is  the  vertical 
translation,  1/B'  is  the  horizontal  stretch  and  C  is  the  horizontal  translation. 

The  symmetric  approach  typically  takes  some  getting  used  to,  but  its  elegance  lies  in  the 
parallel  structure  between  the  vertical  and  horizontal  transformations.  In  this  representational  form, 
the  actions  on  x  can  be  tied  to  the  parameters  B  and  C  in  the  same  way  that  actions  on  y  can  be  tied 
to  A  and  D.  The  unfamiliarity  of  such  an  approach  makes  it  appear  awkward,  however,  its  fit  with 


—  220  — 


the  table  representation  is  notable.  In  the  table,  there  is  no  clear  rationale  for  numerically 
transforming  only  the  x  variable  until  there  is  a  functional  action.  The  symmetric  approach  also 
challenges  the  over  reliance  on  f(x)  notation,  where  the  equation  is  solved  for  f(x).  Such  over 
reliance  on  this  form  makes  students  have  difficulty  recognizing  relations  such  as  x2  +  y  =  1  as 
functions.  Historically,  when  curves  were  generated  by  curve-making  devices,  and  algebra  was 
emerging  as  a  means  to  describe  those  curves,  input  and  output  views  of  function  did  not  exist.  In 
fact,  using  the  tools  of  similarity  and  proportion  and  the  Pythagorean  theorem,  descriptions  for 
curves  were  generated  that  would  be  very  awkward  to  describe  in  f(x)  form  (See  Smith,  Dennis, 
and  Confrey,  1992  for  a  discussion  of  Descartes'  approaches  to  functions). 

Approach  4:  Visual  curve  matching.  In  this  approach,  students  learn  to  approach  functions 
visually,  such  as  when  one  displays  a  data  set  and  wants  to  fit  a  curve  to  it.  Approaching  functions 
visually  may  be  an  unfamiliar  task,  yet  is  very  compelling  and  satisfying  for  many  students.  And  in 
a  scientific  world  in  which  super  computing  relies  more  and  more  on  graphical  display,  the  skills 
needed  for  visual  curve  matching  are  arguably  important  for  students'  mathematical  development. 

Visual  curve  matching  is  less  procedural  than  the  other  approaches.  It  depends  heavily  on  the 
graphs  involved  and  it  highlights  the  use  of  the  stretch  jcon.  For  instance,  when  asked  to  matchtwo 
absolute  value  graphs,  most  students  use  the  translations  to  match  the  vertex.  They  then  endeavor 
to  stretch  the  functions  to  match  the  slopes.  In  Function  Probe,  the  line  of  invariance  for  a  VS  or 
HS  is  movable  and  called  "the  anchor  line"3.  The  students  learn  to  move  this  anchor  line  to  the 
vertex  and  to  stretch  away  from  the  line. 

In  general,  this  approach  accomplishes  some  important  goals  in  student  learning.  We  find  that 
students  typically  understand  translations  intuitively;  however,  understanding  stretching  is  more 
complicated.  As  they  learn  to  use  stretching  as  a  tool,  they  learn  what  it  means  to  hold  a  line  of  the 
plane  invariant.  And  they  puzzle  on  what  the  operational  meaning  of  stretching  is.  By  including  a 
Function  Probe  resource  for  sampling,  we  extend  this  approach  by  examining  the  numeric 
implications  of  such  actions.  For  an  extensive  discussion  of  this  approach,  see  Borba  ( 1993). 

Approach  five:  Horseshoe  Display.  Extending  the  visual  curve  matching  approach  to  allow  one 
to  generate  the  algebraic  equation  for  the  transformed  curve  posed  a  new  challenge  to  both  the 
students  and  us  and  led  to  a  new  approach.  In  an  example  in  class,  teachers  were  trying  to  find 
equations  to  describe  different  configurations  of  parking  garage  rates.  Consider  the  following  case, 
when  the  costs  to  park  are: 

less  than  .25  hours:  \5t 

.25  hr  or  more  but  less  than  .75  hr:  i5<i 

.75  hr  or  more  but  less  than  1 .25  hr:  55<! 


'Some  software  restricts  the  anchor  line  to  the  axes  for  doing  wi  makes  the  algebraic  notation  easier.  We  see 
this  as  an  example  of  privileging  one  representation  over  another.  Furthermore,  many  contextual  problems 
are  more  directly  solved  with  a  movable  anchor  line. 


A  data  table  is  constructed  and  values  are  sent  to  the  graph.  The  teachers  were  seeking  to  fit  the 
function  y=  floor(x)  (the  greatest  integer  function  in  Function  Probe)  onto  the  displayed  data  values. 
They  quickly  recognized  that  the  vertical  transformations  were  a  VS  of  .20  and  a  VT  of  .15.  Thus, 
they  knew  their  equation  would  be  some  modification  of  y=  .2  floor  (x)  + .  1 5.  They  compressed  the 
function  horizontally  by  .5  to  get  the  steps  to  be  a  half-hour  long.  This  gave  them  the  equation  y=  .2 
floor  (x/.5)  +  .15.  Then  they  translated  horizontally  by  -.25.  The  equation  was  displayed  as  y=  .2 
floor  ((x+.25)/.5)  +  .15.  See  Smith  and  Confrey  (1992)  for  a  more  complete  description  of  this 
episode. 

They  were  totally  perplexed  by  the  result.  They  had  carried  out  the  transformations  on  the 
graph  window  in  the  order  of  a  HS  (by  .5)  followed  by  a  HT  (by  -.25)  but  the  algebraic  display 
seemed  to  record  it  as  a  translation  followed  by  a  stretch.  And,  it  was  clear  that  the  two  results  were 
not  algebraically  equivalent.  The  visual  approach  hud  successfully  led  them  to  a  matched  graph,  but 
the  algebraic  display  did  not  seem  to  fit  the  order  of  the  graphical  actions.  This  led  to  a  genuine 
conflict  for  all  of  us  in  terms  of  our  understanding  of  transformation.  To  explore  the  problem,  we 
worked  further  with  the  visual  approach.  We  sampled  points  after  each  graph  action  and  sent  these 
to  the  table.  Each  of  the  changes  was  recorded  and  described  in  words.  Finally,  we  sought  to 
explain  the  algebraic  changes  in  light  of  the  series  of  table  transformations. 

Resolving  the  apparent  contradiction  led  to  a  new  horseshoe  shaped  display,  a  fifth  approach  to 
functions.  This  approach  drew  on  two  sources:  I )  ways  in  which  transformations  are  described  in 
topology;  and  2)  ways  in  which  a  student  in  a  teaching  experiment  chose  to  describe  changes  in 
tabular  values  (Borba,  1993).  A  student  looking  at  the  changes  in  each  variable  of  the  table  wanted  to 
describe  these  as  ynew  =  f  (yold)  while  x„cw  =  f  (Xoid)-  Borba  described  these  as  covariational 
equations  consistent  with  the  covariational  approach  to  functions  developed  by  our  research  group 
(Confrey  and  Smith,  in  press).  Drawing  on  these  two  sources,  1  developed  the  following  horseshoe 
display 

*  *"  *'ow(x)       *  y  The  question  becomes  how  to  relate  x"  to  y".  If  this  is 
y                              ^     to  be  written  in  traditional  f(x)  =  v  form,  then  one  must 

"2.°     begin  at  the  bottom  left  of  the  display  with  x"  and  work 
if  Y     one's  way  around  to  y".  Thus  one  takes  x  and  adds  .25, 

*  '      divides  by  .5.  floors  the  result,  and  then  multiplies  by  .20 
W                              W     and  adds  .15.  This  gives  the  desired  equation. 

'^i  *  f  This  approach  to  transformation  possesses  numerous 

^  T     advantages.  In  it,  one  can  "see '  the  visual  approaches 

sequence  of  actions.  The  vertical  ones  proceed  from  y  to  y' 
to  y'  and  the  horizontal  ones  proceed  from  x  to  x'  to  x". 
Howevei.  one  can  also  "see''  the  resulting  equation  in  terms  of  movement  around  the  horseshoe  so 
as  to  relate  x"  to  v". 
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A  horseshoe  display  also  supports  a  number  of  the  other  approaches.  The  display  itself  shows 


move  smoothly  between  the  graph  actions  and  the  algebraic  representations  where  the  movement  in 
the  display  varies  with  the  representation. 

Also  appealing  in  the  horseshoe  display  is  the  way  in  which  it  builds  upon  the  matrix  display  for 
proportional  reasoning  in  the  work  of  Vergnaud  (1988).  This  connection  is  more  than  anal6gical, 
for  if  one  considers  the  identity  function  to  be  the  simplest  display  in  this  form  (y  =  x),  then  direct 
variation  is  aiguably  the  second  simplest  (y  =  mx) .  In  our  future  work  introducing  functions 
through  design  projects,  we  plan  to  investigate  how  to  build  functions  from  proportional  reasoning. 

However,  as  with  any  approach,  transformational  matrices  possesses  certain  disadvantages. 
They  lack  the  compactness  of  "substitution  into  a  template";  they  require  more  space  to  display  the 
notation;  and  they  are  more  complex,  in  order  to  be  able  to  accommodate  both  the  directionality  of 
the  operations  and  the  multiplicity  of  desired  forms.  But  horseshoe  displays  arc  very  elegant 
representations,  for  they  make  interesting  use  of  space  (a  characteristic  of  algebraic  notation  often 
not  given  enough  attention):  the  movement  in  space  down  a  column  describes  changes  in  one 
variable,  while  the  connection  across  the  equation  highlights  the  functional  family. 

Approach  Six:  Scaling  the  Axes.  Not  all  treatments  of  transformations  depend  on  carrying  out  a 
series  of  graph  actions.  Some  students  prefer  to  leave  the  curve  in  place  while  transforming  the 
axes  (scaling).  Although  we  have  not  used  such  an  approach  extensively  in  our  project,  we  have 
witnessed  episodes  where  students  are  inclined  toward  this  method,  and  have  considered  design 
initiatives  that  would  make  such  an  approach  a  more  viable  option. 

.   However,  we  offer  a  simple  twist  to  the  scaling  approach.  In  all  treatment  of  scaling  as  a  form 
of  transformation  that  we  have  seen,  scaling  is  used  to  apply  transformations  on  both  x  and  y  axes. 
In  contrast,  we  have  begun  to  consider  the  use  of  scaling  on  either  one  or  both  actions,  and  as  a 
possible  alternative  to  transformations  of  the  curve.  For  instance,  we  ask  students  to  describe  a  ride 
on  a  Ferris  wheel  by  giving  the  height  off  the  ground  as  a  function  of  time.  If  the  wheel  is  5  meters 
in  radius  and  its  base  is  1  foot  off  the  ground,  the  students  quickly  find  the  equation  y=  5  sin(x)  +  1 . 
What  is  more  difficult  for  them  is  to  figure  out  how  to  adjust  for  the  time  parameters.  We  have 
witnessed  students  who  see  themselves  faced  with  an  independent  puzzle  when  trying  to  account  for 
the  fact  that  the  Ferris  wheel  completes  one  revolution  every  24  seconds.  How  should  they  switch 
from  inputs  of  x  in  radians  to  inputs  in  seconds?  These  students  express  confusion  in  viewing  this 
as  a  transformation  of  the  sin  function,  for  they  must  really  switch  from  radians  to  seconds.  For 
these  students,  it  would  be  useful  to  be  able  to  rescale  the  x  axis  as  a  scaling  action,  while  still 
carrying  out  the  vertical  transformations  as  graph  actions. 

This  approach  adds  another  piece  to  the  transformational  puzzle  for  it  defines  the  shape  of  a 
graph  as  a  curve-scale  interaction.  It  suggests  that  functions  be  considered  as  the  juxtaposition  of  a 
curve  on  a  scale,  and  introduces  a  much  deeper  implication  for  how  scaling  is  used  in  investigating 


the  symmetry  of  the  symmetric  approach.  It  supports  function  building.  And,  it  allows  one  to 
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functions.  In  future  design  work,  we  plan  to  consider  how  to  implement  scale  changes  as  mappings 
from  a  one-dimensional  line  to  another,  while  keeping  the  graph  intact,  and  then  to  consider  how  to 
display  these  results  symbolically  while  also  maintaining  the  option  for  applying  transformations  to 


Conclusions.  In  this  paper,  1  have  outlined  six  approaches  to  functions  within  a  multi- 
representational  and  dynamic  environment  using  contextual  problems.  These  six  approaches  come 
from  extensive  experimentation  with  students.  Moreover,  it  is  through  the  careful  examination  of 
student  method  on  transformations  that  we  have  gained  significant  new  mathematical  insights. 
Furthermore,  I  have  suggested  that  the  different  approaches  should  not  be  reduced  to  a  single 
approach  for  each  offers  its  own  advantages  and  disadvantages.  And,  it  may  the  case,  that  a 
particular  approach  is  best  for  a  particular  functional  family,  context,  or  student  preference. 
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CONCEPTUALIZING  TEACHER  EDUCATION  AS  FIELD  OF  INQUIRY: 
THEORETICAL  AND  PRACTICAL  IMPLICATIONS* 


Thomas  T.  Cooney 
Barry  E.  Shealy 
University  of  Georgia,  USA 

Abstract 

In  this  examination  of  teacher  education  as  a  research  and  development  activity,  we  consider  the 
historical  precepts  of  teacher  education  as  they  relate  to  reform  and  present  a  means  by  which  the 
professional  growth  of  teachers  can  be  conceptualized.  Our  work  is  rooted  in  the  notion  of  authority 
as  we  consider  the  evolution  of  a  teacher's  notion  of  authority  from  that  of  being  external  to  that  of 
being  internal  as  an  indicator  of  growth.  If  we  believe  reform  is  related  to  teachers  becoming 
adaptive  and  reflective  agents  in  the  classroom,  then  we  must  consider  ways  of  promoting  and 
monitoring  this  development  in  our  teacher  education  programs.  We  include  implications  of  our 
tlteoretical  orientation  for  tlte  case  studies  we  have  conducted  with  secondary  preservice  teachers  and 
for  the  practical  dimension  of  designing  activities  that  promote  reflection. 

Historically,  teacher  education  has  been  treated  as  a  practical  field  in  which  the  primary 
efforts  of  the  teacher  educator  was  to  create  activities  that  would  promote  a  certain  type  of 
teaching.  This  condition  is  still  dominant  today  but  because  of  research  we  have  come  to 
realize  that  the  enterprise  of  teacher  education  is  far  more  complex  than  was  at  first 
imagined.  In  fact,  there  is  very  little  research  on  teacher  education  per  se  prior  to  the  mid 
1980s.  Cooney's  (1980)  review  of  research  on  teaching  and  teacher  education  lays  out  a 
perspective  for  research  on  teacher  education  but  is  rooted  in  the  body  of  literature  on 
research  on  teaching.  But  research  on  teaching  prior  to  the  mid  1980s  was  limited 
primarily  to  the  perspective  of  the  realist  in  which  the  goal  of  empirical  work  was  to 
establish  significant  generalizations  that  could  guide  the  education  of  teachers.  We  could 
argue  that  mathematics  educators  were  quick  to  realize  the  fallacy  of  developing  a  general 
empirical  base  for  teacher  education  without  taking  into  consideration  the  content  being 
taught. 

Nevertheless,  mathematics  educators  can  hardly  take  the  position  that  we  were  treating 
teacher  education  as  a  field  of  inquiry.  Indeed,  in  the  1960s  and  1970s  the  modus  operandi 
of  most  teacher  education  programs  was  to  train  the  teacher  to  be  a  reasonably  competent 
mathematician  and  introduce  a  little  pedagogy  on  the  side.  We  assumed  that  giving 
teachers  the  mathematics  we  thought  they  needed  and  few  pedagogical  techniques  would 
suffice  for  effective  teaching. 

Part  of  the  difficulty  lay  with  our  conception  of  what  constituted  science.  Kuhn  (1970) 
was  instrumental  in  warning  us  about  the  fallacies  of  thinking  of  science  as  devoid  of 
.  human  intention  elbeit  the  warning  was  largely  unheeded  by  educational  researchers  for 
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at  least  a  decade.  In  their  review  of  research  on  teacher  education,  Brown,  Cooney,  and 
Jones  (1990)  contrasted  research  from  an  analytic  perspective  in  which  the  researcher  is 
detached  from  the  subject  and  the  conception  of  mathematics  is  that  of  received 
knowledge  wtth  that  of  the  humanistic  perspective  in  which  the  researcher  is 
fundamentally  connected  to  the  informant  and  the  view  of  mathematics  is  as  a  subject 
constructed  by  humans.  The  humanistic  approach,  consistent  with  the  constructivist 
epistemology,  places  an  emphasis  on  how  teachers,  or  whomever,  come  to  make  meaning 
about  the  events  in  i.heir  lives. 

Such  a  shift  in  oiientation  has  led  us  to  appreciate  what  it  is  that  teachers  believe  and 
how  they  come  to  construct  those  beliefs.  Presently,  we  see  much  in  the  literature  about 
the  importance  of  teachers'  beliefs  (see,  e.g.,  Thompson,  1992).  What  we  need  to  realize  is 
that  this  importance  has  to  do  with  the  substance  of  the  beliefs  (i.e.,  what  is  believed)  and 
the  nature  of  the  belief  (i.e.,  how  they  are  held  and  organized). 


The  studies  by  Thompson  (1984)  and  (Cooney,  1985)  marked  the  trail  of  coming  to 
understand  how  tear.hers  construct  their  conceptions  of  mathematics  and  the  teaching  of 
mathematics.  It  is  now  commonplace  to  encounter  arguments  that  what  a  teacher  believes 
affects  how  and  what  mathematics  gets  taught.  What  is  less  common  is  the  identification 
of  lenses  through  which  we  can  conceptualize  the  dynamic  process  of  constructing  beliefs. 
What  theoretical  constructs  are  there  to  support  a  conceptualization  of  the  process  by 
which  a  teacher  can  become  a  reflective  practitioner  (Schon,  1983)? 

We  need  to  recognize  that  thp  very  notion  of  being  reflective  and  its  corollary  of  being 
adaptive  is  based  on  the  ability  of  a  person  to  see  themselves  operating  in  a  particular 
context,  that  is,  the  ability  to  "step  outside  of  themselves"  in  order  to  reorient  themselves. 
This  ability  stems  from  Bauersfeld's  (1988)  notion  of  fundamental  relativism  which 
requires  that  an  individual  be  able  to  "see"  events  from  a  multitude  of  perspectives.  (While 
Bauersfeld  was  speaking  about  mathematics  educators  more  generally,  his  notion  applies 
equally  well  to  teachers.)  But  to  develop  such  a  perspective  one  must  sense  that  they  are 
the  experts  from  which  perspectives  develop.  To  say  it  another  way,  if  a  teacher's 
orientation  is  entirely  external,  then  the  cues  for  what  is  considered  important  necessarily 
comes  from  that  external,  authoritarian  agent. 

There  are  two  works  that  address  the  issue  of  one's  relationship  to  authority:  Perry's 
Forms  of  Intellectual  and  Ethical  Development  in  the  College  Years  (1970)  and  Belenky, 
Clinchy,  Goldberger,  and  Tarule's  Women's  Way,  of  Knowing  (1986).  While  these  two 
works  differ  (e.g.,  Perry  developed  his  scheme  by  working  only  with  men,  Belenky  et  al, 
only  with  women),  they  both  describe  the  extent  to  which  oeople  rely  on  external 
authorities  for  a  validation  of  what  they  believe.  Perry  talks  I'bou;  :tages  such  as  dualistic 
(right  versus  wrong),  multiplistic  (there  are  multiple  ways  of  thinking  about  situations), 
relativistic  (these  different  ways  are  not  uniformly  equal  in  their  value),  and  commitment 
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(a  person  commits  themselves  to  one  of  the  positions).  Belenky,  et  al.,  use  the  metaphor  of 
voice  to  describe  ways  that  women  orient  themselves  toward  authority.  For  example,  the 
position  of  "silence"  represents  a  women  who  is  totally  submissive  to  another  being-- 
perhaps  a  spouse,  for  example.  In  contrast  a  women  who  is  at  the  position  of  "constructed 
knowledge"  is  capable  of  integrating  her  own  voice  with  that  of  others,  dealing  with  each 
in  a  fundamental  way.  The  preservice  teachers  whom  we  have  studied  fall  between  these 
two  extremes. 

We  could  say  much  about  these  positions.  What  is  important  to  this  discussion  is  that 
in  each  of  these  schemes  there  is  a  certain  "transition"  point  at  which  a  person  moves  from 
viewing  authority  as  an  external  entity  to  that  of  being  internal.  Perry  (1970)  puts  it  the 
following  way  in  describing  the  fifth  of  his  nine  positions. 

Our  scheme  must  now  account  for  a  drastic  revolution.  Up  to  this  point  the 
students  have  been  able  to  assimilate  the  new,  in  one  way  or  another,  to  the 
fundamental  dualistic  with  which  they  began,  (p.  109) 
Perry  goes  on  to  describe  the  characteristics  of  this  shift  as  one  moves  from  thinking  of 
authority  as  an  external  agent  to  that  of  being  an  internal  agent. 

There  is  an  analogous  position  in  Belenky's  scheme,  viz.,  Subjective  Knowledge:  The 
Inner  Voice.  This  position  describes  a  revolutionary  step  in  that  truth  eventuates  from  a 
personal  perspective.  It  is  here  that  a  woman  begins  crossing  the  bridge  from  a  submissive 
orientation  to  one  in  which  her  voice  is  a  significant  determiner  of  what  she  believes.  Once 
a  woman  begins  to  accept  herself  as  a  legitimate  authority,  she  begins  to  lay  the 
groundwork  for  the  acceptance  of  contextuality  and  relativism  which  fosters  a  sense  of  self 
and  control-  expunging  the  notion  that  authority  (a  professor,  a  textbook,  guidelines  from 
the  school  district,  etc.)  is  omnipotent. 

Why  is  considering  such  an  orientation  important?  First,  there  is  considerable  evidence 
that  many  teachers  teach  mathematics  from  a  cut  and  dried,  dualistic  perspective.  (See 
Brown,  Cooney,  and  Jones  (1990)  and  Thompson  (1992).)  The  orientation  suggested  here 
can  provide  a  way  of  conceptualizing  how  such  teachers  view  mathematics  and  their  roles 
as  teachers  of  mathematics.  Further,  recall  that  the  current  reforms  in  mathematics 
education  call  for  a  reflective  and  adaptive  teacher.  But  the  ability  to  be  reflective  and 
adaptive  requires  that  an  individual  has  the  capacity  to  see  the  world  as  contextual,  that  is, 
as  a  world  in  which  onp  tries  to  understand  how  othprs  (e.g..  students)  come  to  know  and 
hflipyp  as  thev  do.  Such  a  constructivist  orientation  can  not  be  achieved  when  the  world  is 
seen  in  absolute  terms. 

Green  (1971)  and  Rokeach  (1960),  in  their  discussions  of  belief  systems  both  point  to  the 
fact  that  the  extent  to  which  beliefs  are  isolated  and  the  individual  fails  to  see  the  world  as 
a  connected  place  is  the  extent  to  which  the  person  relies  on  an  external  authority  for 
verif  .cation  of  truth.  Green  differentiates  between  beliefs  that  are  evidentially  held  from 
those  that  are  nonevidentially  held.  The  former  is  based  on  rationality;  the  latter  is  based 
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on  the  acceptance  of  what  an  authority  dictates.  Rokeach's  notion  of  dogmatism  is 
similarly  focused  on  one's  relationship  to  authority.  The  dogmatic  teacher  teaches 
mathematics  from  a  cut  and  dried  perspective  thus  indoctrinating  kids  with  certain  beliefs 
about  mathematics-which  may  account  for  the  fact  that  many  students  in  the  United 
States  think  of  mathematics  as  a  subject  best  learned  through  memorization.  Belenky,  et  al, 
point  out  that  the  woman  who  is  a  "received  knower"  cannot  tolerate  ambiguity.  For 
example,  such  a  person  believes  that  for  every  poem  there  is  only  one  correct 
interpretation;  their  interpretation  is  literal.  While  Belenky,  et  al,  are  addressing  issues 
related  to  poetry,  it  is  not  a  long  reach  to  think  of  the  analogous  problem  of  trying  to  help 
students  appreciate  and  use  mathematical  processes  such  as  problem  solving, 
communicating,  reasoning,  and  making  connections-processes  that  are  fundamental  to  the 
NCTM  Standards  (1989). 

The  point  of  this  brief  analysis  is  not  that  women  think  one  way  and  men  think 
another.  Rather  it  has  to  do  with  providing  an  orientation  toward  thinking  of  teachers  as 
developing  beings.  We  consider  the  implications  of  these  theoretical  orientations  for  our 
research  program  in  the  next  section. 


We  have  used  various  schemes  that  focus  on  authority,  e.g.,  Perry  (1970),  Belenky,  et  al. 
(1986),  Green  (1971),  and  Rokeach  (1960)  as  ways  of  conceptualizing  teacher  development 
as  we  see  the  issue  of  authority  as  central  to  what  one  considers  mathematics  to  be  and 
how  one  conceives  of  their  role  as  a  teacher  of  mathematics.  Our  research  is  longitudinal 
in  nature  as  we  study  preservice  teachers  through  the  use  of  surveys,  interviews,  and 
classroom  observations.  We  have  worked  with  he  teachers  over  the  past  year  and  have 
generated  a  number  of  case  studies.  Consider  the  cases  of  Greg,  Henry  and  Nancy  who  we 
began  studying  as  they  entered  the  formal  part  of  their  mathematics  education  program  at 
the  beginning  of  their  senior  year  at  the  University  of  Georgia.  In  their  first  mathematics 
education  course  Greg  and  Henry  were  particularly  negative  toward  the  use  of  technology 
as  a  means  to  teach  mathematics-a  focal  point  of  the  first  course.  Nancy  was  quiet!;, 
accepting.  After  four  months  of  participating  in  the  teacher  education  program,  Greg 
become  excited  about  technology  and  open-ended  activities;  Henry  became  confused  and 
despondent  and  wondered  if  he  should  be  a  teacher.  In  student  teaching,  Greg 
incorporated  open-ended  activities,  particularly  those  involving  technology,  into  his 
teaching  while  realizing  for  the  first  time  how  difficult  a  job  it  was  to  be  a  teacher.  Henry, 
however,  confirmed  his  beliefs  during  student  teaching  that  teaching  is  the  efficient  telling 
of  a  story.  He  was  once  again  excited  about  being  a  teacher  and  thinks  the  university 
mathematics  education  people  have  been  out  of  the  classroom  too  long. 

Perry's  (1971)  scheme  for  describing  a  person's  orientation  to  authority  provides  one 
means  of  conceptualizing  Greg  and  Henry's  development.  Both  Greg  and  Henry  professed 
beliefs  that  reflected  their  successes  as  students.  The  Perry's  stage  of  dualism  fit  both  Greg 
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and  Henry.  As  Greg  confronted  new  ideas,  however,  no  matter  how  vehemently  he 
objected,  he  considered  these  ideas  and  incorporated  them  into  his  belief  system  through 
accommodation.  Henry,  however,  rejected  and  refused  to  consider  alternative  views. 
Greg  was  more  open  to  new  ideas,  recognized  views  other  than  his  own,  and  evaluated 
these  views,  thus  reflecting  Perry's  relativistic  stages.  Henry  remained  steadfastly 
dualistic.  Another  way  to  describe  the  difference  in  Henry  and  Greg's  belief  systems  is 
Kelly's  (1955)  idea  of  permeability.  Greg's  constructs  were  more  open  to  accommodation 
in  the  face  of  new  experiences;  that  is,  they  were  permeable.  Henry,  on  the  other  hand, 
continually  ignored  the  potential  of  new  experiences  that  did  not  fit  his  existing  constructs; 
his  constructs  were  impermeable. 

It  is  our  intent  not  only  to  characterize  their  beliefs  but  also  understand  more  deeply 
why  they  are  permeable  or  impermeable.  Green's  (1971)  idea  of  evidentiality  provides 
additional  insight.  Henry  justifies  his  beliefs  in  a  circular  way-what  was  good  enough  for 
him  as  a  student  was  good  enough  for  his  students.  Greg's  beliefs  about  teaching 
mathematics  arise  from  core  or  more  central  beliefs  (Green,  1971;  Rokeach,  1960)  about 
being  prepared  for  life.  His  beliefs  about  the  practice  of  teaching  are  based  in  his  beliefs 
about  the  aims  of  education.  Thus,  changing  beliefs  about  practice  for  Greg  involves 
connecting  the  new  practice  to  these  more  central  beliefs  or  challenging  the  old  practice  in 
terms  of  these  beliefs.  Greg's  beliefs  are  evidentially-held  while  Henry's  beliefs  are  non- 
evidentially-held  and  thus  "cannot  be  modified  by  introducing  new  evidence  or  reasons" 
(Green,  1971,  p.  48). 

Nancy  was  a  very  conscientious  student,  committed  to  becoming  a  teacher.  She  eagerly 
participated  in  every  activity  and  admonished  her  classmates  to  "think  like  a  teacher" 
while  participating  in  the  activities.  During  the  interviews,  Nancy  always  referred  to 
others  for  her  views-her  instructors,  a  past  teacher,  her  mother.  Nancy  wanted  to  know 
the  right  way  to  teach  and  was  looking  for  that  way  from  an  external  authority.  We  might 
say  that  Nancy  was,  like  Henry,  in  Perry's  stage  of  dualism  or  Belenky's,  et  al.,  position  of 
received  knowledge.  On  the  surface  Nancy  and  Henry  were  alike  in  that  they  have  an 
externally  oriented  view  of  authority.  But  a  deeper  analysis  reveals  that  they  are 
fundamentally  different.  Nancy  did  not  ignore  or  reject  new  ideas,  but  seemed  to 
assimilate  ideas  without  accommodation.  The  perspective  of  Belenky  et  al.  (1986)  provides 
what  seems  to  be  a  better  way  of  thinking  about  Beth's  beliefs,  however.  As  a  "received 
knower,"  Nancy  looked  to  others  as  the  source  of  truth.  She  found  strength  in  having 
shared  beliefs  with  her  friends  and  when  disagreement  occurred,  she  deferred  to  the 
instructors  or  to  the  majority  opinion  of  her  friends.  Henry  was  confident  in  his  self  as 
aligned  with  authority.  Nancy  lacked  that  confidence.  For  example,  Nancy  believed  it  was 
very  important  for  students  to  "use  their  imagination"  and  "think  up  their  own  ways"  in 
mathematics,  but  she  adds,  "I'm  not  sure  I  have  an  imagination,  I  mean,  a  real  strong 
imagination  that  will  think  up  new  ways  to  answer  problems." 


The  theoretical  frameworks  described  above  are  very  important  for  understanding  the 
development  of  teachers'  beliefs  and  the  process  of  teacher  education.  The  theoretical 
orientations  provide  us  with  dimensions  and  characteristics  to  look  for  and  hypotheses  for 
where  to  look.  We  can  consider  how  they  respond  to  new  ideas  and  situations 
(permeability),  their  basis  for  belief  (evidentiality),  connections  among  their  beliefs  (quasi- 
logical  system),  clustering  and  isolation  of  beliefs,  and  where  they  go  for  truth  and  how 
they  see  and  respond  to  authority  (Perry  and  Belenky).  This  understanding  helps 
elaborate  and  inform  the  teacher  education  process. 

Implications  for  Practice:  The  Case  of  the  Function  Unit 
As  we  develop  and  use  sophisticated  ways  of  understanding  the  professional 
development  of  teachers,  it  is  natural  to  translate  this  understanding  into  improving  the 
practice  of  teacher  education.  Consider  such  a  student  as  Henry  who  opposed  the  ideas 
presented  in  his  teacher  education  program  and  left  feeling  teacher  education  was  a  waste 
of  his  time.  Then,  consider  Nancy  who  absorbed  all  we  had  to  give  her  but  then  struggled 
miserably  in  her  first  year  of  teaching  not  wanting  to  let  her  parents,  instructors,  peers,  and 
administrators  down  and  wanting  her  students  to  like  and  affirm  her.  How  does  a  way  of 
understanding  their  beliefs  and  development  help  us  provide  experiences  that  will  benefit 
and  prepare  them  for  becoming  reflective  teachers?  We  have  tried  to  address  this  question 
over  the  past  four  years  by  designing  and  piloting  teacher  education  materials  based  on 
research  on  teachers'  beliefs. 

If  a  teacher's  beliefs  and  the  nature  of  those  beliefs  so  affect  the  teacher's  subsequent 
development,  it  is  important  that  the  teacher  educator  and  the  teacher  him  or  herself 
elaborate  those  beliefs.  If  some  teachers'  beliefs  are  not  open  to  the  challenge  of  rational 
argument,  those  teachers  needs  active  involvement  in  contexts  that  will  lead  them  to 
reconsider  their  own  beliefs.  If  some  teachers  lack  confidence  in  themselves  as  authority, 
experience  with  self-defined  and  open-ended  problem-solving  situations  may  help. 

As  one  example  of  a  possible  approach  we  describe  the  materials  developed  in  our 
project.  The  materials  are  focused  on  the  subject  of  mathematical  function.  To  help  the 
teachers  become  more  reflective,  we  begin  by  having  them  read  and  discuss  a  classroom 
vignette.  Then  we  have  the  teacher  develop  an  informal,  intuitive  understanding  by 
considering  dependent-independent  variable  and  correlational  relationships  in  the  media 
and  everyday  language,  e.g.,  a  doctor  discusses  the  effect  of  a  person's  cholesterol  level  on 
their  risk  of  heart  disease.  As  the  teachers  think  about  characteristics  of  functional 
relationships,  they  participate  in  a  classification  activity  based  on  Kelly's  (1955)  repertoire 
grid  technique  (see  following  Figure).  (The  activity  asks  the  students  to  classify  the  six 
function  representations  into  two  piles  of  three  functions  each  and  to  describe  the  basis  for 
their  classification.) 


o 

ERIC 


—  230  — 

481 


The  1990  census  show*  that 
Central  City  has  a  population  of 
40,000  people.  Recent  studies 
indicate  that  over  the  past  20 
years  the  population  has  steadily 
increased  at  an  annual  rate  of  2%. 
Social  scientists  predict  Central 
City  will  experience  this  same 
growth  rate  over  the  next  20 
years.  Ms.  Callahan  has  been 
asked  to  predict  Central  City's 
population  for  each  of  the  next  15 
years. 
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Fred  is  considering  which  size 
pizza  is  the  better  buy.  He 
wonders  what  happens  to  the 
area  of  the  circular  pizza  as  the 
diameter  of  the  pizza  changes. 
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The  teachers  build  on  this  intuitive  understanding  of  function  characteristics  through 
modeling  and  data  collection  activities.  We  give  the  students  an  opportunity  *o  challenge 
preconceived  notions  about  functions  by  investigating  common  school  mathematics  topics 
(e.g.,  solving  equations  and  inequalities  and  such  geometric  relationships  as  area  and 
similarity)  from  a  functional  approach.  The  teachers  reflect  on  these  experiences  through 
journal  writing,  and  small  group  and  class  discussion.  Student-conducted  interviews  is  an 
important  activity  in  our  project  as  we  try  to  help  eachers  better  understand  another 
persons'  beliefs  as  well  as  reflect  on  their  own  understandings. 

The  open-ended  and  intuitive  activities  were  particularly  important  for  Greg.  As  he 
began  to  see  these  activities  as  important  contexts  for  developing  reasoning  skills  he  also 
saw  them  as  important  to  his  emphasis  on  preparing  people  for  life.  Nancy  developed  a 
view  of  the  importance  of  "imagination"  and  having  students  develop  "their  own  ways"  of 
solving  problems,  possibly  indicating  the  beginnings  of  a  shift  from  Belenky's  stage  of 
received  knowledge  to  subjective  knowledge.  After  participating  in  the  activities,  Henry 
became  very  uncomfortable  with  his  beliefs,  deciding  that  maybe  he  had  no  understanding 
of  how  to  become  a  teacher. 

Conclusion 

It  is  clear  that  the  activities  we  developed  were  not  uniformly  effective.  They  enabled 
Greg  to  reconceptualize  his  beliefs  about  mathematics  and  the  teaching  of  mathematics. 
For  Henry,  they  caused  considerable  consternation  as  he  was  never  really  willing  to 
internalize  the  activities.  Nancy  demonstrated  growth,  albeit  hampered  by  her  willingness 
to  acquiesce  to  authority-a  condition  that  impeded  her  development  in  her  first  year  of 
teaching.  What  we  considered  important  is  that  we  have  an  orientation  that  allows  us  to 
conceptualize  teacher  development  and  provides  us  with  a  basis  to  reconsider  and  reshape 
future  teacher  education  activities.  It  is  that  orientation  that  elevates  the  art  of  conducting 
teacher  education  to  that  of  a  disciplined  field  of  inquiry. 
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STUDENTS'  REPORTS  OF  THEIR  LEARNING  ABOUT  FUNCTIONS 


Crawford.  K..  Gordon,  S.,  Nicholas,  J.  and  Prosser,  M. 

University  of  Sydney  La  Trobe  University 


Abstract 


The  concept  of  a  function  is  fundamental  to  mathematics.  This  paper  reports  on  a 
study  that  explores  the  qualitatively  different  ways  that  over  five  hundred  first  year 
mathematics  students  at  the  University  of  Sydney  conceptualised  functions.  An 
exposition  of  the  phenomenographic  approach  taken  and  the  methods  used  to 
categories  the  students'  responses  are  reported.  The  range  and  distribution  of  their 
expressions  raises  questions  about  the  nature  of  students'  mathematical 
experiences. 

Introduction 

This  paper  reports  on  pan  of  a  larger  interdisciplinary  project  which  aims  to  investigate  students' 
conceptions  of  mathematics  and  their  approaches  to  learning  it  on  entering  university.  The  study  also 
explores  the  relationships  between  these  prior  conceptions  and  approaches  and  students'  experiences 
of  mathematics  at  university. 

In  stage  one  of  the  project  it  was  found  that  students  entering  university  held  a  range  of  conceptions 
of  mathematics  and  approaches  to  learning  it  (Crawford,  Gordon,  Nicholas  Sc.  Prosser,  1993).  The 
students'  conceptions  of  mathematics  ranged  from  viewing  it  as  a  fragmented  collection  of  formulae, 
rules  and  procedures,  to  viewing  mathematics  as  a  cohesive  theory  which  provides  insights  into  the 
physical  world.  The  students'  approaches  to  learning  mathematics  ranged  from  rote  memorisation 
with  the  intention  of  reproducing  knowledge  to  seeking  to  understand  the  ideas  of  abstract 
mathematics  and  the  situations  in  which  the  theory  could  apply.  An  analysis  of  these  responses 
revealed  that  the  vast  majority  of  students  viewed  mathematics  as  a  necessary  set  of  rules  and 
procedures  to  be  learned  by  rote.  The  survey  results  also  indicated  a  relationship  between  students' 
conceptions  of  mathematics  and  their  approaches  to  studying  mathematics  at  university  level.  There 
was  no  evidence  of  gender  differences  in  either  conception  of  mathematics  or  approach  to  learning. 

The  second  stage  of  the  project,  in  addition  to  clarifying  information  about  students'  conceptions  of 
mathematics  and  their  approaches  to  learning  it  on  entering  university,  also  collected  data  about  their 
mathematical  experiences  at  university.  In  particular  this  paper  reports  on  the  data  analysis  and 
investigations  of  that  part  of  the  project  concerned  with  students'  understandings  of  a  fundamental 
mathematical  concept,  namely  that  of  a  function. 
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Theoretical  background 


Experiences  with  mathematics  at  school  are  widely  believed  to  prepare  students  for  later  learning  at 
university  level.  Research,  at  school  and  university  levels,  indicates  that  learners'  previous 
experiences  influence  the  quality  of  their  approaches  to  learning,  attitudes  to  and  outcomes  in  learning 
mathematics  (Clarke,  1985;  Crawford  1983, 1986, 1990;  Resnick,  1987;  Ramsden,  1991).  There 
are  also  indications  that  students'  conceptions  of  mathematics  and  their  orientations  to  study  affect  the 
quality  of  cognitive  activity  and  of  learning  outcomes  (Cobb,  Yackel  &  Wood,  1992;  Crawford, 
1986, 1990;  Solomon,  1989).  It  would  be  expected  that  students  would  enter  university  with  a  range 
of  conceptions  of  mathematics  and  general  predispositions  to  mathematics  learning  derived  from  their 
school  activities. 

The  interest  in  the  student's  awareness,  that  is  the  focus  of  this  paper,  stems  from  an 
acknowledgment  that  learning  is  a  human  activity  that  occurs  in  a  cultural  context.  Thinking  does  not 
occur  in  isolation.  Phenomenographic  research,  pioneered  by  the  Gothenburg  School  (Marton, 
1988),  describes  the  qualitatively  different  ways  subjects  relate  to  phenomena.  This  approach  views 
phenomena  systemically  and  avoids  the  boundaries  in  traditional  psychology  between,  thinking, 
feeling  and  acting  -  between  person  and  context  Like  Vygotsky  (1978),  but  unlike  the  constructivist 
position,  there  is  no  assumption  of  a  cartesian  duality  between  self  and  context;  between  thinking  and 
acting.  That  is,  socio-cultura)  and  cognitive  processes  are  interdependent  and  interactive  (Vygotsky, 
1962). 

This  relational  view  of  learning  has  formed  the  basis  of  much  of  the  research  into  student  learning  in 
higher  education  (Gordon,  in  press;  Marton,  Hounsell,  &  Entwistle,  1984;  Prosser  &  Millar,  1989; 
Trigwell  &  Prosser,  1991a,  1991b).  In  summary,  that  research  indicates  that  learners'  experiences 
should  be  considered  as  involving  their  orientations  in  context,  the  ways  they  relate  to  the  learning 
environment,  their  goals  or  intentions,  as  well  as  their  learning  strategies. 

The  phenomenographic  research  approach  developed  by  Marton  (Marton  and  Saljo,  1984;  Marton, 
1988)  has  been  used  in  this  study  to  analyse  students'  conceptions  of  the  notion  of  a  function  in  their 
responses  to  assessment  tasks  at  university  level. 

Research  Method  and  Results 

Over  five  hundred  of  the  students  enrolled  in  the  mainstream  first  year  mathematics  course  were 
surveyed.  Students  from  this  course  are  mainly  enrolled  in  degrees  in  the  Faculties  of  Arts, 
Engineering  and  Science,  and  are  majoring  in  mathematics  or  may  be  studying  mathematics  as  a  core 
part  of  their  degree.  This  course  constitutes  one  quarter  of  their  first  year  program. 
These  students  were  given  the  following  question  as  part  of  a  "take  home"  assignment  in  the  second 
week  of  the  academic  year 
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Each  of  the  following  sets  of  pairs  (x,  y)  may  or  may  not  represent  a  function  from  ( 1,  2,  3)  to 
{a,  b,  c,  d).  Here  x  comes  from  the  set  ( 1,  2,  3)and  y  comes  from  the  set  (a,  b,  c,  d\. 
(i)     {(l,<f),(2,&),(3,<f)}     (ii)     {(l,c).(2,a),(3,W)  (Hi)      {(1,  a),  (3,  c)} 

<iv)   {(l,a),(l,c),(3,<f)}      (v)  {(2.6),(3.c).(l,<0). 

(a)  Identify  the  sets  that  represent  functions  and  state  which  of  these  are  one-to-one. 

(b)  Explain  clearly  why  each  of  the  five  set5  does  or  does  not  represent  a  function. 

(c)  Explain  clearly  why  each  of  the  five  sets  does  or  does  not  represent  a  one-to-one  function. 

The  concept  of  'function'  was  selected  as  this  concept  is  familiar  to  students  from  their  school  studies 
and  is  a  core  topic  of  the  first  year  university  mathematics  course.  A  similar  question  was  asked  in 
the  examination  at  the  end  of  the  first  semester.  This  was  in  an  effort  to  find  out  if  any  changes  in 
thinking  had  occurred  after  some  experience  of  mathematical  activity  at  university  level. 
In  accord  with  the  phenomenographic  approach,  particular  attention  was  paid  to  the  ways  in  which 
the  phenomenon  under  investigation  was  categorised  and  interpreted.  A  particular  concern  for 
qualitative  researchers  is  to  develop  methods  for  reaching  agreement  on  shared  meanings  while 
recognising  that  all  interpretations  are  subjective.  For  this  reason  considerable  time  and  effort  was 
expended  in  achieving  the  major  result;  the  set  of  categories  that  describe  the  data. 
An  initial  meeting  was  held  to  discuss  preliminary  ideas  about  how  this  analysis  should  proceed.  The 
analysis  was  developed  during  a  number  of  further  meetings.  The  analysis  was  done  as  follows: 
A  sample  of  twenty  papers  was  taken  away  by  each  of  the  five  researchers,  three  of  whom  are 
mathematicians,  and  two  educators.  Student  responses  were  investigated  independently  by  each  of 
the  researchers  in  order  to  identify  a  provisional  set  of  categories  of  description. 
At  each  meeting  the  emerging  categories  were  discussed  and  clarified  and  'inter  subjective'  agreement 
among  the  researchers  reached.  The  researchers  then  independently  recategorised  the  sample  data 
according  to  the  agreed  draft  categories  to  test  that  the  meanings  of  the  categories  were,  in  fact, 
shared.  In  this  way  the  categories  were  refined  in  a  cyclical  process. 

One  researcher  then  categorised  all  assignment  and  examination  papers.  Any  paper  that  was  found  to 
be  difficult  to  categorise  was  discussed  by  the  group  and  difficulties  resolved. 
The  analysis  of  the  students'  written  responses  to  the  assessment  tasks  reported  above  resulted  in  the 
development  of  a  set  of  categories  of  description  of  students'  understandings  of  the  concept  of  a 
function.  Brief  descriptions  of  the  categories  and  illustrations  of  typical  student  responses  are  given 
in  Table  1.  It  should  be  emphasised  that  the  categorisation  was  not  affected  by  whether  the  student's 
answer  was  correct.  This  focus  is  fundamentally  different  from  the  usual  judgements  made  about  a 
student's  mathematical  work. 


Table  1 

Categories  of  Description  of  Student  Responses  to  Assessment  Tasks  about  Functions 


Category 


Illustrative  example  of  student  response 


A.  Choosing  and  reproducing  a  b(i) 
representation  of  a  function 
only 


Expresses  the  idea  of  the 
concept  of  a  function  and 
relates  the  representation  to 
the  concept 


Expresses  the  idea  of  the 
general  concept  of  a 
function  in  abstract 
mathematical  terms 


Is  a  function  because  all  numbers  in  set  A  have  arrows 


B.  Choosing  and  reproducing  a  c(i) 
representation  of  a  function 
but    also   showing  an 
awareness  of  the  concept 


Each  element  of  set  or  is  a  unique  element  of  set  B, 
.-.  is  a  function.  ie.,/Uc  -» y,  where  x  is  a  unique 
element /(x)  of  y. 

c(i)  Let  x  e  A  and  y  e  B.  Therefore  set  (i)  does  not 
represent  a  one-to-one  function  since  when  x  =  1, 
y  =  d  and  when  x  =  3  y  is  also  equal  to  d. 
Therefore  each  value  of  x  doesn't  have  a  different 
corresponding  value  of  y. 


c)  For/to  be  a  one-to-one  function,  it  first  must  be  a 
function.  So  the  only  sets  to  consider  are  those  that 
represent  functions:  (i),  (ii),  and  (v). 

(i)  This  function  is  not  1:1  as/U)  ~A$)  *  d. 

(ii)  and  (v)  Both  are  1 : 1  functions  as  they  satisfy 
/d)*/(2)  *«3). 

In  other  words,  V  x,  y  e  A,  x  *  yoflx)  *  fly). 
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In  categories  A  and  B,  the  focus  of  the  student's  response  was  on  a  representation  of  the  function,  for 
example,  an  arrow  diagram.  In  categories  C  and  D,  the  focus  was  on  the  general  concept  of  the 
function  itself  with  possibly  the  use  of  a  representation  for  clarification.  Hence,  the  categories  can  be 
regarded  as  inclusive  in  terms  of  a  growing  clarity  of  the  students'  expression  of  the  concept  and  a 
consequential  distancing  of  the  representation. 

A  quantitative  analysis  is  currently  in  progress,  which  will  specify  the  distribution  of  responses  in  the 
categories,  both  for  students  at  the  beginning  of  their  mathematics  course  and  after  one  semester  of 
university  mathematics.  However,  an  initial  quantitative  analysis  indicates  that  the  vast  majority  of 
students'  responses  were  in  categories  A  and  B. 

Discussion 

This  paper  has  focussed  on  both  the  process  of  developing  categories  for  the  students'  responses  and 
on  the  categories  themselves. 

The  phenomenographic  method  has  provided  insights  into  students'  conceptions  of  a  function.  The 
method  used  for  developing  categories  of  description  from  the  data,  rather  than  imposing  categories 
based  on  theories  of  learning,  for  example  a  SOLO  taxonomy,  has  improved  the  ability  of  the 
researchers  to  explore  students'  awarenesses.  The  use  of  students'  explanations  of  a  mathematical 
concept,  although  limited  to  their  awarenesses  and  abilities  to  express  these  in  written  form  during  the 
assessment  task,  has  provided  a  rich  source  of  information  beyond  second  order  interpretation  of 
student  behaviour.  In  addition,  the  method  used  to  achieve  agreement  about  the  categories  of 
description  of  student  explanations  provided  the  interdisciplinary  researchers  with  opportunities  for 
deep  reflection  and  enhanced  understanding  about  student  learning  or  mathematical  ideas. 

The  idea  of  a  function  in  mathematics  is  fundamental  to  the  study  of  mathematics  at  all  levels  at 
university.  Therefore,  a  deep  conceptual  understanding  of  a  function  is  essential  to  the  further 
development  of  mathematical  thinking.  The  above  results  indicate  that  students  exhibit  a  wide  range 
of  awarenesses  of  this  concept.  At  one  end  of  the  spectrum,  some  students'  notions  of  a  function  are 
expressed  only  in  terms  of  a  single  aspect  of  it,  namely  a  representation.  At  the  other  end  of  the 
spectrum,  some  students  are  able  to  abstract  the  essence  of  a  function  and  are  able  to  apply  this 
generality  to  a  specific  context  by  using  appropriate  representations.  Further,  the  use  of  the  language 
of  muhematfcs  by  these  students  »  »"  inHiraiinnthat  their  concept  development  is  well  underway. 
This  range  of  student  awarenesses  is  not  likely  to  be  apparent  if  the  assessment  tasks  given  to 
students  only  require  the  reproduction  of  mathematical  techniques. 

Furthermore,  the  results  also  indicate  that  the  majority  of  the  university  students  surveyed  focus  on 
the  representation  of  a  function  rather  than  the  essential  meaning.  This  raises  concerns  that  students' 
experiences  of  mathematics  predispose  them  to  a  fragmented  operational  approach  to  mathematical 


activities.  That  is,  students  focus  on  the  immediate  mathematical  task  rather  than  trying  to  make  sense 
of  the  mathematical  idea  underlying  the  task.  Moreover,  a  concentration  only  on  mathematical 
techniques  in  assessment  tasks  may  inhibit  students  from  developing  a  meaningful  understanding  of 
mathematical  ideas.  The  challenge  for  university  educators  is  to  find  ways  of  providing  experiences 
that  encourage  students  to  seek  a  cohesive  and  meaningful  interpretation  of  mathematical  ideas. 
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In  translating  problems  from  a  verbal  description  to  algebraic  notation,  wc 
consider  what  children  will  do  with  statements  that  do  not  have  the  syntactic 
constructions  that  may  provoke  the  reversal  errors  of  the  "students-professors 
problem."  MacGregor  &  Stacey  (1993)  show  that  children  do  not  follow  a 
simple  word-matching  order  and  postulate  the  existence  of  mental  models  that 
can  be  accessed  in  any  order.  We  hypothesise  that  the  children's  responses  are 
a  natural  consequence  of  their  previous  development  and  show  that,  as  the 
verbal  problems  become  more  complex,  children  are  more  likely  to  revert  to  a 
process-orientation  with  the  arithmetic  operation  on  the  left,  rather  than  an 
assignment  order  with  the  variable  on  the  left.  We  place  this  in  a  theory  of 
cognitive  compression  as  the  children  grow  in  mathematical  sophistication. 

Introduction 

The  "students  and  professors"  problem  of  Clement.  Lochhead  and  Monk  (1981)  has 
unleashed  a  profusion  of  articles  formulating  and  testing  theories  about  conceptualisation 
of  symbols  in  algebra  (see  Laborde  1990  for  a  summary).  Given  the  problem  of 
translating  "There  are  six  times  as  many  students  as  professors"  into  symbols  using  5  for 
the  number  of  students  and  P  for  the  number  of  professors.  37%  of  college  students 
sampled  were  in  error  and  two  thirds  of  these  wrote  65  =  P.  rather  than  5  =  6P.  This 
reversal  error,  has  been  identified  by  some  as  occurring  because  the  letters  are  thought 
to  stand  for  the  objects  (students,  professors)  rather  than  the  number  of  objects  and 
Kaput  (1987)  suggested  that  this  was  strongly  influenced  by  the  underlying  language 
syntax  where  the  "65"  suggested  an  adjective-noun  structure  meaning  "six  students". 
This  leads  to  a  word  order  matching  error  (or  syntactic  translation)  which  essentially 
follows  the  word  order  of  the  original  problem  (e.g.  Schoenfcld,  1985;  Mestrc.  1988). 
Herscovics  (1989)  contrasted  syntactic  translation  with  semantic  translation,  which 
attempts  to  interpret  the  underlying  meaning. 

MacGregor  &  Stacey  (1993)  asked  students  to  translate  more  simple  statements  into 

algebra  and  reported  that  there  were  responses,  including  errors  which  could  not  be 

adequately  described  by  syntactic  translation.  They  concluded  that  the  students  must 

have  "cognitive  models"  including  some  easily  described  in  natural  language  (such  as  "1 

have  $6  more  than  you")  but  less  amenable  to  translation  into  mathematical  code: 

The  variety  and  form  of  students'  responses  leads  us  to  infer  some  properties  of  their 
cognitive  models  and  to  postulate  that  infoniiation  from  these  cognitive  models  can  be 
retrieved  in  any  order.  Such  a  retrieval  process  would  expl  <in  the  apparently  random  choice 
of  responses  that  match  or  do  not  match  the  word  order.  (N  lacGrcgor  &  Stacey.  1993,  p.  228.) 
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The  evidence  that  we  have  partly  supports  this  view.  However,  we  do  not  consider  that 
all  children  have  cognitive  models  which  can  be  retrieved  in  any  order.  Instead  we 
suggest  that  the  models  developed  by  children  are  a  result  of  their  previous  experience 
which  requires  several  reconstructions  to  allow  them  to  develop  models  with  a  flexible 
use  of  order  of  access.  This  relates  to  their  learning  experiences  in  mathematics,  their  use 
of  symbols,  and  the  natural  process  of  compression  of  knowledge  with  growing  maturity. 

A  theory  of  learning  in  arithmetic  and  algebra 

We  begin  with  the  simple  observation  that  the  human  brain  has  a  huge  long-term 
memory,  but  a  limited  short-term  working  store.  It  can  therefore  store  vast  quantities  of 
information,  but  can  only  manipulate  a  small  number  of  items  consciously  at  any  time. 
To  cope  with  this  limitation  in  mathematics,  two  strategies  are  adopted,  one  to  routinise 
procedures  so  that  they  can  be  performed  using  little  conscious  memory,  and  a  more 
powerful  one  using  symbols  to  label  complex  information  allowing  a  small  number  of 
symbols  to  be  the  ..  cus  of  attention  at  any  one  time.  These  symbols  are  used  by  experts 
in  a  particularly  flexible  way  in  arithmetic  and  algebra  by  labelling  a  process  with  a 
symbol  which  then  is  also  used  for  the  concept  produced  by  that  process. 
Perceiving  a  symbol  as  either  process  or  concept  gives  great  power  to  the  individual,  for 
the  process  enables  him  or  her  to  do  mathematics,  but  the  concept  allows  him  or  her  to 
think  about,  it  and  manipulate  it  mentally.  A  symbol  standing  for  both  process  and  the 
output  of  that  process  is  called  a  procept,  with  the  additional  factor  that  two  different 
symbols  which  represent  the  same  object  can  be  regarded  as  the  same  procept  (Gray  & 
Tall,  1994).  Mental  manipulation  of  procepts  gives  the  thinker  great  power.  The 
flexibility  in  thought  grows  over  time  as  the  individual  compresses  the  process  to  allow 
it  to  be  thought  of  as  an  object.  The  proceptual  child  grows  to  regard  different  symbols 
for  the  same  thing  as  being  essentially  the  same  object,  whilst  the  procedural  child 
persists  longer  in  regarding  them  as  different  processes  (Gray  1993). 
Early  arithmetic  involves  the  process  of  counting  which  becomes  compressed  into  the 
concept  of  number  with  number  symbols  fulfilling  the  pivotal  role.  The  expression  "5+4 
can  mean  different  things  to  different  children  at  different  stages,  including: 

(a)  count-all  (count  5  objects,  then  4,  then  count  them  all). 

(b)  count-on  (count  on  four  starting  after  5  ("six.  seven,  eight,  nine"), 

(c)  known  fact  (the  answer  is  9). 

(d)  derived  fact  (e.g.  "1  know  5  and  5  is  1 0.  so  5  and  4  is  one  less"). 

A  child  may  have  one  or  more  of  these  interpretations  at  a  given  time.  Those  who  only 
count-all  may  know  a  few  facts,  but  are  unlikely  to  derive  facts  (Gray  &  Tall.  1994). 
Some  children  remain  procedural  and  prefer  the  security  of  counting-on  to  solve 
numerical  problems.  More  successful  children  leave  count-all  behind  and  compress 
knowledge  with  great  flexibility  and  fluency  using  a  combination  of  (b).  (c)  and  (d). 


Depending  on  the  development  of  the  child  in  this  sequence  of  learning,  the  following 
equations  may  have  very  different  meanings: 

(i)  5  +  4=  □.  (ii)5  +  n  =  9.  (imQ+4=9.  (iv)  0  =  5  +  4. 
The  first  of  these  can  be  answered  by  any  of  the  four  named  processes  of  addition,  the 
second  is  difficult  with  count-all.  but  straightforward  witli  the  other  techniques  (for 
instance,  count-on  from  5.  and  count  how  many  are  required  to  reach  9.)  The  third  is 
difficult  with  count-on  because  the  child  does  not  know  where  to  start  the  count  (foster 
in  prep.).  The  fourth  may  make  little  sense  to  any  child  who  reads  an  equation  as  a  left- 
to-right  process  to  given  an  answer  (Kicran.  1981).  For  such  children  there  is  a 
preference  to  express  the  equation  9=5+4  as  an  addition  process  5+4=9  (5  and  4  makes 
9).  In  practice,  the  difference  between  (ii)  and  (iii)  is  ephemeral,  and  children  soon  see  it 
to  be  equivalent  to  a  subtraction,  but  (iv)  continues  to  surface  strongly  later  in  algebra. 

Many  children  have  difficulty  with  a  symbol  such  as  "v+3"  which  they  will  not  accept  as 
an  answer  because  they  expect  a  number  (Kuchemann.  1981 ).  From  our  viewpoint,  such 
children  see  the  symbol  .v+3  as  a  process  and  not  a  mental  object  -  a  process  they  cannot 
carry  out  because  they  do  not  know  what  x  is.  To  be  able  to  cope  with  such  a  symbol 
requires  not  only  that  it  be  given  a  meaning,  but  that  the  meaning  should  cope  with  it 
both  as  a  process  (of  evaluation  when  .v  is  known)  and  also  as  an  object  which  can  be 
manipulated  as  it  stands.  It  requires  the  flexibility  which  views  the  symbol  as  a  proccpt. 

Such  a  view  is  not  available  to  a  child  who  regards  number  operations  only  as  counting 
procedures.  Regrettably,  in  traditional  teaching,  faced  with  children  in  difficulty  and 
lacking  in  comprehension,  the  way  out  is  often  "fruit  salad'"  algebra.  The  symbol 
"3a+4b"  is  explained  to  stand  for  "three  apples  and  four  bananas".  Some  children  who 
play  along  with  this  delusion  are  able  to  sort  out  "3a+4b+2a"  as  "three  apples  and  four 
bananas  and  two  apples",  which  is  "five  apples  and  four  bananas",  or  "5a+4b".  So  they 
appear  to  be  able  to  simplify  expressions.  But  they  now  have  an  image  of  a  letter  as 
representing  an  objec.  set  up  ready  lo  fall  foul  of  the  student-professor  problem.  Other 
children  might  simply  conclude  that  "3a+4b+2a"  is  "nine  apples  and  bananas"  and  - 
since  they  have  no  mathematical  symbol  for  "and"  -  they  may  write  the  letters  one  after 
another,  conjoining  them  as  "9  a  b".  (see,  for  example,  Booth.  1984). 

Algebra  teaching  further  exacerbates  the  differences  between  proceptual  thinkers  with 
their  flexible  use  of  symbolism  and  procedural  thinkers  who  try  to  give  it  a  temporal, 
process  meaning.  The  equation  symbolism  is  reversed  to  express  v  as  a  function  of  x  in 
the  form  \=x+4.  This  assignment  order  causes  no  problems  to  the  proceptual  thinker  but 
violates  the  meaning  of  the  "equals"  sign  for  the  procedural  child  who  may  prefer  the 
process-oriented  order  x+4=\.  Aesthetic  preferences  are  introduced  -  for  instance,  it  is 
"usual"  to  write  y=3.v+4  rather  than  y=4+3.v,  although  it  is  preferable  to  write  y=4-3.v 
rather  than  y=-?>x+4,  lo  avoid  starting  an  expression  with  a  minus  sign.  Flexible  thinkers 
arc  more  likely  to  take  such  things  in  their  stride,  coping  with  both  the  flexibility  of 
meaning  of  the  symbols  and  arbitrary  matters  of  taste. 
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We  hypothesise  that  proceptual  thinkers  will  have  cognitive  models  that  show  flexibility 
in  meaningful  re-ordering  of  algebraic  symbols,  coloured  by  personal  preferences  based 
on  aesthetics  and  personal  experiences.  But  procedural  thinkers  are  more  likely  to  prefer 
a  process-oriented  order  which  we  hypothesise  will  become  more  dominant  as  the 
complexity  of  problems  increases. 

Empirical  Data 

The  first  problem  of  MacGregor  and  Stacey  (1993)  is: 

z  is  equal  lo  the  sum  of  3  and  y.  Write  this  information  in  mathematical  symbols. 
The  responses  from  255  Year  9  students  (aged  1 3  to  14)  of  mixed  ability  in  Australia  and 
their  interpretation  of  the  responses  as  (possibly)  syntactic  or  not  are  as  follows. 


Response  (possibly  syntactic) 

Frequency 

(a)z  =  3  +  >- 

70 

....  „ 

(c)  z  =  y  +  3 

(e)z  =  3j 

(g)  (unflassiftedl 

Response  (not  syntactic) 

Frequency 

(b)  3 +  >•=.' 

66 

(d)  v  +  3  =  z 

9 

(f)3.v=z 

36 

(h)  | no  attemptl 

10 

Table  1 


Given  that  the  problem  is  phrased  in  the  same  word  order  as  a  possible  algebraic 
solution,  our  viewpoint  would  interpret  that  response  (a)  is  a  natural  direct  translation  but 
(b)  and  (d)  correspond  either  to  flexible  proceptual  equivalents  or  to  process  orientation. 
Given  the  total  lack  of  responses  in  (c).  which  represents  the  aesthetic  order  of  linear 
equations,  we  infer  that  (b)  and  (d)  are  more  likely  process  orientation  rather  than 
random  proceptual  flexibility.  We  would  conclude  that  items  (e)  and  (0  are  more  likely 
to  involve  primitive  conjoining  rather  than  mistaken  multiplication.  The  number  of 
responses  in  the  last  four  (43%)  show  a  horrendously  large  number  of  children  who  seem 
be  seriously  handicapped  in  learning  algebra. 

We  designed  an  investigation  in  which  three  addition  and  three  multiplication  questions 
increased  in  difficulty,  with  the  first  two  in  each  case  having  syntax  coinciding  with 
algebraic  assignment  order  and  the  third  was  more  complex  so  that  the  syntax  did  not 
easily  suggest  a  specific  order.  Hie  problems  were  given  to  two  groups  whom  we  hoped 
would  be  less  likely  to  produce  conjoining  and  non-responses.  One  was  a  group  of  75 
Year  9  students  (age  13  to  14)  in  a  highly  selected  school  in  Britain  representing  roughly 
the  top  35%  of  the  total  population.  The  other  was  a  group  of  128  second  year  university 
students  training  to  be  teachers  of  children  aged  4  to  1 2.  representing  the  top  20%  of  the 
population  overall.  (  These  teachers  are  not  mathematics  specialists  and  the  vast  majority 
will  not  have  studied  mathematics  for  over  three  years.)  The  responses  of  three  questions 
similar  to  those  of  McGregor  and  Stacey  art  given  in  Table  2.  the  codes  s.  a.  p.  r,  X, 
standing  for  syntactic,  assignment-oriented,  process-oriented,  reversal,  correct  and 
incorrect,  respectively. 


o 

ERIC 
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Item 

Response 

School 

University 

(1)  y  is  equal  to  x  plus  four. 

65 

107 

y  =  A+x 

...  £ 

0 

0 

x  +  A  =s  y 

„  ^ 

9 

15 

A  +  x  =v 

0 

2 

V  =  x  +  A  or  .x  +  4  =  v 

1 

3 

other 

V 
X 

0 

0 

j 

no  response 

V 
X 

0 

1 

1  (2)  w  is  equal  to  the  sum 

*V  —  J  +        |  W  =(.7  +  N)l 

as^ 

52 

91 

1  of  3  and  n 

w  =  rt  +  3 

A  ✓ 

4 

2 

1 

3  +  n  =  u>  1(3  +  n)  =  ivl 

p/ 

10 

30 

n  +  3  =  w 

2 

2 

iv  =  3+nor3+M=  tv 

a/ 

0 

1 

other       le.c.  ?»!=w,  w=3| 

X 

7 

2 

no  response 

X 

0 

0 

(3)  A  school  has  v  girls  and 

v  =  r+10  lv=l()+f,t=l()-vl 

a/ 

41 

33 

t  boys.  There  are  ten  more 

»+10=v    I10+f=v,v-l()  =  fl 

P/ 

24 

44 

I  girls  than  boys.  Write  an 

v+10=r  |l()+f=vl 

prX 

7 

24 

I  equation  relating  v  and  t. 

f=v+10  lv=f-10l 

arX 

1 

4 

other        le.c.  10f=v,  f=10  vl 

X 

2 

20 

no  response 

X 

0 

3 

Table  2  :  Translations  ol  verbal  addition  problems  into  algebra 


Note  that,  in  the  first  two  questions  the  vast  majority  follow  the  given  word  order  y=x+4 
and  w=3+n.  None  reverse  the  right  hand  side  of  (1 )  as  y=4+x,  but  a  small  number  reverse 
the  word  order  in  (2)  to  give  h'=/i+3  (the  aesthetic  order).  There  are  also  no  reversals  of 
the  roles  of  the  variables  (the  syntax  does  not  encourage  reversal).  The  majority  of  the 
remainder  in  both  questions  keep  the  word  order  (.v+4  or  3+n)  of  the  sum.  but  follow  the 
procedural  order.  None  of  the  students  fail  to  answer  question  (I )  correctly  (it  uses  the 
familiar  x  arid  y  in  the  .correct  order)  but  a  small  minority  produce  incorrect  solutions  to 
question  (2)  including  conjoining.  Notice  too  that  the  number  reverting  to  the  procedural 
solution  increases  as  the  problem  becomes  less  familiar.  The  verbal  problem  (3)  is  more 
complex.  There  is  no  clear  equation  syntax  and  the  solver  must  relate  several  different 
pieces  of  information  in  the  mind  at  once  -  the  number  of  girls  (v),  the  number  of  boys 
(0  and  deduce  that  the  second  sentence  means  /  is  10+v.  This  will  place  stress  on  short- 
term  working  memory  and  there  are  more  errors. 

Tables  3  and  4  show  the  diminution  in  algebraic  assignment  and  the  increase  in  process- 
orientation  as  the  complexity  increases.  Using  ax2  test  with  continuity  correction,  the 
change  in  total  process-oriented  from  (1)  to  (2)  is  statistically  significant  (p<0.05) 
amongst  the  university  students  and  from  (2)  to  (3)  is  highly  significant  (p<0.01)  in  both 
groups.  When  the  first  errors  occur  in  (3).  the  process  reversals  exceed  the  assignment 
reversals.  The  difference  is  significant  (p<0.05)  calculated  as  a  subset  of  the  total  school 
population,  highly  significant  (p<0.01)  of  the  corresponding  university  population.  In 
addition,  the  proportion  of  those  using  the  algebraic  assignment  making  an  error  is 
smaller  than  the  proportion  of  those  using  the  process  orientation.  This  difference  is 
highly  significant  in  the  school  students  and  significant  in  the  university  students. 
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Assignment 
oriented 

School  (N=75) 

University  (N=lZt 

t) 

All  (as+a+ar) 

as/+a/ 

arX 

All  (as+a+ar) 

as/+a/ 

arX 

(1) 

65  (87%) 

65 

0 

107(84%) 

65 

0 

(2) 

56  (75%) 

56 

0 

94(73%) 

94 

0 

0) 

42(56%) 

41 

1 

37  (29%) 

33 

4 

Table  3  :  assignment  oriented  notation  and  reversals  in  (1).  (2).  (3) 


Process 
oriented 

School  (N=75) 

University  (IN=12t 

i)  g 

;  All(p+pr) 

P/ 

pr* 

All  (p+pr) 

P/ 

pr*  J 

(1) 

9(12%) 

9 

0 

17  (13%) 

17 

o  J 

12(16%) 

12 

32(25%) 

L  32 

o  I 

31  (41%)  " 

24 

7 

68(53%) 

r  44 

24  | 

Table  4  process  oriented  notation  and  reversals  in  (1),  (2),  (3) 
Table  5  has  three  multiplicative  questions  increasing  in  order  of  difficulty.  The  simple 
multiplication  problem  (4)  induces  more  errors  than  the  addition  problems  ( 1 )  and  (2)  the 
majority  are  process-oriented  in  the  form  5wi=/i  which  multiplies  the  first  two  items  in 
the  sentence  (m  and  5),  but  turns  them  into  the  accepted  ordering  5m.  Question  (5), 
though  complex  uses  pop  groups  familiar  to  students  and  has  the  word  order  in  the  same 
order  as  a  possible  syntactic  solution.  Question  (6)  does  not  have  a  simple  syntactic 
translation  into  algebra  and  causes  even  more  errors. 


litem 

Response 

School 

University 

1  (4)  m  is  5  times  n. 

m  =5n  |m=nx5) 

as/ 

49 

89 

5/1  =  ffl  |»x3=w|  

_5m_  =_«  lwix3='!l  _ 

n  -  5  m 

P./ 

19 

26 

_  PrX 

5 

13 

arX 

1 

0 

other 

X 

1 

0 

no  response 

X 

0 

0  \ 

1(5)  A  record  by  Take  That  is  h  minutes 
long.  A  record  by  Kriss  Kross  is  g 
minutes  long.  The  Take  That  record  is 
three  times  as  long  as  the  Kriss  Kross. 
Write  an  equation  relating  h  and  j;. 

/i  =  3k      |/i=3xK,  h=xrt\ 

as/ 

33 

45  y 

iS  =  K    13*2rM  .  . 

P/ 

31 

50  A 

3''=jl  .  JixM^ix-^l 

prX 

9 

25  1 

A=JI>  lS=Ml-  .- 

other  

arX 

1 

5  D 

X 

1 

no  response 

X 

0 

0  I 

(6)  A  Band  makes  four  times 

r  =  4«       Iz=f/x4.  r=«41 

a/ 

20 

13  \ 

as  many  singles  as  albums. 
1  It  makes  q  albums  and  z  singles 

4«  =  z      14x(7=z.  </x4=zl 

D/ 

23 

59 

4z=rf       I4xz=c/,  :xi=a\ 

prX 

20 

38  i 

a=4z  la=4ml 

arX 

12 

other 

X 

0 

no  response 

X 

0 

Table  5  :  Translations  ot  verbal  multiplication  problems  into  algebra 


Tables  5  and  6  show  the  decrease  in  algebraic  assignment  and  the  increase  in  process- 
orientation  as  the  problems  become  more  complex.  Once  again,  as  difficulty  increases, 
the  numbers  in  all  of  these  categories  increase.  The  change  in  total  process-oriented  from 
(3)  to  (4)  is  highly  significant  (p<0.01)  in  both  groups  and  from  (5)  to  (6)  is  highly 


Assignment 
oriented 

University  <N=12* 

t) 

All  (as+a+ar) 

as/+a/ 

arX 

All  (as+a+ar) 

as/+a/ 

arX 

TO 

50(7%) 

49 

1 

89(70%) 

89 

0 

(5) 

34(45%) 

33 

I 

50(39%) 

45 

5 

(6) 

25(33%) 

20 

5 

26(20%) 

13 

13 

Table  5  :  Assignment  oriented  notation  and  reversals  in  (1).  (2),  (3) 


Process 
oriented 

School  (N=7i) 

University  <N= 121 

k)  "1 

All  (p+pr) 

P/ 

pr* 

All  (p+pr)~ 1 

P/ 

prX  J 

(4) 

24(32%) 

19 

5 

39(30%) 

26 

13  | 

(5) 

40(53%) 

31 

9 

75(59%) 

50 

25  | 

(6) 

■  43(57%) 

23 

20 

97  (76%) 

59 

38  J 

Table  6  .  Process  oriented  notation  and  reversals  in  (1),  (2),  (3) 


significant  amongst  the  university  students.  The  changes  in  the  process-reversal  numbers 
is  significant  from  (4)  to  (5)  in  the  university  students  and  from  (5)  to  (6)  in  both.  The 
number  of  assignment  reversals  is  always  smaller  than  the  number  of  process  reversals, 
at  a  level  which  is  significant  in  school  in  (4)  and  highly  significant  in  all  other  cases.  As 
proportions  of  those  using  the  assignment  order  or  process  order,  the  errors  on  the  latter 
are  highly  significant  in  (4),  significant  in  school  in  (5).  highly  significant  in  university 
in  (5),  but  not  significant  in  either  in  (6).  The  last  statistic  simply  states  that,  although  the 
figures  look  different,  this  difference  could  have  occurred  by  chance  in  more  than  one 
trial  in  twenty. 

Discussion 

As  problem  statements  move  from  being  syntactically  equivalent  to  the  algebraic 
assignment  formulation  to  more  complex  statements,  the  student  responses  increase  in 
their  use  of  process-oriented  statements  with  the  operation  on  the  left  and  the  answer  on 
the  right,  in  cases  where  the  syntax  becomes  too  complicated  to  support  a  straight 
translation  and  the  words  are  used  in  a  way  which  does  not  encourage  the  use  of  letters 
as  objects,  errors  which  reverse  the  roles  of  letters  still  occur.  Such  errors  may  occur 
because  of  the  cognitive  complexity  rather  than  a  specific  syntactic  misconception. 

A  more  detailed  case  analysis  will  be  required  to  distinguish  between  those  who  think  in 
a  flexible  proceptual  manner  and  those  who  are  more  procedural.  Flexible  thinkers  may 
respond  in  either  the  assignment  form  or  a  process-oriented  equivalent,  whilst  the 
procedural  child  is  likely  to  learn  the  algebraic  assignment  mode  as  a  given  procedure 
However,  the  regression  to  process-oriented  representation  with  its  higher  level  of  failure 
is  consistent  with  the  fact  that  the  method  corresponding  to  earlier  experiences  in 
arithmetic  is  evoked  in  times  of  stress  and  proves  to  be  more  prone  to  failure.  We  see 
children  responding  to  the  translation  process  not  only  in  purely  syntactic  word  order, 
but  also  by  attempting  to  make  sense  of  the  data  using  arithmetic  and  algebraic 
constructs  related  to  their  stage  of  development  in  algebraic  sophistication. 
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CHILDREN'S  USE  OF  ALTERNATIVE  STRUCTURES1 


Alice  Alston,  Robert  B.  Davis.  Carolyn  A.  Maher,  and  Amy  Martino 
Rutgers  University 
New  Brunswick,  NJ,  USA 

Students  simultaneously  engage' in  building  up  mental  representations  (or  pieces  of 
mathematics,  extending  these  representations,  selecting  among  them,  mapping  problem  data 
into  a  representation,  and  making  mappings  between  one  representation  and  another.  Data 
from  task-based  interviews  with  fourth  and  sixth  grade  children  demonstrate  the  complexity  of 
this  process,  especially  in  the  coexistence  of  alternative  representations  that  are 
simultaneously  being  constructed  and  may  be  preferentially  selected  for  use  in  any  specific 
task  situation.  (The  data  collected  includes  videotapes,  student  written  work,  and  observer 
notes.) 

It  is  widely  recognized  that  students  build  up  a  sequence  of  different  ways  of  thinking  about 
mathematical  situations.  Fractions,  for  example,  are  typically  thought  of  as  operators  for  an 
extended  period  of  time,  often  years,  before  they  come  to  be  thought  of  as  numbers  --  that  is, 
a  fourth  or  fifth  grader,  asked  to  explain  what  "fractions"  are,  will  typically  answer  in  terms 
of  "one  half  of"  something,  or  "one  fourth  pi"  something.  Careful  study  of  videotapes  of 
fourth,  fifth,  and  sixth  graders  working  on  mathematical  tasks  show  two  modifications  to 
this  traditional  picture:  first,  there  are  many  very  small  developments  that  represent  a  kind 
of  "fine  structure",  a  set  of  smaller  advances  sandwiched  in  between  the  more  familiar 
stages;  second,  there  >s  not  a  one-directional  development,  but  on  the  contrary  many 
different  kinds  of  representations  are  being  developed  (and  used)  at  the  same  time. 
Although  the  work  reported  here  deals  with  fractions  and  combinatorics,  we  do  not  doubt 
that  similar  developments  could  be  found  with  younger  students,  if  simpler  mathematical 
content  were  used. 

"Counting"  vs.  "quantity".  Our  tapes  show  instances  of  fourth  graders  working  with 
Cuisenaire  rods,  who  will  say  that  a  white  rod  (1  cm.  long)  is  "one-fifth"  if  the  yellow  rod  (5 
cm.  long)  is  called  "one",  and  two  white  rods  placed  end  to  end  are  "two  fifths",  but  they 
refuse  to  call  a  red  rod  (two  cm.  long)  "two  fifths",  on  the  grounds  that  "there  aren't  two, 
there's  only  ojrje.  [thing]."  We  identify  this  as  a  counting  stage,  which  quickly  (often  by  the 
next  lesson)  gives  way  to  a  quantity  stage,  where  the  child  recognizes  that  a  train  of  two 
white  rods  has  the  same  length  as  a  train  consisting  of  a  single  red  rod;  the  child  changes 
from  the  criterion  of  counting  separate  pieces,  to  the  more  abstract  notion  of  focusing  on  the 
quantity  of  over-all  length.  While  we  have  not  gone  back  to  study  a  similar  phenomenon 
with  younger  children,  there  must  surely  be  a  stage  where  a  young  child  will  accept  seven 
pennies  as  "seven  cents",  based  on  actual  counting,  but  will  not  accept  a  nickel  and  2 
pennies  as  "seven  cents",  because  there  aren't  seven  observable  separate  entities.  This  is  not 
an  isolated  case.   Careful  analysis  of  videotaped  work  by  children  continues  to  show  us 
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small  "mini-stages"  that  are  sandwiched  in  between  any  stages  we  had  previously  identified. 
These  "mini-stages"  go  by  quickly,  often  by  the  next  lesson,  and  sometimes  within  a  minute 
or  two. 

But  the  language  of  "stages"  may  be  misleading,  since  it  suggests  a  one-directional 
monotonic  development.  In  fact,  many  different  ways  of  thinking  about  a  situation  are 
being  developed  more  or  less  simultaneously,  although  the  development  of  some  will 
proceed  more  quickly  than  the  development  of  others.  In  any  specific  task,  there  is 
consequently  a  need  for  the  student  to  select  which  representation  he  or  she  will  use. 

This  simultaneity,  and  the  need  for  choice,  is  illustrated  in  the  work  of  M.,  a  sixth-grade  boy, 
when  (during  a  videotaped  task-based  interview)  he  was  asked  to  explain  what  a  "fraction" 
is,  and  to  mark  some  fractions  on  a  number  line. 

M.:  Fractions  -  fractions  are  almost  like  dividing  -  and  if  you  have  -  like  one-fourth  ~ 
one  fourth  -  and  the  whole  total  is  about  100  -  so  you  say  like  one-fourth  of  100  ...  one- 
fourth  of  100  is  25. 

M.  did  all  of  this  easily  and  confidently,  and  (as  we  shall  see)  his  confidence  was  not 
misplaced.  He  had  a  good  command  of  many  alternative  ways  of  thinking  about  fractions. 
In  this  part  of  the  interview,  however,  we  would  classify  this  as  thinking  about  fractions  as 
operators,  because  he  explained  "one-fourth"  in  terms  of  "one-fourth  pi  100". 

Asked  if  he  could  use  any  of  the  available  manipulatable  materials  to  say  more  about 
fractions,  M.  put  down  a  yellow  rod,  and  used  white  rods  to  mark  off  fifths  [see  Figure  1]. 


Figure  1 .  M.'s  drawing  to  show  fifths,  including  a  red  rod  called  "two  fifths",  and  1  2/3. 

M.  did  not  hesitate  to  label  the  red  rod  as  "two-fifths",  despite  the  fact  that  there  was  only  a 
single  piece  of  wood;  he  was  clearly  thinking  in  terms  of  the  quantity  length,  and  not 
counting  actual  pieces  of  wood.    He  also  had  no  difficulty  in  deciding  to  name  the  black 


o 
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rod  "one  and  two-fifths".  All  of  this  seems  to  show  the  beginnings  of  another  way  of 
thinking  about  fractions,  as  number-names  for  accumulations  of  the  quantity  length  -  a  step 
toward  being  able  to  think  about  fractions  as  names  for  points  on  a  number  line,  without 
regard  for  any  explicit  inclusion  of  the  operator  meaning.  (Of  course,  as  we  shall  see 
presently,  the  operator  meaning  is  always  present  implicitly,  as  it  is  even  for  sophisticated 
adults.) 


Asked  to  mark  some  points  on  a  number  line,  M.  drew  the  picture  shown  in  Figure  2, 
explaining  that  the  line  went  on  forever,  in  the  positive  direction  to  the  right,  and  in  the 
negative  direction  to  the  left.  It  was  on  his  own  initiative  that  M.  chose  to  mark  negative 
numbers  as  well  as  positive  ones. 


r-H— r— t— f— 1—> 


Figure  2.  M.'s  first  drawing  of  i  number  line.  The  inclusion  of  negatives  canic  from  his  own  initiative. 

We  interpret  a  student's  ability  to  mark  points  on  the  number  line  with  apparent  ease  as 
evidence  that  the  student  is,  to  some  extent  at  least,  able  to  think  of  numbers  rather  than 
merely  operators.  But  what  will  happen  next  in  this  interview,  when  M.  is  asked  to  mark 
some  fractions  on  his  number  line? 


Interviewer  Can  you  show  me  one-half  on  this  number  line  [referring  to  Figure  2]? 
At  first  M.  declined  to  mark  any  fractions  on  his  original  number  line,  saying  quietly: 
Since  it  [the  line]  goes  on  [as  he  had  previously  pointed  out],  you  can't  find  one-half. 

Here  we  get  two  powerful  clues  that  M.  is  thinking  about  fractions  differently  from  integers; 
first,  he  does  not  say  "You  can't  maris  one-half."  Instead,  he  says  "...you  can't  find,  one- 
half,  language  that  you  might  use  in  "finding  one-half  of  something".  But  even  more 
important  is  his  refusal  to  mark  1/2.  In  many  tapes  we  see  children  think  about  "1/2"  not  as 
a  point  that  can  be  marked  on  the  line  in  the  same  way  that  integers  can  be,  but  as  a 
fractional  part  of  the  entire  line  segment  itself.  One  might  suspect  that  M.  is  following  this 
same  line  of  thought  -  witness  his  objection  that  you  can't  find  half  of  an  infinite  line.  But 
even  clearer  clues  are  soon  to  follow. 


Instead  of  marking  fractions  on  his  original  number  line,  M.  started  a  new  number  line,  on 
which  he  first  marked  a  clear  "beginning"  -  so  that,  in  effect,  he  was  drawing  a  ray.  -  and  on 
this  ray  he  marked  a  point  labeled  "1".   He  then  proceeded  to  use  these  two  points  (the 
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unlabeled  "beginning"  and  the  point  labeled  "1")  much  as  an  experienced  adult  would  -  that 
is  to  say,  he  made  use  of  the  operator  meaning  to  locate  1/5, 2/5,  etc.,  as  fractional  parts  of 
the  unit  segment  defined  by  the  "beginning"  and  the  point  labeled  "1".  The  interviewer 
asked  about  what  M.  was  calling  "the  beginning  [of  the  ray]",  and  M.  said  it  should  be 
labeled  "0",  and  marked  it  accordingly.  (See  Figure  3.) 

0  ■/,  a  %  %  '% 

Figure  3.  In  order  10  mark  fractions,  M.  drew  this  new  number  line.  Note  the  absence  of  arrows.  M.  refers  to 
ihc  left-hand  end  of  this  ray  as  the  "beginning",  and  later  labeled  it  "0". 

Is  M.  treating  fractions  any  differently  from  integers?  Thus  far  in  the  interview  the 
evidence  might  still  be  seen  as  inconclusive.  The  interviewer,  however,  was  persistent: 

Interviewer:  That  means  you  can't  put  fractions  on  ihatone  (referring  back  to  the  original 
number  line,  shown  in  Figure  2]?  Why  not?  Or  can  you? 

M.  now  draws  a  third  number  line,  and  labels  it  in  a  quite  remarkable  way  --  see  Figure  4. 


Figure  4.  In  this  single  diagram,  M.  treats  integers  in  one  way,  and  fractions  entirely  differently,  He  docs  not 
relate  one  system  to  the  other,  nor  (apparently)  sec  any  need  to  do  so. 


M.  explained  this  picture  by  saying:  "This  [indicating  the  point  labeled  zero]  represents 
zero.  ...  Between  this  [the  point  "0"]  and  this  [the  point  2],  this  [the  point  labeled  "1 "] 
would  be  one-half.  "  [M.  draws  an  arc  linking  "0"  and  "2".] 


But  now  M.  goes  on  to  extend  this  idea:  "Between  zero  and  three,  this  [the  point  labeled 
"1")  would  be  one-third.  And  between  zero  and  four,  it  [that  same  point,  labeled  "1"] 
would  be  one-fourth."  [M.  draws  arcs  corresponding  to  each  pair  of  points  that  he 
names.]  "And  5  -  one-fifth.  And  6  [drawing  an  arc  from  "0"  to  "6"),  one  sixth.  And 
seven  —  ...  you  keep  on  adding  one  ..." 

So  we  see  that,  within  a  single  picture,  M.  treats  integers  differently  from  the  way  he  treats 
fractions.  The  integers  are  true  numbers,  in  the  sense  that  he  is  comfortable  using  them  as 
labels  for  points  on  the  line;  fractions,  by  contrast,  are  still  operators,,  and  he  locates  them  in 
reference  to  an  assumed  segment,  not  as  marks  on  an  infinite  line. 

The  tape  shows  M.  at  first  refusing  to  mark  fractions  at  all  on  his  original  line.  When 
pushed  by  the  interviewer,  M.  pauses  to  consider,  then  sees  a  new  possibility:  he  can  choose 
"0"  as  the  left-hand  end  of  a  segment,  and  choose  a  right-hand  end  as  any  positive  integer. 
With  this  segment  as  his  unit,  he  can  use  the  operator  meaning  of  a  fraction  in  order  to  mark 
fractions  on  the  number  line.  Of  course,  this  gives  him,  on  one  and  the  same  line,  a 
multiplicity  of  different  labeling  systems.  The  interview  shows  M.'s  great  resourcefulness 
in  creating  a  whole  infinity  of  different  answers  to  the  request  to  mark  fractions  on  the  line, 
but  it  also  shows  him  not  yet  ready  to  consider  the  relations  between  these  different  systems. 
(The  interviewer  pursued  this,  which  we  report  in  a  longer  version  of  this  paper,  to  appear 
elsewhere.) 

Children  using  --  simultaneously!  --  many  different  representations  is  not  uncommon. 
Indeed,  as  one  analyzes  many  instances,  it  seems  clear  that  this  multiplicity  has  to  be  the 
rule,  not  the  exception.  The  reader  may  ask  themselves  how  jjjsy.  would  locate,  say,  2  1/3 
on  a  number  line  -  surely  by  making  use  of  the  operator  meaning,  applied  to  the  interval 
(2,3).  Learning  mathematics  involves  building  up  many  different  representational 
capabilities,  and  using  many  of  them  more-or-lcss  simultaneously,  even  while  this  act, 
itself,  needs  to  lead  to  extensions  and  modifications  of  the  various  representations. 

Our  taped  interviews  show  even  more  elaborate  instances  of  children  using  different 
representations,  and  making  mappings  from  one  to  another.  Brandon,  a  4th  grader,  had 


completed  the  task  of  finding  all  possible  towers,  4  cubes  tall,  if  cubes  were  available  in  2 
different  colors.  Five  months  later  he  was  asked  to  find  how  many  different  pizzas  could  be 
made,  if  4  different  toppings  were  available,  and  one  could  also  order  a  "plain"  pizza  with  no 
topping  at  all.  To  solve  the  pizza  problem,  Brandon  made  a  table,  listing  the  toppings  -  "P" 
for  peppers,  "M"  for  mushrooms,  "S"  for  sausage,  and  "Pepperoni"  for  pepperoni  -  as 
column  headings.  He  then  represented  each  possible  pizza  as  a  row  in  his  table,  using  "0" 
to  indicate  the  absence  of  that  topping,  or  "1"  to  indicate  its  presence  (Figure  5). 


Figures.  Brandon's  chart,  showing  every  possible  pizza.  Each  pizza  appears  as  a  row;  columns  show 
loppings.  In  any  row,  a  zero  mens  that  that  topping  is  not  present,  a "  1 "  means  that  it  is. 

The  interviewer  asked  Brandon  if  this  reminded  him  of  anything;  Brandon  responded  that  it 
seemed  similar  to  the  tower  problem  [that  he  had  worked  on  months  earlier].  Brandon  was 
not,  at  first,  able  to  say  how  the  two  problems  were  similar,  because  he  had,  indeed,  solved 
them  by  quite  different  methods  (see  Maher  et  al.,  1993).  The  interviewer  was  persistent, 
and  Brandon  reworked  the  tower  puzzle,  using  red  and  yellow  cubes.  After  some 
intermediate  steps,  Brandon  saw  that  he  could  establish  a  correspondence,  with  red  cubes  in 
towers  corresponding  to  "0's"  in  the  able,  and  with  yellow  cubes  corresponding  to  Ts*.  As 
Brandon  said:  "I  finally  found  out  what  the  red  would  be  ...  the  red's  the  'zero  guy'." 
Brandon  had  established  a  correct  isomorphism  between  the  set  of  possible  pizzas, 
represented  as  rows  in  his  chart,  and  the  set  of  possible  towers  that  were  4  cubes  tall  -  a  feat 
that  was  possible  because  of  the  "0, 1"  notation  that  Brandon  had  invented  to  keep  track  of 
all  possible  pizzas.  In  dealing  with  two  different  combinatorics  tasks,  Brandon  had 
invented  two  different  representational  structures,  and  was  then  able  to  show  that  they  were, 
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in  fact,  equivalent.  As  with  M.'s  attempts  to  marie  fractions  on  a  number  line,  Brandon's 
correspondence  was  not  achieved  without  effort;  he  went  through  many  different  selections 
of  possibly-suitable  representations  and  correspondences  between  representations  --  for 
example,  at  one  point  seeming  to  invoke  the  notion  of  zero  as  "nothing",  and  arguing  that,  in 
the  case  of  the  towers,  (0,  0,  0,  0)  would  correspond  to  no  tower  whatsoever,  before 
changing  the  way  he  mapped  the  reality  of  towers  into  an  abstract  scheme,  and  concluding 
that  "the  red's  the  'zero  guy'."  Consequently,  (0, 0, 0, 0)  would  mean  a  tower  that  contained 
no  yellow  cubes  -  i.e.,  a  tower  that  consisted,  only  of  red  cubes. 

Brandon's  ingenuity  may  be  unusual,  but  the  general  shape  of  his  work  is  not.  Students 
typically  construct  or  retrieve  many  alternative  representations,  and  make  many  trial 
mappings  between  reality  and  representations,  or  between  different  representations,  as  they 
work  to  develop  better  ways  of  thinking  about  mathematical  situations.  Careful  readers 
may  have  noted  many  more  schemas  than  we  have  space  to  identify  -  for  example,  the 
"mid-point  schema",  relating  "one-half  to  a  variety  of  different  segments.  Not  only  "large" 
schemas  are  involved,  but  also  a  great  many  "smaller"  ones.  (The  general  theory  of 
selecting  among  alternative  mental  representations  is  presented  in  detail  in  Davis,  1984.  For 
relevant  work  on  fractions  [or  rational  numbers],  see  Freudenthal,  1983;  Lesh  &  Landau, 
1983;  and  Streefland,  1991.  For  the  study  of  the  minute  details  of  a  student's  thinking,  see 
Schoenfeldetal.,  1993.) 
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Abstract 


There  is  substantial  empirical  evidence  showing  the  impact  of  number  type  on  the  solution  of 
problems  with  a  multiplicative  structure.  The  theory  of  the  intuitive  models  of  arithmetic 
operations  is  today  the  most  plausible  theoretical  account  for  these  findings.  In  an  attempt  to 
contribute  to  a  belter  understanding  of  the  number  type  effects,  a  study  was  carried  out  in 
which  student-generated  word  problems  were  used  as  data  to  test  systematically  a  series  of 
predictions  derived  from  the  theory  of  the  intuitive  models. 

Introduction 

Research  has  shown  that  the  type  of  numbers  in  multiplicative  word  problems  is  an  important 
determinant  of  their  difficulty  level.  More  specifically,  students  of  different  ages  have  diffi- 
culties with  decimal  multipliers  and  divisors,  especially  when  the  decimal  is  smaller  than  1,  and 
with  divisors  that  are  larger  than  the  dividend  (see  Greer,  1992).  For  example,  De  Corte, 
Verschaffel,  and  Van  Coillie  (1988)  have  shown  that  with  respect  to  multiplication  problems 
12-year-old  students  are  better  at  choosing  the  correct  operation  from  a  series  of  six  alternatives 
when  the  multiplier  is  an  integer  than  when  it  is  a  decimal  larger  than  1;  but  problems  with  a 
decimal  multiplier  smaller  than  1  are  still  more  difficult.  The  most  frequently  occurring  error  is 
dividing  instead  of  multiplying.  Similar  number  type  effects  have  been  reported  for  division 
problems.  In  a  study  with  large  groups  of  10-,  12-,  and  14-  year-olds,  Fischbein,  Deri,  Nello, 
and  Marino  (1985)  found  that  only  a  small  percentage  of  pupils  succeeded  in  selecting  the 
correct  operation  for  problems  with  a  decimal  divisor  smaller  than  1;  the  most  common  error 
consisted  of  multiplying  both  numbers.  Problems  with  a  divisor  larger  than  the  dividend  caused 
also  many  errors;  most  of  the  mistakes  originated  from  dividing  the  larger  number  by  the 
smaller  one. 

The  most  plausible  theoretical  account  today  for  these  findings  is  provided  by  the  concept  of 
intervening  primitive  intuitive  models  of  arithmetic  operations  introduced  by  Fischbein  et  al. 
( 1985).  Research  relating  to  this  concept  is  mostly  based  on  multiple-choice  tests  in  which  the 
subjects  were  asked  to  choose  the  correct  operation.  This  work  provides  only  partial  support 
for  the  theory  of  Fischbein  (Greer,  1992).  This  article  reports  a  study  in  which  an  alternative 
technique  was  used,  namely  asking  students  to  generate  multiplicative  verbal  problems  as  a 
window  to  their  difficulties  with  this  kind  of  tasks,  and,  consequently,  as  a  contribution  to  the 
further  validation  of  this  theory. 


The  theory  of  primitive  intuitive  models  of  operations 

According  to  Fischbein  et  al.  (1985)  pupils  acquire  a  primitive  intuitive  model  for  every 
arithmetic  operation.  The  choice  of  an  operation  to  solve  a  word  problem  is  mediated  by  these 
intuitive  models,  especially  by  their  implied  constraints.  When  the  numbers  in  a  word  problem 
are  incongruent  with  one  or  more  of  the  constraints  of  the  underlying  model,  the  probability 
that  a  wrong  arithmetic  operation  is  chosen  increases. 

The  primitive  model  associated  with  multiplication  is  repeated  addition:  a  number  of  sets  of  the 
same  size  are  put  together.  Under  the  repeated  addition  interpretation,  one  number  (i.e.  the 
number  of  equivalent  sets)  is  taken  as  the  multiplier,  the  other  (i.e.  the  size  of  each  set)  as  the 
multiplicand.  Two  numerical  constraints  derive  from  this  model:  1.  the  multiplier  must  be  an 
integer;  2.  multiplication  always  produces  a  result  that  is  bigger  than  the  multiplicand. 
In  a  similar  way  Fischbein  et  al.  hypothesize  the  existence  of  two  primitive  models  for  division: 
the  partitive  and  the  quotitive  models.  In  the  partitive  model  a  given  quantity  is  divided  into  a 
specified  number  of  equal  subsets,  and  one  has  to  determine  the  size  of  each  subset.  This  model 
implies  three  constraints:  1.  the  dividend  must  be  larger  than  the  divisor;  2.  the  divisor  must  be 
an  integer;  3.  the  quotient  must  be  smaller  than  the  dividend.  In  the  Quotitive  model  one  has  to 
find  how  many  times  a  certain  quantity  is  contained  in  a  larger  quantity.  This  model  involves 
only  one  numerical  constraint:  the  dividend  must  be  larger  than  the  divisor. 
This  theory  of  the  primitive  intuitive  models  accounts  for  a  number  of  the  empirical  findings 
reported  in  the  literature.  For  instance,  the  robust  multiplier  effect  mentioned  above  involves 
that  problems  with  a  decimal  multiplier  larger  than  1  are  more  difficult  than  those  with  an 
integer  as  multiplier,  and  that  problems  with  a  decimal  multiplier  smaller  than  1  are  even 
harder.  This  is  in  line  with  the  theory:  in  the  first  case  one  numerical  constraint  of  the  repeated 
addition  model  is  violated,  namely  that  the  multiplier  must  be  an  integer;  in  the  second  case  the 
additional  constraint  -  the  outcome  must  be  larger  than  the  multiplicand  -  is  also  violated. 
But,  some  other  observations  with  respect  to  multiplication  problems  are  less  consistent  with 
the  theory.  For  example,  the  multiplier  effect  is  much  weaker  when  students  are  asked  to  solve 
problems  as  compared  to  the  choice  of  operation  task  (De  Corte  et  al.,  1988).  And,  with 
respect  to  division  the  explanatory  power  of  the  constraints  of  the  partitive  and  quotitive  models 
has  so  far  remained  rather  limited  (Greer,  1992).  For  instance,  remarkably  good  results  have 
been  reported  on  partitive  problems  with  a  decimal  divisor  larger  than  1  when  the  dividend  is 
also  a  decimal  larger  than  1  (e.g.,  11.44  :  4.51)  (Bell,  Greer,  Grimison,  &  Mangan,  1989), 
and  problems  with  an  integer  dividend  smaller  than  the  divisor  (e.g.,  5:15)  have  been  found 
to  be  more  difficult  than  those  with  a  decimal  dividend  smaller  than  a  whole  divisor  (e.g.,  4.5  : 
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6)  (Fischbein  et  a)..  1985).  The  theory  of  the  intuitive  models  offers  no  sound  explanation  for 
both  results. 

Referring  to  the  latter  finding  as  well  as  to  their  own  work,  Harel,  Bchr,  Post,  and  Lesh  (in 
press)  have  put  forward  the  idea  that  the  "dividend  larger  than  divisor"  (D>d)  constraint  is  not 
as  robust  as  the  other  two  constraints  of  the  partitive  model.  Fischbein  et  al.  found  that  in  the 
case  mentioned  above  of  a  decimal  dividend  smaller  than  a  whole  divisor,  very  few  students 
reversed  the  numbers  in  solving  such  problems,  as  they  frequently  did  when  both  were 
integers;  an  explanation  for  this  observation  is  that  they  avoided  the  decimal  divisor  resulting 
from  such  a  reversal.  In  their  own  study  Harel  et  al.  observed  that  the  majority  of  the  pre- 
service  and  in-service  teachers  who  failed  on  a  problem  that  had  to  be  solved  by  the  operation 
II  :  2.53  chose  the  inverse  operation  2.53  :  11.  This  supports  the  differential  robustness  idea: 
while  the  correct  operation  violates  the  constraint  that  the  divisor  must  be  an  integer,  the  ap- 
plied inverse  expression  breaks  (he  larger-dividend  constraint. 

!n  an  attempt  to  further  unravel  the  number  type  effects  on  the  solution  processes  of 
multiplicative  problems,  we  carried  out  a  study  in  which  we  used  student-generated  verbal 
problems  to  test  systematically  a  series  of  hypotheses  and  predictions  derived  from  the  theory 
of  intuitive  models. 


Subjects  were  107  12-year-olds,  107  15-year-olds,  and  99  elementary  student  teachers.  They 
were  given  a  collective  test  consisting  of  1 2  multiplicative  number  sentences,  6  multiplications 
and  6  divisions  (see  Table  1).  Two  versions  were  developed  differing  with  respect  to  the 
sequence  of  the  number  sentences,  and,  for  the  multiplications,  with  regard  to  the  order  of  the 
numbers.  The  students  were  asked  to  write  for  each  sentence  a  story  problem  that  could  be 
solved  with  the  given  operation;  however,  they  were  warned  that  "pseudo  word  problems"  like 
"Mother  had  to  divide  0.6  by  0.8.  Can  you  help  her?",  were  not  allowed.  To  restrict  the  possi- 
ble influence  of  computational  skills,  the  outcome  of  each  number  sentence  was  mentioned  in 
brackets. 


Method 


Table  1. 


Multiplicative  number  sentences  used  in  the  present  study 


Multiplication 
a)  9  x  3 


Division 


27 


g)  24  :  3 

h)  6.3  :  9 

i)  5  :  25 
j)  6  :  4.8 
k)  4  :  0.8 
1)  0.6  :  0.8 


8 


b)  6  x  2.8 

c)  8  x  0.9 

d)  7.4  x  3.8 

e)  5.3  x  0.6 
0  0.7  x  0.2 


16.8 


0.7 


7.2 


0.2 


28.12 


1.25 


3.18 


5 


0.14 


0.75 


On  the  basis  of  a  pilot  study  a  schema  in  the  format  of  a  flow  chart  consisting  of  a  series  of 
seven  questions,  was  designed  to  separate  appropriate  story  problems  from  statements  that 
cannot  be  accepted  as  appropriate  problems,  and  to  classify  the  latter  into  categories.  Out  of  the 
3756  collected  statements,  2089  were  considered  as  appropriate;  only  61  inappropriate 
statements  did  not  fit  in  one  of  the  designed  categories.  An  interrater  reliability  of  95% 
obtained  on  a  random  sample  of  1 18  problem  statements,  showed  the  utility  of  the  schema. 

Hypotheses,  predictions,  and  results 

Because  of  space  restrictions,  the  findings  of  the  study  can  only  be  reported  partially  in  this 
article.  First,  the  results  concerning  the  influence  of  the  type  of  number  sentence  on 
performance  are  reviewed.  Next,  the  congruence  of  the  generated  problems  with  the  primitive 
models  is  discussed. 

Influence  of  the  type  of  number  sentence  on  performance 

The  general  hypothesis  was  that  the  nature  of  the  multiplicative  number  sentence  would 
strongly  influence  students'  performance  on  the  problem-generating  task.  More  specifically,  we 
expected  an  increase  in  the  level  of  difficulty  of  the  task  depending  on  the  amount  of 
constraints  of  the  underlying  intuitive  model  that  needed  to  be  violated.  From  this  hypothesis  a 
series  of  predictions  were  derived.  To  test  these  predictions  chi-square  values  were  calculated 
for  the  subgroups  of  subjects  separately  as  well  as  for  the  total  group;  to  assess  significance 
alpha  was  set  at  the  usual  level  of  0.5. 
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Multiplication 

1.  A  significantly  higher  number  of  appropriate  problems  was  predicted  for  the  sentences  a,  b, 
and  c  (see  Table  1)  which  are  congruent  with  the  repeated  addition  model,  than  for  d,  e,  and  f. 
This  prediction  was  confirmed  in  all  groups. 

2.  The  presence  of  an  integer  in  b  and  c  allowed  to  state  a  problem  that  conforms  to  the 
repeated  addition  model.  Therefore,  no  difference  was  expected  between  those  sentences  and  a. 
The  results  support  this  prediction  in  the  groups  of  15-year-olds  and  student  teachers. 
Apparently,  the  presence  of  a  decimal  in  b  and  c  raised  problems  for  the  12-year-olds. 

3.  In  line  with  the  intuitive  model  and  with  the  empirically  robust  multiplier  effect,  it  was  also 
expected  that  the  multiplications  d  and  e  would  yield  more  appropriate  story  problems  than  f. 
Indeed,  whereas  stating  a  good  problem  for  d  and  e  requires  the  violation  of  the  first  constraint 
only  (the  multiplier  must  be  an  integer),  with  respect  to  f  the  second  constraint  has  to  be 
violated  also  (multiplication  makes  always  bigger).  In  none  of  the  groups  a  significant 
difference  between  e  and  f  was  observed.  A  significant  better  performance  was  found  for  d  than 
for  f  in  the  12-  and  15-year-olds  only. 

4.  The  presence  of  a  decimal  larger  than  1  in  sentence  e  makes  it  possible  to  formulate  a  word 
problem  that  violates  only  tne  first  constraint  of  the  intuitive  model  (multiplier  must  be  an 
integer).  Therefore,  no  difference  between  d  and  e  was  anticipated.  In  contrast  to  this 
prediction  e  yielded  significantly  less  good  problems  in  all  groups.  Apparently,  the  presence  of 
a  decimal  smaller  than  1  in  e  complicated  the  task  seriously. 

Division 

1.  Sentence  g  is  the  only  one  that  satisfies  the  constraints  of  the  quotitive  and  especially  the 
partitive  division  models.  Therefore,  a  significantly  higher  number  of  appropriate  problems  was 
predicted  for  g  than  for  all  other  sentences.  This  prediction  was  confirmed  in  all  groups, 
however,  with  two  exceptions.  Indeed,  in  the  15-year-olds  and  in  the  student  teachers  groups 
no  difference  occurred  between  the  congruent  division  g  and  sentence  h  which  contains  a 
decimal  dividend  larger  than  1  and  a  whole  divisor  larger  than  this  dividend.  These  observa- 
tions are  in  line  with  the  idea  of  Harel  et  al.  (in  press)  that  the  D>d  constraint  of  the  partitive 
model  is  less  robust  than  the  other  two. 

2.  On  the  basis  of  this  differential  robustness  hypothesis  it  was  anticipated  that  h  and  i  would 
both  yield  significantly  more  good  problems  than  j,  k,  and  1.  While  h  and  i  violate  the  D>d 
constraint,  j,  k,  and  1  break  one  or  two  of  the  other  intuitive  rules.  The  data  provide  support 
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for  this  prediction  in  all  cases  but  one;  there  was  no  difference  between  i  and  k  in  the  group  of 
student  teachers. 

3.  Again  in  line  with  the  idea  that  the  D>d  constraint  is  less  robust  than  the  other  intuitive 
rules,  a  significantly  higher  number  of  appropriate  problems  was  expected  for  h  than  for  i.  The 
basis  of  this  prediction  is  that  the  presence  of  a  decimal  dividend  in  h  will  reduce  the  number 
of  reversals  of  dividend  and  divisor  as  compared  to  i.  The  data  confirm  also  this  prediction, 
and,  thus,  provide  additional  support  for  the  differential  robustness  hypothesis. 

4.  Finally,  it  was  anticipated  that  1  which  is  most  incongrucnt  with  the  constraints  of  the 
intuitive  model,  would  yield  significantly  more  inappropriate  statements  than  j  and  k.  The 
results  are  in  line  with  this  prediction  too. 

rnngmepff  of  generated  problems  with  the  intuitive  models 

We  hypothesized  that  students  would  try  to  generate  as  much  as  possible  word  problems  that 
are  congruent  with  the  intuitive  models.  This  hypothesis  was  tested  in  two  ways. 

1.  It  was  predicted  that,  when  confronted  with  a  multiplication  sentence  involving  an  integer 
and  a  decimal  number  (the  sentences  b  and  c  in  Table  1),  students  would  strongly  avoid  to  use 
the  decimal  number  as  multiplier  of  their  word  problem.  The  data  strongly  support  this 
prediction.  For  both  number  sentences  there  was  an  overwhelming  and,  thus,  statistically 
significant  preference  for  the  integer  as  multiplier.  For  instance,  for  sentence  b  (6  x  2.8)  in  253 
out  of  the  260  appropriate  problems  the  integer  was  used  as  the  multiplier.  The  results  for 
sentence  c  were  analogous. 

2.  A  second  expectation  was  that  a  qualitative  analysis  of  the  inappropriate  statements  would 
reveal  a  substantial  amount  of 

unallowed  modifications  of  the  given  numbers  and  calculations  to  conform  the  numerical  data 
to  the  constraints  of  the  intuitive  models.  The  following  findings  confirm  this  expectation. 
To  avoid  violation  of  the  constraint  that  the  multiplier  or  divisor  must  be  an  integer,  students 
rather  often  changed  a  decimal  into  an  integer.  This  error  type  was  very  typical  for  sentence  f 
(0.7  x  0.2):  10%  of  the  inappropriate  statements  belong  to  this  category  (e.g.,  "One  candy 
weighs  0.2  gr.  What  is  the  weight  of  7  candies?"). 

Another  incorrect  modification  consists  of  reversing  the  role  of  the  given  dividend  and  divisor. 
Of  all  inappropriate  statements  for  sentences  j  (6  :  4.8)  and  e  (4  :  0.8),  22%  and  10%  res- 
pectively  were  of  this  type  (e.g.,  "Four  grandchildren  are  visiting  grandma.  They  all  like  milk. 
But  grandma  has  only  0.8  litre  of  milk.  How  much  does  each  child  get?").  In  both  cases  such  a 
reversal  avoids  violation  of  the  constraint  that  the  divisor  must  be  an  integer;  and,  for  sentence 
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e  it  allows  to  bypass  the  intuitive  rule  that  the  quotient  should  be  smaller  than  the  dividend. 
This  finding  also  supports  the  differential  robustness  hypothesis  of  Harel  et  al.  (in  press): 
apparently,  students  prefer  to  state  a  problem  with  a  divisor  larger  than  the  dividend  rather  than 
one  with  a  decimal  divisor. 

Reversing  dividend  and  divisor  was  also  observed  in  10%  of  the  inappropriate  statements  for 
sentence  i  (5  :  25)  (e.g.,  "Five  friends  have  together  25  sandwiches.  How  many  does  each  of 
thern  have?").  This  reversal  avoids  violation  of  the  D>d  constraint.  Interestingly,  not  even  one 
such  a  reversal  was  found  for  sentence  h  (6.3  :  9)  which  would  result  in  having  a  decimal 
divisor.  This  finding  involves  additional  evidence  for  the  differential  robustness  hypothesis 
concerning  the  constraints  of  the  intuitive  division  model. 

Finally,  another  representative  error  consisted  of  using  decimals  to  refer  to  objects  that  can 
only  be  denoted  accurately  by  integers.  By  doing  so,  students  used  decimal  numbers  in  a  way 
that  is  incongruent  with  the  intuitive  models.  For  instance,  this  error  type  accounted  for  25%  of 
the  inappropriate  statements  for  sentence  d  (e.g.,  "A  chicken  lays  3.8  eggs  a  week.  How  many 
eggs  do  7.4  chickens  lay?"),  and  for  28%  of.  the  incorrect  problems  for  sentence  j  (e.g.,  "4.8 
people  measure  together  6  rn.  How  much  for  each  of  them?"). 

Conclusions 

Several  findings  of  this  study  support  the  basic  hypothesis  of  the  theory  of  Fischbein  et  al. 
(1985),  that  the  selection  of  an  operation  for  solving  multiplicative  problems  is  mediated  by 
primitive  intuitive  models  of  the  arithmetic  operations.  In  the  three  age  groups  students  gene- 
rated significantly  more  appropriate  story  problems  for  number  sentences  that  are  congruent 
with  the  intuitive  models  than  for  the  incongruent  ones.  The  impact  of  the  models  was  also 
manifested  in  students'  tendency  to  generate  problems  that  conform  to  their  constraints. 
But,  the  study  also  shows  that  the  theory  of  the  intuitive  models  cannot  appropriately  account 
for  all  the  available  empirical  data.  Indeed,  several  findings  with  respect  to  multiplication  were 
not  in  line  with  the  predictions  derived  from  the  theory.  And,  for  division,  the  present  results 
largely  support  the  idea  put  forward  by  Harel  et  al.  (in  press)  that  the  D>d  constraint  is  less 
robust  than  the  other  intuitive  rules  of  the  partitive  model.  These  findings  even  raise  the 
question  whether  this  constraint  is  an  essential  feature  of  the  primitive  division  model  (see  also 
Greer,  1987). 

In  summary,  while  the  results  of  this  study  are  fairly  consistent  with  the  the  theory  of  Fischbein 
et  al.  (1985),  they  also  suggest  that  in  order  to  fully  account  for  the  available  empirical  data,  it 
is  necessary  to  aim  at  the  design  of  a  more  comprehensive  theory  which  takes  into  account  that 
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solving  problems  with  a  multiplicative  structure  is  influenced  by  a  large  variety  of  factors 
interacting  in  multiple  and  complex  ways.  In  view  of  the  development  of  such  a  theory,  an 
attempt  towards  combining  the  different  approaches  in  research  on  multiplicative  structures 
described  by  Nesher  (1992),  could  possibly  open  new  and  productive  research  perspectives. 
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A  MODELING  APPROACH  TO  UNDERSTANDING  THE  TRIGONOMETRY  OF  FORCES: 

A  CLASSROOM  STUDY 


Helen  M.  Doenr  and  Jere  Confrey 
Cornell  University 


We  present  an  approach  to  mathematical  modeling  that  integrates  physical 
experimentation,  computer  simulation,  and  multi-representational  analytic  tools.  Using 
this  approach,  a  curriculum  unit  was  designed  to  develop  the  relationship  of  a  force 
exerted  at  an  angle  to  its  vertical  and  horizontal  components.  In  this  paper,  we  report  on 
the  models  built  by  five  groups  of  students  in  an  integrated  mathematics  and  science 
classroom.  Through  their  models,  the  students  bridge  the  trigonometric  relationships, 
the  Pythagorean  Theorem  andthenotion  of  force  components.  The  results  of  this 
classroom  study  suggest  that  this  modeling  approach  is  both  productive  and  empowering 
for  studen  ts  and  leads  to  the  formation  of  robust  and  flexible  concepts. 

Introduction 

Over  the  past  decade,  computer  modeling  for  solving  problems  in  science  and  engineering  has 
become  a  well-established  practice  in  the  academic  research  community  and  for  industrial  research 
and  development.  Somewhat  more  recently,  computer  modeling  has  become  of  interest  to  mathematics 
and  science  educators.  The  availability  of  greater  computer  power  at  iowcr  costs  and  a  growing 
interest  in  constructivist  models  of  teaching  and  learning  have  given  impetus  to  the  study  of  computer 
modeling.  Typical  use  of  computer  modeling  in  the  secondary  curriculum  involves  the  manipulation  of 
a  previously  built  model  (an  expert's  model)  within  some  set  of  parameters.  What  is  less  well 
understood  is  the  potential  effectiveness  of  engaging  students  in  the  actual  process  of  building  their 
own  models. 

Modeling,  simulation  and  discrete  mathematics  have  all  been  identified  by  the  National 
Council  of  Teachers  of  Mathematics  (1989)  and  by  the  Mathematical  Sciences  Education  Board 
(1989,1990)  and  other  professional  mathematics  education  organizations  as  important  areas  for 
secondary  school  study.  As  noted  by  the  MSEB,  the  interplay  between  mathematics  and  computer 
technology  opens  up  new  areas  for  investigation  and  study:  "Mathematics  provides  abstract  models  for 
natural  phenomena  as  well  as  algorithms  for  Implementing  these  models  in  computer  languages. 
Applications,  computers  and  mathematics  form  a  tightly  coupled  system  producing  results  never 
before  possible  and  ideas  never  before  imagined"  (1989,  p.36).  To  reach  this  potential,  we  need  to 
gain  i  better  understanding  of  the  processes  involved  in  the  use  of  modeling  and  how  these  might  be 
most  effectively  used  to  improve  students'  problem-solving  skills.  This  study  explores  students' 
understanding  of  the  concept  of  the  relationships  among  the  components  of  a  force  vector,  using 
trigonometric  functions. 
Theortacnl  Framework 

We  begin  with  a  consideration  of  the  conceptual  framework  for  the  modeling  process  and  its 
tools.  We  can  differentiate  between  exploratory  models  and  expressive  models  (Bliss  &  Ogborn, 
1989).  Exploratory  models  are  those  models  that  arc  constructed  by  experts  to  represent  knowledge 
in  some  content  domain.  Learner*  typically  explore  consequences  of  their  actions  within  the 
boundaries  of  these  content  domain  models.  Typical  activities  would  include  varying  Input 


—  264  — 


parameters,  observing  changes  In  output,  explaining  the  consequences  of  certain  actions  and 
conditions.  The  mlcroworlds  developed  by  Papert  (1980)  and  others  are  good  examples  of  this  type  of 
modeling  activity.  Exploratory  models  provide  a  way  of  asking  "can  you  understand  an  expert's  way  of 
thinking  about  a  problem?"  Sabelli  (1993)  and  others  (Forrester,  1991;  Mandinach,  Thorpe,  &  Lahart, 
1988)  argue  that  exploratory  models  provide  powerful  entry  points  for  novices  to  enter  Into  expert 
understandings.  By  providing  students  with  realistic  models  of  complex  phenomena,  they  can  explore 
the  knowledge  domains  of  experts  through  the  variation  of  parameters  and  testing  of  hypotheses. 

Expressive  models,  on  the  other  hand,  provide  learners  with  the  opportunity  to  express  their 
own  concepts  and  to  learn  through  the  process  of  representing  their  concepts,  defining  relationships 
among  components,  and  exploring  the  consequences  of  their  conceptions.  Tools  such  as  spreadsheets, 
Function  Probe,  MatLab,  STELLA,  and  Interactive  Physics  arc  examples  of  the  kind  of  software  that  can 
be  used  In  expressing  and  developing  student-conceived  models  of  physical  phenomena.  Expressive 
tools  provide  a  way  of  asking  "can  you  understand  your  own  way  of  thinking  about  a  problem?" 
Clement  (1993)  argues  that  powerful  models  can  be  built  by  students  by  beginning  with  what  he  calls 
"anchoring  concepts."  These  anchors  arc  correct  concepts  about  which  many  students  have  strong 
Intuitions.  For  example,  most  students  will  agree  that  two  hands  pressed  together  exert  equal  and 
opposite  forces  against  each  other  and  likewise  when  both  hands  pull  on  a  spring.  But  most  students 
will  incorrectly  assert  that  a  book  resting  on  a  able  exerts  a  downward  force  on  the  table,  but  that  the 
table  does  not  exert  a  corresponding  upward  force  on  the  book.  Clement  goes  on  to  argue  that  computer 
modeling  can  provide  a  bridge  between  these  anchor  concepts  and  the  concepts  of  Newtonian  physics. 
Others  (Feurzlg,  1988;  Roberts  &  Barclay,  1988;  Roth,  1992;  Tinker,  1993;  Webb  &  Hassell,  1988) 
similarly  argue  that  models  are  potentially  powerful  tools  for  students  to  act  on  and  reflect  on 
contextual  problems,  thus  building  their  own  understanding  and  their  own  skills  in  problem-solving 
and  analysis.  This  study  is  grounded  in  this  second  view,  which  suggests  a  focus  on  the  tools  for 
modeling  and  on  how  students  use  the  tools  to  construct  their  own  understandings  of  contextual 
problems  In  the  specific  content  area  of  vectors  and  forces. 

The  modeling  process  is  distinguished  In  three  ways  from  the  typical  problem-solving  activity 
In  the  mathematics  classroom  today.  First,  the  building  of  computer  models  by  students  forces  them 
to  make  explicit  their  own  understandings  and  to  explore  the  consequences  of  those  understandings. 
Second,  the  kinds  of  mathematical  representations  that  are  possible  with  computer-based  tools  extend 
far  beyond  algebraic  equations  to  Include  tables,  graphs,  calculator  algorithms,  flow  and  control 
diagrams  and  animations.  Third,  the  Iterative  nature  of  the  modeling  process  provides  the 
opportunity  for  approximate  solutions  which  are  refined  through  analysis  and  evaluation  by  the 
problem  solver.  This  Iterative  process  Includes  both  reflection  on  the  part  of  the  Individual  ("what  do 
I  think")  and  the  communication  of  that  understanding  among  peers  ("what  do  others  think").  This 
process  of  Iteration  Is  not  necessarily  linear.  But  rather,  as  Bell  (1993)  argues,  students  as  modelers 
need  to  spend  time  In  each  of  several  activities  or  nodes:  confronting  and  defining  the  problem, 
deciding  on  a  model  and  operating,  evaluating  and  Interpreting,  and  gathering  data  and  Information. 
Students  develop  their  understanding  as  they  move  back  and  forth  between  these  nodes. 


Description  of  Study 

In  this  study,  we  examine  a  modeling  process  which  integrates  three  component  activities:  the 
action  of  building  a  model  from  physical  phenomena,  the  use  of  simulation  and  multiple 
representations,  and  the  analysis,  refinement  and  validation  of  potential  solutions.  In  particular,  we 
explore  how  and  to  what  extent  these  components  of  the  modeling  process  can  lead  to  the  improvement 
of  student  skills  in  solving  mathematical  problems  in  the  content  area  of  forces  and  vectors.  This 
paper  will  address  the  first  sub-unit,  the  resolution  of  a  force  vector  into  its  horizontal  and  vertical 
components,  posed  as  part  of  the  larger  research  project  on  an  integrated  modeling  approach  for 
building  student  understanding  of  the  concept  of  force  and  enhancing  problem-solving  skills. 
Curricular  Unit 

The  instructional  approach  to  the  unit  is  based  on  the  notion  of  providing  an  essential,  driving 
question  to  motivate  the  inquiry  and  guide  the  students.  The  essential  question  for  this  unit  is: 
"How  will  an  object  behave  if  It  is  traveling  down  a  frictionlcss  inclined  plane?  How  can  you  predict 
the  behavior  of  such  a  object  for  any  randomly  chosen  angle  of  incline?"  This  question  in  turn 
generates  four  sub-units,  each  with  its  own  essential  question:  the  resolution  of  a  vector  into  its 
horizontal  and  vertical  components;  the  effect  of  multiple  vectors  (e.g.  forces)  acting  on  an  object;  the 
relationship  between  force,  mass  and  acceleration,  and  the  role  of  friction  as  it  affects  the  motion  of 
an  object  These  four  units  are  then  integrated  in  a  final  problem  which  is  the  analysis  of  the 
behavior  of  an  object  moving  down  an  inclined  plane.  The  essential  question  for  the  first  unit  Is: 
"When  a  force  is  exerted  at  an  angle,  how  much  of  it  is  horizontal  and  how  much  of  it  is  vertical?  How 
arc  these  forces  related?  What  relationship  can  be  used  to  make  predictions  and  analyze 
components?" 

The  overall  curricular  u  nit  is  designed  around  three  activities:  ( 1 )  the  gathering  of  data  from 
a  physical  experiment,  (2)  the  development  and  exploration  of  a  computer  simulation,  and  (3)  the 
mathematical  (algebraic,  graphical,  and  tabular)  analysis  of  the  data.  The  second  and  third 
components  of  this  unit  are  supported  through  Interactive  Physics  and  Function  Probe,  respectively. 
Critical  to  the  overall  philosophy  of  the  researchers  and  the  high  school  teachers,  this  unit  is 
designed  to  include  extensive  student  discussion  and  reflection,  collaborative  work,  small  and  large 
group  tasks,  and  Individual  assignments.  This  approach  to  the  design  of  the  unit  builds  on  earlier 
work  of  the  research  group  (Noble,  Flerlage,  &  Confrey,  1993). 
Setting 

The  setting  for  this  study  was  the  Alternative  Community  School,  part  of  the  public  school 
system  in  Ithaca,  New  York.  The  school  is  a  member  of  the  Coalition  of  Essential  Schools  and  has  a 
well-established  relationship  with  the  mathematics  education  research  group  at  Cornell  University. 
The  administration  and  teachers  are  actively  engaged  in  curricular  and  instructional  change  in 
mathematics  and  science.  The  classrooms  within  the  school  are  an  open,  flexible  environment  where 
small  group  work  is  common  and  the  expression  of  student  ideas  is  encouraged  and  nurtured.  This 
study  took  place  in  an  integrated  algebra,  trigonometry,  and  physics  class  with  17  students  in  grades 
9  through  12,  who  had  elected  to  take  the  course.  Seven  computers  were  available  for  student  use.  The 
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class  had  used  bolh  Function  Probe  and  Interactive  Physics  In  an  earlier  unit,  so  that  the  effect  of 
learning  to  use  the  software  was  minimized  In  this  portion  of  the  study.  The  class  met  for  a  double 
period  of  l.S  hours  for  four  days  per  week.  The  complete  unit  lasted  approximately  ten  weeks, 
Including  time  for  final  assessment  of  both  small  groups  and  individuals  by  the  classroom  teachers. 

The  class  was  "team  taught"  by  two  experienced  mathematics  and  physics  teachers,  who  arc 
experienced  and  familiar  with  computer  technology  and  the  particular  software.  This  was  the  third 
year  that  they  taught  this  course.  One  of  the  most  Important  aspects  of  the  classroom  was  the  role 
which  the  teachers  took  as  guides  and  facilitators  for  student  Inquiry.  Students  were  consistently 
encouraged  to  explore  their  own  Ideas  and  to  make  sense  of  physical  phenomena  in  a  context  of 
interactions  with  their  small  group,  the  entire  class  and  their  teachers.  There  were  no  textbooks  used 
by  the  students  nor  did  the  teachers  give  lectures. 

The  class  was  divided  Into  five  small  groups  of  3-4  students.  The  small  groups  provided  a 
setting  within  which  to  analyze  and  observe  how  the  students  go  about  interpreting  the  posed  essential 
questions,  generating  and  negotiating  their  conjectures,  devising  their  strategics  for  analyzing  the 
data,  confirming  the  sense  of  one  or  more  conjectures,  and  using  the  tools  and  their  empirical  data. 
Data  Sources  and  Analysis 

Each  class  session  of  this  unit  was  video-taped,  and  during  small  group  work,  one  selected 
group  was  video-taped  throughout.  Written  work  and  computer  work  done  by  the  focus  group  was  made 
available  to  the  researchers.  In  addition,  copies  of  the  computer  models  generated  by  the  students 
were  collected  for  analysis.  Extensive  field  notes  were  taken  by  the  researcher  during  the  class 
sessions.  The  video-tapes  of  class  sessions  were  reviewed  and  selected  portions  were  transcribed  for 
more  detailed  analysis. 
Description  of  Experimental  Setups 

The  unit  began  with  a  simple  physical  experiment:  an  object  of  a  given  mass  was  hung  from  a 
pulley  suspended  on  a  rope  that  was  fixed  at  one  end  and  attached  to  a  spring  scale  at  the  other.  The 
students  were  asked  to  check  the  relationship  between  the  two  angles  made  by  the  rope  with  the 
horizontal  and  between  the  pull  forces  on  each  side  of  the  pulley.  They  were  asked  to  look  for  a 
relationship  between  the  force  in  the  rope  and  the  weight  of  the  mass  and  the  pulley.  The  students 
Investigated  these  questions  in  small  groups  of  3  to  4  students.  After  some  initial  explorations,  the 
class  then  turned  to  an  alternative  setup  for  measuring  a  force  exerted  at  an  angle.  This  time  three 
ropes  pulled  at  a  single  point,  one  rope  at  an  angle,  one  vertical  and  one  horizontal.  After  discussing 
this  setup  and  how  It  compared  to  the  first  experiment,  two  sets  of  measurements  were  taken. 
Results 

The  students  began  by  analyzing  the  pulley  setup.  They  convinced  themselves  that  the  angles 
formed  by  the  rope  and  the  horizontal  arc  In  fact  always  equal,  that  the  length  of  the  string  doesn't 
matter,  that  the  forces  arc  the  same  on  both  sides  of  the  pulley,  and  that  the  force  changes  depending 
on  the  angle.  The  students  soon  realized  that  as  the  angle  with  the  horizontal  decreased,  the  force  In 
the  rope  Increased  dramatically.  Several  groups  of  students  moved  to  graph  their  data  and  they  began 
to  hypothesize  that  the  relationship  between  the  weight  and  the  force  In  the  string  could  be  tangential, 
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parabolic,  or  exponential.  The  second  experimental  setup  was  demonstrated  to  the  class  and  the 
students  began  to  offer  some  conjectures  about  the  relationships  among  the  forces:  Mark  suggested 
that  the  sum  of  the  two  component  forces  might  a  constant.  Art  hypothesized  that  subtracting  the 
vertical  force  from  the  angular  force  should  give  the  horizontal  force.  The  students  broke  into  small 
groups  to  discuss  the  data  and  relationships  of  the  forces  involved,  but  came  to  no  conclusions. 

Through  a  whole  class  discussion,  led  by  the  teachers,  the  students  realized  that  they  did  not 
have  convincing  evidence  about  the  horizontal  forces  that  are  present  when  the  mass  on  the  pulley  is 
being  held  in  place.  The  class  then  addressed  the  question  of  how  to  proceed  to  gather  sufficient 
evidence.  Kris  argued  that  the  key  piece  of  evidence  that  they  need  is  evidence  for  the  existence  and 
magnitude  of  the  horizontal  force.  Karen  questioned  how  they  would  know  that  their  answer  was  right. 
Kris  asserted  that  they  can  verify  a  claim  about  relationships  by  finding  the  same  answers  in 
different  ways. 

The  students  suggested  three  possible  ways  (o 
proceed:  (1)  play  with  the  numbers  that  they 
already  had  on  their  calculators:  (2)  recreate 
the  experiment,  taking  new  data,  measuring  the 
horizontal  force;  and  (3)  use  interactive 
Physics  to  set  up  an  object  and  put  a  force  on 
it.  Cal  suggested  an  experimental  setup 
(Figure  1)  that  would  allow  them  to  measure 
the  horizontal  force.  Mary  claimed  that  this 
letup  would  convince  them  about  the 
horizontal  force  because  the  vertical  and 
horizontal  forces  need  to  balance  the  force  at  an  angle.  The  class  broke  into  small  groups  each  of 
which  chose  an  approach.  Surprisingly,  all  the  groups  elected  to  use  the  simulation  environment 
This  environment  provided  the  students  with  the  ability  to  assemble  mass  objects,  ropes  and  forces, 
along  with  a  set  of  meters  to  measure  time,  position,  tension  and  the  magnitude  of  forces.  The  students 
showed  considerable  diversity  of  approaches  within  the  simulation  environment.  However,  one 
common  element  to  all  the  simulations  was  that  the  students  elected  to  set  gravity  to  zero,  thereby 
having  to  create  explicit  forces  to  represent  the  weight  of  objects.  Two  groups  set  up  models  (Figure 
2)  by  placing  a  vertical,  horizontal  and  an  angular  force  on  a  mass  object. 

Both  groups  verified  that  the  vertical  and  horizontal  components 
were  equal  in  magnitude  when  the  angle  for  the  third  force  was  at 
45  degrees.  For  a  given  horizontal  and  vertical  force,  they  were 
able  to  find  the  magnitude  of  the  third  force  by  resetting  its  value 
until  the  object  remained  motionless.  The  first  group  looked  at  one 
othet  setting  for  the  angular  force  at  60  degrees,  but  did  not 
Figure  2  proceed  beyond  that  to  any  type  of  generalization.  The  second 

group,  on  the  other  hand,  proceeded  to  tako  several  other  readings  as  data  and  then  turned  to  their 
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calculators  to  find  that  the  vertical  force  equaled  the  diagonal  force  times  the  sin  of  the  angle  and  that 
the  horizontal  force  equaled  the  vertical  force  divided  by  the  tangent  of  the  angle:  Fv«F»*sin»  and 
Fh-Fv/tan8i 

The  third  group  built  a  simulation  similar  to  what  was  proposed  by  Cal  in  the  class  discussion. 
Their  model  had  a  mass  held  by  two  ropes,  one  horizontal  and  one  at  an  angle  that  could  be  varied. 
They  then  hung  a  second  mass  from  the  first  and  applied  a  downward  force  of  10  newtons  to  that  mass. 
They  measured  the  tension  in  each  of  the  ropes  and  verified  that  the  Pythagorean  relationship  held  for 
those  three  values.  From  this,  the  group  concluded  that  the  forces  must  be  in  a  right  triangle 
relationship  and  therefore  they  can  use  trig  relationships  to  find  unknown  forces.  They  went  on  to 
vary  the  diagonal  force  and  verify  that  the  trig  relationships  hold.  Thus,  their  simulation  model, 
along  with  trig  relationships  for  right  triangles,  exactly  answered  the  problematic  posed  in  the 
original  pulley  system:  that  the  diagonal  pull  on  the  object  must  have  a  vertical  component  that  Is 
equal  to  half  the  weight  of  the  object  Now  that  they  have  verified  that  the  trig  ratios  hold  for  this 
situation,  they  can  calculate  the  magnitude  of  the  horizontal  force  which  they  couldn't  directly 
measure.  This  group  had  no  generalized  algebraic  relationships  for  the  force  components,  but  was 
quite  satisfied  with  their  ability  to  calculate  any  specific  set  of  forces  using  right  triangle 
trigonometry. 

The  fourth  group  had  a  considerably  more  complex  model  (Figure  3)  than  any  of  the  others  and 
their  model  most  nearly  fit  the  original  pulley  setup. 

They  were  able  to  move  their  object  up  and  down, 
thus  varying  the  angle  of  the  force  (or  tension)  in 
the  rope.  The  tension  in  the  vertical  and 
horizontal  ropes  at  the  upper  right  had  to  equal 
the  vertical  and  horizontal  tension  In  the  rope 
that  holds  the  object  on  the  pulley.  The  fact  that 
the  tension  in  the  vertical  rope  was  always  S  was 
consistent  with  the  weight  of  the  object.  They 
(like  the  other  groups)  verified  that  at  an  angle 
of  45  degrees  the  vertical  and  horizontal  forces 
were  equal.  They  then  proceeded  to  set  the  object 
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at  various  positions  along  the  y-axls  and  created  a  table  recording  the  position  of  the  object,  the 
horizontal  tension  and  the  diagonal  force.  They  brought  this  data  into  Function  Probe  and  correctly 
computed  the  angle  of  the  force,  given  the  object's  position,  but  did  not  formalize  either  a  graphic 
relationship  or  equations  for  this  data.  It  was  not  clear  If  this  was  due  to  the  lack  of  time  or  their 
need  for  more  specific  guidance. 
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The  fifth  group,  with  some  guidance  from  the  teacher,  constructed  yet  another  model. 

This  model  (Figure  4)  differed  significantly  from  all 
the  others  In  that  the  diagonal  force  (not  the 
vertical)  is  kept  constant  while  varying  the  angle. 
Like  the  other  groups,  they  verified  that  the  vertical 
and  horizontal  forces  were  equal  for  an  angle  of  45. 
They  kept  their  force  at  a  constant  10  newtons,  and 
varied  the  angle  from  0  to  90  degrees,  recording  the 
vertical  tension  for  each  setting.  They  Immediately 
took  this  Information  into  the  table  window  of 
Function  Probe  and  created  a  graph.  In  the  graph 
window,  they  were  able  to  establish  the  relationship 
that  the  vertical  force  equaled  10  times  the  sin  of  the  angle.  From  this,  they  became  convinced  of  the 
following  general  relationships:  sine  -Fv/Fe,  cos9-Fh/F9,  and  tan8-Fv/Fh. 
Discussion 

The  open-ended  nature  of  the  essential  question  provided  the  students  with  opportunities  to 
direct  their  own  inquiry  into  the  nature  of  the  relationship  between  and  among  the  components  of  a 
force  exerted  at  an  angle.  Beginning  with  an  initial  physical  setup,  the  students  generated  hypotheses 
and  possible  procedures  for  gathering  evidence  to  verify  their  hypotheses.  It  should  be  noted  that  in 
using  Interactive  Physics,  none  of  the  students  simply  applied  a  force  to  an  object  at  an  angle  and  used 
the  built-in  displays  to  measure  the  vertical  and  horizontal  components  in  an  information  gathering 
approach.  But  rather  each  group  devised  their  own  way  of  building  an  analog  to  a  physical  setup  and 
then  directly  measured  the  component  forces.  Further,  each  group  carefully  verified  that  their  model 
gave  results  that  they  were  convinced  were  true  In  the  physical  world:  that  at  a  45  degree  angle,  the 
vertical  and  horizontal  components  must  be  equal.  Finally,  several  of  the  groups  ran  Into  the  limits  of 
the  simulation  environment  when  trying  to  hold  the  mass  object  at  an  angle  of  zero  degrees.  Most 
students  were  convinced  of  the  Impossibility  of  holding  an  object  up  solely  by  applying  horizontal 
forces. 

The  students  were  able  to  move  the  data  from  their  simulation  experiments  into  the  analytic 
environment  of  Function  Probe.  There,  the  flexibility  of  tables  and  graphs  enabled  one  group  to 
define  both  equations  and  related  graphs  that  described  the  relationships  between  the  force  exerted  at 
an  angle  and  its  components.  The  use  of  a  physical  experiment,  computer  simulation,  and  analytic 
tools  enabled  the  students  to  convince  themselves  through  multiple  and  varied  approaches  of  the 
validity  of  the  relationship  among  the  components  of  a  force  exerted  at  an  angle.  We  believe  that  this 
study  provides  evidence  that  an  Integrated  approach  to  modeling  is  both  productive  and  empowering 
for  students  and  leads  to  the  formation  of  robust  and  flexible  concepts. 
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PROSPECTIVE  TEACHERS:  SIGNIFICANT  EVENTS  IN  THEIR 
MATHEMATICAL  LIVES 


Brian  Doig 

The  Australian  Council  for  Educational  Research 

The  research  described  here  is  part  of  a  larger  investigation  of  prospective  primary 
teachers  attitudes  and  beliefs  about  mathematics,  its  teaching  and  learning.  Whilst 
the  overall  study  investigates  attitude  via  a  questionnaire  this  paper  relates  to  a  single 
question.  This  question  was  free  response,  and  simply  asked  respondents  to  relate 
specific  events  in  their  mathematical  lives  that  they  felt  had  contributed  to  their 
attitude  to  mathematics.  Responses  were  categorised  using  Mcleod's  affective 
domain  categories  and  the  beginnings  of  a  continuum  describing  these  teacher 
trainees'  attitude-causes  established.  While  the  methodology  is  relatively  Crude,  the 
results  underscore  the  primal  rdle  played  by  teachers  in  the  formation  of  student 
attitudes  to  mathematics. 

Introduction 

The  evidence  of  research  into  the  effects  of  learner  beliefs  in  science  shows  that  they 
are  indeed  critical  to  the  outcomes  of  instruction  and  have  been  well  documented 
(Adams,  Doig  and  Rosier,  1991).  Borasi's  description  of  the  effects  of  dysfunctional 
beliefs  in  mathematics  lends  weight  to  any  argument  for  research  into  the  affective 
domain. 

Recently  research  into  the  affective  domain  with  respect  to  mathematics  has  gained 
more  prominence  with  McLeod's  1992  review  and  Leder's  keynote  address  to  the  1993 
PME  meeting  in  Japan.  While  some  PME  papers  have  described  the  construction  of 
instruments  for  measuring  affective  variables  (Relich  and  Way,  1993)  few  appear  to 
have  heeded  Schoenfeld's  call  for  research  into  how  affect  is  constructed  (Schoenfeld, 
1992). 

Notable  exceptions  to  this  can  be  found  in  recent  PME  papers.  For  example  Imai 
(1993)  found  that  the  a  good  personal  relationship  between  teachers  and  junior  high 
school  students  did  influence  positively  the  students'  attitude  towards  mathematics. 
Other  causal  links  were  found  to  exist  between  the  teacher's  methodology  and 
student  enjoyment  of  mathematics.  In  a  study  exploring  the  link  between 
curriculum  and  student  attitudes  Ponte,  Matos,  Guimaraes,  Leal  and  Canavarro 
(1992)  found  that  there  is  some  relationship  between  the  attitudes  of  teachers  and  that 
of  their  students. 
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In  his  review  McLeod  (1992)  categorizes  affective  research  into  the  following 
categories:  beliefs  about  mathematics;  beliefs  about  self;  beliefs  about  mathematics 
teaching  and  beliefs  about  the  social  context.  With  these  as  starting  points  it  seemed 
possible  to  investigate  attitude  causality  and  perhaps  answer  Schoenfeld's  how? 

Research  questions 

The  investigation  reported  here  forms  a  small  part  of  a  larger  study.  While  the  larger 
study  sought  to  create  a  validated,  reliable  attitude  to  mathematics  inventory  with  a 
user-friendly  interpretative  and  reporting  scheme,  the  focus  selected  for  this  report  is 
the  final  free-response  question  that  asks  for  specific  events  that  may  have  helped  to 
form  the  respondent's  attitude  to  mathematics.  Thus  the  main  question  investigated 
was  whether  it  is  possible  to  'map'  those  events  that  help  to  form  attitude  to 
mathematics.  A  subsidiary  question  is  whether  such  a  'map'  can  orient  educators  in 
any  fruitful  directions. 

Subjects 

The  subjects  were  from  a  Victoria  (Australia)  university  that  trains  elementary  school 
teachers.  The  entire  entry  cohort  for  two  sequential  years  were  surveyed.  The 
cohorts  were  predominantly  female,  and  most  had  just  completed  their  secondary 
schooling  before  entering  the  training  course.  Tables  1  and  2  give  details  of  the 
students  surveyed. 


Table  1: 


Details  of  students  with 


Table  2 


Details  of  students  with 


Cohort  1 

Cohort  2 

Males 

Females 

Males 

Females 

17 

53 

5 

46 

Total  =  70 

Total  =  51 

Total  subjects  =  121 

Age  group 

Number 

Under  20 

87 

20  to  30 

15 

Over  30 

19 

Data  collection 

The  two  groups  of  primary  teacher-trainees  were  administered  the  Boyd-Doig 
Mathematics  Survey  instrument  (Boyd  and  Doig,  1990).  The  focus  of  this  report 
concerns  the  final  question  of  the  instrument,  which  simply  asks:  Can  you  describe 
some  experience(s)  that  could  explain  why  you  feel  the  way  you  do  about  maths? 
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The  respondents  were  provided  with  nearly  an  entire  page  in  which  to  write  their 
response.  It  is  these  responses  that  form  the  data  for  this  report. 

The  completed  surveys  were  sorted  and  some  thirtyfour  scripts  were  discarded  on  the 
basis  that  they  either  contained  no  response  to  the  question,  or  the  response  did  not 
address  the  question.  All  remaining  scripts  were  analysed  as  set  out  below. 

Analysis 

As  outlined  earlier,  the  methodology  used  was  that  of  categorising  written  responses 
to  a  leading  question.  The  procedure  used  was  that  used  by  Adams  and  Doig  (Adams 
et  al,  1992)  in  their  study  of  science  beliefs.  All  responses  to  the  question  were  read  to 
give  an  overall  'feel'  for  the  range  of  responses.  Theoretically  each  response  is 
unique,  but  in  practice  responses  tend  to  'group'  themselves  in  a  qualitative  sense. 
From  the  basic  foci  provided  by  McLeod's  analysis  and  a  reading  of  student  responses, 
all  responses  were  placed  into  one  or  more  of  the  defined  categories.  Where 
necessary,  more  categories  were  defined  until  all  responses  were  accommodated.  In 
all  127  separate  statements  were  categorised  in  this  manner.  The  final  set  of  nine 
categories  used  to  analyse  the  responses  and  typical  responses  were  as  follows: 

Mathematics 

Its  content 

Sample  statement:  'Three  years  of  logarithms' 
Its  complexity 

Sample  statement:  7  find  problem-solving  quite  difficult  and  this  turned  me  off 

Self 

Achievement  in  mathematics 

Sample  statement:  7  have  positive  feelings  about  maths  ...  1  tended  to  do  well' 
Confidence  in  mathematics 

Sample  statement:  7  always  believed  that  there  had  to  be  some  magic  formula  that  I 
was  too  dumb  to  know' 

Mathematics  teaching 

Methodology 

Sample  statement:  'He  ivas  prepared  to  sit  dmvn  and  explain  things  and  sloiu  down  ... 
not  rush  through  because  they  wanted  so  much  learnt  before  the  exam' 
Teachers'  attitude  to  the  subject 

Sample  statement:  'Teachers  jvho  used  maths  as  a  punishment  especially  limes 
tables' 
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Social  contexts 

Usefulness  of  mathematics 

Sample  statement:  'If  you  were  good  at  other  subjects  ...  then  it  didn't  matter  if  you 

weren't  too  crash  hot  at  maths' 

Peer  attitudes  to  mathematics 

Sample  statement:  'My  dad  says  it's  important' 

Teachers'  personal  attributes. 

Sample  statement:  'Having  a  primary  teacher  who  understood  the  difficulties  her 
class  were  having  ...  she  met  the  needs  of  the  children' 

Analysis 

Table  3  contains  the  number  of  responses  in  each  of  the  four  major  categories.  In 
each  case  responses  were  divided  into  those  which  gave  a  response  which  fitted  only 
a  single  category  (labelled  below  as  'single  responses')  of  which  there  were  91,  and 
responses  which  contained  multiply  categorisable  statements  (labelled  below  as  'all 
responses').  In  all  there  were  127  responses. 

Table  3:        Number  of  responses  in  each  of  four  major  categories  (percentages 
rounded  to  one  place) 


Single  responses  (91) 

All  responses  (127) 

Number 

Percentage 

Number 

Percentage 

Mathematics 

15 

16.5 

24 

18.9 

Self 

26 

28.6 

.  26 

20.5 

Mathematics 
teaching 

33 

36.3 

41 

32.3 

Social 

17 

i  18.7 

36 

28.3 

The  first  stage  of  the  analysis  was  to  look  at  responses  in  the  four  major  categories 
only,  and  to  ignore  whether  the  associated  attitude  was  positive  or  negative.  Those 
respondents  whq  gave  a  single  category  response  claim  that  the  most  common  cause 
of  their  attitude  (whether  positive  or  negative)  was  to  do  with  teaching  methods 
(36.3%),  with  self  (28.6%)  a  clear  second  cause.  Social  reasons  (18.7%)  and 
mathematics  (16.5%)  form  the  lesser  groups  of  reasons.  When  responses  containing 
more  than  one  reason  are  included,  teaching  methods  remain  the  most  common 
cause  claimed  (32.3%),  but  social  reasons  exchange  with  self  as  the  second  most 
claimed  cause  (28.3%).  In  both  instances  (single  and  multiple  causes)  over  one  third 
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of  responses  point  to  teaching  methodologies  as  critical  in  the  formation  of  attitudes 
towards  mathematics.  While  self  and  social  causes  occupy  a  second  ranking  of  causes 
individually,  together  they  represent  about  one  half  of  all  reasons  given  for  forming 
attitudes. 

While  these  figures  are  interesting,  they  do  not  give  a  detailed  picture  of  the  causes 
given  by  these  respondents.  In  order  to  gain  a  clearer  picture  it  is  necessary  to  look 
further.  In  this  instance  all  127  responses  were  examined  and  Table  4  details  the 
responses  for  all  nine  categories. 

Table  4:       Responses  in  all  nine  categories  (percentages  rounded  to  one  place) 


Number  of 
responses 

Percentage 
of  responses 

Math)  content 

14 

11.0 

Maths  complexity 

10 

7.9 

Self  -  achievement 

12 

9.4 

Self  -  confidence 

14 

11.0 

Teaching  methodology 

22 

17.3 

Teaching  -  teacher  attitude 

19 

14.9 

Social  -  utefulneu 

10 

7.9 

Social  -  peer* 

3 

2.4 

Social  -  teacher  personal 
qualities 

23 

18.1 

It  is  clear  from  Table  4  that  teaching  methodology  is  believed  to  play  a  major  role  in 
attitude  formation.  Nearly  as  crucial  are  the  teacher's  personal  qualities,  which  may 
well  be  linked  in  some  way  with  teaching  methodology.  In  fact  5  responses  from  this 
group  combined  teacher  qualities  with  teaching  methodology  in  the  same  response 
(which  represents  21.7%  of  the  responses  on  teacher  qualities).  Interestingly,  peers 
appear  to  have  little  influence  being  mentioned  in  only  2.4%  of  all  responses,  and 
represent  only  8.3%  of  all  social  causes  given. 

In  order  to  determine  whether  these  believed  causes  lead  to  positive  or  negative 
attitudes  each  category  was  divided  on  this  basis.  Tables  5  and  6  give  the  break-down 
of  percentage  responses  for  this  analysis,  ordered  by  frequency. 
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Table  5:        Positive  attitude  responses 
ordered  by  frequency  of  occurrence 
(percentages  rounded  to  one  place) 


Positive 
attitude  (%). 

Maths  content 

3.1 

Maths  complexity 

3.1 

Social  •  peers 

3.1 

Self  -  confidence 

9.4 

Social  -  usefulness 

9.4 

Teaching  -  teacher 
attitude 

12.5 

Teaching  methodology 

15.6 

Self  -  achievement 

18.7 

Social  -  teacher  personal 
qualities 

25.0 

Table  6:        Negative  attitude  responses 
ordered  by  frequency  of  occurrence 
(percentages  rounded  to  one  place) 


Negative 
attitude  (%) 

Self  -  achievement 

2.1 

Social  -  peers 

6.3 

Teaching  methodology 

7.4 

Maths  complexity 

9.5 

Self-confidence 

11.6 

Maths  content 

13.7 

Teaching  -  teacher 
attitude 

15.8 

Social  -  teacher  personal 
qualities 

15.8 

Social  -  usefulness 

17.9 

Which  causes  are  the  most  frequently  cited  as  attitude  forming,  positive  or  negative, 
can  be  readily  seen  in  the  above  tables.  With  regard  to  causes  of  positive  attitude  the 
most  frequently  claimed  is  teachers'  personal  qualities  (25%  of  responses).  Typical  of 
the  responses  that  fall  into  this  category  are: 

7  had  teachers  ...[whosej...  enthusiasm  shined  through  and  rubbed  off  on  me.' 
'...having  helpful  teachers  always  there  to  guide  me  ...' 

Causes  of  negative  attitude  are  not  as  clearly  separated  as  those  for  positive  attitude. 
While  usefulness  is  the  most  cited  cause  (17.9%  of  responses),  teacher  qualities 
(15.8%),  teacher  attitude  (15.8%),  mathematics  content  (13.7%)  and  self-confidence 
(11.6%)  would  all  seem  to  be  well  supported  causes.  Typical  responses  in  the 
usefulness  category  are: 

'...when  we  asked  her  how  could  we  use  these  methods  Ho]  help  us  in  life  she 
couldn't  answer.  ...  it  seems  to  me  that  1  learnt  a  lot  ...  that  I  will  never  use  again.' 

7  got  very  frustrated  when  we  learned  tr.eaningless  formulas  fsic}  all  the  time.' 

As  a  final  analytical  aid,  two  attitude-cause  response  continua  were  constructed  to 
give  a  visual  perspective  of  causes  which  were  believed  by  the  respondents  to  have 
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had  effect  on  them.  Figures  1  and  2  show  each  category  of  response  on  a  continuum 
representing  the  percentage  of  responses  in  that  category  for  which  the  associated 
attitude  is  either  positive  (Figure  1)  or  negative  (Figure  2).  


maths  content 


0% 
I- 


maths  usefulness 


achievement 


maths  complexity 


teaching  methods 
teacher  attitude  teacher  qualities 


25% 

1 


Figure  1:      Positive  attitude-cause  continuum  (%  of  all  positive  responses) 
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maths  usefulness 
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Figure  2:      Negative  attitude-cause  continuum  (%  of  all  negative  responses) 
Discussion 

It  is  clear  that  analysing  people's  replies  to  open  questions  about  what  they  believe 
influenced  their  attitude  to  mathematics  is  an  informative  exercise.  Using 
categorisations,  such  as  those  suggested  by  McLeod's  review  with  suitable  additions, 
appears  to  satisfactorily  deal  with  all  responses  and  forms  a  useful  basis  for  analysis. 
To  what  extent  one  can  generalise  from  this  analysis  is  dependent  on  the  sampling 
and  questions  asked,  rather  than  the  analytic  procedure.  However  bearing  in  mind 
the  limitations  of  sampling,  the  following  points  can  be  made.  First,  the  question  of 
mapping  causes  of  attitude  seems  to  be  answered  in  the  affirmative.  It  appears 
possible  to  establish  a  map  of  causation  in  the  sense  that  those  influences  perceived  as 
important  by  respondents  can  be  placed  relative  to  one  another  in  such  a  way  as  to 
make  clear  priority  foci  for  further  investigation  or  classroom  action.  Whether  all 
causes  have  been  canvassed  is  open  to  question;  larger  and  more  intensive  studies 
need  to  be  conducted.  Follow-up  interviews  to  assist  in  validating  written  responses 
would  seem  a  possible  next  step.  Secondly,  in  regard  to  priorities  for  classroom 
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action,  this  study  makes  quite  clear  that  any  attempt  to  treat  all  students  as 
(attirudinally)  similar  is  doomed  to  failure.  Despite  the  similarity  of  causes  given  by 
both  positive  and  negative  attitude  respondents  (namely  teacher  qualities  and  teacher 
attitude)  there  exists  at  least  one  clear  distinction  between  the  two  groups.  Those 
respondents  with  a  positive  attitude  are  supported  by  their  success  (achievements) 
while  those  who  hold  negative  attitudes  focus  not  on  achievement  (or  lack  of  it)  but 
on  the  perceived  uselessness  of  mathematics.  A  further  difference  in  the  responses 
concerns  teachers  themselves.  Many  of  the  negative  attitude  respondents  cited 
teachers  who  used  mathematics  as  a  punishment,  who  taught  'rote',  and  had  few 
positive  personal  relations  with  their  students.  By  comparison,  those  with  a  positive 

attitude  cited  warm,  friendly  teachers  who  taught  using  concrete  approaches  and 

■understood  the  difficulties  we  were  having'.    Such  cited  differences  indicate  possible 

actions  for  the  improvement  of  student  attitudes  in  the  future. 
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ENGINEERING  CURRICULUM  TASKS  ON  THE  BASIS  OF 
THEORETICAL  AND  EMPIRICAL  FINDINGS 


Abraham  Arcavi,  Nurit  Hadas  and  Tommy  Dreyfus* 
The  Weizmann  Institute  of  Science,  Israel 

In  this  paper  we  describe  and  illustrate  the  process  of  engineering  a  curriculum 
for  a  specific  population,  on  the  basis  of  students1  cognitive  characteristics  and 
learning  styles. 

Introduction 

The  purpose  of  this  paper  is  to  illustrate  the  process  of  engineering  a  curriculum, 
taking  into  account  theoretical  views  and  empirical  findings  related  to  students' 
learning  and  understanding.  Broadly  speaking,  our  theoretical  inspiration  is 
constructivist.  How  do  we  envision  constructivist  design  of  curriculum  tasks?  We 
attempt  to  design  tasks  and  problems  which  can  potentially  engage  students'  sense 
making,  which  build  on  what  students  know  and  which  respect  students'  points  of 
view  and  transitional  conceptions  (Moschkovich,  1992).  We  view  learning  as  a 
long  term,  non-linear  process,  which  is  highly  dependent  on  the  context,  and  during 
which  students  should  have  meaningful  experiences  seeking  to  engage  both  the 
mathematical  and  common  sense  tools  they  have  available.  Taking  into  account  that 
view  of  learning,  we  design  the  curriculum  as  an  environment  with  learning 
opportunities  which  promote  the  creation  of  connections  between  pieces  of 
knowledge.  These  learning  opportunities  are  afforded  by  tasks  and  problems, 
engineered  on  the  basis  of  research  on  learning  and  extensive  experience  in 
classroom  implementation  within  a  long  term  curriculum  development  project 
(Dreyfus,  Hershkowitz  and  Bruckheimer,  1987).  Detailed  observations  of  students 
and  classrooms  are  the  main  source  for  the  redesign  of  the  tasks  according  to  the 
kinds  of  learning  behaviors  they  promote. 

The  target  population 

We  define  our  target  population  in  two  different  ways:  firstly,  according  to 
external  criteria  (established  by  the  school  system),  and  secondly,  according  to 
learning  characteristics. 

Our  students  are  defined  by  the  system  as  "low  ability"  10th,  11th  and  12th 
graders.  Under  the  Israeli  system  students  are  streamed  at  the  beginning  of  10th 
grade  into  four  main  tracks:  three  of  them  leading  to  a  national  matriculation 
examination  (at  different  levels),  and  the  fourth  leading  to  a  non-matriculation 
certificate.  Students  streamed  into  the  fourth  option  in  grade  10  are  deprived  at  a 
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young  age  (about  15)  of  a  fair  chance  to  achieve  matriculation  which  is  a  necessary 
condition  for  acceptance  to  any  institution  of  higher  education.  The  mathematics 
these  students  learn  in  grades  10,  1 1  and  12  is  minimal,  mostly  based  on  drill  and 
practice  around  algebraic  manipulation,  and  is  not  highly  regarded  either  by  the 
teachers  or  by  the  students  themselves.  Moreover,  it  is  rare  (and  very  difficult)  for 
a  student  streamed  into  the  non-matriculation  track  to  be  able  to  return  to  the 
matriculation  track:  the  gap  is  too  wide  in  terms  of  content  and  depth. 

The  student  population  streamed  into  the  non-matriculation  track  is  not 
homogeneous  in  terms  of  their  capabilities.  Nevertheless,  we  can  point  to  some 
characteristics  our  students  share  (some  of  which  are  shared  to  a  lesser  extent  by 
the  whole  population).  Even  at  the  risk  of  oversimplifying  a  complex  picture,  we 
briefly  state  these  characteristics: 

-  Short  lived  memory.  Students  tend  to  forget  very  quickly  both,  procedural 
techniques  and  conceptual  links. 

-  Sensitivity  and  lack  of  sensitivity  to  contextual  :hanges.  In  some  tasks,  students 
tend  to  over-generalize  ideas  or  procedures  without  examining  whether  the 
generalization  can  be  done.  On  other  occasions,  precisely  the  opposite  happens:  as 
soon  as  a  contextual  feature  is  different,  they  are  unable  to  recognize  that  their 
knowledge  can  transfer  to  the  new  situation. 

-  Low  frustration  threshold.  Students  usually  do  not  persist  in  the  solution  of 
problems,  they  tend  to  give  up  as  soon  as  they  encounter  minimal  difficulties. 
Often  this  abandonment  is  accompanied  by  anger  and  frustration. 

-  Length  and  scope  of  engagement  with  problems.  Students  have  difficulties  to  deal 
with  problems  in  which  the  solution  process  involves  several  stages.  For 
example,  they  tend  to  get  lost  when  they  need  to  devise  a  global  solution  plan, 
follow  its  subgoals  in  detail,  and  periodically  return  to  the  global  plan  in  order  to 
pursue  the  next  subgoal.  They  fail  to  distinguish  the  nature  of  global  aspects  from 
that  of  technical  details.  This  and  the  next  point  are  linked  to  the  students'  short 
lived  memory  and  low  frustration  threshold  mentioned  above. 

-  Length  and  scope  of  engagement  in  discussions.  Students  are  capable  to  work  on 
tasks  adapted  to  their  previous  knowledge  and  capabilities  for  quite  a  long  time, 
but  have  a  very  short  attention  span  for  classroom  discussions  which  can  easily 
disintegrate  beyond  an  initial  period  of  about  ten  minutes. 

-  Lack  of  confidence.  Students  are  extremely  unsure  of  what  they  do,  know  and 
understand.  A  "poker  face"  teacher  reaction  towards  students'  suggestions  may 
induce  instantaneous  derailment  from  a  promising  track. 

-  Stereotypical  views  of  mathematics  and  mathematical  activity.  Students  usually 
view  mathematical  activity  as  a  technical  task,  and  initially  they  tend  to  distrust 
and  dislike  problems  in  which  the  answer  is  an  "idea"  rather  than  a  "number". 
They  are  not  used  to  rely  on  common  sense,  observation,  and  visual  skills; 
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however  in  the  long  run  they  enjoy  being  relieved  from  the  burden  of  techniques 
they  have  difficulty  to  master,  and  the  possibility  to  make  sense  of  what  they  do. 

-  Fragmented  knowledge.  Students'  focus  and  activities  are  very  "local"  in  nature, 
and  they  have  difficulty  to  connect  different  pieces  of  knowledge. 

-  Difficulties  with  communication.  Students  have  great  difficulties  to  express 
themselves,  either  orally  or  in  writing. 

The  '2U'  Curriculum  Project1 

The  goal  of  our  curriculum  project  is  to  offer  non-matriculation  students  the 
opportunity  to  learn  the  same  meaningful  mathematics  their  friends  learn  at  the 
lower  matriculation  level  (3  units),  but  with  an  appropriate  approach  and  by 
building  on  what  these  students  are  strong  at.  The  approach  is  based  on  teaching  the 
same  topics  but  stressing  their  intuitive,  qualitative,  graphical,  common  sense 
aspects  while  downplaying  the  technical  and  formal  manipulations  which  are 
difficult  to  the  students  and  easily  cause  them  to  detach  the  activities  from  the 
underlying  meanings.  The  general  objective  is  an  "open  door"  policy  to  enable  them 
to  return  to  a  matriculation  track  with  a  reasonable  effort  if  they  decide  so. 

The  principles  upon  which  we  base  our  approach  feed  on  the  characteristics  of 
our  target  population  as  described  above.  We  depart  from  situations  in  which 
common  sense  is  engaged,  basing  learning  experiences  on  qualitative,  visual  and 
graphical  reasoning,  and  integrating  multiple  representations  as  different  ways  to 
envision  the  same  ideas.  An  attempt  is  made  to  link  students'  thinking  to  their  acting 
(on  sketches  and  physical  devices  such  as  graphs  on  transparencies  which  can  be 
easily  moved  around),  in  order  to  help  them  make  sense  out  of  what  they  do.  The 
use  of  any  thinking  tool  they  have  available  is  stimulated,  and  they  are  explicitly 
encouraged  to  build  connections.  Estimated  results,  visual  and  numerical 
approximations,  are  legitimized  and  qualitative  and  informal  reasoning  is  preferred 
over  technical  and  symbolical  treatments.  The  problems  are  built  in  such  a  way  that 
students  are  encouraged  to  go  back  and  forth  between  the  "big  picture"  and  the 
"small  details"  (see  Tall  and  Thomas,  1991,  for  a  discussion  of  flexibility  between 
global  and  local  processing);  the  solution  to  some  problems  is  no  more  than  the 
design  of  a  course  of  action  or  a  plan.  We  try  to  keep  our  predisposition  towards 
being  surprised  regarding  what  these  students  can  do  and  thus  rarely  dismiss  a 
problem  a  priori  because  it  seems  to  us  they  will  fail;  instead,  problems  are 
presented  in  a  manner  in  which  they  might  be  able  to  deal  with  them.  The  purpose 
is  to  convey  the  message  that  they  can  do  mathematics  and  that  we  have  high 
expectations  from  them. 


1  The  name  '2U'  is  a  shorthand  for  'two  units'  which  is  the  English  translation  of  its  Hebrew 
name.  The  number  of  units  is  the  identification  of  the  level  of  mathematics  students  take  in 
the  last  years  of  their  high  school  education:  3, 4  and  5  units  arc  matriculation  tracks. 
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Engineering  the  curriculum  •  an  example 

The  process  of  engineering  the  curriculum  as  we  envision  it,  feeds  on  three  main 
components:  our  beliefs  about  what  mathematics  is  and  what  mathematical  activity 
should  be,  our  theoretical  biases  about  learning  and  teaching  issues,  and  our 
knowledge  of  the  population's  characteristics.  It  is  on  that  basis  that  we  delineate  the 
scope  of  the  mathematics  our  students  should  be  exposed  to  and  the  internal 
consistency  and  flow  of  each  learning  module  (or  as  we  like  to  ask:  'what  is  the 
story  line  of  the  module?').  These  inspire  the  actual  design  of  the  specific  problem 
situations. 

The  design  process  itself  consists  of  two  major  phases:  the  in-vitro  creation  of  a 
problem  (on  the  basis  of  the  components  listed  above)  followed  by  in-vivo  (and  in- 
situ)  classroom  trials.  These  two  phases  are  undertaken  by  us  as  developers  and 
teachers  for  every  single  module  we  develop.  Since  we  can  only  guess  what 
students'  performance  in  a  particular  problem  situation  will  be,  each  module  is  pilot 
tested  in  at  least  two  classes,  and  the  feedback  is  analyzed  and  used  in  the  redesign 
of  the  module.  The  second  phase  thus  involves  modifications  and  adjustments  which 
are  then  re-tried  in  yet  another  classroom.  It  is  only  after  this  that  we  embark  in 
large  scale  implementation.  In  this  section  we  illustrate  the  process  of  engineering  a 
specific  curriculum  activity. 

As  mentioned  above  the  first  step  is  to  "inspect"  the  mathematics.  In  our 
example,  we  started  by  considering  a  central  theme  in  algebra,  analysis  and  analytic 
geometry:  the  use  of  at  least  two  main  representations,  the  symbolic  and  the 
graphical  one  (including  basic  geometrical  facts)  and  the  "Cartesian  connection" 
between  them  (Schoenfeld  et  al.,  1993).  In  plain  words,  the  Cartesian  connection 
sounds  deceptively  simple:  "A  point  whose  coordinates  are  (xo.yo)  is  on  the  graph 
of  the  function  y=f(x)  if  and  only  if  the  pair  (x0,yo)  satisfies  the  equation  yo=f(x0)." 
This  statement  may  seem  trivial  to  experts  in  the  domain,  but  it  is  the  source  of  a 
host  of  learning  difficulties  for  students. 

The  following  is  a  rather  traditional  task  which  requires  some  understanding  of 
the  Cartesian  connection:  "Determine  an  equation  of  the  line  that  is  parallel  to 
y=2x-5  and  that  goes  through  the  point  (1,4)."  We  would  like  students  to  be  able  to 
solve  this  problem  without  major  difficulties  after  studying  algebra  or  analytic 
geometry.  Moschkovich  et  al.  (1993)  analyze  extensively  the  kinds  of  difficulties 
this  task  involves  as  an  example  of  how,  beyond  the  Cartesian  connection,  the 
perspective  under  which  one  envisions  the  mathematical  entities  one  deals  with, 
cither  as  objects  or  as  processes,  influences  the  solution  process.  The  authors  report 
that  the  success  rate  with  tasks  of  this  nature,  as  reflected  in  US  national  surveys, 
was  extremely  low. 

The  problem  as  is  has  an  analytic-symbolic  departure  point  and  thus  could  be 
very  difficult  to  our  students.  At  this  point,  our  view  of  learning  and  our  design 
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principles  come  into  play.  If  we  want  our  students  to  achieve  some  understanding  of 
the  translation  between  representations  in  general,  and  the  Cartesian  connection  in 
particular,  we  must  build  on  their  previous  knowledge  (including,  of  course,  the 
learning  trajectory  of  previous  sections  in  the  module)  and  their  particular  ways  of 
knowing.  Briefly  stated,  when  we  consider  our  students  to  be  ready  to  meaningfully 
face  such  tasks,  they  know: 

-  the  graphical  meaning  of  the  slope  of  a  linear  function  -  rise  over  run  -  by 
counting  on  the  Cartesian  grid; 

-  how  to  physically  "put"  a  line  (drawn  on  a  transparency  and  which  they  carry 
with  them  to  almost  all  the  problems)  on  a  Cartesian  grid  in  such  a  way  that  its 
equation  becomes,  say,  y=3x+4; 

-  to  identify  the  b  in  y=ax+b  as  the  translation  (upwards  or  downwards)  of  a  whole 
line  of  the  form  y=ax;  namely,  on  the  basis  of  a  table  of  values  of,  say,  y=2x  and 
y=2x+3,  they  can  "physically"  slide  the  line  representing  y=2x  three  units 
upwards,  and  identify  "three"  as  the  y-coordinate  of  the  point  which  was 
originally  at  (0,0); 

-  to  draw  any  line  through  a  single  given  point,  and  to  read  its  equation  from  the 
graph  (by  looking  for  the  slope  -  rise  ovsr  run  -  and  the  y-intercept). 

The  following  is  the  "in-vitro"  version  of  the  problem  situation  which  emerged 
as  a  consequence  of  all  the  above  considerations:  First,  present  students  with  the  two 
possible  mutual  positions  of  two  lines  in  a  plane,  namely,  parallel  or  intersecting. 
Then  request  students  to  produce  two  pairs  of  equations,  one  for  each  situation. 
Finally,  and  most  importantly,  request  them  to  draw  all  the  different  possible 
situations  for  three  different  lines  in  the  plane,  and  write  down  corresponding 
triples  of  equations  for  each  situation. 

When  we  went  to  the  classroom,  students  had  no  problem  with  two  lines:  since 
they  knew  from  their  manipulative  experiences  that  parallel  lines  have  the  same 
slope,  they  had  no  problem  to  write  the  equations  for  two  lines  which  have  the  same 
"m"  but  a  different  "b".  Similarly,  since  they  knew  that  the  b  represents  the  y- 
intercept,  they  had  no  problem  to  produce  two  equations  with  the  same  b  and 
different  m. 

For  the  three  lines  situation,  students  collectively  found  that  the  four  possible 
situations  are: 


Finding  triples  of  equations  for  the  first  three  situations  is  in  some  sense  an 
extension  of  the  previous  activity  with  two  lines,  and  thus  there  were  no  major 
problems.  However,  the  fourth  case  (three  intersection  points)  was  not  as  easy. 
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Many  students  gave  three  equations  with  three  different  m's  and  three  different  bs 
and  thought  they  had  solved  the  problem.  The  teacher  then  asked  whether  they  are 
sure  that  w.th  different  parameters  they  would  always  get  that  graphical  situation 
and  they  seemed  to  be  sure.  The  teacher,  who  perceived  that  this  was  one  of  the 
situations  m  which  she  could  make  a  lot  out  of  those  "10  minutes  at  most"  available 
tor  collective  discussions,  requested  to  write  the  equation  of  a  line  through  (2  3)  -  a 
point  not  on  the  y-axis  -  and  they  were  unable  to  do  so  right  away.  What  they  were 
able  to  do  is  to  "put"  a  line  through  that  point,  read  its  slope  and  y-intercept  from 
the  graph  and  then  produce  the  equation.  This  way  of  producing  an  equation  is 
some  kind  ot  "surrogate"  Cartesian  connection  which  we  believe  is  a  step  towards 
building  deeper  connections.  (In  a  similar  way  students  can  approach  the  initial 
problem  above  of  producing  an  equation  of  a  line  parallel  to  a  given  line  through  a 
given  point.)  By  repeating  this  procedure  three  times  through  the  same  point,  they 
were  led  to  obtain  the  second  situation,  namely  three  lines  through  one  point,  and 
realized  that  different  m's  and  different  b's  may  lead  to  the  second  as  well  as  the 
fourth  situation. 

The  classroom  trial  made  it  clear  that  students  could  use  what  they  knew 
putting"  a  line  through  a  point)  to  revise  the  inaccurate  hypothesis  they  suggested 
Moreover,  in  that  class  the  teacher  took  advantage  of  this  in  order  to  deal  with  the 
Cartesian  connection.  What  she  did  was  to  request  once  more  the  equation  of  a  line 
through  a  given  point,  and  then  she  asked  to  check  whether  the  coordinates  of  the 
point  satisfy  the  equation,  in  order  for  the  students  to  get  a  feeling  what  that  means 
Then  she  requested  to  produce  the  equation  of  yet  another  line  through  the  same 
point  but  this  time  without  drawing  it.  Since  she  was  aware  of  the  contextual 
dependence  of  the  knowledge,  she  felt  the  need  for  asking  at  this  point,  whether  the 
two  equations  have  a  common  solution.  The  question  was  not  at  all  trivial  for  the 
students  (because  it  involved  a  switch  of  representation)  and  was  used  as 
introduction  to  the  meaning  of  the  Cartesian  connection  in  the  context  of  two 
intersecting  lines. 

The  design  idea,  which  began  in-vitro  was  followed  by  the  in-vivo  trial.  During 
he  trial  the  teacher  felt  the  need  to  redesign  the  task  and  to  adapt  it  to  the  students 
learning  experience  she  was  facing.  This  task,  redesigned  and  adapted  in  the  way 
described,  made  its  way  into  the  textbook  for  large  scale  implementation 

We  do  not  wish  to  give  the  impression  that  we  believe  the  translation  between 
representations  and  the  Cartesian  connection  will  be  easily  understood  by  just 
working  on  a  few  tasks  of  this  nature.  What  we  do  claim  is  that  students  who  share 
our  students'  characteristics  and  background  can  be  exposed  to  problems  in  which 
they  encounter  aspects  of  the  connections  which  they  are  able  to  handle  and 
partially  understand.  We  found  that  the  way  to  produce  tasks  of  that  nature  is  to 
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undergo  the  engineering  process  we  described.  The  process  has  the  following 

"oftur  students'  difficulties,  as  mentioned  earlier,  is  to  focus  on  global 
issues  However,  our  design  is  not  aimed  at  building  general  conclusions  from 
"atomic"  logically  organized  small  tasks,  because  such  an  approach  does  not 
en^  th  t  students  Jill  take  the  leap  to  a  generalization  and/or  to  knowledge 
transfer.  Instead  tasks  are  designed  to  expose  students  to  a  globa  graphical 
Lion  (eg,  the  four  possibilities  for  three  lines  to  lie  on  a  plane)  from  winch 
hey  a-  able"  engage  in  finding  the  "atoms"  (e.g..  equations,  intersection points 
etc )  for  themselves,  which  in  this  way  are  more  meaningful  and  contextual^. 

-  nsi  d  of  using  the  symbolic  perspective  as  a  point  of  departure,  problems  can 
be  presented  qualitatively,  graphically  and  geometrica.ly.  The 
geometry  can  become  the  springboard  towards  different  levels  of  analytic 
activity,  some  of  it  symbolic,  according  to  the  students'  breaking  point  . 

-  Th     ngineering  is  not  meant  to  produce  tasks  to  help  students  to  achieve 
results  The  end  process  should  be  an  activity  which  engages  students  and 
supports  them  in  building  the  connections  which  are  critical  to  understand  the 
issues 

-  Once  the  solution  is  reached,  the  problems  should  always  include  some  question 
asking  about  aspects  of  the  task  from  a  slightly  different  perspective.  Even 
auestfons  which  may  seem  trivial  to  the  teacher,  may  not  be  easy  for  the  students 
(seeT  example  above,  in  which  the  teacher  requested  to  find  the  intersection 
point  of  two  lines  through  a  given  point). 

COrhtUdes<ign  process  exemplified  above  is  used  throughout  the  development  of  the 
enfire  three  year  curriculum.  The  engineering  of  tasks  for  the  curncu urn  i 
characterized  by  four  main  aspects,  three  of  which  have  been  discussed  ,n  this 

PaThe  constructivist-based  principles  on  which  all  phases  of  the  design  process  are 
consciously  built,  including  engaging  students'  intuition  and  commor .sense, 
making  them  go  back  and  forth  between  the  "big  picture"  and  the  small  details  , 
linking  their  thinking  to  their  acting  in  order  to  connect  their  actions  to  the 
underlying  meanings;  generally,  developing  flexible  thinking  and  explicitly 
encouraging  them  to  build  connections. 
.  The  direct  influence  of  classroom  trials  on  the  design  within  a  circular  process 
which  includes  the  in-vitro  design  phase  and  at  least  two  sequential  classroom- 

based  revisions.  ,     .         .  .  ,e 

-  The  essential  manner,  in  which  the  design  takes  into  account  the  charactenst.es  of 
the  target  students  including  the  context  dependence  and  the  fragmentation  of 
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their  knowledge,  their  limited  scope  of  engagement  and  their  low  frustration 


The  fourth  main  aspect  could  not  be  discussed  in  this  paper.  It  is  the  spiral 
recurrence  of  basic  themes  such  as  the  Cartesian  connection  throughout  the 
curriculum.  Different  curricular  topics  are  not  only  approached  on  the  basis  of  the 
same  principles  and  engineered  by  the  same  methods,  but  they  are  carried  by  the 
same  fundamental  ideas;  for  example,  the  Cartesian  connection  in  the  situation  of 
intersecting  graphs  appears  in  a  similar  manner  as  it  was  presented  above  for  linear 
functions,  also  in  the  modules  on  quadratic  functions,  on  trigonometric  functions, 
on  analysis  and  on  linear  programming  and  repeatedly  in  the  module  on  analytic 
geometry.  In  this  manner,  wc  hope  that  the  students  are  given  the  opportunity  to 
make  these  fundamental  ideas  their  own  in  a  meaningful  and  lasting  manner. 
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TOWARDS  A  THEORY  OF  LEARNING 
Janet  Duffin  and  Adrian  Simpson 
University  of  Hull,  U.K. 


We  summarise  some  of  the  ideas  behind  a  personal  theory  of  learning  we  have  built  up  over 
the  past  three  or  four  years.  These  came  about  in  response  to  our  individual  needs  to 
account  for  the  learning,  and  non-learning,  observed  in  our  students,  as  well  as  that 
experienced  directly  ourselves.  The  development  of  the  theory  began  when  we  tried  to  make 
sense  of  just  two  or  three  incidents  in  our  shared  experience  but  has  grown  to  become  the 
central  core  of  our  research  and  the  framework  on  which  we  hang  our  understanding  of 
much  of  the  teaching  and  learning  we  do.  During  its  growth  we  have  constantly  reflected  on 
the  implications  of  the  theory  for  our  own  classroom  practice  in  particular,  and  for 
educational  research  in  general.  The  development  of  the  theory,  as  a  learning  experience  of 
each  of  us,  is  a  prime  example  of  the  learning  that  the  theory  itself  accounts  for. 


Our  reasons  for  wanting  to  present  this  paper  are  twofold.  We  want  to  open  our 
theory  up  to  outside  scrutiny  to  help  us  to  develop  it  further.  In  addition  we  hope  that 
the  ideas  of  others  will  enable  us  to  move  towards  its  application  to  learning  and 
teaching  at  a  variety  of  levels. 

As  is  often  the  case  in  building  a  theory,  much  of  the  essence  of  the  development  will 
no  longer  show  through  in  any  bald  statement  of  the  tenets  which  now  form  its  basis, 
rather  in  the  way  that  a  mathematics  textbook  cannot  show  what  experiences  the 
writer  went  through  in  writing  it  and,  for  the  student,  cannot  show  the  mathematical 
thought  that  comes  between  the  lines  of  the  text. 

The  avenues  we  explored  and  got  stuck  in,  the  key  breakthroughs  (or  cognitive  shifts. 
Mason  and  Davis,  1988),  the  emotional  commitments  and  the  failures  are  hidden  from 
view  in  the  definitions  of  the  fundamental  concepts  of  the  theory.  Though  we  will  not 
retrace  all  the  intermediate  steps  of  the  development,  we  will  give  the  genesis  of  the 
concepts  and  the  purpose  we  had  in  exploring  them  and  we  will  discuss  some  of  the 
major  breakthroughs  we  have  made  as  we  have  developed  the  theory. 

We  started  working  together  on  this  theory  as  a  result  of  having  shared  our  reactions 
to  a  piece  of  work  done  by  an  eight  year  old  girl  (Duffin  and  Simpson,  1 990).  We  felt 
that  this  girl's  work  was  creative  and  this  led  us  to  seek  a  definition  of  creativity 
which  could  include  her  work.  From  this  experience  we  began  to  see  the  value  of 
sharing  our  reflections  on  our  own  experiences  of  learning.  This  in  turn  led  us  to  feel 
that  there  were  a  number  of  aspects  of  these  experiences  which  our  ways  of  thinking 
about  education  at  that  time  did  not  account  for  to  our  own  satisfaction. 

Conscious  that  we  were  drawing  on  basic  ideas  of  constructivism  in  the  way  that  we 
had  approached  the  girl's  work  and  our  shared  experience  of  it,  we  began  to  think 
about  the  kinds  of  experience  that  learners  go  through  in  order  to  build  their  own 
knowledge.  In  doing  so,  we  were  taking  as  axiomatic  the  notion  that  all  learners  arc 
trying  to  make  sense  of  their  world  of  experience. 
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Initially  we  came  to  a  first  perception  of  the  concepts  within  our  theory  from  our 
attempts  to  analyse  critical  classroom  incidents  we  had  observed  or  been  otherwise 
involved  with  (Duffin  and  Simpson,  1993a).  These  first  examples  came  from  our  own 
recent  experiences  with,  respectively,  primary  children  and  their  teachers,  and 
mathematics  undergraduates.  We  came  to  believe  that,  disparate  as  these  incident, 
appeared  to  be  on  the  surface,  they  had  common  features  which  we  wanted  to  explore. 

Having  formulated  our  first  categorisation  of  a  learner's  experience  from  examining 
these  incidents,  we  then  looked  for  other  instances  from  our  experience  which 
exhibited  similar  characteristics.  It  is  from  this  initial  exploration  and  analysis  that 
our  theory  has  been  developed  and  expanded. 

The  theory 

We  postulated  that  all  learners,  as  they  interact  with  their  world,  build  up  internal 
structures  to  account  for  what  they  experience.  We  came  to  see  three  basic  types  of 
experience  that  a  learner  meets,  which  we  termed  natural,  conflicting  and  alien. 
Which  category  a  particular  experience  falls  into  depends  on  the  extent  to  which  the 
experience  fits,  or  fails  to  fit,  the  individual's  internal  mental  structures  at  that  time. 

So  a  natural  experience  is  one  that  fits  a  learner's  current  mental  structures,  it  is  not 
surprising,  and  not  unexpected,  and  is  perceived  as  obvious  and  uncomplicated. 

A  conflicting  experience,  however,  is  one  that  the  learner  sees  is  inconsistent  with 
their  mental  structures.  It  jars  with  their  expectations  and  highlights  possible 
contradictions  or  limitations  in  their  current  ways  of  thinking.  It  may  bring  two 
previously  disparate  mental  structures  into  play  in  one  situation:  one  may  contradict 
the  experience  or  may  not  cope  with  an  experience  it  had  been  expected  to  be  able  to 
deal  with. 

An  alien  experience  is  one  that  the  learner  finds  has  no  connection  with  any  of  their 
internal  mental  structures.  It  is  seen  as  meaningless  because  of  its  lack  of  either  fit  or 
perceived  inconsistency  with  other  ways  of  thinking.  No  mental  structure  can  cope 
with  it,  nor  is  there  a  mental  structure  that  was  expected  to  do  so. 

Distinction  between  conflicting  and  alien 

The  distinction  between  conflicting  and  alien  was  one  of  the  main  breakthroughs  in 
the  development  of  the  theory.  We  had  previously  restricted  ourselves  to  just  the 
notions  of  natural  (fitting)  and  conflicting  (non-fitting  and  therefore  a  situation  in 
need  of  resolution)  when  we  recalled  instances  of  situations  in  which  we  observed 
what  we  felt  were  obvious  contradictions  in  something  a  learner  had  done.  In  some  of 
these  situations,  however,  there  was  no  evidence  of  an  internal  conflict:  of  the  learner 
having  to  rethink  their  current  mental  structures  to  cope  with  this  contradiction. 

The  incident  which  first  drew  our  attention  to  this  was  that  of  a  six  year  old  boy 
(Duffin  and  Simpson,  1993a)  who  had  written  down  a  subtraction  sum: 
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and  had  written  beside  the  answer,  "But  the  real  answer  is  277" 

Although  initially  we  accepted  this  statement,  later  we  felt  that  our  theory,  with  only 
natural  and  conflicting  defined,  did  not  account  for  it.  He  appeared  to  be  oblivious  to 
the  contradiction  an  observer  could  see  in  the  two  different  answers  he  had  produced. 
His  comment  suggested  that  he  had  some  reason  for  thinking  that  the  original  answer 
he  had  produced  was  not  correct  but  he  did  not  feel  the  need  to  investigate  it. 

From  this,  and  other  similar  incidents  we  were  then  able  to  identify  as  being  in  the 
same  category,  we  realised  that  it  was  important  to  make  a  distinction  between  a 
contradiction  that  an  observer  may  perceive  and  the  learner's  perception  of  the 
experience.  Thus  each  of  our  definitions  concerns  the  learner's  perception  in  terms  of 
the  fit  with  their  mental  structures. 

The  consequent  distinction  between  the  two  concepts  serves  to  highlight  the 
experiences  as  belonging  to  the  learners  themselves  and,  for  us,  reinforced  the 
constructivist  basis  of  our  work.  It  also  drew  our  first  attention  to  what  was  later  to 
become  an  important  element  in  what  we  were  doing,  namely  the  importance  of  the 
learner's  own  perspective  in  a  piece  of  learning,  something  which  became  manifest  in 
our  work  through  our  study  of  our  own  learning  as  well  as  that  of  others  we  came  into 
contact  with. 

Response  to  experience 

We  also  began  to  realise  that  the  internal  mental  structures  that  determined  whether 
particular  experiences  were  natural,  conflicting  or  alien  were  themselves  formed,  and 
subsequently  shaped,  by  the  results  of  responding  to  previous  natural,  conflicting  and 
alien  experiences.  While  the  forms  of  these  responses  were  implicit  in  our  earlier 
work,  we  have  since  come  to  separate  them  out  in  order  to  highlight  the 
complementary,  but  highly  complex,  two-way  interaction  between  the  learner's 
internal  structures  and  their  world  of  experiences  (Duffin  and  Simpson,  1993b). 

We  saw  the  learner  altering  their  internal  mental  structures  by  strengthening,  merging, 
limiting  or  destroying  already  formed  ways  of  thinking,  or  forming  new  ones. 

A  response  to  a  natural  experience  is  to  add  that  experience  to  the  mental  structure  it 
fits  with.  Thus  the  mental  structure  grows  and  becomes  stronger  as  a  result  of  this 
extra  experience,  or  class  of  experiences,  it  can  now  cope  with. 

There  might  be  any  of  three  types  of  response  to  a  conflict  which  is  perceived  by  the 
learner.  It  might 

•    effect  the  merger  of  the  experience  with  old  inconsistent  mental  structures 
in  such  a  way  that  a  new  mental  structure,  with  some  aspect  of  the  old 
ones,  is  formed  which  can  account  for  both  old  and  new  experiences  in  a 
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more  consistent  way.  Thus  the  mental  structures  are  changed  to  make  the 
experience  fit,  i.e.  the  experience  becomes  natural, 

•    alter  the  mental  structure  so  as  to  limit  it,  changing  the  structure  so  that, 
while  not  accounting  for  the  experience  as  such,  recognises  that  there  is  a 
class  of  experiences  that  the  structure  cannot  cope  with.  In  this  way  the 
conflict  is  resolved  by  changing  the  structures  so  that  the  experience  no 
longer  jars  with  any  internal  mental  structure  and  hence  becomes  alien. 

.    destroy  a  way  of  thinking.  The  structure  may  be  destroyed  if  the  conflict 
highlights  that  all  (or  a  fundamental  part  of)  the  class  of  experiences,  that  a 
way  of  thinking  was  expected  to  cope  with,  cannot  be  accounted  for. 
Again,  this  resolves  the  conflict  by  ensuring  that  there  is  no  structure  with 
which  the  experience  can  jar  and  that  experience  (together  with  some 
previously  natural  ones)  become  alien. 
In  reflecting  on  the  incidents  we  had  observed  and  on  aspects  of  our  own  learning,  we 
also  found  that  alien  experiences  can  cause  a  variety  of  responses.  Having  no 
connection  with  the  learner's  current  mental  structures,  the  experience  may  essentially 
go  unnoticed  and  so  be  ignored.  Alternatively,  a  learner  may  notice  that  there  is  an 
experience  which  they  have  no  way  of  coping  with  at  that  time  and,  having  no  way  of 
accounting  for  the  incident,  they  may  actively  avoid  it  by  resorting  to  a  familiar 
procedure  or  situation  in  which  they  expect  more  comfortable  and  easily  handled 
experiences  may  arise. 

Instead  it  may  be  that,  having  noticed  the  experience,  the  learner  stores  it  away  -  not 
as  an  addition  to  an  already  formed  structure  as  in  the  case  of  a  natural  experience,  but 
as  an  isolated  structure  on  its  own.  The  learner  constructs  the  seed  of  a  new  mental 
structure,  with  no  substantial  connections  to  any  others  currently  held.  Such  a  new 
structure,  while  weak,  can  subsequently  be  strengthened,  merged,  limited  or  destroyed 
by  further  responses  to  new  natural,  conflicting  and  alien  responses. 
With  the  identification  of  the  distinction  between  conflicting  and  alien  experiences, 
and  our  later  development  of  the  responses  to  them,  we  were  thus  able  to  account 
more  fully  for  the  behaviour  of  the  six  year  old  boy  described  above.  In  getting  an 
answer  which  was  not  in  accord  with  his  knowledge  of  what  it  should  be,  he  was 
responding  by  ignoring  what  to  the  observer  appears  to  be  a  contradiction  but  which, 
for  him,  is  alien. 

Implications  of  the  theory 

Reflecting  on  the  separation  of  the  two  interacting  parts  of  the  theory  came  to  be 
another  key  breakthrough  in  its  development.  We  began  to  see  more  clearly  the  nature 
of  the  interaction  between  the  individual  and  their  experiences  -  on  the  one  hand,  the 
internal  mental  structures  determine  the  way  in  which  the  learner  responds  to  the 
experiences  (or  the  type  of  experience  the  learner  perceives  them  to  be).  On  the  other 
hand,  the  way  in  which  the  learner  responds  determines  the  way  in  which  the  internal 
mental  structures  grow  and  are  modified. 
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This  form  of  reflection  also  led  us  to  another  important  realisation.  We  had  come  to 
build  the  theory,  initially,  in  order  to  account  for  incidents  which  we  had  observed  in 
classrooms  and  lecture  rooms.  We  had  become  aware  quite  early  that  we  were  also 
bringing  in  incidents  from  observing  both  trainee  teachers  and  teachers  on  in-service 
courses  and,  more  significantly,  we  found  that  we  were  using  incidents  in  which  we 
had  been  the  learners,  responding  to  natural,  conflicting  and  alien  experiences 
ourselves.  So  we  had  an  indistinct  feeling  that  there  were  analogies  between  the  ways 
in  which  pupils,  teachers  and  ourselves  all  learn. 

Our  reflection  on  the  theory  and  on  how  it  had  developed,  however,  gave  us  a 
significant  insight  into  this.  As  it  stands,  the  theory  does  not  mention  who  the  learner 
is,  what  particular  situations  the  learner's  experiences  arise  from  or  what  the  learner  is 
learning.  In  the  basic  theory,  all  learners  are  the  same  -  individuals  who  respond  to 
natural,  conflicting  and  alien  experiences  (though,  of  course,  the  experiences  and  the 
internal  mental  structures  through  which  they  are  interpreted,  and  which  are  modified 
as  a  result,  can  differ  significantly  from  individual  to  individual). 

So  we  saw  that  the  fundamental  processes  that  a  pupil  goes  through  in  developing 
their  mathematics  are  the  same  as  those  which  a  teacher  goes  through  in  developing 
their  teaching.  These,  in  turn  are  the  same  processes  that  education  researchers  go 
through  in  developing  their  theories  of  education  and  are  also  precisely  the  processes 
we  have  gone  through  (and  are  still  going  through)  in  developing  this  theory. 

It  has  been  suggested  (Mason,  1987)  that  mathematics  researchers  are  of  two  kinds: 
"We  are  all  trying  to  model  or  describe  the  inner  world  of  experience.  Some  of  us 
proceed  by  contemplating  and  studying  other  people,  or  by  studying  ourselves  as  if 
from  outside;  others  proceed  by  contemplating  and  studying  ourselves  from  inside." 
As  our  work  developed  we  realised  more  and  more  that  we  were  using  our  own 
learning,  from  the  inside,  to  further  our  thinking,  so  that  introspection  was  becoming  a 
research  tool  for  us  as  we  developed  our  theory.  The  breakthrough  to  seeing  that, 
within  our  theory,  all  learners  are  the  same  gave  us  a  powerful  way  of  justifying  this 
which  the  Mason  reference  reinforced. 

If,  at  the  level  of  responding  to  experiences,  everyone  is  the  same,  it  means  that 
examining  any  group  of  learners  can  provide  insights  into  learning  in  general  which 
can  then  be  applied  to  others.  So  in  examining  our  own  learning,  we  can  try  to 
develop  general  insights  into  the  learning  of  others. 

We  also  realised  that,  in  examining  the  learning  of  others,  we  are  merely  interpreting 
the  natural,  conflicting  and  alien  experiences'provided  by  our  observations  through 
our  internal  mental  structures,  and  building  up  an  image  of  the  way  in  which  we  think 
those  others  arc  learning.  Constructivist  theories  suggest  that  we  have  no  direct  access 
to  the  learning  of  others.  Our  own  learning,  however,  is  open  to  as  direct  a  view  as 
possible  and,  albeit  with  the  benefit  of  hindsight,  we  can  carefully  examine  the  ways 
in  which  our  own  mental  structures  are  formed. 


ER?C  543  — 


The  theory's  future 

When  we  began  our  work  on  this  theory,  we  were  looking  for  a  way  of  accounting  for 
just  three  incidents  from  primary,  secondary  and  university  mathematics  education. 
While  the  number  of  such  incidents  on  which  the  theory  has  been  based  has  grown 
considerably  and  the  number  we  have  used  the  theory  to  explain  is  tremendous  and 
growing  all  the  time,  it  is  valuable  to  take  this  opportunity  to  examine  where  we  think 
the  theory  is  going  and  ask  ourselves  the  question  "Why  are  we  still  working  on  it?" 

The  theory  has  come  to  be  a  very  powerful  one  for  us,  colouring  much  of  our  thinking 
about  our  own  teaching  and  learning.  While  it  is  still  very  personal  to  us,  a  number  of 
others  have  commented  on  the  strong  resonances  it  has  for  them.  So  the  theory  is 
influencing  our  own  practice,  has  long  acted  as  a  useful  language  for  our  own 
discussions  and  we  are  beginning  to  see  it  as  a  way  of  communicating  some  of  our 
ideas  to  others.  Our  goal  remains  that  of  using  and  building  the  theory  in  order  to  give 
ourselves  a  framework  on  which  to  place  our  thinking  about  teaching  and  learning, 
but  in  looking  to  the  future  we  are  beginning  to  see  just  how  much  has  yet  to  be  done. 

It  is  inevitable  that,  in  writing  about  where  we  think  we  are  going,  we  will  find  much 
uncertainty  and  many  conflicts  to  be  resolved.  Indeed,  we  find  that,  while  we  agree  on 
much  of  the  substance  of  what  needs  to  be  done  in  the  medium  term  and  strongly 
agree  on  our  goals,  we  have  not  yet  resolved  a  conflict  between  us  about  which 
direction  to  go  first.  In  any  case,  as  we  have  found  in  the  past,  the  avenues  of  our 
interests  change  and  (as  we  found  with  our  discovery  of  the  notion  of  alien 
experiences)  seemingly  minor  conflicts  can  be  resolved  into  major  new  parts  of  the 
theory  which  strongly  influence  the  directions  we  are  then  able  to  take. 
In  the  long  term,  however,  we  are  hoping  to  develop  new  layers  of  the  theory  up  to 
the  point  where  we  can  begin  to  account  for  as  much  of  what  we  see  happening  in  our 
classrooms  and  lecture  rooms  as  possible.  We  do  this  with  a  view  to  seeking  out  the 
implications  of  such  a  developed  theory  for  our  own  teaching,  as  well  as  to  encourage 
others  to  do  the  same  for  their  own  teaching. 

Much  needs  to  be  done  before  that.  In  the  short  term,  we  realise  that  the  detail  of  the 
theory  will  become  unwieldy  when  we  come  to  the  stage  of  trying  to  examine  the 
long  term  effects  of  our  teaching  within  a  classroom  of  30  pupils,  or  a  lecture  theatre 
of  130.  If  we  only  have  the  language  of  individual  response  to  individually 
determined  natural,  conflicting  and  alien  experiences,  trying  to  account  for  the 
simplest  situation  will  become  highly  complex  and  perhaps  also  tedious, 
Undoubtedly,  within  our  theory,  the  situation  where  many  learners  are  involved  is 
complex,  but  we  hope  that  some  of  this  complexity  can  be  absorbed  by  using  broader 
terms  which,  themselves,  can  be  based  on  the  fundamentals  of  the  theory. 
For  us,  there  are  many  aspects  of  education  that  need  to  be  well-defined  in  the  theory 
before  we  can  move  on.  If  we  use  words  like  'knowledge',  'understanding'  and 
'communication',  we  need  to  be  clear  what  we  mean  by  them  and,  in  our  case,  we  need 
to  find  our  own  definitions  of  these  words  in  terms  of  our  own  theory:  in  terms  of  the 
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learner's  internal  mental  structures  «nd  the  natural,  conflicting  and  alien  experiences 
that  influence  them. 


We  have  already  begun  a  tentative  exploration  of  the  notion  of  understanding  within 
our  theory.  It  seems  to  us  that  understanding  may  be  defined  as  the  awareness  of 
connections  between  internal  mental  structures.  This  appears  to  begin  to  fit  some  of 
the  criteria  that  other  authors  confer  on  understanding  such  as  being  able  'to  make  use 
of  in  various  ways',  'understanding  as  a  continuum'  etc.  (See  Byers,  1980,  for  a  more 
comprehensive  account  of  some  criteria  of  understanding).  It  also  appears  to  echo 
aspects  of  what  has  been  said  by  Skemp  (1976). 

Such  definitions,  however,  need  to  be  explored  more  fully:  we  need  to  ask  such 
questions  as  "Does  our  definition  fulfil  the  criteria  that  others  expect  of 
understanding?",  "What  are  the  implications  (for  teaching  and  learning)  of  this 
definition  of  understanding?"  etc. 

We  also  need  to  look  at  the  large-scale  particular  mental  structures.  So  far,  the  theory 
deals  with  mental  structures  in  general  terms  and,  quite  deliberately,  does  not  refer  to 
the  specific  content  of  what  is  being  learned  and  what  particular  experiences  the 
structures  relate  to. 

Some  particular  structures,  however,  need  to  be  examined.  For  example,  we  suggest 
that  the  vast  majority  of  people  build  up  a  structure  that  deals  with  interacting  with 
other  people  -  a  'social  structure'  which  determines  what  kind  of  experiences  other 
individuals  provide  for  them  and  which  contains  their  notions  of  what  kind  of 
experiences  they  provide  for  other  individuals.  This  particular  structure,  we  feel,  may 
contain  ways  of  dealing  with  the  problem  that  others  have  raised  concerning  general 
const ructivist  theories  -  the  problem  of  intersubjectivity  and  an  apparent  shared 
meaning  between  individuals. 

There  are  other  such  structures  that  need  to  be  explored  -  that  which  people  build  to 
deal  with  their  preferred  mode  of  learning  (do  they  like  to  learn  in  alien  ways, 
building  many  separate  mental  structures  and,  perhaps,  connecting  them  through 
conflicts  later?  Do  they  prefer  to  learn  in  natural  ways,  trying  to  make  sense  of  each 
new  experience  as  it  occurs,  looking  always  for  natural  experiences  or  conflicts  that 
they  can  resolve  before  they  move  on?).  What  about  the  structure  that  deals  with  an 
individual's  'world  view'  and  what  they  believe  knowledge  is  (views  highlighted  by 
Perry,  1970)? 

These  and  other  large-scale  particular  structures  need  to  be  explored.  We  need  to  see 
how  they  arc  built  and  what  effect  they  have  on  an  individual's  learning  and 
understanding. 

A  further  level  is  to  explore  'topic  structures'.  We  need  to  look  at  particular  detailed 
structures  and  how  they  are  built  up  and  what  effect  they  have.  For  example,  what 
kind  of  structures  are  built  up  that  deal  with  arithmetic? 

There  is  no  doubt  that  the  scope  of  our  theory  has  grown  and  our  aims  for  it  are 
ambitious.  We  feel  that  we  currently  have  a  theory  that  can  account  for  individual 
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learning  incidents  and  it  is  already  beginning  to  influence  our  everyday  teaching  in  a 
variety  of  ways.  Our  medium  term  aim  is  to  face  up  to  some  of  the  complexities,  like 
intersubjectivity,  inherent  in  a  theory  that  starts  at  as  basic  a  level  as  the  individual's 
experience  and,  in  the  long  term,  to  build  a  theory  which  can  be  the  mainstay  of  our 
own  daily  practice. 
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MAKING  SENSE  OF  A  MATHEMATICAL  MICROWORLD: 
A  PILOT  STUDY  FROM  A  LOGO  PROJECT  IN  COSTA  RICA1 
Laurie  D.  Edwards 
University  of  California  at  Santa  Cruz 


A  pilot  study  of  sixth  grade  students  engaged  in  mathematical  explorations 
was  carried  out  in  the  context  of  a  national  Logo  project  in  Costa  Rica. 
Thirty-four  students,  approximately  12  years  old,  worked  in  pairs 
investigating  a  mathematical  microworld  written  in  Logo.  The  investigation 
had  three  phases:  (I)  Open  exploration  of  the  microworld,  during  which  the 
students  recorded  their  observations  and  formulated  hypotheses  about  how 
the  program  worked;  (2)  Group  discussion  and  sharing  of  hypotheses;  and 
(3)  Additional  guided  discovery  and  problem-solving.  The  students  were 
successful  in  discovering  certain  functions  of  the  microworld  during  the  first 
phase,  but  their  hypotheses  were  improved  after  discussion  with  their  peers, 
guided  by  the  instructor.  The  students  were  successful  in  applying  their 
knowledge  of  the  computer  microworld  in  the  problem-solving  tasks  during 
the  third  phase. 

Introduction 

The  purpose  of  this  report  is  to  describe  work  with  Costa  Rican  students  in  the  area  of 
computer-based  mathematical  explorations,  setting  this  work  in  the  context  of  recent  research  on 
social  and  cognitive  factors  involved  in  the  construction  of  mathematical  knowledge,  and  on  the  role 
that  new  interactive  technologies  can  play  in  the  learning  process.  The  report  wiil  describe  the  results 
of  a  pilot  study  in  which  a  simple  Logo  microworld  was  introduced  to  upper-elementary  students, 
who  worked  together  in  pairs  to  make  sense  of  the  environment,  discussing  and  writing  hypotheses 
and  completing  guided  discovery  worksheets.  The  students  had  never  carried  out  mathematical 
explorations  within  the  kind  of  collaborative  social  setting  used  in  the  pilot  study;  however,  they  made 
good  progress  overall  in  being  able  to  use  the  microworla  to  create  or  match  patterns,  and  in 
beginning  to  discriminate  its  distinctive  features,  both  of  which  have  been  described  as  important 
aspects  in  building  a  mathematical  understanding  of  a  microworld  (Hoyles  &  Noss,  1987). 


Related  work  and  theoretical  framework 

The  research  reported  here  was  carried  out  in  the  context  of  related  work  in  two  important 
areas:  the  use  of  computer-based  learning  environments  in  mathematics  instruction,  and  the  role  of 
social  interaction  in  the  construction  of  mathematical  knowledge.  A  wide  range  of  computer 
environments  labeled  "microworlds"  have  been  created,  and  a  body  of  research  has  accumulated  on 
their  use  in  the  learning  of  mathematics  and  science  (e.g..  diSessa,  1990;  Edwards.  1992a;  Hoyles  & 
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Noss,  1987, 1992;  Thompson,  1987)  Pea  defines  a  microwotld  as  "a  structured  environment  that 
allows  the  learner  to  explore  and  manipulate  a  rule-governed  universe,  subject  to  specific  assumptions 
and  constraints"  (Pea,  1987,  p.  137).  Students  learn  from  microworlds  by  interacting  with  the 
mathematical  or  scientific  concepts  embodied  in  the  computer  programs,  and  by  "debugging"  their 
understanding  of  the  rules  which  govern  how  objects  behave  in  the  environment  (Edwards,  1992b). 
However,  the  learning  which  takes  place  depends  not  only  on  the  design  of  the  technological  artifact 
but  also  on  the  social  context,  on  the  way  in  which  the  computer  environment  is  introduced  and  on  the 
activities  structured  around  it. 

The  social  nature  of  knowledge  construction  has  been  addressed  both  within  the  mathematics 
education  community  and  more  broadly  (c/,  Resnick,  Levine  &  Teasley,  1991).  Cobb,  Wood  and 
Yaekel  (1992),  for  example,  have  investigated  in  great  detail  how  young  learners  co-construct 
understandings  of  mathematical  ideas  and  operations  while  interacting  in  pairs  and  small  groups. 
These  children  are  taught  in  classroom  settings  where  they  are  encouraged  to  work  together  to  solve 
mathematical  problems,  and  then  to  verbalize  their  solutions  to  the  whole  group.  In  such  settings,  the 
children  engage  in  processes  which  include: 

...resolving  obstacles  or  contradictions  that  arise  when  they  use  their  current  concepts  and 
procedures,  accounting  for  a  surprising  outcome.,.,,  verbalizing  thr>  mathematical  thinking, 
explaining  or  justifying  a  solution,  resolving  conflicting  points  of  view,  and  constructing  a 
consensual  domain  in  which  to  talk  about  mathematics  with  others  (Cobb,  Wood  &  Yaekel, 
1992,  p.  158) 

One  goal  of  the  pilot  study  reported  here  was  to  create  a  social  setting  for  upper  elementary  Costa 
Rican  students  in  which  they  had  the  opportunity  to  engage  in  the  learning  processes  described  above, 
but  one  in  which  the  mathematical  problem  solving  would  take  place  while  exploring  computer 
microworlds. 

The  context  of  the  project 

The  Mathematical  Explorations  in  Logo  study  was  carried  out  as  one  part  of  the  Omar  Dengo 
Foundation's  Computers  in  Elementary  Education  Project  This  project,  ongoing  since  1988,  has 
placed  computer  laboratories  (a  network  of  20  IBM  PS/2  computers  plus  printer)  into  more  than  160 
Costa  Rican  schools,  primarily  in  rural  and  marginal  urban  settings.  The  study  reported  here  thus 
took  place  within  the  context  of  an  established  and  successful  Logo  education  project.  The  students 
and  teachers  were  comfortable  with  computers,  and  all  students,  from  kindergarten  through  sixth 
grade,  were  accustomed  to  spending  at  least  80  minutes  a  week  on  Logo  activities.  However, 
although  the  students  had  an  adequate  level  of  programming  knowledge  for  creating  their  Logo 
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projects,  there  was  no  explicit  attempt  to  relate  mathematics  to  programming.  Furthermore,  as  in 
many  places,  Costa  Rican  students  were  often  taught  mathematics  in  a  somewhat  rote  and 
decontextualized  fashion.  Collaboration  and  discussion  did  not  typically  occur  in  their  regular 
mathematics  classes.  Thus,  a  new  goal  was  set,  that  of  extending  the  use  of  Logo  into  the  teaching 
and  learning  of  mathematics  through  the  creation  of  Logo-based  microworlds,  and  of  utilizing  these 
microworlds  in  a  social  setting  which  encouraged  collaboration,  discussion  and  verbalization  of 
mathematical  discoveries. 

The  CUERDAS  microworld 

The  microworld,  called  "CUERDAS"  ("Strings"-)  is  illustrated  in  Figure  1.  (This 
microworld  is  an  adaptation  of  a  Logo  procedure  which  has  been  used  within  the  Logo  community  for 
some  time).  The  procedure  CUERDAS  takes  two  inputs,  and  creates  either  polygons  or  "star"  figures 
by  connecting  equidistant  points  on  the  circumference  of  a  circle.  The  first  input  gives  the  number  of 
evenly-spaced  points  around  the  perimeter  of  the  circle,  and  the  second  input  is  used  to  "count  off  the 
distance  between  successively-connected  points.  The  figure  created  depends  on  a  fairly  simple 
mathematical  pattern,  specifically,  whether  the  ratio  of  the  first  to  the  second  input  results  in  a  whole 
number  or  not  As  seen  in  Figure  1,  whole  number  ratios  create  simple  polygons;  ratios  involving 
fractions  result  in  stars. 

These  and  other  mathematical  regularities  or  "rules"  are  not  immediately  obvious,  yet  learners 
can  discover  them  through  experimentation  with  the  microworld.  The  first  task  set  for  the  students  in 
the  study  was  to  find  out  the  purpose  of  each  input  in  the  CUERDAS  procedure.  Further  guided 
explorations  focused  on  which  inputs  create  polygons  and  which  create  stars,  and  on  the  fact  that 
pairs  of  inputs  having  a  common  ratio  result  the  same  figure  (for  example,  both  CUERDAS  6  2  and 
CUERDAS  3  1  make  an  equilateral  triangle). 


CUERDAS 4  1  CUERDAS 5  1  CUERDAS 5 2  CUERDAS 8 3 

FIGURE  1 :  The  microworld  CUERDAS  with  four  sets  of  inputs 


-The  microworld  was  called  "CUERDAS"  or  "Strings"  because  a  concrete  version  ol  this  activity  involve!,  creating  "siring 
pictures"  by  physically  connecting  pins  or  tuuls  on  the  circunilereiice  ol  a  luntp  with  lengths  ol'  string. 
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Methodology 

The  study  took  place  in  an  urban  school  in  a  poor  neighborhood  in  San  Jose,  the  capital  city  of 
Costa  Rica.  A  class  of  34  sixth-grade  students  (approximate  age,  12  years)  participated  in  the 
session,  which  was  set  up  to  pilot-test  the  software.  Sixteen  boys  and  1 8  girls  took  part  in  the  pilot 
study  during  an  80  minute  afternoon  session  in  the  school's  computer  lab.  The  students'  regular 
computer  teacher  was  present,  as  well  as  the  investigator  and  a  specialist  in  computer  education  from 
the  Omar  Dengo  Foundation,  who  served  as  the  instructor  during  the  pilot  session. 

Data  were  collected  through  observations  of  the  students  as  they  worked  in  pairs  and 
participated  in  group  discussion,  and  by  collecting  the  written  worksheets  they  completed  during  the 
session.  There  were  two  kinds  of  worksheets:  a  "data  sheet"  and  a  follow-up  set  of  questions  and 
problems  to  solve  using  the  microworld.  For  the  students,  the  "data  sheets*  were  used  as  a  way  to 
gather  information  so  that  they  could  write  a  hypothesis  about  ho  -'  the  microworld  functioned.  For 
the  investigator,  the  data  sheets  and  the  problem  sets  served  as  written  records  of  the  students'  work 
during  the  session,  and  were  used  in  conjunction  with  written  notes  to  analyze  the  students'  learning 
as  they  interacted  with  the  microworld  and  with  each  other. 

Procedure; 

The  session  began  with  all  students  gathered  in  a  circle,  where  the  instructor  spent  about  10 
minutes  introducing  the  activity.  She  stated  that  the  children  would  be  working  that  day  as  scientists 
or  detectives,  gathering  data  in  order  to  come  up  with  a  hypothesis  for  how  the  computer  program 
worked.  Data  sheets  were  distributed  to  pairs  of  students;  each  data  sheet  had  two  columns,  one 
headed  "What  I  Tried"  and  the  other  "What  I  Found  Out"  The  students  were  instructed  to  record 
each  "experiment"  as  they  entered  various  inputs  into  the  computer,  and  to  sketch  or  describe  the 
result.  At  the  bottom  of  the  sheet  the  students  were  asked  to  write  out  their  hypothesis  by  answering 

the  question:  "How  does  the  program  work?  My  hypothesis:  The  purpose  of  the  data 

sheet  was  both  to  help  students  remember  and  record  their  explorations  in  a  systematic  way,  and  also 
to  allow  them  to  reflect  on  the  results  of  their  experiments  with  the  microworld. 

The  students  then  moved  to  the  computers  in  self-selected  pairs,  and  set  to  work,  one  pair  per 
computer,  with  the  computers  arranged  side-by-side  around  the  perimeter  of  the  room.  The  students 
were  able  to  talk  freely  with  their  partners  and  neighboring  pairs  of  students.  They  spent 
approximately  30  minutes  exploring  the  microworld  and  filling  in  their  data  sheets.  Near  the  end  of 
this  time  period,  they  were  asked  to  spend  five  more  minutes  working  and  then  to  write  down  their 
final  hypotheses.  They  were  then  gathered  into  a  small  group,  and  asked  to  describe  or  read  out  their 
hypotheses.  A  discussion  followed,  during  which  the  students  were  encouraged  to  question  each 
other  and  to  clarify  their  hypotheses  to  the  group  (the  instructor  did  not  evaluate  the  hypotheses; 
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instead,  the  process  of  deciding  on  the  best  hypothesis  was  carried  out  by  the  group).  Finally,  the 
students  were  given  a  second  worksheet,  which  asked  specific  questions  about  the  function  of  each 
input  to  the  procedure  (offering,  in  essence,  an  opportunity  to  correct  or  refine  their  hypotheses)  and 
presented  a  set  of  problems  and  challenges  to  solve  using  the  program  (i.e.,  further  applications  and 
explorations  of  the  microworld).  The  students  spent  an  additional  20  minutes  filling  out  this 
worksheet,  working  until  the  end  of  the  80  minute  session. 


The  students  quickly  understood  the  goal  of  the  activity  and  worked  actively  during  the 
allotted  time  with  their  partners,  experimenting  with  the  microworld,  recording  their  results, 
discussing  possible  hypotheses  about  how  the  program  worked,  and  calling  over  the  instructors  or 
classmates  to  show  them  particularly  interesting  figures  on  the  screen.  During  the  last  five  minutes  of 
the  initial  period  of  exploration,  the  instructor  reminded  the  students  that  they  needed  to  come  up  with 
a  written  hypothesis.  This  prompt  resulted  in  a  final  burst  of  activity  and  conversation  among  the 
students.  After  writing  their  hypotheses,  the  students  were  gathered  into  a  circle  again  and  asked  to 
read  their  hypotheses,  one  at  a  time.  The  group  then  discussed  various  hypotheses,  some  of  which 
they  decided  were  incorrect  or  only  partially-correct.  The  correct  hypothesis  was  demonstrated  by 
one  pair  of  students  who  had  discovered  it  during  their  initial  exploration  of  the  microworld.  The 
students  then  returned  in  their  pain  to  the  computers,  and  most  of  them  confirmed  the  correct 
hypothesis  by  entering  additional  examples,  and  then  went  on  to  complete  the  problems  and 
explorations  on  the  second  worksheet 

An  analysis  of  the  written  worksheets  revealed  that  almost  all  of  the  students  (14  out  of  17 
pairs,  or  82%)  were  able  to  correctly  describe  the  function  of  the  first  input  to  the  procedure  in  their 
initial  written  hypothesis.  However,  only  one  pair  of  students  (6%)  was  able  to  correctly  determine 
the  precise  function  of  the  second  input  within  the  time  allowed  for  this  task.  The  other  pairs  gave  a 
variety  of  hypotheses.  In  general,  these  hypotheses  stated  that  the  second  input  had  something  to  do 
with  the  shape  of  the  figure  inside  the  circle,  but  were  not  specific  about  the  precise  mathematical 
relationship.  For  example,  two  hypotheses  taken  from  the  written  worksheets  were:  "El  segundo  # 
sirve  para  hacer  la  figura  que  esta  inscrita"  ("The  second  number  serves  to  make  the  inscribed 
figure");  and  "El  segundo  es  el  numero  de  figura"  ("The  second  is  the  number  of  the  figure").  As  can 
be  seen,  the  students'  hypotheses  were  vague  and  difficult  to  interpret  For  the  most  pan,  the 
students  were  not  able  to  discover  the  specific  function  of  the  second  input  at  least  not  within  the 
amount  of  time  they  were  allowed  for  the  initial  exploration  of  the  environment 

As  noted  above,  after  the  students  shared  their  hypotheses,  the  pair  of  students  who  had 
discovered  the  correct  functioning  of  both  inputs  demonstrated  their  solution  on  the  computer.  The 
other  students  at  this  point  watched  and  carefully  questioned  the  successful  pair.  After  this 
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demonstration  and  discussion,  the  majority  of  the  students  (13  out  of  17  pairs,  or  76%)' were  able  to 
accurately  describe  in  writing  the  function  of  the  second  input  For  example,  one  pair  wrote,  in 
answer  to  the  question  "Que.  signifies  la  segunda  entrada?"  (What  does  the  second  input  mean?),  "El 
espacio  entre  vertice  y  vertice  para  ser  la  figura  dentro  la  circunfertneia"  ("The  space  between  vertex 
and  vertex  to  make  the  figure  inside  the  circumference"). 

Most  of  the  children  successfully  completed  the  remainder  of  the  second  worksheet,  which 
consisted  of  challenges  to  create  specific  figures  using  the  microworld,  or  to  discover  general  "rules" 
such  as  how  to  create  stars  rather  than  polygons.  The  students  worked  very  productively  during  this 
third  phase.  By  the  end  of  the  session,  the  children  were  able  to  use  the  CUERDAS  procedure  with 
confidence  both  to  create  shapes  specified  on  the  worksheet  and  to  make  new  designs  of  their  own. 
This  facility  in  using  the  microworld  to  solve  problems  is  evidence  of  an  understanding  of  the 
program  which  apparently  surpassed  what  the  students  could  put  into  words.  Although  not  all  of  the 
students  could  initially  state  in  precise  language  how  the  microworld  functioned,  all  could  correctly 
select  inputs  in  order  to  create  specific  figures,  that  is,  they  could  successfully  use.  the  microworld  in 
solving  problems  and  creating  interesting  patterns  of  their  own. 

Discussion 

According  to  one  model  of  mathematical  understanding  (Hoyles  &  Noss,  1987),  a  learning 
sequence  which  reflects  increasing  mathematical  power  includes  the  following  "stages:"  Using, 
Discriminating,  Generalizing  and  Synthesizing.  "Using"  indicates  that  the  learner  knows  what  to  do 
with  a  mathematical  operation  or  procedure,  while  a  child  who  is  at  the  "discriminating"  stage  can 
describe  features  of  the  procedure  which  make  it  distinct,  and  knows  how  it  works.  At  the 
"generalizing"  stage,  a  learner  can  test  for  mathematical  regularities,  and  when  "synthesizing"  can 
make  connections  with  other  mathematical  topics.  The  children  working  with  the  CUERDAS 
microworld  were  able  both  to  me  the  procedure  and  to  dlKfiminalC  at  certain  aspects  of  its  features, 
writing  hypotheses  which  reflected  their  understanding  of  how  the  procedure  worked.  They  were 
able  to  reach  this  level  of  understanding  by  experimenting  with  the  microworld  and  talking  about  the 
results  with  their  partners,  by  sharing  their  hypotheses  with  the  whole  group,  and  then  returning  to 
the  computer  for  further  exploration  and  problem-solving. 

It  is  important  to  note  that  these  children  had  never  been  asked  to  carry  out  an  activity  like  the 
one  described  above,  either  in  their  Logo  class  or  as  part  of  their  regular  mathematics  instruction.  The 
initial  description  of  the  purpose  of  the  project,  the  introduction  of  the  idea  of  being  a  detective  or 
scientist,  was  very  important  in  helping  these  students  to  understand  the  idea  of  a  mathematical 
exploration.  Yet,  aside  from  helping  the  children  to  start  the  program  and  answering  a  few 
questions,  the  teacher  and  investigator  did  not  intervene  during  the  session.  The  students  consulted 
among  themselves,  argued,  debated,  questioned,  looked  at  other  screens  and  formulated  their  written 


answers  together.  This  kind  of  activity,  in  which  students  engage  in  authentic  debate  and 
conversation,  contrasts  sharply  with  the  traditional  "recitation  script"  in  which  the  teacher  provides 
information  to  the  whole  class  and  then  tests  the  students'  recall  through  individual  question  and 
answer  (Tharp  and  Gallimore,  1988).  In  the  work  described  here,  the  studenti  focused  on  the 
computer  as  a  "conversation  piece",  one  which  embodied  a  mathematical  puzzle  that  they  worked 
together  to  solve.  The  teacher's  role  became  one  of  coaching  and  guiding  the  students  to  make  their 
discoveries  explicit  and  to  express  them  in  words. 

This  pilot  study,  although  limited  in  scope,  contributes  to  the  growing  body  of  research 
showing  that  mathematically-rich  computational  environments  can  provide  a  basis  for  learning  which 
goes  beyond  memorization  and  rote  procedural  knowledge.  The  students  in  this  study  acted,  during 
the  pilot  session,  as  members  of  a  community  of  fellow  explorers,  sharing  a  common  goal  of  making 
sense  of  a  new  mathematical  phenomenon,  embodied  in  a  computer  microworld.  In  future  work  with 
these  students  and  others,  it  is  hoped  that  this  pedagogical  context  will  become  a  familiar  and  accepted 
way  to  support  deep  and  significant  learning  through  the  exploration  of  computer  environments. 
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WHAT  IS  SOCIAL  CONSTRUCTIVISM  IN  THE  PSYCHOLOGY  OF 
MATHEMATICS  EDUCATION? 


Social  constructivism  is  appearing  in  the  work  of  some  researchers  in  the  psychology  of 
mathematics  education  as  an  alternative  perspective  to  radical  constructivism.  However 
there  are  widespread  disparities  in  what  is  meant  by  social  constructivism.  To  overcome 
this  ambiguity,  the  roots  of  social  constructivism  in  sociology,  symbolic  interactionism, 
philosophy  and  social  psychology  are  traced,  and  two  types  of  social  constructivism  are 
distinguished.  One  is  based  on  a  radical  constructivist  (Piagctian)  theory  of  mind,  and  either 
bolts  on  aspects  of  the  social,  or  adds  it  or.  as  an  alternative  complementary  perspective. 
The  other  type  is  based  on  Vygotskian  theory  of  mind,  and  is  more  thoroughly  social. 

INTRODUCTION:  THE  PROBLEM 

The  central  problem  for  the  psychology  of  mathematics  education  is  to  provide  a  theory  of  learning 
mathematics  that  facilitates  interventions  in  the  processes  of  its  teaching  and  learning  Thus,  for 
example,  Piagct's  Stage  Theory  inspired  a  substantial  body  of  research  on  hierarchical  theories  of 
conceptual  development  in  the  learning  of  mathematics  in  the  1970s  and  1980s  (e.g.  Hart,  1981). 
Piagct's  constructivism  also  led  to  the  currently  fashionable  radical  constructivist  theory  of  learning 
mathematics,  which  accounts  for  the  individual  idiosyncratic  construction  of  meaning,  and  thus  for 
systematic  errors,  misconceptions,  and  alternative  conceptions  in  the  learning  of  mathematics.  It  does 
this  in  terms  of  individual  cognitive  schemas,  which  it  describes  as  growing  and  developing  to  give 
viable  theories  of  experience  by  means  of  Piaget's  twin  processes  of  equilibration,  assimilation  and 
accommodation. 

Although  a  number  of  different  forms  of  constructivism  exist,  the  radical  version  most  strongly 
prioritises  the  individual  aspects  of  learning.  It  thus  regards  other  aspects,  such  as  the  social,  to  be 
merely  a  part  of,  or  reducible  to,  the  individual.  A  number  of  authors  have  criticised  this  approach  for 
its  neglect  of  the  social  (Ernest  1991b,  1993d;  Goldin  1991,  Lerman,  1992,  1994).  Thus  in  claiming  to 
solve  one  of  the  problems  of  the  psychology  of  mathematics  education,  radical  constructivism  has 
raised  another:  how  to  account  for  the  social  aspects  of  learning  mathematics?  Tnis  is  not  a  trivial 
problem,  because  the  social  domain  includes  linguistic  factors,  cultural  factors,  interpersonal 
interactions  such  as  peer  interaction,  and  teaching  and  the  role  of  the  teacher.  Thus  another  of  the 
fundamental  problems  faced  by  the  psychology  of  mathematics  educaticn  is:  how  to  reconcile  the 
private  mathematical  knowledge,  skills,  learning,  and  conceptual  development  of  the  individual  with  the 
social  nature  of  schoo'  mathematics  and  its  context,  influences  and  teaching?  In  other  words:  how  to 
reconcile  the  private  and  the  public,  the  individual  and  the  collective  or  social,  the  psychological  and  the 
sociological  aspects  of  the  learning  (and  teaching)  of  mathematics' 

One  approach  to  this  problem  (and  there  arc  of  couisc  others  not  discussed  here)  is  to  propose 
a  social  constructivist  theory  of  learning  mathematics.  On  the  face  of  it,  this  is  a  theory  which 
acknowledges  that  both  social  processes  and  ind'vidual  sense  making  have  central  and  essential  parts  to 
play  in  the  learning  of  mathema-.ics.  Consequently,  social  constructivism  is  gaining  in  popularity. 
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However  a  problem  that  needs  to  be  addressed  is  that  of  specifying  more  precisely  the  nature  of  this 
perspective.  A  number  of  authors  attribute  different  characteristics  to  what  they  term  social 
constructivism.  Others  are  developing  theoretical  perspectives  under  other  names  which  might  usefully 
be  characterised  as  social  constructivist.  Thus  there  is  a  lack  of  consensus  about  what  is  meant  by  the 
term,  and  what  are  its  underpinning  theoretical  bases  and  assumptions  The  aim  of  this  paper  is  to  begin 
to  clear  up  this  confusion  by  clarifying  the  origins  and  nature  of  social  constructivism,  and  indicating 
some  of  the  major  differences  underlying  the  use  of  the  name. 

BACKGROUND  TRADITIONS 

Although  there  are  few  explicit  references  to  social  construction  in  the  work  of  symbolic  interactionists 
and  ethnomethodologists  such  as  Mead,  Blumer,  Wright  Mills,  Goffman  and  Garfinkel,  their  work  is 
centrally  concerned  with  the  social  construction  of  persons  and  interpersonal  relationships.  They 
emphasise  conversation  and  the  types  of  interpersonal  negotiation  that  underpin  everyday  roles  and 
functionings,  such  as  those  of  the  teacher  in  the  classroom.  Indeed,  Mead  (1934)  even  offers  a 
conversation  based  social  theory  of  mind.  Following  on  from  this  tradition,  a  milestone  was  reached 
when  Berger  and  Luckmann  (1966)  published  their  seminal  sociological  text  'The  social  construction  of 
reality'.  Drawing  on  the  work  of  Schutz,  Mead,  Goffman  and  others,  this  elaborated  the  theory  that  our 
knowledge  and  perceptions  of  reality  are  socially  constructed,  and  that  we  are  socialised  in  our 
upbringing  to  share  aspects  of  that  received  view.  They  describe  the  socialisation  of  an  individual  as  "an 
ongoing  dialectical  process  composed  of  the  three  moments  of  externalization,  objectivation  and 
internalization...  [and]  the  beginning  point  of  this  process  is  internalization."  (Berger  and  Luckmann 
1966:  149) 

From  the  late  1960s  or  early  1970s,  social  constructivism  became  a  term  applied  to  the  work  of 
sociologists  of  science  and  sociologists  of  knowledge  including  Barnes,  Bloor,  Knorr-Cetina,  Latour, 
Restivo,  and  others.  This  tradition  drew  upon  the  work  of  Durkheim,  Mannheim,  and  others,  and  its 
primary  object  is  to  account  for  the  social  construction  of  scientific  knowledge,  including  mathematics 
(Restivo  1988).  Recently,  there  has  been  work  in  this  tradition  (e.g.  by  Restivo  and  Collins)  in 
developing  a  social  theory  of  mind  (drawing  on  the  work  of  Mead  and  Vygotsky). 

Not  long  after  the  development  of  these  sociological  traditions,  in  the  1970s,  social 
constructionism  became  a  recognised  movement  in  social  psychology  through  the  work  of  Coulter, 
Gergen,  Harre,  Secord,  Shotter,  and  others  These  authors  have  been  concerned  with  a  broad  range  of 
social  psychological  issues  such  as  the  social  construction  of  the  self,  personal  identity,  emotions, 
gender,  and  so  on  (Gergen,  1985).  A  shared  starting  point,  elaborated  by  different  researchers  in 
different  ways,  is  that  of  Vygotskian  theory.  Consequently,  one  of  the  special  features  of  social 
constructionism  in  social  psychology  is  the  explicit  central  use  of  the  metaphor  of  conversation  for 
mind,  as  well  as  for  interpersonal  interaction. 

Within  psychology  there  are  other  inter-related  traditions  which  build  on  the  work  of  Vygotsky, 
and  which  propose  more  less  well  developed  social  theories  of  mind.  These  include  both  Soviet  Activity 
Theorists  (Vygotsky,  Luria,  Leont'ev,  Gal'perin,  Davydov),  what  might  be  termed  'dialogists',  including 
Volosinov,  Bakhtin,  Lotman,  Wertsch,  and  sociocultural  theorists  such  as  Lave,  Wenger,  Rogoff,  Cole 
and  Saxe. 
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The  term  'social  constructivism'  was  not  applied  in  philosophy,  to  the  best  of  my  knowledge, 
until  the  late  1980s,  when  the  growing  interdisciplinarity  of  sociological  and  social  psychological 
studies,  and  their  terminology,  spilled  over  into  philosophy.  However,  a  social  constructtvist  tradition  in 
philosophy  can  be  identified,  with  its  basis  in  the  late  work  of  Wittgenstein,  although  some  scholars, 
such  as  Shotter,  trace  it  back  to  Vico.  There  are  strands  in  various  branches  of  philosophy  which  might 
be  termed  social  constructivist.  This  includes  the  tradition  of  ordinary  language  and  speech  act 
philosophy,  following  on  from  Wittgenstein  and  Ryle,  including  the  work  of  Austin,  Geach,  Grice, 
Scarle  and  others  In  the  philosophy  of  science,  a  mainstream  social  constructivist  strand  includes  the 
work  of  Hanson,  Kuhn,  Fcyerabend,  Hesse  and  others.  In  continental  European  philosophy  there  is  a 
older  tradition  including  Enriques,  Bachelard,  Canguilhem,  Foucault  which  has  explored  the  formative 
relations  between  knowledge,  especially  scientific  knowledge,  and  social  structure.  In  social 
epistemology  there  is  the  work  of  Toulmin,  Fuller  and  others.  In  the  philosophy  of  mathematics  there  is 
a  tradition  including  Wittgenstein,  Lakatos,  Bloor,  Davis,  Hersh,  and  Kitcher.  Ernest  (1991a,  In  press) 
surveys  this  tradition,  and  represents  one  of  the  few  specifically  philosophical  approaches  to 
mathematics  to  adopt  the  title  of  social  constructivism. 

In  the  early  1970s  the  social  construction  (of  knowledge)  of  reality  thesis  became  widespread  in 
educational  work  based  on  sociological  perspectives,  such  as  Esland,  Young,  Bernstein,  and  others.  By 
the  1980s  theories  of  learning  based  on  Vygotsky  were  also  sometimes  termed  social  constructivist,  and 
although  we  might  now  wish  to  draw  distinctions  between  their  positions,  researchers  such  as  Andrew 
Pollard  (1987)  identified  Bruner,  Vygotsky,  Edwards  and  Mercer,  and  Walkerdine  as  contributing  to  a 
social  constructivist  view  of  the  child  and  learning  . 

To  the  best  of  my  knowledge,  the  term  'social  constructivism'  appeared  in  mathematics 
education  from  two  sources.  The  first  is  the  social  constructivist  sociology  of  mathematics  of  Restivo, 
which  he  explicitly  related  to  mathematics  education  in  Restivo  (1988).  The  second  is  the  social 
constructivist  theory  of  learning  mathematics  of  Weinberg  and  Gavclek  (1987).  The  latter  is  based  on 
the  theories  of  both  Wittgenstein  and  Vygotsky,  but  also  mentions  the  work  of  Saxe,  Bauersfeld  and 
Bishop  as  important  contributions  to  the  area,  even  though  they  might  not  have  explicitly  drawn  called 
themselves  social  constructtvist.  Unfortunately  Weinberg  and  Gavelek  never  developed  their  ideas  in 
print  (to  my  knowledge).  Bishop  (1985)  made  a  more  powerful  impact  with  his  paper  on  the  social 
construction  of  meaning  in  mathematics  education,  but  he  did  not  develop  an  explicit  theory  of  learning 
mathematics,  and  focused  more  on  its  social  and  cultural  contexts.  Social  constructivism  became  a 
more  widely  recognised  position  following  Ernest  (1990,  1991a,  1991b),  but  a  number  of  authors  have 
used  and  continue  to  use  the  word  in  different  ways,  such  as  Bauersfeld  (1992)  and  Bartolini-Bussi 
(1991).  There  are  also  a  number  of  contributions  to  mathematics  education  which  might  be  termed 
social  constructivist,  in  one  sense  or  other,  even  though  they  do  not  use  this  title  (e.g.  the 
socioconstructivism  discussed  below). 

In  summary,  social  constructivism  originated  in  sociology  and  philosophy,  with  inputs  also  from 
symbolic  interactionism  and  Soviet  psychology,  and  subsequently  it  influenced  modern  developments  in 
social  psychology  and  educational  studies,  before  filtering  through  to  mathematics  education.  Because 
of  the  diverse  routes  of  entry,  and  doubtless  because  of  the  varying  paradigms  and  perspectives  into 
which  it  was  assimilated  in  mathematics  education,  social  constructivism  is  used  to  refer  to  widely 
divergent  positions  What  they  share  is  the  notion  that  the  social  domain  impacts  on  the  developing 
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individual  in  some  crucially  formative  way,  and  that  the  individual  constructs  (or  appropriates)  her 
meanings  in  response  to  her  experiences  in  social  contexts.  This  description  is  vague  enough  to 
accommodate  a  range  of  positions  from  a  slightly  socialised  version  of  radical  constructivism,  through 
sociocultural  and  sociological  perspectives,  all  the  way  to  fully-fledged  post-structuralist  views  of  the 
subject  and  of  learning. 

Tbeproblemalique  of  social  constructivism  for  mathematics  education  may  be  characterised  as 
twofold.  It  comprises,  first,  an  attempt  to  answer  the  question:  how  to  account  for  the  nature  of 
mathematical  knowledge  as  socially  constructed?  Second,  how  to  give  a  social  constructivist  account  of 
the  individual's  learning  and  construction  of  mathematics?  Answers  to  these  questions  need  to 
accommodate  both  the  personal  reconstruction  of  knowledge,  and  personal  contributions  to  •objective' 
(i.e.  socially  accepted)  mathematical  knowledge.  An  important  issue  implicated  in  the  second  question 
is  that  of  the  centrality  of  language  to  knowing  and  thought. 

Elsewhere  I  have  focused  on  the  first  more  overtly  epistemological  question,  concerning 
mathematical  knowledge  (Ernest  1991a,  1993b,  In-press).  However,  from  the  perspective  of  the 
psychology  of  mathematics  education,  the  second  question  is  the  all-important  one.  It  is  also  the  source 
of  a  major  controversy  in  the  mathematics  education  community.  In  simplified  terms,  the  key  distinction 
among  social  constructivist  theories  of  learning  mathematics  is  that  between  individualistic  or 
cognitively  based  theories  (e.g.  Piagetian  or  radical  constructivist  theories)  and  socially  based  theories 
(e  g.  Vygotskian  theories  of  learning  mathematics). 

Although  this  is  a  significant  distinction,  an  important  feature  shared  by  radical  constructivism 
and  the  varieties  of  social  constructivism  discussed  here  is  a  commitment  to  a  fallibilist  view  of 
knowledge  in  general,  and  mathematical  knowledge  in  particular.  (This  will  not  be  discussed  further 
here,  but  see  e.g.  Ernest  1991a,  In  press.) 

SOCIAL  CONSTRUCTIVISM  WITH  A  PIAGETIAN  THEORY  OF  MIND 

A  number  of  authors  have  attempted  to  develop  a  form  of  social  constructivism  based  on  what  might  be 
termed  a  Piagetian  or  neo-Piagetian  constructivist  theory  of  mind.  Two  main  strategies  have  been 
adopted.  First,  to  start  from  a  radical  constructivist  position  and  add  on  social  aspects  of  classroom 
interaction.  That  is,  to  prioritise  the  individual  aspects  of  knowledge  construction,  but  to  acknowledge 
the  important  if  secondary  place  of  social  interaction.  This  is  apparently  the  strategy  of  Yackel,  Cobb 
and  Wood  (In  press),  who  claim  to  be  radical  constructivist,  but  also  lay  a  special  emphasis  on  the 
social  negotiation  of  classroom  norms.  Indeed  these  researchers  adopted  the  term  socioconstructivist 
for  their  position,  but  have  since  reverted  to  the  term  'constructivist'.  However  it  is  possible  that  these 
researchers  should  be  interpreted  as  having  adopted  a  complernentarist  position  (the  second  strategy, 
discuss«l  below),  for  certainly  in  some  publications  (e.g.  Cobb,  1989)  they  explicitly  write  of  the 
adoption  of  multiple  theoretical  perspectives  and  of  their  complementarity.  Overall,  a  number  of 
developments  in  radical  constructivism  would  seem  to  fall  under  this  category,  in  all  but  name  (e.g. 
Richards  1991) 

The  second  strategy  is  to  adopt  two  complementary  and  interacting  but  disparate  theoretical 
frameworks.  One  framework  is  intra-individual  and  concerns  the  individual  construction  of  meanings 
and  knowledge,  following  the  radical  constructivist  model.  The  other  is  inter-personal,  and  concerns 
social  interaction  and  negotiation  between  persons.  It  can  also  extend  far  enough  to  account  for  cultural 
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items,  such  as  mathematical  knowledge.  A  number  of  researchers  have  adopted  this  complementarist 
version  of  social  constructivism,  including  Driver  (In  press),  who  accommodates  both  personal  and 
interpersonal  construction  of  knowledge  in  science  education.  Likewise  Murray  (1992)  and  her 
colleagues  argue  that  mathematical  knowledge  is  both  an  individual  and  a  social  construction. 
Bauersfeld  (1992:  467)  explicitly  espouses  a  social  constructivist  position  based  on  "radical 
constructivist  principles...  and  an  integrated  and  compatible  elaboration  of  the.  role  of  the  social 
dimension  in  individual  processes  of  construction  as  well  as  the  processes  of  social  interaction  in  the 
classroom".  Most  recently  Bauersfeld  (1994:  467)  describes  his  social  constructivist  perspective  as 
interactionist,  sitting  between  individualist  perspectives,  such  as  cognitive  psychology  and  collectivist 
perspectives,  such  as  Activity  Theory.  Thus  he  explicitly  relates  it  to  the  symbolic  interactionist  position 
mentioned  above,  but  he  retains  a  cognitive  (radical  constructivist)  theory  of  mind  complementing  his 
interactionist  theory  of  interpersonal  relations. 

In  Emest  (1991a)  I  proposed  a  version  of  social  constructivism,  which  although  intended  as  a 
philosophy  of  mathematics,  also  included  a  detailed  account  of  subjective  knowledge  construction.  This 
combined  a  radical  constructivist  view  of  the  construction  of  individual  knowledge  (with  an  added 
special  emphasis  on  the  acquisition  and  use  of  language)  with  Conventionalism;  a  fallibilist  social  theory 
of  mathematics  originating  with  Wittgenstein,  Lakatos,  Bloor  and  others. 

The  two  key  features  of  the  account  are  as  follows.  First  of  all,  there  is  the  active 
construction  of  knowledge,  typically  concepts  and  hypotheses,  on  the  basis  of  experiences 
and  previous  knowledge.  These  provide  a  basis  for  understanding  and  serve  the  purpose  of 
guiding  future  actions.  Secondly,  there  is  the.  essential  role  played  by  experience  and 
interaction  with  the  physical  and  social  worlds,  in  both  the  physical  action  and  speech 
modes.  This  experience  constitutes  the  intended  use  of  the  knowledge,  but  it  provides  the 
conflicts  between  intended  and  perceived  outcomes  which  lead  to  the  restructuring  of 
knowledge,  to  improve  its  fit  with  experience.  The  shaping  effect  of  experience,  to  use 
Quine's  metaphor,  must  not  be  underestimated.  For  this  is  where  the  full  impact  of  human 
culture  occurs,  and  where  the  rules  and  conventions  of  language  use  are  constructed  by 
individuals,  with  the  extensive  functional  outcomes  manifested  around  us  in  human  society. 

Ernest  (1991a:  72) 

However  this  conjunction  [of  social  and  radical  constructivist  theories]  raises  the  question 
as  to  their  mutual  consistency.  In  answer  it  can  be  said  that  they  treat  different  domains, 
and  both  involve  social  negotiation  at  their  boundaries  (as  Figure  4.1  illustrates).  Thus 
inconsistency  seems  unlikely,  for  it  could  only  come  about  from  their  straying  over  the 
interface  of  social  interaction,  into  each  other's  domains.  ...there  are  unifying  concepts  (or 
metaphors)  which  unite  the  private  and  social  realms,  namely  construction  and  negotiation. 

Ernest  (1991a:  86-87) 

In  commenting  on  work  that  combines  a  (radical)  constructivist  perspective  with  an  analysis  of 
classroom  interaction  and  the  wider  social  context,  Bartolini-Bussi  (1991.  3)  remarks  that 
"Coordination  between  different  theoretical  frameworks  might  be  considered  as  a  form  of 
complementarity  as  described  in  Steinert  proposal  for  TME:  the  principle  of  complementarity  requires 
simultaneous  use  of  descriptive  models  that  are  theoretically  incompatible.".  However,  Lerman  (1994) 
argues  that  there  is  an  inconsistency  between  the  subsumed  social  theories  of  knowledge  and 
interaction,  and  radical  constructivism,  in  this  (or  any)  complementarist  version  of  social 
constructivism. 

Q  -108- 


UMmmnm,M  KJ  %J  %J 


I,  too,  now  think  that  there  <tfe  severe  difficulties  associated  with  the  form  of  social 
constructivism  which  builds  on  radical  constructivism.  There  are  first  of  all  many  of  the  problems 
associated  with  the  assumption  of  an  isolated  cognizing  subject  (Ernest,  1991b).  Radical  constructivism 
can  be  described  as  being  based  on  the  metaphor  of  an  evolving  and  adapting,  but  isolated  organism  -  a 
cognitive  alien  in  hostile  environment.  Its  world-model  is  that  of  the  cognising  subject's  private  domain 
of  experience  (Ernest  1993c,  1993d).  Any  form  of  social  constructivism  that  retains  radical 
constructivism  at  its  core  retains  these  metaphors,  at  least  in  some  part.  Given  the  separation  of  the 
social  and  individual  domain  that  a  complementarist  approach  assumes,  there  are  also  the  linked 
problems  of  language,  semiotic  mediation,  and  the  relationship  between  private  and  public  knowledge. 
If  these  are  ontologically  disparate  realms,  how  can  transfer  from  one  to  the  other  take  place? 

Lerman  (1992)  made  an  interesting  attempt  to  rescue  (as  he  saw  it)  radical  constructivism  by 
replacing  its  Piagetian  .heory  of  mind  and  conceptual  development  by  a  Vygotslcian  theory  of  mind  and 
language,  in  what  might  be  seen  as  a  form  of  social  constructivism.  However,  in  taking  leave  of  radical 
constructivism  Lerman  (1994)  has  recently  extended  his  critique,  and  now  argues  that  any  form  of 
social  constructivism  which  retains  a  radical  constructivism  account  of  individual  learning  of 
mathematics  inevitably  fails  to  account  adequately  for  language  and  the  social  dimension.  Bartolint- 
Bussi  (1994),  however,  remains  committed  to  a  complementarist  approach,  and  although  espousing  a 
Vygotskian  position,  argues  for  the  value  of  the  co-existence  of  a  Piagetian  form  of  social 
constructivism,  and  the  necessity  for  multiple  perspectives. 

SOCIAL  CONSTRUCTIVISM  WITH  A  VYGOTSKIAN  THEORY  OF  MIND 

In  a  survey  of  social  constructivist  research  in  the  psychology  of  mathematics  education  Bartolini-Bussi 
( 1 99 1 )  distinguishes  complementarist  work  combining  constructivist  with  social  perspectives  from  what 
she  terms  social  constructionist  work  based  on  a  fully  integrated  social  perspective.  Some  of  her 
attributions  of  individual  projects  to  these  approaches  might  be  questioned.  For  example,  I  would  locate 
the  diagnostic  teaching  approach  of  Alan  Bell  in  a  cognitively-based  post-Piagetian  framework,  not  one 
of  social  constructivism.  Nevertheless,  the  distinction  made  is  important.  It  supports  the  definition  of  a 
second  group  of  social  constructivist  perspectives  based  on  a  Vygotskian  or  social  theory  of  mind,  as 
opposed  to  the  constructivist  and  complementarist  approaches  described  in  the  previous  section. 

Weinberg  and  Gavelek's  (1987)  proposal  falls  within  this  category,  since  it  is  a  social 
constructivist  theory  of  learning  mathematics  explicitly  based  on  Vygotsky's  theory  of  mind.  A  more 
fully  developed  form  of  social  constructivism  based  on  Vygotsky  and  Activity  Theory  is  that  of 
Bartolini-Bussi  (1991,  1994),  who  emphasises  mind,  interaction,  conversation,  activity  and  social 
context  as  forming  an  interrelated  whole,  and  indicates  a  broad  range  of  classroom  and  research 
implications  and  applications. 

In  Ernest  (1993a,  1993c,  1993d,  1994,  In-press)  I  have  been  developing  a  form  of  social 
constructivism  differing  from  my  earlier  version  (Ernest  1990,  1991a)  because  it  similarly  draws  on 
Vygotskian  roots  instead  of  Piagetian  constructivism  in  accounting  for  the  learning  of  mathematics. 
This  approach  views  individual  subjects  and  the  realm  of  the  social  as  indissolubly  interconnected,  with 
human  subjects  formed  through  their  interactions  with  each  other  (as  well  as  by  their  individual 
processes)  in  social  contexts.  These  contexts  are  shared  forms-of-life  and  located  in  them,  shared 
language-games  (Wittgenstein).  This  version  of  social  constructivism  has  no  underlvina  metaohor  for 
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the  wholly  isolated  individual  mind,  drawing  instead  upon  the  metaphor  of  conversation,  comprising 
persons  in  meaningful  linguistic  and  extra-linguistic  interaction.  (This  metaphor  for  mind  is  widespread 
among  'dialogists'  e.g.  Bakhtin,  Wertsch  and  social  constructionists  e.g.  Harre;  Gergen,  S hotter ) 

Mind  is  viewed  as  social  and  conversational  because  of  the  following  assumptions.  First  of  all, 
individual  thinking  of  any  complexity  originates  with  and  is  formed  by  internalised  conversation, 
second,  all  subsequent  individual  thinking  is  structured  and  natured  by  this  origin;  and  third,  some 
mental  functioning  is  collective  (e  g!  group  problem  solving).  Adopting  a  Vygotskian  perspective  means 
that  language  and  se miotic  mediation  are  accommodated.  Through  play  the  basic  semiotic  fraction  of 
signifier/signified  begins  to  become  a  powerful  factor  in  the  social  (and  hence  personal)  construction  of 
meaning  (Vygotsky,  1978). 

Conversation  also  offers  a  powerful  way  of  accounting  for  both  mind  and  mathematics.  Harre 
(1979)  has  elaborated  a  cyclic  Vygotskian  theory  of  the  development  of  mind,  personal  identity, 
language  acquisition,  and  the  creation  and  testing  of  public  knowledge,  all  in  one  cyclic  pattern  of 
appropriation,  transformation,  publication,  conventionalisation.  This  provides  descriptions  of  both  the 
development  of  personal  knowledge  of  mathematics  in  the  context  of  mathematics  education 
(paralleling  Berger  and  Luckmann's  socialisation  cycle),  and  describes  the  formative  relation  between 
personal  and  'objective'  mathematical  knowledge  in  the  context  of  academic  research  mathematics 
(Ernest  1991a,  1993b,  1994,  In  press).  Such  a  theory  has  the  potential  to  overcome  the  problems  of 
complementarity  discussed  above. 

CONCLUSION 

It  is  important  to  distinguish  Vygotskian  from  radical  const ructivist  varieties  of  social  constructivism, 
for  progress  to  be  made  in  theoretical  aspects  of  the  psychology  of  mathematics  education.  However, 
the  adoption  of  a  Vygotskian  version  is  not  a  panacea.  Undoubtedly  Piagetian  and  post-Piagetian  work 
on  the  cognitive  aspects  of  the  psychology  of  mathematics  education  is  at  a  far  more  advanced  stage 
and  with  a  more  complete  theorisation,  research  methodology  and  set  of  practical  applications. 
Nevertheless,  Vygotskian  versions  of  social  constructivism  suggest  the  importance  of  a  number  of 
fruitful  avenues  of  research,  including  the  following: 

•  the  acquisition  of  transformation  skills  in  working  with  semiotic  representations  in  school 

mathematics; 

•  the  learning  of  the  accepted  rhetorical  forms  of  school  mathematical  language,  both  spoken  and 


•  the  crucial  role  of  the  teacher  in  correcting  learner  knowledge  productions  and  warranting  learner 

knowledge;  and 

•  the  import  of  the  overall  social  context  of  the  mathematics  classroom  as  a  complex,  organised  form  of 

life  including  (a)  persons,  relationships  and  roles,  (b)  material  resources,  (c)  the  discourse  of  school 
mathematics,  both  content  and  modes  of  communication  (Ernest  1993a,  In  press). 
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SUMMARY 

In  this  paper  an  experimental  study  of  students'  strategies  in  si'lvint: 
a  judgment  of  association  in  contingency  tables  is  presented.  Tlh- 
classif leaf  ion  of  these  strategies  from  a  mathematical  point  of  view 
allows  us  to  determine  concepts  and  theorems  in  action  and  to  identify 
students'  concept  ions  concerning  Stat  1st  leal  association  in  contingency 
tables.  Finally,  correspondence  analysis  is  used  to  shov  the  effect  of 
task  variables  of  the  Items  on  students'  strategies. 


PSYCHOLOGICAL  RESEARCH  ON  CONTINGENCY  TABLES 

A  contingency  table  or  cross-tabulation  Is  used  to  present,  In  a  summarized 
way,  the  frequencies  In  a  population  or  sample,  classified  by  two  statistical 
variables.  In  Its  simplest  form,  when  the  variables  only  Involve  two  different 
categories,   It  takes  the  format  presented  In  Table  1: 


1:  Typical 

format  for 

the  2x2  contingency  table 

A 

NOT  A 

Total 

B 

a 

b 

a+b 

NOT  B 

c 

d 

c+d 

The  study  of  reasoning  about  statistical  association  began  with  Inhelder  and 
Plaget  (1955),  who  considered  that  the  understanding  of  the  Idea  of  association 
has  as  prerequisites  the  concepts  of  proportionality,  probability  and  the 
combinatorial  capacity.  For  this  reason,  they  only  studied  reasoning  about 
association  with  pupils  In  their  formal  operation  stage  (Ilia)  and  (Illb), 
proposing  to  the  subjects  the  problem  of  the  association  between  eye  colour  and 
hair  colour. 

They  found  that,  at  stage  (Ilia),  some  adolescents  only  analyze  the 
relationship  between  the  favorable  positive  cases  to  the  association  (cell  a  In 
Table  1)  and  the  total  number  of  data.  In  other  cases  adolescents  only  compare 
the  cells  two  by  two.  Once  they  admit  that  the  cases  In  cell  d 
(absence-absence)  are  also  related  to  the  existence  of  association,  they  do  not 
understand  that  the  cells  a  and  d  have  the  same  meaning  concerning  the 
association,  comparing  a  with  b  or  c  with  d    Instead.    This    fact    Is  explained 
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because,  although  (Ilia)  subjects  are  able  to  compute  single  probabilities, 
understanding  association  needs  the  consideration  of  the  quantity  (a+b)  as 
favourable  to  the  association  and  of  (c+d)  as  opposed  to  It,  and  also  It  Is 
necessary  to  consider  the  relation  : 


between  the  difference  of  cases  confirming  the  association  (a+d)  and  the  other 
cases  (b+c)  and  all  the  possibilities.  This  Is  only  produced  at  15  years  age 
(stage  1 1  lb),  according  to  Ihhelder  and  Plaget. 

After  Inhelder  and  Plaget,  many  psychologists  have  studied  the  judgment  of 
association  In  2x2  contingency  tables  In  adults,  using  various  kinds  of  tasks 
and,  as  a  consequence,  It  has  been  noted  that  subjects  have  a  poor  capacity  In 
establishing  a  correct  judgment  about  association.  For  example,  Smedslund 
(1963)  and  Shaklee  and  Mlns  (1982)  noted  that  many  adult  students  base  their 
judgment  only  using  cell  a  or  comparing  a  with  b. 

The  difficulty  of  this  type  of  task  Is  shown  by  the  fact  that,  as  Jenkins 
and  Ward  (1965)  pointed  out,  even  the  strategy  of  comparing  the  diagonals  In  the 
table,  considered  as  correct  by  Plaget  and  Inhelder,  is  only  valid  In  the  case 
of  tables  having  equal  marginal  frequencies  for  the  Independent  variable.  For 
the  general  case,  Jenkins  and  Ward  have  proposed  as  the  correct  strategy  the 
comparison  of  the  difference  between  the  two  conditional  probabilities,  P(A|B) 
and  P(A|B): 


In  addition  to  the  difficulty  of  this  topic,  Chapman  and  Chapman  (1967) 
showed  that  there  are  common  expectations  and  beliefs  about  the  relationship 
between  the  variables  that  cause  the  Impression  of  empirical  contingencies.  This 
phenomenon  has  been  described  as  "Illusory  correlation"  (Tversky  and  Kahneman, 
1974),  because  people  maintain  their  beliefs  in  spite  of  evidence  of  the 
Independence  of  variables.  As  Nlsbett  and  Ross  (1980)  and  Scholz  (1991)  have 
described,  posterior  studies  have  shown  that  for  the  same  association  problem 
structure,  strategies  not  only  vary  Inter-personally,  but  even  lntra-personally, 
People    shift  strategies  depending  on  task  characteristics. 

EXPERIMENTAL  STUDY 

Alms  pX  the  study 

Psychological  research  provides  us  with  valuable  Information  concerning 
students'  performance  and  strategies  in  judging  association  In  2x2  tables. 
Nevertheless,  as  Vergnaud  (1982)  pointed  out  "competency  Is    always    related  to 


(a+d)-  (b+c) 


R  = 


a+b+c+d 


6  =  a/(a+c)-b/(b+d) 
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conceptions,  however  weak  these  conceptions  may  be,  or  even  wrong"  (pg.  33)  and, 
from  an  educational  point  of  view,  the  Identification  of  students' 
preconceptions  (Artlgue,  1990;  Confrey,  1990)  Is  needed  In  order  to  plan  an 
adequate  Instruction. 

The  aim  of  this  research  Is  to  analyze  students'  strategies  In  2x2,  2x3  and 
3x3  contingency  tables  from  a  mathematical  point  of  view,  In  order  to  Identify 
students'  preconceptions  concerning  statistical  association  In  contingency 
tables.  As  an  Initial  step  we  also  have  Identified  concepts  and  theorems  In 
action  as  described  by  Vergnaud  (1982)  who  consider  "the  essential  purpose  for  a 
cognitive  analysis  of  tasks  and  behaviors  is  to  Identify  such  theorems  In 
action"  (pg.  35). 

Sample 

The  sample  consisted  of  213  students  In  the  last  year  of  secondary  school 
(18  year  old  students).  It  Is  in  this  level  where  the  topic  association  Is 
Introduced  In  the  Spanish  syllabus.  The  questionnaire  was  given  to  the  students 
before  the  instruction  was  started.  About  half  of  the  students  (113)  were  males 
and  half  (110)  females.  This  study  has  a  quasi-  experimental  character,  because 
of  the  non-random  character  of  the  samples  of  students  and  problems. 

Questionnaire 

The  whole  questionnaire  Included  5  Items  concerning  contingency  tables.  A 
pilot  study  of  the  questionnaire  was  performed  with  a  separate  sample  of  53 
students,  which  served  to  check  the  reliability  and  the  coding  system  of  the 
students'  answers  and  to  Improve  the  final  version.  The  items  were  similar  to 
Item  1  presented  In  Fig.  1.  The  following  task  variables  were  considered: 


ITEM  1:    In  a  medical  center  250  people  have  been  observed  In  order  to 
determine  whether  the  habtt  of  smoking  has  some  relationship  with  a  bronchial 
disease.  The  following  results  have  been  obtained 

Bronchial         No  Bronchial 


disease  disease  Total 

Smoke                      90  60  ISO 

Doesn't  smoke         60  40  100 

Total                     ISO  100  150 


Using  the  Information  contained  In  this  table,  would  you  think  that  for 
this  sample  of  people  bronchial  disease  depends  on  taking  the  drug?  Explain  your 
answer. 


Figure  1 

VI :  Type  of  table:  Because  most  research  which  has  been  done  In    psychology  has 
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used  2x2  tables,  we  have  Included  3  items  of  this  kind.  We  ha''e  also  Included  a 
2x3  table  and  a  3x3  table,  In  order  to  assess  the  similarities  In  difficulty 
and  In  student  strategies  between  2x2  tables  and  other  types  >f  tables. 
V2:  sign  of  the  association:  Direct  association,  inversi  association  and 
Independence  were  used  In  2x2  tables.  In  the  2x3  table  the  association  was 
direct.  The  sign  of  association  was  not  applicable  to  the  3x3  table  which  refers 
to  nominal  variables. 

V3:  Relationship  between  context  and  prior  belief:  the  association  suggested  by 
the  context  of  the  problem  and  the  empirical  association  presented  in  the  table 
may  coincide  (theory  agreeing  with  data)  or  not  coincide  (theory  contradicting 
data).  The  specific  values  assigned  In  each  one  of  these  variables  in  the 
different  items  are  shown  in  Table  2 

Table  2:  Values  of  task, variables  in  the  different  items 

Item  1        Item  2        Item  3        Item  4        Item  5 


VI  2x2  2x2 

V2        Independent  Inverse 

V3       Theory  Unfamiliar 
contradicted  context 


2x2  2x3  3x3 

Direct       Direct  Independent 

Unfamiliar  Theory  Unfamiliar 
context  contradicted  context 


DISCUSSION 

Once  the  data  were  collected,  the  arguments  expressed  by  the  students  were 
categorized.  Two  dependent  variables  have  been  considered  in  each  one  of  the 
items:  the  type  of  association  perceived  by  the  student  (direct  association, 
inverse  association  or  no  association)  and  the  procedure  employed  by  them  to 
solve  the  proposed  task. 

Table  3:  Frequency  and  percent  of  type  of  association  perceived  by  the  students 

Item  Independence  Direct        Inverse      No  answer 

1  •  84  (39.4)  118  (55.4)        1  (0.5)     10  (4.7) 

2  65  (30.5)  25  (11.7)  '108  (50.7)  15  (7.0) 

3  9  (4.2)  '194  (91.1)        3  (1.4)      7  (3.3) 

4  19  (8.9)  '186  (87.3)  8  (3.8) 

<•>  Correct  answer 

In  Table  3  we  present  the  frequencies  and  percentages  of  the  type  of 
association  perceived  by  the  students  in  Items  1  to  4.  In  Item  5  in  which  the 
sign  of  association  was  not  applicable,  because  the  two  variables  were  nominal 
and  had  three  different  categories,  129  students  (60.6V.  of  the  total  number  of 
students  )    gave    the    correct    answer    (Independence)     ;    23    students  (10.8'/.) 
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considered  the  existence  of  association  and  61  students  (28.655)  provided  no 
answer.  The  difficulty  was  very  low  in  items  3  and  4,  which  correspond  to 
direct  association  and  to  problems  in  which  the  students' expectations  about  the 
type  of  association  coincides  with  the  contingency  presented  In  the  data  (item 
4)  or  to  problems  in  which  the  student  has  no  previous  theory,  but  the  strength 
of  the  association  Is  high  (Item  3).  Item  5  had  a  moderate  difficulty,  although 
it  is  a  3x3  table  and  corresponds  to  Independence;  Nevertheless  a  high  number  of 
students  has  provided  no  answer.  Comparing  with  Item  1  which  also  refers  to 
Independence,  the  difference  in  difficulty  is  notable;  In  item  1  most  students 
have  considered  the  association  as  direct,  because  this  is  the  expected  type  of 
association  suggested  by  the  context  of  the  problem  (smoke  and  cough).  Finally, 
we  refer  to  Item  2  which  has  a  moderate  difficulty.  Nevertheless,  a  significant 
number  of  students  have  considered  as  a  case  of  Independence  the  fact  that  the 
presence  of  A  Implies  no  B,  that  Is  the  Inverse  association. 

The  correct  Judgment  of  association  by  a  student  is  not  sufficient  to 
evaluate  a  student's  primary  conceptions  concerning  statistical  association,  due 
to  the  fact  that  many  authors  have  noticed  that  It  Is  possible  to  get  a  correct 
Judgment  with  an  Incorrect  procedure.  From  the  point  of  view  of  statistical 
education  both  correct  Judgment  and  correct  strategy  are  needed  for  an  adequate 
understanding  of  this  concept. 

In  order  to  evaluate  this  second  aspect,  the  procedures  employed  by  the 
students  were  classified  according  the  implicit  mathematical  concepts  and 
theorems  in  action  (Vergnaud,  1982),  In  case  of  correct  or  partially  correct 
procedures  and  according  to  the  types  of  errors  In  Incorrect  procedures.  Taking 
this  analysis  as  a  base  for  classification,  we  have  Identified  the  following 
students'  strategies: 

Correct  strategies 

SI:  Comparison  of  all  the  conditional  relative  frequency  distributions: 
These  students  compare  the  relative  frequency  h(Aj|Bj)  of  every  value  Aj  for  the 
different  values  of  Bj.  As  a  consequence,  they  are  implicitly  using  the  Idea 
that  the  dependence  of  a  variable  A  on  another  variable  B  Implies  the  variation 
of  the  relative  conditional  frequencies  htAjBj)  when  Bj  varies.  This  Involves 
comparison  of  columns.  The  case  of  comparing  rows  is  also  Included  here. 

S2:  Comparison  of  one  conditional  relative  frequency  MAjBj)  1  fixed,  In 
each  possible  value  Bj  with  the  marginal  frequency  h^.  They  Implicitly  use  the 
property  of  lnvarlance  of  the  distribution  of  A  when  conditioned  with  a  value  Bj 
(rows  and  columns  could  be  Interchanged). 

S3:  Comparing  the  frequencies  of  cases  in  favour  and  against  A  (or 
comparing  the  ratio  of  these  frequencies)  In  each  value  of  B  .  In  this  procedure 
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the  correspondence  between  the  probability  of  an  event  and  the  odds  ratio,  which 
Is  valid  when  the  table  only  has  two  rows  or  two  columns,  Is  Implicit.  It  Is 
this  Idea  which  serves  as  a  base  for  the  definition  of  the  odds  ratio  as  a 
measure  of  association. 

Partially  correct  strategies  , 

S4:  This  Is  similar  to  strategy  Si,  but  the  students  do  not  use  relative 
frequencies  explicitly.  Instead,  they  perform  qualitative  or  additive 
comparisons,  and  for  this  reason  they  do  not  quantify  properly  the  difference  of 
probability  of  the  values  of  one  of  the  variables  as  a  function  of  the  other 
one. 

SS:  This  Is  similar  to  S2,  but  the  students  only  use  one  of  the  frequencies 
In  each  conditional  distribution.  This  strategy  Is  correct  when  the  variable  has 
only  two  different  values,  but  not  In  the  general  case. 

S6:  Comparison  of  the  sum  of  the  frequencies  In  the  diagonal.  That  Is, 
comparing  a+d  with  c+b  In  the  2x2  table.  This  Is  a  comparison  of  the  cases 
confirming  and  dlsconf Irmlng  the  association.  This  strategy  Is  valid  for  a  table 
with  equal  marginal  frequencies,  but  not  for  the  general  case. 

Incorrect  strategies: 

S7:  Using  only  one  cell,  often  the  cell  whose  frequency  Is  maximal. 
S8:  Using  only  one  conditional  distribution:  These  students  do  not  realize 
that  they  have  a  problem  In  which  a  comparison  of  two  probabilities     Is  needed. 
They  base  the  Judgment  only  In  the  ratio  or  on  the  difference  of  frequencies  of 
the  different  values  of  A  for  a  fixed  value  of  B. 

S9:  Comparing  absolute  frequencies  with  the  total  number  of  cases. The 
students  use  one  or  several  relative  frequencies  of  different  pairs  of  values 
(Aj.Bj).  They  try  to  link  the  frequencies  In  different  cells  to  the  total  number 
of  cases.  They  do  not  realize  the  necessity  to  compare  the  frequencies  of  a 
value  of  A  In  the  different  values  of  B.  The  strategies  S7,  S8,  S9  corresponds 
to  students  who  present  a  local  conception  of  association,  because  In  Judging 
the  association  they  do  not  take  Into  account  the  complete  distribution  but  only 
the  most  salient  Information. 

S10:  Using  marginal  frequencies.  Some  students  consider  that  is  not 
possible  to  solve  the  problem,  because  of  the  difference  In  marginal  frequencies 
In  the  different  values  of  A  or  B. 

SJ1:  Other  procedures.  In  this  category  we  have  Included  students  who 
express  their  previous  theories  about  the  nature  of  the  association  between  the 
variables;  the  students  that  give  Incomplete  arguments;  and  other  procedures, 
such    as  trying  to  solve  a  system  of  equations. 

Finally,     we  have  grouped  the  students  who  did  not  provide  a    Judgment  for 
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the  association  and  cases  where  the  arguments  were  not  sufficiently  clear  to  be 
Interpreted.  In  general  this  group  of  students  Is  not  very  large,  except  In  item 
5  (3x3  table)  In  which  a  great  number  of  non-answers  was  obtained.  In  Table  4 
the  frequencies  and  percentages  of  strategies  used  by  the  students  In  the 
different  Items  are  presented. 

Table  4:  Frequency  and  percent  of  procedures  by  Implicit  mathematical  concept 


Procedure 


Item  1 


Item  2 


Item  3 


Item  4 


Item  5 


1: All  hjj 

2:hjj  with  hj 

3:Odds  comparison 
4: two,   three  f j j 

5:f.j  fixed  1  with  h 

6: Sum  of  diagonals 
7:0ne  cell 

8:ftj  or  hjj  fixed  1 

9:^  with  n 
lOrfj  or  f  j 
11:  Other 

No  or  confused  answer 


8(  3.8) 

33(15.5) 

13(  6.1) 
3(  1.4) 


16(  7.5) 

27(12.6) 

39(18.3) 
19(  8.9) 


2(  0.9) 

35(16.4) 

34(16.0) 
21(  8.9) 


2(  0.9)     19(  8.9)     17(  8,0) 


5(  2.3) 
29(13.6) 
56(26.3) 

1(  0.5) 

8(  3.8) 

13(  6.1) 
42(19.7) 


IK  5.2) 
26(12.2) 
28(13.2) 

6(  2.8) 


2(  0.9) 
20(  9.8) 


18(  8.4) 
22(10.3) 
30(14.1) 

7(  3.3) 

1(0.5) 

3(  1.4) 
23(10.8) 


20(  9.4)  18(  8.4) 
21  (9.9) 

62(29.1)  5(  2.3) 

15(  7.0)  76(35.6) 


7C  3.3) 
6(  2.8) 
47(22.1) 

2(  0.9) 

6(  2.8) 

7(  3.3) 
20(  9.4) 


4(  1.9) 
24(11.3) 


4(  1.9) 
82  (38.5) 


Total 


213(100)    213(100)    213(100)    213(100)  213(100) 


Correspondence  analysis: 

A  correspondence  analysis  (Greenacre,  1984)  of  this  last  table  has  been 
performed,  In  order  to  synthesize  the  possible  relationships  between  strategies 
and  Items.  Task  variables  of  the  Items  have  been  used  as  supplementary 
variables.  In  order  to  Improve  the  Interpretation.  The  analysis  have  shown  a 
quasl-unldlmenslonal  structure:  the  first  eigenvalue  explains  60.7  percent  of 
the  total  Inertia  of  table  4  and  the  second  eigenvalue  only  21.9  percent:  these 
two  factors  together  explain  .S2>  percent  of  the  total  Inertia. 

In  the  first  axis  the  Items  concerning  2x3  and  3x3  tables  were  opposed  to 
the  Items  concerning  2x2  tables;  In  fact  the  following  ordering  of  the  Items  was 
shown  In  the  axis:  3x3;  2x3;  2x2 ( Independence ) ;  2x2(lnverse  association)  and  2x2 
(direct  association).  The  strategies  (SI)  and  (S4),  which  consist  of  using  all 
the  conditional  relative  distributions  or  all  the  conditional  absolute 
frequencies  distributions,  are  opposed  to  the  rest  of  the  strategies.  So,  we 
could  Interpret  this  factor,  which  explains  most  of  the  variability  In  the 
strategies,  as  the  opposition  In  taking  Into  account  all  the  different 
conditional  distributions  or  using  only  part  of  the  Information  contained  In  the 
table.  Although  these  last  types  of  strategies  may  be  used  for  solving    some  of 
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the  2x2  contingency  table  problems,  they  seem  Inadequate  for  obtaining  the 
solution  to  more  complex  situations.  Concerning  the  task  variables,  this  factor 
also  opposes  the  independence  to  the  existence  of  association,  In  particular  to 
the  Inverse  association.  So,  In  Independence  problems  a  more  elaborate  strategy 
seems  to  be  needed  In  order  to  provide  a  correct  Judgment. 

The  second  factor  opposes  the  Incorrect  strategies  and  the  partially 
correct  strategies.  Concerning  the  task  variables,  the  most  notable  Influence  Is 
that  of  having  theories  against  the  data  (In  association  with  Incorrect 
strategies)  as  compared  with  theories  In  favour  or  no  theory  (In  association 
with  partially  correct  strategies).  As  a  consequence,  we  deduce  that  some  of  the 
Incorrect  strategies  have  been  used  as  a  means  to  justify  the  previous  theories 
about  association  when  there  is  not  agreement  between  those  theories  and  the 
contingency  given  In  the  data. 


Acknowledgement:  This  report  forms  part  of  the  Project  PS91-0U4.1.  granted  by 
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The  terms  quantitative  and  qualitative,  often  used  to  distinguish 
research  methodologies ,  are  ambiguous .  Here  I  discuss  several 
possible  'meanings.  Drawing  on  a  study  of  cognition  and  affect  In 
the  context  of  numerate  activity  among  adult  students,  I  show  the 
strengths  of  each  of  three  strategies  -  quantitative,  qualitative 
cross-sectional,  and  qualitative  case  study  -  for  critically 
considering  claims  about  gender  differences  in  mathematical 
performance . 


Introduction 

Perhaps  the  most  obvious  way  to  distinguish  types  of  research  is  by 
data  type:  quantitative  research  produces  numerical  data,  analysed 
statistically,  and  qualitative  produces  textual  data,  analysed  non- 
statistically .  (Indeed  this  is  one  basis  for  classifying  PME  research 
reports.)  But  almost  immediately  we  find  dilemmas:  for  example,  how 
should  we  classify  data  based  on  classification,  analysed  by  counts 
and  cross-tabulations  (e.g.  Table  2  below)? 

What  about  method  type?  Thus  experiments,  tests  and  surveys  can  be 
seen  as  "structured"  (by  the  researcher),  and  many  types  of  interview 
(e.g.  life  history),  case  studies  and  document  use  are  seen  as  semi- 
structured  or  "unstructured".  But  this  breaks  down  too:  case  studies 
may  use  test  and  questionnaire  results,  and  experimental  de-briefing 
may  often  be  semi-structured. 

Can  we  distinguish  research  by  its  aims,  or  its  eplstemology?  Cook 
and  Reichardt  (1979)  claim  that  quantitative  research  aims  at  the 
testing  of  theory,  whereas  qualitative  emphasises  discovery.  Many 
would  agree,  arguing  the  need  for  research  to  be  based  on  subjects' 
perspectives,  but  the  researcher's  "avoidance  of  preconceptions"  may 
lead  to  a  minimal  acknowledgement  of  the  role  of  theory. 

The  most  promising  basis,  in  my  view,  is  the  distinction  between 
types  of  explanation:  research  using  causal  or  deductive-nomological 
explanation  an  be  distinguished  from  that  using  purposes  or  reasons. 
Put  roughly,  the  former  tends  towards  determinism  -  based  on  forces 
(e.g.  socialization),  instincts,  characteristics  and/or  attitudes  - 
and  aims  for  generality,  whereas  the  latter  emphasises  subjects' 
freedom  and  often  celebrates  particularity. 
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Illustrative  material  comes  from  a  study  of  thinking  and  affect  in 
the  context  of  "practical"  activity  among  adults  (Evans,  1993;  Evans, 
1991;  Evans  and  Tsatsaroni,  1993).  The  subjects  were  students  on  a 
social  science  degree  at  a  London  Polytechnic  in  the  mid-1980s.  Most 
were  studying  a  compulsory  maths  (pre-calculus)  /  statistics  course, 
and  most  were  familiar  with  a  range  of  numerate  practices  outside  of 
school.  Here  I  focus  on  methods  and  findings  related  to  gender 
differences  in  mathematical  performance. 

The  Quantitative  Research:  Theory  and  Methods 

At  the  start  of  the  course,  subjects  (n  >  900)  were  asked  to  complete 
the  questionnaire  at  one  of  their  lectures.  It  included  questions  on 
gender,  age,  qualifications  in  school  maths,  and  (in  later  versions) 
social  class  measured  by  occupation;  performance;  and  maths  anxiety. 
Here  performance  was  considered  to  be  explained  (causally)  by  the 
above  characteristics,  by  qualifications  in  maths,  and  by  measures 
of  anxiety  or  affect. 

The  maths  anxiety  items  were  selected  from  the  Mathematics  Anxiety 
Rating  Scale  (MARS)  analysed  by  Rounds  and  Hendel  (1980)  into  Maths 
Course  /  Test  Anxiety  (MTA)  and  Numerical  Anxiety  (NA).  MTA  and  NA 
were  considered  to  relate  to  school  and  everyday  contexts 
respectively,  parallel  to  the  distinction  between  school  maths  and 
practical  maths;  the  latter  included  questions  used  in  the  survey  of 
3000  adults  done  for  the  Cockcroft  Report  (ACACE,  1982). Thus,  in  the 
quantitative  phase  of  this  resesarch,  context  was  specified  by  the 
wording  of  performance  or  anxiety  questions. 

Results  from  the  Quantitative  Research 

We  can  scrutinise  the  sometimes  mythic  claims  about  gender 
differences  in  maths  performance  (Walkerdine  et  al.,  1989),  using  the 
quantitative  data.  First,  the  men's  and  women's  average  score  on 
School  Maths  performance  (10  items)  were  compared,  yielding  an 
uncontrolled  difference  of  3/4  of  a  question  (statistically 
significant;  p<.001)  in  favour  of  the  male  students;  see  Table  1. 

In  order  to  control  for  qualification  in  maths  (i.e.  maths  course- 
taking),  age  (since  more  of  the  women  were  mature  students),  maths 
test  anxiety  and  confidence  (self-rating)  in  maths,  a  multiple 
regression  model  was  constructed.  Now  the  difference  for  younger 
students  (aged  18-20),  about  1/6  of  a  question,  was  no  longer 
statistically  significant,  and  that  for  mature  students  (21+),  just 
over  half  a  question,  was  borderline;  see  Table  1. 


Table  1.  Gender  Differences  in  School  ■  Maths  Performance: 
Uncontrolled  Group  Means  and  Estimates  Controlled  for  Qualification 
in  Maths,  Age,  etc. 


Number  of  questions  correct 


Men's  Average    Women's  Average 


Difference 


Uncontrolled 


8.78 


8.07 


0.71 

(Std.  Error  0.11) 


Controlled 
Young  (18-20) 


0.17 
(S.E.  0.17) 

0.57 
(S.E.  0.24) 


Mature  (2:+) 


Thus  the  gender  differences  in  performance,  which  are  fairly 
substantial,  become  much  less  so  after  controlling  not  only  for  maths 
qualification,  but  also  for  age,  affective  variables,  and  relevant 
interactions,  and  the  quantitative  analysis  allows  us  to  do  this. 
(Quantitative  research  with  similar  aims  is  presented  in  Chipman, 
Brush  and  Wilson  (1985)). 

Qualitative  Research:  Theory  and  Methods 

We  can  think  of  discourses  as  sets  of  ideas,  goals,  values  and 
techniques,  "competing  ways  of  giving  meaning  to  the  world  and  of 
organising  social  institutions  and  processes."  (Weedon,  1987,  p. 35). 
Since  all  our  activities  are  based  in  discourses,  we  sometimes  speak 
of  discursive  practices. 

Basing  our  analysis  on  discourses  allows  us  to  develop  a  much  fuller 
idea  of  the  context  of  mathematical  thinking  or  affect,  to  include: 
the  crucial  role  of  language;  the  goals  of  the  activity,  (Newman 
Griffin  and  Cole,  1989);  the  relations  of  power  exercised  (e.g. 
Weedon,  1987)  and  the  material  and  institutional  resources  (e.g. 
training,  equipment,  professional  associations)  made  available  for 
the  activity. 

In  my  approach,  the  context  is  understood  as  positioning  in 
practice(s) .  Each  practice  produces  positions  which  subjects  take  up; 
in  some  contexts  /  practices,  the  availability  of  a  particular 
position  may  depend  on  the  subject's  gender,  age,  etc.  (cf .  Hollway, 
1989).  For  example,  in  the  activity  of  feeding  children,  the  child 
is  positioned  as  demanding  ("more");  the  parent  is  positioned  as 
having  to  regulate  the  child's  consumption;  the  form  of  this 
regulation  is  likely  to  depend  on  the  parent's  income  and  social 
class.  For  a  discussion  of  how  positioning  in  such  practices  might 
provide  the  context  for  children's  thinking  in  one  topic  of  primary 
school  mathematics,  see  Walkerdine  and  Girls  and  Mathematics  Unit 
(1989,  pp. 52-53). 

In  my  project,  I  wanted  to  avoid  the  tendencies  towards  excessive 
determinism  that  I  found  in  the  idea  of  subjects'  being  positioned 
by  practices.  Thus  I  argue  that,  in  a  given  setting,  subjects  in 
general  are  positioned  by  the  practices  which  are  at  play  in  the 
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setting,  but  that  a  particular  subject  will  call  up  a  specific 
practice  (or  mix  of  practices)  which  may  differ  from  those  called  up 
by  other  subjects,  and  which  will  provide  the  context  for  that 
subject's  thinking  and  affect  in  that  setting  (Evans,  i993). 

Semi-structured  interviews  were  conducted  in  my  office  with  a 
randomly  designed  sample  (n=25)  of  students  at  the  end  of  their  first 
year.  The  interviews  had  "life  history"  and  "problem  solving  phases; 
in  the  latter,  subjects  were  presented  with  a  number  of  "practical 
problems  -  e.g.  deciding  how  much  (if  at  all)  they  would  tip  after 
a  restaurant  meal  (see  below),  deciding  which  bottle  of  tomato  sauce 
they  would  buy,  etc.  (cf.  Sewell,  1981).  But  this  interview  differed 
in  its  use  of  contexting  questions:  when  the  student  was  first  shown 
the  "props"  for  the  problem  -  e.g.  a  facsimile  of  a  restaurant  menu 
in  Qu.4  -  before  being  asked  anything  "mathematical"  -  s/he  was 
asked:  "Does  this  remind  you  of  anything  you  currently  do?"  And  after 
discussing  the  question:  "Does  this  remind  you  of  any  earlier 
experiences?"  Subjects'  responses  to  these  questions  were  to  help  me 
judge  the  context  of  their  thinking  about  the  problem,  etc. 

My  analysis  of  positioning  in  the  interview  setting  was  that  subjects 
would  tend  to  be  positioned  in  two  main  practices: 
academic  maths  (AM),  with  positions  teacher  /  student;  and 
research  interviewing  (RI),  with  positions  researcher  /  respondent. 
To  the  extent  that  RI,  rather  than  AM,  was  called  up  by  the  subject, 
s/he  would  be  able  to  call  up  ways  of  thinking,  emotions,  etc.  from 
further  non-academic  practices,  with  numerate  aspects  I  called 
"practical  maths"  (PM).  For  Qu.4,  I  expected  these  to  be  practices 
of  "eating  out",  with  several  configurations  of  related  positions 
possible:  host  /  guest;  friends  each  paying  their  own  share;  or 
perhaps  customer  /  wait(e)r(ess) .  Each  position  in  practice  will 
support  different  ways  of  thinking  and  feeling,  including  different 
kinds  of  numerate  or  mathematical  thinking. 

In  order  to  judge  which  practice  the  subject  called  up,  I  drew  on 
various  indicators  (Walkerdine,  1988,  Ch.3;  Evans,  1993): 

(i)  the  "script":  e.g.  how  the  interview,  problems,  etc.  were 
introduced  -  as  "research",  "views",  "numbers",  rather  than  "test', 
"maths",  etc.; 

(ii)  unscripted  aspects  of  the  researcher's  performance; 

(iii)  the  subject's  talk,  especially  the  responses  to  the  contexting 
questions;  and 

(iv)  reflexive  accounts:  e.g.  whether  I  had  been  in  the  position  of 
maths  teacher  to  each  student,  before  the  interview. 

Two  "qualitative"  approaches  were  used.  First,  a  cross-subject 
approach,  based  on  that  of  Miles  and  Huberman  (1984),  aimed  to 
consider,  in  a  comparative  way,  the  results  from  all  of  the 
interviews.  Second,  each  interview  was  considered  as  a  case  study  of 
a  particular  subject's  thinking  and  affect. 

Rasulta  froai  tha  Qualitative  Croaa-aactional  Maaarch 

Let  us  consider  the  results  for  ail  interviewees  for  problem  4,  which 
presented  a  restaurant  menu.  For  this  analysis,  I  aimed  to  record  the 
practice  that  predominated  in  each  subject's  positioning.  Indicators 
for  a  predominant  academic  maths  (AM)  positioning  were  considered  to 


be: 


-  the  use  of  written  calculations;  or 

-  the  giving  of  an  answer  which  involved  a  fraction  of  lp. 
Indicators  for  a  predominant  positioning  in  "practical  maths"  (PM) 
were:  -  the  use  of  mental  calculations;  or 

-  the  formulating  of  an  answer  in  practical,  i.e.  money,  units. 

The  results  from  the  cross-subject  analysis  of  the  relationship 
between  gender,  predominant  positioning  and  performance  judged  as 
correct  for  problem  4  (  a  10%  tip  when  eating  out)  are  in  Table  2. 
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Table  2.  Gender,  Positioning  and  Performance:  Cross-tabulation  of 
number  of  questions  judged  correct  by  gender  and  predominant 
positioning  for  problem  4 


Number 

(and  Percentage) 

Correct 

Predominant 

Women 

Men 

Total 

Positioning 

Practical  Maths 

6/7 

10/11 

16/18 

(eating  out) 

(84%) 

(91%) 

(89%) 

Academic  Maths 

3  /  S 

3  /  5 

(60*) 

(60%) 

Total 

9  /12 

10/11 

19/23 

(75%) 

(91%) 

(83%) 

We  must  first  stress  the  small  numbers  involved  -  23  students  in 
all.  (Two  students  did  not  reach  Qu.4,  because  other  life  history 
material  intervened.)  Also,  '.he  level  of  performance,  among  both 
women  and  men,  was  rather,  high.  And  the  gender  differences  were  very 
small  (especially  remembering  thu  small  numbers).  However,  there  are 
two  findings,  which  -  if  they  can  be  replicated  -  would  be 
interesting.  First,  a  slightly  lower  level  of  performance  among  those 
judged  to  have  a  predominant  positioning  in  academic  maths  than  among 
those  positioned  in  practical  maths  /  eating  out  (60%  -  3  out  of  5  - 
compared  with  89%).  Second,  almost  half  of  the  women  -  but  no  men  - 
called  up  academic  maths.  Taken  together,  these  vers  tentative 
findings  pose  the  question  as  to  whether  some  of  the  gender 
differences  in  performance  could  be  explained  by  differences  in 
positioning.  And  whether  this  might  be  true  in  other  settings,  e.g. 
in  large  scale  testing? 

Results  fro*  the  Qualitative  case  Study  Research 

One  case  study  will  illustrate  the  potential  of  this  analysis.  "Jean" 
was  aged  18  at  entry,  with  cSEs  (a  *less  academic"  oxam  than  o-level, 
taken  at  16+1.  in  both  Mathematics  and  Arithmetic.  I  judged  her  to 
be  working  class,  on  the  basis  of  a  noticeable  regional  accent,  and 
an  often-voiced  concern  about  never  having  enough  money  (see  below). 

A  major  issue  in  considering  her  performance  is:  Why  does  she  "always 
get  I's  the  wrong  way  round"?  In  one  of  her  attempts  at  Qu.2  [10% 
of  6.65),  she  tries  {10/6.65    x    100),  realises    that  is  incorrect, 
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and  then  answers  "0.65  ...  just  a  guess".  For  Qu.  4,  when  asked  about 
a  "10%  tip  on  £3.75",  she  first  tries  {10/3.75  x  100},  as  for  Qu.2, 
and  then  she  tries  {3.75/10  x  100}.  But  she  doesn't  really  know:  "it 
goes  something  like  that" . 

How  can  we  explain  these  errors?  We  might  say  she  has  a  "conceptual 
problem".  Or  we  might  refer  to  affect:  she  constantly  expresses  (or 
exhibits)  anxiety  -  about  percentages;  and  also  about  the  interview 
("I  sound  horrible  on  tape.")  But  she  expresses  even  more  anxiety 
about  money;  e.g.  "I've  never,  ever  got  enough  money"  (for  tips); 
about  the  level  of  tipping  required  in  the  U.S.  to  which  she  is  about 
to  depart,  and  about  being  able  to  afford  15%  tips  there.  She  is  also 
anxious  about  being  able  to  afford  the  trip  at  all  (see  below).  When 
shopping,  "I  do  always  follow  the  prices,...  for  fear  of  being 
ripped  off"  .  What  appeared  at  first  to  be  "maths  anxiety"  seems  now 
to  relate  to  her  constant  worry  about  money  and  financial 
constraint. 

Thus  we  can  read  her  errors  as  based  in  a  complex  of  factors: 

-  a  conceptual  problem  about  percentages;  along  with 

-  beliefs  about  herself  as  a  solver  of  maths  problems; 

-  maths  anxiety,  especially  about  percentages; 

-  some  anxiety  about  the  interview;  and 

-  anxiety  about  the  relevant  practice,  viz.  tipping  in  restaurants, 
and/or  tipping  in  the  USA. 

The  latter  anxiety  also  relates  to  an  apparently  chronic  anxiety 
about  money.  This  may  relate  to  a  positioning  in  social  class  terms, 
as  a  member  of  a  family  with  money  problems,  possibly  in  poverty. 
(Cf.  Ellen,  a  middle  class  woman  of  about  the  same  age,  whose 
anxiety  about  calculating  a  tip  can  be  read  as  relating  to  anxiety 
about  the  relationship  which  has  provided  the  site  for  her 
affectively  charged  experiences  of  "eating  out"  (Evans,  1991).)  Thus 
we  might  analyse  Jean's  interview  in  a  second  straightforward  way, 
by  focussing    on  a  determining  factor,  namely  social  class. 

Can  we  produce  different  readings?  There  is  something  else  which 
might  attract  our  attention  as  meaningful.  Listen  to  her  talk:  "it 
goes  something  like  that";  "I  sound  horrible  on  tape".  Then 
concerning  her  CSE  Grade  3  in  Maths:  "I  wasn't  very  good  at  all". 
She  also  expresses  much  anxiety  about  percentages;  e.g.  "I  always 
get  the  formula  wrong...";  "I  always  mix  it  up".  We  can  hear  these 
as  "confusion",  "anxiety",  but  all  we  have  are  indices  of  something 
other  than  the  talk.  We  could  quickly  disregard  them,  as  "self- 
defeating  self-talk"  (Tobias,  1978). 

Or  we  might  attend  to  these  signifiers  marking  her  talk.  This  would 
lead  us  to  e.g.  the  discourse  of  norms  (right  /  wrong),  of  aesthetics 
(good  /  bad),  of  science  (truth  /  falsity),  all  "mixed  up"  in  her 
talk.  It  is  the  following  up  of  this  thread  of  signifiers  that  blocks 
our  clear  criteria  of  true  /  false  that  normally  directs  judgments 
on  the  use  of  mathematics.  This  would  take  us  into  the  discourse 
of  Kantian  divisions.  But  her  talk  has  confused  our  "clear" 
conceptual  categories. 

So  if  we  continue  listening  to  her  narrative  about  her  trip  to  the 
USA,  and  her  anxiety  about  its  "I  haven't  had  a  holiday  for  three 
years,  so  this  will  get  us  to  America:  it's  the  only  way  I  can  ever 


make  it..."  We  could  be  led 
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Abstract 

For  two  consecutive  academic  years  the  conceptions  and  practices  of  two  young  teachers  were 
investigated  through  a  qualitative  case  study  methodological  approach.  Study  findings  show 
that,  as  students  in  a  school  of  higher  education,  both  participants  revealed  very  similar 
conceptions  towards  mathematics  and  problem  solving.  However,  as  beginning  teachers,  their 
practices  differed  quite  substancially.  In  one  case,  mathematical  problem  solving  was  integrated 
in  the  curriculum  and  there  was  a  consistency  between  the  participant's  discourse  and  her 
practice.  In  the  other  case,  contradictions  emerged  between  what  the  participant  claimed  to  be 
his  ideas  and  intentions  and  what  actually  happened  in  his  classrooms.  Several  reflections  are 
made  concerning  the  complex  relationships  that  the  participants  seemed  to  establish  with  their 
teacher  education  program,  with  the  course  syllabus  and  with  the  schools'  organization. 

Introduction 

It  is  generally  accepted  that  problem  solving  is  one  of  the  most  important  goals  of 
mathematics  teaching  because  it  contributes  to  develop  students'  thinking  capacities  and 
competencies  (e.g.,  Charles,  1982;  Femandes,  1992;  Lester,  1980a,  1980b,  1983,  1985). 
However,  there  are  several  complex  and  interdependent  factors  (e.g.,  cognitive,  metacognitive, 
cultural,  social,  emotional)  that  affect  the  development  of  those  capacities  and  competencies 
(Lester  &  Charles,  1992). 

Teachers'  conceptions  and  attitudes  towards  mathematics  and  mathematical  problem 
solving  seem  to  play  a  determinant  role  in  the  actions  they  undertake  in  the  classrooms  during 
the  teaching/learning  process.  Therefore,  research  efforts  have  been  directed  to  understand  the 
nature  of  teachers'  conceptions  about  mathematics  and  about  problem  solving  and  its  teaching 
and  to  analyse  the  „xtent  to  which  teachers'  practices  are  influenced  by  those  conceptions  and  by 
other  related  factors  (Cooney,  1985;  Thompson,  1989;  Clark  &  Peterson,  1986;  Grouws,  Good  & 
Dougherty,  1991;  Romberg  &  Carpenter,  1986;  Vale,  1993). 

For  many  years,  as  mathematics  educators,  we  have  been  realising  that  in  contrast  with 
the  optimism  that  our  senior  students  usually  reveal  concerning  the  teaching  of  mathematics  and, 
particularly,  the  teaching  of  problem  solving,  there  is  a  somewhat  discouraging  situation  in  the 
current  state  of  Portuguese  elementary  schools  (Grades  1-6).  Our  experience  tells  us  that 
mathematical  problem  solving  is  one  of  the  most  neglected  subjects  in  these  schools.  Usually, 
students  are  not  asked  or  encouraged  to  solve  problems.  Therefore,  we  were  interested  in  finding 
out  what  happens  to  those  optimistic  and  idealistic  visions  of  our  students  about  mathematics  and 
mathematical  problem  solving  when  they  arrive  in  public  schools.  That  is  why  we  felt  that  we 
needed  to  thoroughly  understand  how  teachers'  conceptions  evolve  and  how  they  are  related  with 
teacher's  practices  and  with  their  teacher  education  program  at  a  school  of  higher  education. 

This  research  was  guided  by  the  following  questions:  (1)  What  conceptions  about 
mathematical  problem  solving  are  revealed  by  the  participants  while  they  are  senior  students  in  a 
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school  of  higher  education?  (2)  What  conceptions  and  practices  about  problem  solving  and  its 
teaching  are  revealed  by  the  participants  while  they  are  in  their  first  year  as  mathematics 
teachers?  (3)  What  relationships  could  be  established  between  these  teachers'  conceptions  and 
other  factors  such  as  their  preservice  education? 


Goetz  &  LeCompte  (1984),  Merriam  (1988)  and  Yin  (1989,  1993)  assert  that 
interpretative  research  is  a  process  which  allows  one  to  analyse  and  to  interpret  meaning  as 
constructed  by  the  participants  instead  of  a  process  which  aims  at  describing  an  objective  reality. 
The  holistic  case  study  is  a  methodology  which  helps  one  to  intensively  describe  the 
particularities  of  social  and  educational  phenomena  and  to  interpret  them  as  well.  Several 
researchers  who  work  in  the  problem-solving  area  and/or  with  students'  and  teachers' 
conceptions  have  used  this  kind  of  methodological  approach  (e.g.,  Cooney,  1985;  Matos,  1991; 
Thompson,  1982).  As  stated  by  Yin  (1989)  case  study  methodology  favours  the  analysis  and 
interpretation  of  phenomena  in  real-life  contexts;  it  allows  one  to  interpret  meanings  as 
developed  by  the  participants  within  the  case. 

Taking  into  account  the  nature  and  the  overall  purpose  of  this  research  we  decided  to 
conduct  two  qualitative  case  studies  which  could  provide  the  grounds  for  an  understanding  of 
two  young  teachers'  conceptions  and  practices  and  their  relationships  with  other  factors. 

Participants 

Two  participants  were  involved  in  this  study:  Rui  and  Maria.  They  were  both  seen  as 
good  informants  because  they  were  open  enough  to  allow  a  collection  of  a  rich  set  of  data. 
Besides,  they  were  seen  as  being  able  to  reflect  upon  their  own  practice  and  actions  and  seemed 
quite  involved  and  committed  to  their  personal  and  professional  development.  Also  they  were 
purposefully  selected  for  this  study  because  they  were  known  among  their  colleagues  as 
enthusiastic  about  becoming  mathematics  teachers  and  as  mature,  responsible  students. 
According  to  their  former  teachers,  Rui  was  considered  an  "average"  student  in  mathematics  and 
Maria  a  "good"  student. 

Data  Collection  and  Data  Analysis 

In  the  process  of  data  collection  several  data  sources  were  used:  (a)  Interviews;  (b) 
Observations;  (c)  Field  Notes;  and  (d)  Artefacts.  As  stated  by  several  authors  (Erickson,  1986; 
Johnson,  1980,  Yin,  1989),  the  idea  was  to  diversify  the  utilization  of  instruments  and  sources  of 
information  so  that  we  could  come  up  with  a  grounded  and  consistent  set  of  descriptions, 
interpretations  and  conclusions  about  the  phenomena  under  study. 

For  almost  two  years  each  participant  was  interviewed  in  1 1  different  occasions  and 
contexts  and  systematically  observed  both  as  a  senior  student  and  as  a  teacher.  The  interviews 
were  of  informal  or  semi-structured  nature  and  were  supported  by  a  questionnaire  (to  help  in  the 
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collection  of  biographical  data),  scripts,  and  a  set  of  problem-solving  related  tasks.  The  tasks 
were  adapted  from  the  ones  developed  by  Thompson  (1982)  and  Kloosterman  &  Stage  (1989). 
All  interviews  were  transcribed  from  audiotape  recordings.  Instruments  developed  by  Putt 
(1978)  and  by  Charles,  Lester  &  O'Daffer  (1987)  were  adapted  to  conduct  observations  of 
problem-solving  related  activities  in  the  classrooms. 

Data  collection  was  programmed  to  take  place  during  an  extended  period  of  time  to 
augment  the  possibility  for  us  to  observe  chains  of  similar  situations  which  might  occur  in 
different  occasions  throughout  the  two  phases  of  the  study. 

Data  analysis  was  performed  inductively;  that  is,  repeated  analysis  of  data  collected 
through  the  interview  transcripts,  field  notes,  observations  and  artefacts  enabled  us  to  come  up 
with  categories  which  were  used  to  organize  them.  (Goetz  &  LeCompte,1984;  Merriam,  1988; 
Thompson,  1982;  Yin,  1989).  Also,  as  suggested  by  Erickson  (1986),  different  data  sources 
were  used  to  check  the  validity  of  assertions  generated  by  the  researchers. 

Phases  of  the  Study 

This  study  was  developed  in  two  phases.  The  first  ocurred  in  the  1990-1991  academic 
year  while  the  participants  were  senior  students  in  a  school  of  higher  education.  All  the 
observations  were  performed  in  the  context  of  a  methods  course  during  which  students  were 
exposed  to  a  problem-solving  module.  The  participants  were  interviewed  in  six  different 


In  the  second  phase,  which  ocurred  in  the  1991-1992  academic  year,  both  participants 
were  teaching  fifth  grade  mathematics  for  the  first  time  in  two  different  "preparatory"  schools 
(Grades  5-6).  Five  interviews  and  twelve  class-observations  were  conducted  during  that  phase. 


Rui's  Conceptions  as  a  Senior  Student 

Rui's  views  and  perspectives  about  problem  solving  and  its  teaching  seemed  very  similar 
to  the  ideas  presented  and  discussed  in  the  methods  course  that  he  was  attending.  He  saw 
problem  solving  as  an  important  means  to  develop  reasoning  and  higher  order  thinking  and, 
accordingly,  asserted  that  problems  must  challenge  and  motivate  students  for  learning.  Besides, 
Rui  stated  that  it  was  desirable  and  possible  to  provide  students  with  a  set  of  "things"  that  they 
can  leam  such  as  problem-solving  strategies  and  types  of  problems. 

Teaching  mathematics,  teaching  reasoning  and  teaching  problem  solving  were  identified 
as  the  same  thing.  Rui  stated  that  problem  solving  can  be  naturally  and  easily  integrated  in  the 
development  of  the  curriculum  in  mathematics  classrooms.  Furthermore,  asserted  that 
mathematics  content  could  be  taught  through  a  problem-solving  approach.  However,  when 
asked  to  explain  how  to  put  these  ideas  into  practice  Rui  referred  some  constraints,  like  time  and 
the  contents  listed  in  the  syllabus  that  needed  to  be  taught,  to  justify  the  integration  of  problem 
solving  in  extra-curricular  activitities  rather  than  in  the  daily  classroom  teaching. 
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There  is  a  contradiction  in  Rui's  views.  On  one  hand,  he  identifies  mathematics  with 
problem  solving  but,  on  the  other  hand,  he  sees  problem  solving  as  something  that  can  be 
handled  as  an  extra-curricular  activity,  out  of  the  "normal"  mathematics  classroom.  For  him, 
problem  solving  seems  to  have  a  lower  status  than  the  mathematics  content  listed  in  the  syllabus. 

Rui's  Conceptions  and  Practices  is  a  Beginning  Teacher 

In  his  very  first  year  as  a  mathematics  teacher  Rui  was  assigned  to  teach  in  a  school 
located  in  a  poor  and  rural  in-land  city  attended  by  many  "at  risk"  students  whose  parents 
participated  very  little  in  school-related  activities.  In  general,  teachers  in  the  school  were  quite 
young,  not  certified,  and  living  in  other  cities.  There  were  four  mathematics  teachers  and  two  of 
them  did  not  hold  a  certification.  The  group  did  not  meet  frequently  and,  according  to  an  annual 
plan  presented  by  the  teacher  responsible  for  the  group,  the  major  concern  had  to  do  with 
teaching  all  the  contents  listed  in  the  syllabus.  Rui's  fifth  grade  class  had  several  students  who 
tended  to  misbehave  during  class  time. 

Regardless  this  detrimental  situation,  Rui  felt  and  adjusted  well  and  soon  became  one  of 
the  most  active  persons  responsible  for  the  computers'  room  where  he  initiated  students  to  the 
LOGO  language  and  prepared  materials  that  he  needed  for  his  classes.  However,  Rui  did  not 
include  problem  solving  in  his  teaching  plans  because,  in  his  opinion: 

"problems  must  be  connected  to  the  contents  you  are  leaching  and  il  is  not  easy  lo  find  ihcm 
in  these  conditions.  Having  students  solving  problems  which  are  not  conlcnl-rclaied  is  a 
waste  of  time  and  students  might  become  unmotivated." 

Rui  didn't  put  into  practice  the  pedagogic  principles,  ideas,  and  materials  discussed  in  the 
methods  course  he  attended  one  year  ago,  with  which  he  claimed  to  agree.  He  basically 
followed  the  textbook  and  the  course  syllabus  and  seemed  to  make  his  decisions  about  what  and 
how  to  teach  based  upon  these  documents.  This  is  quite  different  from  Rui's  "talk"  which,  for 
example,  referred  to  the  active  involvement  of  his  students  in  their  own  learning  process  or  to 
small  groups  of  students  engaged  in  problem-solving  experiences. 

Several  factors  may  explain  this  situation.  One  may  have  to  do  with  the  low  expectations 
that  teachers,  Rui  included,  in  this  school  held  about  their  students.  Another  may  be  related  to 
the  fact  that  Rui  could  feel  insecure  if  he  used  an  approach  which  calls  for  more  students' 
participation  and  interaction.  Still  another  reason  can  be  linked  to  the  functioning  of  the 
mathematics  group.  In  fact,  teachers  in  the  group  did  not  discuss  teaching  issues,  did  not  reflect 
upon  their  own  work  and  did  not  plan  together. 

Professional  isolation,  lack  of  stimuli,  absence  of  a  strong  school's  pedagogic  culture, 
absence  of  mechanisms  to  integrate  beginning  teachers  into  the  school  and  the  community,  and 
low  participation  of  parents  in  school  life,  may  be  factors  which  did  not  help  Rui  to  put  into 
practice  the  views  and  perspectives  about  teaching  problem  solving  revealed  in  his  discourse. 
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Maria's  Conceptions  as  a  Senior  Student 

Maria  saw  problem  solving  as  playing  a  major  role  in  the  development  of  students' 
critical  thinking  which  enables  them  to  analyse,  to  select,  and  to  interpret  information.  At  the 
same  time  she  claimed  that  it  was  important  and  possible  to  teach  problem  solving  based  upon  a 
model  which  helped  students  to  organise  and  systematise  their  thinking.  Nevertheless,  like  Rui, 
she  also  considered  that  it  was  difficult  to  teach  mathematics  through  a  problem-solving 
approach.  Maria  seemed  to  hold  a  contradictory  view  of  problem  solving:  on  one  hand  she 
seems  to  see  it  as  essential  for  the  development  of  mathematical  ideas  but,  on  the  other,  she 
seems  to  identify  it  as  a  mathematical  activity  which  has  nothing  to  do  with  the  integral 
development  of  the  curriculum. 

Maria's  Conceptions  and  Practices  as  a  Beginning  Teacher 

Maria  was  assigned  to  teach  Grade  5  mathematics  in  a  "preparatory"  school  located  in  a 
poor  zone  of  a  literal  urban  area.  Most  of  the  students  in  the  school  came  from  poor  economic 
and  social  backgrounds  and  parents'  participation  in  school-related  activities  was  seen  as  very 
low.  The  teachers  were  all  certified  and  most  of  them  lived  in  town.  Maria  mentioned  that  the 
school,  as  a  whole,  was  active  and  dynamic  because  it  was  involved  in  several  projects  (journal, 
stamps  club,  computers'  cclub,  and  the  like)  and  hosted  students  from  the  local  school  of  higher 
education  for  their  student-teaching  activities.  However,  the  math  group  was  not  used  to  meet  on 
a  regular  basis  for  planning,  reflecting,  or  discussing  teaching  issues.  Maria  seemed  to  adjust  to 
this  situation  and  she  decided  to  put  the  essential  of  her  opinions  about  problem  solving  and 
about  new  mathematics  education  trends  into  practice.  Although,  like  Rui,  she  felt  that  the 
contents  listed  in  the  syllabus  must  be  given  priority,  she  managed  to  teach  problem  solving  to 
her  students.  She  actually  did  it  frequently  and  in  a  diversified  way:  during  classes  about  topics 
under  study,  as  motivation  and  introduction  to  new  topics  listed  in  the  syllabus,  as  homework 
and  still  as  extra-curricular  activities. 

Gradually,  Maria  became  more  confident  in  her  own  work  because  she  started  to  realise 
that  she  was  integrating  problem  solving  into  the  curriculum  and  that  students  were  highly 
motivated.  She  learned  that  problem  solving  was  far  from  preventing  students  from  learning 
mathematics;  in  fact,  in  her  clas,  all  students  but  one  were  successful. 


After  the  first  year  of  this  investigation  we  could  say  that  the  performances  of  the 
participants  as  teachers  would  be  quite  similar.  In  fact,  they  were  educated  in  the  same 
institution,  received  the  same  preparation  oti  problem  solving  and  had  the  same  opportunity  to 
get  acquainted  with  teaching  methods  more  consistent  with  new  trends  on  mathematics 
education  (e.g.,  using  calculators,  using  manipulative  materials,  solving  different  kinds  of 
problems).  On  the  other  hand,  their  conceptions  seemed  also  similar:  both  revealed  a  dual  view 
of  mathematics  (computation  and  reasoning),  both  saw  problem  solving  as  fundamental  for  the 
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development  of  students'  thinking  capacities,  and  both  claimed  a  willingness  to  teach  problem 
solving  in  their  future  classrooms.' 

The  second  year  of  research  demonstrated  that  the  participants  performed  in  very 
different  ways.  In  Rui's  case  a  contradiction  emerged  between  what  he  claimed  as  his  ideas  and 
intentions  and  what  happened  in  his  classes.  In  Maria's  case  it  was  possible  to  perceive  a 
consistency  or  coherence  between  her  claimed  ideas  and  intentions  and  her  practices  as  a  teacher. 
One  can  say  that  in  this  case  it  was  possible  to  verify  that,  as  time  passed  by,  the  relationship 
between  Maria's  conceptions  and  practices  became  stronger  and  stronger. 

Many  factors,  external  and  internal  to  the  participants,  could  explain  the  differences  in 
their  teaching  styles.  The  following  reflections  are  an  attempt  to  understand  the  complex 
relationships  that  the  participants  seemed  to  establish  with  some  of  those  factors. 

The  Participants  and  Their  Teacher  Education  Program 

The  preparation  in  mathematical  problem  solving  was  determinant  in  providing  both 
participants  with  a  vocabulary,  a  "language",  and  a  pedagogy  of  problem  solving.  They  both 
seemed  to  acknowledge,  because  they  both  experienced  it,  that  solving  problems  contributes  to 
develop  one's  mathematical  and  critical  thinking.  However,  there  were  different  levels  of 
"assimilation"  of  that  preparation.  In  Rui's  case  there  was  a  reliable  replication  of  the 
"discourse"  or  the  views  expressed  during  his  methods  classes  which,  however,  was  not  put  into 
practice.  In  Maria's  case  there  was  a  strong  relationship  between  the  views  discussed  in  her 
methods  classes  and  her  practices. 

The  Participants  and  the  Course  Syllabus 

Undoubtedly,  for  both  participants  the  official  syllabus  is  a  framework  that  seems  to 
strongly  interfere  with  their  planning  and  teaching.  Both  participants  tended  to  overemphasize 
the  contents  listed  that  are  supposed  to  be  taught  and,  at  the  same  time,  seemed  to  "ignore"  that 
problem  solving  is  the  proposed  central  aspect  of  the  mathematics  curriculum.  Problem  solving 
is  seen  as  "something  that  we  can  do  if  we  have  the  time".  It  was  interesting  to  notice  that  both 
participants  "read"  the  syllabus  ignoring  that  problem  solving  was  there. 

Regardless  those  similar  views  the  participants  "handled  the  syllabus"  in  very  different 
ways.  Rui  followed  the  lists  of  contents  very  closely.  His  "problem-solving  classes"  consisted 
in  practicing  techniques  and  the  use  of  concepts  through  exercises  listed  in  the  textbook.  Mary 
was  also  committed  to  the  contents  but  she  found  and  selected  a  variety  of  problems  which 
allowed  her  to  meet  the  syllabus  requirements.  She  managed  to  integrate  problem  solving  into 
the  curriculum. 

The  Participants  and  the  School  Organization 

The  schools  where  this  research  took  place  did  not  possess  a  pedagogic  culture  which 
facilitated  a  dynamic  and  innovative  development  of  the  curriculum.  There  was  no  systematic 
group  work  among  teachers,  no  reflection  about  teaching  practices,  and  no  motivation  to  do 


different  things.  In  sum,  there  was  no  an  appropriate  atmosphere  to  support  and  help  young 
beginning  teachers.  However,  once  again,  the  participants  reacted  in  quite  different  ways.  Maria 
invested  most  of  her  time,  knowledge,  and  capacities  in  preparing  and  teaching  her  classes.  She 
created  a  relaxed  atmosphere  in  her  classroom  and  her  students  became  enthusiastic  about 
problem  solving.  She  even  involved  parents  in  problem-solving  activities!  Rui  channelled  his 
willingness  to  do  something  different  to  the  computer  lab  where,  in  a  quite  informal 
environment,  he  could  organize  teaching  and  learning  activities  that  he  did  not  do  in  his 
classroom.  He  invested  little  in  his  classes  and  in  his  teaching. 


A  Retrospective  View  of  the  Study 


This  study  helped  us  to  provide  some  explanations  to  some  of  our  initial  questions. 
Today  we  are  more  confident  that  students  need  to  be  given  opportunities  to  solve  a  wide  range 
of  problems,  to  make  use  of  problem-solving  strategies,  to  think  about  the  solutions  they  find, 
and  to  monitor  and  control  their  knowledge  and  solution  processes  more  effectively.  Today  we 
are  still  more  convinced  that  this  can  only  happen  if  teachers  hold  a  set  of  visions  and 
perspectives  about  mathematics,  problem  solving  and  their  teaching  which  is  consistent  with  the 
development  of  students'  critical  thinking,  with  a  teaching  style  that  facilitates  the  comunication 
of  mathematical  ideas,  with  different  teaching  dynamics  in  the  classrooms  and  with  a  curriculum 
approach  not  dominated  by  lists  of  contents  to  be  delivered. 

But  we  also  could  identify  contradictions,  dilemmas,  and  questions  that  are  still  far  from 
being  answered.  What  is  the  actual  impact  of  the  pre  service  education  of  teachers  on  the 
development  of  their  conceptions  and  practices?  What  teacher  education  experiences  could  be 
more  favourable  of  practices  that  are  more  consistent  with  the  "discourse"  that  is  generated 
during  the  preservice  years?  What  factors  may  help  young  teachers  to  develop  a  wider  vision  of 
the  curriculum?  What  are  the  factors  that,  ultimately,  have  more  influence  on  the  teaching 
decisions  made  by  young  teachers?  Their  conceptions?  Their  knowledge  of  mathematics, 
education  and  pedagogy?  The  context  in  which  they  operate?  Their  own  experiences  as 
students? 

We  would  like  to  have  learned  more  to  provide  answers  for  those  and  other  questions  that 
this  study  brought  up.  We  think  that  one  of  the  ways  to  gain  a  better  understanding  of  all  these 
complex  issues  is  through  the  development  and  implementation  of  research  projects  jointly 
participated  by  researchers  and  teachers  and  positively  valued  by  both  communities. 
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ABSTRACT 

The  distinction  between  ordinal  and  cardinal  numbers  wa«.  explained 
to  kindergarten  children  in  the  experiment  of  Fi  delrnar,  ( 1992a)  .  It 
was  found  that  young  children  can  distinguish  between  ordinal  and 
cardinal  numbers,  when  properly  presented.   It  was  also  found  that 
the  learning  of  ordinal  and  cardinal  numbers  are  related  to  the 
left-  and  right-hemispheres,   respectively.  Problems  concerning  the 
application  of  this  finding  to  education,  which  were  not  discussed 
in  Fidelman  (1392a),  are  presented,   and  solutions  ate  suggested. 

1.  INTRODUCTION 

According  to  Levy-Agresti   S  Sperry   (1984)   there  are  two  data 
processing  mechanisms  in   the  brain.  One  mechanism  processes  one 
datum  after  another  artfllv  1 1  call* ,   and  is  partially  lateralized  to 
the  left  hemisphere.  The  other  mechanism  synthesizes   a  new  whole 
cut  of  several  data,   and  is  partially  lateralized  to  the  right 
hemisphere.  Ordinal  number?   are  properties  of   individual  elements 
perceived  one  after  another   temporally,  while  cardinal  numbers  are 
properties  of  whole  sets  synthesized  from  individual  elements. 
Therefore  we  may  expect  a  relation  between  ordinal-  and  cardinal- 
numbers  and  the  left-  and  right-hemisphere,   respectively.  Such 
relation  was  found  in  Fidelman  (1984.   1990)   in  e/.per  imer,  is  with 
adult  students. 

An  experiment  performed  with  preschooler  during  the  last  3  months 
in  kindergarten  before  mteri.g  school   is  described  in  Fidelman 
•l?92a.b).  The  experiment  was  financed  by  Israel   =  Ministry  of 
Education,  which  is  not  responsible  for   the  results.  The  children 
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of   two  kindergartens  learned  botn  ordinal  and  cardinal  numbers  in 
an   inverse  order.  The  children  were  tested  on   their  know'.Ssdse  of 
ordinal-  and  cardinal-numbers  concepts  before  and  after  the 
teaching.  They  were  tested  during  the  experiment   three  times  in 
tests  for   the  efficiencies  of   their  left-  and  r i ght-hsmi spher 1 c 
mechanisms.  The  test  for   the  left  hemisphere  in   the  counting  of 
signs  presented  very  fast  one  after   another   temporally.  The  test  ' 
for    the  right  hemisphere  is  subi  1 1 z l ng ,    i.e.,    the  enumeration  of 
several  signs  presented  simultaneously  for  180  milliseconds.  The 
relation  of  these  tests  to   the  hemispheres  is  shown   in  Fidelman 
(1990).  At  the  beginning  of   the  experiment   the  children  were  tested 
on  counting,  and  it  was  found  that  all   the  children  knew  the  fl«e 
principles  of  how  to  count  of  Gelman  &  Gallistel   ( 1 978 ' .  The 
children  were  tested  also   three  times   in   tests  determining  their 
Piaget  stage  regarding  the  principle  of  conservation  o»"  number.  It 
was  found  that  part  of   the  children  were  at   the  lower  Piaget  stage, 
and  other  children  were  at   the  higher  Piaget  stage.  Pi.aget  stage  of 
some  children  changed  during  the  experiment. 

The  difference  between   the  standardized  scores  of   the  children  on 
their   initial  knowledge  i before  the  teaching)   about  cardinal  and 
ordinal  numbers  was  correlated  with  the  difference  between  the 
standardized  scores  on   the  right-  and  lef t -hemi spher i c  scores.  This 
correlation  was  significant  at  p<0.05  in  a  1-tailed  test.  That  is, 
it   is  possible  to  predict   the  success  of  each  child  relatively  to 
 iur  nerselt !   in  the  two  arithmetical  approaches. 

iwv  ur    tnree  days  after   the  lesson  on  cardinal  or  ordinal  numbers 
the  children  were  tested  about   this  lesson.   Few  davs  after   the  test 
the  children  received  the  second  lesson,   and  two  or   three  davs 
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later   the".'  were  tested  about   this  lesson.  The  correlations  between 
the  scores  on  cardinal  and  ordinal  numbers  and  the  hemispheric 
tests  depend  on   the  order  of   teaching.  We  expect   that   the  scores  on 
ordinal  numbers  correlate  positively  with  the  left-hemispheric 
score.  This  occured  only  when   the  lesson  (and  the  test)   on  ordinal 
numbers  was  given  after   the  lesson  on  cardinal  numbers,  l-lhen  the 
lesson  on  ordinal  numbers  was  given  first,    the  correlations  between 
the  scores  on  ordinal  numbers  and  the  lef t -hemi spher 1 c  scores  were 
negative.  This  phenomenon  was  significant  statistically.  A  similar 
phenomenon,   though  non-si  gn  i  f  i  r. an  •   ? t s t i  =  1 1 cal 1 y  ,  was  found 
regarding  the  correlation;  bet-  ^-:r    ■  ne  scores  on  cardinal  numbers 
and  the  scores  on   the  r  1  gr.  i  -hen.i  sr"'>«"'  i  e  tests. 

The  explanation  of   this  phenomenon   is   that   there  is  a  permanent 
creation  of  new  synapses.  Only   tf'Ose  sv  apses  which  are  applied 
become  permanent,   see  'jreenough  ■  1965)  •  Learning  is  related  to  the 
creation  of  longer-term  memori  .  w.-ich  is  related  to  permanent 
changes  in  synapses.  These  permanent  changes   are  the  result  8*  the 
application  of   the  synapses,  The  lesson  and  test  on  ordinal  numbers 
incJuded  questions  entirely  new  to   the  children,   likei  What   is  the 
ordinal  number  of   the  second  after   the  third?  Therefore  this  lessor 
created  entirely  new  synapses,  which  at   the  first  days   after  the 
lear ling  were  not  yet  efficient.  These  new  synapses  were  created  in 
the  brains  of   the  children  haying  efficient  left  hemisphere,  who 
understood  the  ordinal  concepts.   However,    the  techniques  of 
enumerating  ordinal  and  cardinal  numbers  are  similar,  i.e., 
counting  one  after  another.  The  difference   is  only  lingual  and 
conceptual.  Therefore  the  children  haying  a  right-hemispheric  brain 
may  solve  the  problems  related  to  ordinal  numbers  applying  the  old 
permanent  and  efficient  synapses  related  tc  cardinal  numbers.  This 
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explains  the  negative  correlations  between   the  scores  on   the  left- 
hemispheric  tests  and  on  ordinal  numbers  when   they  are  taugh  first. 

The  lesson  on  cardinal  numbers  included  an  explanation  of  the 
difference  between  ordinal  and  cardinal  numbers.  Therefore  when 
ordinal  numbers  were  taught  after  cardinal  numbers,    the  synapsesd 
related  to  the  learning  of  ordinal  numbers  were  applied  more  before 
the  test  on  ordinal  numbers.  This,  and  the  additional  elapse  of 
time,  caused  a  larger  efficiency  of   the  synapses  related  to  ordinal 
numbers   in  the  brains  of  children  who  understood  the  lesson  on 
ordinal  numbers.  A  left-hemisphere  techn  i  que  i  s  mor  e  suitable  than 
a  right-hemispheric  technique  to  solve  problems  about  ordinal 
numbers.  Thus  when  cardinal  numbera  were  taught  first,  positive 
correlations  were  obtained  between   the  left-hemispheric  scores  and 
the  scores  on  ordinal  numbers.- 

The  or  din al -numbers  concepts  were  entirel-  new  to   the  children, 
t.rtUe  they  were  more  acquainted  mth  the  cardinal  number  concepts. 
Th!S  «w  e>  flam  why   the  similar  phenomenon  regarding  the  learning 
Of  cardinal  numbers  was  smaller,  and  not  s.gmficant  statistically. 

2.   POSSIBLE  APPLICATIONS 
The  findings  may  be  applied  to  classify  children  according  to  their 
relative  hemispheric  efficiencies  in  order   to   teach  each  child 
arithmetic  in  an  approach  more  tuning  the  child  s  brain.  However, 
it  may  be  argued  that   the  correlations  found  in  this  experiment  are 
due  to   the  fact   that   the  hemispheric  tests  apply   the  perception  of 
ordinal  and  cardinal  numbers,   and  therefore  these  tests  mav 
indicate  reliability  and  not  validity. 

There  are  two  arguments  contradicting  this   argument.  The  first 
©  —  339 -i 
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argument  is  that  all   the  children  who  participated  in  this 
experiment  knew  all  the  five  principles  of  how  to  count  of  Gelman  & 
Gallistel  (1978).  Therefore  the  hemispheric  tests  tested  perception 
rather   than  cognition.  The  second  argument   is  that  the  negative 
correlations  described  in   the  previous  section  contradict  the 
hypothesis  that   the  correlations  are  related  to  reliability.  These 
negative  correlations  are  explained  by   the  hypothesis  that  the 
enumeration  tests  are  related  to  the  hemi spher i c  mechan i sms . 

3.   PROBLEMS  CONCERNING  APPLICATIONS 
There  are  two  problems  which  disturb  the  application  of  these 
findings  to  education.  The  first   is  that  the  correlations 
presented  in  Fxdelmar,  (1992a)   are  not  large  enough,   and  they  vary 
too  much.  This  phenomenon  may  be  explained  by  the  observation  that 
only  one  lessor,  on  each  ordinal-  and  cardinal-numbers  was  given. 
The  changing  of   the  negative  correlations  into  positive  and 
sometimes  significant  correlations  may   indicate  that   if   the  riUmber 
of  lessons  would  be  increased,   the  correlation,  ,  and  the  explained 
variance)  rr,.,  be  increased.  However,  partial  reason  for  the 
relatively  small  correlations  may  be  related  to  the  relatively 
small  reliabilities  of   the  hemispheric  tests,   inferred  from  the 
correlations  presented  in  Table  1,  which  may  indicate  that  these 
tests  are  not  accurate  enough. 

The  hemispheric  scores  were  computed  by  two  modes.  The  first   is  by 
true/false  ,T/F>,   i.e.,   a  correct  answer  received  the  score  1  and 
a  wrong  ans-.er  received  the  score  0.  The  second  mode  is  by  the 
percentage  of   the  mistake  («) ,    the  score  was  computed  by  the 
formula!  max*  0  j  1-  |n-m|/n  >• 

where  n  ,s  the  correct  answer,  and  m  is  the  answer  of  the  subject. 
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Table  1:   Pearson's  Correlation  Coefficients  between  Scores  on 
Identical  Hemispheric  tests  on   the  Three  Times  <n=33) 


Times       Right-Hemispheric  Tests  Left  Hemispheric  Tests 


S  i  mul t  aneou  s 

Simultaneous 

Ordi  nal 

Ordinal 

Counting  of 

Counting  of 

Counting  of 

Counting  of 

Do  ts 

Forms 

Dots  in  Space 

Dots  at  A  Point 

T/F  % 

t/f  ;■; 

T/F  % 

T/F 

1st 

& 

.427  .574 

.415   . .302 

.702  .681 

.338  .673 

2nd 

1st 

S. 

.303  .464 

.306  .061 

.657  .577 

.245  .347 

3rd 

2nd 

«< 

. 6S6      . 829 

.447  .233 

.670  .741 

.233  .231 

3rd 

5.   SUGGESTED  SOLUTIONS  TO  THE  PROBLEMS 
The  small  reliabilities  mav  be  related  to   the  fast  development  of 
the  brain  of  children,  which  mav  change  the  efficiencies  of  their 
hemispheric  mechanisms.  We  can  se*  In  Table  1   that   the  temporally 
most  remote  tests,   the  first   and  the  third,  provide  the  smallest 
correlations  between  identical   tests.  The  change  of  Piaget  stage  is 
related  to   the  development  of   the  brain.  Piaget   stage  of  part  of 
the  children  changed  during  the  experiment   (Fidelman  1392b>.  This 
change  was  found  to  be  related  to   the  scores  on   the  hemispheric 
tests.  The  test  of  simultaneous  counting  of  forms  was  found  to  be 
the  most  sensitive  to   the  change  of  Piaget  stage.  We  can  see  in 
Table  1   that  correlation  betueen  the  scores  on   this  test   in  the 
first  and  third  times   in  the  %  mode  is   the  only  correlation  which 
is  near  zero.  This  mav  indicate  that   the  change  of  Piaget   =tage  is 
a  possible  reason  for   the  relatively  small  reliabilities. 

o 
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There  is  a  poss  1 b  i  1  i  t  y   that   the  hemispheric  scores  after   the  change 
of  Piaget  stage  can  be  predicted  by   the  hemispheric  scores  before 
the  change.  Additional  research  is  required  in  order   to   test  this 
hypothesis.    If   this  hypothesis  is  correct,   it  mas-  contribute  to  the 
solution  of   the  reliability  problem.  Otherwise,    the  children  should 
be  classified  twice,   before  and  after  the  change  of  Piaget  stage. 

Klein  &  Armitage  (1979)  found  1  1/2  hour  oscillations  in  the 
efficiency  of   the  hemispheric  mechanisms.  This  cycle  may  influence 
the  hemispheric  scores  and  reduce  the  reliabilities  of  hemispheric 
tests.  A  research  should  be  performed  in  order   to  find  whether  such 
a  cycle  exists  also   in  children.   If  a  cycle  exists,  we  should  find 
its  lenght  and  whether   this  lengh  depends  on  Piaget  stage. 

In   the  experiments  of  Fidelman   (1984,  19901   the  hemispheric  batter*- 
included  3  cycles,    the  duration  of  each  1,  2  hour.    In  each  cycle 
both  hemispheres  were  tested.  Thus  a  cycle  of  1  1  2  hour   in  the 
acti-Mt'.'  of   the  hemisphres  does  not  bias   the  hemi  spher  l  c  scores. 
Suppose  that   the  lengh  of   the  cycle  in  children   is  1  1/2  hour.  It 
is  impossible  to   test  preschoolers  during  1  i-2  hour.   However .  we 
can   test  a  child  during  15  minutes,  which  was   the  duration  of  the 
testing  in  Fidelman  (1992),   let   the  child  rest   30  minutes,   and  then 
test   the  child  again  during  15  minutes.  The  mean  of   these  two 
hemispheric  tests  will  provide  us  with  the  exact  mean  of  the 
hemispheric  test  during  the  entire  cycle.  The  second  test  will 
always  be  during  the  an t l s imme t r i c  position   to   that   of   the  first. 
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FIRST  YEAR  MATHEMATICS  STUDENTS'  NOTIONS  OF  THE  ROLE 
OF  INFORMAL  PROOF  AND  EXAMPLES 


Keir  Finlow-Bates 
South  Bank  University,  London. 

This  paper  presents  the  result  of  a  series  of  video-taped  interviews  held 
to  investigate  first  year  mathematics  students' notions  of  informal  proof.  In 
the  context  of  their  usual  classroom  experience  of  working  in  small 
discussion  groups,  students  were  asked  to  rank  four  solutions  to  a  familiar 
problem  on  closure  of  a  set  under  addition.  The  solution  consisting  of  an 
informal  proof  followed  by  some  examples  was  ranked  higher  than  any  of 
the  other  solutions  by  all  the  interviewees.  Although  failing  to  refer  to  the 
informal  proof  as  a  "proof,  or  comment  on  its  role  in  convincing  the 
reader  of.  the  truth  of  the  initial  conjecture,  students  consistently  used 
relevant  words  such  as  'explanation'  and  'clarification'  to  describe  some  of 
its  functions. 

Introduction 

Although  the  criteria  used  by  first  year  mathematics  undergraduates  in 
evaluating  proof  mirror  those  of  the  practising  mathematician  as 
described  by  Hanna  (1989),  in  a  previous  study  (Finlow-Bates  et  al., 
1993)  it  was  found  that  students  have  difficulty  applying  these  criteria  in 
distinguishing  empirical  arguments,  fallacious  mathematical  arguments, 
and  proof.  Schoenfeld  (1988)  argues  that  the  reason  for  this  inability  to 
distinguish  between  proof  and  non-proof  may  lie  with  the  way  proof  is 
taught,  and  the  aims  of  the  student  within  the  learning  environment. 

In  the  right  environment  students  can  construct  a  reasoned  justification 
for  a  conjecture,  or  even  an  informal  proof  (Hanna,  1983),  but  may  not 
have  the  knowledge  to  assess,  or  the  correct  vocabulary  to  describe 
what  they  have  produced.  This  paper  aims  to  investigate  the  value 
attributed  by  first  year  mathematics  undergraduates  to  proof  and 
examples,  with  particular  reference  to  the  roles  they  play  in  explaining  a 
mathematical  statement  to  students,  and  convincing  them  of  its  truth. 

In  this  paper  I  present  an  analysis  of  interviews  conducted  to  investigate 
the  views  held  by  first  year  undergraduate  students  at  South  Bank 
University  on  the  roles  of  informal  proof  and  examples  in  the  structure  of 
solutions  to  mathematical  problems.  This  analysis  is  part  of  an  ongoing 
project,  under  the  direction  of  Dr.  Stephen  Lerman,  designed  to  develop 
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and  evaluate  materials  for  teaching  the  notions  of  proof  to  sixth  form  and 
first  year  undergraduate  students . 


Methodology 

This  study  was  of  first  year  mathematics  students  on  the  Mathematical 
Contexts  and  Strategies  Unit,  a  one  semester  course  intended  to 
"develop  confident,  flexible  and  self-aware  approaches  to  mathematical 
thinking  and  problem  solving  through  the  study  of  fundamental 
mathematical  topics"  (South  Bank  University,  1993).  During  classes 
students  work  in  small  groups  using  a  variety  of  worksheets.  A  strong 
emphasis  is  placed  on  the  importance  of  working  in  groups  rather  than 
as  individuals.  The  course  is  assessed  by  a  course  work  folder 
containing  work  produced  in  class  and  at  home. 

During  their  very  first  class  the  students  worked  on  problems  concerning 
the  closure  of  a  variety  of  sets  under  the  operations  of  addition  and 
multiplication.  The  procedure  adopted  by  the  groups  was  to  try  a  few 
examples  to  obtain  an  initial  conjecture  as  to  the  closure  of  the  set  under 
the  given  operation.  The  students  were  then  encouraged  to  confirm  or 
reject  this  initial  conjecture  through  the  use  of  mathematical 
generalisation  and  justification.  Proof  was  not  formally  introduced. 

After  the  start  of  the  course,  the  six  participants  were  selected  on  a 
voluntary  basis,  and  were  interviewed  separately.  The  interviews  were 
designed  using  an  adapted  form  of  the  discourse-based  interview 
introduced  by  Odell  &  Goswami  (1982)  and  used  in  an  academic  setting 
by  Herrington  (1985).  The  key  features  adopted  from  the  discourse- 
based  interview  were:  the  interviews  were  based  around  a  selection  of 
work  familiar  to  the  interviewees,  the  interview  was  conducted  in  a 
context  familiar  to  the  interviewee,  and  the  interviewee  was  assured  that 
he/she  was  considered  the  expert.  By  this  last  feature  it  was  hoped  that 
the  responses  would  be  personal,  rather  than  what  the  interviewee  might 
have  thought  the  interviewer  expected. 

After  piloting  the  initial  interview  design  on  one  student  it  became  evident 
that  the  problem  to  be  considered  was  too  complicated.  Although  the  few 
results  that  were  obtained  from  this  initial  interview  corresponded  with 
the  results  of  the  final  series  of  interviews  they  are  not  considered  in  this 
paper,  as  the  initial  interview  was  conducted  as  a  test-run'. 
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The  final  interview  design  was  as  follows:  the  interviewee  was  given  a 
sheet  with  the  following  question  printed  on  it: 


Consider  the  following  set: 

M  =  {x  such  that  x  is  an  integer  greater  than  4). 

Is  the  set  closed  under  addition? 

The  interviewee  was  also  presented  with  four  solution  sheets,  A,  B,  C, 
and  D.  Solution  A  consisted  of  an  informal  proof  similar  to  ones 
produced  by  some  of  the  students  in  class  (see  fig.  1),  followed  by  some 
examples.  Solution  B  consisted  of  the  same  examples  followed  by  the 
informal  proof.  Solution  C  consisted  only  of  an  expanded  version  of  the 
informal  proof.  Solution  D  consisted  of  examples  only  (see  fig.  2). 


Let  y  an^.  z  be  in  M.  Let  a  and  b  be  positive  whole  numbers  such  that 
y  =  a  +  4  and  z  =  b  +  4. 
Then  y  +  z  =  (a  +  4)  +  (b  +  4) 
=a+b+4 +4 

=  a  +  b  +  8  which  is  greater  than  8  and  therefore 
greater  than  4.  


fig  1  -  The  Informal  Proof  included  in  Solutions  A  and  B 


A 

B 

C 

e 

Proof 

Examples 

Proof 

Examples 

Examples 

Proof 

fig  2  -  The  Structure  of  the  Four  Sample  Solutions 
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The  interviewee  was  told  to  imagine  that  he/she  was  working  in  a  group 
in  class  on  the  problem,  and  that  the  four  solution  sheets  were  answers 
produced  by  different  members  of  the  group.  The  interviewee  had  the 
task  of  ranking  the  solutions  from  best  to  worst,  to  select  the  best 
solution  to  be  included  in  the  course  work  folder,  explaining  his/her 
reasons  for  the  order  selected.  Then  the  interviewee  was  questioned  on 
what  he/she  thought  the  purpose  of  the  examples  and  the  informal  proof, 
in  the  solutions  given,  was.  Finally,  a  copy  of  a  piece  of  work  produced 
by  the  interviewee  in  class  was  produced,  and  its  structure  was 
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discussed  in  comparison  to  the  structure  of  the  solution  selected  as  the 
best  at  the  beginning  of  the  interview. 


All  the  course  work  produced  in  class  on  the  topic  of  closure  was 
collected  from  the  participants  and  photo-copied.  Of  the  five  students 
involved  in  the  final  interview,  two  (R,T)  had  only  used  examples  to 
answer  questions  in  their  course  work,  in  a  similar  style  to  solution  D  in 
the  interview.  Two  (S,U)  had  produced  informal  proofs  followed  by 
examples,  as  in  solution  A.  The  final  student  (V)  had  answered  all 
questions  in  his  course  work  using  only  informal  proofs,  as  in  solution  C. 
None  of  the  participants  had  produced  solutions  similar  to  solution  B. 

Results 

The  participants  all  presented  an  initial  ordering  of  the  solutions  from 
best  to  worst,  but  when  asked  to  justify  their  ordering  during  the  interview 
all  except  subject  T  re-evaluated  their  ranking.  Tables  1  and  2  show 
initial  and  final  choices: 


Subject 

Best 

2nd  best 

3rd  best 

Worst 

R 

C 

A 

B 

D 

S 

A 

C 

B 

D 

T 

A 

B 

D 

C 

U 

C 

A 

B 

D 

V 

C 

A 

B 

D 

Table  1  •  Initial  Ranking 

of  Solutions 

Subject 

Best 

2nd  best 

3rd  best 

Worst 

R 

A 

B 

C 

D 

S 

A 

B 

C 

D 

T 

A 

B 

D 

C 

U 

A 

B 

C 

D 

V 

A 

B 

C 

D 

Table  J- 

Final  Ranking 

of  Solutions 

There  are  three  points  worth  noting  here: 

-  Solution  A,  the  informal  proof  followed  by  the  examples,  was 
consistently  ranked  higher  than  solution  B,  the  examples  followed  by  the 
informal  proof.  Some  of  the  reasons  for  this  are  discussed  below. 

-  Solution  D,  consisting  of  examples  only,  was  ranked  worst  by  all 
interviewees  except  T,  whose  course  work  contained  no  proofs  or 
justifications. 

-  The  response  to  solution  C,  the  informal  proof  with  no  examples, 
varied  the  most  during  the  interviews.  Initially  ranked  quite  highly, 
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solution  C  was  later  down-graded  due  to  its  lack  of  examples.  This 
variation  appears  to  reflect  student  confusion  about  the  value  of  proof. 


The  interviewees  all  eventually  ranked  A  as  the  best  solution,  followed 
by  B.  The  following  reasons  were  given  for  preferring  solution  A  to 
solution  B: 

R:  Because,  they  have,  I  mean,  they  clarify  what  they're  doing  first,  and  then 

they  give  some  examples,  of ...  of  the  ...  the  solution,  I  mean. 

K:  OK,  and  you  think  that's  better  than  giving  some  examples  and  then 

clarifying? 

R:  Yeah.  Well,  you  need  to  understand  it  first,  I  mean,  what  they're  doing  and 
then  the  examples. 

T:  So  you  know  what  you're  on  about,  what  you're  on  about  for  the  examples. 
I  believe  In  explaining  what  you're  gonna  do.  If,  when  you  give  examples.  I 
don't  think  it  should  be  the  other  way  around. 

U: ...  I  just  like  to  have  a  bit  of  writing  beforehand  'cause  its  explaining  to  me... 
If  I  look  at  examples  before  writing  I  wouldn't  really  take  much  notice.  But  if  it 
was  the  other  way  you've  read  it  so  you  want  to  see  if  it's  true  so  you'd  read  it, 
then  you  take  more  notice  of  the  examples. 

V:  Well,  I'd  say  A  is  structured  better,  and  you  can  follow  through  much  more 
easily  what  they  are  doing.  B  is  basically  saying  the  same  thing,  but  it  is  not 
as  obvious. 

The  reason  give  by  all  the  interviewees  quoted  above  for  preferring  A  to 
B,  was  because  A  had  the  "explanation"  before  the  examples,  and  this 
was  considered  a  preferred  structure  for  the  solution.  None  of  the 
interviewees  referred  to  the  initial  part  of  A  as  a  proof.  Subjects  T  and  U 
did  use  the  word  proof  later  on  during  their  interview,  but  applied  it  to  the 
examples: 

U:  Yeah,  because  I  like  the  way  it  talks  about  It  (points  at  first  section  of  A) 
and  then  proves  it  (points  at  second  part  of  A),  and  that  one  (points  at  B)  is 
proving,  then  talking  about  it,  where  I  think  it  should  be  the  other  way. 
K:  Right. 

U:  That  one  is,  it's  not  proving  it,  you  know,  it's  just  got  some  writing 
(indicating  C). 

K:  And  the  examples,  what  are  they  there  for? 

T:  Just  to  prove,  prow  the  statement. 

K:  What  does  that  mean,  "they  prove  the  statement"? 

T:  They  prove,  that  means  they  make  it  true. 

K:  So  the ... 

T:  (interrupting)  under  all  conditions. 

I  found  the  use  of  the  word  "proof"  to  describe  the  examples  surprising, 
and  asked  subject  U  to  explain  what  she  meant: 
K:  What  do  you  think  the  word  "proof"  means? 

U:  That's  quite  hard.  Urn.  (Pause)  I  found  the  condition  and  I  thought,  the 
condition  Isn't  just,  you  can't  just  put  it  down,  because  you're  not  saying  If  it  Is 
right  or  wrong.  See,  my  proof  is,  like,  saying  if  It  is  going  to  be  right  or  wrong, 
that's  what  I  think  proof ...  when  you're  proving  It,  you're  saying  that  the  rule  Is 
right  or  wrong. 

K:  Right,  OK.  So  why  do  the  examples  show  that  the  rule  Is  right  or  wrong? 
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U:  Because  you're  putting  in,  like  numbers,  numbers  into  this,  and  you  can 
prove  that  it's  right,  "cause  if  the  answer  comes  out  right,  you  know,  like,  if  it's 
in  the  set. 

U  is  aware  that  proof  is  connected  with  "saying  if  it  is  going  to  be  right  or 
wrong",  but  seems  to  believe  that  the  examples  are  better  at  this  than  the 
initial  "explanation". 

The  interviewees  had  no  difficulty  labelling  the  second  section  of  A  as 

"examples".  The  first  section  posed  more  problems: 

K:  OK.  You  call  the  second  section  "examples".  What  would  you  call  the  first 
section? 

V:  (Pause)  Erm,  I'd  call  it  an  explanation  of  what  the  set  is. 

K:  So  you  called  these  'examples'.  What  would  you  call  this  section? 
(indicating  second  half  of  B) 

R:  The  comment,  you  know.  This?  (indicating  second  half  of  B) 
K:  Yes. 

R:  What  would  I  call  this  part? 
K:  Yes. 

R:  The  summary  of ...  of ...  of ...  I  don't  know.  It's  just  a  summary. 

K:  What  would  you  call  this  on  its  own?  (covering  the  first  part  of  B)  Would 
you  still  call  it  a  summary,  or  comments? 
R:  No,  urn,  some  notes. 

The  words  "examples",  "comments",  "summary",  and  "notes"  were  all 
used  to  describe  the  informal  proof.  Although  the  students  named  the 
examples  without  hesitation,  finding  a  phrase  to  label  the  informal  proof 
caused  ths  students,  particularly  R,  some  difficulty. 


Discussion  and  Conclusions 

Although  initially  ranking  informal  proof  on  its  own  highly,  when  asked  to 
justify  their  choices,  students  re-evaluated  their  ordering  and  selected 
informal  proof  followed  by  examples  as  the  best  structure  for  a  solution 
to  the  problem.  The  solution  consisting  of  examples  only  was  considered 
overall  to  be  the  worst  solution.  Students  believed  the  role  of  the  informal 
proof  to  be  that  of  explanation  and  clarification  of  the  mathematical 
conjecture,  whereas  the  examples  were  seen  to  fulfil  the  purpose  of 
convincing  them  of  its  truth.  The  students  had  difficulty  in  finding  suitable 
words  to  describe  the  section  of  the  solution  consisting  of  an  informal 
proof,  and  the  words  applied  to  this  section  varied  depending  on  its 
position  in  the  overall  solution. 

More  research  needs  to  be  carried  out  to  determine  on  what  basis  the 
students  made  their  decisions.  The  question  remains  of  how  the 
students'  ideas  developed,  which  could  be  determined  by  investigation  of 
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secondary  school  classrooms.  Another  possible  influence  is  the  structure 

of  school  mathematics  textbooks,  which  typically  introduce  a  topic  with  a 

piece  of  explanatory  writing,  followed  by  a  set  of  exercises;  this  structure 

has  parallels  with  solution  A.  The  following  excerpt  from  the  transcript  of 

subject  Ts  interview  supports  this: 

T:  Just  to  let  you  know  how  (pause),  urn,  just  to  let  you  know  how,  just  to  let 
whoever^  reading  the  book  where,  how  the  answer,  how  the  examples  make 
this  possible. 

The  student  has  changed  the  context  of  the  solution  here,  from  the 
situation  of  working  in  a  group  in  class  to  that  of  a  'book'  aimed  at  an 
unspecified  reader. 

What  is  clear  is  that  the  students  interviewed  do  attribute  value  to  an 
informal  proof  as  an  explanation  or  clarification  of  a  mathematical 
problem,  especially  as  an  introduction  to  worked  examples,  to  the  extent 
that  this  explanation  is  valued  more  highly  than  the  examples.  And  yet, 
ironically,  they  seem  to  be  more  convinced  of  the  truth  of  a  mathematical 
statement  by  the  examples  than  by  the  informal  proof.  The  problem 
remains  to  encourage  them  to  recognise  the  importance  of  proof  as  "an 
argument  needed  to  validate  a  statement,  an  argument  that  may  assume 
several  different  forms  as  long  as  it  is  convincing"  (Hanna,  1989)  above 
empirical  evidence  in  the  form  of  examples.  This  has  important 
implications  for  the  teaching  of  reasoning,  justification  and  proof. 
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Abstract 


It  lias  been  assumed,  on  historic  al  and  psychologic  al  grounds,  that  the  concept  of 
irrational  numbers  faces  two  major  iittuith'e  obstacles:  a)  the  difficulty  to  accept  that  two 
magnitudes  (two  line  segments)  may  be  incommensurable  (no  common  unit  may  be  found);  and 
b)  the  difficulty  to  accept  that  the  set  of  rational  nmnhers.  though  everywhere  dense,  does  not 
cover  all  the  points  in  an  interval:  one  has  to  consider  also  the  more  "rich"  infinity  of  irrational 
points.  In  order  to  assess  the  presence  and  the  effects  of  these  obstacles,  three  groups  of 
subjects  were  investigated:  students  in  grades  9  and  10  and  prospective  teachers. 

The  results  did  not  confirm  these  hypotheses.  Many  students  are  ignorant  when  asked 
to  classify  various  numbers  (rational,  irrational,  real)  but  only  a  small  part  of  them  (20  -  30%) 
are  really  disturbed  by  the  assumed  obstacles.  It  has  been  concluded  that  such  erroneous 
intuitions  (a  common  unit  can  always  be  found  by  indefinitely  decreasing  it"  and  "in  an  interval  it 
is  impossible  to  have  two  different  infinite  sets  of  points  lor  numbers  I")  have  not  a  primitive 
nature.  They  imply  a  certain  intellectual  development. 

Little  attention  is  paid  to  the  irrational  numbers  in  school  mathematics.  The  main  reason, 
in  our  opinion,  is  that  school  mathematics  is  essentially  conceived  as  an  ensemble  of  solving 
techniques.  The  idea  of  mathematics  as  a  coherent,  structurally  organized  body  of  knowledge,  is 
not  systematically  conveyed  to  the  student.  Certainly,  this  is  didactically  a  difficult  task,  but 
curricula  should  not  avoid  it.  We  would  like  our  students  to  get  the  feeling  of  the  grandeur,  the 
beauty  of  mathematics  as  a  fundamental  human  achievement,  not  only  its  utility  for  practical 
matters.  Certainly,  theorems  and  proofs  are  taught  -  not  only  solving  procedures  -  but  the  image 
of  an  organized  whole,  (he  image  of  the  infinitely  ingenious  endeavors  spent  by  the  human  mind 
in  thousands  of  years,  in  order  to  create  this  dynamic,  coherent  and  harmonious  structure  is 
mainly  lost  in  the  day  to  day  teaching  process. 

Not  only  school  students  seem  to  have  deficiencies  in  this  matter.  The  results  of  a 
research  project  recently  performed  by  us  (together  with  Dr.  Dicta  Tnosh)  have  shown  how 
vague,  how  incoherent  and  fragmentary  are  the  students'  (prospective  teachers)  mathematical 
notions  -  especially  (hose  referring  to  the  system  of  numbers  (unpublished  Research  Report). 

If  one  intends  to  convey  to  the  students  the  feeling  of  the  struciurality  of  mathematics, 
one  has  to  emphasize,  first  of  all,  the  coherent  picture  of  the  number  system  with  its  strict 
hierarchy.  Let  us  confine  our  discussion  to  the  system  of  real  numbers.  If  we  pass  from  the 
natural  numbers  to  the  set  of  integers  and  from  it  to  the  set  of  rational  numbers,  the  term  "rational 
number"  itself  imposes  the  opposite  concept  of  irrational  numbers.  How  would  it  be  possible  to 
pass  from  the  rational  numbers  to  the  set  of  real  numbers  without  describing  the  set  of  irrational 
numbers? 


The  irrational  numbers  are  a  part  of  the  system  and  without  (hem  the  concept  of  real 
numbers  is  incomplete.  It  suffices  to  neglect  the  irrational  numbers  and  (he  whole  system  falls 
apart.  This  is  what  happens  (oday. 

Bu(  (he  undersuinding  of  (he  irrational  numbers  raises  a  severe  epistemological  problem: 
The  irrational  numbers  seem  to  be  essentially  counter-intuitive.  This  has  been  the  basic 
assumption  of  the  present  research.  The  main  aim  of  the  investigation  has  been  to  prove  that 
assumption. 

First,  we  assumed  that  the  situation  of  incommensurability  which,  in  fact,  generates  (he 
class  of  irrational  numbers  is,  naturally,  counter  intuitive.  Let  us  consider  iwo  segment  lines, 
AB  and  CD,  of  different  lengths.  If  one  assumes  that  one  may  decrease  aDviH  indefinitely  the 
unit  measuring  one  segment,  one  may  naturally  assume  that  one  may  always  find  a  unit  which 
will  fit  bQlh.  segments  (that  is  a  segment  unit  which  will  cover  an  entire  number  of  times  both 
segments).  The  idea  that  two  line  segments  may  be.  a  priori,  incommensurable  -  that  is,  no 
common  unit  is  to  be  found  -  that  idea  seemed  to  us  inacceptable  intuitively.  Consequently,  we 
assumed  that,  mosi  of  (he  individuals,  whh  no  appropriate  mathematical  training,  will  claim 
spontaneously,  that  two  magnitudes  -  two  line  segments  -  are.  in  principle,  always 

commensurable.  Incommensurability  will  appear  to  them,  intuilivslv.  surprising. 

The  second  hypothesis  which  inspired  (he  present  research.  \v:is  the  following:  We 

assumed  (ha(  individuals  without  appropriate  training,  will  not  be  read,  to  accept  that  in  an 

interval,  no  matter  how  small,  there  is  an  infinity  of  rational  points  (number;)  and  nevertheless  in 

the  same  interval  there  is  room  for  another  infinity  of  a  different  kind  of  points  (numbers), 

namely  the  irrational  ones  (sec  Courant  &  Robbins.  1941/1978.  p.  60). 

Briefly  speaking,  we  assumed  that,  because  of  these  two  intuitive  obstacles,  the  teaching 

and  learning  of  irrational  numbers  constitute  difficult  tasks. 

As  a  matter  of  fact,  as  one  will  sec.  the  above  hypotheses  have  not  been  confirmed.  Only 

about  a  quarter  of  the  subjects  questioned,  hold  the  intuitive  views  •-  assumed  by  us  to  be  quasi 

general. 

The  Method 

Considering  the  psychological  interest  of  incommensurability  and  irrational  numbers,  a 
research  has  been  conducted  referring  to  two  basic  aspects:  the  formal  knowledge  and  the 
intuitive  understanding.  JM  PiV"  hypnosis  of  the  research  has  been  that  |he  notions  of 
inrnmmensurahili.v  »nri  irrational  nnmhers  are  counter-intuitive.  It  has  been  assumed  that  the 
intuitive  feelings  of  subjects,  at  various  ages,  concerning  the  concepts  of  measuring  and  infinity 
constitute  natural  epistemological  obstacles  opposed  to  the  acceptance  of  incommensurability  and 
the  existence  of  irrational  numbers. 

It  has  also  been  assumed  that,  as  an  effect,  students  of  various  ages  will  encounter 
difficulties  in  identifying,  manipulating,  and  defining  the  irrational  numbers.    It  has  been 

assumed  that  age  has  little  influence  on  the  respective  obstacles,  while  mathematical  knowledge 

and  experience  may  have  a  positive  effect. 

The  Subjects  were  pupils  and  preserviee  teachers  enrolled  in  schools  and  colleges  in  the 

Tel  Aviv  area.   The  following  grade  levels  were  considered:  Thirty  students  in  grade  9,  32 

students  in  grade  10  and  29  college  students. 

The  Instrument  used  was  a  questionnaire  which  considered : 

a)  the  formal  knowledge  of  the  students  (definitions,  hierarchy  of  the  system  of  real 
numbers,  the  location  of  various  numbers  in  that  hierarchy). 

b)  the  reactions  of  the  subjects  to  questions  exploring  the  immiiw.  miiiudes  towards  density 
and  continuity  of  sets,  towards  (he  nature  of  infinity,  and  the  operation  of  measuring. 
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Procedure.  The  questionnaire  was  administrated  in  the  usual  classroom  conditions.  The  time 
allowed  was  about  one  hour. 


Results 

The  Formal  Knowledge 

A.  The  first  question  presented  15  numbers  of  various  types  and  the  students  had  to 
determine  their  membership  in  diverse  classes  of  numbers.  We  will  refer  only  to  the  most 
striking  results.  The  symbol  (*)  indicates  correct  answers. 

With  regard  to  number  r..  the  following  results  were  obtained  (see  Table  I ). 


'able  1 1     The  Nature  of  it  (correct  and  incorrect  answers  in  percentages! 


It 

Is  a  Number* 

Rational 

Irrational* 

Real* 

Grade  9 

43 

13 

17 

3 

Grade  10 

59 

13 

19 

28 

Prescrvice  Teachers 

90 

7 

79 

76 

It  is  absolutely  surprising  that  in  grades  9  and  10.  irost  of  the  students  are  not  yet 
aware  of  the  irrational  character  of  it.  Many  did  not  even  know  that  it  is  a  number,  let  alone  that 
it  is  a  real  number. 

B.       The  nature  of -\f(22,7).  See  Table  2. 

Table  2:     Percentages  of  Correct  and  Incorrect  Answers 


-\f(22.7) 

Is  a  Number* 

Rational* 

Irrational 

Real* 

Negative* 

Grade  9 

70 

13 

20 

7 

73 

Grade  10 

91 

31 

31 

2X 

84 

Prcservice  Teachers 

KM) 

90 

10 

7d 

100 

Again,  we  see  that  the  terms,  rational,  irrational,  real  numbers  are  unknown  to  most  of  the 


still  24%  who  were  not  able  to  identify  • 

M(22.7)  as  a  real 

number! 

C.       The  Nature  of  Number  0.121 22 

1... 

Table  3:     Percentages  of  Correct  and  Incorrect  Answers 

0.12122...           Is  a  Number* 

Rational 

Irrational* 

Real* 

Grade  9  27 

13 

57 

17 

Grade  10  81 

9 

66 

44 

Preservice  Teachers  97 

17 

69 

79 

Many  students,  at  all  age  levels,  do  not  identify  0.121 12...  as  an  irrational  number. 
Even  at  the  college  level,  more  than  thirty  percent  are  in  that  situation.  The  notion  of  real 
numbers  is  unknown  to  most  of  the  high  school  students  and  to  more  than  20  percent  of  the 
prcservice  teachers. 
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The  Nature  of  3V8  :  (See  Table  4) 

Table  4:     Percentages  of  Correc  t  and  Incorrect  Answers 


3V8 

Is  a  Number* 

Is  a  Whole 
Number 

Rational 

Irrational* 

Real* 

Grade  9 
Grade  10 

Preservice  Teachers 

32 
78 
97 

10 

7 
13 
10 

17 

38 
8d 

10 
38 
76 

The  irrational  number  3\*8  has  been  identified  as  such  by  a  relatively  few  students  in 
grades  9  and  10.  There  were  still  14%  of  preservice  teachers  who  did  not  recognize  the  irrational 
character  of  the  number.  The  identification  of  3v8  as  a  real  number  follows  about  the  same 
pattern  (10%  in  grade  9  and  38%  in  grade  10).  Among  the  preservice  teachers,  24%  do  not 
know  that  3\r8  is  a  real  number! 
The  Nature  of  0.0555...  (See  Table  5) 
Table  5:     Percentages  of  Correct  ami  Incorrect  Answers 


0.0555... 

Is  a  Number* 

Rational* 

Irrational 

Real* 

Grade  9 
Grade  10 

Preservice  Teachers 

83 
97 
100 

50 
53 
97 

23 
25 

13 
41 

83 

About  half  of  the  students  in  grades  9  and  10  recognize  0.0555...  as  a  rational  number. 
Almost  all  the  preservice  teachers  do  so  as  well.  A  quarter  of  the  ninth  and  tenth  graders 
consider  0.0555...  as  an  irrational  number.  The  notion  of  real  number  is  not  applied  correctly  to 
the  number  0.0555...  by  most  of  the  9th  and  10th  graders. 

The  Nature  of  \'To" .  See  Table  6. 

Table  6:     Percentages  of  Correct  and  Incorrect  Answers 


vT6 

Is  a  Number* 

Is  a  Whole 

Rational* 

Irrational 

Real* 

Number* 

Grade  9 

60 

57 

30 

3 

32 

Grade  10 

84 

56 

44 

59 

Preservice  Teachers 

97 

76 

69 

3 

90 

Less  than  half  of  the  9th  and  10th  graders  consider  \ "16  to  be  a  rational  number. 
According  to  the  other  students  (except  one  in  each  grade)  >Tf6  is  also  not  an  irrational  number. 
This  shows  again,  that  for  most  of  the  high  school  students  Oth  and  10th  graders)  the  terms 
"rational"  and  "irrational"  numbers  are  totally  obscure. 

The  situation  is  certainly  better  in  the  preservice  teachers,  but  there  are  still  about  30% 
who  do  not  identify  vToTas  a  rational  number  (and  not  as  an  irrational  one). 

Let  us  consider  a  final  example:  the  number  34.2727...  (see  Table  7).  In  the  former 
examples,  we  have  seen  that,  for  many  students,  a  number  can  be  neither  rational  nor  irrational. 
In  the  above  example  (34.2727...),  we  have  a  case  in  which  a  number  may  be  considered  both 
rational  and  irrational! 
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Table  7: 


Percentages  of  Correct  ;ind  Incorrect  Answers 


34.2727... 


Is  a  Number* 


Rational* 


Irrational 


Real* 


Grade  9 
Grade  10 

Preservice  Teachers 


83 
84 
97 


83 
13 
59 


70 
56 
28 


13 
44 
83 


Firstly,  one  can  see  that  for  most  of  the  9th  and  10th  graders  and  tor  more  of  a  quarter  of 
the  preservice  teachers.  34.2727...  is  an  irrational  number!  Secondly,  for  most  of  the  9th 
graders,  34.2727...  is  both  rational  and  irrational.  Again,  we  can  see  that  for  most  of  the  9th 
and  10th  graders,  the  term  "real  number"  has  no  meaning. 

The  Infinity  of  Points  in  an  Interval  A  B 

The  subjects  were  asked:  "Given  two  points  A  and  B  on  a  straight  line,  how  many 
points  corresponding  to  rational  numbers  are  there  in  the  interval?"  A  similar  question  was  put  in 
regard  to  irrational  points. 

With  regard  to  the  rational  points  the  answer  "an  infinity  of  points"  was  given  by  54%  of 
the  students  in  grade  9.  50%  in  grade  10  and  90%  college  students.  Very  few  indicated  various 
finite  numbers,  and  30%  (grade  9).  34%  (grade  10)  and  7%  (college  students)  did  not  answer  at 
all. 

With  regard  to  irrational  points,  the  answer  "an  infinity"  was  given  by  647c  of  the 
subjects  in  grade  9.  69%  in  grade  10  and  97%  college  students.  Thirty  percent  in  grade  9.  22% 
in  grade  10  and  only  1  student  among  the  college  students  did  not  answer  at  all. 

Thus,  more  than  half  of  the  students  in  grades  9  and  10.  and  almost  all  the  college 
students  affirm  that,  in  an  interval  AB  on  a  straight  line,  there  are  an  infinity  of  rational  points 
and  an  infinity  of  irrational  points. 

The  Intuitive  Background:  Rejection  of  our  Hypotheses 

a)  With  regard  to  one  of  our  hypotheses  (the  intuitive  difficulty  to  accept  that  in  the  same 
interval,  there  are  two  infinite  sets  of  elements  of  a  different  type)  we  have  to  emphasize  that  no 
subject  mentioned  explicitly  this  difficulty.  The  hypothesis  concerning  this  difficulty  has  not 
been  confirmed.  As  we  have  seen,  most  of  the  students,  at  all  age  levels,  consider  that  in  an 
interval  AB,  on  a  straight  line,  there  arc  an  infinity  of  rational  points  ajid  an  infinity  of  irrational 
points.  The  intuitive  difficulty,  assumed  by  us.  did  not  manifest  itself  in  the  subjects'  reactions. 

b)  A  second  hypothesis  was  that  the  concept  of  incommensurability  is  counter-intuitive.  It 
is  this  idea  which  we  would  like  to  discuss  in  continuation.  There  were  two  questions  devoted 
to  this  problem. 

The  first  one  asked  whether  it  is  always  possible  to  find,  for  two  line  segments.  AB  and 
CD,  of  different  lengths,  a  common  unit  (that  is.  a  segment  which  could  cover  by  iteration, 
exactly  the  two  given  segments).  The  second  question  asked  whether  it  is  possible  to  find  a 
common  unit  for  the  side  of  a  square  and  its  diagonal. 

Let  us  start  with  the  first  question.  The  exact  wording  of  it  was  the  following: 
"A  line  segment  is  called  'a  common  unit'  of  two  given  line  segments,  if  it  covers  a  whole 
number  of  times  the  two  line  segments. 
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For  instance: 


A  ) — I  1 — I  1 — I — I — I  1 — 1 — I — I-  B 

C  4 — I  1 — I  1 — I — I — I  1-  D 

Ri  f  S 

RS  is  a  common  unit  for  the  two  line  segments  (since  it  covers  eleven  times  the  segment  AB  and 

8  times  the  segment  CD). 

But: 

p  |  |  Q  is  not  a  common  unit  for  both  because  it  is  not  contained  a  whole  number  of  times 


Question:  Is  it  always  possible  to  find,  for  every  two  line  segments,  a  common  unit?" 

The  data  show  that  37%  in  grade  9.  50%  in  grade  10  and  31%  among  the  preservice  teachers, 
answered  affirmatively,  which  is  the  wrong  answer.  The  correct  answer:  "It  is  sometimes 
possible"  was  given  by  27%  in  grade  9:  28%  in  grade  10  and  38%  by  the  college  students.  As 
a  matter  of  fact,  only  a  few  among  those  who  chose  the  correct  answer  -  "Sometimes"  -  gave  an 
acceptable  justification  ("only  if  both  segments  have  the  measure  expressed  by  a  rational 
number:  (3%  -  one  student  -  in  grade  9:  6%  -  2  students  -  in  grade  10:  and  17%  college 
students). 

Some  of  those  who  gave  the  incorrect  answer  ("yes")  justified  it  by  claiming  that  one 
may  decrease  the  unit  as  much  as  one  wants,  until  we  find  it  common  unit  (24%  in  grade  9;  22% 
in  grade  10;  and  28%  in  college  students).  This  type  of  answer  expresses  clearly,  the  intuition 
assumed  by  us.  But,  as  a  matter  of  fact,  as  we  see,  only  ahout  a  quarter  of  the  subjects  possess 
this,  mathematically  incorrect,  intuition. 

The  answer  "No"  is  ambiguous,  but  from  the  respective  justifications,  one  can  learn  that 
it  expresses,  generally,  an  incorrect  understanding.  Let  us  quote  some  of  these  justifications: 
"One  cannot  always  find  a  common  unit  as  one  cannot  always  find  a  common  divisor  for  two 
numbers".  The  analogy  is  incorrect.  The  reasons  are  fundamentally  different:  "It  is  possible 
that  the  length  of  the  segments  are  not  whole  numbers".  Forty-seven  percent  in  grade  9;  31%  in 
grade  10.  and  17%  among  the  college  students,  gave  such  answers.  Finally,  many  students 
were  simply  perplexed  by  the  question  and  did  not  answer  at  all  (23%  in  grade  9:  41%  in  grade 
10;  and  28%  of  college  students). 

Briefly  speaking,  only  one  student  in  grade  9.  only  two  students  in  grade  10  and  only 
three  college  students  from  about  30  in  each  group)  were  able  to  accept  the  idea  that  two 
segments  may  be  incommensurable!  The  justification  given  by  these  students  was  that  it  is 
possible  that  when  attempting  to  measure  two  line  segments  by  the  same  unit,  one  may  never 
obtain  a  rational  number  for  one  of  them. 

One  of  our  hypotheses  has  been  that  most  of  the  subjects  would  not  accept  the  possibility 
of  incommensurability  because  they  would  believe,  intuitively,  that  it  is  always  possible  to 
decrease  the  magnitude  of  the  unit  until  one  would  get  one  which  would  fit  for  both  segments. 

That  hypothesis  has,  also,  not  been  confirmed.  As  we  have  seen  above,  only  a  quarter 
of  the  subjects  at  all  three  age/grade  levels,  expressed  this  claim.  The  incorrect  answers  were 
based  on  various  inadequate  or  irrelevant  explanations. 


in  AB. 


The  intuitive  attitude  (a  common  unit  can.  always,  be  found  by  decreasing  it  indefinitely), 
seems  to  be  much  more  elaborate  than  assumed  bv  us.  initially.  This  is  not  a  primitive,  intuitive 
cognition.  As  a  matter  of  fact,  we  assume,  it  includes  the  formal,  explicit  understanding  of  the 
concept  of  unit  and  its  use  in  the  operation  of  measuring.  Because  of  the  lack  of  a  genuine 
understanding  of  these  concepts,  many  students  encounter  difficulties  in  dealing  with  the 
quantitative  expression  of  various  types  of  empirical  magnitudes  (for  instance,  in  physics,  in 
chemistry).  On  the  other  hand,  as  an  effect  of  this  lack  of  understanding,  many  students  do  not 
see  the  connection  between  irrational  numbers  and  incommensurability. 

As  a  result  of  all  these,  the  wrong  intuitive  belief  that  "a  common  unit  can  always  be 
found",  implies  a  certain  level  of  intellectual  development  which,  as  we  have  seen,  is  not  to  be 
found  in  most  of  the  high  school  students  who  answered  incorrectly. 

This  explanation  leads  us  to  a  more  general  hypothesis:  apparently  primitive,  wrong 
intuitions,  may  sometimes  be  less  primitive  than  one  may  assume.  They  may  imply  a  certain 
preliminary  intellectual  development. 

The  same  problem  related  to  the  incommensurability  of  two  segments  has  been  put  in 
relation  to  the  side  and  the  diagonal  of  a  square:  "Is  it  possible  to  find  a  common  unit  for  both 
the  side  and  the  diagonal  of  a  square?".  The  correct  answer  ("never")  was  given  by  30%  in 
grade  9,  16%  in  grade  10  and  49%  by  the  preservice  teachers. 

The  correct  answer  was  justified  in  an  acceptable  manner  only  by  3<#  (one  student)  in 
grades  9  and  10  and  by  all  the  preservice  teachers  who  answered  correctly  (that  is,  about  half  of 
the  students).  This  acceptable  justification  was:  "The  length  of  the  side  being  1  (a  rational 
number)  the  length  of  the  diagonal  is  V2,  which  is  an  irrational  number".. 

Those  who  gave  the  incorrect  answers  "It  is  always  possible",  or  "sometimes",  justified 
their  solutions  in  the  following  manners:  "It  is  possible  to  find  a  common  measure  at  will"  or 
"we  may  decrease  the  length  of  the  unit  as  much  as  we  want  in  order  to  obtain  a  common  unit". 
Again,  the  number  of  those  who  offered  such  justifications  was  relatively  small,  contrary  to  our 
initial  hypothesis:  3%  ( 1  student)  in  grade  9,  25%  in  grade  10  and  1 7%  in  preservice  teachers. 

As  a  matter  of  fact,  most  of  the  students  were  not  able  to  find  any  justification  for  their 
incorrect  answers  or  gave  irrelevant  justifications  (94ty  in  grade  9,  650f  in  grade  10,  and  28% 
among  the  college  students). 

Briefly  speaking,  the  idea  of  incommensurability,  even  when  referring  to  the  specific 
question  of  the  side  and  the  diagonal  of  a  square,  remains  unclear  to  most  of  the  9th  and  10th 
graders  and  to  half  of  the  preservice  teachers.  But  only  a  few  students,  contrary  to  our 
hypothesis,  consider  explicitly  that  a  common  unit  can  always  be  found.  This  corroborates  what 
has  been  said  above  concerning  the  two  line  segments  of  different  lengths. 

In  order  to  check  this  finding,  the  same  question  (the  possibility  to  find  a  common  unit 
for  two  line  segments)  was  asked  in  a  class  of  60  students  participating  in  a  course  of 
psychology.  Half  of  the  students  did  not  answer  at  all.  Among  those  who  answered  (29 
students)  only  six  -  contrary  to  our  expectations  -  expressed  the  belief  that  a  common  unit  can 
always  be  found.  Seven  students  answered  correctly  that  "it  depends".  Two  of  them  explained 
that  it  depends  whether  one  of  the  segments  has  a  rational  length.  The  rest  of  5  students  gave 
adequate  examples  of  pairs  of  segments  for  which  one  may  find  a  common  unit  and  pairs  of 
segments  for  which  one  cannot  find  a  common  unit.  The  rest  of  17  students  gave  irrelevant 
answers  or  did  not  answer  at  all.  All  the  students  who  answered  correctly  held  a  BA  degree  in 
mathematics  or  physics. 
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We  have  found  that  most  of  the  students  do  not  possess  the  assumed  wrong  intuition  "it 
is  always  possible  to  find  a  common  unit".  Our  explanation  is  that  such  an  intuition  may  exist  in 
a  mathematically  trained  mind.  It  is  not  a  natural  belief. 

ft  many  cases,  the  difficulties  are  of  a  different  origin:  the  confusion  between  infinity 
and  irrationality,  between  negative  numbers  and  the  term  of  irrationality,  etc.  The  Pythagoreans 
were  astonished  when  discovering  that  two  segments  may  be  incommensurable,  because  they 
were  mathematicians.  (For  the  historical  difficulties  in  accepting  the  irrational  numbers  in 
mathematics,  see:  Arcavi,  Bruckheimer  and  Ben-Zwi,  1987.) 

A  second  source  of  difficulty,  not  assumed  initially  by  us,  is  that,  generally  speaking,  the 
students  do  not  see  the  connection  between  irrational  numbers  and  incommensurability.  Very 
few  students  would  justify  the  possibility  of  two  segments  to  be  incommensurable  by  referring 
to  the  notion  of  irrational  numbers  (or  vice-versa). 

Thirdly,  many  students  know  that  in  an  interval,  no  matter  how  small,  there  is  an  infinity 
of  rational  numbers  and  an  infinity  of  irrational  numbers  as  well.  But  they  are  not  shocked  by 
the  apparent  difficulty  of  these  two  assertions.  How  is  it  possible  to  have,  in  the  same  interval, 
two  different  sets  of  points  (the  rationals  and  the  irrationals)  each  of  them  infinite?  This  would 
imply  that  the  infinite  set  of  rational  numbers  in  an  interval,  do  not  exhaust  that  interval.  This 
seems  to  be  intuitively  unacceptable.  Nevertheless,  our  subjects  were  not  surprised  by  that 
apparent  contradiction.  It  is,  again,  a  mathematically  trained  mind  that  feels  the  difficulty  and 
tries  to  overcome  it. 

In  short:  When  initiating  the  present  research,  we  assumed  that  the  concept  of  irrational 
numbers  encounters  natural  intuitive  obstacles  which  would  render  difficult  their  understanding 
and  acceptance  as  it  happened  in  the  history  of  mathematics. 

Our  findings  show  a  different  image.  Such  obstacles  exist.  We  know  it  from  the  history 
of  mathematics  and  by  introspection.  Bui  they  are  not  as  primitive  and  natural  its  we  supposed- 
They  imply  an  intellectual  development,  they  appear  in  a  mathematically  trained  mind.  These  are 
not  secondary  intuitions  because  they  are  not  acquired  directly,  intentionally,  through  extensive 
training.  These  intuitions  appear  as  a  natural  by-product  of  a  more  general  development  of 
intelligence. 

Should  we  be  satisfied  with  the  fact  thai  most  of  the  students,  contrary  to  our  initial 
hypotheses,  are  not  disturbed,  intuitively,  by  the  ideas  of  incommensurability  and  by  the 
distinction  between  density  and  continuity  in  an  interval?  Our  answer  is  negative.  We  assume 
that  the  teacher  should  find  the  means  to  awaken  the  student's  feeling  of  difficulty,  and  thus 
create  the  cognitive  rools  for  accepting  the  solutions,  which  are  necessarily  formal. 
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The  way  in  which  children  develop  procedures  for  simple  addition  takes  up  a 
vast  time  in  schooling.  How  the  conceptual  ideas  develop  from  initial 
procedures  is  often  related  both  to  arithmetical  development  and  algebra.  This 
study  investigates  the  methods  used  by  a  sample  of  children  in  the  age  group 
five  to  eight  years.  Written  tasks  were  used  to  identify  groups  of  children  for 
interview,  ft  was  found  that  children  demonstrated  a  wide  range  of  knowledge 
to  assist  in  the  solution  of  apparently  simple  arithmetic  tasks. 

Introduction 

The  learning  of  arithmetic  and  algebra  is  known  to  involve  compression  of  knowledge 
from  the  early  procedures  such  as  of  count-all  and  count-on  through  the  use  of  known 
facts  and  derived  facts  and  on  to  the  generalisation  of  arithmetic  to  algebra.  An 
interesting  and  crucial  stage  occurs  when  children  meet  what  some  regard  as  the  first 
step  to  algebra  using  addition  sums  with  missing  items,  including: 

1)  Missing  total,  a+b  =[3 

2)  Missing  addend,  a+[~|=  c, 

3)  Missing  augend,  Q+  b  =  c. 

Individuals  competent  at  arithmetic  see  all  three  as  being  the  same  thing.  But  the  child 
who  has  yet  to  compress  knowledge  in  this  sophisticated  way  is  likely  to  see  these  as 
very  different  tasks.  Counting  is  at  the  centre  of  many  of  the  early  solution  methods 
adopted  (Gelman  and  Gallistel,  1982;  Ginsburg,  1982),  but  the  solution  methods  will 
change  as  the  child  grows  in  sophistication.  Fuson  (1992)  summarises  the  research  on 
the  cognitive  growth  of  whole  number  concepts.  Children  first  learn  to  add  two  numbers 
together  by  the  procedure  of  count-all  (counting  one  set,  then  the  other,  then  counting 
the  combination  of  the  two).  They  then  compress  this  procedure  so  that  they  only  count- 
on  the  second  number,  starting  from  first.  If  the  second  number  is  larger  than  the  first 
some  children  introduce  a  further  refinement.  They  change  the  order  of  the  numbers  and 
count  on  from  larger  to  get  a  more  economical  way  of  performing  the  addition  task. 
This  is  related  to  a  more  flexible  count  on  from  either  procedure  where  the  children 
'turn  around'  the  numbers  whether  or  not  one  is  larger  than  the  other.  Baroody  and 
Ginsburg  (1986)  term  this  protocommutativity.  Beyond  these  procedures  others  will  use 
known  facts  to  obtain  a  result.  The  known  facts  may  be  acquired  by  familiarity  brought 
about  by  frequent  use,  by  extensive  practice,  or  by  exploiting  relational  knowledge  about 
number.  A  further  modification  occurs  when  known  facts  are  used  to  obtain  derived 
facts. 
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These  various  stages  of  compression,  from  count-all  to  known  and  derived  facts  are 
likely  to  lead  to  different  levels  of  success  in  coping  with  problems  with  missing 
numbers.  For  instance,  although  any  method  may  successfully  lead  to  a  solution  of 
a+  b  =Q  the  problem  <*+□  =  c  becomes  difficult  for  the  child'who  can  only  count-all 
(how  can  the  second  set  be  counted  when  it  is  not  known?),  whilst  the  child  who  can 
perform  count-on  can  solve  it  by  counting  (starting  at  the  first  number,  how  many  do  I 
count  on  to  get  the  total?)  The  third  problem  Qf b  =c is  difficult  by  this  method,  because 
the  child  does  not  know  where  to  start  the  counting  process.  Therefore,  a  link  may  be 
hypothesised  between  the  stage  of  compression  achieved  by  the  child  and  the  level  of 
success  in  solving  these  problems  as  in  figure  1. 


«+*>=□ 

[>f>=c 

count  all 

/ 

X 

X 

count  on 

/ 

/ 

X 

count  on  from  either 

/ 

/ 

/ 

known/derived  fact 

/ 

/ 

/ 

Figure  I :  Hypothesised  success  related  to  arithmetical  sophistication 

The  difficulties  encountered  by  children  with  this  adaptation  are  reported  by  several 
researchers.  Kamii  (1985)  concludes  that  missing  addend  problems  are  too  difficult  to 
give  to  first-graders.  This  is  consistent  with  the  observation  in  Figure  1  that  children  at 
this  stage  may  cope  only  with  count  all.  Level  One  of  the  English  National  Curriculum 
(DES,  1991)  can  be  interpreted  as  requiring  children  to  be  familiar  with  count  all  for 
numbers  up  to  ten. 

Hughes  (1986)  working  with  very  young  children  notes  that  the  symbolism  required  in 
school  arithmetic  is  problematic,  and  children  have  problems  with  the  presentation  rather 
than  the  basic  ideas. 

Gray  and  Tall  (1991,  1994)  see  the  flexibility  of  symbolism  at  the  heart  of  mathematical 
compression  from  process  to  concept.  They  introduce  the  term  procept  to  help  formulate 
the  manner  in  which  a  process  is  compressed  to  be  conceived  as  a  concept.  They  saw 
count-all  as  a  combination  of  three  processes,  but  count -on  conceives  the  first  number  as 
a  concept  and  the  second  number  as  a  counting-on  process,  whilst  a  known  fact  would  be 
a  combination  of  concepts.  However,  in  their  analysis,  interviews  were  required  to 
distinguish  between  the  various  levels  of  compression.  Figure  1  suggests  a  way  in  which 
a  measure  of  compression  may  be  found  which  distinguishes  between  count-all,  count- 
on  and  count-on-from-either  (and  higher  levels  of  compression)  using  only  a  written  test. 

The  study  described  in  this  article  analyses  the  written  responses  given  to  the  three  types 
of  missing  number  problems  by  children  aged  5  to  8,  and  reports  the  relationship  with 
the  nature  of  thinking  processes  observed  in  interviews  with  selected  children. 
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Method 

Data  for  this  study  were  gathered  in  three  schools.  Two  schools  were  in  the  English 
Midlands  and  the  third  was  in  the  North  West  of  England.  One  hundred  and  forty  seven 
children  in  Years  One  (age  five  to  six  years).  Two  (age  six  to  seven  years )  and  Three 
(age  seven  to  eight  years)  were  given  fifteen  question  to  answer.  Their  responses  to 
different  presentations  of  the  tasks  were  analysed  and  investigated.  To  investigate  the 
qualitatively  different  performances  of  children  of  differing  levels  of  attainment,  the 
children  were  divided  into  three  equal  groups  on  their  written  performance,  the  top  third 
(Higher  Attainers),  the  middle  third  (Middle  Attainers)  and  the  rest  (Lower  Attainers). 

In  addition  twenty  four  children  were  observed  in  video  taped  interviews.  The  subjects 
for  interview  were  selected  by  their  responses  to  the  written  tasks.  Two  main  groups 
were  selected:  a  more  successful  group  characterised  by  getting  all  of  the  tasks  correct 
(who  came  from  the  Higher  Attainers):  and  a  less  successful  group  (coming  mainly  from 
upper  portion  of  the  Lower  AUainers),  characterised  by  those  who  got  all  of  the  missing 
total  tasks  correct  and  a  substantial  number  of  the  others  incorrect. 

The  Written  Task 

The  fifteen  questions  were  administered  to  the  children  in  normal  classroom  time.  Class 
teachers  were  requested  to  ask  the  children  to  perform  the  tasks  with  no  assistance,  but 
with  reference  to  counting  aids  if  necessary. 


Type  of 
presentation 

Items 

Year  One 
n=47 

Year  Two 
n=54 

Year  3 
n=47 

(1)  Missing 
Total 

2+3=D    5+5=D  3+5=Q 
7+6=n  4+8=D 

82% 

89% 

97% 

(2)  Missing 
Addend 

5+Q=10  2+[>5  7+Q=13 
3+[>8  4+[>12 

37% 

70% 

90% 

(3)  Missing 
Augend 

0-3=5  05=8  0-5=10 
0&=13  08=12 

37% 

65% 

83% 

Figure  2  Percentage  of  correct  responses  to  items 

The  first  impression  from  the  results  is  the  high  degree  of  accuracy  of  each  year  on  the 
missing  total  items  increasing  over  the  years- from  82%  to  98%.  These  contrast  markedly 
with  performances  on  the  other  two  tasks,  especially  in  the  first  year. 

However,  the  table  fails  to  distinguish  the  performances  of  the  higher  attainers  from  the 
lower  attainers  who,  according  to  our  theory  would  be  expected  to  perform  very 
differently  on  the  three  types  of  question.  To  see  this  we  took  the  children  and  entered 
their  results  on  a  spreadsheet,  ordering  them  according  to  their  totals  (highest  first)  in 
each  year  and  where  two  totals  were  equal,  the  ordering  was  performed  using  random 
numbers.  Each  year  list  was  then  divided  into  three  (almost)  equal  parts  in  order  to  give 
three  groups:  Higher  Attainers,  Middle  Attainers  and  Lower  Attainers.  (Years  1  and  3 
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had  15  Higher.  16  Middle,  16  Lower;  Year  2  had  18  in  each  group.)  The  results  of  the 
three  groups  in  each  year  are  given  in  figure  3. 


Year  1 

(1) 

(2) 

(3) 

Higher 

99% 

81% 

83% 

Middle 

86% 

29% 

29% 

Lower 

59% 

5% 

1% 

Year  2 

(1) 

(2) 

(3) 

Higher 

100% 

96% 

96% 

Middle 

93% 

76% 

80% 

Lower 

74% 

38% 

20% 

Year  3 

(1) 

(2) 

(3) 

Higher 

100% 

100% 

[100% 

Middle 

100% 

98% 

98% 

Lower 

93% 

73% 

53% 

Figure  i :  Percentage  of  corrccl  responses  in  each  category  by  year  at  different  levels  of  attainment 

According  to  the  theory,  one  would  expect  the  totals  to  be  greater  in  category  (1) 
(missing  total)  than  category  (2)  (missing  addend),  which  in  turn  will  exceed  category 
(3)  (missing  augend).  In  fact  there  are  small  reversals  in  performance  between  categories 
(2)  and  (3)  in  Year  1  Higher  and  Year  2  Middle  (shown  in  italics).  In  interview  such 
children  used  a  fair  proportion  of  counting  strategies  and  demonstrated  willingness  to 
interchange  addend  and  augend  (protocommutativity),'  hence  little  difference  would  be 
expected.  In  addition  it  transpires  that  if  count-on  was  to  be  used,  the  numbers  to  be 
counted  are  slightly  larger  in  category  (3)  (e.  g.  4+Q=12  which  requires  a  count  of 
eight)  than  category  (2)  (where  ]_J+-8=  1 2,  turned  around  to  8+Q=12  requires  only  a 
count  of  4). 

Comparing  category  (1 )  and  (2)  in  order  of  size  of  missing  number  gives: 

(1)  missing  addend:    2+0D=5     3+00=8    5+00=10    7+03=13  4+GD=12 

(2)  Missing  augend:    0+3=5     [3] +5=8     [4] +8=  12     [3] +5=10    [7]  +6=13 

showing  smaller  numbers  in  each  case.  Hence  if  the  children  can  handle  the  change  in 
order,  and  proceed  to  count-on,  counting  is  slightly  more  prone  to  error  in  (3)  than  (2). 
In  retrospect,  therefore,  the  perturbations  in  the  percentages  due  to  executive  errors  may 
reverse  categories  (2)  and  (3)  when  they  are  close. 

The  Higher  Attainers  in  Year  1  show  a  small  difference  between  category  (1)  and 
categories  (2)  and  (3).  In  the  interviews  the  selected  children  in  this  group  proved  to  use 
a  variety  of  strategies,  involving  counting,  known  facts  and  derived  facts,  showing  that 
they  were  flexible  and  proceptual  in  the  sense  of  Tall  &  Gray  (1994).  Year  2  Higher 
Attainers  were  almost  completely  successful,  and  Year  3  totally  successful,  responding 
with  more  known  facts.. 

The  Middle  Attainers  in  Year  1  show  a  marked  difference  between  category  ( 1 )  and 
categories  (2)  and  (3).  The  difference  is  far  less  in  Year  2  and  insignificant  in  Year  (3). 
As  categories  (2)  and  (3)  differ  little  from  Year  1  onwards,  this  suggests  that 
protocommutativity  is  available  to  Middle  Attainers  from  an  early  stage  but  that 
counting  persists  to  a  greater  extent,  for  a  longer  period  than  the  Higher  Attainers. 

Lower  Attainers  show  a  different  pattern  from  Middle  and  Higher  Attainers.  In  Year  1 
they  have  almost  no  success  with  categories  (2)  and  (3),  although  they  average 
approximately  3  questions  correct  out  of  the  five  in  category  (1)  (straight  addition). 
According  to  the  theory,  this  is  consistent  with  a  wide  use  of  count-all  by  Lower 
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Attainers  in  year  1.  Although  the  percentage  success  increases  in  every  category  in  each 
year,  in  years  2  and  3  there  remains  a  clear  difference  between  all  three  categories.  Given 
that  the  actual  counting  involved  is  easier  in  category  (3)  than  category  (2),  this  suggests 
that  the  reversal  of  order  causes  some  difficulty.  As  we  shall  see  in  the  interviews,  the 
reasons  behind  this  are  quite  subtle.  For  instance,  Rebecca  (Year  3)  was  able  to  'turn 
around'  the  numbers  in  some  situations  but  did  not  do  so  in  the  missing  augend 
examples. 

The  Interview  tasks 

The  twenty  four  children  were  interviewed  in  pairs.  The  problems  of  obtaining 
information  by  requesting  children  to  'talk-aloud'  have  been  addressed  by  Schoenfeld 
(198S).  He  indicated  that  in  one  to  one  interviews,  the  results  could  be  seen  as  unreliable. 
For  this  study  the  pairing  of  children  was  introduced  so  as  avoid  such  problems  and  to 
allow  children  the  opportunity  to  discuss  with  each  other.  Any  prompting  from  the 
interviewer  would  be  minimised  as  they  spoke  to  each  other.  At  the  same  time  these 
exchanges  could  be  subsequently  analysed  to  discover  aspects  of  the  procedures  they  had 
adopted  to  solve  the  problems.  Twelve  questions  were  prepared  to  give  to  the  children. 
They  were  written  on  individual  cards  so  that  they  could  be  copied  by  the  children  on  to 
paper.  In  most  cases  all  questions  were  given  to  the  children,  but  in  some  instances 
especially  where  it  was  obvious  to  me  as  the  interviewer  that  they  would  present 
difficulties  alternative  question  were  asked.  Also  in  two  interviews,  where  the  children 
were  clearly  succeeding  additional  more  difficult  question  were  asked.  This  did  not 
affect  the  data  obtained,  in  these  cases  it  confirmed  what  was  being  discovered.  The 
questions  on  the  cards  are  as  follows: 


Ten  of  the  children  were  from  Year  One  (five  were  in  the  more  successful  group  -  those 
who  got  all  15  of  the  written  questions  correct  and  five  were  in  the  less  successful  group- 
those  who  got  the  first  five  correct  and  appeared  to  have  problems  with  the  last  ten 
questions).  Eight  of  the  children  were  from  Year  Two  (four  in  each  category)  and  six 
were  from  Year  Three  (four  assigned  to  the  more  successful  group  and  two  to  the  less 
successful  group). 

Results  of  the  interviews 

The  overwhelming  difference  between  the  groups  is  the  way  in  which  the  more 
successful  group  were  less  dependent  on  counting  as  a  basis  for  their  solution  methods. 
Counting  procedures  were  not  totally  absent  from  the  children  in  the  more  successful 
group.  Several  children  who  were  successful  in  all  the  tasks  used  counting  procedures 
first  before  applying  other  methods.  The  younger  children  in  the  successful  group  were 
more  likely  to  i>se  counting  methods  to  solve  the  missing  total  questions.  Quite  young 
children  (5  year.-.)  were  actually  using  known  facts  (e.g.  'five  and  five  is  ten  and  one 


3+4=D 
4+2=D 
5+6=  □ 
6+8=D 


3+[>7 
4+[>6 
5+OH 
6+D=14 


04=7 
[>2=6 
[>6=I1 
[>8=14 
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more  is  eleven'  for  5+6=Q).  The  older  children  in  the  more  successful  group  were  using 
known  facts  with  ease  and  did  not  seem  to  be  using  counting  at  all.  The  speed  at  which 
they  responded  seemed  to  suggest  that  no  counting  was  involved,  although  when 
questioned  two  of  them,  Christopher  B  (7  years)  and  Sarah  (8  years)  said  they  were 
counting  and  thinking  in  their  head  to  obtain  the  results  for  all  presentations  of  the  tasks. 
On  deeper  questioning  they  did  appear  to  be  using  known  facts  and  derived  facts  to 
obtain  solutions.  Two  others  in  this  category  -  James  D  (7  years)  and  Sally  (7  years) 
were  in  no  doubt  that  they  were  'using  their  heads'  to  obtain  an  answer.  In  fact  they 
appeared  to  see  the  tasks  as  being  most  trivial,  James  requested  some  harder  ones  and 
answered  very  quickly  to  □+•8=100,  saying  '92,  because  100  subtract  8  is  92.' 
Even  quite  young  children  in  the  more  successful  group  were  willing  to  work  out 
missing  augend  problems  by  turning  them  around.  Christopher  A  (5  years)  used  a  count- 
all  method  with  his  fingers  for  the  missing  total  questions,  but  had  difficulty  with 
5+6=Q  until  Leon  (5  years),  his  fellow  interviewee  said  the  answer  quickly.  An 
interesting  exchange  took  place. 

Christopher         How  did  you  know  that? 

Leon  Five  and  five  makes  ten,  so  five  and  six  is  eleven. 

Christopher         I  can't  use  my  fingers  for  that. 

Later  the  role  reversed  when  Christopher  used  a  his  fingers  to  represent  the  total  in  the 
missing  addend  and  missing  augend  examples  and  subtracting.  Christopher  was  quite 
happy  to  'turn  the  numbers  around'  when  necessary. 

None  of  the  younger  children  in  the  more  successful  group  could  really  be  described  as 
fully  conceptual  as  they  all  at  some  point  resorted  to  procedure,  even  though  they 
seemed  to  be  giving  general  rules  in  specific  cases.  The  children  in  the  less  successful 
group  of  the  sample  used  solution  methods  dominated  by  counting.  Four  of  the  children 
(James  C  (5  years)  Year  1;  Claire  (5  years)  Year  One;  Jacquie  (7  years)  Year  2  and 
James  A  (6  years)  Year  Two)  were  good  at  answering  the  missing  totals  but  found  the 
others  difficult  and  were  less  successful  at  them. 

Some  simply  added  the  numbers  in  both  the  missing  addend  and  missing  augend 
examples,  This  behaviour  is  regularly  noted  by  teachers  and  researchers  (see  for  example 
Steffe,  Thompson  &  Richards,  1982).  The  children  add  the  numbers  according  to  Kamii 
(1985)  because  'addition  is  natural  for  them  and  that  cannot  make  the  hierarchical 
relationship  necessary  to  read  into  the  equation.' 

The  missing  augend  questions  seemed  to  take  longer  for  them  to  complete  and  were 
often  answered  incorrectly  as  were  the  missing  addend  questions.  One  child  Rebecca 
(aged  7)  in  Year  Three  used  counting  procedures.  She  found  the  missing  addend 
uniquely  difficult.  She  used  count-on  for  3+4=0  and  4+2=Q  For  5+6=U  and  6+8=U 
she  'turned  them  around.'  For  the  missing  addend  types  she  said  she,  'tried  to  remember 
how  many  I  counted  between  the  first  number  and  the  answer.'  She  later  said  that  she 
could  not  do  the  last  ones  because  she  did  not  know  where  to  start  her  counting. 
James  D,  one  of  the  oldest  children  in  the  less  successful  group  was  able  to  talk  in  clear 
terms  about  how  he  was  working.  In  the  interview  he  demonstrated  a  relational 
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understanding  which  was  similar  to  many  younger  children  in  the  more  successful  group, 
but  his  inaccuracies  seemed  a  result  of  unsureness  on  his  part. 

Discussion 

The  study  has  indicated  for  the  given  sample  there  is  an  increase  in  skill  as  the  children 
get  older.  This  may  be  self  evident,  but  within  this  there  is  the  finding  that  for  all  three 
presentations  of  the  task  there  is  an  improvement  in  success  which  is  greater  for  the  two 
presentation  of  the  tasks  in  the  form  of  missing  addend  and  missing  augend. 

There  appears  to  be  no  difference  in  success  between  the  missing  addend  and  missing 
augend  presentation.  This  is  surprising  and  runs  counter  to  the  prediction  in  figure  1 .  It 
would  appear  if  asked  the  questions  in  this  form,  children  seem  quite  naturally  turn  them 
around.  This  might  suggest  that  the  procedural  methods  for  missing  augend  are  the  same 
as  for  missing  addend.  The  interviews  confirm  this,  but  they  also  indicate  that  these 
question  took  longer  to  perform.  Once  children  were  competent  at  all  of  the  available 
procedures  they  select  one  which  best  fits  what  they  require.  The  turning  around  of  a 
statement  does  not  imply  a  full  understanding  of  commutativity,  rather  it  seems  to 
confirm  the  observations  of  protocommutativity  made  by  Baroody  and  Ginsburg  (1986). 

The  behaviour  demonstrated  by  Rebecca  confirms  that  the  procedure  of  count-on  does 
not  by  itself  allow  for  solutions  of  missing  augends  even  though  she  was  able  to  turn 
around  the  order  to  solve  missing  total  problems.  The  compression  of  thought 
represented  by  an  ability  to  solve  all  of  the  types  of  presentation  described  in  this  study 
is  complex.  When  actually  solving  a  particular  example  children  resort  to  the  whole 
battery  of  skills  and  knowledge  at  their  disposal.  The  left  to  right  reading  of  a  number 
statement  is  quickly  over-ridden  by  the  convenience  of  counting  on  from  larger  or 
counting  on  from  either  for  the  majority  of  children.  As  procedures  these  are  probably 
more  important  than  count-on  itself.  This  study  demonstrates  that  the  required  versatility 
is  present  in  large  measure  in  the  successful  group,  and  is  not  entirely  absent  from  the 
less  successful  group. 

In  terms  of  the  performance  on  the  written  test  alone,  the  top  third  of  each  year  perform 
increasingly  well  starting  from  a  high  standard  in  Year  One  which  already  shows 
protocommutativity  and  a  wide  range  of  strategies,  to  total  success  in  year  three.  The 
middle  third  are  far  less  successful  in  missing  addend  and  missing  augend  tasks  in  Year 
One,  but  by  Year  Three  they  perform  almost  as  well  as  the  top  third  in  these  paraticular 
tasks.  Although  the  bottom  third  of  the  class  show  increasingly  better  performances  year 
on  year,  there  continues  to  be  a  marked  difference  between  their  average  performance  on 
all  three  tasks,  consistent  with  the  "proceptual  divide  of  Tall  &  Gray  (1994)  which  shows 
a  qualitative  difference  in  performance  between  flexible  use  of  number  concepts  on  the 
one  hand  and  counting  procedures  on  the  other. 
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PARAMETERS,  UNKNOWNS  AND  VARIABLES:  A  LITTLE  DIFFERENCE? 
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•Dipartimento  di  Matematica  -  Universita  di  Genova,  ••Liceo  Scientifico  'G.  Bruno'  -  Albenga  (Italy) 

ABSTRACT.  In  this  paper  we  report  on  a  research  concerning  algebra  learning  in  secondary  school;  the 
focus  is  on  parameters  and  their  relation  to  unknowns  and  variables.  In  developing  our  study  we  at 
first  analysed  the  notion  (in  its  manipulative  and  conceptual  aspects)  using  a  methodology  we  had 
already  tested  in  other  studies  on  algebra  learning  which  consists  in  singling  out  what  lies  behind  to  a 
given  notion  and  n  constructing  a  tree  of  notions  related  to  the  initial  one.  We  then  prepared  a 
questionnaire  to  establish  how  students  perceive  the  differences  between  parameters,  unknowns  and 
variables  and  deal  with  algebraic  situations  where  these  notions  intervene.  The  questionnaire  was 
handed  out  to  199  students  aged  16-17  of  3  schools.  The  results  offer  us  useful  insights  for  the 
analysis  of  fundamental  aspects  of  algebraic  thinking. 

INTRODUCTION 

One  of  the  recommendations  to  teachers  by  Augustus  de  Morgar  in  his  treatise  On  study  and 
difficulties  of  mathematics  published  in  1831  by  the  Society  for  the  diffusion  of  useful  knowledge  is 
that  of  avoiding  'purely  metaphysical  considerations'  in  teaching  algebra.  This  idea  of  filtering  the 
knowledge  to  be  transmitted  to  students  is  still  present:  in  (Hanna,  1989)  the  author  observes  that  in 
school  practice  it  may  be  convenient  that  some  notions  be  left  in  shade. 

Among  the  notions  mentioned  by  Hanna  we  find  that  of  parameter,  an  elusive  concept  that  carries 
with  it  the  difficulties  of  literal  symbols  and  the  ambiguities  of  its  analogy-difference  with  the 
concepts  of  variable  and  unknown.  As  it  happens  with  many  algebraic  notions  the  difficulties 
encountered  by  students  are  of  a  dual  nature:  syntactic-manipulative  and  semantic-conceptual. 

In  school  practice  we  have  often  noticed  a  prevalence  of  interest  by  teachers  on  the  former  aspect 
(synthatic-manipulative);  consider,  for  example  the  problems  concerning  the  domain  of  a  function  in 
which  students  hav^  to  use  theorems,  to  deal  with  algebraic  expressions,  to  discuss  certain  operations 
and  find  solutions.  These  problems  test  logical  failures  and  wrong  strategies  in  problem  solving,  but, 
in  general,  do  not  contribute  significantly  to  clarify  the  nature  of  parameters  and  their  role  in 
problems. 

Also  in  educational  research  parameters  are  rather  neglected:  they  are  usually  mentioned  in 
algebraic  articles  as  a  side  feature  in  the  discussion  about  variable.  As  far  as  we  know  in  the  journals 
For  the  learning  of  mathematics  and  Educational  studies  in  mathematics  the  only  article  containing  in 
the  title  the  word  parameter  is  CSedivy',  1976).  The  focus  of  this  article  is  mainly  on  the  difficulties 
linked  with  manipulation  and  on  the  didactic  remedies  to  be  introduced  in  teaching;  this  is  an 
important  feature  considered  also  in  (Wenger,  1988). 

Since  we  have  often  observed  that  students,  even  if  able  to  manage  a  satisfying  'syntactic 
manipulation'  of  formulas  containing  parameters,  do  not  grasp  the  'underlying  semantics',  in  our 
research  report  we  shall  investigate  this  last  point,  paying  attention  in  particular  to  the  links  with  the 
concepts  of  variable  and  unknown.  The  importance  of  these  links  is  stressed  by  the  history  of 


mathematics:  the  use  of  letters  allowing  a  generalization  of  problems  is  considered  a  fundamental  step 
in  the  passage  from  arithmetic  to  algebra,  but  letters  representing  quantities  known  or  unknown  were 
already  used  by  Euclid;  what  determined  the  onward  leap  was  Viete's  idea  of  a  convention  to 
distinguish  in  a  problem  the  numbers  given  (the  parameters,  for  which  he  uses  consonants)  from 
those  to  be  found  (the  unknowns,  for  which  he  uses  vocals). 

In  line  with  (Harper,  1987)  it  is  reasonable  to  think  that  this  fruitful  convention  has  taken  such  a 
long  time  to  emerge  because  of  epistemological  obstacles.  The  problem  we  face  in  the  present 
research  is  to  establish  what  happens  to  students,  whether  they  have  completely  overcome  the 
obstacles  and  what  degree  of  mastery  they  have  in  dealing  with  algebraic  situations  in  which 
parameters,  unknowns  and  variables  intervene.  This  research  on  parameters  is  also  an  occasion  to 
obtain  significant  insights  on  different  aspects  of  algebraic  thinking  that  we  shall  allude  to  in  the 
following. 


METHODOLOGY 

The  study  was  carried  out  through  a  questionnaire  distributed  to  199  students  aged  16  to  17  from 
three  schools  (in  a  big  town,  in  a  little  town,  in  a  big  village  respectively):  the  number  of  boys  and 
girls  was  nearly  the  same.  The  teachers  involved  were  8.  All  the  students  studied  algebra  (including 
functions)  and  basic  elements  of  analytical  geometry.  The  mathematics  programs  in  the  schools 
considered  are  exacting  and  mathematics  is  one  of  the  most  important  subjects  taught. 

In  the  questionnaire  there  are  It  questions  with  one  or  more  correct  answers,  with  the  possibility 
of  adding  a  comment.  Students  are  asked  to  grade  their  answers  on  a  3-step  scale  according  to  the 
degree  of  confidence  they  have  in  their  answer  (1  =  low.  2  =  medium.  3  =  high).  The  last  question  is 
an  open  question  concerning  students'  views  on  the  differences  among  variables,  unknowns, 
parameters.  The  time  allowed  was  50  minutes.  Students  were  not  informed  of  the  objective  of  the 
questionnaire,  in  particular  of  the  fact  that  is  was  focused  on  parameters. 

In  preparing  the  questions  we  considered  the  difficulties  hidden  behind  parameters  by  following 
our  methodology  applied  for  the  first  time  in  the  research  reported  in  (Chiarugi,  Fracassina  & 
Furinghetti,  1990)  which  consists  in  investigating  what  lies  'behind  the  notion'  under  consideration. 
This  methodology  enlarges  the  domain  of  the  study  to  other  mathematical  notions  linked  with  the 
initial  one  and  originates  a  t«e  of  notions  and  related  difficulties.  In  this  way  we  can  get  to  what  we 
can  term  'atoms  of  notions'  and  'atoms  of  difficulties',  that  is  to  say  the  primitive  components  of  the 
students'  knowledge  of  a  certain  notion.  At  the  end  of  this  prowss  it  is  further  possible  to  single  out 
the  pre-existing  concept  images  present  in  students'  mind  when  a  certain  notion  is  introduced  for  the 
first  time,  as  already  discussed  in  (Furinghetti  &  Paola,  1988;  Furinghetti,  1993).  We  point  out  that 
for  us  the  term  'notion'  includes  concepts,  techniques  and  applications. 

The  significant  notions  we  singled  out  behind  the  notion  of  parameter  (apart  from  those  of 
variable  and  unknown)  were:  context,  generalization,  infinity,  symbol,  stereotypes,  language,  logic 
(in  particular  use  of  quantifiers).  The  result  of  this  preparatory  work  is  the  questionnaire  which  tests 
the  students'  understanding  on: 
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•  concept  of  parameter  as  a  variable  independent  from  the  other  variables  of  the  problem,  namely 
difference  in  the  role  of  parameters  and  unknown,  of  parameters  and  variables  (questions  1, 6. 8, 9) 

•  influence  of  the  context  in  interpreting  this  role  (questions  2.  3.  4,  10)  and.  in  particular,  the 
parameter  as  a  variable  which  determines  the  positions  of  geometrical  entities  (questions  2, 4) 

•  use  and  interpretation  of  mathematical  notations  and  language,  with  particular  reference  to  the 
language  of  logic  (questions  5. 7) 

•  autonomous  use  of  basic  mathematical  ideas  such  as  generalization,  infinity,  quantifiers  in  the 
explanations  of  the  nature  of  parameters,  variables,  unknowns  (question  11). 

THE  FINDINGS  OF  THE  QUESTIONNAIRE 

The  results  of  the  questionnaire  with  the  added  information  of  the  degree  of  students'  confidence 
gives  interesting  insights  into  students'  behavior  in  different  directions  since  the  students' 
performance  in  algebra  involves  many  factors.  Here  we  shall  confine  ourselves  to  the  features  linked 
to  parameters  and  report  only  in  a  few  cases  data  on  students'  confidence  (indicated  by  A|,  Bj  and  so 
on).  Our  considerations  rest  on  all  these  data  and  the  comments  written  by  students  that  orient  and 
reinforce  the  feeling  arising  from  the  data.  The  questions  of  the  questionnaire  are  reported  integrally 
and  the  correct  answers  are  underlined.  The  sums  of  the  percentages  may  amount  to  less  or  more  than 
100  since  there  are  multiple  choices  or  no  answers  at  all. 

ROLE  OF  PARAMETERS,  UNKNOWNS  AND  VARIABLES 
•*•!  Given  the  equation  U  is  the  unknown) 

'.1  -  *)*2  +  2fct  +  3  =  0. 


(A)  1  2  3 

8%  (A3  56%) 

IBM  2  3 

92*  (Bl  84%) 

6.  Given  the  exercise:  «Find  x  solving  the  inequality  kx>0»*  is  it  coned  the  solution  «if  joO  tne  inequality  is  solved 

ku  if  r  _  t\  .-I...:  J„  „i_..  :r  _  j\  .l..  ._.„.:  ...  .  _  .  ~  J 


(All   2  3 

yes 

64%  (A3  55%) 

IB11   2  3 

224  (B3  76%) 

*.  In  the  expression   v  =  fU>  =  2fct  +  3** 

(A)  1  2  3 

x  is  function  of  v 

20% 

IBM  2  3 

x  and  y  are  each  function  of  tbe  other 

9% 

[Cll  2  3 

k  and  v  are  function  of  x 

5% 

IDI1   2  3 

only  >•  is  function  of* 

61% 

IE1I   2  3 

tbe  variation  oft  does  not  depend  on  the  variation  of  x 

19% 

(Fl  1   2  3 

4% 

—9.  In  a  problem  of  tbe  type  «Given  the  equation  (•)  (x  is  the  unknown) 

(•)  3a.t  - 1  =  5*  +  3(a  +  1) 
find  a  such  that  2  is  solution  of  tbe  equation  (*)» 

IAI  1  2  3 

a  and  Jt  ace  unknowns  of  the  problem 

5% 

IBM  2  3 

a  is  parameter  of  tbe  equation  (•)  and*  is  unknown  of  tbe  problem 

54% 

[Cll   2  3 

nis  another  unknown  of  tbe  equation  (•)            -  - 

2% 

(DM   2  3 

a  is  unknown  of  tbe  problem  and  x  is  unknown  of  tbe  equation  (*) 

26%. 

[Ell  2  3 

3% 

The  preceding  questions  concern  situations  in  which  parameters  appear  together  with  to  unknowns  or 
variables.  In  question  1  the  strategy  of  solution  is  prevalently  based  on  manipulating  symbols,  while 
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in  the  other  questions  it  rests  on  the  interpretation  of  symbols.  The  equation  in  question  1  is  similar  to 
that  solved  by  Sylvestrc-Francois  Lacroix  (1765-1843),  making  the  'famous'  mistake  of  remarking 
that  for  k  =  1  the  equation  has  no  roots.  In  our  questionnaire  students  are  induced  by  the  form  of  the 
statement  (see:  «if  k  =  1»)  to  first  substitute  the  given  value  1  to  k  in  the  equation  and  then  solve  the 
equation  in  which  the  role  of  unknown  is  well  defined.  This  is  what  they  did  in  the  great  majority 
(92%)  and  with  a  high  degree  of  confidence  (B3  84%).  The  source  of  confidence  lies  in  the 
opportunity  to  develop  a  computational  process  which  has  a  visible  and  concrete  end  in  the  solution  of 
the  equation;  all  the  solvers  reach  the  solution  even  if  not  required.  We  point  out  that  the  wrong 
solvers  too  show  a  good  confidence  in  their  answer  (A3  56%).  This  feature  of  the  question  (i.  e.  the 
presence  of  an  terminating  process),  provides  a  kind  of  'reference  point'  for  students  and  we 
conjecture  that  its  absence  is  the  cause  of  some  of  the  failures  we  find  in  algebraic  students' 
performances.  In  other  questions,  indeed,  where  this  reference  point  is  missed,  i.  e.  there  is  not 
explicitly  a  terminating  process  to  develop,  the  results  are  worse;  in  question  6,  for  example,  students 
showed  difficulties  (wrong  answers  are  64%  and  many  of  the  correct  answers  have  an  unsatisfying 
justification).  In  this  question  the  two  objects  k  and  x  are  in  a  symmetrical  situation:  this  make  it 
difficult  to  render  explicit  the  difference  (which  we  could  ascribe  to  a  'metalinguistic'  level)  between 
them.  If  we  formulate  the  answer  according  to  the  following  schema  in  which  the  presence  and  the 

role  of  quantifiers  are  made  explicit 

V  ke  IR+  3  jre  R+  such  that  kx  >0 
we  understand  the  students'  difficulties  over  parameter:  to  introduce  parameters  in  equations  or 
inequalities  means  to  pass  to  more  complex  formulae  in  which  a  universal  quantifier  followed  by  an 
existential  quantifier  appears.  Moreover  we  observe  that  the  concept  of  infinity  is  hidden  behind 
quantifiers. 

In  addition  to  this  error  we  find  a  secondary  error  which  is  rather  frequent  in  school  practice 
concerning  the  discussion  of  the  value  k  =  0):  it  may  be  ascribed  to  students'  attitude  of  regarding 
number  0  with  suspicion  (0  is  a  useless  number  since  a  +  0  =  a,  0  is  a  dangerous  number  since  it  is 
not  possible  to  divide  by  0).  Looking  back  once  again  at  the  history  of  mathematics  we  see  that  0  was 
accepted  with  difficulty  by  the  ancient  and  later  authors  of  manuals  were  aware  of  the  difficulties 
hidden  by  0;  as  a  significant  example  we  quote  an  excellent  book  (Agnesi,  1748)  written  with 
declared  educational  purposes  in  which  the  cases  of  parameters  equal  zero  seem  to  be  treated  with  a 
certain  caution. 

We  considered  it  particularly  significant  to  point  out  the  high  rate  of  confidence  students  show  in 
answering  these  questions  (both  in  the  case  of  correct  answers  B  of  question  1  and  the  incorrect  A  of 
question  6)  which  we  ascribe  to  the  computational  side  of  the  questions  proposed.  The  data  we  have 
on  the  other  questions  where  focus  shifts  to  more  critical  aspects  show  a  greater  level  of  doubt. 

Questions  8  and  9  show  the  importance  of  the  notations  and  symbols  in  mathematics;  only  38% 
fail  question  8  while  64%  do  so  in  the  case  of  question  9.  Their  schema  is  quite  the  same:  in  a  given 
expression  the  role  of  parameters,  unknowns  and  variables  has  to  be  specified.  But  in  question  8  the 
notation  y  =fix)  is  'self-explaining'  (*  does  not  appear  as  argument  of/and  the  letter /suggests  the 
dependence)  while  in  question  9  the  interpretation  of  symbols  suffers  the  ambiguity  induced  by  the 
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convention  that  usually  (since  Viete)  the  first  letters  (here  a)  indicate  parameters  and  the  last  ones  (here 
x)  unknowns.  Moreover,  while  in  question  8  the  context  is  well  defined,  in  question  9  there  is  a 
superposition  of  contexts  and  the  role  changes  according  to  the  context:  the  parameter  a  in  the 
equation  (*)  becomes  the  unknown  in  the  problem,  the  unknown  x  becomes  a  given  number  i.  e.  a 
constant  In  this  case  the  gap  between  the  syntactic  level  (the  manipulation  of  the  algebraic  formula, 
such  as  in  solving  an  equation)  in  which  students  showed  little  doubt  (see  question  1)  and  the 
semantic  level  of  the  other  questions  in  which  students  are  uncertain,  is  evident 

The  scant  interest  of  students  in  option  IE]  of  question  8  stresses  a  problem  of  parameters  that  will 
emerge  in  the  tentative  definitions  given  by  students  in  question  1 1 :  the  dependence  or  independence 
of  parameters,  unknowns  and  variables. 

USE  AND  INTERPRETATION  OF  MATHEMATICAL  NOTATIONS  AND  LANGUAGE 
$.  Ariel  has  to  indicate  to  {Caliban  that  real  values  of  k  exist  for  which  (be  equation  (jt  is  the  unknown)  (')  has  not  real 
solution 


C)jtJ  +  2*jc+I -0. 

Among  the  following  expressions  which  seems  to  you  the  most  suitable  to  indicate  the  values  of  k  for  which  the 
equation  has  not  real  solutions?  


IAI1  2  3 

-1<*<1 

22% 

(Bl 1  2  3 

*  exists  between  -1  and  1  such  that  x  is  not  a  real  number 

15% 

[Cll  2  3 

for  *  between  -1  and  1  the  equation  has  not  real  solution 

35% 

ID1 1  2  3 

for  k  belontinz  to  the  interval  (-1. 1)  x  real  does  not  exist  such  thai    +  2ir  +!  =  0 

37% 

54, 

7.  In  your  opinion  in  the  literal  expression  x2  +  y2  +  c2  +  2xy  +  2yc  +  2xc 

x  is: 

(All   2  3 

variable 

27% 

(Bll  2  3 

constant 

9% 

ICU  2  3 

paramuu 

7% 

[D]l   2  3 

unknown 

75% 

[Ell   2  3 

1% 

'is: 

[All  2  3 

variable 

30% 

[Bll  2  3 

constant 

9% 

[Cll  2  3 

parameter 

10% 

[D]l   2  3 

unknown 

67% 

[Eli  2  3 

1% 

cis: 

[All  2  3 

variable 

30% 

[Bll  2  3 

constant 

18% 

[Cll  2  3 

parameter 

46% 

[DM  2  3 

unknown 

19% 

IE11  2  3 

3% 

If  we  observe  the  results  of  question  5  we  observe  an  increasing  students'  preference  towards  the  a 
form  of  the  statement  in  which  as  much  information  as  possible  is  made  explicit,  where  in  particular 
quantifiers  appear  in  option  (D).  We  also  note  student's  'reassuring'  habit  of  repeating  in  the  answer 
the  same  words  of  the  question.  In  our  paper  on  the  understanding  of  mathematical  statements 
(Furinghetti  &  Paola,  1991)  we  found  the  same  attitude  of  telling  not  the  truth,  but  all  the  truth,  as 
already  stressed  by  Freudenthal.  The  explanations  given  by  students  for  justifying  their  choice  reveal 
that  they  are  not  really  aware  of  the  importance  of  language  in  mathematics  and.  even  more,  they  are 
unable  to  interpret  what  is  asked  in  the  given  statement:  many  of  them  check  the  correctness  of  the 
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interval  (-1.1)  through  computations  in^ad  of  justifying  their  preference.  The  irresistible  impulse  to 
calculate  that  we  pointed  out  in  (Furinghetti  &  Paola.  1991)  prevails  on  other  critical  reflections. 

Concerning  question  7  the  data  show  the  strong  presence  of  stereotypes  in  notations:  it  seems  that 
students  loose  completely  their  control  of  the  semantic  situation  and  put  themselves  at  the  mercy  of  the 
syntactic  aspect.  We  observe  that  x  and  y  are  classified  by  almost  the  same  percentage  of  students  as 
unknown,  for  c  there  a  balanced  share  of  attributions  with  some  preference  for  the  role  of  parameter. 
We  can  say  that  these  data  confirm  our  initial  observation  about  the  two  levels  (the  manipulative  and 
the  conceptual)  one;  interpreting  x  and  y  as  unknowns  means  to  stress  the  algorithmic-solving  aspect 
rather  than  the  formal  aspect  evoked  by  variable.  As  to  this  last  term  there  is  a  quite  constant 
percentage  (27%.  30%,  30%)  of  students  ascribing  to  the  three  letters  this  meaning,  maybe  because 
variable  is  perceived  as  a  multipurpose  object.  In  this  question  very  few  students  observe  that  the  role 
to  be  given  to  the  letters  should  not  be  stated  a  priori. 

We  observe  that  some  students  before  answering  perform  computations  to  reduce  the  given 
expression  to  (x  +  y  +  c)h  again  the  irresistible  impulse  to  calculate  emerges.  But  the  stereotype  on 
notations  is  so  strong  that  it  prevails  on  the  good  cue  given  by  the  representation  (x  +  y  +  &  which 
has  the  advantage  of  stressing  further  the  symmetry  of  the  situation. 

INFLUENCE  OF  THE  CONTEXT  IN  DEALING  WITH  PARAMETERS 
2.  Which  equation  is  associated  with  the  following 
right  lines?  ^'^S 


3  In  a  Cartesian  plane  the  equation  ad  -  1)  +  b(y  -  1)  =  0  represents  the  pencil  of  right  lines  with  center  (1. 1)  (set  of 
right  lines  passing  through  (I,  I)).  Which  sets  a.  b.  x.  v  belong  to?  
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a  and  b  are  constants,  x  and  v  belong  to  R 


14% 


53%  (Bi  37%;  B?  42%;  B;;  21%) 
29% 


4% 


4.  The  following  five  right  lines  are  represented  by  equations  of  the  type 
y.i+fc  Which  sets  x,  y  and*  belong  to? 
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♦"10.  1  heard  about  parameters 


|A1 

in  algebra 

68% 

IB] 

in  geometry 

20% 

|C1 

in  informatics 

15% 

021 

1% 

The  first  impression  arising  from  the  data  is  that  if  the  parameter  is  'contextualized',  i.  e.  has  a 
specific  operative  meaning,  it  is  better  managed  by  students.  We  have  chosen  analytical  geometry  as 
the  context  in  which  to  operate,  but  the  teachers  who  have  participated  to  the  experiment  think  that 
also  physics  is  a  good  framework  to  give  meaning  to  parameters. 

The  best  results  are  achieved  in  question  2  where  students  have  to  understand  the  meaning  of  the 
parameter  as  an  element  that  determines  the  position  of  geometrical  entities.  Since  the  wrong  answers 
[C]  and  [D]  are  due  to  errors  relating  to  the  slope  of  the  right  lines  we  may  conclude  that  about  79% 
grasp  this  meaning.  The  high  degree  of  confidence  in  comparison  to  that  of  question  3  is  remarkable. 
In  question  3  the  mistakes  do  not  depend  on  misunderstanding  on  geometrical  features,  but  on  the 
meaning  of  parameters.  In  particular,  the  results  of  [C]  and  the  comments  in  [D]  show  that  students 
come  across  difficulties  in  the  duality  between  parameters  that  may  vary  in  JR,  as  variables  do,  but  are 
fixed  in  a  given  problem.  The  problem  of  the  domain  of  parameters  emerges  in  question  4:  students 
who  avoid  considering  a  discrete  set  as  domain  of  parameters  are  63%.  One  cause  of  the  numerous 
choices  for  option  [B]  is  also  due  to  the  ambiguity  students  experience  in  interpreting  the  graphical 
representation  we  gave  (they  think  about  infinite  right  lines). 

Question  10  shows  that  students  recognize  the  word  parameter  as  a  specific  term  peculiar  to 
algebra;  this  does  not  occur  in  respect  of  geometry,  where  it  is  much  used  in  practice,  but  introduced 
implicitly.  Almost  all  the  students  who  have  studied  informatics  (which  is  introduced  only  in  classes 
that  experiment  new  mathematical  programs)  relate  the  term  parameter  to  this  domain,  owing  to  the 
fact  that  in  this  domain  the  term  parameter  is  also  introduced  explicitly. 

CONCLUSIONS 

The  answers  to  the  last  question 

"•II.  Do  you  think  that  there  ate  significant  differences  between  parameters,  unknowns  and  variables?  If  «yes»  try  to 
explain  the  differences,  if  «no»  state  why.  You  can  use  examples  to  illustrate  your  point  of  view. 

offer  material  for  the  summing  up  of  the  situation  about  parameters,  since  all  the  trends  emerged  in  the 
preceding  questions  are  catalysed  in  the  students'  tentative  explanations  of  differences. 

The  answers  are  only  73%,  plus  2%  of  answers  of  the  type  «I  do  not  know*,  while  almost  all 
students  have  answered  the  other  questions.  We  can  understand  this  behavior  since  students  are  not 
used  to  write  about  mathematics  nor  to  explain  their  mathematical  opinions;  among  the  answers, 
indeed,  some  are  simply  «Yes».  The  first  feeling  emerging  is  that  the  sentence  by  William 
Shakespeare  «  What's  in  a  name?  That  which  we  call  a  rose  by  any  other  name  would  smell  as  sweet» 
(Romeo  and  Juliet,  act  II,  scene  II)  does  not  always  apply  to  algebra,  as  students  perceive  different 
names  as  labels  for  different  'objects'.  Only  2%  of  students  states  that  there  are  no  differences  among 
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parameters,  unknowns  and  variables,  69%  notices  a  difference.  The  following  naive  answer  «Of 
course  there  is  a  difference  otherwise  they  would  have  the  same  name*  suggests  that  this  perception 
rests  more  on  the  authority  of  owners  of  knowledge  (teachers,  books,  ...)  than  on  a  real 
understanding  of  the  differences. 

We  observe  that  students  accept  hints  at  explaining  by  examples;  their  favourite  context  for 
examples  are  equations  and  geometry  (chiefly  right  lines);  analysis  (function)  is  not  much  used  to 
explain  the  nature  of  variables,  only  one  student  uses  (and  poorly)  informatics.  Of  course  equations 
are  used  to  explain  unknowns:  this  occurs  rather  effectively  in  equations  with  only  one  unknown  x, 
but  if  the  equation  contains  also  y  explanations  become  muddled.  There  is  a  trend  to  associate  the 
concepts  of  unknown  and  variable  (even  if  without  clear  justifications).  The  first  is  acceptably 
described  by  many  students  as  «a  value  to  be  found  to  solve  an  equation*,  its  main  difference  with 
variable  lies  in  the  fact  that  the  unknown  is  single  number  (indicated  by  a  letter)  while  variable  is 
rather  a  set  of  numbers.  This  set  of  number  may  be  infinite,  while  in  the  case  of  parameters  it  is  often 
pointed  out  that  there  is  an  interval  of  variation,  (this  interval  being  a  recollection  of  the  exercises  to 
find  the  condition  for  the  existence  of  the  solution  of  an  equation)  or  that  parameter  is  a  fixed  number 
or  a  fixed  point. 

Not  more  than  20  students  are  able  to  form  sentences  really  explaining  anything  and  those  who  do 
so  also  omit  the  basic  features  we  pointed  out,  such  as  generalization  or  the  hidden  presence  of 
quantifiers,  not  even  in  the  'approximate'  form  used  for  some  other  concepts.  Only  one  student  uses 
quantifiers  (in  a  naive  way).  The  basic  idea  that  context  has  relevance  in  answering  this  question  is 
neglected,  only  one  student  points  out  that  «the  differences  between  parameters,  unknown  and 
variables  have  to  be  stated  by  the  problem*.  Variable,  for  its  less  operative  character,  maintains  the 
elusive  meaning  pointed  out  in  the  paper  (Schoenfeld  ft  Arcavi,  1988),  while  the  word  unknown  is 
explained  best  and  students  also  show  to  have  an  idea  of  parameters.  In  both  cases  they  are  helped  by 
the  operative  side  of  the  concepts  that  offers  a  concrete  context  to  construct  meaning. 
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Abstract 


The  extension  of  the  numerical  domain  from  natural  to  whole  numbers,  which  occurs  as 
the  secondary  school  student  undergoes  the  process  of  acquiring  algebraic  language, 
constitutes  an  element  which  is  essential  for  achieving  algebraic  competence  in  the 
solution  of  problems  and  equations.  This  article  reports  the  results  of  a  clinical  study  where 
a  concrete  model  of  teaching  was  used.  The  main  objective  was  that  of  exploring  the 
operative  difficulties  encountered  by  secondary  school  students  in  the  domain  of  whole 
numbers.  The  results  reveal  the  existence  of  cognitive  tendencies  which  exhibit  the  various 
levels  of  acceptance  of  negative  numbers  by  the  subjects.  The  research  is  preceded  by  a 
historical-epistemological  study  of  negative  numbers  in  the  solution  of  algebraic  equations 
on  which  the  present  empirical  analysis  is  based. 


La  extension  del  dominio  numerico  de  los  naturales  a  los  enteros,  durante  el  proceso  de 
adquisicidn  del  lenguaje  algebraico  por  el  estudiante  de  secundaria,  constituye  un  elemento 
esencial  para  lograr  la  competencia  algebraica  en  la  resolucidn  de  problemas  y  ecuaciones. 
Este  artfculo  report!  los  resultados  de  un  estudio  cltnico  donde  se  utitixd  un  modelo 
concreto  de  enseftanza,  cuya  finalidad  principal  era  indagar  las  dificultades  operativas  en  el 
dominio  de  los  enteros  presentadas  por  astudiames  de  secundaria.  Los  resultados 
obtenidos  revelaron  la  existencia  de  tendencias  cognitivas  que  a  su  vez,  exhibieron  los 
diversos  nivetes  de  aceptacton  del  nOmaro  negativo  por  los  sujetos.  Esta  investigation 
esti  precedida  por  un  estudio  histdrico  epistemoldgico  de  los  nOmeros  negativos  en  la 
resolucidn  de  ecuaciones  algebraicas  que  fundamenta  el  anllisis  empfrico. 

introduction 

As  the  individual  acquires  algebraic  language,  the  extension  of  the  numerical 
domain  from  natural  to  whole  numbers  becomes  a  crucial  element  for  achieving 
algebraic  competence  in  the  solution  of  problems  and  equations.  Studies  have  been 
carried  out  in  the  field  of  the  teaching  of  mathematics,  such  as  those  of  Freudenthal 
(1973),  Glaeser  (1981),  Beil  (1982),  Janvier  (1985),  Fischbein  (1987), 
Dreyfus/Thompson  (1988),  Resnik  (1989),  Vergnaud  (1989),  Gailardo/Rojano  (1990, 
1993),  which  support  the  thesis  to  be  demonstrated:  the  acceptance  of  negative 
numbers  by  secondary  school  students  goes  through  various  stages  of 
conceptualization,  these  are:  subtraction,  where  the  notion  of  number  is  subordinated 
to  the  magnitude;  signed  number,  when  a  plus  or  minus  sign  is  associated  with  the 
number;  relative  number  (or  directed  number),  where  the  idea  of  opposite  quantities 
in  relation  to  a  quality  arises  In  the  discrete  domain  and  the  idea  of  symmetry  appears 
in  the  continuous  domain;  isolated  number  where  there  are  two  levels,  that  of  the 
result  of  an  operation  or  as  the  solution  to  a  problem  or  equation.  Finally,  the  formal 
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mathematical  concept  of  negative  number  is  reached,  where  the  same  status  as  that 
of  positive  number  is  acquired. 

Questions  such  as  the  following  arise  from  the  above:  in  equations  and 
problems,  which  is  the  numerical  domain  the  secondary  school  student  confers  on 
the  constitutive  parts  of  the  equation  during  the  process  of  solution?  Which  numerical 
domain  is  accepted  for  the  solution?  What  is  the  relationship  between  the  numerical 
domain  assigned  to  an  equation  and  the  type  of  language  associated  with  the 
equation?  Which  methods  or  strategies  obstruct  or  facilitate  evolution  towards  the 
notion  of  number? 

These  questions  point  to  the  need  for  research  such  as  that  described  here1 
whose  central  concern  is  the  study  of  the  interrelationships  between  the  components: 
processes  of  acquisition  and  use  of  algebraic  language;  methods  for  solving  word 
problems  and  linear  equations;  status  of  the  negative  number  in  word  problems  and 
linear  equations.  The  general  methodology  of  the  project  contemplates  the  interaction 
of  these  three  components  on  two  levels  of  analysis,  the  historical-epistemological 
level  (evolution  of  meaning)  and  the  didactic  level  (teaching-learning-  cognition).  With 
regard  to  the  first  of  these,  we  found  that  the  terms  of  subtraction,  the  laws  of  signs 
as  well  as  certain  elements  necessary  for  operativity  with  negative  numbers  appeared 
in  remote  historical  times  in  the  context  of  the  solution  of  algebraic  equations.  The 
opposing  concepts  of  gain  and  loss,  property  and  debt,  future  and  past,  sale  and 
purchase,  are  adequate  interpretations  for  positive  and  negative.  A  crucial  step 
towards  the  acceptance  of  the  negative  numbwr  was  to  admit  negative  solutions  to 
equations.  The  main  difficulty  facing  medieval  mathematicians  in  the  solution  of 
concrete  problems  was  precisely  the  interpretation  of  negative  solutions.  It  is  the 
exploration  of  these  facts  which  has  allowed  us  to  locate  the  historical  component  of 
our  work  in  the  medieval  period  in  Europe,  between  the  XII  and  XV  centuries.  The 
basic  content  of  school  algebra  at  a  secondary  school  level  today  corresponds  to  this 
historical  period.  One  of  the  most  important  conclusions  of  this  study  at  a  historical 
level  is  that  the  acceptance  of  the  first  negative  solutions  presupposed  advanced 
syncopated  language,  as  well  as  complete  operativity  and  evolved  levels  of 
interpretation  of  negative  numbers.  Conclusions  such  as  these  provide  a  basis  for  the 
formulation  of  hypotheses  at  an  ontological  level,  concerning  the  conditions  in  which 
is  it  feasible  to  pass  from  primitive  stages  of  conceptualization  to  stages  of 
consolidation  and  formalization  of  the  notion  of  negative  number  (see  Gallardo, 
Rojano,  Carrion,  1993).  This  historical  analysis  provided  guidelines  for  a  later  study 

'  Research  ptO|ael  in  proceee.  Oepertemenlo  da  Metemltice  Educative,  CINVESTAV,  Meiico. 


—  377  — 

628 


with  subjects  and  allowed  some  of  the  conditions  that  propitiate  the  acceptance  by 
secondary  school  students  of  a  negative  solution  to  word  problems  to  be  established. 
At  an  ontological  level,  we  can  thus  say  that  ad  hoc  methods  of  solution  have  to  be 
used,  as  well  as  the  construction  of  sources  of  meaning  appropriate  to  the  context  of 
the  problem  and  a  fluid  operativity,  in  order  that  the  student  accept  the  negative 
solution.  In  the  case  of  some  problems,  the  use  of  algebraic  language  becomes 
indispensable  for  the  possible  arrival  at  such  a  solution  (see  Gallardo  and  Rojano, 


The  facts  mentioned  above  justify  the  methodology  used  in  the  research. 

The  Teaching  Model 

This  article  describes  and  reports  the  results  of  the  use  of  a  concrete  teaching 
model  whose  main  purpose  is  to  explore  the  operative  difficulties  that  secondary 
school  students  have  in  the  domain  of  whole  numbers.  The  analysis  is  carried  out  in 
the  context  of  the  project  described  in  the  introduction.  The  specific  methodology  of 
this  piece  of  research  consisted  of  asking  25  second-year  students  from  a  secondary 
school  in  Mexico  City  to  answer  a  questionnaire;  individual  clinical  interviews  were 
video-recorded  and  analyzed.  The  blocks  of  items  in  the  interview  dealt  with  the 
following  topics: 

1)  Operativity  in  the  domain  of  whole  numbers.  Use  of  teaching  models. 

2)  Processes  of  acquisition  and  use  of  languages.  Resolution  of  linear  equations. 

3)  Resolution  of  word  problems. 

In  this  article  we  report  the  results  of  the  clinical  interview  regarding  the  first 
topic.  The  student  population  selected  was  familiar  with  the  model  of  the  number  line 
and  the  syntactic  rules  of  operativity  of  whole  numbers.  These  students  showed 
conflict  in  the  cases  a  -  (-b)  and  -a  -  (-b)  with  a  and  b  as  natural  numbers.  It  was  then 
decided  to  use  a  model  which  would  give  concrete  existence  to  negative  numbers. 
The  historical  analysis  carried  out  in  the  first  stage  of  the  research  suggested  the  use 
of  the  so-called  "Chinese  model".  In  effect,  Chinese  mathematics  operated  with 
negative  numbers  in  the  solution  of  problems.  The  eighth  chapter  of  the 
"Mathematical  Treatise  of  Nine  Chapters",  250  a.n.e.,  contains  the  oldest  general 
method  for  solving  linear  equations.  Tabulating  the  coefficients  and  independent 
terms  in  a  rectangular  arrangement,  the  calculation  board,  they  could  obtain  the  value 
of  the  unknowns  of  the  system.  The  application  of  this  method  to  a  multitude  of 
problems  led  them  to  consider  negative  numbers.  As  a  consequence,  these  numbers 
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emerged  from  a  language  of  calculation  free  from  the  meanings  associated  with  them 
in  the  context  of  specific  word  problems.  TheV  used  sticks  colored  red  to  designate 
positive  numbers  and  black-colored  sticks  for  negative  ones.  The  operativity 
employed  in  the  teaching  model  corresponds  to  that  of  the  Chinese  mathematicians, 
that  is,  positive  numbers  are  opposite  to  negative  ones.  The  central  concept  arises, 
the  sum  of  opposites  is  zero,  which  gives  foundation  to  all  the  operations  carried  out 
within  the  model.  The  Chinese  model  is  based  on:  1)  the  counting  of  positive 
numbers  is  extended  to  negative  numbers;  2)  in  the  process  of  subtraction  there  are 
cases  in  which  an  alternative  representation  of  the  minuend  is  required  in  order  to 
carry  out  the  operation  of  taking  away.  Then,  the  adequate  addition  of  zeros  is 
employed,   according   to   each   case.   The   students  were    presented   with  a 
diagrammatical  version  of  the  model.  In  the  world  of  paper  and  pencils,  pos.t.ve 
numbers  were  white  balls  and  negative  numbers,  black  balls.  Zero  was  represented 
by  the  simultaneity  of  a  white  and  a  black  ball.  Operativity  was  carried  out  in  the 
additive  domain.  For  example,  the  addition  3  +  (-2)  is  presented;  the  numbers  are 
described  in  the  model  °°  •    They  join  together,  provoking  the  formation  of  zeros 
00«    The  result  is  a  white  ball  which  represents  the  number  1 .  Analogously,  for 
the°stbtraction  2  -  3.  The  numbers  are  described  in  the  model.   Three  cannot  be 
subtracted  from  2.  A.  zero  is  added  to  the  number  2.  The  representation  01^2  +  0: 
O  O     is  obtained.  Then  the  subtraction  can  be  carried  out,  crossing  out.  g  #  A 
o  •  •      .  1 

black  ball  is  obtained,  the  representation  ot  -i. 

During  the  period  of  instruction  in  the  model,  the  majority  of  the  students 
inferred  the  rules  of  the  signs  in  the  domain  of  multiplication.  However,  the  model 
becomes  complicated  for  the  case  <-a)<-b)  and  is  a  long  way  from  being  paradigmatic. 
It  should  be  said  that  the  main  interest  in  modeling  in  this  analysis  is  not  its 
usefulness  in  teaching2  but  as  a  resource  which  exhibits  the  peculiarities  of  the 
phenomenon  and  shows  the  different  cognitive  tendencies  of  the  subjects  when 
faced  with  new  concepts  and  mathematical  operations  (see  Filloy,  1991).  These 
tendencies,  observed  when  the  Chinese  model  is  taught  in  a  clinical  interview 
situation,  also  exhibit  the  level  of  acceptance  of  negative  numbers  by  the  student. 
We  will  now  describe  some  of  the  issues  identified  by  our  analysis  and  present  some 
examples  taken  from  the  interviews  with  the  students3. 


Kohrt  It  17*1,  i.rt.An  (1*761. 
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Abbreviation  of  texts.  Representation  of  the  number  with  a  minimum  of  zeros  or  else 
a  tendency  to  abbreviate  the  actions  of  taking  away.  Some  students  reduce  the  size 
of  the  white  balls  and  show  the  black  balls  as  dots. 

Endowment  of  intermediate  meanings.  Adding  as  subtracting,  lack  of  differentiation 
between  the  operations  of  adding  and  taking  away.  At  the  moment  of  carrying  out 
the  actions,  the  minus  sign  predominates  and  they  interpret  a  +  (-b)  as  a  -  (  +  b)  or 
else  as  a  -  |-b);  a,  b  natural*.  Subtracting  as  adding,  the  representation  of  the  number 
gets  in  the  way  of  subtraction.  For  example,  1  -  2  is  written  o  ooand  it  is  stated  that 
the  result  is  3.  2  -  (-3),  it  Is  represented  as  o  •  and  zeros  are  formed  ^ 
Instead  of  executing  the  action  of  taking  away,  the  addition  of  opposites  is  effected. 
Identification  of  the  rule  of  signs  at  the  level  of  results,  when  a  -  (-b),  -a  -  <-b) 
appears,  the  rule  of  signs  is  not  brought  into  play,  it  Is  just  stated  that  the  results  are 
equal.  Confusion  of  the  domains  of  addition  and  multiplication,  simultaneous  use  of 
the  binary  operation  and  the  rule  of  signs.  It  is  stated  that  3  -  (-5)  =  2.  This  result  is 
obtained  by  operating  3  -  5  =  2  and  then  using  (-  )(-)  =  +. 

Operations  the  student  was  previously  familiar  with  are  not  brought  into  play, 
-  a  +  <-b)  as  -a  -  (  +  b)  I  a  -  (b)  as  a  -  (  +  b) 
a  +  (-b)  as  a  -  (-b)    I  a  -  (-b)  as  a  -  b 

I  -a  -  (  +  b)  as -a  -  (-b) 
Centering  of  readings,  preference  for  some  of  the  following  readings: 
Horizontal  reading  °  1+0 

Vertical  reading      o  ^    +  2,  -  1 .  No  identified  with  + 1 . 
Diagonal  reading     o  o    +3,-1.  Not  identified  with  2. 
Positional  reading    o  +10. 

Generalizations  and  erroneous  processes.  The  use  of  too  many  signs. 

"This  sigriTax-  (b)]  is  to  subtract;  the  other "Pa~(^b)]  is  not  necessary". 

Rule  of  the  minus  sig.i. 

"When  the  minus  signs  are  separated  by  a  number7l>a-b],  the  result  is  negative" 
Rule  of  brackets 

When  there  is  a  bracketlT^b)]  between  two  minuses  it's  multiplication" 


4  In  th<  inttivu*  ichaduK,  iptcific  numbers  always  apput. 
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Multiple  rule  of  signs  ^  

"MinusT^a  -  bl  with  minus  [-a  -  b]  is  plus". 

"MinusT^a  -  (-b)l  with  minusTa"*-  (-b)l  is  plus,  and  plus  with  minus  l-a  -  (-b)l  is 
minus".  All  signs  are  used  and  the  numbers  added  like  natural  numbers. 

Syntax-semantics  interaction.  The  existence  of  a  negative  converts  the  result  into  a 
negative.  In  the  model  -2-(-3)  =  1.  At  the  syntactic  level  -2-(-3)  =  -5.  This  result  is 
more  common  and  the  loss  of  the  minus  sign  is  not  seen  as  possible. 

Production  of  personal  codes.  Simultaneous  use  of  two  codes,  that  of  the  model  and 
that  of  arithmetic  language:  -2  +  1  is  represented  as  •  •  +  O  =1. 

Alteration  of  the  codes  in  the  model.  4  -  2  is  described  as  °  £  instead  of 
crossing  out  ^  ^  .  Invention  of  new  codes.  The  act  of  taking  away  represented 
simultaneously  by  crossing  out  and  filling  in:  2  -  3  is  expressed  as   ^  ^ 

Conclusions 

The  following  can  be  concluded  from  the  analysis  of  the  cognitive  tendencies 
exhibited  by  the  students  while  they  were  taught  the  Chinese  model:  the  competent 
users  of  the  model  showed, 

-  a  clear  idea  that  the  sum  of  opposites  is  zero. 

-  good  use  of  the  dual  nature  of  zero,  as  a  null  element  and  formed  by  opposing 
elements. 

-  non-use  of  the  equivalent  representation  of  the  number  (3  =  4-1=  -  2  =  ...) 
but  the  appropriate  addition  of  zero  (3  =  3  +  0  =  3  +  0  +  0  =  ...). 

-  permanence  in  the  additive  domain  and  non-application  of  the  multiplication  rule 
of  signs. 

-  clear  differentiation  of  the  actions  of  adding  and  subtracting. 

-  distinction  between  the  languages  used  (language  of  the  model,  arithmetic 
language). 

-  recognition  of  negative  numbers  (nu  separation  of  the  sign  from  the  number). 

it  is  important  to  point  out  that  even  when  he  has  a  concrete  model,  the 
student  tends  to  decode  expressions  of  the  type  a  -  (-b),  a  +  (-b),  a  -  (  +  b),  focussing 
only  on  the  syntactic  form  and  ignoring  the  meanings  associated  with  the  symbols  in 
the  model.  There  is  a  strong  tendency  on  the  part  of  the  subjects  to  consider 
negatives  as  "more  powerful  than  positives"  and  they  do  not  accept  positive  results 
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when  they  operate  with  negatives.  This  teaching  mode,  is  immersed  in  the  realm  of 
arithmetic.  It  is  hoped  by  the  end  of  the  project  to  demonstrate  that  negative 
numbers  "do  not  manage  to  be  numbers  in  the  full  sense  of  the  term".  Their  genesis 
is  found  in  the  realm  of  algebra  where  they  acquire  meaning  as  solutions  to  problems 
and  equations.  In  effect,  the  consolidation  of  algebraic  language  is  determined  in  a 
fundamental  way  by  evolution  towards  more  advanced  levels  of  conceptualization  of 
negative  number  (as  generalized  number,  unknown,  variable). 

Final  Discussion 

In  the  hist  orical-epistemo  logical  and  didactic  areas  of  the  research  project 
presented  in  the  introduction,  it  can  be  seen  that  acceptance  of  negative  numbers 
passes  through  various  levels  of  conceptualization  before  becoming  the  formal 
mathematical  notion  of  whole  number.  In  this  article,  the  use  of  a  concrete  model  of 
teaching  revealed  the  existence  of  cognitive  tendencies  that  exhibited  these  levels  of 
acceptance  of  negatives  by  the  students.  In  other  topics  dealt  with  in  the  clinical 
interview  the  same  levels  appeared.  Thus,  regarding  topic  2,  solution  of  linear 
equations,  inhibitory  mechanisms  come  into  play  when  the  subject  perceives  a 
"possible  negative  solution".  On  the  other  hand,  methods  of  solution  of  equations 
that  the  subject  was  familiar  with  before  for  positive  solutions  do  not  come  into  play: 
method  of  inversion  of  operations,  transposition  of  terms,  approximation.  In  some 
cases,  the  equation  to  be  solved  is  re-formulated.  For  example,  x  +  1568  =  392 
becomes  x  x  1568  =  392  which,  by  carrying  out  the  erroneous  division  1568  392, 
leads  to  the  solution  x  =  4  whole  positive  "more  natural  for  the  student"  than  the 
correct  negative  solution.  With  respect  to  topic  3,  regarding  problems  with  a  negative 
solution,  when  the  subject  cannot  find  a  positive  solution,  he  resorts  to  his  own 
methods  and  language,  assuming  the  different  levels  of  acceptance  of  the  negative 
(see  XV  PME-NA,  1993).  The  above  shows  the  need  to  consider  the  mutual 
interrelationships  between  the  processes  of  acquisition  and  use  of  algebraic  language, 
the  methods  of  solving  word  problems  and  linear  equations  and,  the  status  of  the 
negative  number  in  teaching  situations.  As  we  have  said  before,  the  study  of  these 
interrelations  constitutes  the  central  objective  of  the  project  as  a  whole. 
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MATHEMATICAL  MODELLING  OF  THE  ELONGATION  OF  A  SPRING: 
GIVEN  A  DOUBLE  LENGTH  SPRING  
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This  report  analyzes  how,  in  facing  a  specific  problem  of  mathematical  modelling,  the 
students  of  two  classes  of grade  VIII  have  used  resources  such  as  their  conception  of  the 
phenomenon,  the  mathematical  tools  available,  their  previous  modelling  experience  as  well 
as  some  general  "principles".  This  report  also  compares  two  different  ways  of  managing 
the  operations  of  verification  of  the  modelling  hypotheses  produced. 

I.  Introduction 

A  number  of  studies  conducted  in  the  last  fifteen  years  (see  Blum  &  Niss,1991)  together  with  our 
previous  studies  (Boero  &  al. ,  1 993b),  have  shown  that  the  problem  of  mathematical  modelling  of  a 
natural  phenomenon  requires  that  rather  complex  operations  be  performed  by  a  student  (hypothesis 
formulation  and  verification,  considering,  on  the  one  hand,  the  constraints  and  relation  inherent  in  the 
phenomenon,  and,  on  the  other  hand,  their  own  experience  and  the  mathematical  tools  available).  In 
the  modelling  and  the  model  verification  process  a  student  should  therefore  use  various  resources: 
firstly,  he  must  possess  qualitative  knowledge  of  the  phenomenon  (possibly  including  identification  of 
relationships  among  any  relevant  variables,  awareness  of  the  cause  and  effect  relationships  governing 
the  phenomenon,  etc.).  If  this  knowledge  is  lacking  it  is  very  difficult  for  a  student  to  formulate  a 
reasonable  hypothesis  and  to  motivate  it  consistently  with  the  phenomenon,  especially  if  the  modelling 
problem  in  question  appears  as  an  actual  "open  problem".  Generally,  however,  this  knowledge  of  the 
phenomenon  is  not  by  itself  sufficient  to  come  to  the  formulation  of  a  mathematical  model  hypothesis. 
Good  mastery  of  the  mathematical  tools  is  also  required  in  order  to  enable  the  translation  of  the 
"qualitative  idea"  on  the  phenomenon  into  a  coherent  hypothesis  of  quantitative  "law":  if  this  is 
lacking,  the  modelling  hypothesis  formulation  process  may  be  "stuck"  on  formal  analogies  with  other 
situations  only  superficially  similar  or  not  translate  into  a  mathematical  model  coherent  with  the 
phenomenon.  Moreover,  previous  experience  of  mathematical  modelling  may  suggest  useful  ways  of 
thinking  and  intellectual  attitudes  in  the  formulation  and  subsequently  in  the  verification  of  the 
modelling  hypothesis.  The  modelling  experience  of  phenomena  which  may  show  some  analogy  with 
the  proposed  situation  may  also  be  useful  for  the  student  to  detect  possible  common  aspects  and  to 
guide  him  in  the  choice  of  the  mathematical  tools  to  be  used. 

Finally,  the  modelling  process  may  involve  principles  of  various  kinds.  By  "principle"  we  mean  any 
organizing  criterion  of  the  formulation  operations  of  an  hypotesis,  existing  before  the  analysis  of  the 
specific  problem  examined,  which  is  applied  to  the  phenomenon  based  on  some  of  its  peculiar 
features,  recognized  as  relevant  and  sufficient  to  establish  the  relation  among  the  variables,  coming 
from  the  organizing  criterion  itself.  Instances  of  "principles"  which  arc  often  applied  (suitably  or 
unsuitably)  in  the  modelling  process  are  the  principle  of  temporal  continuity  (enabling  the 
extrapolation  in  the  future  of  the  behaviours  and  trends  observed  in  the  past),  the  identity  principle 
(phenomena  depending  in  the  same  way  on  the  same  set  of  variables,  have  the  same  dcvclopmcnt),ctc. 
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As  regards  the  vrrifiri.ti0n  process,  the  two  presumptive  modes,  the  empirical  verification  (mainly 
based  on  ad  hoc  experiment)  and  the  argumentative  verification  (mainly  based  on  a  line  of  reasoning) 
appear  more  or  less  accessible  according  to  the  phenomenon  and  the  preparation  of  the  students  to 
perform  and  evaluate  the  two  types  of  verification. 

Generally,  it  is  possible  to  observe  that  the  smjlricaj  verification  (on  the  educational  ground)  has  the 
advantage  of  establishing  a  privileged  as  well  as  direct  relationship  with  the  experimental  data,  and 
may  also  produce,  in  some  cases,  a  clear  answer  on  the  validity  of  the  formulated  hypotheses.  1<  is 
however  possible  to  observe  how,  in  many  cases  (both  in  the  classroom  and  in  the  work  of  scientists) 
the  empirical  verification  entails  the  analysis  of  data  not  easy  to  interpret,  or  impaired  by  big 
experimental  mistakes,  or  too  partial,  etc.  It  should  also  be  noticed  how,  from  the  point  of  view  of  the 
motivation  to  investigate  a  phenomenon  thoroughly,  the  empirical  verif.cation  process  may  block 
(especially  if  its  result  is  univocal)  any  further  process  of  interpretation,  since  it  satisfies  the  proposers 
of  a  given  hypothesis  with  a  valid  result,  and  frustrates  the  proposers  of  a  given  hypothesis  disproved 
by  facts,  even  though  a  part  of  the  reasoning  proposed  in  support  of  the  different  hypotheses 
(including  those  disproved),  may  be  valid  for  a  deeper  interpretation  of  the  phenomenon. 
On  the  other  hand,  the  argumentative  verification  process  is  generally  more  oriented  towards  the 
interpretation  of  the  phenomenon,  but  it  may,  in  some  cases,  not  lead  to  a  sufficiently  sure  and 
univocal  conclusion,  and  therefore  the  empirical  verification  may  still  be  necessary.  The  argumentative 
verification  process  is  generally  not  easy  to  manage  in  the  classroom  if  the  aim  is  to  get  most  of  the 
students  involved,  and  to  obtain  a  sufficiently  deep  and  convincing  interpretation  of  the  phenomenon. 
Still  on  the  verification,  previous  studies  (see  Bocro  &  al.,1993a)  suggest  that  the  involvement  in  the 
classroom  in  the  verification  process  through  the  discussion  directed  by  the  teacher  may  enable  the 
class  to  produce  an  interpretation  of  the  phenomenon  which  integrates  and  positively  surpasses  the 
contributions  of  the  individual  students,  and  may  help  them  to  interiorize  intellectual  values  and 
attitudes  practised  in  the  classroom  under  the  direction  of  the  teacher. 

This  report  aims  at  verifying  the  suitability  of  the  previous  analysis  to  provide  guidelines  for  both 
planning  a  teaching  experiment  and  investigating  the  behaviours  of  the  students  from  grade  VIII  facing 
a  mathematical  modelling  problem,  also  by  comparing  two  different  ways  of  managing  the  process  of 
verification  of  the  hypotheses  produced. 

2.  Problem  choice,  educational  context 

The  modelling  process  proposed  concerns  the  mathematical  model  of  the  elongation  of  a  spring  to 
which  variable  weights  are  applied,  knowing  that  the  spring  is  initially  twice  as  long  (and. 
subsequently,  triple  ...)  as  a  spring  with  the  same  physical  features  (material,  section,  diameter  of  the 
coils,  etc.)  the  elongation  law  of  which  is  known  (and  expressed  under  the  form  y-Kx+L,  where  x  is 
the  weight,  K  is  the  coefficient  of  elongation,  L  is  the  unstretched  length  of  the  spring ).  A  student 
should  therefore  detect  the  proportionality  between  K  and  the  unstretched  length  of  the  spring.  Indeed, 
a  preliminary  experiment  performed  three  years  earlier  (see  Garuti,  1 992)  had  shown  that  the  "double 
length  problenTcnables  the  formulation  of  different  hypothcses.so  as  to  allow  a  productive  discussion 
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as  well  as  motivate  the  verification  process;  it  offers  the  students  various  possibilities  of  approach  in 
the  formulation  of  hypotheses;  it  also  allows  a  smooth  experimental  verification  as  well  as  an 
argumentative  verification  to  be  performed  in  the  classroom  (cf.  §  I). 

The  teaching  experiment  was  performed  in  two  classes  of  grade  VIII  (of  15  and  21  students 
respectively)  under  the  guide  of  the  same  teacher  who  had  taught  mathematics  and  science  in  grade  VI 
and  grade  VII.  The  preparation  of  the  students  was  deemed  adequate  to  face  it  as  regards  the  following 
points: 

-  modelling  experience:  the  work  on  approaching  the  mathematical  model  of  direct  proportionality 
was  particularly  thorough  and  extensive  in  grade  VI  and  grade  VI I  (sec  Garuti  &  Bocro.  1 992  on  the 
first  portion  of  this  work).  Almost  all  the  students  had  mastered  the  mathematical  model  of  direct 
proportionality  to  solve  various  proportionality  problems  in  different  domains.  As  to  the  linear  model, 
modelling  activities  on  springs  had  already  been  performed  in  grade  VIII.  considering  springs  with 
different  features,  but  an  equal  unstretched  length,  coming  to  the  equation  y=Kx+L; 

-  necessary  mathematical  prerequisites:  formulae  of  the  type  y=ax+b  and  relating  graphics  in  the 
Cartesian  plane,  with  an  awareness  of  the  geometrical  meaning  of  a  and  b,  and  of  their  physical 
meaning  for  a  given  spring:  mathematical  relation  of  direct  proportionality  with  different 
representations  (formula  y=kx;  graphic  in  the  Cartesian  plane;  geometric  representation  through  the 
theorem  of  Thales);  and 

-  the  work  method,  particularly  as  regards  the  habit  of  individually  formulating  motivated  hypotheses, 
and  subsequently  classifying  and  discussing  them  in  the  classroom  under  the  thcacher's  guide. 

In  this  "ideal"  situation  the  students  could  be  considered  free  to  use  all  the  resources  previously 
described  and  both  verification  modes  could  be  considered  feasible. 

As  far  as  the  monitoring  of  the  students  is  concerned,  a  habit  of  individually  expressing  their 
reasoning  in  writing  has  produced  extensive  documentation  material.  This  has  been  integrated  with  the 
recordings  of  the  most  important  dicussions  and  with  the  teacher's  notes  on  the  class  work. 

3.  The  leaching  experiment 

(i)  The  following  problem  was  posed  in  both  classrooms  (to  be  solved  individually): 
"Let  us  imagine  we  have  two  springs  made  of  the  same  material,  but  one  double  the  length  of  the  other 
(15  cm  and  30  em).  If  we  attach  the  same  number  of  nuts  to  both  springs,  what  will  the  elongation  of 
the  two  springs  be?  Detect  the  possible  hypotheses  and  choose  the  one  you  deem  more  convincing". 
Subsequently,  both  classes  were  asked  to  classify  and  compare  in  a  discussion,  the  hypotheses  they 
had  produced. 

From  now  on,  the  course  of  the  experiment  will  take  different  directions  in  the  two  classrooms. 

The  exploratory  study  made  three  years  before  on  the  same  problem  had  supplied  us  with  useful 

indications  about  experimental  verification:  performed  immediately  after  the  formulation  of  the 
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hypotheses,  it  proved  useful  only  in  the  rough  determination  of  which  hypothesis  was  correct,  but 
caused  the  teacher  trouble  in  directing  the  transition  to  the  interpretation  of  the  phenomenon.  This  is 
why  we  chose  to  deepen  the  discussion  of  the  hypotheses  in  the  classroom  as  much  as  possible  by 
achieving  an  argumentative  verification  before  passing  on  to  the  experimental  stage. 
This  was  not  possible  in  the  first  class  (of  1 5  students)  since  the  discussion  had  led  to  a  deadlock:  the 
hypotheses  formulated  in  the  beginning  had  been  repeated  with  no  further  investigation.  Besides,  the 
brighter  students  were  among  the  supporters  of  hypothesis  A  thus  preventing  a  real  confrontation.  In 
this  case,  only  the  experimental  verification  appeared  to  be  suitable  to  solve  the  deadlock  produced. 

ii)  In  the  other  class  (of  2 1  students)  the  discussion  had  engendered  a  lively  confrontation  between 
the  supporters  of  the  different  hypotheses  as  well  as  an  effort  of  interpretation  of  the  nature  of  the 
phenomenon;  but  no  substantial  progress  had  been  realized.  In  order  to  prevent  a  standstill  situation  in 
the  discussion,  an  individual  work  stage  was  then  accomplished  with  the  following  request:  "Try  and 
produce  a  drawing  relating  to  the  problem  posed  so  as  to  support  your  hypothesis  with  various 
elements".  This  request  produced  a  new  stage  in  the  discussion  during  which  useful  elements  for  the 
argumentative  verification  were  brought  up.  Only  after  this  discussion  was  the  experiment  performed. 

Subsequently,  in  both  classes,  each  student  was  requested: 

iii)  to  "give  a  physical  explanation  of  the  result  ofthe  experiment"  ;and  finally: 

(iv)  to  "foresee  the  characteristics  ofthe  elongationof a  spring  made  of  the  same  material  as  the 
previous  ones,  but  measuring  45  cm  in  length,  and  motivate  the  answer" .  With  this  task  a  student 
may  confine  himself  to  solving  a  specific  problem  (even  at  a  qualitative  level  only)  without  involving 
the  model:  it  is  thus  possible  to  ascertain  how  many  students  prefer  thinking  in  terms  of  "model". 

4.  Analysis  of  the  students'  behaviours  (see  Annexe,  TABLE  I  and  II) 
(i)  The  students  consider  all  three  possible  modelling  hypotheses: 

-  hypothesis  A:  both  springs  have  the  same  elongation; 

-  hypothesis  B:  the  30  cm  spring  stretches  more  than  the  1 5  cm  one; 
•  hypothesis  C:  the  30  cm  spring  stretches  less  than  the  1 5  cm  one. 

The  students  tend  to  choose  the  first  two  hypotheses:  particularly  10  students  from  the  first  class 
chose  hypothesis  A  and  5  chose  hypothesis  B,  while  in  the  second  class  12  students  chose  hypothesis 
A  and  9  chose  hypothesis  B.  An  analysis  of  the  students'  papers  supplies  interesting  elements  of 
investigation  as  regards  the  resources  used  to  make  this  choice.  In  this  case  the  behaviours  arc 
substantially  similar  in  the  two  classes  and  will  therefore  be  analysed  together. 
Hypothesis  A  (same  elongation)  is  chosen  with  the  following  motivation:  «  since  the  two  springs  are 
made  ofthe  same  material  and  their  coils  nave  the  same  diameter,  also  their  elongation  will  be  the 
same  »\  181  Those  students  proceeding  in  this  way  resort  to  the  previous  modelling  experience,  where 
the  elongation  of  the  spring  depended  ( given  the  same  initial  length )  on  the  material  of  the  spring, 
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and  thus  select  some  meaningful  variables.  Since  in  the  new  problem  these  variables  are  the  same  in 
<*th  springs,  it  will  be  evinced  that  the  extension  is  also  the  same.  These  students  therefore  use  an 
idcnffiv  principle,  to  relate  the  previous  experience  to  the  forecast  hypothesis  to  be  formulated. 
Hypothesis  B  (longer  elongation)  is  mainly  chosen  based  on  a  physical  qualitative  rnn^piinn  0f  our 
phenomenon:  the  student  tries  to  imagine  what  will  happen,  by  keeping  close  to  the  physical  aspects 
of  the  phenomenon:  «  The  30  cm  spring  will  stretch  more  than  the  IS  cm  one,  because  it  is  longer  and 
there  is  therefore  more  material  to  be  stretched  » |2]  These  students  apparently  "see"  the  springs  as 
though  these  were  formed  by  many  coils,  each  one  of  them  stretching;  they  show  a  potential  "local- 
vision  of  the  phenomenon. 

These  two  ways  of  approaching  the  formulation  of  hypotheses  look  different  and  a  conflicting 
dialectic  between  them  is  produced  in  the  students  who  take  both  into  account,  as  is  clearly  shown  in 
this  case:  «  /  think  that  hypothesis  B  is  correct  even  though  theoretically  hypothesis  A  should  be  the 
correct  one  simply  because  the  two  springs  are  of  the  same  material.  It  is  however  impossible  for  the 
smaller  spring  to  stretch  as  much  as  the  30  cm  one! »  [  23  ]. 

In  the  discussion  and  confrontation  stage  between  the  two  hypotheses,  further  elements  emerge: 
particularly  some  supporters  of  hypothesis  B  resort  to  experience  made  outside  the  school  «when 
someone  uses  a  catapult  with  a  very  short  elastic  band,  shooting  is  harder  work  than  if  the  elastic  band 
were  longer.  In  this  case  the  catapult  is  more  supple.,,  [6].  This  argument  is  obviously  convincing 
only  for  students  with  a  direct  experience  in  this  field.  As  a  matter  of  fact,  only  two  students  ([  1 2]  and 
1 14])  pass  to  the  hypothesis  group  B,  after  analysing  it. 

In  this  first  stage  of  the  discussion  we  can  clearly  notice  how  the  positions  of  the  two  groups  remain 
very  far  away  from  one  another:  the  argument  based  on  principle  is  very  convincing  and  clear,  while 
the  physical  argument  is  often  confused. 

(ii)  In  the  second  class,  the  students'  level  was  more  or  less  the  same  in  both  groups  supporting  the 
two  hypotheses,  and  efforts  were  made  to  expand  on  their  arguments  to  convince  the  others.  The 
request  to  produce  drawings  to  illustrate  their  hypothesis  allowed  them  to  deepen  their  motivations  and 
to  reflect  on  the  others',  thus  paving  the  way  for  a  substantial  confrontation  between  the  two  groups. 
New  elements  emerge  among  the  arguments  supporting  hypothesis  B: 

-  a  number  of  students  refer  to  the  activities  performed  in  the  previous  years  by  making  the 
proportionality  relationship  between  the  coefficient  of  elongationand  the  initial  length  explicit:  «In  my 
opinion  they  stretch  proportionally,  that  is  K  is  in  function  of  the  initial  length  » [2 1  ]; 

-  another  student  produces  an  image  of  springs  "in  series":  « It  is  my  opinion  that  in  order  to  prove 
that  the  30  cm  spring  stretches  more,  it  is  possible  to  divide  it  in  half  to  obtain  two  IS  cm  springs,  that 
is  of  the  same  size  as  the  other  spring.  We  know  for  certain  that  the  IS  cm  spring  stretches  as  much  as 
1.4  cm  for  each  nut ,  therefore  even  the  springs  cut  in  halves  should  stretch  up  to  1.4  cm.  By  adding 
the  two  increases  of  length,  Iobtain2.8.  that  is  the  increase  of length  of the  30cm  spring »  [32|This 
appears  to  be  real  proof,  and  much  more  convincing  than  the  initial  physical  interpretations. 
However,  the  most  interesting  aspects  are  to  be  found  in  the  groups  supporting  hypothesis  A. 


o 

ERIC 


The  drawings  produced  show  that  very  often  those  who  proceed  based  on  the  "identity  principle"  have 
a  static  idea  of  the  elongation  phenomenon  of  the  two  springs,  and  almost  cannot  imagine  that  the 
spring  deforms:  a  student  116)  draws  the  two  springs  (one  double  the  other),  "attaches"  the  nuts  to 
them  and  represents  the  stretched  length  by  adding  the  same  number  of  coils  (Fig.  1 ):  another  speaks 
of  «  coils  which  must  not  stretch  >•  (!?)  127).  In  other  cases,  in  the  graphic  representation  elements  of 
dynamism  are  shown  through  a  picture  of  the  initial  and  the  final  aspects  of  the  phenomenon  .  In  these 
cases  we  have  a  conflict  between  the  identity  principle  on  which  the  hypothesis  is  based  and  its 
iconographic  representation.  A  student,  for  instance,  does  not  deform  his  springs,  but  in  order  to 
represent  the  final  aspect  of  the  longer  spring,  he  draws  twice  as  many  coils  and  so  comments:  «  / 
have  made  a  mistake  because  I  have  increased  the  length  oQhe  spring  twice,  thus  agreeing  with  the 
others»  [181.  Another  student  draws  the  two  springs  proportionally  deformed  according  to  the  weight 
applied  to  them:  his  representation  is  positively  in  contradiction  with  the  principle:  «af  this  moment  I 
could  not  tell  which  is  correct  because  in  my  drawing  one  extension  is  twice  as  long  as  the  other.  This 
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(iii)  In  the  two  classes,  we  can  observe  a  different  behaviour  as  regards  the  physical  interpretation  of 
the  phenomenon:  in  the  first  class  we  only  find  a  "local"  interpretation  which  emerged  in  the  first  pan 
of  the  discussion;  in  the  other  class  the  interpretation  of  the  phenomenon  is  richer  since  there  we  also 
have  an  interpretation  of  the  "springs  :n  series"  kind,  which  emerged  in  the  second  discussion  and 
appears  to  be  rather  convincing  as  regards  the  students  reasoning  according  to  the  principle. 

(iv)  In  the  two  classes,  behaviours  also  differ  as  far  as  the  transition  to  the  mathematical  modelling  of 
the  phenomenon  is  concerned:  in  the  first  class,  only  5  students  (out  of  14  )  foresee,  for  the  45  cm 
spring,  a  coefficient  K  three  times  higher  than  that  of  the  15  cm  spring;  the  other  students  confine 
themselves  to  foreseeing  a  longer  elongation  with  no  references  to  the  proportionality  relationship. 

In  the  other  class,  14  students  (out  of  21)  foresee,  for  the  45  cm  spring,  a  coefficient  K  three  times 
higher  than  that  of  the  1 5  cm  spring,  and  especially  their  reflections  on  the  model  arc  more  exhaustive. 
Seven  students  make  explicit  the  general  proportionality  relationship:  «...  if  the  second  spring  is  twice 
as  long  as  the  first,  K  will  double  too.  I  fit  is  three  times  as  long  K  will  treble  and  so  on.  \..,\  K  varies 
in  relation  to  the  length  of  the  spring."  1 181.Somc  of  them  express  a  more  complex  and  appropriate 
regularity  than  the  initial  one:  « I  have  noticed  that  with  20  nuts  the  two  springs  stretch  as  much  as 
their  initial  length.  Generalizing,  I  can  say  there  is  a  constant  relationship  between  the  initial  length  of 
the  spring  and  its  increase  of  length  (  with  the  same  nuts  ).  If  the  spring  is  7  cm  long,  we  will  have  a 
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7  cm  elongation,  and  if  it  is  45  cm  long  we  will  have  a  45  cm  elongation.  In  this  case  it  is  quite  easy 
since  the  relationship  is  1:1,  but  this  method  is  always  valid  » 130]. 

5.  Discussion 

The  teaching  experiment  confirms  the  variety  of  the  resources  students  may  refer  to  (in  various  ways) 
in  producing  the  modelling  hypotheses;  it  also  confirms  the  productivity  of  the  argumentative 
verification  which,  in  a  case  like  the  one  examined,  may  lead  a  student  to  a  direct  interrelation  of  the 
phenomenon.  We  have  also  seen  how  some  argumentative  verifications  of  the  "springs  in  series"  kind 
have  adopted  the  role  of  real  mental  experiments  as  well  as  of  "proof  (see  Koyre  ,  1966  about  the 
mental  experiments  described  by  Galileo  in  his  works). 

The  teaching  experiment  emphasizes  the  role  of  drawings  as  particularly  useful  tools  in  hypothesis 
discussion  and  in  outdoing  inadequate  hypotheses.  Drawings,  as  global  representations  of  the 
physical  phenomenon,  play  a  role  of  their  own  in  bringing  out  the  contradiction  between  "identity 
principle"  and  phenomenon.  Considering  TABLE  II,  we  can  see  that  5  drawings  (out  of  a  total  of  8) 
have  been  produced  by  students  who  had  chosen  hypothesis  A,  following  the  "identity  principle".  The 
drawings  produced  enable  some  of  these  students  to  make  their  point  of  view  explicit  and  render  it 
more  accessible  to  other  people's  critical  judgement,  and  others  to  develop  a  conflict  with  the  physical 
intuition,  and  others  still  to  modify  the  hypothesis  they  initially  formulated.  We  see  also  that  5  out  of 

8  students  who  had  produced  a  drawing,  succeed  in  making  explicit  the  general  proportionality 
relationship  between  K  and  the  unstretched  length  of  the  spring  (7  students  were  successful  in  it). 
However,  a  problem  is  still  unsolved:  how  to  overcome  a  deadlock  in  the  transition  to  the 
argumentative  verification  such  as  the  one  occurred  in  the  first  class.  On  the  one  hand,  it  seems 
necessary  to  thoroughly  investigate  the  emotional  dynamics  within  the  discussion  (role  of  the  bright 
students),  on  the  other  hand,  the  mediation  work  performed  by  the  teacher.  What  would  have 
happened  in  the  first  class,  if  instead  of  passing  immediately  on  to  the  "concrete"  experiment,  the 
teacher  had  let  the  students  into  the  mental  experiment  of  the  "springs  in  series"  performed  in  the  other 
class,  and  asked  them  to  take  a  position  on  this? 
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Annexe:  these  tables  summarize  the  students'  behaviours  in  the  two  classrooms: 
TABLE  I 


CM 

HYPOl. 

MOIlVAllUrw 

MATH  BFI 

1 

A 

local 

2 

B 

phys.  conception 

local 

proportional 

3 

A 

local 

4 

A 

principle 

local 

5 

B 

proportional 

6 

B 

phys.conception 

local 

7 

B 

local 

proportional 

8 

A 

principle 

proportional 

9 

A 

local 

10 

B 

II 

A 

* 

* 

12 

A(->B) 

principle(->ph.c.) 

13 

A 

principle 

local 

proportional 

14 

A(->B) 

principle(->ph.c.) 

local 

15 

A 

principle 

local 

♦-absent 

TABLE  II 


CL2 

TTYK5T7 

MOTIVATIONS 

mm. 

PHYS.  iwr. 

MATHREL. 

GENER. 

16 

A 

principle 

drawing 

proportional 

# 

17 

A 

principle 

drawing 

series 

proportional 

# 

18 

.  A 

principle 

drawing 

series 

proportional 

# 

19 

A 

principle 

drawing 

proportional 

20 

B 

phys.  conception 

21 

B 

phys.  conception 

drawing 

proportional 

22 

A 

drawing 

local 

proportional 

23 

B 

phys.  conception 

local 

proportional 

24 

A 

principle 

local 

25 

B 

proportional 

# 

26 

B 

27 

A 

local 

28 

A 

principle 

local 

proportional 

29 

A 

principle 

proportional 

X 

A 

principle 

drawing 

series 

proportional 

# 

31 

B 

phis,  conception 

local 

proportional 

32 

B 

phis,  conception 

series 

proportional 

33 

A 

principle 

series 

34 

B 

phis,  conception 

series 

35 

B 

phis,  conception 

drawing 

proportional 

# 

% 

A 

principle 
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conceptions  About  mathematics  teaching 
Of  Preservice  Elementary  and  High-School  teachers 
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The  goal  of  this  research  was  to  find  out  the  declared 
conceptions  of  two  groups  of  preservice  teachers,  one  in 
Elementary  school  teaching  and  one  in  High-School  teaching 
and  compare  the  outcomes.  The  results  showed  that  the 
preservice  Elementary  school  teachers  are  mainly  interested  in 
motivating  their  pupils  while  preservice  High-School  teachers 
give  more  importance  to  the  learning  of  the  pupils. 

Statement  of  the  problem 

Recent  reviews  of  educational  research  (Kagan,  1992;  Reynolds,  1992)  come  to 
the  conclusion  that  the  student  teacher's  beliefs  and  conceptions  about  mathematics, 
their  learning  and  their  teaching  are  extremely  stable  and  inflexible.  The  different 
studies  show  that  "despite  course  work  and  field  experiences,  the  candidate'  beliefs 
about  teaching  and  themselves  as  teachers  remained  unchanged"  (Kagan,  1992:  140) 
and  are  transferred  in  their  teaching  practice.  Therefore,  the  novice  teachers  are 
quickly  disillusioned  and  without  sufficient  procedural  knowledge,  they  rapidly 
reproduce  a  rigid  teaching  that  leaves  little  place  to  the  student  and  isn't  favorable  to 
the  development  of  conceptual  knowledge. 

As  teacher  trainers,  it  is  essential  for  us  to  question  the  impact  of  the  training 
on  the  preservice  teachers'  conceptions  and  eventually  on  their  instructional 
practice  so  we  can  eventually  consider  it  in  their  training. 

On  the  one  hand,  in  the  mathematics  teaching  field,  it  is  acknowledge  that  the 
teacher's  conceptions  of  mathematics  and  mathematics  teaching  play  a  significant 
role  in  shaping  their  instructional  practice  (Gonzalez  Thompson,  1982,  1984;  Gattuso, 
1992).  On  the  other  hand,  the  "pedagogical  content  knowledge"(Shulman,  1987), 
(i.e.,  questions  related  to  the  teaching  of  the  discipline:  different  teaching  strategies, 
learning  difficulties  connected  to  different  concepts,  links  between  concepts,  various 
interventions,  means  of  diagnosis  and  evaluation,  etc.)  as  an  important  influence  on 
teaching  practice  (Grossman,  Wilson  It  Shulman,  1989;  Dorfler,  McLone,  1986; 
Ernest,  1989).  From  there  on,  to  explore  a  possible  link  between  "pedagogical  content 
knowledge",  as  communicated  in  the  preservice  training  courses,  and  the 
conceptions  about  the  teaching  of  mathematics,  we  decided  to  compare  the 


conceptions  about  teaching  of  preservice  teachers  having  two  different  training. 
This  exploratory  study  is  the  first  step  of  a  longer  study  that  wants  to  investigate  the 
preservice  teachers'  conceptions  before,  during,  and  after  their  three  years  of 
training,  looking  parallely  into  their  teaching  practice  during  the  years  of  trainings 
and  onto  their  first  teaching  experience. 

The  principal  aims  of  this  preliminary  study  are: 

— to  find  out  the  declared  conceptions  of  the  preservice  teachers 

—  to  compare  the  conceptions  of  two  groups  relatively  to  their  training 

At  the  same  time,  a  secondary  aim  is 

— to  experiment  with  a  tool  allowing  the  investigation  of  the  conceptions  of 
preservice  teachers. 


We  wanted  to  see  if  students  having  intensive  instruction  in  "pedagogical 
content  knowledge"  have  different  conceptions  from  those  of  students  having  a 
more  generalist  training.  To  do  so,  we  looked  at  the  declared  conceptions  about  the 
teaching  of  mathematics  of  a  group  of  preservice  Elementary  school  teachers  (EST) 
and  of  a  group  of  preservice  High-School  teachers  (HST).  Traditionally,  to  enter  a 
preservice  Elementary  school  teaching  program,  there  is  no  prerequisite 
mathematics  courses.  Most  students  entering  the  program  followed  only  the  basic 
High-School  courses  in  mathematics  and  no  mathematics  course  during  the  two 
years  of  junior  college.  In  University*,  their  training  is  mostly  pedagogical  and 
general,  although  they  follow  two  or  three  courses  in  the  teaching  of  mathematics. 
Students  entering  the  high  school  teacher  training  program  come  from  a  scientific 
path,  so  they  have  successfully  completed  at  least  three  mathematics  courses  in 
junior  college.  In  University,  their  curriculum  contains  mathematics  courses  and 
teaching  of  mathematics  courses,  their  teaching  training  is  mostly  focused  on 
mathematics,  their  learning  and  their  teaching. 

The  two  groups  selected  for  this  preliminary  study  were  one  of  each  kind:  one 
group  of  Elementary  preservice  teachers  (EST)  and  one  group  of  secondary  preservice 
teachers  (HST).  Both  groups  were  in  their  second  year  of  training  and  were 
experimenting  their  first  teaching  practice  in  school.  The  51  students  of  the  first 
group  (EST)  had  followed  two  courses  in  the  teaching  of  mathematics  amongst  their 


'  In  Quebec,  teacher  training  is  supplied  by  Universities 
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pedagogical  studies.  To  be  allowed  to  go  for  their  first  teaching  experiment  in  school, 
the  38  students  of  the  second  group  (HST)  had  to  complete,  in  the  previous 
semesters,  at  least  three  courses  in  mathematics  teaching,  the  others  being 
mathematics,  computer  science  and  few  education  courses.  Although  we  did  not 
consider  the  sex  variable  in  our  study,  let  us  mention  that  there  were  only  five  male 
students  amongst  the  Elementary  preservice  teachers  and  17,  in  the  High-School 
preservice  teacher  students. 

One  of  the  first  problem  encountered  was  to  find  a  way  to  investigate  the 
declared  conceptions.  We  left  out  interviews  because  we  wanted  a  tool  that  could  be 
easily  used  in  a  larger  survey.  We  also  wanted  a  tool  with  a  more  open 
configuration  than  (that  of)  a  questionnaire.  For  these  reasons,  we  have  chosen  an 
inventory  of  conceptions  about  the  teaching  of  mathematics  that  was  elaborated  in  a 
previous  study  (Gattuso,  1992). 

The  50  conceptions  proposed  in  the  inventory  were  formulated  as  sentences 
starting  with:  "A  teacher  of  mathematics  should...  ".  Many  of  the  conceptions  were 
inspired  by  items  presented  in  two  questionnaires  of  previous  studies  (Ernest, 
unpublished;  Thompson,  1982).  They  were  meant  to  reflect  different  philosophies 
about  the  teaching  of  mathematics  (Ernest,  1991).  This  tool  prepared  for  experienced 
teachers  was  tested  for  the  first  time  with  preservice  students. 

The  students  were  asked  to  choose  5  to  10  conceptions  in  the  inventory  that 
contained  50  statements.  We  wanted  to  restrict  the  choices  so  as  to  force  the  subject 
to  choose  conceptions  that  were  the  most  important  to  him/her.  The  compilation  of 
the  results  are  presented  in  the  next  section. 

Results 

The  data  of  each  group  were  compiled  separately.  We  will  first  present  the 
more  important  results  for  each  group  and  we  will  compare  them  afterwards. 
Discussion  follows. 

In  table  I,  we  can  see  the  conceptions  that  cover  52%  of  all  the  choices  of  the 
Elementary  student-teachers  group  (51).  Table  II  shows  the  conceptions  that 
represent  53%  of  the  choices  of  the  High-School  student-teachers  group  (38).  In  table 
111,  we  can  find  the  combination  of  the  previous  results  for  both  groups. 
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TABLE  I:  CONCEPTIONS  MAINLY  CHOSEN  BY  EST 


Cdtamantc  tffoc<*rthin<?  COnC6t>tlOtlS 

Nb/51 

% 

I  resent  rr\3tnernaucs  rrom  rcai  anuaimna  

30 

58.8 

T3i,™  »u«  nimiic  in  citn^tinnQ  where  thev  csn  explore  snd  discover 

24 

47.1 

Encourage  pupils  to  find  more  than  one  way  to  solve  a  problem 

23 

45.1 

Present  mathematics  in  interesting  ways  so  the  pupils  will  be 
motivated  

22 

43.1 

Place  the  pupils  in  problem  solving  situations 

21 

41.2 

Encourage  the  development  of  logical  reasoning 

19 

37.3 

Encourage  the  development  of  creativity 

17 

33.3 

Integrate  mathematics  to  other  disciplines 

15 

29.4 

Plan  his  teaching  well 

12 

23.5 

TABLE  II:  CONCEPTIONS  MAINLY  CHOSEN  BY  HST 


{~                      Statement  describine  conceptions 

Nb/38 

% 

Question  the  pupils  to  check  their  understanding 

21 

55.3 

Present  mathematics  in  interesting  ways  so  the  pupils  will  be 
motivated 

20 

52.6 

Plan  his  teaching  well 

17 

44.7 

Encourage  the  development  of  logical  reasoning 

15 

39.5 

Diagnose  the  misunderstanding  of  the  pupils 

15 

39.5 

Place  the  pupils  in  situations  where  they  can  explore  and  discover 

14 

36.8 

Encourage  the  pupils  to  find  a  meaning  behind  the  procedure 

14 

36.8 

Present  mathematics  from  real  situations 

12 

31.6 

A  priori,  we  did  not  expect  such  a  concentration  of  the  choices.  In  the  first 
group  (EST)  52%  of  the  choices  involve  only  9  conceptions.  If  we  examine  the 
statements,  we  can  see  that  for  the  Elementary  school  teacher-students,  it  is 
important 

to  present  mathematics  -  from  real  situations 

-  through  exploring  and  discovering  situations 

-  in  interesting  and  motivating  ways  ; 
to  encourage            -  research  of  diverse  solutions 
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-  problem  solving 

-  logical  reasoning 

-  creativity 

to  plan  their  teaching 

and  to  integrate  mathematics  to  other  disciplines. 

We  can  see  that  the  focus  is  mostly  put  on  motivating  strategies  of  teaching 
which  could  be  a  result  of  their  training.  In  fact  in  many  courses  (micro-teaching 
and  teaching  of  mathematics)  importance  is  given  to  developing  strategies  that 
motivate  pupils.  Moreover  the  EST  were  in  there  first  teaching  practice  and  they 
saw  the  importance  given  to  problem-solving  and  the  use  of  real  situations. 

For  the  Secondary  School  teacher-students,  it  is  important 

to  question  the  pupils  in  order  to  verify  their  understanding, 
to  diagnose  the  lack  of  understanding, 
to  plan  teaching, 

to  encourage  the  development  of  logical  reasoning 

to  present  mathematics  -  in  interesting  and  motivating  ways 

-  through  exploring  and  discovering  situations 

-  from  real  situations, 

to  encourage  pupils  to  find  a  meaning  behind  the  procedure. 

The  results  of  a  chi-square  test  comparing  the  choice  of  both  groups  (Table  III) 
revealed  a  significant  difference  (oc=  1.0  x  1(H)  in  the  distribution  of  the  choices.  The 
High-School  student-teachers  (HST)  are  mainly  interested  in  how  the  pupils  learn.. 
They  question,  diagnose  and  emphasize  the  meanings.  In  fact,  this  is  the 
characteristic  that  distinguishes  the  most  the  HST  from  the  EST.  The  statements 
concerning  the  questioning,  the  diagnosis  and  the  importance  of  meaning  are 
chosen  twice  as  often  by  the  High-School  student-teachers.  For  the  Elementary 
student-teachers  (EST),  we  can  see  that  the  students  believe  in  an  open  form  of 
teaching,  they  express  their  willingness  to  insure  development  of  creativity  and 
divergent  thinking  almost  twice  as  often  as  the  HST.  On  the  other  hand  they  are 
preoccupied  with  certain  Quebec  Elementary  school  practices  such  as  the  integration 
of  mathematics  to  other  subjects  and  problem-solving. 

We  can  also  see  that  there  is  some  overlapping  of  the  choices  of  both  groups. 
One  statement:   "Encourage  the  development  of  logical  reasoning"  is  chosen  by 
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almost  the  same  proportion  of  students  of  EST  and  HST  groups  (37,3%  for  the  first 
group  and  393%  for  the  second  group).  For  these  students,  logical  reasoning  seams 
to  be  associated  with  mathematics.  The  use  of  everyday  situations  and  exploring 
situations  is  selected  considerably  by  both  groups  but  more  by  the  EST  group.  On  the 
other  hand,  planning  the  lessons  and  giving  interesting  presentations  are  preferred 
by  the  HST  group  although  these  statements  have  been  picked  out  by  a  large 
percentage  of  each  group.  Although  it  is  not  possible  at  this  point  to  link  every 
difference  to  the  students  training,  we  can  see  that  each  group  has  some  specific 
characteristic.   The  HST  conceptions  seem  oriented  towards  the  results  of  their 
teaching  and  the  EST  more  towards  the  creation  of  motivating  situations.  Each 
statement  mentioned  here  separately  implies  at  least  25%  of  the  total  choices.  Other 
statements  reveal  interesting  information.  For  example,  around  20%  of  the  choices 
of  each  group  concerned  the  statement  "maintain  discipline  in  the  classroom'. 

TABLE  HI:  RESULTS  OF  THE  TWO  GROUPS 


 Statements  Hwrrihinf  conceptions  [ 

JbESl 

i  EST  « 

lb  HST  t 

t  HST 

Diagnose  the  misunderstanding  of  the  pupils 

9 

17.6 

15 

39.5 

Encourage  pupils  to  find  more  than  one  way  to 
solve  a  problem  !  

23 

45.1 

10 

26.3 

Encourage  the  development  of  creativity 

17 

33.3 

7 

18.4 

Encourage  the  development  of  logical  reasoning 

19 

37.3 

15 

39.5 

Encourage  the  pupils  to  find  a  meaning  behind  the 
procedure  

9 

17.(, 

14 

36.8 

integrate  mathematics  to  other  disciplines 

15 

29.4 

3 

7.9 

Plan  his  teaching  well 

12 

23.5 

17 

44.7 

Present  mathematics  from  real  situations 

30 

58.8 

12 

31.6 

Present  mathematics  in  interesting  ways  so  the 
pupils  will  be  motivated 

22 

43.1 

20 

52.6 

Place  the  pupils  in  problem  solving  situations 

21 

41.2 

8 

21.1 

Place  the  pupils  in  situations  where  they  can  explore 
and  discover 

24 

47.1 

14 

36.8 

Question  the  pupils  to  check  their  understanding 

8 

15.7 

21 

55.3 
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The  following  four  statements  were  completely  rejected  by  both  groups: 
TABLE  IV:  REJECTED  CONCEPTIONS 


Statements  describing  conceptions 

Nb 

Be  sure  that  each  pupil  rapidly  knows  if  his  answer  is  right 

0 

Have  the  pupils  memorize  the  laws 

0 

Insist  on  the  fact  that  there  is  only  one  way  of  solving  a  problem 

0 

Strictly  follow  a  textbook. 

0 

We  also  found  that  the  four  statements  completely  rejected  by  both  groups  gave 
an  interesting  information.  They  all  concern  a  very  restrictive  way  of  seeing 
mathematics,  a  way  Ernest  (1991)  would  call  "authoritarian":  rules,  one  answer,  one 
text  book  and  only  the  right  answer.  However,  these  conceptions  are  still  widely  part 
of  today's  reality  in  mathematics  teaching  in  our  Elementary  and  Secondary  Schools 
and  it  will  be  interesting  to  see  if  the  novice  teachers  will  still  reject  these 
conceptions  when  they  are  confronted  with  real  school  situations. 

Discussion 

One  of  the  aims  of  the  study  was  to  find  out  the  declared  conceptions  of  the 
preservice  teachers.  Not  wanting  to  impose  any  conceptions,  we  had  chosen  a  long 
list  that  included  opposing  views  of  teaching  mathematics.  It  was  surprising  to  see 
that  the  choices  of  each  group  concentrated  on  a  relatively  small  sample  of  these 
statements.  However,  they  are  not  exactly  the  same  and  the  ones  chosen  by  both 
groups  are  almost  never  chosen  in  the  same  proportion.  Differences  between  the 
two  groups  cannot  at  this  point  be  tied  with  any  certainty  to  the  difference  in  their 
training  but  some  characteristics  are  more  specific  to  a  teaching  level  than  to  the 
other. 

The  tool  chosen  is  easily  implemented  and  can  lead  to  an  interesting  analysis 
but  a  deeper  examination  of  the  results  in  process  (by  hierarchical  cluster  analysis) 
may  lead  to  some  improvement.  This  analysis  will  enable  us  to  discover  the 
preservice  teachers'  conceptions  but  overall  it  is  essential  to  see  if  these  conceptions 
are  transfered  in  teaching  practice.  In  the  future,  a  longitudinal  study  will  examine 
the  conceptions  and  the  teaching  practice  of  the  preservice  teacher  trough  their  three 
years  of  training 
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CHILDREN'S  REPRESENTATION  OF  THE  COUNTING  SEQUENCE  MOO: 
STUDY  AND  THEORETICAL  INTERPRETATION 


Noel  Thomas,  Charles  Sturt  University,  Bathurst,  Australia. 
Joanne  Mulligan,  Macquarie  University,  Sydney,  Australia,  and 
Oralri  A.  Goldin.  Rutgers  University,  New  Brunswick,  NJ,  USA 

In  a  cross-sectional  exploratory  study  of  166  children  in  Grades  K-6  and  an  additional  79 
high  ability  3rd-6th  graders,  we  seek  to  infer  children's  internal  imagtsttc  representations 
from  their  explanations  and  drawings  of  the  numbers  1-100  Our  observations  are 
interpreted  with  respect  to  developing  theoretical  models  for  mathematical  learning  and 
problem  solving  based  on  characteristics  of  representations. 

Introduction  and  Theoretical  Bases 

In  this  paper  we  report  part  of  a  broad  study  designed  to  explore  the  relationship  between  children's 
counting,  grouping  and  place  value  knowledge,  and  their  understanding  of  the  structural  development 
of  the  number  system.  Our  aim  in  the  overall  study  is  to  describe  in  the  greatest  possible  detail 
children's  internal  representational  capabilities  evidenced  in  solving  a  wide  range  of  tasks  related  to 
counting  and  numeration.  In  this  report,  we  consider  one  aspect  of  children's  developing  conceptual 
knowledge:  their  spontaneous  representations  of  the  numbers  from  1-100. 

A  body  of  related  research  (e.g.  Bednarz  and  Janvier,  1988;  Denvir  and  Brown.  1986  a.b; 
Fuson,  1990;  Hiebert  and  Wearae,  1992;  Karoii,  1989;  Rubin  and  Russell,  1992;  Steffe.  Cobb  and 
Richards,  1988;  Steffe,  1991;  Wright,  1991  )  focuses  on  children's  counting  strategies  and  conceptual 
development  of  numeration,  and  identifies  counting,  grouping,  estimating  and  notating  skills  as 
essential  elements  in  developing  numerical  structure.  Rubin  and  Russell  consider  additive  and 
multiplicative  structure,  the  generation  and  analysis  of  mathematical  patterns  and  mathematical 
definitions.  Hiebert  and  Wearae  describe  children's  understanding  of  numeration  as  "building 
connections  between  key  ideas  of  place  value,  such  as  quantifying  sets  of  objects  by  grouping  by  ten. 
treating  the  groups  as  units...  and  using  the  structure  of  the  written  notation  to  capture  the  information 
about  grouping"  (p.99).  Other  researchers  (e.g.  Davis,  Mahcr  atfd  Noddings,  1990;  Goldin  and 
Herscovics,  1991;  Goldin.  1993;  Thomas,  1992)  consider  children's  physical,  pictorial,  or  notational 
representations  of  number  in  analyzing  the  development  of  their  conceptual  understanding.  In  a  pilot 
study  of  40  children  in  Grades  K-4,  Thomas  reported  the  wide  variety  of  their  "mental  pictures"  of  the 
number  sequence  1-100. 

The  analysis  described  here  is  based  on  a  model  for  children's  problem-solving  competency 
structures  proposed  by  Goldin  (1987a,b;  1988;  1992).  We  draw  also  on  studies  of  the  role  of  imagery 
in  representation  and  in  the  construction  of  relational  understanding  in  mathematics  (Brown  and 
Presmeg,  1993;  Brown  and  Wheatley,  1989;  Mason,  1992;  Prcsmcg,  1986).  Goldin's  model 
distinguishes  cognitive  representational  systems  internal  to  problem  solvers  (a  theoretical  construct  to 
describe  the  child's  inner  cognitive  processing)  from  (external)  task  variables  and  task  structures  (cf. 
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Goldin  and  McClintock,  1984).  We  consider  three  of  the  five  types  of  internal  representational  systems 
discussed  by  Goldin:  (a)  verbal/syntactic  systems  (using  mathematical  vocabulary,  developing 
precision  of  language,  self-reflective  descriptions);  (b)  imagistic  systems  (non-verbal,  non-notational 
representations,  e.g.  visual  or  kinaesthetic);  and  (c)  formal  notation al  systems  (using  notation;  relating 
notation  to  conceptual  understanding,  creating  new  notations).  These  systems  develop  over  time 
through  three  stages  of  construction:  (i)  inventive/semiotic,  in  which  characters  in  a  new  system  are 
first  given  meaning  in  relation  to  previously-constructed  representations;  (ii)  structural  development, 
where  the  new  system  is  "driven"  in  its  development  by  a  previously  existing  system;  and  (iii) 
autonomous,  where  the  new  system  of  representation  can  function  independently  of  its  precursor. 

In  the  structural  development  of  the  number  system,  the  system  of  representing  units  (l's)  must 
serve  to  drive  the  representation  of  assemblages  partitioned  into  groupings  of  ten.  The  "ten",  while  still 
remaining  ten  ones,  becomes  an  iterable  "unit  of  ten".  Similarly  a  system  of  "hundreds"  is  later 
constructed  oh  the  system  on  tens,  and  so  forth  (recursively).  Children's  conceptual  structures  for 
number  words  are  now  "multiunit  conceptual  structures  in  which  the  meanings  or  referents  of  the 
number  words  are  collections  of  entities  ....or  a  collection  of  collections  of  objects"  (Fuson,  1990, 
p.273).  This  process  is  not  just  a  verbal  or  notational  one;  the  role  of  imagery  in  it  is  essential. 

Presmeg  (1986)  identifies  five  types  of  visual  imagery  used  by  students:  (i)  concrete,  pictorial 
imagery  (pictures  in  the  mind);  (ii)  pattern  imagery  depicting  pure  relationships;  (iii)  memory  images 
of  formulae;  (iv)  kinaesthetic  imagery  involving  muscular  activity,  and  (v)  dynamic  (moving)  imagery. 
Mason  (1992)  distinguishes  between  images  that  are  eidetic  (fully  formed  from  something  presented), 
and  those  that  are  constructed  (i.e.  built  up  from  other  images).  He  suggests  that  for  students  to  access 
images  they  must  actively  process  them,  "looking  through"  rather  than  "looking  at"  the  "mental 
screen",  regardless  of  the  mode  of  external  representation. 

With  these  theoretical  bases,  we  next  describe  the  study  and  some  of  its  outcomes. 


Two  samples  of  children  were  selected  for  comparative  purposes,  and  administered  task-based 
problem-solving  interviews.  A  cross-sectional  sample  consisted  of  166  children  in  Grades  K-6, 
randomly  chosen  from  8  State  schools  in  the  Western  Region  of  New  South  Wales  (NSW).  This 
sample  represented  a  wide  range  of  mathematical  abilities.  A  high  ability  sample  consisted  of  79 
children  from  Grades  3-6,  assessed  by  teachers  for  participation  in  a  Program  for  Gifted  and  Talented 
students  from  75  country  and  city  schools  in  NSW.  The  children  in  the  cross-sectional  sample  were 
interviewed  individually  over  two  sessions  to  ascertain  their  understanding  of  numeration,  using  25 
tasks.  The  children  in  the  high  ability  sample  were  interviewed  individually  once  on  selected 
numeraton  and  visualization  tasks.  The  numeration  tasks  for  both  samples  were  categorised  into  five 
groups:  counting;  grouping/partitioning;  place  value;  structure  of  numeration;  and  visualization.  In  one 
of  the  visualization  tasks  children  were  asked  to  close  their  eyes  and  to  imagine  the  numbers  from  one 
to  one  hundred.  Then  they  were  asked  to  draw  the  pictures  that  they  saw  in  their  minds.  They  were 
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also  asked  explain  the  image  and  their  drawing.  The  visualization  task  was  asked  first,  prior  to  other 
numeration  tasks,  so  that  responses  could  not  be  influenced  by  representations  used  by  the  researcher  in 


In  this  way  245  interview  transcripts,  together  with  the  external  pictorial  and  notational 
representations  produced  by  the  children,  were  obtained  and  analyzed.  The  external  representations 
were  considered  with  respect  to  three  dimensions,  illustrated  in  greater  detail  below:  (a)  the  type  of 
representation  (pictorial,  ikonic  and  notational),  from  which  we  sought  to  infer  characteristics  of  each 
child's  internal  imagistic  representation;  (b)  the  level  of  structural  development  of  the  number  system 
evidenced  in  the  representation;  and  (c)  evidence  of  the  static  or  dynamic  nature  of  the  image. 

Discussion  and  Analysis  of  Children's  External  Representations 

Here  we  discuss  features  of  selected  examples  of  the  children's  representations,  making  reference  to  the 
theoretical  perspectives  described  above.  Evidence  of  internal  imagistic  rcpesentations,  structural 
development  of  the  number  system,  and  dynamic  imagery  were  found  across  both  samples.  Examples 
discussed  here  are  drawn  from  the  cross-sectional  sample,  except  for  two  examples  of  dynamic  images 
from  the  high  ability  group  (see  below). 

(i)  Types  of  external  representations:  Pictorial  recordings  were  defined  as  pictures  drawn,  or  oral 
descriptions  of  objects  given  by  a  child,  e.g.  a  drawing  of  a  truck,  a  dinosaur  labelled  with  the  numeral 
100,  a  description  (with  some  drawings)  of  one  hundred  people  each  labelled  with  the  numerals  1 
through  100,  and  a  description  of  one  hundred  objects  lying  on  the  floor.  Ikonic  recordings  were 
defined  to  include  drawings  of  tally  marks,  squares,  circles  or  dots  that  represented  the  counting 
sequence.  Notational  recordings  were  distinguished  by  the  predominant  use  of  numerals  drawn  in 
various  formations  such  as  a  number  line,  array,  100  cm  ruler  or  vertical  column.  From  these 
characteristics  of  externally  produced  representations,  we  infer  the  child's  construction  of  internal 
configurations  in  meaningful  semantic  relationships. 

Figures  1-4  show  the  drawings  of  Anthony  (Gradcl),  Andrew  (Grade  1),  Candicc  (Grade  3).  and 
Timothy  (Grade  4)  respectively. 
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Figure  1  Anthony  (Grade  1) 


Figure  2  Andrew  (Grade  1) 
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Figure  4  Timothy  (Grade  4) 

The  truck  drawn  by  Anthony  (Figure  1)  reflected  the  association  of  an  image  of  his  dad's  truck  with  the 
number  100.  Anthony's  reason  for  the  image  was  verbalised  as  "cause  my  Dad's  truck  does  a  hundred". 
This  suggests  we  can  infer  an  inventive  semiotic  internal  representation  relating  the  truck-image  to 
speed.  This  is  highly  idiosyncratic,  but  quite  meaningful.  Andrew  saw  a  picture  of  100  shells  (Figure 
2)  and  explained  as  he  drew,  "some  were  in  rows,  some  were  in  diagonals  and  some  across  like  that". 
We  inferred  an  ikonic  internal  representation  of  number  with  some  evidence  of  structural  development 
of  the  number  system.  Analysis  of  Andrew's  protocol  showed  some  partial  development  of  grouping, 
with  capability  of  dealing  with  three  or  ten  as  a  unit,  but  without  the  recursive  capability  of  keeping 
track  of  how  many  units.  Candice  also  drew  an  ikonic  representation  using  squares,  with  some 
evidence  of  developing  structure.  Her  internal  representation  was  evoked  by  her  prior  experience  of 
using  square  counters,  and  she  attempted  to  draw  these  in  groups  representing  the  numbers  four,  five  or 
six.  Candice  explained  that  her  drawing  was  "square  counters  to  count  with"  and  further  evidence 
showed  that  she  was  unable  to  treat  numbers  as  itcrable  units.  Candice  used  a  highly  imagistic 
representation  to  explain  how  she  saw  numbers  only  "as  squares"  rather  than  notational  symbols. 
Timothy's  representation  (Figure  4)  similarly  displayed  little  structure  but  in  this  case  was  notational, 
focusing  on  just  the  one  numeral  9.  This  example  alone  gave  insufficient  evidence  to  interpret 
Timothy's  level  of  structural  development.  However,  in  other  portions  of  this  protocol  Timothy 
revealed  his  counting  capabilities  explaining  that  "his  numbers  stopped  at  9  and  this  was  the  biggest 
number".  We  inferred  from  this  idiosyncratic  example  a  relatively  undeveloped  understanding  of 
numeration. 

tfi)  The  level  of  structural  development  of  the  number  system  was  inferred  from  structural  elements 
(i.e.  grouping,  regrouping,  partitioning  and  patterning)  found  in  the  recordings  of  the  numbers  1  to  I0(). 
Uvidcncc  of  emerging  structural  development  of  number  was  found  across  a  range  of  recordings.  There 
were  a  number  of  cases  where  children  showed  no  evidence  of  structure  and  these  were  typified  by 
drawings  showing  a  single  object,  a  random  pattern  of  dots  or  a  single  numeral.  Emerging  structure 
was  typified  by  numerals  organised  in  a  counting  sequence,  recorded  continuously  in  a  horizontal, 
vertical,  curved  or  spiral  formation.  Children  showing  evidence  of  a  more  developed  multiplicative 
system  recorded  a  multiple  counting  sequence,  and  marks  or  pictures  in  a  partial  or  complete  tcn-by-tcn 
array  structure. 
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Figure  3  Candice  (Grade  3) 


Figures  5-8  show  the  drawings  of  Warren  (Grade  2).  Joshua  (Grade  2),  Ca.ssic  (Grade  4)  and  Kimberley 
(Grade  2)  respectively. 


Figure  5  Warren  (Grade  2) 
Figure  7  Cassie  (Grade  4) 


Figure  6  Joshua  (Grade  2) 
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Figure  8  Kimberley  (Grade  2) 


Warren,  and  Joshua  (Figures  5,  6)  produced  horizontal,  linear  structured  representations  of  numbers. 
Warren's  picture  of  a  line  of  marks  was  ikonic,  whereas  Joshua  used  conventional  notation  writing  the 
counting  sequence  of  numerals  counting-back  from  100.  Warren's  ikonic  representation  was  related  to 
his  concentration  on  counting  "by  ones"  with  the  marks  representing  his  internal  process  of  counting  on 
by  ones.  Further  evidence  from  Warren's  protocol  revealed  his  ability  to  count  in  threes,  but  his  mental 
image  of  this  remained  ikonic  rather  than  seeing  numerals.  In  contrast,  Joshua  was  able  to  elaborate  on 
his  drawing  by  counting  forwards  and  backwards,  grouping  in  tens  and  using  multiple  counting 
efficiently.  We  inferred  a  high  level  of  structural  development  from  these  examples.  Cassie  (Figure7) 
wrote  the  numerals  in  counting  sequence  in  a  spiral  configuration  initially  and  then  became  random  in 
sequence  and  spatial  setting.  From  this  we  inferred  an  internal  representation  with  a  non-conventional 
structure  of  the  number  sequence.  The  structure  in  Kimberley's  recording  (Figure  8)  was  more  explicit 
as  she  saw  numbers  in  groups  of  ten,  but  could  not  identify  the  general  structure  explaining  her  drawing 
as  "just  circles". 


Figures  9  and  10  show  drawings  made  by  Mellissa  and  Robert,  both  from  Grade  2. 


Figure  9  Mellissa  (Grade  2) 


Figure  10  Robert  (Grade  2) 
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Mcllissa  (Figure  9)  drew  ten  ten-rods  to  produce  another  ikonic  rcprcsentation  of  grouping  in  tens.  This 
gives  evidence  of  a  highly  structural  imagistic  internal  representation  for  the  developing  numeration 
system.  Robert  (Figure  10)  drew  a  square  and  subdivided  rows  of  separate  squares,  each  square  not 
being  aligned  to  adjacent  squares,  and  then  recorded  numerals  for  the  numbers  in  squares,  1  to  17  being 
in  the  first  row.  This  partial  array  displays  an  emerging  notational  structure,  but  Robert  showed  further 
evidence  of  difficulty  with  using  ten  as  an  iterable  unit,  saying  "you  just  put  the  numbers  in  the  boxes 
as  far  as  you  can  go...  and  you  count  in  ones". 

(»')  The  static  or  dynamic  nature  of  the  image  was  defined  according  to  whether  the  recordings  and  the 
children's  explanations  of  their  representations  described  fixed  or  moving  (or  changing)  entities.  In  the 
cross-sectional  sample  3%  of  the  children  displayed  dynamic  images  of  the  number  sequence  and  in  the 
sample  of  high  achieving  children  10%  had  dynamic  images.  Examples  of  dynamic  images  included 
numerals  flashing  one  at  a  time,  groups  of  numerals  moving  around,  and  numerals  rolling  down. 
Figures  1 1  and  12  show  drawings  produces  by  Jane  (Grade  1)  from  the  cross-sectional  sample,  and 
David  (Grade  4)  from  the  high  ability  sample. 
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Figure  1 1  Jane  (Grade  I )  figure  1 2  David  (Grade  4) 

Nik  (Grade  4)  from  the  high  ability  sample  explained  that  "big  thick  numbers  were  flashing  and  flying 
past,  each  taking  2  seconds"  and  indicated  that  all  the  numbers  would  have  come  if  he  had  closed  his 
eyes  for  long  enough.  Jane  (Figure  1 1)  recorded  the  number  sequence  using  conventional  notation  but 
explained  that  she  saw  the  numbers  moving  in  a  spiral  formation  "going  on  forever".  Some  evidence  of 
a  developing  system  of  grouping  by  tens  was  revealed  in  her  segments  of  number  strings  in  tens  (e.g. 
71-80.81-90).  David's  picture  (Figure  12)  showed  numerals  flashing  one  at  a  time,  multiple  counting 
in  fives,  up  to  100.  This  dynamic  notational  model  gave  evidence  of  an  emerging  structure  for  the 
system  of  numeration.  The  formal  notations  of  Jane,  Nik  and  David  were  organised  imagistically  in  a 
non-conventional  manner.  Analysis  of  their  protocols  showed  that  these  images  were  highly  creative 
and  unrelated  to  these  children's  conventional  experiences  in  the  classroom. 
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Conclusions  and  Limitations 


We  would  ultimately  like  to  be  able  to  describe  in  detail  children's  internal  representations  of  the 
numeration  system,  and  how  these  representations  develop.  From  the  external  representations 
produced  by  the  children,  we  have  attempted  to  infer  aspects  of  their  internal  representation,  and  from 
this  in  turn  to  infer  some  description  of  the  structural  development  of  the  system  that  has  taken  place. 
We  found  in  general  a  wider  diversity  of  representations  of  the  counting  sequence  1-100  than  might 
have  been  expected.  This  diversity  occurred  at  each  grade  level,  and  across  both  samples.  We  found 
evidence  that  the  children's  internal  representations  of  numbers  are  highly  imagistic,  and  that  their 
imagistic  configurations  embody  structural  development  of  the  number  system  to  widely  varying 
extents,  and  often  in  unconventional  ways.  We  saw  instances  in  which  the  formal  notational  symbols 
are  organized  imagistically,  as  in  Jane's  spiral  and  David's  flashing  numerals. 

It  should  be  noted  that  we  have  described  only  the  children's  spontaneous  responses  to  the 
visualization  task  as  presented  to  them.  Other  responses  might  have  occurred  if  the  children  had  been 
prompted--for  example,  to  write  numbers  in  rows,  to  imagine  moving  numbers,  or  to  group  the 
numbers  in  tens.  Other  representations  may  have  been  available  to  the  children,  with  just  one  of 
several  possible  internal  image  configurations  having  been  selected  for  recording  or  elaboration.  Thus 
we  are  probably  gaining  but  a  partial  description  of  each  child's  internal  representational  capabilities. 

Many  questions  are  raised  but  unanswered.  Why  do  some  children  develop  powerful  systems 
of  numeration,  while  some  develop  misconceptions?  Why  do  some  have  the  capability  of 
spontaneously  visualizing  the  counting  sequence  in  a  dynamic  way?  Can  static  external  representations 
represent  ("carry  the  meaning")  of  dynamic  internal  representations?  Further  research  is  needed  to 
shed  light  on  how  children  construct  their  personal  -imeration  systems,  and  how  they  structure  them 
over  time.  We  hypothesize  that  the  further-developed  is  the  structure  of  a  child's  internal 
representational  system  for  the  counting  numbers  (e.g.,  kinaesthetic,  auditory,  or  visual/spatial 
representation  of  the  counting  sequence  that  embodies  grouping-by-tens),  the  more  coherent  and  well- 
organized  will  be  the  child's  externally-produced  representations,  and  the  wider  will  be  its  range  of 
numerical  understandings. 
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WORKING  TOGETHER  FOR  CHANGE 
Colleen  Goldstein.  Phillip  Mnisi  and  Pam  Rodweil 
Maths  Centre  for  Primary  Teachers,  Johannesburg,  South  Africa 

South  Africa,  in  its  search  for  transformation  to  a  more  just  society,  stands  at  a  critical  crossroad 
changes  can  be  controlled  by  the  existing  power  structures  (albeit  with  a  new  face)  or  they  can  be 
directed  by  the  needs  of  those  whose  lives  will  be  affected.  This  paper  outlines  a  mathematics 
research  programme,  which  seeks  to  develop  a  participatory  model  for  curriculum  and 
professional  development  that  is  feasible  and  sustainable  within  prevailing  South  African 
conditions.  The  project  supports  junior  primary  teachers  in  moving  from  current  ubiquitous 
authoritarian  and  rote  teaching  methods  to  methods  which  enable  teachers  and  pupils  to 
construct  their  own  knowledge.  Action  lesearch  has  guided  all  levels  of  the  programme,  ranging 
from  macro  concerns  regarding  the  direction  of  development  of  the  project  as  a  whole,  to  micro 
concerns  such  as  the  nature  of  classroom  interventions.  Video  excerpts  will  be  shown. 

INTRODUCTION 

Current  attitudes  to  curriculum  policy  in  South  Africa  are  dominated  by  rationalist, 
linear  approaches  (Samuel  &  Naidco.  1992)  where  policy  emanates  from  elite  experts 
(government  agencies  or  universities).  They  research,  evaluate  and  develop  curricula, 
and  expect  unquestioned  implementation.  We  believe  that  such  approaches  are  not 
appropriate  or  effective,  particularly  within  the  current  South  African  situation.  Our 
concerns  centre  around  three  broad  areas: 
1.  Socio-Political  Concerns:  Need  for  Redress 

Top-down  structures  function  to  create  and  maintain  hegemony  for  the  dominant 
group  (Fasheh,  1990).  This  has  been  particularly  evident  in  South  Africa  where  apartheid 
education  was  explicitly  engineered  to  create  minority  group  control  and  provide  inferior 
education  for  the  majority  in  order  to  sustain  their  position  of  social,  political  and  economic 
subjugation.  Different  sections  of  the  South  African  community  have  been  :->  r;osed  to 
vastly  different  educational  experiences,  particularly  in  terms  of  access  to  resourrv 

The  debacle  of  Bantu  Education  has  left  a  legacy  of  overcrowded  under-equippc" 
classes;  teachers  whose  education,  training  and  confidence  has  been  ui,dermin»:-  jna 
children  who  have  been  denied  the  opportunity  to  develop  ti<eir  full  potential.  These 
conditions  combine  with  rigid,  authoritarian  teaching  methods  to  produce  a  double 
depression  of  achievement  levels  in  DET  schools. 


One  response  has  been  to  regard  apartheid  curricula  as  foreign  constructs  and  an 
integral  part  of  the  structure  of  oppression.  This  has  resulted  in  rejection  and  alienation. 
Many  teachers  and  parents  in  disadvantaged  groups  see  the  solution  in  terms  of  redress. 
They  enshrine  the  authority  of  the  dominant  culture  and  attempt  to  appropriate  it:  they 
believe  that  given  the  same  facilities  as  white  schools,  all  will  be  well.  This  leads  to  a  call 
for  good  transmission  teaching  in  well  resourced  classrooms,  meeting  the  demands  of 
existing  authoritarian,  top-down  structures  and  syllabi.  A  symptom  of  this  belief  is  that, 
since  the  removal  of  restrictions  on  racial  enrolments  in  schools,  township  children  are 
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flocking  to  white  schools. 

However,  there  is  much  evidence  in  Africa  that  merely  increasing  educational 
budgets  does  not,  in  itself,  improve  the  education  of  previously  deprived  groups  (Putsoa. 
Unpublished  Address.  S.  A.  Association  for  Research  in  Maths  and  Science  Ed.,  1993). 

2.  Educational  Concerns 

Even  within  the  most  advantaged  sections  of  the  community,  there  is  a  great  deal 
of  dissatisfaction  with  the  limited  educational  outcomes  of  present  "expert  designed" 
curricula  and  teaching  practices,  particularly  in  science  and  mathematics.  Within 
marginalised  communities  failure  in  these  subjects  is  endemic  and  they  have  been 
"identified  as  clear  markers  of  the  elitist  society  and  the  province  of  the  culturally  and 
academically  advantaged"  (Goldstein,  Mnisi  &  Tshongwe,  1993). 

A  major  concern  has  been  that  top-down  curricula  centre  around  the  interests  of 
universities  and,  to  some  extent,  industry.  They  do  not  address  the  circumstances  and 
needs  of  learners.  The  exact  direction  which  future  practices  should  take  is  under  debate, 
but  various  methodologies  based  on  constructivist  thought  are  gaining  increasing  support 
because  they  hold  promise  for  developing  flexible,  reflective  learners  better  able  to  meet 
the  challenges  of  a  changing  society. 

Since  constructivist  theory  holds  that  individuals  must  construct  their  own 
knowledge,  it  supports  practices  which  iocate  responsibility  for  a  great  deal  of  what  and 
how  children  learn  firmly  within  the  classroom  itself.  This  is  not  to  suggest  that  outside 
researchers  should  be  excluded  but  rather  that  researchers  and  teachers  should  become 
interdependent  and  link  their  expertise.  Elmore  and  Sykes  (pg.  202,  1992)  point  out. 

..  .  policy  is  reasonably  effective  in  determining  the  broad  content  of  the  school 
curriculum  But  as  the  aims  of  policy  become  more  ambitious  -  to  introduce  new 
conceptions  of  content,  to  jointly  influence  curriculum  and  instruction,  to  change  what 
teachers  and  students  know,  believe,  and  choose  to  work  on  together  -  then  the  limits  of 
policy  emerge. 

3.  Teacher  Development  Concerns 

We  argue  that  bureaucratic  curricula  which  dictate  to  teachers  disempower  them 
since  they  generate  a  "culture  of  non-participation"  (Samuel  &  Naidoo,  1992)  in  curriculum 
development.  This  in  turn  strongly  mitigates  against  the  implementation  of  change.  Once 
again  this  is  particularly  evident  in  South  Africa.  Our  discussions  with  local  teachers  have 
highlighted  pervasive  beliefs  which  serve  as  strong  barriers  to  implementation  of 
curriculum  change.  These  include  beliefs  that  within  the  constraints  of  their  authoritarian 
work  structure,  their  under-resourced  classrooms,  and  their  poor  educational  background 
they  are  ill-equipped  to  effect  change. 

Our  classroom  observations  of  local  teachers  indicate  that  these  attitudinal  barriers 
lead  them  to  filter  the  mandated  curriculum  through  the  sieve  of  their  established 
practices  and  attitudes:  unless  they  understand  and  support  proposed  changes  they, 
consciously  or  unconsciously,  remould  them  to  fit  established  practices.  For  example, 
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teachers  expressed  great  enthusiasm  when  first  introduced  to  mathematical  games  and 
equipment.  However,  we  observed  that  during  their  initial  classroom  implementation,  they 
rigidly  structured  children's  interaction  with  the  equipment,  so  that  it  had  merely  become  a 
medium  for  new  rote  practices. 

MOVING  TOWARDS  CHANGE 
1.  Government 

In  1978,  of  the  14  398  lower  primary  teachers  working  for  the  DET  (Department  of 
Education  and  Training,  responsible  for  so-called  "black"  education  under  the  Apartheid 
Government)  only  207  had  at  least  a  matric  plus  a  teaching  qualification.  As  the  world's 
attention  focused  negatively  on  such  statistics,  a  major  government  response  was  to 

pressure  teachers  to  upgrade  their  paper  qualifications. 

The  feverish  academic  paper  chase  which  resulted  may  have  mom  negative  than  positive 
outcomes  Courses  remove  teachers  from  their  classrooms  and  deprive  them  of  thinking 
and  preparation  time.  Teachers  popularly  choose  'soft  option'  subjects  which  bear  no 
relation  to  classroom  practice. 

Goldstein  &  Rodwell,  1993 
Gordon,  Goldstein  &  Rodwell  (1989)  point  out  that  this  strategy  raises  many 
queries  concerning  the  relationship  between  qualifications  and  competence,  particularly 
for  experienced  teachers  who  are  now  considered  to  be  "unqualified"  in  terms  of 
promotion  and  wage  increases.  Hartshorne  (1992)  sums  up  present  government 

endeavours  on  in-service  training  as  follows:  . 
From  a  more  fundamental  viewpoint  of  the  improvement  of  classroom  practice...  it  is 
doubtful  whether  the  centralised,  top-down,  efficiency  approach  has  contnbuted  positively 
to  the  regeneration  of  either  the  school  or  the  teacher. 

2.  Other  Agencies 

The  violent  explosions  of  disaffection  since  1976  have  brought  an  increasing 
number  of  players  into  the  field.  A  groundswell  of  nongovernment  education 
organisations  (NGEOs)  has  sprung  up.  The  challenge  for  these  NGEOs  has  been  to 
counter  the  negative  effects  of  the  paper  chase.  They  have  sought  ways  to  effect  and 
sustain  meaningful  change  in  classroom  practice,  in  the  face  of  limited  resources  as  well 
as  "their  lack  of  authority  to  institutionalise  their  work  in  recognised  educational 
frameworks"  (Hof  meyr,  1 991 ). 

A  further  limitation  has  been  that  many  agencies  have  come  to  schools  with  their 
own  agenda  and  usually  with  pre-packaged  solutions.  Teachers  have  been  overwhelmed, 
confused  and  frustrated  by  this  myriad  of  conflicting  interventions  which,  therefore,  do  not 
have  grass  roots  support.  Meso  (unpublished  action  research  into  effective  school  entry 
points  for  NGEOs.  1993)  describes  how  teachers'  perceptions  and  belief  systems  impact 
negatively  on  their  identification  with  programmes.  She  reports  that  most  teachers 
participate  under  false  pretences,  and  for  wrong  reasons:  they  take  part  on  instruction 

0  -11- 

ERIC  667 


from  above,  to  gain  access  to  the  materials  on  offer,  or  out  of  courtesy.  They  identify  the 
projects  .with  the  existing  power  structures  and  perceive  them  as  businesses  which  come 
into  schools  either  to  make  money  or  to  conduct  research  for  their  own  purposes. 

Particularly  relevant  to  the  South  African  situation  is  Gordon's  (1993)  examination 
and  critique  of  the  aims  and  practices  of  selected  (international)  mathematics  programmes 
working  within  the  constructivist  paradigm.  She  states: 

...practices  underwritten  by  certain  of  the  programmes  support  narrowly  defined 
educational  agendas.  In  the  main  political  aims  remain  hidden  as  programmes  are  silent 
on  the  success  of  their  strategies  to  reduce  class,  race  and  gender  inequities  in  access 
and  achievement.  It  therefore  appears  that  few  constructivist  programmes  have  the 
potential  to  radically  transform  classroom  practice,  at  least  in  the  domain  of  redressing 
current  inequities  regarding  race  and  gender. 

An  alternative  view  to  finding  solutions  calls  for  a  total  restructuring  of  society  to 
create  an  environment  which  will  enable  people  to  develop  structures  to  meet  their  needs. 
In  a  country  whose  economy  has  been  ravaged  by  greed  and  self  interest,  the 
implications  of  such  restructuring  are  overwhelming.  "A  future  democratic  South  Africa  will 
have  fewer  resources  than  necessary  to  advance  all  the  development  needs  of  the 
country."  (Naidoo  &  Golombik,  1993).  The  driving  question,  therefore,  becomes  how  best 
to  utilise  our  available  resources. 

So,  in  order  to  find  a  way  forward  for  mathematics  education  in  South  Africa,  we 
have  to  work  on  four  fronts:  firstly,  find  a  new  and  enabling  way  of  teaching  maths; 
secondly,  make  it  work  within  the  realities  of  the  prevailing  South  African  context;  thirdly, 
help  teachers  to  make  the  cognitive  and  attitudinal  shifts  necessary  to  embrace  new 
practices,  thereby  assuming  ownership;  and  fourthly,  redress  inequalities. 

In  the  rest  of  this  paper  we  will  present,  through  a  case  study,  attempts  of  the 
Maths  Centre  for  Primary  Teachers  (MCPT)  to  develop  an  alternative  in-service  model, 
taking  the  above  considerations  into  account,  and  linking  practitioner  and  researcher  in 
curriculum  development.  We  argue  that  for  change  in  classroom  practice  to  be  meaningful 
and  sustained,  programmes  should  be  built  up  in  an  integrative  and  participatory  manner 
in  order  to  locate  ownership  within  the  community  of  educators.  Together  with  teachers, 
we  are  attempting  to  develop  a  "home-grown"  set  of  teaching  practices,  based  on 
constructivist  thought,  which  will  give  broad  access  within  current  conditions. 

THE  CASE  HISTORY 

The  MCPT  seeks  to  help  junior  primary  teachers  from  under-resourced 
communities  improve  their  own  maths  competence  and  teaching  practice.  During  the  eight 
years  of  its  existence  the  project  has  made  three  major  changes  in  its  intervention  model 
based  on  ongoing  action  research  which  is  an  integral  aspect  of  the  programme.  The 
progression  from  one  model  to  the  next  has,  therefore,  not  been  arbitrary  but  has  been 
informed  by  observation,  reflection  and  critical  analysis  on  the  part  of  both  the  MCPT  staff 
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and  participating  teachers.  "Each  new  conceptualisation  has  added  another  dimension  to 
the  approach"  (Volmink,  1993). 

Our  initial  computer-based  tutorial  model,  intended  to  improve  teachers' 
mathematics,  was  soon  abandoned  when  it  became  apparent  that  it  could  not  deal  with 
their  conceptual  difficulties,  with  respect  to  both  mathematics  and  teaching  methods.  On 
the  contrary,  the  drill-and-practice  programmes  fed  into  old  didactic  approaches. 

We  changed  to  using  modelling  strategies  which  mirrored  targeted  classroom 
changes.  During  workshops,  in  small  collaborative  groups,  teachers  were  encouraged  to 
grapple  with  mathematical  problems  and  investigations,  and  devise  and  practise  methods 
of  dealing  with  them  in  the  classroom.  MCPT  staff  modelled  facilitation  strategies  which 
helped  teachers  reconstruct  their  ideas  about  mathematics  and  how  to  teach  it. 

In  terms  of  personal  development  this  was  effective.  Teachers  were  excited  about 
their  growing  mathematical  empowerment.  They  became  progressively  more  able  to 
extract  and  reflect  on  teaching  implications  such  as  the  need  to  replace  "telling"  practices 
with  "questioning"  practices;  to  set  up  appropriate  problem  solving  opportunities;  use 
concrete  materials:  value  individual  problem  solving  strategies;  harness  the  power  of 
collaborative  work  and  critical  exchange  of  ideas:  change  classroom  organisation;  and 
deal  constructively  with  pupils'  misconceptions. 

However,  we  observed  that  these  selfsame  teachers  regressed  to  established 
patterns  at  the  chalk  front.  They  could  not  visualise  how  to  bridge  the  gap  between  their 
workshop  insights  and  their  classroom  practices;  they  lacked  the  confidence  to  challenge 
existing  structures;  they  feared  that  the  new  methods  were  overly  time  consuming  and 
would  prevent  them  from  completing  the  overloaded  syllabus.  It  became  apparent  that 
more  direct  intervention  was  necessary  to  carry  the  changes  through  to  the  children.  We 
would  have  to  take  the  approach  into  the  classrooms  to  prove  to  ourselves  and  the 
teachers  that  it  could  be  effective  in  spite  of  prevailing  conditions. 

We  needed  to  work  alongside  the  teachers  in  their  classroom,  face  the  problems  together 
and  find  local  solutions.  We  used  the  investigative  approach  itself  to  surmount  difficulties. 
In  this  way.  we.  with  the  teachers,  arrived  at  solutions  and  ways  of  working  mvestigatively 


From  our  reflections  on  our  classroom  experiences  the  MCPT  is  evolving  a  model 
which  involves  participants  simultaneously  in  personal  development  and  in  the  growth  of  a 
different  culture  and  practice  of  teaching  and  learning.  Presently  the  model  is 
conceptualised  in  four  broad  stages  (which  overlap  considerably  in  practice): 

MODEL  FOR  SCHOOL-BASED  APPROACH 

Pti«M  1:  Information  Phis*  (usually  about  2-4  weeks) 

Aim: 

1 .  To  sensitise  teachers  to  the  need  for  change  in  learning  and  teaching  styles. 
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2.  To  expose  teachers  to  investigative  methods  as  possible  alternatives  to  current 
methods. 

3.  To  initiate  the  establishment  of  intra-school  structures  to  sustain  new  practices  once 
the  project  has  withdrawn. 

Methods  used: 

1.  Modelling,  through  demonstration  lessons  to  groups  of  teachers:  incorporates 
alternative  methods  such  as  investigations:  "questioning  techniques";  group  work; 
uses  simple,  available  equipment;  supports  individual  problem  solving  strategies. 

2.  Initiating  reflective  practices,  through  introducing  teachers  to  the  concept  of  the  action 
cycle,  collaborative  reflection  on  class  experiences,  facilitating  journalling. 

3.  Initiating  collaboration  between  teachers,  through  sharing  of  experiences  and 
expertise  during  discussion  and  video  workshops. 

Phase  2:  Classroom  Practice  Phase  (about  3  months) 

Aim:  To  provide  teachers  with  specific,  intensive,  practical  experiences  of  investigative 
work  in  their  own  classes  in  order  to: 

1 .  Facilitate  the  creation  of  the  necessary  classroom  ethos  to  enable  children  to  construct 
knowledge. 

2.  Facilitate  teachers  in  evaluating  how  their  own  class  explores  and  develops  a  single 
mathematics  concept/topic. 

3.  Enable  teachers  to  take  ownership  of  the  changes. 
Methods  used: 

This  phase  grows  out  of  phase  1  and  the  methods  are  similar  except  that  the  initiative  is 
progressively  shifted  to  the  teacher  who  ultimately  directs  classroom  activities. 
Collaborative  work  among  teachers  is  strongly  supported. 
Phase  3:  Gradual  Withdrawal  Stage  (varies) 

Aim.  To  hand  over  the  project  to  the  school,  which  has  access  to  the  MCPT  as  required. 
Methods  used: 

1.  Gradual,  negotiated  withdrawal:  joint  decision  between  teacher  and  MCPT  about 
nature  and  extent  of  future  support. 

2.  Strengthening  of  intra-school  structures  by  continuing  workshops  but  handing  over 
organisational  responsibilities  to  the  teachers. 

Phase  4:  Building  a  Local  Educative  Community 

Aim: 

1 .  To  draw  together  local  schools  in  an  educative  community  which  will  independently 
sustain  and  spread  change  in  its  area. 

2.  To  offer  the  MCPTs  expertise  to  the  community  as  teachers  feel  the  need  to  develop 
their  own  maths  and  teaching  skills  further. 

Methods  used: 
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1 .  Complete  withdrawal  from  classrooms  unless  invited  to  deal  with  a  particular  issue. 

2.  MCPT  initiates  and  supports  continued  contact  between  a  cluster  of  local  schools. 

3.  Joint  organisation  (MCPT  and  community)  of  local  workshops  dealing  with 
mathematical  content,  or  pertinent  issues  such  as  evaluation. 

4.  MCPT  available  to  assist  with  maths  days,  maths  competitions  etc. 

This  classroom  based  approach  is  ongoing  and  we  are  finding  it  to  be  a  powerful 
way  of  assisting  individual  teachers  to  become  reflective  practitioners.  In  her  journal,  a 
staff  member  points  out  that,  'Teachers  move  from  a  fascination  with  keeping  up  to  date 
with  the  syllabus,  to  a  realisation  for  the  need  for  more  time  to  be  spent  on  concept 
development"  (Volmink,  1993).  Speaking  of  change  in  one  teacher,  she  comments,  "She 
moved  from  being  bored  and  authoritarian  to  being  capable  of  organising  group  work  and 
asking  open  questions".  One  teacher  expressed  the  realisation  that  she  and  her  children 
were  as  capable  as  any  of  their  more  advantaged  peers  as  follows:  "I  never  knew  my 
children  could  be  so  clever.  They  don't  need  to  go  to  white  schools.  We  are  better." 
Referring  to  the  progress  of  a  group  of  first  grade  children  previously  identified  as  non- 
achievers,  arother  st-'<  r  omber  says: 

Both  teacher  X  and  I  have  been  amazed  at  how  much  the  children  have  extracted  from 
the  workcards.  and  how  much  independence  they  have  developed.  The  fact  that  they  are 
coping  with  the  task  and  understanding  its  demands  seems  to  have  given  them  a  great 
deal  of  confidence. 

Phases  1  and  2  serve  as  a  research  base  for  developing  principles  of  effective 
implementation,  but  are  very  cost  and  labour  intensive.  We  realise  that  if  we  are  to 
become  an  agent  fa  substantial  change  within  the  country,  we  must  find  ways  to  provide 
broader  access  to  our  work.  The  community  building  phase  is  embryonic,  having  been 
conceived  towards  the  end  of  1993  and  introduced  in  only  two  schools.  However,  it  is 
already  showing  promise  of  helping  to  meet  the  great  challenge  of  sustaining  and 
spreading  our  work.  One  of  the  teachers  in  these  schools  informed  his  colleagues,  'This 
(experience)  has  changed  my  way  of  teaching  all  subixts.  I  will  never  go  back  to  my  old 
ways.  I  will  try  and  help  others  to  change." 

Our  other  vehicles  for  replication  have  proved  to  be  extremely  effective,  not  only  in 
spreading  our  work  but  in  giving  teachers  a  vision  of  how  they  can  become  active 
stakeholders  and  participants  in  curriculum  tranformation.  Teachers'  and  children's  ideas 
are  depicted  in  a  series  of  text  booklets  being  developed  by  the  MCPT.  Classroom 
experiences  are  also  shared  through  our  newsletter  which  is  broadly  disseminated. 
Appropriate,  cost  effective  equipment,  devised  and  trialed  in  conjunction  with  teachers,  is 
also  available  from  the  MCPT. 

Probably  our  most  powerful  tools  are  our  videos.  We  have  argued  that  for 
strategies  to  be  effective  they  should  exemplify  the  constructivist  message,  both  in  the 
way  they  are  made  and  the  way  they  are  used.  (Goldstein  et  al,  1993)  Our  videos  (four 
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are  currently  available)  are,  therefore,  produced  collaboratively  by  volunteer  teachers  and 
small  MCPT  teams.  Together  they  construct  an  approach  to  an  aspect  of  the  syllabus.  No 
script  is  written.  Rather,  the  video  sets  out  to  capture  the  teacher's  genuine  attempt  to 
implement  the  approach  within  the  constraints  of  a  large  class.  Since  the  videos  emanate 
from  familiar  and  relevant  contexts,  teachers  identify  strongly  with  them  and  we  are 
gathering  considerable  ethnographic  data  which  indicate  that  this  identification  is  being 
translated  into  action  (see  Goldstein  et  al,  1993). 

Furthermore  our  video  workshops  are  creating  space  for  debate  on  critical 
educational  issues.  Volmink  (1993),  in  his  evaluation  of  the  MCPTs  work,  states,  'The 
MCPT  videos  are  amongst  the  best  documentation  on  participatory  curriculum 
development  available  in  the  country". 


CONCLUSION 

Our  experiences  during  the  past  eight  years  have  led  us  to  a  participatory  model  of 
professional  and  curriculum  development  which  we  believe  to  be  pertinent,  feasible  and 
sustainable  in  present  South  African  conditions.  We  also  believe  that  the  model  has 
relevance  for  other  countries,  particularly  developing  countries.  The  challenge  for  1994  is 
to  convince  a  new  government  that  this,  rather  than  old,  familiar  and  seemingly  more 
simple  top-down  practices,  will  form  an  effective  basis  for  educational  upliftment  in  a 
democratic  society. 
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SOCIAL  NORM:  THE  KEY  TO  EFFECTIVENESS  IN  COOPERATIVE  SMALL 
GROUPS  AND  WHOLE  CLASS  DISCUSSIONS  IN  MATHEMATICS  CLASSROOMS 


Zahra  Goova.  The  University  of  Shahld  Beheshty,  Iran 
Thomas  Schroeder,  State  University  of  New  York  at  Buffalo,  USA 

This  study  examines  the  social  norm  of  the  class  in  an  introduction  to  mathematics  course 
taught  by  the  first  author.  The  approach  to  the  instruction  was  teaching  mathematics  via 
problem  solving,  using  non-routine  problems.  The  instruction  was  based  on  metacognitive 
strategies  including  cooperative  small  groups,  whole-class  discussions,  and  journal 
writing.  The  study  follows  the  authors'  recommendations  for  more  research  on  the  nature 
and  effects  of  planned  and  documented  interventions  by  teachers  to  engage  students  in 
classroom  discourse  in  small  groups  and  whole  class  discussions.  Evidence  is  presented 
about  efforts  that  were  made  to  establish  a  suitable  social  norm  or  classroom  culture  to 
make  the  cooperative  work  in  small  groups  and  the  whole-class  discussion  effective,  and 
about  effects  of  those  efforts  on  learning  outcomes. 

In  a  previous  PME  research  report  (Schroeder,  Gooya,  &  Lin,  1993)  we  argued  that  research 
on  processes  in  cooperative  small  groups  should  consider  not  only  "naturally  occurring"  group 
process  but  also  the  effects  of  planned  interventions  designed  to  make  group  work  effective.  In  this 
paper  we  take  up  that  challenge  and  examine  the  social  norm  of  a  mathematics  class  in  which 
teaching  mathematics  via  problem  solving  and  metacognition-based  instruction  were  central 
(Gooya,  1992).  We  believe  that  in  order  to  establish  a  suitable  social  norm  in  their  classes  teachers 
must  make  efforts  to  understand  and  appreciate  their  students  and  must  adopt  roles  that  are 
conducive  to  and  supportive  of  the  classroom  culture  they  wish  to  establish. 

Theoretical  Foundations  and  Previous  Research 

There  is  broad  agreement  that  the  most  suitable  environment— or  "classroom  culture,"  as 
Davis  (1989)  calls  it — for  teaching  and  learning  mathematics,  is  one  which  is  natural,  relaxed,  and 
friendly,  but  also  business-like,  engaging,  and  thought  provoking.  A  number  of  mathematics 
educators  who  have  done  classroom-based  research  on  problem  solving  (e.g.,  Lester,  Garofalo,  & 
Kroll,  1989a,  1989b;  Raymond,  Santos,  &  Masingila,  1991;  Schoenfeld,  1985,  1987a,  1987b)  have 
concluded  that  appropriate  settings  can  help  students  become  more  aware  of  their  thinking 
processes  and  develop  positive  beliefs  about  mathematics.  For  example,  it  may  be  beneficial  for 
students  to  analyze  another  student's  behavior  while  solving  problems,  and  to  associate  themselves 
with  that  student's  thinking  when  solving  a  problem.  Schoenfeld  (1985;  1987a)  has  argued  for  the 
creation  of  a  "microcosm  of  mathematical  practice"  in  which  students  "do"  mathematics  in  a  way 
similar  to  the  way  that  mathematicians  do  mathematics.  Lester,  Garofalo  and  Kroll  (1989a) 
concluded  that  students'  beliefs  about  mathematics  are  mainly  shaped  by  classroom  instruction  and 
the  classroom  environment. 


The  literature  is  also  overflowing  with  research  findings  regarding  the  role  of  small  groups 
in  students'  learning  (e.g..  Dees,  1985;  Good,  Grouws,  &  Mason,  1990;  Maher,  &  Alston,  1985; 
Noddings,  1985;  Schoenfeld,  1989).  Although  there  is  a  great  deal  of  variation  in  the  ways  in  which 
different  researchers  and  teachers  have  used  small  groups  in  their  studies  and  their  classrooms, 
Vygotsky's  (1976)  ideas  have  given  a  strong  rationale  for  the  role  of  small  groups  in  students' 
development.  He  argued  that  working  in  collaboration  with  others  helps  students  to  reach  their 
"Zone  of  Proximal  Development"  (ZPD).  Vygotsky  (1962)  explained  that  a  student  might  be  able  to 
function  up  to  a  certain  level,  but  working  cooperatively  with  others  who  are  more  capable  might 
help  him  or  her  to  function  at  a  higher  level.  The  potential  ability  that  a  child  (or  person  at  any  age) 
has  and  that  could  be  cultivated  by  some  assistance  but  not  in  isolation,  is  the  ZPD.  (Also  see 
Schoenfeld,  1985,  1987a.) 

These  theoretical  perspectives  and  research  findings,  in  contrast  with  reports  such  as  that  of 
Stacey  (1992)  who  found  that  students  working  in  groups  did  not  necessarily  perform  better  on 
mathematical  problem  solving  than  students  working  individually,  support  our  views  (Schroeder, 
Gooya,  &  Lin,  1993)  about  the  need  to  create  an  appropriate  social  norm  in  order  to  increase  the 
chances  that  two  heads  will  be  better  than  one  in  a  mathematics  classroom.  Whether  students  arc 
working  in  cooperative  small  groups  or  engaging  in  a  whole-class  discussions  we  believe  that  the 
social  norm  of  the  classroom  can  have  a  crucial  impact  on  its  effectiveness  for  students,  both  in 
regard  to  what  they  learn  and  the  beliefs  they  develop.  Our  purpose  in  this  paper  is  to  examine  the 
efforts  made  by  the  instructor  of  a  mathematics  class  to  develop  a  suitable  social  norm  in  her  class 
and  to  seek  evidence  concerning  the  effects  of  those  efforts  on  both  the  social  norm  of  the  class  and 
the  outcomes  for  individual  students. 

Research  Setting 

Gooya  (1992)  taught  an  introduction  to  mathematics  course  for  undergraduates  at  the 
University  of  British  Columbia.  One  thrust  of  her  teaching,  which  was  based  on  metacognitive 
strategies  and  teaching  mathematics  via  problem  solving  (Schroeder  &  Lester,  1989),  was  the 
creation  of  a  social  norm  for  the  class  in  which  the  students  would  be  able  to  do  and  to  enjoy 
mathematics.  Her  purpose  was  to  show  the  students  that  as  the  teacher  she  was  not  the  authority  in 
the  class  who  was  always  "right."  On  the  contrary,  she  confronted  them  as  a  moderator,  facilitator, 
monitor,  friend,  and  role  model  who  is  also  fallible.  She  showed  the  students  that  she  too 
experiences  the  ecstasy  of  solving  a  problem  after  spending  lots  of  time  and  effort,  as  well  as  the 
agony  of  not  knowing  and  being  frustrated  and  confused.  She  talked  to  the  students  about  the  ways 
in  which  mathematicians  do  mathematics  to  come  up  with  world  shaking  ideas.  She  challenged  the 
myth  that  "some  people  have  it  and  some  people  don't"  concerning  mathematics.  Her  goal  was  to 
lead  students  to  believe  that  everyone  can  do  mathematics  to  some  extent  and  that  the  best  way  of 
doing  it  is  to  get  involved  and  take  responsibility  for  one's  own  learning. 

To  create  such  an  environment  required  her  as  teacher  to  adopt  a  role  very  different  from  the 
traditional  one,  but  it  was  not  easy  for  the  students  to  change  their  expectations  concerning  the 
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teacher's  role  in  class.  Many  of  them  wanted  to  be  told  what  to  do  all  the  time.  In  the  beginning,  a 
majority  of  them  preferred  "spoon  feeding"  instruction  since  they  were  used  to  being  taught  that 
way.  However,  work  in  small  groups  and  whole-class  discussions  helped  the  students  to  see  the 
dialectical  nature  of  mathematics;  it  helped  them  experience  mathematics  as  a  social  activity  that  is 
learned  through  social  interaction.  The  students  were  encouraged  to  create  and  to  do  mathematics 
by  and  for  themselves  without  relying  on  an  outside  authority,  the  teacher,  to  tell  them  what  to  do; 
and  to  value  the  process  of  doing  mathematics  rather  than  being  concerned  only  about  the  finished 
product,  the  "correct  answer."  Gooya  worked  hard  to  ensure  that  the  students  were  actively  involved 
in  all  the  class  activities  and  to  convince  them  that  their  participation  in  the  class  discussions  was 
indeed  beneficial  to  themselves  and  to  other  students.  As  in  most  typical  classes,  only  a  few 
students  were  really  engaged  in  the  class  discussions  in  the  beginning.  Sometimes  the  active 
involvement  of  those  students  and  the  strength  of  their  reasoning  intimidated  other  students,  and  a 
number  of  students  reflected  on  this  issue  in  their  journals.  They  asked  why,  since  those  students 
were  better  able  to  solve  the  problems  and  explain  them  to  others,  should  they  "waste"  the  class 
time  with  their  "wrong"  solutions  and  "inadequate"  explanations.  Gooya  responded  that  her  aim 
was  to  show  them  that  there  is  not  always  a  single  correct  way  of  solving  a  problem,  and  besides, 
everyone  would  leam  a  great  deal  from  each  others'  ideas  and  even  their  mistakes. 

Classroom  Interactions 

Instruction  was  based  on  the  students'  interactions  with  each  other  and  the  instructor  in  both 
the  whole-class  setting  and  in  small  groups.  It  took  a  long  time  and  a  lot  of  effort  to  get  the  students 
to  accept  that  it  would  be  worth  their  while  if  they  actively  took  part  in  the  discussions.  Some  of  the 
students  expressed  annoyance  and  frustration  with  the  noise  level  in  the  classroom.  In  their  journals, 
some  students  asked  for  less  interruption,  which  meant  little  or  no  questioning,  and  more  direct 
instruction  and  guidance  on  the  teacher's  part.  However,  Gooya  believed  if  the  students  began  to 
see  benefits,  they  would  like  the  idea  of  interacting  with  each  other  in  the  class.  Sometimes  students 
chose  to  work  by  themselves;  in  such  cases,  she  asked  them  repeatedly  to  work  in  *  group. 
Eventually,  working  in  small  groups  and  participating  in  whole-class  discussions  became  the  norm, 
and  most  students  felt  comfortable  participating  in  these  activities,  although  a  few  students  resisted. 
The  study  showed  that  bringing  about  changes  in  classroom  processes  requires  a  tremendous  effort 
.   on  the  part  of  both  students  and  instructor. 

To  illustrate  the  social  norm  of  the  classroom  and  to  portray  the  interactive  nature  of  the 
course  and  a  kind  of  environment  that  might  be  suitable  for  teaching  and  learning  mathematics,  we 
have  chosen  one  episode  based  on  video-tapes  of  the  class  and  Gooya's  reflective  journal.  In  the 
following  excerpts  from  the  interaction  in  class  (Gooya,  1992,  pp.  86-89),  the  teacher/researcher  is 
identified  as  "Zahra"  and  various  students  are  referred  to  using  pseudonyms.  On  that  day,  in  the 
fifth  week  of  the  course,  the  class  began  with  a  problem  designed  to  introduce  the  fundamental 
principle  of  counting.  The  problem,  "In  how  many  ways  can  you  answer  a  true/false  test  that  has 
three  questions?"  was  posed,  and  the  students  were  asked  to  spend  10  to  15  minutes  discussing  it  in 
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their  groups.  After  the  group  discussions,  every  group  presented  its  solution  attempts  to  the  class. 
The  instructor  recorded  all  the  ideas  suggested  while  the  students  were  presenting  them.  Then,  the 
class  as  a  whole  discussed  each  solution.  The  discussion  helped  the  class  to  reject  the  solutions  that 
did  not  make  sense  to  them  and  retain  those  which  did. 
.  Sandra:  26,  because  there  are  two  ways  of  answering  [each  question]. 
Zahra:   What  do  you  think  about  it  [asking  the  whole  class]? 
Nina:     It  sounds  mathematical  [every  one  laughs]. 

Jim:      I  don't  want  to  create  friction  here.  I  only  have  an  argument  against  it.  I  think  that's  the 

number  of  possible  answers  that  you  can  have  when  you  consider  [pause]  like  in  each  case 
you  are  only  allowed  to  have  three  answers  out  of  the  six  possibilities.  That's  [referring  to 
26]  suggesting  that  you  are  able  to  have  six  answers  out  of  six  possibilities.  But  you  have 
to  eliminate  three  because  of  the  fact  that  you  can  only  have  three  answers  in  such  an 
exam.  You  can't  have  for  example, ...  the  questions  cannot  be  [both]  True  and  False.  They 
either  have  to  be  True  or  False.  Does  that  make  any  sense?  I  don't  know  if  that's  clear. 
This  excerpt  shows  that  the  students  and  instructor  had  by  this  time  established  a  social 
norm  for  the  class  in  which  everyone  had  a  voice  and  they  all  respected  each  other's  opinions.  Jim's 
response  to  Sandra,  "I  don't  want  to  create  friction  here.  I  only  have  an  argument  against  it,"  is 
interesting  because  it  expresses  that  respect  while  focusing  on  the  meaning  of  the  situation.  After 
further  discussion  about  why  26  could  not  be  the  answer  to  the  problem  posed,  Zahra  continued. 
Zahra:   Now,  is  it  okay  to  say  that  this  one  [26]  is  not  correct?  [interrupted  by  Jim] 
Jim:      Sandra!  The  way  of  looking  at  it  would  be  to  say  that  if  you  want  to  look  at  the  number  of 
possibilities,  then  that  would  be  appropriate  . . .  because  then  you  would  have  six  T,  F,  T, 
F,  T,  F.  But  when  you  look  at  the  possible  answers,  then  you  have  to  do  it  with  three. 
Zahra:   How  different  are  they?  You  said  the  number  of  possibilities  and  [the]  number  of  answers. 
Jim:      What?  You  mean  the  distinction  that  I  made? 
Zahra:  Yes. 

Jim:      Well,  the  fact  is  that  there  are  six;  there  are  six  possible  responses:  T,  F,  T,  F,  T,  F . . . 

[pause] ...  but  you  can  have  [only]  one  answer  for  each  one.  So  that's  ...  yeah! 
Nina:     So  two  possibilities  for  each  question. 
Jim:      Yeah!  two  possibilities  for  each  question. 

Nina:     And  three  questions,  so  there  are  only  eight  possible  . . .  [interrupted  by  Jim] 
Jim:      I'm  only  trying  to  make  a  distinction  between  possibilities  and  answers.  You  can  only 
have  three  answers,  but  there  are  six  possibilities. 
This  interaction  shows  that  Jim  could  relate  to  Sandra  and  hypothesize  why  she  thought  of 
26  for  the  answer.  Although  it  would  have  been  possible  simply  to  tell  her  that  she  was  wrong  and 
let  that  be  the  end  of  it,  the  whole-class  discussion  gave  Sandra  a  chance  to  explore  her  confusion, 
rather  than  letting  those  ideas  go  underground  (Cobb,  1991).  Jim's  contribution  wa^  intended  to 
help  Sandra  realize  where  she  went  wrong,  and  Nina's  returned  the  focus  to  the  reality  of  True/False 
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questions  and  the  fact  that  they  can  only  be  answered  either  "True"  or  "False"  and  not  both.  Later 
Kent  extended  the  problem  to  an  exam  with  three  choices  (rather  than  only  two). 
Kent:     In  other  words,  [if]  you  can  say  True,  False,  or  True/False,  you  could!  Then  it  logically 

tells  us  that  there  are  three  possible  choices  and  three  questions,  then  it  would  be  33.  Am  1 
right? 
Class:  Yeah! 

Kail:     Okay,  then  it  seems  we've  got  some  principle  here.  ...  You  could  have  multiple  choice 
questions  with  five  possible  answers  and  three  questions,  then  we  have  5x5x5.  Three 
questions  and  five  possible  choices. 
Linn:     Are  you  saying  that  there  arc  three  choices? 

Kent:     No!  That  would  be  3  x  3  x  3.  [Kent  proceeded  to  explain  a  problem  with  five  questions 
and  five  answer  alternatives  very  clearly.  After  a  good  discussion  about  this  problem  he 
continued]  ...  Well,  I'm  just  trying  to  find  the  underlying  structure  of  the  logic  of  this  and 
seeing  if  I  plugged  in  other  numbers  from  different  questions  and  still  it  could  be  true. 
?Mhra:   So  26  doesn't  work  for  the  True  or  False  exam  with  three  questions? 
Kcm:     If  it  were  6  questions,  it  would! 
Patrick:  And  with  two  possible  responses  for  each  question. 

It  was  interesting  to  see  how  the  class  developed  their  understanding  of  the  counting 
principle.  Kent  tried  to  find  "some  principle  here,"  "the  underlying  structure  of  the  logic."  a  general 
pattern  that  would  apply  to  various  situations  involving  different  numbers. 

Later  in  the  discussion  Patrick  drew  attention  to  a  difference  between  the  solutions  to  these 
problems  (involving  the  number  of  possible  ways  of  responding  to  tests)  and  another  problem 
involving  the  number  of  choices  that  someone  could  make  using  five  shirts  and  three  pants.  Patrick 
argued  that  in  the  latter  problem  the  number  of  choices  was  5x3.  Although  both  problems  seemed 
to  involve  the  same  principle,  the  solutions  seemed  different  (because  the  one  involved  only 
multiplication  whereas  the  others  used  exponentiation).  Many  students  got  involved  in  the 
discussion  to  find  reasons  for  the  difference.  They  knew  there  were  two  choit    to  make  for  each 
one  of  the  three  questions,  therefore  the  total  number  of  choices  was  2x2x2,  and  the  same 
argument  for  the  number  of  choices  relating  to  five  shirts  and  three  pants  was  5x3.  However,  the 
presentation  of  a  solution  for  the  first  problem  (23,  that  was  also  suggested  by  the  students) 
confused  several  students,  including  Patrick.  Patrick  expected  to  have  the  same  form  for  the 
problem  involving  shirts  and  pants  since  they  both  had  the  same  underlying  structure.  The  instructor 
explained  to  the  students  that  23  was  only  a  short  cut  for  presenting  the  solution  to  the  problem,  and 
that  otherwise  they  did  exactly  the  same  thing  in  both  problems,  that  was  multiplying  the  number  of 
choices  for  each  question,  or  for  pants  and  for  shiit,  to  find  the  total  number  of  choices  to  be  made: 
23  =  2  x  2  x  2  ways  of  answering  3  questions  with  2  choices  for  each,  and  5  x  3  ways  of  combining 
5  shirts  and  3  pants. 

Solving  problems  like  these  might  not  take  more  than  five  minutes  in  a  traditional  class. 
However,  if  the  class  had  not  discussed  the  problem,  the  teacher/investigator  would  not  have 


realized  the  difficulties  that  students  were  facing  in  understanding  the  problem.  Although  it  might 
be  easier  to  introduce  the  concept  (in  this  case  the  counting  principle),  solve  a  few  examples 


similar  problems;  in  such  situations  Sandra's  answer  would  simply  be  "wrong"  and  the  "correct" 
answer  would  be  put  on  the  board  for  display,  and,  of  course,  students  would  copy  it  down  in  their 
notebooks. 


Although  the  mctacognition-bascd  instruction  and  the  class  environment  provided  an 
opportunity  for  the  students  to  express  their  ideas  freely  and  discuss  them  both  in  small  groups  and 
in  class,  only  a  few  problems  were  solved  in  each  class.  However,  many  mathematical  concepts 
were  developed  through  those  few  problems.  In  this  teaching  environment,  the  teacher  had  a  special 
role  to  play.  She  orchestrated  the  class  discussions  and  monitored  the  students'  work  in  small 
groups.  Creating  an  interactive  environment  in  which  students  actively  take  part  in  their  own 
mathematics  learning  and  preparing  appropriate  activities  requires  many  hours  of  hard  work  and 
continuous  reflection  about  what  is  going  on  in  the  class.  However,  Gooya's  study  shows  that  there 
are  good  reasons  to  believe  that  the  hard  work  will  pay  off  enormously,  and  that  it  can  add  much  joy 
to  mathematics  teaching  and  learning. 

There  is  much  evidence  in  the  study  leading  us  to  believe  that  the  students  left  the  class 
feeling  more  confidence  in  their  mathematical  understanding  and  believing  that  everyone  was 
capable  of  doing  mathematics  to  some  extent.  Increasing  self-confidence  and  self-reliance  were 
associated  with  increasing  participation  in  the  mctacognition-bascd  class  activities.  The  students 
also  learned  to  be  critical  regarding  mathematical  problems,  and  as  Ben  wrote  at  the  end  of  the  final 
exam:  "I  learned  to  never  accept  anything  without  asking  why.  ...  That's  the  best  thing  I've  learned 
from  this  course.  I  learned  to  learn.  I  got  my  confidence  back,  and  that's  just  great!" 

The  students  also  learned  to  assess  and  monitor  their  work,  and  to  make  appropriate 
decisions,  by  working  cooperatively  and  discussing  the  problems  in  small  groups.  They  were 
constantly  asked  the  three  questions  that  Schoenfeld  (1985a,  1987)  asked  his  students  while  they 
were  working  in  the  groups:  "What  are  you  doing?  Why  are  you  doing  it?  How  does  it  help?"  The 
teacher's  role  as  an  external  monitor  (cf.  Lester  et  al.,  1989)  was  to  coach  the  students  in  a  way 
similar  to  that  described  by  Schoenfeld  ( 1987),  helping  them  to  become  aware  of  their  own 
resources,  to  appreciate  them,  and  to  use  them  proficiently.  Small  groups  also  afforded  opportunities 
for  the  instructor  to  offer  the  students  a  variety  of  problem  solving  strategics  (heuristics). 

The  students  were  asked  to  share  their  thoughts  about  given  problems  with  the  whole  class 
after  spending  between  ten  and  twenty  minutes  discussing  them  in  their  groups.  The  teacher  did  not 
try  to  lead  the  students  to  any  particular  solution.  On  the  contrary,  she  constantly  encouraged  them 
to  come  up  with  as  many  different  ideas  about  solving  the  problems  as  they  could.  They  were 
expected  to  participate  in  the  class  discussions  and  be  actively  involved  in  the  process  of  solving  the 
problems.  The  teacher's  role  at  this  stage  was  to  coordinate  the  discussions,  to  help  the  students  to 


showing  the  class  how  to  apply  certain  rules  and  formulas,  and  then  ask  students  to  solve  a  list  of 


Discussion 


—  22  — 


utilize  what  they  knew,  and  to  help  them  become  more  reflective.  The  students'  responsibility  was 
to  try  to  make  sense  of  the  problems,  to  speculate,  to  make  conjectures,  and  to  justify  them.  In  these 
ways,  the  class  discussions  helped  them  a  great  deal  to  become  more  self-regulated  and  better 
decision  makers. 

However,  sometimes  nothing  seemed  to  work,  and  no  approach  yielded  a  solution.  Since 
this  could  lead  to  the  students'  frustration  and  disappointment,  in  such  instances  Gooya  took  control 
of  the  class  discussions  by  summing  up  what  went  on  in  those  sessions.  Her  intention  was  to  help 
the  students  realize  why  they  had  gotten  nowhere,  what  possibly  had  gone  wrong,  and  what  could 
be  done.  This  tactic  helped  them  to  see  both  the  pitfalls  and  the  light,  through  the  awareness  and  the 
knowledge  that  they  gained  by  examining  the  different  approaches  to  the  pioblcm.  Then  they  were 
in  a  better  position  to  put  everything  in  perspective  and  decide  what  to  do  to  solve  the  problems.  All 
these  events  served  as  a  vehicle  lo  promote  self-regulation. 

Concluding  remarks 

The  teacher's  role  in  creating  a  suitable  social  norm  is  crucial,  especially  in  small-group 
work.  The  instructor  should  ensure  that  every  single  student  is  engaged  in  mathematical  activities  in 
the  groups.  We  believe  that  working  in  small  groups  will  be  effective  if  and  only  if  all  the  students 
are  negotiating  the  meaning  of  the  material  they  arc  working  on.  The  students  have  to  take  the 
responsibility  to  make  reasonable  decisions  after  discussing  the  problems  in  their  groups.  Of  course, 
there  is  always  a  tendency  in  group  work  for  some  members  to  follow  the  others  passively  without 
being  involved  in  the  meaning-making  process.  To  avoid  such  situations,  we  believe  that  teachers 
should  reserve  the  right  to  intervene  and  to  make  sure  that  everyone  knows  his  or  her  own 
responsibility.  However,  it  takes  even  more  effort  to  establish  a  social  norm  for  whole-class 
discussions,  since  every  student  needs  to  feel  comfortable  getting  actively  involved  in  the  meaning- 
making  processes,  and  eventually  becoming  more  self-regulaied  and  a  better  problem  solver.  Much 
more  research  is  needed  to  document  the  norms  for  discourse  established  in  mathematics 
classrooms,  and  to  investigate  the  ways  in  which  teachers  interacting  with  students  can  create  a 
classroom  culture-a  social  norm-that  makes  cooperative  small  group  work  and  whole  class 
discussions  productive,  that  facilitates  students'  understanding  of  mathematics,  and  that  makes  the 
teaching  and  learning  of  mathematics  more  meaningful,  fun,  and  enjoyable. 
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Spectrums  of  Performance  in  Two  Digit  Addition  and  Subtraction. 
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This  paper  presents  some  qualitative  results  obtained  from  a  longitudinal  study  devised  to 
act  as  a  pilot  investigation  into  the  relationship  between  quality  of  thinking  and 
achievement.  It  hypothesises  that  children  who  extensively  use  counting  procedures  Jar 
basic  number  combinations  tenuously  use  related  procedures  for  horizontal  two  digit 
addition  and  subtraction.  It  shows  how  children  who  display  a  rich  mMP™0*"™?!*™ 
combinations 
through 
reproduce 

algorithms.  /*(/» cki,  <*it  > < •/«. . ......  —  ■    ,  . ; 

the  formal  algorithms  may  force  them  to  think  in  a  way  not  m  tune  with  flexibility. 
Temporarily  a)  least,  we  may  see  a  reversal  in  levels  of  achievement. 

Introduction 

Two  digit  and  other  multidigit  numbers  use  notation  in  a  very  powerful  way.  The  two  3s 
in  the  symbol  33  are  used  with  entirely  different  meanings;  the  first  being  3  tens,  the 
second  3  units.  It  requires  the  procept  of  number  (Gray  &  Tall,  1991,  1994)  (rather  than 
just  the  process  of  counting  or  the  knowledge  of  the  sequence  of  number  words)  to  be 
able  to  view  place  value  as  both  a  grouping  procedure  in  which  33  is  the  procedure  of 
grouping  "3  tens  and  3  units",  and  the  result  of  the  procedure:  the  number  33. 
Standard  pencil  and  paper  algorithms  for  two  digit  addition  and  subtraction  may  be 
presented  in  a  formal  way  which  causes  many  children  to  cope  by  memorising  a 
sequence  of  procedures;  adequate  competence  may  be  achieved  without  appreciating  the 
interrelationship  between  the  numbers  involved  (see,  for  example,  Resnick,  1983; 
Johnson,  1989).  The  children  learn  a  procedure  which  is  more  reliant  on  the 
interpretation  of  multidigit  numbers  as  adjacent  single  digit  numbers  that  are  divorced 
from  the  sense  provided  by  a  rationale  giving  multiunit  meanings  for  digits  in  different 
positions  (Fuson,  1992).  Concentrating  instructional  activity  on  the  surface 
characteristics  of  the  numeration  system  may  well  foster  a  perspective  of  mathematics  as 
instrumental  understanding  (Oliver,  Murray  &  Human,  1990). 

Gray  &  Tall  (1991,  1994)  indicate  that  instrumental  or  procedural  understanding  and 
understanding  emanating  from  knowledge  rich  in  relationships  leads  to  very  different 
forms  of  thinking.  Procedures  form  a  basic  part  of  mathematical  development  but  their 
importance  lies  in  the  cognitive  shift  from  mathematical  processes  into  manipulate 
mental  objects;  for  example,  the  concept  of  sum  encapsulated  from  the  compression  of  a 
series  of  counting  procedures.  Gray  &  Tall  hypothesise  that  compression  provides  the 
potential  for  the  emergence  of  styles  of  thinking  triggered  by  different  interpretations  of 
mathematical  symbolism.  On  the  one  hand  we  see  procedural  thinking  based  on  routine 
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manipulation  of  procedures  and,  on  the  other,  the  flexibility  of  proceptual  thinking: 
procedural  interpretations  are  tempered  by  the  ability  to  view  symbolism  as  the 
"representation  of  a  mental  object  which  may  be  decomposed,  recomposed  and 
manipulated  at  a  higher  level"  (Gray  &  Tall,  1994,  p  124).  Relating  children's 
approaches  to  simple  arithmetic  over  a  period  of  time  to  the  interpretations  they  place  on 
two  digit  addition  and  subtraction  provides  some  .further  insight  into  the  qualitative 
difference  between  procedural  and  proceptual  thinking. 

Background 

An  analysis  of  children's  responses  to  the  context  free  numerical  components  of  a  series 
of  Standard  Assessment  Tasks  (SAT),  (SEAC,  1992),  was  presented  in  Gray  (1993).  The 
SAT's  were  designed  to  measure  level  of  achievement  within  a  range  of  Mathematics 
Attainment  Target's  (D.E.S.,  1989)  associated  with  the  National  Curriculum  of  England 
and  Wales.  The  analysis  of  the  results  identified  children  at  three  levels  of  achievement: 

•  Level  1  (LI):  children  who  could  add  and  subtract  objects  where  the  numbers 
involved  were  no  greater  than  ten. 

•  Level  2  (L2):  children  achieved  Level  1  and  were  able  to  "recall  the  number 
combinations  to  ten  without  calculation"  (SEAC.  1992,  pp  36-37) 

•  Level  3  (L3):  the  children  achieved  Levels  1  and  2  and  were  able  to  "recall  the 
number  combinations  to  twenty  without  calculation"  (SEAC.  1992,  pp  39-40). 

The  analysis  concluded  that  though  the  SAT's  took  no  account  of  how  achievement  was 
obtained  they  achieved  their  purpose  of  differentiating  between  children  over  three 
levels.  It  was  concluded  that  levels  of  achievement  were  related  to  quality  of  thinking; 
children  who  displayed  flexible  proceptual  thinking  were  more  successful  than  those 
who  relied  extensively  on  counting  procedures. 

Method 

This  paper  brings  the  earlier  research  up  to  date  and  reports  on  children's  achievement 
and  quality  of  achievement  on  two  subsequent  occasions: 

•  All  children  were  again  interviewed  in  March  1993.  The  format  of  the  interview 
was  similar  to  the  first  interview.  The  children  were  now  in  Y3  and  their  ages 
ranged  from  7  years  6  months  to  8  years  6  months  (8  +) 

•  A  random  sample  of  children  within  each  achievement  level,  identified  as  a  result 
of  the  March  1993  interviews,  were  interviewed  during  November  1993.  During  a 
two  stage  interview  previously  presented  basic  number  combinations  were 
considered  and  then  ,  on  a  separate  occasion,  two  digit  addition  and  subtraction 
presented  horizontally  and  vertically.  The  latter  were  mainly  from  the  1992  SAT 
(SEAC  1992).  Children  were  first  presented  with  the  combinations  as  a  paper  and 
pencil  exercise  and  then  approaches  discussed.  All  results  were  video  recorded. 

Standard  algorithms  for  two  digit  addition  and  subtraction  -  the  latter  focusing  on  the 
decomposition  method  -  had  formed  an  integral  part  of  classroom  teaching  from  March 
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to  July  1993  In  the  somewhat  conventional  school  that  the  children  attended,  there  had 
been  whole  class  introduction  to  these  through  demonstration  with  Stern  apparatus. 
Children  were  then  given  opportunities  to  practice  and  consolidate  through  the  use  ot  a 
standard  text.  Little  emphasis  was  placed  upon  horizontal  addition  and  subtraction. 
During  the  period  September  to  December  the  main  focus  of  interest  had  been 
multiplication  and  division. 

Results 

1.  Strategies  used  for  basic  number  combinations. 

A  comparison  of  the  overall  strategies  used  by  the  three  groups  of  children  in  the  first 
and  second  series  of  interviews,  i.e.  when  the  children  were  7+  and  8+  bears  out  the 
trends  that  are  reported  in  snap  shots  of  unrelated  samples  of  children  of  the  same  ages 
reported  in  Gray  (1991). 

Most  strikingly  only  those  who  achieved  L3  show  the  extensive  use  of  derived  facts  over 
both  series  of  interviews  (see  Figure.  1 )  and  there  was  no  evidence  of  the  use  of  count-all 
or  take-away  by  this  group. 
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We  see  that  counting  procedures,  frequently  very  inefficient,  totally  dominated  the 
strategies  used  over  the  two  interviews  by  the  children  who  did  not  achieve  L2.  We  see 
too  that  counting  procedures  form  a  very  high  percentage  of  the  strategies  used  by  child 
who  achieved  L2  but  not  L3.  The  use  of  derived  facts  by  children  within  this  group  is 
largely  accounted  for  by  2  children  who,  as  a  result  of  this  series  of  interviews,  achieved 
L3. 

None  of  the  group  who  failed  to  achieve  L2  in  1992  satisfied  criteria  to  achieve  it  in 
1993.  At  both  interviews  counting  procedures,  although  frequently  very  inefficient, 
dominated  their  approach.  In  many  instances  their  procedures  were  so  covert  that  had 
they  completed  these  procedures  within  5  seconds  (the  time  limit  for  each  combination). 
During  the  formal  assessment  process  of  April  1992  the  class  teacher  was  unable  to 
distinguish  between  children  who  used  covert  counting  actions  and  children  who  knew 
or  derived  solutions. 

Overall,  children  who  achieved  L2  but  not  L3  were  more  successful  with  the  L3 
combinations  than  they  had  been  a  year  earlier.  It  is  noticeable  from  Figure  1  that  there 
were  no  errors  for  addition  and  they  were  almost  halved  for  subtraction.  However, 
though  the  percentage  of  combinations  known  by  the  group  increased,  in  general  there 
was  a  remarkable  consistency  in  the  solution  procedures  used  by  the  children  during  both 
interviews  though  this  consistency  was  generally  marked  by  more  highly  developed 
procedural  competence. 

By  March  1993,  a  considerable  proportion  of  this  group  of  17  children  had  improved 
their  procedural  competence  to  the  point  where  they  were  now  almost  attaining  the  same 
level  of  achievement  in  the  basic  number  combinations  as  those  who  had  achieved  L3 
almost  a  year  earlier.  However,  apart  the  two  children  who  were  now  displaying  the 
same  flexibility  as  these  "more  able"  children,  the  quality  of  thinking  the  children 
brought  to  the  introduction  to  two  digit  addition  and  subtraction  was  different.  The 
distinction  was  manifest  through  either  the  extensive  use  of  counting  procedures  or  a  the 
limited  use  of  counting  procedures  to  support  an  otherwise  rich  interpretation  of  basic 
number  combinations. 

2.  Two  Digit  Addition  and  Subtraction 

The  qualitative  analysis  which  is  the  focus  of  this  section  of  the  paper  stems  from 
random  samples  drawn  from  within  three  groups  constructed  as  a  result  of  level  of 
achievement  established  in  March  1993.  Separate  samples  display  the  following 
characteristics: 

•  Group  1 :  (n=2  from  5):  Did  not  achieve  L2.  Achievement  characterised  by  very 
limited  number  of  facts  known  and  limited  procedural  competence. 

•  Group  2:  (n=5  from  15):  Achieved  L2  but  not  L3.  Achievement  characterised  by 
extensive  use  of  counting  procedures  to  support  of  a  limited  range  of  known  facts. 

•  Group  3:  (n=4  from  8):  Achieved  L2  and  L3  through  a  spectrum  of  performance 
characterised  by  its  flexibility; 
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The  interesting  feature  of  all  of  the  children  is  that  though  they  were  free  to  use  any 
approach  they  used  mental  methods  for  horizontal  combinations  and  a  taught  pencil  and 
paper  algorithm  for  vertical  combinations. 

By  the  end  of  1993  the  counting  procedures  of  the  children  within  Group  1,  now  largely 
count-on  for  addition  and  count-back  for  subtraction,  were  sufficiently  robust  to  cope 
with  all  of  the  L  2  combinations.  However,  although  used  competently  enough  to  cope 
with  the  L3  addition  combinations  they  remained  totally  unreliable  for  the  L3  subtraction 
combinations.  Neither  child  satisfied  criteria  to  achieve  Level  2.  They  attempted  to 
generalise  their  procedures  to  deal  with  the  two  digit  horizontal  combinations  but  they 
proved  to  be  too  difficult  to  implement  and  led  to  an  extensive  number  of  errors, 
signified  by  miscounting,  an  inability  to  keep  a  check  on  the  amount  countecl-on  or 
counted-back  and  a  continued  need  to  revert  back  to  the  start  of  the  problem. 
Interviewing  ceased  during  each  child's  attempts  at  the  second  problem  in  each  category. 
The  children  had  considerable  difficulty  resolving  combinations  given  in  vertical  form. 
Tens  and  units  components  were  treated  as  discrete  quantities  and  each  combined 
through  counting  methods.  Though  relatively  successful  when  there  was  no  exchange 
where  it  was  required  there  was  evidence  of  place  value  error?  in  addition  and  in  'smaller 
from  larger'  errors  or  difficulties  with  zero  emerged  with  subtraction. 

Of  the  five  Group  2  children,  only  one  achieved  L3  in  November  1993.  As  with  other 
children  who  had  previously  reached,  this  level  of  achievement  this  success  was 
characterised  by  the  flexibility  associated  with  proceptual  thinking.  Consequently,  this 
child  wjll  be  discussed  with  Group  3.  None  of  the  other  children  made  use  of  derived 
facts  over  the  three  interviews  and  their  procedural  approaches  remained  very  much  as 
previously  identified,  count-on  for  addition  and  some  use  of  take  away  with  either  count- 
back  or  count-up  for  subtraction.  No  one  child  used  both  of  the  latter. 

The  four  children's  approaches  to  the  horizontal  addition  and  subtraction  combinations 
showed  a  remarkable  consistency.  The  addition  combinations  were  usually  solved  by 
sequencing  in  tens  and  then  in  ones  in  the  following  manner: 


In  some  instances  a  less  sophisticated  approach  was  used: 

39  +  26:  2Q,  40,  50...5L  52, 53,  54,  55,  56,  57,  58,  59...60,  61,  62,  63, 64,  65. 
Such  methods  worked  successfully  for  addition  whether  or  not  exchange  was  involved. 
Their  inverse  caused  procedural  difficulty  when  subtraction  was  attempted.  80  -  30  was 
answered  successfully  by  counting  back  in  tens  and  74-4  and  84  -  10  by  counting  back 
in  ones.  29-6  and  26  -  19  both  caused  particular  difficulties.  All  four  children 
attempted  the  former  by  decrementing  in  ones  from  29  to  6.  All  obtained  an  incorrect 
solution.  One  attempted  to  modify  her  approach  by  counting  up  but  "couldn't  keep  a 
check  on  how  many  were  counted".  Another,  asked  to  attempt  it  using  a  vertical  format, 
dealt  with  the  units  relatively  quickly  but  then  became  confused  "because  I  thought  it 


24  +  43: 


4Q,50,60,...64...65,66,67 
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was  times".  After  some  difficulty  one  child  completed  26  -  19  by  counting  back  to  19 
and  recording  the  difference.  Other  solutions  were  given  as  follows: 

.->  ■»>  dA  a    I/!!*  nt-  *  r\        _        j  «   "  fiiM  «e  4A 


(iii)       26-19  =  17 
Because 

2-1  =  I 

9-2  =  7 

Ten  and  seven  =  T7 


(i)      26-19     =    4  |(ii)      26-19     =    13  ■ 
Because  i  Because 

2-1  =i]2-i  =  i 

9-6  =     3  •      9-6  =  3 

oneandthree   =    <  |     Tenandthret    =  >3 

These  four  children  successfully  carried  out  pencil  and  paper  methods  for  the  two  digit 
addition  combinations  even  when  exchange  was  involved.  Individual  digits  were 
combined  through  either  a  known  fact  or  through  count-on.  A  ten,  carried  as  the  result  of 
exchange,  was  always  referred  to  as  "one"  and  tens  added  as  if  they  were  ones.  One 
child  gave  some  evidence  of  largest  from  smallest  errors  with  subtraction  and  all  of  the 
children  were  initially  unsuccessful  with  the  vertical  subtraction  33  from  80  -  each  child 
providing  the  answer  53. 

As  the  children  who  make  up  Group  2  displayed  remarkably  similar  approaches  to  the 
horizontal  combinations  so  did  those  who  achieved  L3  -  the  Group  3  children.  Their 
similarity  was  characterised  by  proceptual  flexibility  rather  than  procedural  inflexibility. 
There  was  evidence  of  counting  on,  for  example,  "18  count-on  5  is  23",  but 
combinations  were  more  likely  to  be  solve  using  knowledge  of  basic  number 
combinations,  for  example:"  18  and  2  is  20  and  3  is  23"  and  "7  +  2  is  9  so  70  +  20  is  90". 

Where  required,  all  children  possessed  the  flexibility  to  make  transformations  on  both 
operands  in  the  original  numbers,  for  example: 

3*4=7;  60*7  =  67 

9*6=15;  60*15  =  65 

9*6=15;  50*10  =  60;        60*5  =  65 

This  approach  was  not  observed  amongst  the  Group  2  children. 

A  major  distinction  between  children  within  this  group  and  children  in  the  other  groups 
is  their  success  with  all  of  the  horizontal  subtraction  combinations.  Once  again  flexibility 
was  evident.  Combinations  that  did  not  involve  exchange  were  generally  solved  tl.rough 
knowledge  of  basic  addition  and  subtraction  facts,  tens  usually  computed  first.  Counting 
was  evident,  for  example  one  child  solving  26  -  19  by  counting  up  from  19  to  26 
although  the  same  child  obtained  the  solution  for  29-6  using  the  following  approach: 

29-6:       6  +  3  =  9so         9-6  =  3  and  20+ 3  =  23 
There  was  some  evidence  of  transformations  on  both  operands,  for  example: 

26  -  19:      27  -  20  =  7 
There  was  a  surprise  when  this  group  of  children  attempted  the  vertical  addition 
combinations.  Two  of  them,  one  of  whom  had  easily  achieved  L3  in  May  1992  and  the 
other  who  had  achieved  L3  in  March  1993,  gave  original  solutions  to  the  addition 
combinations  which  were  in  the  following  form. 

(i)    1  9        (ii)     1  9       Represention  of  the  1  9 

+  7  6  +  7  6      written  algorithm  was       * 7  6 


24  *  43:       20  *  40  =  60; 
39  *  26:        30  *  20  =  50; 
or        30  +  20  =  50; 
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Children  had  been  taught  to  record  units  as  shown  in  the  above  representation. 
Interestingly,  none  of  the  Group  2  children  did  this,  three  of  the  five  Gro>  p  3  children 
did;  two  successfully  and  one  with  the  modification  seen  in  (i)  above.  Both  children  who 
displayed  the  above  errors  very  quickly  corrected  them  and  none  of  the  children  gave 
incorrect  solutions  to  the  subtraction  combinations. 

Discussion 

Gray  (1993)  suggested  that  the  ways  in  which  young  children  deal  with  simple 
arithmetic  illustrates  a  spectrum  of  performance  that  may  reflect  the  limitations  of 
procedural  thinking  or  the  flexibility  of  proceptual  thinking.  This  is  not  to  suggest  that 
the  spectrum  is  linear.  It  is  hypothesised  that  there  may  be  several  dimensions  and  we 
may  see  children  moving  between  the  dimensions  when  dealing  with  different  aspects  of 
the  arithmetic.  However,  it  is  hypothesised  that  the  more  the  child  moves  in  one 
dimension  the  more  that  there  may  be  consequences  that  lead  to  success  or  failure. 

In  the  children's  approaches  to  the  horizontal  combinations  we  see  some  of  the 
consequences  of  the  hypothesised  bifurcation  caused  by  counting  (Gray,  1993).  It  is 
almost  as  if  certain  aptitudes  dominate  and  place  a  child  on  one  side  of  the  scale  and  we 
can  see  the  effects  that  this  has  for  some  children. 

Within  the  solutions  to  the  two  digit  combinations  we  clearly  see  two  kinds  of 
information  processing:  that  based  on  rearrangements  of  numbers  and  that  based  on  the 
utilisation  of  explicit  instructions. 

Within  the  horizontal  two  digit  combinations  we  see  a  form  of  pattern  recognition;  the 
children  visualise  rearrangements  of  the  individual  numbers.  Within  the  processing  that 
is  related  to  these  rearrangements  we  may  see  those  that  do  not  generalise  and  those 
easily  generalise.  The  Group  2  children  relied  extensively  on  counting  procedures  to 
obtain  solutions  to  the  basic  number  combinations  and  utilise  similar  procedures  to  deal 
with  addition  and  subtraction.  The  manner  in  which  they  do  this  is  at  its  most 
sophisticated  when  they  use  "accumulation  or  iterative  strategies.. .leading  to  a  gradual 
approach  to  the  final  answer  by  a  series  of  increasingly  better  "approximations"  "(Oliver 
et  al,  1990,  p.301).  Interestingly  this  approach  was  not  in  evidence  amongst  Group  3 
children  and  neither  did  Group  2  children  attempt  to  use  it  for  subtraction,  preferring 
instead  to  use  relied  and  trusted  methods  even  when  they  proved  to  be  too  difficult.  In 
contrast,  the  more  successful  see  a  large  number  of  rearrangements  that  may  be  applied 
to  the  combinations.  To  solve  these  the  children  have  not  learned  any  rule-like  behaviour 
but  bring  together  personal  knowledge  and  experience  to  use  a  variety  of  approaches  one 
of  which  includes  a  "replacement  strategy,  transformations  are  made  on  both  operands  in 
the  original  problem  before  any  attempt  at  computation"  ( Oliver  et  al  1 990,  p.301 ). 
Within  the  vertical  combinations  we  see  the  children  attempting  to  follow  explicit 
directions.  We  may  conjecture  that  they  have  been  taught  to  learn  algorithms  as  bits  of 
meaningless  information  in  the  hope  that  it  makes  things  easier  for  them.  In  the  short 
term  it  may  but,  although  the  evidence  points  to  the  fact  that  given  more  practice 
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children  may  demonstrate  improvement ,  the  flexibility  may  still  not  be  there  for  longer 
term  success. 

An  interesting  feature,  worthy  of  further  investigation  is  the  evidence  of  a  reversal  in 
achievement  when  children  tackle  vertical  addition  and  subtraction.  It  is  hypothesised 
that  this  reversal  stems  from  the  greater  difficulty  that  the  more  flexible  thinkers  may 
have  in  slipping  into  a  procedure.  We  see  an  example  of  the  children  meeting  with  a  new 
scheme  of  action  which  has  to  be  adopted  to  fit  the  new  situation.  However,  the 
algorithm  does  not  take  account  of  their  flexibility;  the  "more  able"  may  have  some 
difficulty  with  a  new  idea  if  they  are  required  to  follow  meaningless  procedures  -  a 
course  of  events  that  the  procedural  thinkers  may  take  to  more  naturally. 
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THE  EFFECT  OF  CALCULATOR  USE  ON 
THIRD  AND  FOURTH  GRADERS'  COMPUTATION  AND 
CHOICE  OF  CALCULATING  DEVICE 

Susie  Groves  * 
Deakin  University  -  Burwood  Campus 

As  part  of  a  study  of  the  long-term  effects  of  calculator  use,  1 10  grade  3  and  4 
children  from  six  schools  were  observed  while  carrying  out  a  range  of  computation 
tasks  Calculators  and  concrete  materials  were  provided,  as  well  as  penal  and 
paper  Children  with  long-term  experience  of  calculators  performed  significantly 
better  overall  on  the  24  computation  items,  with  an  item  by  item  analysis  revealing 
significantly  better  performance  on  the  five  items  requiring  a  knowledge  of  place 
value  for  large  numbers,  subtraction  with  a  negative  answer,  division  with  a 
remainder,  and  multiplication  and  division  of  money.  These  children  also  made 
more  appropriate  choices  of  calculating  device  and  were  better  able  to  interpret 
their  answers  when  using  calculators,  particularly  where  decimal  answers  were 
involved. 

Introduction 

Despite  research  evidence  to  the  contrary  (Hembree  &  Dessan,  1986;  1992;  Shuard,  1992)  and 
agreement  amongst  matherhotics  educators  that  calculators  should  be  used  at  all  levels  both  as  a 
computational  tool  and  as  a  teaching  aid  (National  Council  of  Teachers  of  Mathematics,  1980;  1989; 
Cockcroft,  1982;  Curriculum  Development  Centre  &  Australian  Association  of  Mathematics 
Teachers,  1987;  Australian  Education  Council.  1990),  there  is  widespread  fear  that  calculators  will 
undermine  mathematics  learning  (see,  for  example,  National  Research  Council,  1989,  p.  61; 
Wheatley  &  Shumway,  1992,  p.  7;  and  Saxon,  1987  -  a  publisher's  two  page  advertisement  "saying 
no  to  calculators"  in  the  February  1987  Arithmetic  Teacher  focus  issue  on  calculators). 

The  emergence  of  calculators  and  computers  highlights  the  lack  of  congruence  between  school 
mathematics  and  real  mathematics  -  in  everyday  life  mental  and  calculator  computations  are  the  ones 
typically  used,  while  pencil  and  paper  methods  still  receive  the  most  emphasis  in  schools  (Willis  & 
Kissane,  1989,  p.58). 

Data  from  the  USA's  Third  National  Assessment  of  Educational  Progress  (National 
Assessment  of  Educational  Progress,  1983;  Reys,  1985)  and  a  more  recent  Canadian  and  USA  study 
(cited  in  Reys,  1992)  indicate  that  fifth  to  seventh  grade  children  perform  poorly  on  mental 
computation  tasks  and  make  inappropriate  choices  of  calculating  device,  with  the  majority  preferring 
pencil  and  paper  or  calculators  to  mental  computation,  even  for  straightforward  questions  such  as 
1000x945. 


'  This  research  was  funded  by  the  Australian  Research  Council,  Deakin  University  and  the  University  of 
Melbourne  T^c  CalcZtors  in  Primary  Mathematics  project  team  consists  of  Susie  Groycs,  Ml  Checsetnan 
Terry  B™ *y .  Graham  Fcrrcs  (Deakin  University);  Ron  Welsh.  Kayc  Staccy  (Melbourne  Umvcrs.ty);  and  Paul 
Carlin  (Catholic  Education  Office). 
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Recently,  powerful  attempts  have  been  made  to  change  this  situation  in  Australia.  In  line  with 
world-wide  trends,  the  National  Statement  on  Mathematics  for  Australian  Schools  (Australian 
Education  Council,  1990)  has  an  increased  emphasis  on  developing  number  sense  and  mental 
computation,  partly  in  recognition  of  the  role  of  the  calculator.  In  order  to  make  intelligent  use  of 
calculators,  children  need  to  make  wise  choices  of  calculating  devices,  have  a  strong  intuitive 
understanding  of  number  and  develop  skills  such  as  estimation  and  approximation  (Reys,  1992; 
Groves,  1992;  Jones,  1988). 

The  Calculators  in  Primary  Mathematics  project  is  a  long-term  investigation  into  the  effects 
of  the  introduction  of  calculators  on  the  learning  and  teaching  of  primary  mathematics.  The  project 
commenced  at  kindergarten  and  grade  1  levels  in  six  schools  in  1990.  Over  60  kindergarten  to  grade 
4  teachers  and  approximately  1000  children  participated  in  the  project  during  the  period  1990  to  1993, 
with  the  1990  kindergarten  and  grade  1  children  participating  for  the  full  four  years.  All  children  were 
given  their  own  calculator  to  use  whenever  they  wished,  while  teachers  were  provided  with 
systematic  professional  support  to  assist  them  in  using  calculators  to  create  a  rich  mathematical 
environment  for  children  to  explore. 

Research  has  focused  on  the  extent  and  purpose  of  calculator  use;  changes  in  teachers' 
expectations  of  children's  mathematical  performance  and  consequent  changes  in  the  curriculum;  long- 
term  learning  outcomes  for  the  children;  and  changes  in  teachers'  beliefs  and  teaching  practice. 

Amongst  a  number  of  papers  on  various  aspects  of  the  project,  Groves  (1993a)  reported  that 
children  with  long-term  experience  of  calculators  were  better  able  to  tackle  "real  world"  problems, 
which  would  normally  be  beyond  their  pencil  and  paper  skills,  than  children  without  such  experience. 
While  the  project  children  did  not  make  more  use  of  calculators,  they  were  more  able  to  attach 
meaning  and  interpret  their  answers. 

This  paper  focuses  on  the  long-term  effect  of  calculator  use  on  children's  computation  and 
choice  of  calculating  device. 


In  1991  and  1993,  as  pan  of  the  investigation  of  the  long-term  learning  outcomes  for  children, 
interviews  were  conducted  with  a  stratified  random  sample  of  over  10%  of  all  grade  3  and  4  children 
at  the  six  project  schools.  Three  children  were  selected  at  random,  subject  to  achieving  gender 
balance,  from  each  grade  3  and  grade  4  project  class,  while  in  mixed  classes  one  boy  and  one  girl 
was  selected  at  each  grade  level. 

At  the  time  of  the  interviews,  the  1 993  children  had  taken  pan  in  the  project  for  3V2  years  -  i.e. 
since  entering  school  for  the  grade  3  children  and  since  grade  1  for  the  grade  4  children  -  while  the 
1991  children,  who  formed  the  control  group,  had  not  taken  pan  in  the  project.  For  the  purposes  of 
this  analysis,  data  from  all  six  grade  3  children  at  one  of  the  schools  was  discarded,  as  grade  3 
children  at  the  school  had  extensive  calculator  experience  in  both  1991  and  1993,  due  to  a  different 
pattern  of  participation  in  the  project.  This  resulted  in  sample  sizes  of  52  in  1991  and  58  in  1993. 
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The  interview  was  designed  to  test  children's  understanding  of  the  number  system;  their  choice 
of  calculating  device,  for  a  wide  range  of  computation  tasks;  and  their  ability  to  solve  "real  world- 
problems  amenable  to  multiplication  and  division,  with  or  without  calculators  (see  also  Groves, 
1993a).  Throughout  the  interview,  children  were  free  to  use  whatever  calculating  devices  they  chose. 
Unifix  cubes  and  multi-base  arithmetic  (MAB)  blocks  were  provided,  as  well  as  pencil  and  paper  and 
calculators.  Many  of  the  questions  were  expected  to  be  answered  mentally. 

The  24  computation  items  referred  to  throughout  this  paper  are  listed  in  Table  2.  As  well  i 
their  answers,  children's  choices  of  calculating  device  were  recorded.  For  the  purpose  of  this  analysis, 
these  have  been  classified  as  mental  (which  may  include  the  use  of  fingers),  calculator,  and  other 
(which  includes  drawing,  the  use  of  concrete  materials,  and  the  use  of  standard  pencil  and  paper 
algorithms).  In  order  to  minimise  the  need  to  memorise  the  numbers  involved,  each  of  the  24 
computation  items  was  presented  to  the  children  clearly  displayed  on  a  card. 

In  an  attempt  to  limit  the  interview  to  less  than  30  minutes,  it  had  initially  been  the  intention  to 
ask  each  child  to  nominate  how  they  would  attempt  each  item,  but  only  ask  children  to  actually  carry 
out  the  computations  for  the  first  four  items  and  half  of  the  remaining  items,  with  each  child  being 
pre-assigned  either  the  remaining  odd  or  even  numbered  items.  While  this  had  been  a  successful 
strategy  during  fairly  extensive  Dialing  of  the  interview,  it  soon  became  apparent  during  the  actual 
interviews  that  most  children  would  attempt  most  items,  as  they  immediately  carried  out  the 
computation  when  asked  how  they  would  attempt  the  item.  Consequently,  in  1993  children  were 
generally  encouraged  to  attempt  most  items,  with  98%  of  the  children  attempting  each  item  on 
average,  compared  to  93%  in  199 1 . 

This  presented  difficulties  in  attempting  to  compare  overall  performance  for  the  two  groups  of 
children.  However  anecdotal  evidence  from  the  interviewers  suggests  that,  in  general,  it  was  the  more 
difficult  and  time-consuming  items  which  were  not  attempted  in  1991.  This  is  supported  by  an 
analysis  of  the  results  of  the  interviews,  l  i  1991,  for  the  two  items  attempted  by  fewer  than  80%  of 
the  children,  the  average  percentage  of  correct  answers  was  47%,  compared  to  62%  for  the  five  items 
attempted  by  80-89%,  and  67%  for  the  17  items  attempted  by  at  least  90%  of  the  children.  In  1993, 
all  24  items  were  attempted  by  at  least  90%  of  the  children,  for  an  average  of  75%  correct. 

In  order  to  enable  a  comparison  of  overall  performance  to  be  made,  each  child's  actual  score 
was  factored  up,  if  necessary,  to  give  a  (rounded)  integer  score  out  of  24.  While  this  clearly  distorts 
the  data,  in  view  of  the  discussion  above  it  would  seem  reasonable  to  assume  that  the  effect  would  be 
to  over-estimate  the  scores  of  the  1991  children  by  a  greater  amount  than  those  of  the  1993  children, 
and  hence,  in  view  of  the  direction  of  the  results  (see  Table  1),  bring  the  mean  scores  closer  together. 

These  new  scores  were  used  to  compare,  at  each  grade  level,  the  overall  performance  of  the 
1991  and  1993  children  on  all  24  items.  For  the  item  by  item  analysis,  actual  frequencies  of  correct 
and  incorrect  answers  were  used.  Similarly,  actual  frequencies  were  used  for  the  item  by  item 
analysis  of  the  choice  of  calculating  device.  No  attempt  was  made  to  make  a  comparison  of  overall 
use  of  mental  computation,  calculators  or  other  devices,  as  the  desirability  of  making  a  particular 
choice  of  device  depends  on  the  nature  of  the  computation  item. 
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Results 

Table  1  compares  the  scores  out  of  24  for  the  grade  3  and  grade  4  children  in  1991  and  1993.  It 
can  be  seen  from  the  table  that,  as  would  be  expected,  in  each  of  the  years  grade  4  children  performed 
better  than  grade  3  children  (significant  at  the  p  £  0.01  level).  Furthermore,  at  each  of  the  grade  levels, 
the  1993  project  children  performed  significantly  better  than  the  1991  control  group  (p  £  0.01  for 
grade  3  and  p  £  0.05  for  grade  4). 

Table  1:  Comparison  of  scores 
for  grade  3  and  4  children  in  1991  and  1993  on  24  computation  items 


Year 

1991 

1993 

N          Mean  SD 

N           Mean  SD 

Grade  3 

25         Mm  3.38 
27         16.85*  3.29 

29  4.54 

Grade  4 

j  significant  difference  between  1993  and  1991  at  p  S  0  01  level 
significant  difference  between  grade  3  and  grade  4  at  p  £  0  01  level 
significant  difference  between  grade  3  and  grade  4  at  p  s  0  01  level 


(df=52,t«  1.907) 
(df  -54,1-  2.668) 
(df=  50, 1  =  2.563) 
(df »  56, 1  =  2.455) 


Table  2  provides  an  item  by  item  comparison  of  correct  and  incorrect  answers  and  choice  of 
calculating  device  for  the  combined  grade  3  and  4  children  in  1991  and  1993. 

The  four  Items  12,  16,  19  and  22  (15  +  4  ,  62750  +  50  ,  $153  +4,3-7)  showed  a 
significant  difference  at  the  p  S  0  001  level  using  a  x2  test  on  the  frequencies  of  correct  and  incorrect 
answers,  while  Item  17  (7  x  $3-53 )  showed  a  significant  difference  at  the  p  S  0-05  level.  For  all  five 
items  the  1993  project  children  achieved  better  results  than  the  1991  control  group.  There  were  no 
items  for  which  the  1993  children  performed  significandy  worse  at  the  p  S  0  05  level. 

Only  two  items  showed  a  significantly  different  pattern  of  choice  of  calculating  device. 
Items  19  and  22  ($153  +  4 , 3  -  7),  with  p  <,  0  05  in  both  cases.  Both  items  were  also  amongst  those 
for  which  the  1993  children  performed  significantly  better  than  the  1991  control  group. 

For  Item  19  ($153  +  4),  there  was  an  increase  in  use  of  calculators  in  1993  at  the  expense  of 
both  the  mental  and  other  categories.  This  item  is  one  where  calculators  would  appear  to  be  the  most 
reasonable  choice  of  device  for  many  grade  3  and  4  children.  It  is  also  an  item  where  the  use  of  a 
calculator  is  far  from  straightforward  -  in  order  to  obtain  a  correct  answer  it  is  necessary  for  children 
to  be  able  to  interpret  the  calculator  display  correctly.  It  can  be  seen  from  the  table  that  while  27 
children  attempted  this  item  using  a  calculator  in  1991,  only  16  of  these  obtained  a  correct  answer, 
compared  to  41  correct  answers  from  the  44  children  using  a  calculator  in  1993.  Closer  examination 
of  the  data  confirms  that  it  was  not  inability  to  accurately  key  in  the  numbers  which  caused  the  errors 
in  1991,  as  every  incorrect  answer  using  calculators  was  due  to  inability  to  correctly  read  the  display. 
This  result  is  similar  to  ones  obtained  from  a  comparison  of  1991  and  1992  grade  3  children  on  the 
"real  world"  problem  solving  items  from  the  same  interview  (Groves,  1993a),  where  it  was  shown 
that  division  items  which  resulted  in  a  decimal  answer  showed  a  significantly  better  result  for  project 
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children,  as  did  other  interview  items  which  required  children  to  read  and  interpret  decimals.  It  should 
also  be  noted  that  for  the  simpler  question  Item  12  (15  +  4),  which  also  showed  a  significant 
improvement  for  1993  project  children,  there  was  an  increase  in  the  use  of  mental  computation 
which,  although  not  statistically  significant,  suggests  that  the  project  children  make  choices  based  on 
both  the  operations  and  the  numbers  involved. 

Table  2:  Frequencies  of  correct  and  incorrect  answers  givnn  and  calculating  devices  used  by- 
grade  3  and  4  children  in  1991  and  1993  on  24  computation  items 


Year 

1991  (N=52) 

1993  (N=58) 

No 

Item 

n 

\ 

X 

M  5 

C 

O 

„< 
n 

J  « 

V 

« 

X 

M 

r§ 

1. 

7  +  5 

52 

48 

4 

49 

0 

3 

58 

54 

4 

J/ 

U 

1 
1 

2. 

20  -■-  30 

52 

48 

4 

50 

1 

1 

58 

56 

2 

57 

0 

1 

3. 

100  -  10 

52 

48 

4 

47 

5 

0 

58 

54 

4 

J/ 

i 
i 

4. 

3X5 

52 

0 

49 

2 

1 

58 

56 

2 

GA 

54 

j 

1 
1 

5. 

36  -  13 

50 

44 

6 

26 

15 

9 

58 

43 

15 

1  X 

ft 
0 

6. 

12+3 

49 

47 

2 

34 

12 

3 

57 

50 

7 

A  G. 

c 

D 

7 

7. 

3  X  99 

46 

35 

11 

11 

26 

9 

57 

43 

14 

zu 

IX 

Id 
l*t 

8. 

How  many  3's  in  30? 

50 

38 

12 

38 

7 

5 

56 

44 

12 

A  A 

O 

D 

9. 

1024  -  23 

47 

34 

13 

31 

1  X 

X 

JO 

48 

8 

45 

10 

1 

10. 

30  +  10 

52 

48 

4 

47 

z 

x 

J 

cc 

jj 

52 

3 

S2 

2 

1 

11. 

3Z  —  lo 

*tO 

7S 

23 

29 

12 

7 

56 

m 

19 

33 

15 

8 

12. 

15+4 

49 

itS 

S3  24 

15 

10 

57 

US 

37 

14 

6 

13. 

225  +  76 

45 

31 

14 

23 

9 

13 

56 

37 

19 

33 

12 

11 

14. 

2000  -  1 

51 

30 

21 

48 

2 

1 

58 

33 

25 

56 

2 

0 

15. 
16. 

321  -  164 
62750  +  50 

38 
46 

17 

21 
20 

13 
32 

17 
10 

8 
4 

55 
55 

mm. 

22 
44 

21 
9 

12 
2 

17. 

7  X  $3-53 

47 

19 

28 

9 

24 

14 

56 

36 

20 

11 

32 

13 

18. 

14  X  20 

44 

27 

14 

3 

57 

11 

35 

19 

3 

19. 

$153  +  4 

46 

ii 

30 

1  5 

27 

14 

54 

wMSmm 

!  I 

44 

9 

20. 

34  X  26 

38 

19 

19 

7 

19 

12 

56 

36 

20 

9 

35 

12 

21. 

20  +  40 

51 

7 

44 

30 

11 

10 

57 

15 

42 

41 

13 

3 

22. 

3  -  7 

52 

si 

>jM  40 

2 

10 

58 

f:  38 

If 

j  46 

11 

1 

23. 

$2-50  +  $3-50 

51 

41 

10 

36 

8 

7 

58 

53 

5 

49 

4 

5 

24. 

$12-38  +  $2-52 

50 

28 

22 

26 

13 

11 

56 

33 

23 

38 

11 

7 

*  n  -  number  of  children  who  wcrc  asked  to  aticmpt  item 

*  V  -  number  of  children  giving  correct  answer;  X  -  number  of  children  giving  incorrect  answer 

»   M  -number  of  children  using  mental  compulation;  C-  number  of  children  using  calculators;  O  -  other 

significant  difference  at  p  S  0  05  level  using  a  %2  test  on  frequencies 
Hp  significant  difference  at  p  S  0  001  level  using  a  %2  test  on  frequencies 
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For  Item  22  (3  -  7),  the  only  other  item  showing  a  significantly  different  pattern  of  choice  of 
device,  neither  of  the  two  children  who  used  a  calculator  obtained  the  correct  answer  in  1991,  while 
all  1 1  children  using  a  calculator  in  1993  were  correct.  However,  it  would  appear  unreasonable  to 
attribute  the  improved  performance  for  1993  children  on  this  item  to  their  better  use  of  calculators. 
Rather,  it  confirms  considerable  evidence  from  other  sources  that  project  children,  having  been 
exposed  to  large  numbers,  negative  numbers  and  decimals  at  a  much  earlier  age  through  their  use  of 
calculators,  have  developed  more  sophisticated  conceptual  understandings  in  these  areas.  It  is 
therefore  also  not  surprising  that  the  other  item  showing  the  most  significant  difference  was  Item  16 
(62750  +  50),  where  again  1993  children  were  more  inclined  to  use  mental  computation,  although 
not  to  a  statistically  significant  extent. 

Space  does  not  permit  a  full  report  of  the  detailed  item  by  item  analysis  for  grade  3  and 
grade  4.  Results  were  similar  to  those  for  the  combined  grade  levels.  Again  there  were  no  items  on 
which  the  1993  children  performed  significantly  worse.  For  grade  3  children  Item  22  (3  -7)  again 
showed  a  significant  improvement  at  the  p  <  0  001  level,  while  results  for  Items  16  and  19  (62750  + 
50,  $153  +  4)  were  again  significantly  better,  but  at  the  p  £  0-05  level.  For  grade  4  children.  Items 
12,  16  and  19  (15  +  4 , 62750  +  50 ,  $153  +  4)  showed  a  significant  improvement  at  the  p  S  0-001 
level,  while  Items  9  and  22  (1024  -  23,  3  -  7)  were  significantly  better  at  the  p  £  0-05  level. 

For  grade  3  children,  three  items  showed  a  different  pattern  of  choice  of  calculating  device. 
Items  5, 6  and  12  (36  -  13  , 12  +  3  , 15  +  4 )  all  showed  a  decrease  in  calculator  use,  together  with  a 
corresponding  increase  in  mental  computation,  all  significant  at  least  at  the  p  £  0-05  level.  This 
suggests  that  fears  that  children  who  regularly  use  calculators  will  come  to  rely  on  them  even  for  the 
simplest  calculations  are  unfounded.  For  grade  4  children,  only  two  items  showed  a  significant 
difference  at  the  p  £  0  05  level  for  choice  of  calculating  device.  These  were  Items  21  and  22  (20  +  40, 
3-7),  where  more  children  used  both  calculators  and  mental  computation  instead  of  other  devices. 

It  should  also  be  noted  that  in  both  years  only  about  2.5%  of  responses  made  use  of  standard 
written  algorithms,  with  somewhat  over  a  half  of  these  being  correct.  However,  as  in  other  studies 
(Rcys,  Rcys  &  Pcnaficl,  1991;  Koyama,  1993),  many  children  were  observed  mentally  applying 
pencil  and  paper  algorithms,  often  pointing  at  imaginary  numbers  and  mumbling  statements  such  as 
"put  down  1  and  carry  1 ".  Unfortunately  no  consistent  records  were  kept  of  this  phenomenon. 
Conclusion 

Among  the  original  hypotheses  of  the  Calculators  in  Primary  Mathematics  project  was  the 
expectation  that  children  who  had  been  involved  in  the  project  would  successfully  deal  with  larger 
numbers  and  acquire  certain  concepts  (such  as  place  value,  negative  numbers  and  understanding  of 
decimal  notation)  at  an  earlier  age  than  other  children. 

The  results  discussed  in  this  paper  show  that  the  children  with  long-term  experience  of 
calculators  performed  significantly  better  overall  on  24  selected  computation  items,  while  the  item  by 
item  analysis  revealed  significantly  better  performance  on  the  five  items  requiring  a  knowledge  of 
place  value  for  large  numbers,  subtraction  with  a  negative  answer,  division  with  a  remainder,  and 
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multiplication  and  division  of  money.  These  children  also  made  more  appropriate  choices  of 
calculating  device  and  were  better  able  to  interpret  their  answers  when  using  a  calculator,  particularly 
where  decimal  answers  were  involved. 

Sowdcr  (1988,  p.  183)  characterised  number  sense  as  referring  to  a  well  organised  conceptual 
network,  which  enables  a  person  to  relate  number  and  operation  properties  and  use  flexible,  creative 
ways  to  solve  number  problems.  She  claims  that  the  intuitive  nature  of  number  sense  makes  it 
difficult  to  teach  directly.  Hope  and  Sherrill  (1987)  distinguished  skilled  mental  calculators  from  the 
unskilled  partly  by  their  ability  to  use  specialised  numerical  information,  which  seemed  to  have  been 
memorised  through  the  pursuit  of  interesting  mathematical  activity.  As  well  as  acting  as  a 
computational  device,  the  calculator  is  a  highly  versatile  teaching  aid  which  has  the  potential  to 
radically  transform  mathematics  teaching  by  allowing  children  to  experiment  with  numbers  and 
construct  their  own  meanings  (Corbitt,  1985;  Wheatley  &  Shumway.1992).  However,  the  UK  based 
Calculator-Aware  Number  project  (CAN)  found  that  the  calculator's  full  potential  could  not  be 
realised  without  a  change  in  teaching  style  (Duffin,  1989,  p.  15). 

Evidence  from  the  Calculators  in  Primary  Mathematics  project  (Groves,  1993b)  suggests  that 
teachers  with  long-term  involvement  in  the  project  have  adopted  a  more  open-ended  teaching  style  as 
a  result  of  the  increased  opportunities  for  exploration  of  number  presented  by  the  calculator.  Teachers 
speak  of  their  mathematics  teaching  becoming  more  like  their  language  teaching  and  of  letting 
children  lead  the  learning  process.  The  calculator  is  seen  as  facilitating  more  sharing  and  discussion  in 
the  classroom,  which  in  turn  allows  teachers  to  become  more  aware  of  children's  thinking.  From  a 
constructivist  perspective,  an  important  aspect  of  learning  is  communicating  and  constructing  shared 
understanding  (Davis,  Mahcr,  &  Noddings,  1990,  pp.  2-3;  Wheatley,  1991;  Grccno,  1989,  p.  45). 
The  presence  of  the  calculator  not  only  provides  children  with  the  opportunity  to  engage  in 
mathematical  investigation,  but  also  enables  them  to  share  their  discoveries  with  teachers  and  other 
children  by  providing  an  object  which  can  become  the  focus  for  genuine  mathematical  discussion. 
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A  MODEL  OF  TEST  DEglQff  TO  ASSESS  THE  VAN  HIELE  LEVELS 


Adcla  Jaime  and  Angri  Gutierrez 
Unlversidad  de  Valencia  (Valencia,  Spain) 


We  propose  a  framework  for  designing  tests  to  assess  the  Van  Hiele  level  of 
reasoning.  The  framework  is  based  on  the  consideration  of  the  different  key 
processes  involved  in  each  thinking  level  and  the  use  of  open-ended  questions.  We 
present  a  proposal  of  paper  and  pencil  super-items  with  a  structure  approaching 
that  of  the  clinical  interviews,  in  order  to  obtain  as  much  information  as  possible 
from  the  students'  written  answers. 


The  Van  Hiele  model  describes  the  evolution  of  the  kind  of  reasoning  of  a 
student  in  geometry.  It  establishes  a  sequence  of  5  levels  of  reasoning,  labelled  1 
to  5  in  this  paper.  In  this  paper  we  do  not  try  to  summarize  the  general 
characteristics  of  the  Van  Hiele  levels.  Such  description  can  be  found,  for 
instance,  In  Crowley  (1987),  Hoffer  (1983)  and  Jaime,  Gutierrez  (1990). 

We  can  hardly  meet  any  researcher  on  the  Van  Hiele  model  who  has  not 
needed  to  assess  the  students'  Van  Hiele  level;  this  Implies  the  use  of  a  test 
(written  or  oral).  The  Usiskin's  test  (Usiskin,  1982)  and  the  Burger  and 
Shaughnessy's  test  (Burger,  Shaughnessy,  1986)  are  the  most  frequently  used, 
but  both  tests  have  some  objections^ 

-  The  Usiskin's  test  is  based  on  paper  and  pencil  multi-choice  items,  and 
there  are  some  doubts  about  the  possibility  of  measuring  reasoning  by  means  of 
this  kind  of  items  (Crowley,  1990  and  Wilson,  1990).  Nevertheless,  this  test  has 
as  its  main  advantage  that  it  can  be  administered  to  many  Individuals  and  it  is 
easy  and  quick  to  asses  a  level  of  reasoning  to  the  students. 

-The  Burger  and  Shaughnessy's  test  has  to  be  administered  by  an 
interview,  and  it  is  very  time  consuming;  this  makes  the  test  unsuitable  for 
assessing  many  people.  However,  the  great  advantage  of  this  test  is  that  the 
information  obtained  from  interviews  results  in  a  deeper  knowledge  of  the  way 
students  reason  and,  therefore,  in  a  more  reliable  assessment  of  the  Van  Hiele 
level  than  that  obtained  by  paper  and  pencil  tests. 

Aware  of  the  necessity  stated  by  many  researchers  of  having  a  Van  Hiele 
test  without  the  inconveniences  mentioned  above,  we  have  been  working  for 
several  years  in  the  design  of  such  a  test  Some  previous  results  can  be  found  in 
Shaughnessy  et  al  (1991),  where  different  ways  of  assessing  the  Van  Hiele  levels 


Introduction. 


were  analyzed.  Now,  the  objective  of  our  ongoing  research  is  twofold: 

1-  To  offer  a  procedure  enabling  the  design  of  reliable  and  valid  tests  to 
measure  the  Van  Hiele  levels  of  reasoning. 

2-  To  implement  a  pool  of  items  from  which  one  should  be  able  to  make 
several  of  such  tests. 

We  present  here  a  theoretical  model  of  design  of  items  and  tests  (first 
objective)  and  also  some  examples  of  such  items  (second  objective). 


The  core  of  our  proposal  is  the  consideration  of  each  Van  Hiele  level  of 
reasoning  as  integrated  by  several  key  thinking  processes.  Then,  to  evaluate  a 
student's  thinking  level  means  to  evaluate  the  way  this  student  uses  each  key 
thinking  process  characteristic  of  that  level.  This  interpretation  of  the 
assessment  of  the  Van  Hiele  levels  is  implemented  by  means  of  paper  and  pencil 
open-ended  items,  designed  in  a  way  that  they  provide  an  amount  of 
information  that  approaches  the  obtained  by  means  of  clinical  inter  views. 

1.  Kct  Mflctutl  of  the  Van  Hiele  levele. 

As  a  thinking  level  is  integrated  by  some  thinking  processes,  quite  different 
one  from  the  others,  the  items  in  a  test  should  not  be  intended  to  assess  a 
whole  level,  but  one  or  more  of  the  key  processes  involved  in  this  level.  Then  an 
ideal  test  should  contain  at  least  an  item  able  to  assess  each  key  process  of 
each  Van  Hiele  level  For  instance,  as  we  shall  see  below,  for  the  assessment  of 
level  3,  the  items  should  allow  to  assess  the  way  students'  use  the  processes  of 
definition,  proof,  and  classification. 

The  view  of  considering  the  kind  of  reasoning  of  a  Van  Hiele  level  divided 
into  several  components  is  not  new.  De  Vllliers  (1987)  makes  this  distinction. 
Also  Hoffer  (1981)  shows  a  characterization  of  5  geometric  skills  to  be 
considered  for  the  assessment  of  each  Van  Hiele  level. 

In  the  following  paragraphs,  we  describe  the  main  key  processes  we  have 
identified  for  the  Van  Hiele  levels  1  to  4.  We  does  not  consider  level  5,  as  our 
research  is  directed  to  primary  and  secondary  school  students.  It  would  be 
possible  to  make  a  more  detailed  list  of  key  process,  since  some  of  the  processes 
stated  below  can  be  decomposed  in  sub-processes.  For  instance,  in  level  4,  the 
key  process  of  formal  proof  could  be  divided  Into  the  processes  corresponding  to 
the  different  ways  of  proving  that  students  should  know.  However,  this  would 
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conduct  us  to  a  position  impossible  to  be  put  Into  practice  because  of  the  length 
of  the  tests.  These  key  processes  characterizing  the  Van  Hiele  levels  1  to  4  are: 

Identification  of  the  family  a  geometric  object  belongs  to. 

Definition  of  a  concept,  understood  from  two  different  points  of  view:  To 
read  definitions,  that  is  to  use  given  definitions,  and  to  state  definitions,  that  Is 
to  formulate  a  definition  for  a  class  of  geometric  objects. 

Ch— Mention  of  geometrical  objects  Into  different  families. 

Proof  of  properties  or  statements,  that  Is  ways  of  convincing  someone  else 
of  the  truth  of  a  statement 

The  table  below  summarizes  the  key  processes  characteristics  of  each  Van 
Hiele  level.  An  X  or  the  name  of  a  process  in  a  cell  means  that  this  process  is  a 
part  of  the  reasoning  of  the  level,  so  it  has  to  be  assessed  in  this  level.  The 
means  that  this  process  la  not  a  part  of  the  reasoning  of  the  level,  so  it  has  not 
to  be  assessed  In  this  level. 


Identification 

Definition 

Classification 

Proof 

Lersl  1 

X 

State 

X 

LwrtlS 

X 

Read  &  State 

X 

X 

L*r«13 

Read  &  State 

X 

X 

Loral  4 

Read  &  State 

X 

When  assessing  the  Van  Hiele  level  of  reasoning  of  a  student,  it  is 
important  to  notice  that,  in  some  levels,  some  of  the  processes  Just  mentioned 
do  not  have  their  usual  mathematical  meaning.  Then,  when  analyzing  a 
student's  answer,  we  have  to  consider  the  processes  from  the  perspective  of  the 
level  exhibited  by  the  student.  For  this  purpose,  we  specify  In  the  following 
paragraphs  the  meaning  of  each  process  integrating  the  levels  1  to  4. 

LotoI  1: 

triwiHBraHnn-  The  students  recognize  figures  on  the  basis  of  physical  global 
characteristics,  like  aspect,  size  of  elements,  position,  etc. 

TV^niHnn-  students  take  into  consideration  only  attributes  which  refer  to 
physical  objects  In  a  global  way,  or  non-mathematical  properties  like  "round"  for 
circle,  so  they  are  not  able  to  read  a  mathematical  definition.  When  stating  a 
definition,  the  students  refer  to  this  same  kind  of  attributes.  Sometimes  the 
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name  of  the  concept  Is  the  definition  itself,  for  example,  children  quite  often  say 
that  "a  square  is  a  square''. 

filgggjflfigflm;  Students  use  the  same  kind  of  properties  of  the  figures  as  In 
the  previous  processes.  They  do  not  accept  any  relationship  among  two  different 
families  nor,  many  times,  among  two  elements  of  the  same  family  having  quite 
different  physical  aspect  (for  instance,  two  isosceles  triangles  having  angles  of 
50°.  50°  and  80°.  and  82°.  82°.  and  16°.  respectively). 

Level  3: 

MMittflration:  Students  recognize  geometrical  figures  on  the  basis  of  their 
mathematical  properties. 

Definition:  The  students  pay  attention  to  mathematical  properties  but. 
when  reading  or  stating  definitions,  they  may  have  problems  with  some  logical 
particles,  such  as  "at  least". 

When  stating  a  definition,  sometimes  the  students  omit  a  necessary 
property,  which  they  are  using  implicitly.  Other  times,  they  provide  a  list  with 
more  properties  than  needed,  even  when  the  dependence  among  them  is  easy  to 
realize.  For  example,  some  students  define  a  rectangle  as  "a  parallelogram 
having  two  pairs  of  equal  sides,  being  two  sides  longer  than  the  other  two"  (they 
omit  the  reference  to  the  right  angles).  Other  students  define  a  rectangle  as  "a 
parallelogram  having  two  pairs  of  equal  parallel  sides,  being  two  sides  longer 
than  the  other  two,  four  right  angles  and  two  equal  diagonals  (they  Include  an 
extra  property). 

ria««iflraHon:  it  is  exclusive,  that  is,  the  students  do  not  relate  families 
based  on  the  attributes  provided  in  the  definitions.  When  they  arc  given  a  new 
definition  of  a  concept,  different  from  the  one  they  already  knew,  the  students 
do  not  admit  the  new  definition.  This  happens  very  often  with  quadrilaterals, 
when  the  students  are  habituated  to  use  the  exclusive  definitions  and  they  are 
given  the  inclusive  definitions. 

proof:  A  typical  proof  in  this  level  consists  on  verifying  the  truth  of  the 
property  to  be  proved  in  one  or  a  few  examples. 

Level  3: 

Definition:  The  students  are  able  to  interpret  and  state  mathematical 
definitions,  being  conscious  that  a  necessary  and  sufficient  set  of  properties  is 
needed  and  that  adding  more  properties  to  the  definition  does  not  result  in  a 
better  one.  Therefore,  when  providing  a  definition,  the  students  try  not  to  be 
redundant,  although  some  redundancies  may  appear  when  the  relationships 
among  the  properties  do  not  consists  on  one-step  implications. 
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Classification:  The  students  may  do  Inclusive  classifications,  based  on  the 
properties  stated  in  the  given  definitions  of  the  concepts.  The  students  are  able 
to  change  their  mind  when  a  new  definitions  of  a  concept  is  given,  even  when 
there  is  a  change  from  exclusive  to  inclusive,  or  vice  versa. 

Proof:  The  students  may  check  the  property  to  be  proved  In  some  examples, 
but  they  look  also  for  some  Informal  explanation  based  on  mathematical 
properties,  or  the  examples  are  selected. 

Level  4: 

Definition:  The  progress  from  the  level  3  reasoning  consists  on  a  better 
understanding  of  definitions  and  the  ability  to  prove  the  equivalence  of  different 
definitions  of  the  same  concept. 

Proof:  Students  in  this  level  are  able  to  do  standard  formal  mathematical 
proofs.  Specific  figures  are  used  only  sometimes  to  help  to  choose  the  adequate 
properties  for  the  proof,  but  the  students  are  aware  that  a  figure  is  only  a  case 
and  that  to  prove  a  statement  it  is  necessary  to  make  a  sequence  of  implications 
based  on  already  proved  properties. 

2.  Open-ended  Item*  for  assessing  the  Van  Hjeje  levels. 

Paper  and  pencil  open-ended  items,  where  the  students  can  freely  explain 
the  reason  for  their  answer,  are  more  reliable  than  multi-choice  Items  for 
assessing  the  Van  Hiele  levels  of  reasoning.  On  the  other  side,  what  defines  a 
student's  level  of  thinking  are  not  the  items  administered  but  the  student's 
answer  to  such  items,  since  most  of  the  questions  can  be  answered  according  to 
several  levels  of  thinking.  Therefore,  we  defend  the  administration  of  tests  based 
on  open-ended  items  that  are  not  pre-assigned  to  a  specific  level,  but  to  a  range 
of  the  levels  in  which  answers  can  be  given.  In  this  way,  an  Item  contributes  to 
the  assessment  of  each  level  in  this  range. 

A  useful  characteristic  of  clinical  interviews  is  the  possibility  for  the 
interviewer  to  modify  the  questions,  to  give  some  hint,  etc.,  depending  on  the 
previous  student's  answers  and  the  reflected  thinking  level.  This  is  what  makes 
interviews  so  useful  for  the  assessment  of  the  Van  Hiele  levels  and  the  reason 
why  they  provide  more  information  than  any  paper  and  pencil  test  In  order  to 
approach  the  amount  of  information  obtained  by  written  tests  to  that  obtained 
by  interviews,  we  have  designed  super-items  divided  in  several  parts.  Students 
are  provided  with  extra  information  in  every  new  part  of  the  item,  in  order  to 
help  them  if  they  have  not  been  able  to  answer  correctly  before  (Jaime,  1993). 

This  technique  has  proved  to  be  useful,  for  instance,  in  items  about  proof, 
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where  it  happens  quite  often  that  level  4  students  cannot  answer  because  they 
do  not  find  a  suitable  way  to  the  result.  In  ordinary  items,  with  only  a  statement 
and  a  question,  often  these  students  do  not  write  anything  or  they  erase  what 
they  have  written,  since  they  believe  they  are  wrong.  This  behaviour  results  in 
the  assignation  of  the  student  to  a  Van  Hiele  level  lower  than  their  real  one. 
The  structure  of  the  super-items  we  have  designed  is  the  following: 

-  The  first  part  of  the  item  just  state  the  problem  and  the  question. 

-  When  this  part  has  been  answered,  students  have  to  turn  the  page  and 
they  answer  the  next  part  of  the  item,  that  provides  them  with  some  more 
information  and  states  again  the  same  question.  This  may  happen  several  times 
in  complex  problems. 

-  When  answering  these  super-items,  students  are  not  allowed  to  go 
backwards  after  they  have  turned  a  page.  That  is,  when  they  have  answered  a 
part  of  the  item,  they  are  not  allowed  to  answer  again  a  previous  part. 

In  the  annex  we  show,  as  examples  of  the  notions  introduced  above,  some 
items  taken  from  the  pool  of  items  we  have  designed  for  this  research.  The  table 
below,  that  refers  to  those  items,  summarizes  the  characteristics  of  each  item, 
that  is  what  levels  and  what  key  processes  of  each  level  are  evaluated. 


\yH.  levels 
Key  procesNv 

Level  1 

Level  2 

Level  3 

Level 
4 

Identification 

1 

2 

1 

2 

Definition 

ttate 

1 

2 

1 

2 
2 

4 

2 
2 

3 

4 

3 

Classification 

2 

2 

2 

ROOI 

5 

3 

5 

3 

Anaax!  Examnlas  of  aunar-ltema 


Item  1 

(The  students  are  given  several  figures).  For  the  following  figures,  write  a  T 
inside  of  the  triangles  and  a  Q  inside  of  the  quadrilaterals. 

Explain  how  do  you  know  which  shapes  are  triangles  and  which  are  not 
(The  same  question  for  quadrilaterals). 

Write  the  numbers  of  the  figures  which  are  not  triangles  and  explain,  for 
each  of  them,  why  it  Is  not  a  triangle.  (The  same  question  for  quadrilaterals). 
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2.1.  (The  students  are  given  several  figures).  For  each  figure,  write  all  the 
names  in  the  following  list  that  are  appropriate  for  the  figure:  Square,  rectangle, 
rhombus,  parallelogram  and  rhomboid. 

Explain  the  assignations  that  you  have  done  for  ...  (the  numbers  of  several 
figures  are  given,  among  which  there  should  be  at  least  a  rectangle  or  a 
rhombus/and  a  square). 

2.2.  The  students  are  given  the  inclusive  definitions  for  rhombus  and 
rectangle,  and  they  are  requested  to  use  these  definitions  for  answering  to  the 
same  questions  as  in  2.1. 

Item  8 

Here  are  two  definitions  of  certain  polygons: 
Definition  A:  It  is  a  quadrilateral  having  two  pairs  of  parallel  sides. 
Definition  B:  It  Is  a  quadrilateral  In  which  the  sum  of  any  two  consecutive 
angles  is  180°. 

Do  A  and  B  define  the  same  quadrilaterals?  Why,  or  why  not?  Give  a  proof 
for  your  answer. 

Item  4 

(The  students  are  given  a  list  of  true  properties  for  rhombl).  Write  a 
definition  of  rhombus  down  taking  properties  from  the  list  Remember  that  you 
are  asked  to  write  a  definition  down,  so  you  have  not  to  use  more  properties 
than  needed. 

Is  it  possible  to  solve  again  the  same  task  but  using  a  different  set  of 
properties  from  the  list? 

Item  5 

5.1.  Recall  that  a  diagonal  of  a  polygon  is  a  segment  joining  two  non 
adjacent  vertices  of  the  polygon.  How  many  diagonals  does  an  n-sided  polygon 
have?  Give  a  proof  for  your  answer. 

5.2.  Complete  the  following  statements  (you  can  draw  if  you  want): 

In  a  5-sided  polygon,  the  number  of  diagonals  which  can  be  drawn  from 
each  vertex  is  and  the  total  number  of  diagonals  of  the  polygon  is  

In  a  6-sided  polygon,  the  number  of  diagonals  which  can  be  drawn  from 
each  vertex  is  and  the  total  number  of  diagonals  of  the  polygon  Is  

In  an  n-sided  polygon,  the  number  of  diagonals  which  can  be  drawn  from . 
each  vertex  Is  Justify  your  answer  to  the  last  statement. 

Using  your  answers  above,  tell  how  many  diagonals  an  n-sided  polygon 
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has.  Prove  your  answer. 
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A  STUDENTS'  BELIEF  ABOUT  THE  SOLUTIONS 
OF  THE  EQUATION   X=X  l  IN  A  GROUP. 


Orit  Hazzan 
Technion  ••  Israel  Institute  of  Technology 


Abstract 


This  report  is  a  contribution  to  the  ongoing  international  research  on 
learning  Abstract  Algebra.  This  study  addresses  students  knowledge 
and  intuitions  in  considering  the  concepts  of  identity  element  and 
inverse  element  in  a  group.  More  specifically,  in  facing  the  question:  Is 
it  possible  to  have  elements  in  a  group,  except  the  identity  element,  that 
are  their  own  inverses?  Some  students  believe  that  the  answer  to  this 
question  is  negative.  This  phenomenon  is  demonstrated  in  a  variety  of 
contexts  and  possible  explanations  to  it  are  suggested. 


This  paper  is  concerned  with  students'  understanding  of  group  theory  concepts:  the 
concepts  of  the  inverse  element  and  the  identity  element  More  specifically,  the  solutions 
of  the  equation  x=x-1,when  x  is  an  element  in  the  group,  are  discussed.  To  be  precise,  I 
discuss  the  students'  answers  to  the  following  questions:  How  many  solutions  may  this 
equation  have?,  What  are  they?.  It  turns  out  that  students  tend  to  presume  that  the  above 
equation  has  only  one  solution  which  is  the  identity  element  of  the  group,  e.  (I  shall  call 
this  "the  belief  or  "the  phenomenon".) 

The  above  phenomenon  appeared  during  a  well  spread  research  which  was  conducted  at 
the  Israel  Institute  of  Technology,  dealing  with  undergraduate  students'  understanding  of 
concepts  in  Abstract  Algebra,  more  specifically,  group  theory.  The  data  was  collected 
using  questionnaires  and  interviews  with  students  participating  in  the  Abstract  Algebra 
course.  These  two  tools  were  not  aimed  to  check  the  discussed  belief.  It  just  "popped 
out"  in  different  contexts. 

In  this  paper  I  would  like  to  present  some  situations  in  which  this  phenomenon  emerged. 
Also,  I  suggest  possible  description  of  students'  mental  processes  which  may  explain  this 
phenomenon.  I  also  demonstrate  how  these  mental  processes  might  have  influenced 
students'  responses  in  other  contexts. 
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.  .    2.  Description  nfthe  phenomenon 
In  this  section,  five  situations  in  which  the  above  phenomenon  emerged  will  be  presented. 


(A)  One  task  in  an  interview  was  to  build  a  "multiplication"  table  of  four  elements  a,  b,  c 
and  d  so  that  it  will  form  a  table  for  a  group.  Most  of  the  students  began  by  choosing  a  to 
be  the  identity  element.  Next,  they  filled  the  first  column  and  the  first  row.  Then,  the 
students  determined  the  pairs  of  inverses.  They  applied  their  knowledge  that  the  identity 
element  is  its  own  inverse  and  they  chose  another  two  elements,  c  and  d  for  example,  to  be 
the  inverse  to  each  other.  At  this  point,  the  students  had  to  discuss  the  question:  "What  will 
be  b's  inverse?" 

Ethan:  It  is  clear  that  b*b  should  be  different  than  e.  (He  marked  a  by  e.  Recall 
that  e  is  the  identity  element) 
Interviewer:  Why? 

Ethan:  Because  otherwise  b  is  its  own  inverse  and  this  is  only  permitted  for  one 
element 

Later  in  the  interview  Ethan  made  a  distinction  between  the  following  two  situations: 
b*b  x=e  and  b*b=e. 

Ethan:  So,  b*b  l=e  [...]  This  is  by  definition. 

Interviewer:  O.K. 

Ethan:  O.K.  [...]  So,  if  b*b=e,  what  does  it  mean  logically? 
It  implies  that  b  is  the  identity.  [He  wrote:  b*b=e  ->  b=e\ 

In  the  first  situation  Ethan  looked  at  b  x  as  a  variable  -  an  element  of  the  group  that  is  the 
inverse  of  ft.  In  the  second  situation,  b  must  be  its  own  inverse  and  "this  is  only  true  for  the 
identity  element". 

(B)  A  problem  on  one  of  the  questionnaires  designed  for  another  purpose,  was: 

Let  G  be  a  commutative  group.  Prove  that  the  set  [a  e  G I  aJ««}  is 
a  subgroup  of  G. 

Some  students  "saw"  in  the  set  only  one  element  One  of  them  explained: 

a2  *  e  »«>  ici>e  «>  a  ■  a-1  and  this  is  true  for  e  .  Hence  every 
element  in  the  subset  will  be  e.  I.e.,  (a  e  G I  a2-  e)  »  {e)  and  this  is  always  a 
subgroup. 

CThitttudmtchoM  to  um  the  symbol  o  to  lijriify  tht  (roup  opmtion.  Thii  li  tqulvtlent  to  •  uied  by  other  itudanU.) 


(C)  In  oidcr  to  check  what  exactly  leads  the  students  to  imply  the  above,  I  divided  a  group 
of  19  Abstract  Algebra  students  into  three  sub-groups  and  each  of  these  sub-groups 
received  a  different  one-question  questionnaire.  Each  sub-group  discussed  a  different 
description  of  an  element  in  a  group  which  satisfies  the  equation:  x^xr1. 
The  three  phrases  were: 

(i)  Let  G  be  a  group  and  x  be  an  element  in  G.  Prove  or  refute: 
If  x  is  its  own  inverse  then  x  is  the  identity  element. 

(ii)  Let  G  be  a  group  and  x  be  an  element  in  G.  Prove  or  refute: 
If  x  is  of  order  2  then  x  is  the  identity  element. 

(iii)  Let  G  be  a  group,  x  be  an  element  in  G  and  «  be  the 
identity  element  of  G.  Prove  or  refute: 

If  x*x=e  then  x  is  the  identity  element 
When  the  questions  were  so  directed  all  the  students  except  two  refuted  the  phrases  by  i 
counter-example.  One  of  these  students,  in  interpreting  phrase  (iii)  revealed  his  way  o 
thinking  as  follows: 


This  answer  and  the  one  illustrated  in  example  (B)  are  almost  the  same:  The  "belief  is  that 
if  an  element  is  its  own  inverse  then  it  is  the  identity  element. 

(D)  The  following  comes  to  demonstrate  that  even  when  a  student  "feels"  that  an  element 
of  a  group,  other  than  the  identity  element,  can  satisfy  the  equation  x=x\  he  prefers  not  to 
deal  with  this  situation.  Adam  begins  to  fill  the  4x4  table  by  choosing  a  to  be  the  identity 
element.  Then  he  continues,  explaining: 

Adaa:  O.K.  now,  we  should  try.  So,  let's  begin  and  we  will  sec  if  something 
will  go  wrong.  Let's  say  that  b*b  equal  c.  I  will  not  put  here  a  [for  b*b] 
because  it  will  definitely  cause  problems,  since  a  is  a  special  element.  So  let's 
put  here  c.  [...] 
After  several  calculations  he  goes  on: 


Adaa:  Let's  see  if  it  [b*b"d\  causes  problems.  No.  It  only  means  that  b 
squared,  b*b,  O.K.,  b  squared  equals  a.  Meanwhile,  I  don't  see  that  it 
contradicts  anything.  So,  O.K.  [...].  First,  I  will  put  here  c  anyway  [for  b*b\ 
because  I  prefer  not  to  deal  with  this  problem.  I  have  never  seen  it, ...  I  have 
no...  Because  I  haven't  seen  it,  I  have  no  intuition,  I  prefer  to  choose  here  an 
element  that  will  not  cause  problems,  like  c... 


x  ox  =  e 

x-1  °x  oi=r'  o  e 
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(E)  Ron  proves  that  the  axiom:  "For  all  a  in  G  there  exists  an  element  b  in  G,  so  that 
ab=ba=e"  holds  for  Z».  He  feels  that  he  should  pay  special  attention  to  an  element  which  is 
its  own  inverse: 


3.  Discussion 

Here  are  some  suggested  explanations  for  the  discussed  phenomenon.  For  each  explanation 
another  situation  which  demonstrates  this  way  of  looking  at  things,  is  described. 

(A)  Looking  at  the  arbitrary  multiplication  of  the  group  as  multiplication  of  real  numbers. 
It  is  possible  that  students  consider  the  "multiplication"  of  group  elements  as  a  sort  of 
multiplication  of  the  real  numbers.  The  term  "multiplication"  in  the  case  of  groups  is  used 
metaphorically.  Lecturers  and  books  use  to  define  a  group  in  the  following  way: 
"Let  G  be  a  nonempty  set  together  with  a  binary  operation 
(usually  called  multiplication) ..."  (Gallian,  1990,  p.  34). 

Because  the  group  definition  is  axiomatic,  the  students  need  a  model  (a  metaphor)  to 
connect  it  with.  Since  they  are  familiar  with  the  multiplication  of  real  numbers,  the  real 
numbers  seem  to  be  the  most  available  as  a  ready-made  model.  The  first  real  number  that 
students  give  as  a  solution  to  the  equation  x=x~l  is  1,  sometimes  forgetting  -1.  They 
"generalize"  the  situation  to  a  group:  The  equation  x=xml  has  only  one  solution  -  e  -  the 
identity  element  of  the  group. 

This  is  not  the  only  situation  where  students  "borrow  properties"  from  the  multiplication  of 
real  numbers.  For  example,  some  students  use  the  term  "to  divide"  instead  of  "to  multiply 
by  the  inverse  element";  some  students  describe  the  inverse  of  an  element  x  as "  1  over  x". 

Therefore,  it  is  possible  that  the  limited  view  of  "multiplication"  is  an  outcome  of  the 
metaphor  used  while  the  subject  is  taught  Tom  and  Sarah  expressed  this  idea  explicitly. 


Tom  admitted  that  his  intuition  was  determined  by  familiar  examples,  which  had  disturbed 
him  in  the  abstraction  process: 


An  inverse  exists  because  for  all  a  E  Z„  c  Z 
there  exists  6EZ.C  Z  so  that:  b=n-a. 
Remark:  It  is  possible  that  b=a. 


Sarah:  The  concept  of  multiplication  is  in  the  air  all  the  time . 
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Tow:  Suddenly,  everything  [in  Abstract  Algebra]  looks  so  strange.  I  mean, 
why  isn't  a*b  equal  to  b*al  [...]  Ow  r,t\ds  to  cancel  [the  same  expression  on 
both  sides  of  an  equation],  it  is  the  opposite  to  the  basic  rules  of  the 
arithmetic. 

In  my  opinion,  this  is  the  main  explanation  to  the  phenomenon.  It  deals  with  the 
influence  of  familiar  examples  and  metaphors  on  the  understanding  of  mathematical 
concepts.  With  this  point  of  view,  the  phenomenon  can  be  view  as  an  example  of  the 
nature  of  metaphors  which  "deny  distinctions  between  things.  Problems  often  arise 
from  taking  structural  metaphors  too  literally.  Because  unexamined  metaphors  lead  us 
to  assume  the  identity  of  unidentical  things,  conflicts  can  arise  which  can  be  resolved 
only  by  understanding  the  metaphor".  (Pimm,  1987,  p.  108) 

Herstein  (1986)  refers  to  this  problem  and  after  defining  the  concept  of  group,  he  adds: 
"The  operation  *  in  G  is  usually  called  the  product,  but  keep  in  mind  that  this  has  nothing 
to  do  with  product  as  we  know  it  for  the  integers,  rationals,  reals,  or  complexes  [...]. 
However,  a  general  group  need  have  no  relation  whatsoever  to  a  set  of  numbers"  (p.  47). 

The  influence  of  the  real  numbers  multiplication  demonstrates  how  a  familiar  system 
influences  the  understanding  of  mathematical  concepts.  Another  system  which  the  students 
freely  relate  to  is  that  of  the  natural  numbers.  They  relate  to  the  latter  system  in  a  different 
way.  Some  students  prefer  to  use  a  counting  argument  or  theorem  which  deals  with  the 
natural  numbers  while  solving  a  problem  which  does  not  have  any  connection  to  the  natural 
numbers.  For  example:  One  can  not  prove  that  a  subset  of  a  group  is  a  subgroup  using 
Lagrange's  Theorem  (The  order  of  a  subgroup  divides  the  order  of  the  group).  But,  when 
asked  whether  Z3  is  a  subgroup  of  Z6,  twenty  out  of  113  students  answered  "yes", 
supported  by  the  following  argument: 

"Yes,  the  statement  is  true.  3  divides  6  and  hence,  according  to  Lagrange's 

Theorem,  Z3  is  a  subgroup  of  Ze- 

(B)  The  influence  of  a  language. 

The  discussed  phenomenon  can  be  a  result  of  the  communication  between  the  lecturers  and 
their  students.  Some  of  the  students  give  to  the  term  "multiplication"  a  different  meaning 
than  that  of  the  lecturers. 

The  connection  between  language  and  mathematics  has  already  been  discussed  by  many 
writer*  (For  example:  Austin  and  Howson,  1979;  Rin,  1983;  Mason  and  Pimm,  1984; 
Pimm,  1987;  Laborde,  1990).  Here  is  an  example  from  Abstract  Algebra. 
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The  formal  definition  of  group  homomorphism  is: 

f:  G-->  G'  is  a  group  homomorphism  if  for  all  ajb  in  G:  f(ab)  -  f(a)f(b). 
Writers  and  lecturers  describe  it  as  function  "that  preserves  the  group  operation." 
(Gillian,  1990,  p.  100). 

Sharon  was  asked  if  the  following  statement  is  true  or  false:  If  A  and  B  are  isomorphic 
groups  and  the  operation  of  A  is  a  function  composition,  then  the  operation  in  B  is  a 
function  composition. 

Sfcaroa:  [...]  It  keeps  this  property...  [pointing  to  the  formula  i(ab)  =  f(a)f(b)]. 

[••■]  My  isomorphism  leaves  me  with  the  operation  that  I  performed  in  A, 

and  when  I  transformed,  I  transformed  the  elements  with  the  operation... 

The  isomorphism  does  not  change  the  operation. 

Interviewer:  Hmmm... 

Sharon:  I  mean,  if  the  operation  in  A  is  a  function  composition  then  my 

operation  in  B  will  be  a  function  composition. 
Then,  she  returned  to  a  previous  example  in  the  interview: 

Sharon:  If  I  take  Z  and  3Z,  they  are  isomorphic...  The  elements  are  of  the 
same  kind  but  they  are  not  the  same  elements  [...]  The  elements  are  of  the 
same  type.  If  I  had  here  remainder  classes  in  Z,  then  this  [3Z]  would  be 
remainder  classes,  too,  which  I  multiply  by  three. 
Interviewer:  Hmmm... 

Sharon:  [...]  They  are  of  the  same  kind,  and  the  operation  is  preserved,  but 
they  are  not  the  same  elements  [...] 

In  Hebrew,  the  words  preserve  and  keep  sound  very  similar.  Since  Sharon  did  not  know 
what  it  means  to  preserve  the  operation,  she  adopted  the  meaning  of  keep,  to  which  she 
could  attach  more  meaning. 

(Q  The  influence  of  an  axiom. 

The  axiom  of  the  inverses  in  the  definition  of  a  group  is:  "For  every  a  e  G  there  exists  an 
element  b  e  G  such  that  a*b=b*a=e.  (We  write  this  element  b  as  a1  and  call  it  the  inverse 
of  a  in  G)."  (Herstein,  1986,  p.  46).  Two  different  letters  appear  in  this  axiom,  a  and  b. 
Therefore,  some  of  the  students  may  interpret  the  inverse  of  an  element  as  different  from 
itself.  The  real's  influence  seems  to  be  stronger,  so  the  students  permit  e  to  be  its  own 
inverse.  The  same  phenomenon  appears  in  checking  the  associativity  (For  all  ajb,c  e  G: 
a*(b*c)  -  (a*b)*c  ).  Many  students  check  the  associativity  only  for  triples  with  different 
letters.  For  example,  when  Ben  checks  whether  a  3x3  table  presented  to  him  is  a 
multiplication  table  for  a  group  of  three  elements,  he  explains: 
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Ben:  I  already  checked  abc  .  Now,  II  have  to  check]  that  a(cb)  will  be  equal 

to  (ac)b,  and  (ca)b=c(ab). 
In  another  context,  students  were  asked  to  find  subgroups  of  2*.  Sharon  decided  that  the 
subset  {0,1 }  of  the  elements  of  Zt  was  a  subgroup  of  Zs,  explaining: 

Sharoa:  [...]  Let's  assume  0  and  1.  It  can  form  a  subgroup  of  Z*.  because 

every  operation  that  I  will  do  with  the  two...  with  the  two  things  here,  It 

[the  result]  will  be  included  here. 

Interviewer:  How  will  you  check? 

Sharoa:  If  I  do  0+1  V 11  get  1  which  belongs  to  the  subset. 
Sharon  checked  the  closure  only  for  two  different  elements,  maybe  because  two  different 
letters  usually  appear  in  the  closure  axiom. 

(D)  A  relation  between  two  objects. 

Another  explanation  for  the  students'  belief  that  only  the  identity  element  can  be  its  own 
inverse,  is  that  it  is  easier  to  think  of  two  different  objects  which  satisfy  a  relation  between 
them,  than  of  one  element  which  is  in  a  relation  with  itself.  It  is  easier  to  conceive  that  one 
element  is  the  inverse  of  another,  different  element,  than  that  it  is  the  inverse  of  itself.  The 
tendency  to  believe  that  it  is  more  reasonable  for  two  different  objects  to  be  in  a  relation 
between  them,  appears  also  in  another  context. 

Students  were  asked  to  prove  that  a  function  f:  A— >A  is  invertable  if  and  only  if  it  is  one- 
to-one  and  onto.  One  student  suggested: 

f:  A->  A  (Let's  write  f:  A->  B  when  A=B,  for  convenience). 
In  another  example  during  a  class  discussion  Dan  tried  to  build  a  subgroup  of  S*  of  order 
two.  In  all  his  attempts  he  got  (e,  (1  2),  (2  1 )} .  Here  again  he  could  not  accept  that  (1 2)  is 
its  own  inverse  and  felt  that  he  should  add  to  the  subgroup  the  permutation  (2  1)  -  a 
different  notation  for  the  same  permutation. 

(E)  Confusing  between  a  theorem  and  its  converse. 

The  students  know  that  if  e  is  the  identity  element,  then  «2=«.  It  may  be  that  they  assume 
that  its  converse  is  true:  If  x  is  an  element  which  satisfies  the  equation  x*=e  then  x=e. 
This  sort  of  confusion  is  also  a  common  phenomenon.  In  the  context  of  Abstract  Algebra, 
it  is  demonstrated  in  Leron,  Hazzan  and  Zazkis  (in  preparation):  The  students  were  asked  to 
determine  whether  two  groups,  given  by  their  multiplication  tables,  are  isomorphic.  Some 
of  them  began  by  calculating  the  order  of  each  of  the  elements  (a  natural  number 
operation),  and  decided  fhst  the  two  groups  were  isomorphic  when  finding  that  the  orders 
of  their  element!  were  tie  tame.  It  may  be  the  case  that  some  of  the  students  assume  that 
the  false  convene  of  the  true  statement,  "If  groups  are  isomorphic,  the  orders  of  their 
elements  are  equal  respectively",  is  true. 
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4.  Summary 


The  relative  simplicity  of  the  material  which  involves  in  the  discussed  phenomenon 
demonstrates  very  early  in  the  Abstract  Algebra  course,  some  of  the  difficulties  that 
students  are  facing.  There  is  no  need  to  go  as  far  as  advanced  algebraic  concepts  to  observe 
the  difficulties.  It  is  a  difficult  course  for  the  students,  and  very  abstract.  One  graduate 
student  described  the  abstract-level  of  the  material  by  the  following  remark:  "Working  with 
groups  is  similar  in  difficulty  to  learning  relativity  in  physics.  None  of  the  normal  modes  of 
thought  seem  to  fit." 
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RELATIVE  AND  ABSOLUTE  THINKING  IN  VISUAL  ESTIMATION. 
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■  Abstract  ■  Four  strategies  were  expressed  by  third  grade  children  in  visual  estimation 
situations.  After  going  through  visual  estimation  activities,  some  changes  in  children 
strategies  were  found.  These  changes  were  in  agreement  with  theories  of  visual 
information  processing.  Most  of  the  children  had  difficulties  in  judging  the  quality  of 
the  estimate.  They  showed  "additive"  behavior  without  any  traces  of  relative  thinking. 
After  a  very  directed  intervention  some  of  them  moved  towards  relative  thinking. 

Visual  estimation  processes  of  discrete  quantities  combine  both:  Estimation  processes  and  visual 
information  processing.  They  contribute  not  only  to  develop  visual  abilities  as  well  as  estimation 
abilities,  but  they  also  helps  to  develop  a  basis  for  "feeling"  quantities  and  numbers. 

Visual  estimation  of  discrete  quantities  occurs  when  one  is  presented  with  a  large  group  of  objects 
(e.g.  Figure  1)  for  a  short  period  of  time,  and  is  asked  to  evaluate  their  number. 


(1) 

(c) 

m 

<n 

Figure  1 

In  our  study  we  investigated  the  visual  estimation  processes  of  twelve  nine  year  old  children;  they 
were  presented  with  a  relatively  large  number  of  objects.  In  such  a  situation  the  child  is  asked  to  give 
an  absolute  information  about  the  number  of  objects  shown  to  him/her. 
According  to  Bryant  (1974),  human  beings  are  bom  with  the  ability  of  gathering  visual  information 
by  relative  codes  only,  and  not  by  ahsnlnte  codes,  meaning  that  children  can  say  that  one  object  is 
bigger  (higher,  etc.)  than  another  object,  but  they  cannot  say  how  big  it  is.  With  experience,  they 
learn  to  uie  external  ftamr.t  of  reference  and  gradually  they  learn  to  deal  with  absolute 
information.  In  this  sense,  any  previous  "chunk  of  information",  that  children  have,  can  act  as  a 
frame  of  reference. 
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One  of  the  units  developed  as  part  of  the  project  deals  with  visual  estimation.  The  unit  includes  a 
set  of  30  pictures  in  which  the  number  of  objects  (mainly  dots)  varied  from  10  to  40  and  their 
arrangement  varied  as  well  (Fig.  1).  The  children  were  presented  with  each  picture  for  a  short  period 
of  time  and  then  asked  to  writ  e  down  how  manj  objects  they  had  seen.  As  immediate  feedback,  the 
teacher  showed  them  the  exat;  number  of  objects,  and  the  children  wrote  it  down  next  to  their 
answers.  After  that,  similar  activities  were  performed  with  concrete  objects,  such  as  plastic  circles, 
plastic  squares,  pencils;  with  pictures  in  children  books  and  with  objects  from  the  classroom  and 
outside  the  classroom  environment. 

The  Research  Question.! 

The  following  questions  were  the  basis  to  our  study,  but  they  can  serve  as  a  basis  for  a  research 
which  deals  with  estimation  processes  of  any  kind: 

a.  How  close  is  the  estimate  to  the  exact  information? 

b.  What  was  the  strategy  or  the  process  that  led  the  subject  to  her/his  estimate? 

c  To  what  extent  is  the  subject  aware  to  the  quality  of  the  estimate;  or  in  other  words:  How  does 

he  or  she  judges  if  the  estimate  is  good  enough,  or  if  one  estimate  is  better  than  the  other? 
In  each  '  "he  above  questions  the  effect  of  instruction  (experience)  was  investigated. 

The  research  was  carried  out  by  interviews,  which  were  done  before  and  after  the  learning  unit  and 
included  tasks  similar  to  the  tasks  of  the  visual  estimation  unit  The  second  part  of  each  interview 
included  tasks  developed  for  the  investigation  of  question  c  above. 

Neither  estimation  strategies  nor  the  awareness  of  the  quality  of  the  estimate  (research  questions  b 
and  c)  were  discussed  in  the  unit 

In  the  following  we  will  inform  briefly  on  research  results  concerning  questions  a  and  b  (for 
more  detailed  information  see  Markovits  and  Hershkowitz,  1993)  and  then  focus  more  on  research 
results  for  question  c 

Estimation  anilities  and  estimation  nrncesses  (research  questions  a  and 
As  for  the  estimation  abilities  we  found  that: 

*  Most  of  the  answers  were  underestimates. 

*  Children  were  closer  to  the  exact  number  when  the  dots  were  arranged  in  some 
geometrical  pattern  (Fig  lb  and  le). 

*  Overall,  children's  estimation  improved  as  a  result  of  the  learning  experience. 

*  Children  are  not  used  to  estimate,  they  prefer  to  give  exact  answers. 

The  following  levels  of  visual  estimation  strategies  were  found: 
Counting  •  children  counted  as  many  objects  as  they  could  in  the  short  period  of  time  available. 
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Grouping  -  children  mentally  divided  the  objects  into  groups,  most  of  the  time  with  equal  number, 
oZ^^K  and  then  multiplied  this  number  by  the  number  of  group,  Bc^.tM* 

CoTparison  -  children  using  this  strategy  compared  the  number  of  object^  somethmg  they  were 
finuiurwith.  Tl.,  y  used  fnmilinr  abate  ^formation  as  anfTtrrnal  fnmr  of  reference. 
Global  perception  -  Children  just  took,  glance  and  gave  their  esttmate. 

VeThof  L  first  three  smttegies.  fiame***!^  In  the  counung  strategy^ 

^"quantity"  wa,  used  as.rranKO^^ 

stlgTthe  size  of  the  group  was  used  as  a  frame  of  reference,  and  in  the  comparison  strategy  some 
external  but  familiar  information  was  used  as  a  frame  of  reference. 

Tmos,  dramatic  change  in  strategy,  as  an  impact  of  instruction  (the  unit),  was  a  decrea*  in  the 
use  of  the  counting  strategy .  and  an  increase  in  the  use  of  the  global  ^^^LlTZ 
thatbygatheringexperience-  going  through  the  visual  estimation  urn,  -  chudren  can  educ^the* 
;ye».  nLning  L,  they  either  become  free  of  using  a  frame  of  reference,  or  a  frame  of  reference  „ 
used  subconsciously.  This  is  in  agreement  with  Bryant's  theory. 

It  is  worthwhile  to  note  that  in  the  explanation  of  their  strategies,  some  cmldren  retau*  tote 
mental  images  of  the  do,  pictures,  that  they  had  created  in  their  minds,  rather  than  to  the  real  ptctures. 
This  observation  was  found  to  be  independent  of  the  strategy  used.  ,  „  .. 

The  above  HndingsfitPiagefstheory  that  "the  representation  of  space  ts  not  a  perceptual  r«d,ng 
off  the  spatial  environment,  but  is  the  build-up  from  prior  active  manipulation  of  that  envumment 
(Clements  and  Battista,  1992  p.  422). 

e,t,lf1fnt..  .«»nrn  r*  Mtinam  •  tbssMt  ind  rcUtWr  thinking 

TZr  SS-^  of  the  quality  of  their  e,tim«es.  a  set  of  tasks  w 
developed.  The  asks  for  the  first  interview  (before  the  learning  experience),  which  are  shown 
Table  1 .  were  developed  according  to  the  following  criteria: 

1  Absolut.  ErroTr.sk.  -  in  which  two  different  estimates  of  the  same  quantftj >were 
pre^lnthissituation  the  e,rors  need  to  be  treated 

was  included  to  make  sure  that  the  child  understands  what  we  mean  by  "better  answer  .  Task  2  was 
ilL  in  order  to  see  if  the  child  realizes  that  an  estimate  can  be  an  underestimate  as  well  as  an 

r^rErrorT.sk.  -  in  which  the  two  different  estimate,  relate  to  different  quantities^ 
L  Nation  the  errors  need  to  be  treats  relatively  (tasks  3  and  4).  Task 
IabsoluteerrWisthe«rne(for,hetwopicMres).bu,tb*re^ 
difficult,  since  the  smaller  absolute  error  turns  to  be  relatively  bigger. 

3  Visual  Conflict  Taak  -  usk  5  which  was  given  in  otder  to  create  visual  conflict.  In  tasks  3 
'  and4thedifferencebetweentiKnumta^^^ 

".visually.  Afterlnterviewing  four  children  we  noticed  that  children  do  no,  realize  that  the  errors 


should  be  treated  relatively  to  the  number  of  dots.  We  added  task  5  in  order  to  create  a  visual 
confbct  In  this  task  we  presented,  the  remaining  eight  children,  two  pictures  in  which  the  visual 
difference  between  the  number  of  dots  is  much  more  in  evidence. 


TabU^  Absolute  and  relative  error ta**  /„  it..  ffnf  intmtnr 
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Absolute  error  tasks 

1)  Two  children  were  shown  this  dot  picture  for  a 
short  period  of  time  and  asked  how  many  dots 
they  saw.  We  know  that  there  are  20  dots  in 
the  picture  but  the  children,  of  course,  didn't 
know  it.  Noa  said  that  there  are  24  dots,  Amir 
said  26  dots.  Did  one  of  the  children  give  a 
better  answer  than  the  other  or  were  both 
answers  equally  good? 

A  dot  picture  was  shown  to  Noa  and  Amir  This 
,nere  we  30  dots.  Amir  said  that  there  are 
34  dots,  Noa  said  26.  Same  question  as  I. 

Relative  error  tasks 

3)  Two  dot  pictures  were  shown  to  Noa:  20  dots  in 
picture  A  and  50  dots  in  picture  B.  Noa  said 
that 

there  are  25  dots  in  picture  A  and  55  in  picture 
B.Was  one  ofNoa's  answers  better  than  the 
other  one,  or  were  both  answers  equally 
good? 

4)  Two  dot  pictures  were  shown  to  Amir:  10  dots 
in  picture  A  and  30  dots  in  picture  B.  Amir  said 
that  there  ore  IS  dots  in  picture  A  and  40  in  B 
Same  question  as  in  3. 

Visual  Conflict  Tasks 

5)  Two  dot  pictures  were  shown  to  Noa.  10  dots 
in  picture  A  and  100  dots  in  picture  B.  Noa  said 
that  there  are  11  dots  in  picture  A  and  102  dots 
m  picture  B.  Same  question  as  in  3. 
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In  thesecond  interview  (after  the  learning  experience)  we  repeated  tasks  1  -  5  with  slight  changes 
intended  visual  conflict  in  task  5  is  meant  to  be  aggravated  in  tasks  6  &7  (see  Table 
2).  If  the  child  answered  task  5  correct.y .  the  interview  w«  stopped  If  not.  the  child  was  presented 

rtoT  w  .        *"  Chi'd  m  ^  SUCCMd  ta        6m  7' ,hen  *"  -terviewer  intervened  with 
,  Zt     rVtdaSI  ChCCk  UP  U5k'      w"  P™***  »  children  that  succeeded  in  one  or  both 
tasks  6  &7  and  to  children  who  showed  some  kind  of  relative  thinking  in  task  9. 


a 
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Table  2  .  Absolute  and  relative  tasks  in  the  second  interview 
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;  -  5  Similar  to  those  in  Table  1 . 

6)  Same  task  as  5  except  that  Noa  said  101  dots 
for  picture  A  and  11  dots  for  picture  B. 

7)  Two  dot  pictures  were  shown  to  Amir:  10  dots 
in  picture  A  and  1000  dots  in  picture  B.  Amir 
said  that  there  are  1 1  dots  in  picture  A  and  1001 
dots  in  picture  B.  Same  question  as  in  3. 

8)  Two  dot  pictures  were  shown  to  Noa.  5  dots  in 
picture  A  and  100  dots  in  picture  B.  Noa  said 
that  there  are  6  dots  in  picture  a  and  101  dots  in 
picture  B.  Same  question  as  in  3. 

9)  "There  was  a  child  in  some  other  class  who  said 
that  it  is  true  that  in  both  pictures  the  error  was 
1,  but  in  picture  A  there  are  10  dots  and  in 
picture  B  1000  dots.  It  is  much  more  difficult  to 
say  11  when  there  are  10,  that's  why  Amir's 
answer  for  picture  B  is  better."  That's  what  the 
child  said.  What  do  you  think? 

In  both  interviews  each  task  was  read  to  ihe  child  while  the  dot  picture  or  both  dot  pictures  were 
located  in  front  of  him/her..  Then  the  estimates  given  by  Noa  or  by  Amir  (see  Tables  1  and  2)  were 
located  next  to  the  picture  while  this  information  was  read  by  the  investigator. 

From  the  analysis  of  the  absolute  and  relative  error  tasks,  it  appears  that  eleven  out  of  the  twelve 
children  showed  mostly  absolute  thinking.  Their  answers  were  "additive",  meaning  that  they  related 
only  to  the  absolute  error,  in  tasks  in  which  the  relative  error  should  have  been  taken  into  account. 
One  girl,  Dana,  showed  some  traces  of  relative  thinking,  although  this  was  not  in  evidence  in  all  her 
answers.  Thus  we  will  first  present  the  answers  given  by  the  other  eleven  children  and  then  the 
answers  that  Dana  gave. 

Antwen  t>»n  >v  the  rleven  children  in  the  first  interview 

Absolute  error  tasks:  The  children  showed  an  additive  behavior,  which  turned  to  be  the  correct 
one  in  these  tasks. 

In  task  1,  all  children  said  that  Noa's  answer  was  better  because  "she  is  closer". 

In  task  2,  nine  of  the  children  said  that  both  answers  are  the  same  because  "both  were  4  dots 
away".  One  child  said  that  Noa's  answer  is  better,  "because  the  number  is  smaller,  and  the  smaller 
the  number,  the  better  the  answer".  Another  child  said  that  Amir's  answer  is  betttr  because  "it  is  in 
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the  same  number  as  30",  which  we  interpreted  that  he  means  that  Amir's  answer  and  the  exact 
number,  both  have  the  same  digit  in  the  tens'  place. 

Relative  error  tasks:  The  children  continued  to  think  in  terms  of  absolute  differences,  although 
the  situation  had  been  changed.  Nine  of  them  showed  an  additive  behavior  in  task  3  and  said  that 
both  answers  are  the  same.  Calculations  like  "25-20=5,  55-50=5 ",  were  done  with  the  conclusion 
that  "in  both  it  is  5  more".  In  task  4  all  eleven  children  said  that  Amir's  answer  in  picture  A  is  better 
"because  the  error  is  only  5,  and  in  picture  B  the  error  is  10". 

Visual  conflict  task:  Since  task  5  was  added  during  the  interview,  only  seven  out  of  the  eleven 
children  (and  Dana)  received  it.  All  the  seven  children  said  something  like:  "Picture  A  is  better 
because  it  is  closer  to  the  exact  number".  In  order  to  try  and  put  them  in  a  conflict  situation,  we 
asked  where  it  is  more  difficult  to  get  closer  to  the  exact  number,  in  picture  A  or  in  picture  B.  A 
typical  answer  was:  "When  you  have  more  points".  But  the  following  sentence  was  added 
immediately:  "But  it  doesn't  matter  if  you  have  more  points  or  less  points,  what  matters  is  the 
difference." 

It  seems  that  the  children  were  not  in  a  conflict  at  all.  They  realized  that  it  is  much  more  difficult  to 
get  closer  to  100  dots,  but  it  had  nothing  to  do  with  the  question  they  were  asked.  The  mathematical 
fact,  that  the  difference  is  smaller,  was  probably  an  obstacle  for  the  children.  One  child  seemed  at 
first  to  change  his  answer,  being  influenced  by  the  conflict  situation,  but  then  he  "solved"  the  conflict 
in  the  following  way:  "Maybe  picture  B  is  better  because  it  is  much  more  difficult.  In  principle, 
picture  A  is  better  and  picture  B  is  more  difficult". 

Answers  tivtn  by  the  eleven  children  in  the  second  interview 

The  second  interview,  which  was  conducted  at  the  end  of  the  visual  estimation  unit,  did  not  show 
evidence  of  a  real  change.  The  answers  that  the  children  gave  to  tasks  1  -  7  (see  Table  2)  were  very 
similar  to  those  in  the  first  interview.  The  children  continued  to  be  "additive"  and  looked  at  the 
difference  between  the  estimate  and  the  exact  number  of  dots.  They  did  not  have  any  visual  conflict 
in  task  5,  thus  all  of  them  were  presented  with  tasks  6  and  7  in  order  to  sharpen  the  conflict  situation. 
We  hoped  that  when  the  children  will  see  two  dot  pictures,  10  dots  in  one  and  1000  dots  in  the 
second,  while  in  both  Amir  missed  by  only.  1,  something  will  happen.  But  the  answers  remained 
additive  as  before:  "They  are  both  the  same,  because  in  both  he  missed  by  I". 

So  we  tried  task  9  with  all  eleven  children  (see  Table  2).  For  five  out  of  the  eleven,  this  didn't 
have  any  impact.  One  even  got  angry  and  answered  "It  is  the  same,  1  already  told  you  this  a 
thousand  times  ".  As  to  the  other  six,  they  agreed  that  "the  child  from  the  other  class"  was  right.  So 
all  of  them  received  the  check  up  task  -  task  8.  Two  of  them  adopted  the  following  rule:  "whenever 
it  is  easier,  the  answer  is  better."  As  to  the  remaining  four,  it  seemed  that  they  began  to  think  in 
relative  terms.  One  of  them  said:  The  child  in  the  other  class  is  right.  It  is  a  disgrace  to  be  wrong 
in  picture  A.  In  picture  B,  I  could  do  the  same  mistake".  Another  did  not  let  us  finish  the  story  with 
"the  child  from  the  other  class"  (task  9),  and  immediately  corrected  his  answer.  AH  four,  corrected 
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their  answers  to  task  7,  answered  correctly  8,  and  corrected  their  answers  to  the  previous  tasks  as 
well.  It  seems  that  although  the  aggravated  visual  conflict  was  not  enough  to  cause  any  of  them  to 
change  their  answers,  four  of  them  were  affected  by  adding  the  "other  child  answer"  (task  9). 
Those  four  children  not  only  changed  their  answer  to  task  7,  but  also  answered  correctly  the  check 
up  task  (8),  and  went  back  to  correct  all  their  answers. 

Dana  Answers 

Dana  showed  different  thinking  patterns.  In  task  1,  in  the  first  interview,  Dana  claimed  that  Noa's 
and  Amir's  answers  are  the  same,  explaining  that  "Noa  is  more  accurate,  closer  to  20,  but  Amir 
goofed  only  by  2  more,  which  is  not  so  terrible  in  situation  like  this."  This  answer,  which  is  not 
only  different  from  the  other  children's  answers  but  also  unexpected,  suggests  that  Dana  means  that 
in  estimation  one  does  not  have  to  be  exact  but  has  to  be  close  enough.  This  answer  is  very 
interesting  if  we  keep  in  mind  that  it  was  a  very  tough  job  for  us  to  convince  the  children,  during  the 
visual  estimation  unit,  that  one  doesn't  have  to  be  exact,  and  it  is  all  right  to  give  a  close  estimate. 

Dana's  answers  for  the  relative  tasks  ( 3  and  4  -  Table  1)  were  similar  to  those  of  the  orher.  But 
Dana  surprised  us  in  task  5  (Table  1)  even  in  the  first  interview  saying  that:  "One  of  the  answers  is 
better.  In  picture  B  she  is  better,  even  though  she  missed  by  2,  and  in  picture  A  she  only  missed  by 
1.  102  is  better,  because  in  picture  A  it  is  easier".  It  seems  that  Dana's  thinking  was  influenced  by 
the  visual  conflict  situation  and  she  realized  that  the  absolute  error  is  not  suitable  to  be  use.1  in  this 
situation. 

We  continued  to  probe  Dana  and  asked  what  would  be  her  answer  if  Noa  would  say  1 1  in  picture 
A,  but  105  dots  in  picture  B.  Dana  said  that  still  she  is  better  in  picture  B.  We  asked  what  if  Noa 
would  say  1 1  in  picture  A,  but  1 10  dots  in  picture  B.  Dana:  "/  am  not  sure,  it  is  difficult  becavse  the 
numbers  are  different.  One  number  is  around  10  and  the  other  around  100.  When  Noa  said  105,  it 
was  still  all  right,  but  suddenly  when  she  had  10  more  dots  it  looked  different,  as  if  it  was  raised  by 
20  dots.  That's  the  way  1  decided". 

Dana  isn't  explicitly  using  the  idea  of  relative  difference,  but  there  is  no  doubt  that  implicitly  this 
is  what  she  is  talking  about.  Moreover,  she  has  a  "feeling"  for  the  numbers  involved.  She  says  that 
102  and  105  are  "all  right"  for  100,  compared  to  1 1  for  10,  but  she  is  not  sure  that  1 10  is  still  "all 
right".  It  is  not  clear  whether  this  has  anything  to  do  with  her  answer  to  the  first  task,  in  which  she 
showed  understanding  of  the  idea  that  in  estimation  one  does  not  have  to  be  exact,  but  has  to  be 
reasonably  close. 

In  the  second  interview  Dana  continued  to  stick  to  her  idea  that  the  answers  in  task  1  are  the  same, 
because  one  doesn't  have  to  be  exact  but  has  to  be  close.  As  others  she  claimed  that  Amir's  answer  is 
better  (task  2 )  because  of  the  tens  digit.  This  time  she  used  the  "relative  idea"  in  task  3,  saying  that 
"55  is  better,  because  it  is  more  difficult  when  you  have  more  dots".  She  came  back  to  absolute 
thinking  in  task  4  saying  that  "15  is  better.  A  difference  of  10  is  a  much  more  serious  number,  also 
15  is  OX.,  because  the  1  is  as  in  10". 
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In  task  5  Dana  said  that  the  estimate  for  picture  B  was  better  because  "if  is  so  much  more  difficult 
when  you  have  more  dots".  We  continued  and  presented  her  with  tasks  6  and  7  and  in  both  she 
claimed  that  picture  B  is  better  for  the  same  reason  as  in  task  5. 

It  seems  that  Dana  has  difficulties  when  on  one  hand  the  difference  between  the  exact  number  of 
dots  is  not  very  much  in  evidence,  and  on  the  other  hand  the  errors  a*e  different  and  large.  She  was 
also  distracted  by  the  fact  that  10  and  IS  have  the  same  digit  in  the  tens'  place,  while  30  and  40  have 
different  digits.  This  answer  suggests  that  Dana  is  not  calculating  the  relative  error,  she  understands 
the  idea  intuitively  and  is  successful  in  those  situations,  in  which  calculations  are  not  critical,  such  as 
in  task  5. 

Concluding  Remarks 

It  seems  very  difficult  to  cause  children  to  move  toward  relative  thinking,  unless  something  very 
directed  is  done.  The  learning  unit  was  helpful  in  changing  children's  strategies,  although  the 
strategy  was  not  discussed  at  all  in  the  unit.  But  the  learning  experience  did  not  help  them  with 
relative  thinking.  The  visual  conflict  which  we  thought  will  cause  the  change,  did  not  help  either. 
Only  when  we  "put  the  cards  on  the  table"  using  "the  child  from  the  other  class"  some  of  the 
children  moved  toward  relative  thinking. 

We  found  similar  difficulties  with  the  idea  of  relative  thinking,  with  older  children,  ages  12-15, 
given  the  same  tasks. 
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ON  ONE  PERSISTENT  MISTAKE  IN  LINEAR  ALGEBRA 
Joel  Hillel  &  Anna  Sierpinska 
Concordia  University,  Montreal 

Abstract:  The  paper  discusses  one  of  the  many  difficulties  that  undergraduate  students  encounter  in 
the  linear  algebra  courses,  namely  a  difficulty  related  to  representing  linear  operators  by  matrices  in 
different  bases.  Students  fail  to  correctly  read  the  values  of  the  vectors  of  the  basis  from  the  matrix 
representation,  very  often  interpreting  the  columns  of  the  matrix  as.  in  a  way.  "the  images 
themselves"  rather  than  as  representations  of  these  images  in  die  given  basis.  Wc  sec  the  source  of 
this  persistent  difficulty  in  a  more  general  cpistcmological  obstacle  situated  on  the  path  from 
viewing  language  as  part  of  the  world  to  viewing  language  as  a  representation  of  the  world. 

Both  the  teaching  and  learning  of  linear  algebra  at  the  university  level  is  almost  universally 
regarded  as  a  frustrating  experience.  Linear  algebra  is  generally  the  first  course  that  students 
encounter  which  is  a  full-fledged  mathematical  theory,  built  systematically  from  the  ground  up, 
with  all  its  fuss  about  making  all  assumptions  explicit,  justifying  statements  by  reference  to 
definitions  and  already  proved  facts.  Therefore,  on  one  level,  students'  difficulties  with  linear 
algebra  stem  simply  from  their  inexperience  with  proofs  and  proof-based  theories.  Indeed, 
Rogalski  [1990]  asked  nearly  380  students  in  France  as  to  what  they  found  difficult  with  the 
subject  and  dealing  with  proofs  was  one  of  the  five  main  responses. 

The  other  important  aspect  of  being  a  mathematical  theory  is  its  generality.  Knowing  linear 
algebra  at  this  level  demands  that  the  student  starts  thinking  about  the  objects  and  operations  of 
algebra  not  in  terms  of  relations  between  particular  matrices,  vectors  and  operators  but  in  terms  of 
whole  structures  of  such  things:  vector  spaces  over  fields,  algebras,'  classes  of  linear  operators, 
which  can  be  transformed,  represented  in  different  ways,  considered  as  isomorphic  or  not,  etc. 
Referring  to  Piaget  &  Garcia's  (1989)  notion  of  intra-,  inter-  and  trans-level  of  knowing 
something,  we  see  that  the  level  in  which  students  need  to  operaie  is  the  trans-level.  Most  of  our 
students  had  already  successfully  completed  a  "baby"  linear  algebra  course  in  their  pre-university 
studies  but,  as  we  have  shown  it  elsewhere  (Sierpinska,  1992),  knowing  this  elementary  course 
can  be  done  at  the  inter-level  of  thinking  about  mathematical  objects  such  as  matrices  and  linear 
operators.  This  is  another  explanation  of  the  fact  that  students  have  such  difficulties  with  the 
university  course  and,  indeed,  in  the  Rogalski  study  cited  above,  statements  that  the  subject  is  too 
abstract  and  that  the  general  notions  such  as  vector  spaces,  endomorphisms.  bases,  dimension  and 
kernel  arc  difficult,  were  also  prominent  responses. 

Students'  proof  related  difficulties,  including  not  understanding  the  need  for  proofs  nor  the 
various  proof  techniques,  not  being  able  to  deal  with  the  often  implicit  quantifiers,  confusing 
necessary  and  suffiexnt  conditions,  etc.  arc  not  generic  to  linear  algebra  but  surface  in  most 
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undergraduate  courses  (see  Selden  &  Selden,  [1987]).  Among  the  sources  of  conceptual 
difficulties  which  are  specific  to  linear  algebra  we  would  include: 

1.  The  existence  of  several  levels  of  description:  there  is  a  constant  shuffling  back  and  forth 
between  the  language  of  the  general  theory  (vector  spaces,  subspaces,  dimension,  operators, 
kernels,  etc.),  the  language  of  the  more  specific  theory  of  R"  (n-tuples,  matrices,  rank,  solutions 
of  systems  of  equations,  etc.),  and  finally  the  geometric  language  of  R*  and  R3  orthogonality, 
etc.).  These  three  languages  or  levels  of  description  co-exist,  are  often  interchangeable  but  are 
certainly  not  equivalent. 

2.  Problems  of  representation:  vectors  and  linear  operators  have  representations  which  are  basis 
dependent  To  add  to  the  potential  confusion  about  representations,  two  representations  of  a  vector 
can  both  be  n-tuples  with  no  notational  devices  relativizing  them  to  a  basis.  Since  this  topic  will  be 
the  main  concern  of  our  paper  we  will  elaborate  on  this  point  in  the  next  section. 

3.  Applicability  of  the  general  theory:  many  problems  given  students  in  a  traditional  linear  algebra 
course  can  often  be  solved  by  direct  manipulation  techniques  that  do  not  require  the  tools  of  the 
general  theory.  This  point  was  already  discussed  by  Dorier  [1991]. 

The  problem  of  representation 

In  the  paper  we  discuss  one  specific  difficulty;  namely  the  difficulty  that  students  have  in 
understanding  the  notion  of  representing  a  linear  operator  in  a  basis,  and  moving  from  one  such 
representation  to  another.  This  notion  becomes  an  elementary  prerequisite  for  a  subsequent  topic  of 
the  canonical  forms  of  linear  operators  (e.g.  the  Jordan  and  the  Rational  Canonical  Forms).  When 
one  comes  to  study  the  canonical  forms,  a  view  of  the  language  of  linear  algebra  is  needed  which 
can  be  compared  to  that  of  a  philologist,  a  theoretician  of  language:  the  language  of  linear  algebra 
must  be  seen  as  a  network  of  languages  and  rules  of  translation  between  them.  However,  the 
understanding  of  the  operation  of  representing  a  concrete  linear  operator  in  different  bases  does  not 
require  such  a  high,  "trans-'level  of  thinking.  The  inter-level  is  sufficient.  Yet,  as  it  appears,  even 
though  students  are  able  to  think  about  objects  at  the  inter-level,  some  have  problems  with  thinking 
of  language  at  such  a  level. 

The  obstacle  that  stands  between  seeing  the  language  at  the  intra-level  and  seeing  it  at  the 
•  inter-level  can  be  compared  to  one  experienced  by  a  person  who  has  never  spoken  or  even  known 
any  other  language  but  his  or  her  mother  tongue  and  believes  that  the  sounds,  words  and  sentences 
of  it  naturally  depict  what  is  out  there  in  the  world:  language  is  part  of  the  world  as  all  other  things 
are.  This  person  suddenly  has  to  learn  that  there  arc  other  languages,  as  well,  that  use  different 
sounds,  words  and  sentences  to  speak  about  the  same  things,  and  that  all  languages  are  governed 
by  grammars  which  can  be  very  different  The  difference  between  these  two  views  of  language 
evokes  the  one  that  has  been  described  by  Foucault  (1973)  as  separating  the  ipistimi  of  the 
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Renaissance  from  the  dpistdme  of  the  Classical  Age.  Words  and  things  belonged  to  the  same  world 
for  the  Renaissance  man.  nature  had  to  be  read  through  its  "signs"  in  the  same  way  as  texts  had  to 
be  interpreted.  The  meaning  of  anything  could  be  read  from  the  mark  of  similitude  it  bore  to  some 
other  thing.  The  seventeenth  century  breaks  with  the  resemblance  as  being  the  main  source  of 
meaning,  and  moves  on  to  order  and  analysis  for  which  language  is  an  instrument.  What  gives 
signs  their  signifying  function  is  knowledge;  they  are  not  anymore  there,  in  the  things,  waiting  to 
be  recognized  and  uncovered. 

The  specificity  of  the  problem  of  understanding  the  language  of  linear  algebra  as  a 
representation  rather  than  as  being  part  of  the  world  lies  in  the  fact  that  the  world  of  linear  algebra 
is  indeed  the  world  of  simultaneously  used  systems  of  representation.  How  does  one  make  sure 
that  two  externally  different  representations  indeed  represent  one  and  the  same  "thing"?  Isn't  it  then 
often  the  case  that  one  of  the  many  possible  representations  is  chosen  as  being  the  thing,  or  most 
resembling  the  thing,  and  all  other  representations  need  to  be  reported  to  the  chosen  one,  proved  as 
indeed  representing  the  thing,  equivalent,  etc.?  The  choice  is  a  matter  of  tradition,  or  of  familiarity, 
fin  l  encounter,  as  in  the  case  of  decimal  notation  for  representing  numbers,  or  in  the  case  of 
representing  vectors  by  strings  of  numbers,  e.g.  (0,1,20,0,-51. 

As  students  encounter  vectors  for  the  first  time  mainly  in  the  context  of  concrete  Rn  spaces, 
strings  of  numbers  become  the  primary  representation  or  even  the  thing,  and  whatever  is  called  a 
vector  must  bear  some  resemblance  to  this  representation.  However,  when  it  comes  to  representing 
linear  operators  in  different  bases,  the  identification  of  vector  with  a  string  of  numbers  becomes 
very  much  shaken.  One  string  of  numbers  represents  different  vectors  depending  on  the  choice  of 
basis.  One  and  the  same  vector  can  be  represented  by  different  strings  of  numbers.  In  someone, 
for  whom  vectors  are  recognized  by  the  strings  of  numbers  which  they  are  supposed  to  resemble, 
this  ambiguity  may  cause  the  whole  conception  of  vector  to  fall  into  pieces.  Can  something  that 
takes  on  so  many  forms  have  any  real  existence?  Strings  of  numbers,  so  familiar,  so  palpable, 
suddenly  feci  like  "ghosts  of  departed  quantities". 

If  the  old  conception  is  not  replaced  by  a  new  way  of  thinking  about  the  language  of  linear 
algebra,  one  that  would  be  closer  to  viewing  it  as  a  representation,  students  will  tend  to  fall  into  the 
traps  of  "resemblance"  and  keep  making  always  the  same  mistakes. 

Identification  of  the  problem 

Over  the  past  two  years  at  Concordia  University  where  we  arc  teaching,  we  have  been 
exploring  the  possibilities  of  bringing  students  closer  to  the  "trans-level"  of  thinking  by  using 
various  means  like,  on  the  one  hand,  a  much  closer  follow-up  of  their  individual  understandings, 
and.  on  the  other,  didactical  situations  targeted  towards  overcoming  the  most  persistent  of 
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students'  difficulties.  Some  of  these  situations  were  based  on  computer  lab  activities  involving  the 
Computer  Algebra  System  Maple. 

In  this  section  we  shall  be  somewhat  more  explicit  about  the  kind  of  mistakes  that  students 
are  making  relative  to  the  question  of  matrix  representation  of  linear  operators  in  different  bases. 
We  shall  provide  some  evidence  that,  for  us,  reveals  the  existence  of  a  teaching  and  learning 
problem.  An  initial  recognition  of  the  problem  led  to  an  attempt  at  remediation  (about  which  only 
very  brief  information  will  be  given  in  this  paper);  however,  students'  achievement  in  this  area  did 
not  increase  significantly  in  spite  of  all  the  attention  given  to  it  in  teaching. 

For  us,  this  means  that  we  have  to  do  here  with  a  conceptual  problem  that  is  of  a  very 
fundamental  type,  indeed,  with  something  that  we  have  called  an  epistemological  obstacle.  Its 
overcoming  may  require  a  discussion  with  students  on  a  meta-level  of  the  mathematical  problem 
they  are  dealing  with:  an  open  debate  on  the  nature  and  status  of  the  language  in  linear  algebra. 
Passing  to  meta-level  discussions  with  students  in  order  to  deepen  their  understanding  of  linear 
algebra  has  already  been  suggested  by  Dorier  n°91). 

Our  data  come  from  three  groups  of  students:  Group  1:  Fall  1992  Linear  Algebra  1  class; 
Group  II:  Winter  1993  Linear  Algebra  2  class,  and  Group  111:  Fall  1993  Linear  Algebra  II  class. 
Groups  1  and  II  were  not  disjoint;  Group  III  was  disjoint  with  groups  1  and  II. 

In  the  first  of  the  two  linear  algebra  undergraduate  courses,  students  are  taught  how  to 
represent  a  linear  mapping  in  a  given  basis,  and  the  relation  between  two  matrix  representations  of 
a  linear  operator.  They  leam,  in  the  process,  to  find  the  coordinates  of  a  vector  in  a  given  basis. 
However,  some  of  them  learn  these  procedures  one  way  only:  they  are  often  unable  to  "undo" 
what  they  nave  done.  For  example,  having  found  a  matrix  representation  of  a  linear  operator  T  in  a 
basis,  say,  {v.u.w},  they  have  trouble  reading,  from  this  matrix,  even  the  value  of  T(v).  It  is 
tempting,  at  this  point,  to  use  the  Piagetian  language  and  say  that  the  activity  of  representing  a 
linear  mapping  by  a  matrix  in  a  basis  has  not  been  internalised  as  an  operation.  However,  the 
persistence,  as  we  shall  see  later,  of  mistakes  or  failure  with  this  kind  of  problems  points  to  the 
existence  of  an  obstacle  that  is  of  a  more  conceptual  nature  and  not  just  related  to  a  difficulty  in  the 
opcrationalisation  of  a  procedure. 

One  remark  is  appropriate  here:  we  did  not  plan  a  research  into  this  particular  problem 
when  we  were  embarking  on  our  project  related  to  linear  algebra  in  September  1992.  Therefore  we 
were  not  setting  tests  or  questionnaires  geared  towards  collecting  data  on  this  subject.  The  first 
piece  of  evidence  comes  from  a  regular  final  examination,  given  to  all  sections,  in  the  first  course 
(December  1992).  This  test  contained  the  following  problem  (for  the  sake  of  brevity  we  write 
matrices  by  rows): 
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Let  L  R2  — >  R3  be  a  linear  mappioj  defined  by  (he  matri*  A  =  m»lrix(([7.-3],[2,l].  [8, 0]])  in  Ihe  bases  {(2.1). 
(53)}  forR2  and  {(1.0,1),  (1,1,0),  (1.1.1))  for  R3  .  (i)  Show  that  L(2.1)  =  (17,10,15).  What  is  L(53)?  (ii) 
Express  (1.0)  and  (0.1)  as  linear  combinations  of  (2.1)  and  (53).  (iii)  Find  the  matri*  which  represents  L  with 
respect  to  Ihe  standard  bases  of  R2  and  R3. 

We  only  have  the  data  for  Group  I  and  not  for  the  other  students  who  wrote  the  test.  Even 
though  the  18  students  in  Group  I  generally  outperformed  the  other  classes  on  the  final  test  (having 
been  subject  to  special  attention  as  part  of  the  experimental  teaching  already),  only  4  had  correctly 
solved  the  whole  problem;  8  students  gave  correct  solution  to  the  first  question  (this  includes  the 
four  who  got  it  all  correct);  8  students  solved  only  part  (ii);  2  students  did  not  answer  this  question. 
Thus  we  have  about  44%  of  students  who  were  able  to  read  information  from  the  matrix 
representation. 

At  the  beginning  of  the  following  term  (January  1993),  in  the  second  linear  algebra  course, 
a  class  (Group  II)  of  29  students,  including  12  from  Group  I  was  given  an  "Activity"  to  be  done 
in  class,  with  possibility  of  consulting  with  neighbours.  It  included  the  following  problem,  quite 
similar  to  part(i)  of  the  previous  problem: 

Let  T:  R3  — >  R3  be  a  linear  operator  represented  by  the  matri*  A  =  matri*([[l,231.|3.44J.l6.7.8]J)  relative  to  Ihe 
basis  {(1,1.1),  (2.1.0).  (04.6)}  forR3.  Find  T(l.l.l). 

There  were  only  3  correct  answers  to  this  problem,  all  given  by  students  coming  from  the 
experimental  first  course.  17  students  left  the  question  unanswered.  3  students  multiplied  the 
matrix  A  by  (1,1,1).  One  student  took  the  first  column  of  A  as  an  answer  "T(l,  1,1)  =  (13.6)" 
and  another  had  the  same  approach  though  she  hesitated  between  choosing  the  first  column  and  the 
first  row  and  wrote:  "T(l.l.l)  =  (1,3,6)  or  (1,23)".  One  student  found  the  formula  for  a 
coordinate  vector  in  the  given  basis,  obtained,  by  substitution,  (1,0,0)  as  a  coordinate  vector  for 
(l.l.l)and  claimed  that  this  is  Tl.1,1).  Another  embarked  on  the  calculation  of  the  coordinate 
vector  in  the  given  basis  but  did  not  finish.  One  performed  th  e  dot  product  on  vectors  (1,1,1)  and 
(13,6)  obtaining  10  and  claiming  that  this  is  the  answer  to  the  question.  A  last  one  obtained  a 
matrix  as  an  answer. 

The  mistake  of  taking  the  first  column  of  the  matrix  as  the  image  of  the  first  basis  vector 
under  the  operator  seems  to  be  a  typical  one:  many  students  in  Cjroup  III  made  the  same  kind  of 
error  on  their  class  test  in  a  similar  problem.  It  stems  from  thinking  that  the  columns  of  the  matrix 
representation  of  an  operator  are,  so  to  speak,  images  of  the  basis  vectors,  not  representations  of 
these  images  in  this  basis.  The  understanding  of  a  vector  here  is  based  on  its  identification  with  a 
string  of  numbers.  The  problem  is  compounded  by  the  fact  that  in  the  case  of  the  canonical  basis, 
this  is  a  standard  and  correct  procedure. 
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Attempts  at  Remediation 

In  the  Fall  1993  term  we  conducted  a  second  linear  algebra  course  (Group  111)  accompanied 
by  lab  activities  with  Maple.  Particular  attention  in  class  and  through  assigned  activities  was 
devoted  to  the  question  of  matrix  representations  of  linear  operators.  We  again  report  on  the  results 
of  several  tests. 

Test  1.  This  was  the  first  class  test,  administered  in  the  8th  week  of  classes,  covering  the 
eigenvalue  problems,  diagonalization  and  canonical  forms.  This  test  contained  the  following 
problem  related  to  matrix  representation: 

Let  T:  R3  — >  R3  be  a  linear  operator  represented  by  the  matrix  A  =  matrix(([7,0,l].[0,2,0],[l3,0]])  relative  to  the 
basis  {(1 3,0),  (0,13),  (0,0,1)}.  Find  the  matrix  of  T  in  the  standard  basis. 

29  students  wrote  this  test.  There  were  15  correct  answers  (52%).  10  answers  (34%) 
contained  a  familiar  lapsus:  these  students  would  find  the  coordinate  vector  formula  in  the  given 
basis,  find  the  coordinates  of  each  vector  el=(l,0,0),  e2=(0,l,0),  e3=(0,0,l)  in  this  basis,  for 
example:  el=vl  -  3v2  +  9v3,  and  then  they  would  go  on  to  calculate  the  image  of  el:  T(el)  = 
T(vl)  -  3T(v2)  +  9T(v3).  So  far  so  good,  but  at  this  point  they  would  make  the  mistake  of 
replacing  T(vl),  T(v2),  and  T(v3)  by  the  corresponding  columns  of  the  matrix  A.  They  thus 
behave  as  if  the  columns  were  representing  T(vl),  T(v2),  T(v3)  in  the  standard  basis,  but  they 
probably  do  not  think  in  terms  of  representation:  rather,  as  we  put  it  the  columns  are  the  images  of 
the  basis  vectors  for  them,  not  the  representations  of  these  images.  The  remaining  4  answers 
(14%)  appeared  nonsensical. 

Test  2-  Three  weeks  after  this  first  test,  other  tests  covering  the  same  material  were  given  for  those 
who  wished  to  improve  their  marks.  During  these  three  weeks,  the  last  10  minutes  of  each  class 
were  devoted  to  revision,  but  problems  related  explicitly  to  problems  of  finding  a  matrix 
representation  in  o  different  basis  were  not  dealt  with.  Here  is  a  sample  from  one  such  test 

Let  T:  R3  — >  R3  be  a  linear  operator  represented  by  the  matrix  A  =  matrix([[l,-l,0],[0,l,-2J,[7,03]J)  in  a  bans 
{el,  e2,  e3}.  Find  the  matrix  of  T  in  the  basis  (f  1/2,(3},  where  f  l=el-e2,  f2=e2+e3,  f3=el. 

Curiously  enough,  out  of  22  students  who  wrote  this  test,  1 7  answered  correctly  (77%),  5 
got  their  answers  wrong.  The  correct  answers  followed  the  pattern  -  here  we  use  the  kind  of 
language  that  is  often  used  in  class  to  describe  the  various  substitutions:  e's  were  expressed  in 
terms  of  fs  by  simple  extraction  from  the  given  relations;  T  of  fs  were  calculated  by  using 
linearity  of  T,  representations  of  T  of  e's  in  e's  read  from  the  matrix  (no  mistake  this  time!),  and 
expressing  e's  in  terms  of  fs;  for  example:  T(fl)  =T(el)  -  T(c2)=  el  +  7e3  =  D+7(D-fl-f2)  =  - 
7fl-7f2+8f3.  Then  (-7,-7,8)  was  written  as  the  first  column  of  the  required  matrix. 
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The  reason  why  the  success  rate  at  this  problem  which  gave  only  a  relation  between  the  two 
bases  was  so  much  higher  than  in  the  problems  of  this  type  which  use  concrete  vectors  of  the 
bases,  is  probably  that  in  solving  this  one  the  student  is  alerted  against  committing  the  above 
mentioned  lapsus  by  the  abstract  ."non-string"  representation  of  the  vectors  of  the  bases. 

Tho  Finnl  Test  (2  weeks  after  the  end  of  classes).  The  problem,  whose  solution  required 
representing  a  linear  operator  in  a  different  basis,  was  the  following: 

{l0.i!o.^4,l2.a01.14.,2.U)).(-8.4.,2.U)-(b)cIc._ 

Out  of  30  students  writing  this  test.  18  gave  correct  answers  (60%);  1  (23%)  still 
committed  the  lapsus  by  calculating  the  values  of  the  vectors  in  the  given  basis  and  writing  these 
values  as  such  as  columns  (or  rows  -  in  one  case)  of  a  matrix  without  representing  them  as 
combinations  of  the  vectors  of  the  given  basis.  Thus  the  mistake  seems  to  be  quite  persistent. 

The  impact  of  Maple  as  perceived  by  students 

Students  using  the  Maple  software  were  initially  in  a  ..ituation  of  "forced"  collaboration 
because  of  the  restricted  number  of  computers  available  but.  in  time,  most  of  them  chose  to  work 
collaboratively.  As  has  often  been  observed  in  other  computer  environments,  this  created  a  social 
context  for  the  students  to  discuss  and  try  to  make  sense  of  the  confusing  notions  of  linear  algebra, 
particularly  for  those  students  who  chose  to  work  with  Maple  beyond  what  was  minimally  required 
for  the  course.  But  while  we  have  closely  observed  and  taped  the  lab  sessions  of  six  students  in 
Group  III.  we  are  not  yet  in  a  position  to  ascertain  the  impact  that  Maple  has  had  on  students- 
understanding  in  general  and  on  the  problem  of  representation  in  particular.  However,  we  can 
report  about  the  students'  own  impressions  and  opinions  about  the  usefulness  of  Maple  in  the 
learning  of  linear  algebra. 

Out  of  26  students  who  responded  to  our  questionnaire.  14  considered  work  with  Maple  as 
a  factor  enhancing  their  understanding,  in  that  'Maple  allowed  to  check  if  your  understanding  was 
correct"  and  "it  reinforced  understanding".  Four  of  these  14  students  also  mentioned  that  Maple 
allowed  to  do  more  complex  examples  and  do  more  examples.  Sixteen  respondents  agreed  with  the 
statement  "1  don't  think  using  any  kind  of  software  will  make  you  understand  linear  algebra  by 
itself;  you  must  understand  something  before  you  come  to  a  computer".  Eight  mentioned  that 
Maple  was  helpful  in  that  it  "allowed  for  quickly  looking  at  different  versions  of  the  same  problem 
(experimenting)".  Only  13  students  agreed  with  the  statement:  "1  like  computers".  Three  openly 
agreed  with  "I  hate  computers".  As  many  as  eight  people  agreed  with  the  statement  "doing  those 
lengthy  assignments  on  Maple  was  confusing". 


Final  remarks 

The  question  of  matrix  representation  of  linear  operators  and  translations  from  one 
representation  to  another  must  be  recognized  as  difficult  for  the  students.  Yet.  this  concept  is  the 
most  basic  prerequisite  to  a  good  understanding  of  the  problems  of  diagonalization  and  canonical 
forms.  This  understanding  must  be  on  the  "trans-level":  it  requires  that  the  student  be  able  not  only 
to  find  a  matrix  representation  of  a  given  linear  operator  in  a  given  basis,  but  also  to  think  about 
matrix  representations  of  linear  operators  as  objects  of  inquiry  themselves,  and  about  the  general 
conditions  under  which  a  linear  operator  can  have  such  and  such  particularly  desirable 
representation.  However,  it  seems  that  while  with  respect  to  linear  algebra  "objects"  such  as  linear 
operators  and  matrices,  students  are  at  least  on  the  inter-level  of  thinking  about  them,  for  quite  a 
few  students,  their  understanding  of  the  language  of  linear  algebra  still  lags  behind  on  the  intra- 
level:  they,  in  a  way.  identify  the  world  of  linear  algebra  with  its  language  and  commit  the  lapsus 
described  above.  Viewing  language  as  a  representations  is  still  not  part  of  their  "nature"  even  if 
they  can  rationally  force  their  minds  to  work  on  that  level. 
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The  social  construction  of  classroom  knowledge 


Barbara  Jaworakl  -  Unlvaraity  of  Oxford,  Dapt  of  Educational  Studlea 

This  paper  uses  a  case  of  classroom  interaction  between  a  teacher  and  students  in  a 
mathematics  lesson  to  address  the  social  construction  of  individual  and  classroom 
knowledge  and  issues  this  raises  for  the  teaching  of  mathematics. 

Background  and  rational* 

This  paper  is  based  on  a  qualitative  analysis  of  classroom  transcript  from  one  mathematics 
lesson.  I  have  extracted  part  of  my  analysis  of  this  lesson  to  emphasise  the  relationship,  as  1 
see  it,  between  teacher  and  student  views  of  the  mathematics  involved  and  the  social 
dimension  of  the  classroom.  My  observations  here  were  part  of  a  wider  study  of  this  teacher 
in  which  I  judged  him  to  operate  from  a  radical  constructivist  perspective  (Jaworski  1991). 
From  this  perspective,  teacher  and  students  can  be  regarded  as  individual  meaning  makers, 
and  knowledge  constructed  as  personal  to  each  individual  relative  to  their  experience  (eg  von 
Glascrsfcld  1990).  However,  a  social  constructivist  view  of  learning  suggests  that  classroom 
interaction  leads  to  the  development  of  some  level  of  shared  meanings  (eg  Emest  1991). 
Socio-cultural  theorists  view  classroom  learning  as  a  form  of  enculturation  into  a  community 
if  practice  (eg  Lave  and  Wenger,  1991).  For  the  mathematics  classroom  this  suggests  a 
community  embracing  mathematical  processes  and  topics,  ways  of  working  and  ways  of 
>>Jng  in  the  classroom.  Enculturation  is  then  a  process  where  novices  are  drawn  into  the 
ways  of  the  community.  However,  in  parallel  with  viewing  individuals  as  autonomous 
meaning-makers,  social  constructivists  see  the  classroom  environment  as  being  constructed 
by  its  participants,  rather  than  as  perpetuating  some  pre-existing  community  of  practice. 
Here,  I  shall  focus  on  the  sharing  of  perceptions  as  individuals  interact,  and  the  modification 
of  individual  knowledge  and  understanding  as  a  result.  I  see  classroom  interactions 
predicating  a  constructed  learning  environment  in  which  there  is  a  sense  of  'common 
knowledge1  through  taken-as-shared  meanings  (along  with,  for  example,  Yackel  et  at,  1990; 
Voigt,  1992).  Communication  mainly  takes  place  through  language  designed  to  articulate 
meaning.  Whatever  snaring  takes  place,  all  meanings  are  individual,  but  assumptions 
regarding  common  meanings  are  made  and  tested  by  participants.  The  teacher  tries  to  create 
shared  meanings  while  recognising  each  student's  individuality,  and  in  this  issues  for  teaching 
arise.  In  the  case  described  below,  Jenny,  Lesley  and  the  teacher  all  have  their  own 
understandings  and  perceptions  both  of  the  mathematics  being  discussed  and  the  learning 
environment  in  which  the  discussion  takes  place.  My  focus  is  on  teaching  issues  arising  from 
a  study  of  the  interaction  -  both  in  terms  of  participants'  individual  knowledge  and 
understanding,  and  of  the  development  of  the  learning  environment 1 . 

A  mathamatlea  kmaon 

A  class  of  29  students,  aged  15,  were  engaged  in  individual  projects  based  on  topics  offered 
by  the  teacher,  Ben,  as  a  basis  for  GCSEcourscwork2.  Students  selected  a  topic  and 

1  There  Me  alio  important  rctearch  iuuci  to  do  with  the  involvement  of  the  rctcarcher  and  the  validity  of 
analyia.  These  are  dealt  with  in  an  extended  vera  ion  of  toil  paper  obtainable  from  the  author. 

2  General  Certificate  of  Secondary  Education.  Thii  ii  a  national  examination,  which  all  itudenti  can  take  at  the 
age  of -16,  in  a  range  of  currkulm  areai.  In  many  treat,  courtework  it  completed  and  aliened  over  a  two  year 
period  prior  to  the  final  examination  and  contribute*  to  the  overall  aucument. 


developed  it  individually,  according  to  their  own  questions  and  interest.  I  sat  at  a  table  with 
four  girls,  including  Jenny  and  Lesley,  observing  their  work  and  recording  dialogue  on  audio 
tape.  Jenny  had  chosen  to  work  on  picture  frames,  and  was  at  the  point  of  developing  a 
general  formula  for  the  length  of  a  frame,  of  unit  width,  which  would  surround  a  given 
rectangular  picture  of  integer  dimensions.  She  attracted  the  teacher's  attention  and  he  sat 
down  next  to  her.  The  other  girls  were  not  directly  involved  in  the  conversation,  although 
Lesley  listened  closely  and  made  occasional  remarks  of  some  significance  to  my  analysis.  I 
identified  5  phases  in  the  seven-minute,  transcribed,  interaction  from  which  excerpts  are 
quoted  below. 

Phase  1:  The  student's  agenda 

Jenny  began  by  describing  some  of  her  thinking  in  finding  a  formula  to  express  the  length  of 
frame.  Her  purpose  for  calling  on  the  teacher  was  not  clear.  She  may  have  been  seeking  his 
approval  for  the  formula  she  had  developed.  She  may  have  been  seeking  advice  regarding 
where  to  go  or  what  to  do  next.  Ben's  interjections  here  were  mainly  supportive,  such  as 
"OK",  "Yes",  "Yes",  with  occasional  questions  such  as  "What's  your  formula  fori" 

The  teacher  seemed  to  be  trying  to  understand  the  student's  thinking.  Ben  mainly  listened, 
which  was  common  at  the  beginning  of  his  interactions  with  students  more  generally.  After 
reading  my  transcript,  he  pointed  out  that  Jenny's  contributions  were  considerably  longer  than 
his  own.  He  said,  with  apparent  satisfaction,  "She's  talking  more  than  I  am."  He  had  told  me 
earlier  that  he  wanted  to  encourage  students  to  talk  and  to  resist  his  own  domination  of  the 
conversation  and,  potentially,  the  thinking. 

Phase  2:  Transition  from  student's  agenda  to  teacher's  agenda 

The  words  above,  'to  encourage  students  to  talk  and  to  resist  his  own  domination'  imply  a 
detachment  on  the  part  of  the  teacher  in  which  it  is  possible  to  observe  and  control  one's 
interaction  while  interacting  (perhaps 'reflecting  in  action',  Schon  1983).  This  detachment 
may  also  be  considered  a  characteristic  of  Phase  2,  beginning  at  line  18  of  the  transcript: 

18    Ben  ...  I  don't  know  where  we're  going  -  what  happens  if  I  have  a  2  by  5? 

Jen  You  add  2  and  2  and  5  and  5.  And  then  I've  explained  here  that  the  formula. . 

20    Ben  Hang  on,  slow  down,  have  you  got  a  bit  of  paper  -  let's  write  down  what  you've  just 
said  -  there's  too  many  things  going  around  for  me  to  cope.  //  3 
So  if  I  say  I've  got  a  2  by  3  - 

Jen  Then  to  try  and  find  a  formula  for  that  I've  put  2  +  2  +  5  +  5.  and  then  I've  as  well  - 

Jen  You  see  what  I'm  doing  there  is  trying  to  find  a  formula  for  - 

Ben  How  many  should  it  be  for  2  by  5? 

Jen  2  by  5?  That  should  be  18. 

25     Ben  What  does  that  add  up  to? 

Jen  That's  4  and  that's  10  and  add  another  4  for  the  corners  -  yes. 

Ben  So  if  I've  got  •  3  by  7,  whit  - 

Jen  24. 

Ben  Should  be  24?  How  do  you  doit  so  quickly'! 

30    Jen  [inaudible]  a  good  brain! 


3  Traotcript  convention:  /  pauic  of  appro*  2  tecr,  II  2-5  mci;  ///  5- 10  «ecs. 
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Ben 

Jen 

Ben 
Jen 


Come  on,  tell  me  how  you  did  it  quickly,  because  obviously  you've  got  a  method  you're 
not  writing  down. 

Oh,  well,  no  this  is  what,  it's  explained  here  -  length  of  side  plus  length  of  side  plus 
length  of  side  plus  length  of  side  ■ .. 

Yes. 

Plus  4  for  the  amount  of  corners,  and  the  total  length. 


Ben's  interjections  here  seem  more  focused  than  in  Phase  1.  For  example,  he  drew  Jenny's 
attention  to  a  particular  case,  the  2  by  5  (line  18);  then  to  'how  many'  (line  23),  and  then  to  the 
operation  of  adding  up  lengths  of  the  components  of  the  frame  (line  25).  Mathematically,  he 
seemed  to  be  exploring  whether  she  could  apply  her  thinking  to  any  particular  case.  The 
questions  seem  both  evaluative  and  directive.  Here,  Jenny  would  have  had  to  be  strongly 
determined  to  pursue  some  other  line  of  thought  to  resist  going  with  the  questions.  To  this 
extent  the  teacher  controlled  what  occurred.  This  is  in  contrast  to  the  earlier  period,  where 
Jenny  led  the  discussion.  It  seems  from  Jenny's  replies  that  she  has  a  rule  for  the  length  of  a 
frame  related  to  the  sides  of  a  rectangle,  and  possibly  a  formula  which  expresses  this. 
Of  significance  here  is  how  the  agendas  of  teacher  and  student  are  served  in  situations  of 
unequal  control  and  the  teacher's  greater  power.  The  teacher  needs  to  evaluate  the  student's 
mathematical  progression  for  various  reasons,  but  in  doing  so  he  can  influence  or  subvert  her 
thinking.  On  the  other  hand,  if  her  focus  is  elsewhere  and  he  appears  not  to  address  her 
agenda,  how  much  influence  does  the  teacher  have? 

At  two  points  in  this  phase  he  tried  overtly  to  influence  her  by  emphasising  learning 
strategics  which  he  valued  and  wanted  students  to  value.  The  first  occurred  when  (at  line  20) 
he  said,  "Hang on.  Slowdown!".  1  thought,  as  I  observed  the  event,  that  he  genuinely 
needed  to  jot  down  what  she  was  saying  in  order  to  understand  it,  but  this,  apparently,  was 
not  so  It  was,  as  he  told  me  later,  a  deliberate  strategy  to  emphasise  the  value  of  stopping  to 
write  things  down  when  they  were  possibly  too  complex  all  to  be  held  mentally.  He  wanted 
to  exemplify  this  to  Jenny.  Similarly  (at  lines  29  and  3 1)  where  he  talked  of  doing  the 
calculation  so  quickly,  he  said  that  he  wanted  to  emphasise  to  her  the  value  of  slowing  down 
sometimes  to  consider  what  you  are  actually  doing,  to  express  it  in  words  in  order  to  make 
your  methods  clearer  to  yourself.  Both  of  these  remarks  were  about  ways  of  working  on  a 
mathematical  problem.  In  asking  her  to  explain  particular  cases  of  her  formula,  he  placed 
implicit  emphasis  on  mathematical  processes,  and  in  refcring  to  a  method  (line  31),  he 
indicated  an  expectation  that  she  would  have  some  general  rule  in  mind. 
In  this  phase,  there  had  been  a  move  from  the  teacher's  efforts  to  understand  Jenny's  thinking 
to  his  own  educational  objectives:  firstly,  through  testing  out  his  understanding  of ,  and 
simultaneously  evaluating,  her  mathematical  thinking;  and  secondly  in  his  use  of  strategies 
to  develop  the  mathematical  learning  environment,  and  Jenny's  understanding  of  it.  Jenny 
seemed  mainly  to  be  involved  in  her  own  thinking  regarding  her  formula,  and  it  is  hard  to 
know  what  sense  she  made  of  the  teacher's  remarks. 

.Phase  3:  Differ  tag  focuses  -  the  complexity  of  the  learning  environment 

In  what  happened  next,  Ben  and  Jenny  seemed  to  be  negotiate  her  mathematical  formula  and 
her  intentions  for  it.  Lesley  appeared  to  interpret  the  teacher's  words  ss  offering  advice. 
35    Ben  Oh,  you've  now  confuted  me,  cauae  I  thought  you  were  trying  to  shorten  thatl 
km  Nooo! 
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Ben  'cause  I  think  there's  an  easier,  shorter  way. 

Jen  No,  that's  me  trying  to . . . 

Les  That  just  means  there  is  a  shorter  way.  doesn't  it.    ) 4 

40    Ben  Justify  it  Yes  there  is  a  shorter  way.  ) 

Les  There's  a  shorter  way  to  find  it  out 

Jen  Yes -the  four  square... 

Ben  No. 

Jen  No. 

45    Les  [aside]  Pythagoras  comes  into  everything. 

Ben  So  you're  just  trying  to  explain  how  you  came  to  it. 

Jen  Yes. 

48  Jen  Is  that  all  right? 

I  am  struck  by  the  complexity  of  the  interaction  here  and  the  seemingly  different  focuses  of 
its  participants.  The  teacher  has  seen 'a  shorter  way'.  Jenny  has  not  seen 'a  shorter  way' and 
is  still  focused  on  her  own  way.  Lesley  hears  the  teacher's  reference  to  a  shorter  way  and 
interprets  this  as  advice  from  Ben  to  Jenny,  which  Jenny  should  follow.  Lesley's  aside  about 
'Pythagoras'  was  possibly  made  to  another  student  as  part  of  a  separate  conversation.  The 
teacher  and  Jenny  negotiate  their  positions,  and  Jenny  then  seeks  the  teacher's  approval, 
perhaps  sensing  his  change  in  focus  from  what  she  has  done  to  what  he  thinks  she  could  have 
done.  How  are  the  teacher's  remarks  affecting  Jenny?  Is  Jenny  starting  to  doubt  her 
achievements  so  far?  How  does  Lesley's  articulation  of  her  perceptions  influence  events? 

The  pace  of  events  in  the  different  phases  of  the  interaction  contributes  strongly  to  my 
analysis.  This  is  where  a  transcript  is  unhelpful.  As  well  as  being  unable  to  encompass  voice 
tones  or  emphasis  on  words,  it  is  very  difficult  for  it  to  hold  a  real  sense  of  pausing,  of  people 
talking  at  the  same  time,  or  of  speed  of  diction.  Brief  words  and  phrases  at  lines  36  and  37 
take  up  as  much  time  as  lines  38  to  47  which  go  past  very  quickly.  This  pacing  is  crucial  to 
the  atmosphere  prevailing,  and  so  to  the  sense  which  an  observer  or  participant  makes  of  it. 

Phase  4:  A  decision  point  for  the  teacher 

It  seems  clear  that  the  teacher  had  seen  other  possibilities  in  Jenny's  work,  but  his  first 
response  was  to  approve  what  she  had  done  already.  Then  he  seemed  unsure  of  how  to 
proceed.  I  suggest  that  he  was  at  a  decision  point  in  Line  51 . 5 

49  Ben  Yes,  yes  its  OK. 

50  Jenny  Right. 

Ben  hm,  ///  I'm  just  wondering  / 1  don't  know,  I  just  don't  know  whether  it's  worthwhile,  to 
be  honest  If  you  write  it  down,  you  won't  lose  any  marks,  but  I'm  not  sure  how  many 
I'd  have  given. 

Jen  So  what  would  you  think  would  be  best?  To  go  into  3D  cubes  -  find  out,  to  put  the 
formula  to  that  -  or  do  you  think  it  would  be  best  to  investigate  the  formula  more  and 
try  to  find  a  shorter  way? 

Les   I'd  try  to  find  a  shorter  way -a  shorter  way  Jenny.  ) 
Ben  That's  your  choice.  /  ) 
Now,  er,  I'm  going  to  give  you  a  bit  of  maths  you  dont  know. 
55    Jenny  Qo  on  then. 


*  Transcript  convention:  bracked  like  (hit  indicate  people  i peaking  at  the  same  time. 
5  SceCoooey  1988  and  Jawonki  1991(paft  290)  for  a  diicuuico  of  decision  poind. 
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The  teacher's  lone  of  voice  seems  important  here.  At  line  51.  he  started  to  speak  more  slowly 
and  hesitantly  as  if  no  longer  clear  himself  about  how  to  proceed.  He  said,  later,  that  he  had 
no  recollection  at  all  of  what  he  had  been  thinking  or  intending  here  -  which  is  in  complete 
contrast  to  the  deliberate  strategies  mentioned  above  (recall  lines  20, 29, 31).  I  believe  he 
was  totally  immersed  in  his  own  thoughts,  to  do  with  the  stage  that  Jenny  had  reached,  to  do 
with  what  help  he  might  give  her.  and  to  do  with  what  marks  he  would  subsequently  be  able 
to  award  for  her  project.  This  total  immersion  excluded  the  possibility  of  his  being  able  to 
account  for  and  influence  his  own  actions.  I  felt  he  was  thinking  aloud,  recognizing 
something  of  a  dilemma,  and  in  consequence  his  remarks  were  not  totally  coherent  He  was 
also  unable  to  recall  them  later. 

Some  contextual  information  is  necessary  here.  This  was  a  lesson  in  which  students  were 
given  time  to  work  on  GCSE  coursework  which  Ben  would  eventually  mark  himself  and 
submit  for  moderation.  The  regulations  for  marking  and  moderation  require  that  what  is 
presented  should  be  the  student's  own  work.  Directly  before  the  lesson,  Ben  had  talked  to  me 
about  the  marking  of  such  work,  and  of  how  any  'help'  given  to  the  student  by  the  teacher 
might  influence  this  marking.  He  had  to  give  less  credit  for  thinking  in  which  he  had  been 
substantially  involved.  This  created  a  dilemma  for  him.  He  felt  that  in  talking  and  working 
with  students,  he  unavoidably  influenced  their  thinking.  However,  he  alsofelt  that  this  need 
not  imply  that  the  mathematics  they  ultimately  presented  was  not  their  own.  This  dilemma 
seemed  to  be  part  of  the  teacher's  thinking  at  line  51. 

He  later  elaborated  his  own  position  at  that  point.  In  becoming  acquainted  with  Jenny's  jvork 
he  could  sec  a  possibility  of  enhancing  the  quality  of  what  she  might  ultimately  present  if  he 
were  to  point  out  to  her  some  algebraic  strategies  that  were  at  her  disposal  -  thus  'shortening' 
her  expression  of  generality  and  making  it  algebraically  more  succinct.  To  do  this  he  had  to 
introduce  her  to  the  distributive  law  which  she  had  not  yet  encountered.  Should  he  do  it? 

Jenny's  own  thoughts  during  this  time  are  not  clear.  I  tried  to  ask  her  about  them  after  the 
event  but  was  unsuccessful  in  getting  her  to  reflect  on  this  period.  However,  Lesley's 
interjections  seem  very  revealing  of  her  perceptions.  She  interpreted  the  teacher's  words  as 
giving  Jenny  instructions  which  would  be  of  value  for  Jenny's  project  (line  39. 41  and  53). 
She  saw  the  teacher  to  be  saying  "You  should  'shorten'  what  you  have  written."  None  of 
Ben's  tentativity,  and  personal  struggle  with  his  dilemma  seemed  to  be  evident  to  her. 

Phase  5:  The  teacher  Ukes  over 

In  response  to  Jenny's  questions  about  possible  alternatives  Ben  said,  quietly,  and  almost  as 
an  aside  "That's  your  choice."  (line  53),  then  almost  immediately,  his  decision  made,  he  said 
"I'm  going  to  give  you  a  bit  of  maths  you  don't  know"  (line  54).  The  next  part  of  the 
inunction  involved  Ben  explaining  to  Jenny  the  diitributivc  law.  However,  he  mad*  a 
revealing.  Hide  to  me  fint  (lint  36),  Thif  wai  a  reference  to  the  dilemma,  which  indicated  hll 
awareneii  of  the  iisue  and  his.  overt  decision  to  involve  himself  in  Jenny's  mathematics. 

56    Ben  (To  me]  This  is  what  we  were  talking  about  isn't  it?  Paughsl  ,  ,.  . 

(To  the  students]  We  were  talking  about  this,  you  know,  how  much  help  am  I  allowed 
to  give  people  who  do  coursework.  Ye»? 

rTo  JcnnyT Right,  now,  there's  a  thing  called  the  Distributive  Uw  -  yes?  We  ve  not 
met  the  Distributive  Law  have  we? 
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With  the  decisively  uttered  word  'Right!"  (to  Jenny,  above),  it  was  as  if  having  decided  on  a 
course  of  action,  he  was  in  personal  control  again  and  ready  to  get  on  with  it  He  launched 
into  exposition.  His  tone  now  was  almost  avuncular,  certainly  more  assertive  than  it  had 
been  in  earlier  phases,  which  might  be  a  feature  of  teacher  exposition.  However,  even  in  this 
expository  phase  he  did  not  totally  dominate  the  conversation.  There  were  plenty  of  pauses 
for  the  students  to  think  and  comment  He  dominated  the  thinking,  but  Jenny  (and  Lesley 
too)  responded  to  what  he  offered  and  appeared  to  make  sense  of  it  (Transcript  of  this 
appears  in  the  fuller  version  of  this  paper.) 

This  phase  ended  (at  line  73,  below)  on  a  different  note.  Ben  said,  "So  that  might  be  useful  to 
you.",  followed  by  a  rather  deprecating  laugh.  It  is  as  if  he  was  now  saying  -  There  you  are! 
Take  it  or  leave  it!  Perhaps  he  did  not  wish  Jenny  to  feel  constrained  to  use  what  he  had 
offered.  Without  his  contribution  she  could  not  have  used  it,  hence  his  decision  to  offer,  but 
he  seemed  to  say  that  there  should  be  no  imperative  on  her  part  to  make  use  of  it.  However, 
did  she  in  practice  have  this  option? 

73    Ben  So  that  might  be  useful  to  you.  ///  [laugh] 

Les  That  means  you've  got  to  do  something  with  that  in  your  answers  [Ben  laughs] 

75    Jen  But  it  doesn't  have  to  be  that  does  it?  Hm.  what  about  - 

Les  He's  just  telling  you  that  you  see,  but  /that's  the  answer. 

Lesley  again  took  part  in  this  interaction.  During  the  exposition  she  had  participated  in  the 
mathematical  argument  However,  at  lines  74  and  76  her  statements  are  again  interpretive  of 
the  teacher's  intention  in  his  talk  with  Jenny.  She  suggests  this  is  advice  which  Jenny  should 
follow.  She  may  have  been  playing  a  provocative  role,  and  perhaps  the  teacher's  laugh 
indicates  that  he  does  not  take  it  seriously. 

The  learning  environment 

In  speaking  of  the  learning  environment  in  this  classroom,  it  is  important  to  remember  that 
my  own  knowledge  and  understanding  derives  not  just  from  this  lesson  but  from  more  than 
six  months  of  studying  this  teacher  and  class.  During  this  time  I  observed  Ben  deliberately 
fostering  ways  of  working  -  for  example,  students  were  urged  to  listen  when  one  person  was 
speaking,  space  was  created  for  contributions  from  the  quieter  members  of  the  class,  all 
camttuntms  wereValued".  TWerh'leWi^^^ohjeciuring  were  part  ol  classroom 
language,  used  by  the  students  but  deriving  originally  from  the  teacher.  Cooperative  working 
was  openly  encouraged.  It  is  possible  to  view  this  learning  environment's  existence  as  h  form 
of  classroom  knowledge  shared  by  classroom  participants. 

this  raises  questions  about  the  status  of  this  knowledge  and  its  relationship  to  individual 
understanding,  particularly  from  a  radical  constructivist  perspective.  The  ways  of  working 
fostered  by  the  teacher  encouraged  communication  through  articulation  of  individual 
perceptions,  including  those  of  the  teacher.  It  seems  clear  (a)  that  all  understandings  of1  these 
ways  of  working  were  particular  to  individual  participants;  (b)  that  through  discussion  and 
negotiation,  individuals  saw  their  understandings  as  similar  to  those  of  others  in  the  group.  It 
is  on  this  second  point  that  any  notions  of  common  knowledge  rest  As  an  observer,  I 
perceived  aspects  of  the  learning  environment  which  seemed  to  be  in  common  currency.  The 
teacher  acted  as  if  there  were  common  understandings  whilst  himself  recognizing  the 
individuality  of  knowledge.  He  said  on  one  occasion,  "I  can't  share  my  mathematical  model 
because  that's  special  to  me ...  because  of  my  experiences.  So,  I  suppose  I'm  not  a  giver  of 
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knowledge  because  1  like  to  let  people  fit  their  knowledge  into  their  model,  because  only  then 
docs  it  make  sense  to  them." 

In  Phase  2, 1  talked  of  the  teacher's  emphasis  on  his  own  particular  learning  objectives  -  ways 
of  developing  mathematical  understanding  and  use  of  mathematical  processes,  for  example. 
At  this  stage  his  communication  of  these  objectives  was  indirect,  or  by  example.  In  Phase  3, 
he  recognized  the  value  of  Jenny  presenting  her  formula  in  a  more  concise  algebraic  form, 
but  was  unsure  how  to  communicate  this.  Here,  there  was  an  added  complication  due  to  the 
rules  of  GCSE  courscwork,  where  a  consequence  of  his  help  might  have  been  to  add  to  the 
quality  of  what  was  presented,  but  to  make  it  impossible  to  regard  this  as  Jenny's  unaided 
work.  However,  his  articulation  of  the  possibility  of  Jenny's  shortening  her  expression  was 
seized  by  Lesley  as  a  cue  from  the  teacher  on  which  Jenny  should  act.  Lesley's  reaction  to 
this  may  have  sprung  from  classroom  culture  in  which  the  teacher  is  seen  as  a  repository  of 
knowledge  and  advice.  Jenny  herself  sought  the  teacher's  advice,  although  she  seemed  quite 
confident  in  her  formula.  Should  she  extend  her  current  work  to  three  dimensions,  or  would 
it  be  better  to  take  up  the  teacher's  suggestion  of  shortening  her  formula  for<wo  dimensions? 
The  teacher  seemed  so  bound  up  in  his  own  decision  here  that  he  possibly  did  not  consider 
how  his  choice,  to  offer  the  distributive  rule,  might  be  of  supreme  influence  in  Jenny's  choice. 
The  teacher's  language  as  he  decided  to  offer  the  distributive  rule  is  interesting,  in  contrast  to 
his  statement  quoted  above,  "I'm  not  a  giver  of  knowledge".  He  said,  in  Phase  4,  "I'm  going 
to  give  you  a  bit  of  maths  you  don't  know".  Much  has  been  written  of  utterances  of  this  sort 
(eg  Kilpatrick  (1P87).  Davis  &  Mason  (1989),  von  Glasersfcld  (1990))  We  might  argue  that 
such  words  as  rarely  carefully  designed  to  be  consistent  with  a  particular  philosophical 
position,  so  that,  in  this  case,  their  utterance  does  not  refute  the  speaker's  position  as  a  radical 
constructivist  However,  classroom  discourse  is  built  on  such  utterances,  meanings  are 
construed,  and  ways  of  working  developed.  It  is  possible,  as  a  result  of  the  giving  of  the 
distributive  rule  that  the  girls  saw  this  rule  as  some  unnegotiablc  piece  of  mathematical 
knowledge,  in  contrast  to  the  formula  which  Jenny  herself  had  developed.  Was  there  any 
possibility  of  Jenny  reciprocally  seeing  herself  as  giving  the  teacher  knowledge  in  offering 
him  her  formula?  Or  did  the  respective  power  positions  obviate  this? 
The  differential  power  positions  are  clearly  instrumental  in  classroom  relationships.  More 
than  most,  I  felt,  this  teacher  went  out  of  his  way  to  encourage  students  to  collaborate  in 
classroom  mathematics  rather  than  to  be  mere  recipients  of  it.  In  the  case  here,  Jenny's 
responses  to  the  teacher  indicated  her  own  participation  in  the  mathematics,  and  in  the 
discourse,  maybe  not  as  an  equal  of  the  teacher,  but  certainly  as  a  valued  contributor.  At  line 
52,  although  seeking  his  advice,  she  brings  her  own  ideas  into  the  discourse,  and  at  line  55, 
her  *Oo  on  then"  is  as  if  she  gives  the  teacher  permission  to  expound. 
We  might  argue  that  the  unequal  power  relation  is  not  only  inevitable,  but  also  a  healthy  part 
of  the  classroom  learning  environment.  A  democratic  classroom  may  be  a  sought-after  ideal, 
but  an  anarchic  classroom  something  to  avoid.  The  teacher  as  experienced  practitioner  in  a 
leadership  role  is  necessary  to  classroom  culture.  It  is  in  the  interpretation  of  this  role  that 
issues  for  teaching  arise.  If  the  interpretation  is  one  of  student  cnculturation  into  a 
community  of  practice,  teaching  decisions  may  look  different  from  those  based  on  fostering 
of  individual,  negotiated  (or  taken-as-shared)  meanings.  In  the  mathematics  classroom, 
classroom  culture  includes  mathematical  culture.  If  mathematics  is  seen  as  an  accumulation 
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of  rales  like  the  distributive  rule,  given  by  the  teacher,  the  culture  is  likely  to  be  perceived 
differently  than  if  students  arrive  at  their  own  rules  through  exploration  and  discussion. 


Just  to  talk  of  classroom  culture  is  to  suggest  a  belief  in  forms  of  knowledge  beyond  the 
individual.  In  order  to  act  in  the  classroom,  and  not  be  consumed  in  an  "infinite  regress  of 
constructions  upon  constructions  for  each  pupil  in  the  class"  (Lerman,  1993)  the  teacher 
needs  to  assume  some  level  of  intersubjectivity  with  pupils.  However,  teaching  dilemmas 
arise  from  the  uncertainties  inherent  in  such  assumptions.  I  have  talked  elsewhere  (eg 
Jaworski,  1991)  about  the  tensions  which  arise  for  a  teacher  in  making  decisions  about 
classroom  approaches  to  mathematical  concepts.  In  the  case  above,  what  sense  is  Jenny 
going  to  make  of  the  distributive  law?  How  is  she  going  to  use  it  in  relation  to  her  project? 
How  might  the  teacher's  offering  of  it  interfere  with  her  own  mathematical  development  and 
construal?  What  seems  important  is  that  none  of  this  happens  in  a  vacuum.  Jenny  is  not  a 
'lone  organism  pitted  against  nature'  (Braner,  1985),  but  a  member  of  a  discoursivc 
community  in  which  her  own  meanings  develop  as  a  result  of  interactions  and  negotiation. 

The  study  of  such  discourse  seems  fundamental  to  gaining  insight  into  relationships  between 
mathematical  learning  and  teaching.  However,  there  are  considerable  research  issues 
involved,  not  least  power  relationships  between  researcher  and  researched,  and  the  means 
which  researchers  use  to  elicit  knowledge.  Where  research  is  seen  as  an  interpretive  process, 
the  reflexive  nature  of  such  research  seems  fundamental  to  its  validity.  We  need  to  explore 
development  of  research  methods  alongside  our  reconciliation  of  philosophical  positions  in 
seeking  to  understand  the  complexity  of  the  classroom  environment 
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Abstract 

The  purpose  of  this  research  is  to  investigate  activities  middle  school  stu- 
dents who  engaged  in  proof  probJems  in  geometric  computer  environment. 
For  this  purpose,  two  classes  are  reported  in  this  paper:  the  class  had  just 
started  to  use  the  Cabri-Geometry"  and  the  class  had  used  the  software  for 
one.  month  Students'  activities  were  videotaped  and  their  worksheets  were 
collected  and  some  students  were  interviewed  for  analysis. 

Students  in  the  former  class  utilized  the  result  of  the  measurement  for 
proving  a  statement.  On  the  other  hand,  the  students  in  the  latter  class 
claimed,  in  interview,  that  measurement  was  not  sufficient  to  prove  a  state- 
ment even  though  they  understand  its  validity  from  computer  measurement . 
These  results  showed  that  the  measurement  in  computer  environment  played 
an  substantial  role  for  student  to  understand  the  validity  and  that  students 
who  were  accustomed  with  geometric  software  considered  the  measurement 
as  an  demonstration. 


I  Introduction 

Environments  where  students  can  investigate  properties  of  figures  and 
theories  of  geometry  by 'using  softwares  are  emerging  very  rapidly  In  the  field 
of  mathematics  education.  Analysis  of  students'  activities  and  teaching  pro- 
cesses are  necessary  to  develop  teaching  materials,  because  a  tool:  geometric 
software  such  as  Cabri-Geometry,  could  change  the  nature  of  learning  of 
geometry. 

The  constructions  in  Cabri-Geometry  is  consistent  with  the  construction  by 
ruler,  compasses  and  a  protractor.  Cabri-Geometry  also  provides  the  powerful 
environment  that  students  can  move  points,  figure  by  holding  its  geometric 
properties. 


«>  Cabri-Geometry  was  developed  by  Yves  Baulac,  Franck  Bellemaln  and  Jean  M.  Laborde 
at  the  LSD(tM AG),  University  Joseph  Fourier,  Grenoble,  1 988.  A  Japanese  version  is  avail- 
able for  NEC  machine. 
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Moving  and  measuring  figures  are  effective  when  students  are  investigat- 
ing and  discovering  properties  of  figures  and  relations  between  angles  and 
sides  in  figures  by  themselves  (Kakihana,1991). 

Using  a  geometric  software  helps  to  "overcome  diagram-related  learning 
obstacles  that  traditionally  beset  students"  (Yerushalmy,  M  &  Chanzan,  D, 
1993,  p53).  Yerushalmy(1990)  says  there  are  three  kinds  of  obstacles  in  static 
diagrams  on  a  paper/blackboard.  By  using  Gabri-Geometry,  students  also 
overcome  these  three  obstacles  as  same  as  by  using  Supposer(Kakiharia,1991 ). 

Is  it  effective  to  use  a  software  such  as  Gabri-Geometry  when  students 
prove  a  statement  in  a  proof  problem?  This  question  is  very  important  for 
Japanese  mathematics  curriculum.  In  Japanese  mathematics  curriculum, 
"syomei  (Japanese  word  corresponding  to  mathematical  proof)"  defined  as 
written  statements  which  describes  "ronsyo  (Japanese  word  corresponding  to 
demonstration)".  "Ronsyo"  is  defined  as  an  logical  sequences  from  proved 
statement  to  a  new  statement  (Hirabayashi,1991).  But,  from  many  Japanese 
surveys,  it  was  very  difficult  for  junior  high  school  students  to  write  "syomei" 
and  to  do  "ronsyo".  A  computer  geometric  software  is  expected  to  provide  an 
effective  environment  to  assist  students'  "syomei"  and  "ronsyo". 

The  purpose  of  this  research  is  to  investigate  activities  of  middle  school 
students  who  engaged  in  proof  problems  in  geometric  computer  environment 
and  from  these  results  some  advise  will  be  obtained  to  teach  geometrical  class 
by  using  a  software  such  as  Cabri-geometry. 


II  Method 

Two  classes  are  reported  in  this  paper:  the  class  had  just  started  to  use  the 
software  and  the  class  had  used  the  Cabri-Geometry  for  one  month.  Students' 
activities  were  videotaped  and  their  worksheets  were  collected  and  some  stu- 
dents were  interviewed  for  analysis. 


First  Case:  Class  A 
Learning  stage 
Subjects 

Problem 
Figure 

Environment 
Activity 


Just  after  learning  about  operations  of  Gabri-Geometry 
2nd  grade  in  a  junior  high  school  in  Ibaraki  prefecture 
(32  students) 

Problem  1  (to  apply  the  midpoint  theorem )  (Fig.l) 
given 

1  student/ 1  computer 

50  minutes  for  writing  a  worksheet 
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<frrr>nH  Case:  Class  B 

Learning  stage     after  using  Gabri-Geometry  in  several  classes 
Learning     k  gfade  -n  a  junior  high  school  in  Nagano  prefectures 

students) 

Problem  2  (to  apply  congruence)  (Hg.J) 
given 

2  students/ 1  computer 

25  minutes  for  investigating  cases  of  this  problem 
25  minutes  for  writing  a  worksheet 


Subjects 

Problem 
Figure 

Environment 
Activity 


Two  problems  are  taken.  Both  problems  are  very  popular  in  the  Japanese 
geometrical  course.  Problem  1  is  given  to  class  A  on  a  worksheet  (Fig.l).  It  is 
a  problem  to  apply  the  midpoint  theorem.  Fig.2  is  a  typical  figure  of  problem  1 


In  the  following  figure  points  M,N,P,Q. 
are  a  midpoint  of  sides  AB.AC.DB.DC  respec- 
tively. What  kind  of  shape  is  quadrangular 

OMNPQ.? 
Name  of 
Shomei 


Fig.  1  :  Worksheet  of  problem  1 


Fig.  2  :  One  of  the  figures  of  problem  1 


In  the  following  figures.  Both  aABC  and  a 
APQ.are  a  equilateral  triangles,  line  segments 
PQ,Q(:  are  equal. 

Please  write  down  the  reasons  why  they  are 

equal. 

You  can  start  from  any  figure. 
You  do  not  need  to  write  a  proof  in  detail 


■V 


Fig.4  :  Given  screen  for  problem  2 


Fig.  3  :  Worksheet  for  problem  2 
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which  is  given  in  a  textbook.  Problem  2  is  given  to  class  B  on  a  worksheet  after 
students  investigate  the  various  cases  of  figures  in  a  problem  depending  on 
the  location  of  a  point  P(Fig.3).  It  is  a  problem  to  apply  the  basic  properties  of 
congruence.  Fig.4  is  given  on  the  screen  at  first.  You  can  move  a  point  P. 
Usually  each  cases  of  problem  2  are  treated  separately  in  a  textbook. 

These  problems  were  chosen  by  the  classroom  teacher  to  fit  into  usual 
mathematics  lesson.  Both  problems  are  to  apply  the  theorem  or  property  to 
prove  a  statement  in  a  problem. 


Ill  Result 

At  first  all  students  in  both  classes  measured  sides/angles  and  moved 
points.  They  observed  the  result  of  measurements  to  find  if  there  were  sides 
or  angles  which  held  the  same  measurement  in  movement.  In  class  A  students 
found  the  properties  of  quadrangular  OMNPQ.  In  Class  B  students  found 
which  triangles  are  congruent. 

Fig.  5  is  one  of  the  figures  which  students  measured  and  moved  point  D  in 
Problem  1  and  Fig.  6  is  one  of  the  figures  which  students  measured  and  moved 
point  P  in  Problem  2. 

Students  in  Class  A  thought  that  measurements  always  showed  that 
the  quadrangular  OMNPQ.  was  a  parallelogram  even  though  a  point  was 
moved  in  any  ways.  They  wrote  in  their  worksheet  that  they  thought 
'syomei'  of  the  problem  was  validated  and  demonstrated  by  measurements. 


Fig.S  :  Measuring  and  moving  In  problem  1 


Flg.6  :  Measuring  and  moving  In  problem  2 


o 

ERIC 


740 


•84  — 


Fig.  7  shows  the  results  of  analysis  of 
worksheets  of  Class  A.  Seventeen  students  was 
able  to  write  some  sort  of  "syomei".  Sixteen  stu- 
dents wrote  "syomei"  by  using  the  result  of  mea- 
surement (Fig.8)  and  only  one  student  wrote  a 
mathematical  proof  (  real  "syomei"  )  (Fig.9) 
which  is  very  similar  to  the  proof  in  a  textbook 
(Fig.10). 


Result  Class  A 

20 

•  17. 

16 

15 
10 
5 
0 

1 

1 

glv»n  by 
9 

■utnod 

Fig.  7  :  Result  of  worksheets  of 
Class  A 


MP-NQ-2.0,  MN=PQ?3.2 

Two  sides  are  equal  because  of  measurements 

M,N  are  midpoint  of  AB.AC 
from  midpoint  theorem 

MN-1/2BC,  MN//BC 
P.Q. are  midpoint  of  BD.DC 
from  midpoint  theorem 

PQ.=1/2BC,  PQ//BC 
Then  MN=PQ.  MN//PQ. 
therefore  the  quadrangular 
OMNPQ.is  a  parallelogram 

Flg.8  :  Given  by  measuring 

MN=-1/2BC,  MN//BC  (from  midpoint  theorem) 
PQ.  - 1  /2BC,  PQ//BC  (  from  midpoint  theorem) 
Then  MN=PQ.  MN//PQ. 

Flg.9  :  Written  by  logfcal  method  Flg.10 :  proof  in  a  textbook 


Fig.  11  shows  the  results  of  analysis 
students  wrote  some  sort  of  "syomei". 
Twenty-six  students  wrote  "syomei" 
like  Fig.  12  for  problem  2.  In  this  class, 
students  measured  PB  and  QC.  And 
they  knew  these  were  equal.  But  no 
student  says  PB-CQ.is  true  even  though 
the  measurements  of  PB  and  CQ.are  al- 
ways the  same.  They  think  the  mea- 
surements is  not  sufficient  to  do 
"syomei"  PQ.-CQ,  Most  of  students  wrote 
that  triangles  were  congruence  because 


of  worksheets  of  Class  B.  Thirty-one 


Result  of  Class  B 

35  r 
30  • 
25 
20 
15 
10 
5 

31 

26 

0  £J 

5 

0 

...  r-a4 

Fig.  1 1  Results  from  the  worksheets  of  Class  B 
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AP=AQ,  AB=AC,  ZPAB=ZQAC.  The  reason  why  ihey  wrote  the  congruence  of 
triangle  was  the  result  of  measurement.  They  especially  measured  ZPAB 
ZQAC . 

Five  students  wrote  a  proof  like  Fig.  13  which  is  very  similar  to  a  proof  in  a 
textbook  (Fig.  14) 


AP=AQ_ 
AB=AC 

^PAB=^QAC 
two  sides  and  the  angle  between  them  are  equal 
therefore  triangles  are  congruence 
then  PB=Q£ 


Fig.  12  :  Measuring  and  checking  the  marks 


AP=AQ. 
AB=AC 

^PAB=^Q/\C 

both  angles  are  60  -  same  angle 
two  sides  and  the  angle  between  them  are 
equal 

therefore  triangles  are  congruence 
then  PB-QC 


Fig.U  :  Written  by  Logical  method 


In  AAPB  and  AAQC 

Both  AABC  and  AAPQ.  are  a  equilat 

eral  triangles 

soAP=AQ. 

AB=AC 
then  ^PAB=60-^BAQ. 
^QAC=60-^BAQ. 

therefore^PAB=^  QflC 
two  sides  and  the  angle  between  their 
are  equal 

therefore  AAPB=>AAQP 
then  PB=Qj: 


Fig.  14  :  proof  of  <f  in  a  text  book 


«Results  of  Interviews» 

Results  of  interviews  were  as  following. 

Twelve  students  were  interviewed  about  proof  and  measurement. 

To  measure  many  sides  and  angles  8 

Not  to  measure  so  much  4 
T:  When  you  measure  and  move  a  point  what  do  you  know? 

Nothing  2 

the  figures  whose  shapes  are  always  the  same  or  the  side/angle  which  have 
the  same  measurements  5 
many  cases  are  showed  from  the  problem  2 

T:  Do  you  think  you  don't  need  to  prove  a  statement  when  you  see  line  segments  are 
the  same  by  measurement? 

Need  proof  1 1 

not  need  proof  1 
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T:  Why  do  you  need  a  proof?. 


to  be  sure 
Teacher  says 

measurement  is  not  sufficient  to  say  a  statement  is  true 


Two  cases  of  interview  are  listed  as  following. 
K(glrl)       low  level  in  geometry.  She  doesn't  like  proof  problems. 
She  measures  almost  all  sides  and  angles. 

T:  When  you  measure  and  move  a  figure  what  do  you  know? 

S:  The  red  segments  has  always  the  same  measurement 

T:  Do  you  think  you  don't  need  to  proof  a  statement  when  you  see  line  segments 

are  the  same  by  measurement? 
S:  I  am  thinking  it  is  not  needed.  But.on  a  worksheet  it  is  said  you  have  to  write 

down  a  proof  .  And  teacher  says  so  .  1  wonder  

T:  Are  there  any  merit  to  use  CABRI  in  a  problem? 

S:  It  helps  to  understand  the  problem  because  points  are  moved  and  lines  are 
colored.. 

M(bov)       High  level  in  geometry  .  He  likes  proof  problems. 

He  wrote  a  proof  for  four  cases. 

He  doesn't  use  measurement  so  much. 
T:  When  you  measure  and  move  a  figure  what  do  you  know? 
S:  There  are  two  triangles  of  the  same  shape. 
T:  Why  don't  you  use  measurement? 

S:  Triangles  are  equilateral  triangles.  Therefore  1  don't  need  to  measure.  And  1 
don't  believe  in  measurement  so  much.  (On  his  worksheet  Fig.  9  is  written.  He 
measured  A  /PAB,  A/  QAC  on  his  screen) 

T:  Are  there  any  merit  to  use  CABRI  in  a  problem? 

S:  It  is  more  understandable  than  on  a  paper. 

These  interviews  showes  that  most  students  think  as  following  . 

(1)  "Shomei"  is  difficult 

(2)  The  results  of  measurements  are  not  sufficient  to  do  "shomei'  be- 

cause the  teacher  says. 

(3)  A  computer  software  helps  for  them  to  do  "shomei"  so  much. 

IV  Conclusion 

In  this  research,  Students  who  used  Cabrf-Geometry  several  times  thought 
the  results  of  measurement  were  not  sufficient  to  do  "shomei"  a  statement. 
But.  can  I  say  the  'syomei(proof)'  which  was  written  in  problem  2  is  done  by 
not  using  measurements?  Where  is  the  different  from  the  proof  of  problem  1 
In  which  the  measurements  was  used  directly  to  say  the  quadrangular 
OMNPQ.  is  a  parallelogram?  They  considered  the  measurement  as  a 
demonstration. 

This  research  showed  the  results  of  measurement  were  based  on  under- 


standing  of  doing  "shomei"  for  students.  By  using  a  computer  software  stu- 
dents are  able  to  measure  sides/angles  easily  and  to  check  the  validity  of 
many  cases  of  the  problem.  It  becomes  more  difficult  for  school  teachers  to 
persuade  students  that  a  proof  based  on  measurements  is  not  correct. 

Kunimune(1987)  reported  that  91%  students  in  a  second  grade  and  77%  in 
third  grade  on  junior  high  school  think  'ronsyo'  is  enough  by  empirical  mea- 
surements to  be  able  to  explain  properties  of  figures  even  in  the  environment 
without  computer. 

Hogan(1993)  says  that  there  are  many  mathematicians  who  think  proof 
has  been  dead  because  of  computer's  developement.  Most  teachers  who  at- 
tend the  seminar  titled  "Is  'proof  old-fashioned  in  a  high  school  geometry?" 
say  that  most  students  who  belong  to  a  generation  of  Nintendo/joy  stick/MTV 
think  'proof  is  not  needed  and  it  is  not  important  for  them  (Hogan,  ibid) . 

In  these  days  when  computers  are  emerging  very  rapidly  in  the  field  of 
mathematic  education,  the  teaching  of  "shomei"  in  geometric  would  be  ex- 
pected to  change  from  the  teaching  of  logical  proof  to  the  teaching  of  the 
understanding  of  "shomei"  based  on  measurements  in  geometric  computer  en- 
vironment. 
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ON  THE  SOCIAL  PSYCHOLOGY  OF  MATHEMATICS  INSTRUCTION:  CRITICAL 
FACTORS  FOR  AN  EQUITY  AGENDA 

Lena  Licdn  Khlsty,  University  of  Illinois  at  Chicago 

This  paper  presents  the  theoretical  argument  that  there  is  a  need  to  increase  consideration  of 
VrtXcMogTal  factors  which  affect  learning  processes,  particularly  m  order  to  advance 
Sw^Tch  reach  all  students.  Discussion  focuses  on  examples  of  factors  winch  specifically 
affect  improved  instruction  for  students  of  Mexican  descent  These  include  the  nature  and  role 
of  1)  preconceived  notions  about  the  source  of  student  failure,  2)  differential  status  among 
st  Jems,  and  3)  cultural  inclusion  in  classrooms.  It  is  suggested  that  effective  attention  to  these 
constructs  can  produce  instruction  which  is  culturally  and  linguistically  responsive  and  which 
maximize  opportunities  for  academic  success  for  underachieving  students  in  mathematics. 

INTRODUCTION 

Within  the  last  decade,  there  has  been  a  radical  shift  in  our  definition  of  the  nature  of 
teaching  and  learning  mathematics  and  in  how  we  expect  the  respective  instructional  activities 
to  occur  (NCTM,  1989).  As  a  result,  questions  and  concerns  regarding  the  learning  of 
mathematics  no  longer  focus  solely  on  the  content.  Instead,  they  now  reflect  a  broader 
perspective  which  incorporates  questions  related  to  such  issues  as  the  setting  in  which 
mathematics  is  learned,  the  interactive  nature  of  the  learning  process,  and  the  discourse  which 
transpires  in  this  same  process  (e.g.  Khisty,  in  press). 

The  new  goals  for  mathematics  also  emphasize  the  need  to  ensure  that  improved 
mathematics  instruction  "reaches  all  students"  (NCTM,  1989).  In  the  United  States,  there  are 
particular  groups  of  students  who  traditionally  have  been,  and  continue  to  be,  underachieves 
in  mathematics  and  underrepresented  in  professional  fields  related  to  the  subject.  These  students 
are  predominantly  poor  and/or  ethnic  or  language  minorities.  In  light  of  this,  the  general 
questions  concerning  how  to  improve  instruction  in  mathematics  take  on  the  added  dimension 
of  how  to  accomplish  this  goal  for  those  groups  of  students  who  are  educationally  at-risk.  This 
paper  begins  to  answer  this  question  by  presenting  the  argument  that  the  nature  of  the 
overwhelmingly  persistent  underachievement  among  groups  of  children  with  unique 
socioeconomic,  ethnic,  and/or  language  characteristics  requires  equally  as  much  a  new 
perspective  of  understanding  as  mathematics  itself,  and  that  this  new  perspective  incorporates 
a  broader  base  of  social  psychological  constructs  than  previously  adopted  by  mathematics 
educaton.  The  discussion  includes  a  brief  overview  of  some  critical  social  psychological  factors 
and  how  they  can  affect  the  target  students'  learning.  The  discussion  will  focus  on  students  of 
Mexican  descent  who  I  will  refer  to  as  Chicanos  and  who,  like  other  Latinos,  have  a  strong 
affiliation  with  Spanish  regardless  of  their  ability  with  the  language.  Also,  Chicanos  present  the 
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greatest  dilemma  to  educators  because  they  have  the  highest  dropout  rate  in  the  country  (e.g., 
National  Council  of  La  Raza,  1988).  However,  it  should  be  noted  that  the  arguments  and 
concepts  put  forth  herein  apply  equally  well  to  any  minority  group. 

THEORETICAL  FRAMEWORK 

Instructional  reform  in  mathematics  has  adopted  ideas  that  puts  learning  in  a  social 
context,  for  example,  social  constructivism  (e.g.,  Steffe  &  Cobb,  1988),  situated  cognition  (e.g. , 
Rogoff  &  Lave,  1984),  and  neo-Vygotskiian  theories  (e.g.,  Khisty,  McLeod,  &  Bertilson,  1990). 
However,  as  Secada  (1993)  has  pointed  out,  this  still  represents  too  narrow  a  view  in  its  reliance 
on  psychological  constructs  and  applications;  moreover,  such  a  framework  does  not  adequately 
serve  an  agenda  for  equity.  Instead,  Secada  has  called  for  a  social  psychology  of  mathematics 
especially  in  order  to  advance  the  development  of  this  agenda.  What  constructs  would  such  a 
perspective  entail?  How  would  mathematics  educators  use  these  constructs?  How  would  this 
perspective  better  inform  our  understanding  of  the  teaching  and  learning  processes  particularly 
as  it  concerns  Chicanos  and  other  underrepresentcd  groups?  The  discussion  which  follows 
addresses  these  questions  by  focusing  on  three  critical  factors  which  need  to  be  considered  for 
more  effective  instruction  with  language- minority  students:  1)  how  the  problem  is  defined  in  the 
first  place;  2)  status  equalization  among  students;  and  3)  appropriate  inclusion  of  culture. 

Traditionally  in  order  to  understand  why  some  children  fail  or  succeed  in  mathematics, 
research  has  pursued  such  questions  as  1)  what  is  it  about  mathematics  as  a  subject  that  makes 
it  easy  or  difficult,  or  2)  what  is  it  about  students'  thinking  that  produces  errors.  With  this 
perspective,  it  has  been  easy  to  overlook  or  take  for  granted  that  the  classroom  is  more  than  a 
social  context  where  teachers  and  students  interact;  it  is  a  social  arena  that  mirrors  social 
conditions  outside  the  school,  where  social-psychological  dynamics  are  continuously  at  work, 
and  where  cultural  identities  and  lived  realities  are  influenced  by  each  other  reciprocally. 

Consequently,  the  most  fundamental  factor  that  should  be  addressed  as  we  look  at  the 
dynamics  of  the  classroom  social  arena  has  to  do  with  how  we  explain  the  disproportionate 
failure  of  Chicanos  in  mathematics.  The  prevailing  paradigm  for  the  last  thirty  years  has  defined 
the  problem  as  residing  with  the  student  and/or  the  student's  family  or  culture  and  has  been 
concerned  with  the  remediation  of  problems  and  deficits  that  these  students  supposedly  bring  to 
school  (Moll,  &  Dfaz,  1987).  The  result  has  been  investigations  which  concentrate  on 
pinpointing  and  describing  what  students  do  not  know,  what  experiences  they  presumably  do  not 
have,  or  what  language  and  behavior  differences  they  possess  that  result  in  a  mismatch  with  the 
school.  In  essence,  this  model  has  placed  a  pathology  within  the  student. 
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Another  result  has  been  that  teachers,  policy  makers,  and  researchers  have  accepted  the 
stereotypes  and  misconceptions  that  naturally  develop  from  this  line  of  reasoning.  There  is  no 
shortage  of  publications  that  suggests  that  ethnic  and  language  minorities  suffer  from  particular 
learning  styles,  low  self-esteem,  non-supportive  families,  and  an  environment  from  which  they 
can't  escape. 

Indeed,  socioeconomic  and  ethnic  status  matters;  but,  in  what  way?  Lic6n  (1979)  found 
that  preservice  teachers  (n=230),  who  had  had  no  real  experience  in  classrooms,  were  readily 
willing  to  make  instructional  decisions  for  hypothetical  students  who  only  were  identified  by 
class  and  ethnicity.  In  spite  of  the  fact  that  there  was  insufficient  information  for  making  a 
decision,  the  teachers  overwhelmingly  determined  that  poor  and  Chicano  students  should  be 
placed  in  remedial  instructional  programs.  Because  of  the  controlled  limited  information  about 
the  hypothetical  students,  these  novice  teachers  only  could  have  made  this  decision  if  they 
already  had  preconceived  ideas  of  the  likely  abilities  of  poor  and  ethnic  students.  More  recently, 
in  a  follow-up  evaluation  of  a  workshop  for  teachers  and  administrators  on  mathematical 
instructional  innovations  for  Chicano  students,  88%  of  the  attendants  rated  higher  order  inquiry 
teaching  as  "not  being  relevant"  to  students  in  bilingual  school  programs  since  they  "hardly 
know  their  multiplication  tables"  (Khisty,  1992).  Such  thinking  regarding  the  kind  of  instruction 
Chicanos  should  receive  is  consistent  with  the  assumption  that  students  have  some  intellectual 
limitation  for  one  of  a  number  of  reasons  and  that  the  curriculum  can  not  be  too  complex.  As 
several  researchers  have  pointed  out  (e.g..  Spring,  1989),  the  use  of  lower  level  curriculum  for 
minority  students  matches  the  way  teachers  define  their  students,  and  that  this  is  a  systemic 
problem  for  it  is  the  rule  and  not  the  exception. 

What  the  foregoing  suggests  is  that  redefining  the  nature  of  the  problem  and  challenging 
teachers*  assumptions  about  poor,  ethnic,  and  language  minority  students  should  go  hand-in-hand 
with  changing  the  nature  and  delivery  of  mathematics  content.  Furthermore,  higher  expectations 
have  to  be  more  than  rhetoric;  they  have  to  be  specifically  implemented  in  radically  different 
instructional  programs  and  actions  that  accelerate  Chicano  students'  learning  and  treats  them  as 
gifted  (Levin,  1987). 

A  second  social-psychological  factor  which  can  affect  instruction  has  to  do  with  the 
nature  of  status  characteristics  among  students.  Groupwork  as  an  instructional  strategy  has 
become  an  important  part  of  reformed  mathematics  teaching  because  of  its  various  intellectual 
benefits  for  students.  Students  who  work  and  talk  together  gain  in  conceptual  learning  and  in 
problem  solving  abilities  among  other  things.  However,  as  in  any  other  situation  when  a  small 


-?47 


group  is  formed,  hierarchies  develop  where  some  group  members  dominate  and  others  are 

passive  (Cohen,  1986).  In  classrooms,  status  differential  can  develop  based  on  a  student's 

perceived  expertise  in  a  subject,  general  academic  ability,  peer  recognition,  or  simply  on 

membership  in  one  or  more  of  the  social  categories  of  gender,  class,  and  ethnicity. 

In  groupwork,  the  hierarchies  that  emerge  can  reflect  these  differential  statuses.  Those 

students  with  higher  status  will  tend  to  dominate  and  those  with  lower  status  may  be  passive  or 

may  not  even  participate.  If  these  differential  statuses  go  unchecked,  then  students  will  gain  via 

groupwork  differentially  also.  As  Cohen  (1986,  p.  31)  points  out: 

"If  you  design  a  good  groupwork  task,  learning  emerges  from  the  chance  to  talk, 
interact,  and  contribute  to  the  group  discussion.  Those  who  do  not  participate 
because  they  are  of  low  status  will  learn  less  than  they  might  have  if  they  had 
interacted  more." 

Chicano  students  may  actually  be  put  at  a  severe  disadvantage  in  groupwork.  They 
already  enter  the  situation  with  lower  status  because  of  language  affiliation,  lower  expectations, 
and  simply  minority  group  membership.  The  instructional  task  for  a  teacher,  then,  becomes 
twofold:  1)  to  design  rich  and  appropriate  groupwork  problems,  and  2)  to  develop  and  set  norms 
for  equal  participation.  It  is  beyond  the  scope  of  this  discussion  to  elaborate  on  the  process  and 
activities  that  can  be  used  to  develop  groupwork  norms.  However,  it  must  be  noted  that  setting 
norms  requires  specific  attention  on  the  part  of  the  teacher  so  that  students  understand  clearly 
what  is  now  expected  of  them.  It  also  requires  long-term  training  since  students  need  to 
internalize  a  new  way  of  relating  to  the  teacher  and  to  each  other.  They  need  to  adopt  as  second 
nature  that  everyone  in  the  group  ought  to  have  a  chance  to  talk,  that  everyone's  contribution 
should  receive  a  fair  hearing,  and  that  not  everyone  has  the  same  abilities  but  all  are  worthwhile. 
The  same  norms,  then,  are  used  to  evaluate  students'  work. 

There  are  a  number  of  other  things  a  teacher  should  do  to  ensure  equal  participation  by 
Chicano  students.  One  is  to  present  problems  in  both  Spanish  and  English  so  that  mathematics 
is  equally  accessible  to  a  student  even  if  s/he  is  limited  or  non-English  proficiency.  Also,  the 
use  of  Spanish  establishes  that  the  student's  home  language  and  culture  have  status  in  the 
classroom.  A  second  thing  is  to  give  written  problems  and  directions.  This  allows  a  student  to 
check  her/his  comprehension  of  the  problem  as  needed  and  minimizes  having  to  leam  via  the 
weakest  skill,  listening.  A  third  and  last  consideration  is  that  groups  should  be  organized  by  the 
teacher  so  that  they  are  heterogenous  in  terms  of  both  abilities  and  language.  However,  there 
needs  to  be  sensitivity  that  there  should  be  a  bilingual  student  who  can  mediate  during  the 
discussion. 
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Unfortunately,  most  teachers  give  little  attention,  or  even  recognition,  to  setting  norms 
for  groupwork  or  to  status  equalization,  and  teacher  training  seldom  addresses  these  issues 
either.  Nevertheless,  if  the  sociology  of  groups  and  statuses  is  ignored,  then  teachers  run  the  risk 
of  reinforcing  educational  inequalities  and  even  becoming  dissatisfied  with  the  instructional 
strategy  as  they  see  students  doing  other  than  what  was  expected  or  hoped  for. 

The  last  factor  to  be  discussed  centers  around  the  concept  of  culture.  In  the  last  two 
decades,  there  has  been  a  rush  by  educators  to  create  school  environments  that  are  seemingly 
more  open  to  diversity.  Often  this  takes  the  form  of  "celebrating  various  cultures"  by  having 
cultural  books,  pictures,  and  special  celebrations  in  the  classroom.  Diversity  or  multiculturalism 
in  mathematics  frequently  takes  the  form  of  mathematical  artifacts  such  as  the  Chinese  abacus, 
the  Aztec  calendar,  or  an  African  tribal  game.  There  even  have  been  attempts  to  identify  a  kind 
of  mathematics  that  is  uniquely  characteristic  of  a  particular  cultural  group  such  as  Latinos  and 
Native  Americans.  While  acknowledging  the  contributions  that  minorities  have  made  in 
mathematics,  either  in  the  past  or  present,  is  very  important,  most  of  what  is  taken  as  promoting 
cultural  acceptance  ends  up  trivializing  those  cultures  and  ignoring  those  factors  which  represent 
and  define  the  most  meaningful  aspect  of  students'  culture. 

In  order  to  begin  to  effectively  make  classrooms  places  where  diverse  cultures  are 
accepted,  it  is  first  necessary  to  understand  what  culture  is  and  what  it  is  not.  Culture, 
specifically,  may  be  defined  differently  by  various  scholars;  nevertheless,  we  can  easily  discuss 
the  nature  of  surface  culture  and  deep  culture.  Surface  culture  refers  to  superficial  indicators 
or  artifacts  of  culture  such  as  food,  dress,  music,  special  customs,  or  special  holidays.  Some  of 
these  artifacts  can  have  a  "folk"  quality,  for  example,  as  with  a  sombrero  or  a  Mexican  folk 
dance.  Such  artifacts  may  have  personal  or  historical  significance  for  members  of  the  cultural 
group  but  may  not  have  much  relevance  beyond  this.  Furthermore,  because  of  the  superficial 
nature  of  this  aspect  of  culture,  these  artifacts  do  not  exclusively  define  the  cultural  group; 
anyone  can  make  Mexican  food,  wear  Mexican  folk  dress,  or  play  Mexican  music  and  not  be 
Mexican. 

Deep  culture,  on  the  other  hand,  refers  to  those  things  which  are  usually  intangible  and 
elusive  but  that  still  define  a  person  as  being  a  member  of  a  cultural  group.  These  include  values 
and  culturally  shared  experiences  which  create  a  "consciousness  of  kind".  Deep  culture  can  not 
always  be  pinpointed  because  of  its  psychological,  contextual,  and  multidimensional  nature. 
However,  deep  culture  forms  the  core  of  identity,  and  thus,  is  what  is  most  meaningful  to 
individual  members  and  what  binds  the  group  together.  Therefore,  deep  culture  is  most  powerful 
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when  it  is  manifested  through  individual  expression;  however,  it  loses  much  of  its  power  when 
it  is  put  into  a  generalized  abstract  characterization  of  the  group.  Furthermore,  when  students' 


between  home  and  school  that  increases  the  chance  of  alienation  and  lack  of  engagement.  This 
suggests  that  meaningful  culturally  responsive  instructional  strategies  are  those  that  connect  the 
home  and  school  through  maximum  opportunities  for  the  individual  expression  of  students' 
cultural  identity  (e.g.,  Tharp  &  Gallimore,  1989).  This  individual  expression  can  be 
accomplished  via  instructional  strategies  that  are  interactive  and  that  use  student  "talk"  (in 
whichever  cultural  language  a  student  chooses)  in  meaningful  tasks,  that  facilitate  students' 
"taking  over"  or  appropriating  ownership  of  learning  activities,  and  that  use  students'  own 
experiences  (but  not  as  assumed  by  the  teacher)  or  questions  as  the  context  for  mathematical 
problems. 

Another  way  that  Chicano  students'  cultural  identity  can  be  brought  into  the  classroom 
is  by  using  the  students'  community,  including  households,  as  a  "fund"  of  mathematical 
knowledge.  This,  of  course,  first  requires  changing  the  perspective  of  the  nature  of  working- 
class  and  ethnic  communities  from  socially  and  intellectually  limiting  to  one  full  of  resources. 
Frequently,  this  latter  perspective  is  interpreted  as  using  community  members  and  parents  as 
guest  speakers  in  classes  to  supplement  teacher  determined  learning  activities;  but,  it  is  much 
broader  than  this.  Using  the  community/household  as  a  fund  of  mathematical  knowledge  requires 
that  a  teacher  carefully  study  these  environments  to  see  actually  how  mathematics  is  used  and 
how  mathematical  knowledge  is  socially  constructed  within  these  specific  contexts.  This  activity 
provides  ideas  for  themes  and  materials  that  better  place  mathematics  in  a  meaningful 
sociocultural  context  that  more  accurately  reflects  the  identity  of  the  student.  Since  each 
community  and  household  is  intrinsically  unique,  there  is  no  recipe  or  prescription  for  how  the 
community  resources  can  be  used.   As  Moll,  V61ez-Ibanez,  and  Greenberg  (1990,  p.2),  in 
discussing  how  this  approach  has  effectively  been  used  in  literacy  instruction,  point  out: 
"Ultimately,  it  is  the  teachers  and  students  themselves  that  must  create  the  classroom  conditions 
to  understand  and  exploit  these  resources...."  This  mode  of  perceiving  and  utilizing  community 
resources  capitalizes  on  the  student's  language  and  culture,  and  through  this,  empowers  Chicano 
students  by  giving  them  access  to  mathematical  knowledge  since  the  context  of  mathematics  is 
not  external  to  them. 

IMPLICATIONS  AND  SIGNIFICANCE 

This  paper  has  presented  the  argument  that  effective  policy  and  instructional  decisions 


individual  expressions  of  cultural  identity  is  absent  within  classroom,  then  there  exists  a  gap 
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that  promote  equity  in  mathematics  involve  much  more  than  considerations  based  on  subject 
content  or  psychological  learning  factors.  In  fact,  instructional  policy  making  and  implementation 
that  do  not  take  into  account  the  social  psychology  of  teaching  is  highly  suspect.  Three  social- 
psycho-logical  factors  were  discussed  as  brief  examples  of  how  critical  is  this  perspective  for 
advancing  equity. 

For  too  long  we  have  held  to  a  mythology  that  the  learning  of  mathematics  is  language, 
culture,  and  politically  free.  One  result  of  this  thinking  has  been  that  we  assume  that  "good 
teaching"  is  simply  good  teaching;  that  we  can  ignore  the  unique  social-psychological  and 
linguistic  needs  of  Chicano  and  other  minority  students.  However,  if  we  accept  this  assumption, 
then  we  do  not  alter  the  conditions  that  foster  failure.  Moreover,  we  run  the  risk  of  perpetuating 
a  "blame  the  victim"  model  since  "good  teaching"  was  used  with  the  target  students  and  they 
still  failed. 

The  significance  of  the  argument  presented  is  that  in  order  to  move  forward  an  agenda 
for  change  that  benefits  all  students,  we  have  to  begin  to  ask  the  following  types  of  questions 
as  we  make  policy,  train  teachers,  and  implement  innovations.  Do  instructional  decisions  reflect 
a  challenge  to  the  traditional  paradigm  for  why  certain  groups  of  students  continue  to  fail,  or  do 
they  reflect  a  model  that  continues  to  ascribe  failure  to  factors  outside  the  classroom  and  the 
instructional  act?  In  the  implementation  of  innovations  such  as  groupwork,  are  social-psycho- 
logical dynamics  given  enough  attention  and  are  teachers  adequately  trained  to  deal  positively 
with  them?  Do  our  mathematical  instructional  reforms  actively  and  fully  capitalize  on  the 
working-class  and  minority  student's  home,  culture,  and  language,  or  are  they  excluded  through 
lack  of  thought?  In  essence,  the  challenge  for  mathematics  education  is  to  acknowledge  and 
carry  out  a  second  paradigm  shift  regarding  the  influence  and  nature  of  social-psychological 
factors  in  classrooms  that  either  promote  or  hinder  equity. 
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Abstract 


Several  questions  from  space  geometry  were  suggested  to  a  wide  group  of  subjects: 
from  high  school  students  to  teachers  and  university  professors.  Their  answers  were 
analysed  using  a  cognitive  linguistics  approach.  The  analysis  revealed  a  common 
"earth-biased"  nature  of  spatial  concepts  and  explained  the  wide-spread  failure  with 
certain  questions.  The  study  also  showed  that  when  the  same  question  was  asked  using 
a  three  dimensional  mode  ',  instead  of  a  picture  in  most  cases  the  answers  were  the 
same.  They  were  determined  by  the  conception  of  the  subject  rather  than  by  the 
amount  of  visual  information. 


Introduction 

The  rising  interest  in  geometry  and  it's  applications  at  university  level  is 
accompanied  by  attempts  to  introduce  more  advanced  geometry  in  school 
(Malkevitch,  1992).  At  the  same  time  learning  three-dimensional  geometry  assumes 
ability  to  visualize  and  interpret  spatial  relations  expressed  by  diagrams.  Several 
authors  (Parzysz,  1 988;  Dreyfus  &  Hadas,  1 99 1 )  had  pointed  on  learning  difficulties 
related  to  that.  The  initial  purpose  of  our  study  was  to  find  out  how  analytical  tools 
learned  by  Israeli  students  in  advanced  high  school  geometry  course  are  used  by  them 
in  solving  spatial  tasks  given  by  means  of  diagrams. 
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The  test  which  is  the  essence  of  this  study  is  the  following: 


Fig.  1 


These  questions  were  first  presented  to  three  groups  of  1 1th  graders  at  the  end  of 
their  one-year  "Vectors"  course  with  elements  of  solid  geometry  and  linear  algebra. 
The  students  were  sampled  from  two  schools  in  Jerusalem  for  gifted  students.  It  was 
quite  instructive  to  observe  the  students  while  they  were  filling  the  questionnaires. 
Some  were  trying  to  imagine  lines  in  space  while  others  were  using  fingers,  pens  and 
different  objects  to  model  the  situation.  Some  students  added  written  explanations  to 
their  answers,  but  no  indication  of  analytical  reasoning  was  found  there.  The  results 
are  given  in  Table  1  below. 

Surprised  by  the  results  we  decided  to  examine  high  school  mathematics  teachers. 
The  same  questionnaire  was  administered  to  two  groups  of  high  chool  mathematics 
teachers  from  two  different  educational  systems  (Israeli  and  Jordanian)  uring  an  in- 
service  training.  While  answering  the  questions,  the  teachers,  like  the  students, 
worked  hard  trying  to  imagine  or  to  model  lines  in  space.  Their  results  are  also 
presented  in  Table  1 . 

Since  these  results  were  not  better  than  the  students',  we  made  one  step  further 
and  presented  these  questions  to  a  number  of  academics  from  two  universities  -  one 
in  the  United  States  and  one  in  Israel.  The  respondents  were  either  asked  to  answer 
the  questionnaires  or  were  interviewed.  Their  results  are  in  Table  1 . 
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Table  1.  The  number  (percent)  of  correct  answers  to  .  tasks  A  -  D  in  different 
groups  of  respondents. 


N 

'  Task  A 

TaskB 

Task  C 

TaskD 

11-th  graders 

76 

63  (77%) 

47  (62%) 

35  (46%) 

41  (54%) 

teachers  (Is) 

29 

21  (72%) 

13(45%) 

1 1  (38%) 

4  (14%) 

teachers  (Jr) 

25 

20  (80%) 

15(60%) 

15(60%) 

6  (24%) 

chemists 

6 

6 

1 

1 

0 

physicists 

8 

8 

7 

4 

3 

mathematicians 

7 

7 

7 

5 

4 

From  observations  and  interviews  we  got  the  impression  that  there  are  some 
common  cognitive  strategies  for  solving  these  spatial  problems.  The  aim  of  this  study 
is  not  the  valuation  or  the  comparison  between  the  different  groups.  We  are  rather 
interested  in  the  following  question: 

How  do  students  and  mathematically  educated  people  solve  these  problems? 

Observations  on  mathematicians  working  on  these  tasks  showed  that  they  solved 
problem  A  immediately,  usually  spent  several  seconds  on  task  B,  spent  relatively 
more  time  on  task  C  and  even  more  time  on  D.  Being  asked  to  explain  their  decisions 
about  pictures  A  and  B,  usually  they  answerd  like  this:  "This  line  belongs  to  this  face 
and  the  other  line  to  that  face  of  the  cube.  So  they  could  intersect  only  on  the  edge 
common  to  the  both  faces,  but  the  lines  cross  that  edge  in  different  points,  so  the  lines 
do  not  intersect".  As  to  picture  C,  some  respondents  claimed  that  they  could  not  see 
there  a  well  defined  mathematical  problem.  Trying  to  solve  it  "visually",  some  had 
failed  considering  the  lines  as  intersecting  but  marking  their  point  of  intersection  far 
away  from  the  only  possible  place  on  the  continuation  of  the  edge.  Others  continued 
bravely  the  edge  of  the  cube  to  show  that  the  lines  do  not  intersect  (which  is  the 
correct  answer). 

The  problem  in  picture  D  was  a  real  test  for  geometrical  knowledge 
mathematicians.  Most  of  those  who  succeeded  had  used  the  results  of  classical 
synthetic  geometry.  Only  in  one  solution  there  was  something  resembling  a  vector 
approach:  one  of  the  line  segments  was  parallely  displaced  to  the  opposite  edge  of  the 
face  and,  because  they  did  not  occur  at  the  same  plane,  the  fact  that  the  two  lines 
were  not  parallel  became  obvious.  Leaving  mathematicians  aside,  we  could 
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characterize  the  prevailing  approach  among  the  rest  of  our  respondents  as  intuituve, 
based  on  direct  perception.  Some  of  them  might  try  to  help  themselves  by  physical 
objects  in  order  to  perceive  the  situation  more  clearly.  Some  would  even  try  to  justify 
their  conclusions  by  a  certain  geometrical  argumentation.  This  was  in  contrast  to  the 
mathematicians  in  our  sample,  who  tried  to  avoid  visual  intuitive  reactions. 

The  following  is  taken  from  an  interview  witli  a  physicist  R.  specializing  in 
optical  features  of  crystals.  After  the  respondent  had  carefully  analysed  all  the  four 
pictures  and  concluded  that  the  lines  there  did  not  inersect  and  were  parallel  in  case 
D,  he  was  asked  to  explain  his  answers. 

R.:  In  case  A  it  is  obvious,  because  the  first  line  is  perpendicular  to  the  upper  face  in 
the  certain  point,  so  the  intersection  would  be  possible  only  if  the  second  line  passes 
through  that  point.  In  case  B,  1  see  that  the  line  on  the  right  face  passes  above  the 
second  line,  so  they  will  not  intersect.  In  case  C  it  seems  to  me  that  they  will  not 
intersect,  because  the  lines  have  different  slopes.  In  case  D  I  clearly  see  that  the  lines 
are  parallel.  (He  continued  to  stare  at  the  picture  and  suddenly  changed  his  mind.) 
No,  the  lines  will  intersect  in  cases  B  and  C. 

Interviewer:  Why? 

R.:  I  make  cross-sections  of  the  cube  through  these  line  segments  (he  moved  his 
hand),  so  the  lines  will  intersect  in  this  cross-section  (he  marked  an  intersection  point 
on  a  picture). 

Li  And  what  about  case  A? 

R.:  I  think  they  would  intersect...  (he  looked  at  the  picture)  though  it  is  really  hard  to 
imagine,  how  the  cross-section  goes. 

We  think  that  the  case  of  R.  examplifies  some  important  features.  First,  the  cited 
interview  demonstrates  that  solving  a  spatial  problem  includes  a  complex  interplay 
between  percepts  and  concepts  which  could  lead  either  to  right  or  to  wrong 
conclusions.  Second,  the  solution  of  R.  for  the  problem  A  (his  first  version)  strikes 
with  its  immediacy  and,  in  fact,  laconisni  when  compaired  with  that  of  a  typical 
mathematician. 

Indeed,  the  model  of  the  mathematician  can  be  symbolically  expressed  by 
L1HL2     =  ((FinF2)nLl)OL2, 
where  LI,  L2  are  the  relevant  lines  and  Fl ,  F2  -  the  relevant  faces. 

The  model  of  a  non-mathematician  is  symbolically  expressed  by 
L1AL2     =  (F20Ll)nL2, 


where  the  index  2  corresponds  to  the  top  face. 

If  the  last  model  is  effective  and  used  in  problem  A,  then  arises  a  legitimate 
question:  why  this  model  is  inactive  in  other  cases?  Or  in  other  words: 

What  goes  differently  in  the  solution  of  problem  A? 

According  to  the  data  gathered  in  the  interviews,  many  times  the  fact  that  the  two 
lines  in  problem  A  do  not  intersect  was  explained  as  follows: 

(1)  because  the  first  line  goes  up  through  the  face  while  the%cond  line  remains  on 
the  (horizontal')  face; 

(2)  the  second  line  is  behind  the  first  one. 

The  underlined  words  express  different  image  schemas  (Lakoff,  1987)  which 
provide  different  models  for  solution.  We  may  never  know,  why  in  different  people 
differnt  models  are  evoked  in  order  to  solve  a  problem.  However,  we  would  like  to 
suggest  an  explanation  to  the  fact  that  the  same  person  does  not  use  the  same  model 
in  order  to  solve  a  similar  problem. 

To  evoke  the  above  mentioned  schemas  in  the  case  of  picture  B  we  just  turned  it 
clockwise  120*!  When  respondents  who  formerly  "saw"  in  picture  B  intersecting  lines 
were  shown  it's  "rotated"  version  they  began  to  see  the  lines  as  skew  ones  (not  in  the 
same  plane).  In  several  cases  the  same  rotation  of  picture  D  had  also  "cured"  the 
respondent  from  perceiving  the  lines  as  parallel,  in  these  cases  the  evokation  of 
certain  image  schemas  was  clearly  related  to  orientation  of  the  picture.  In  the  absence 
of  these  schemas  only  what  might  be  called  "convergent-parallel"  scheme  remained 
activated.  This  led  to  the  wrong  model  for  solution. 

Since  there  are  many  people  who  even  in  the  case  of  picture  A  conceive  the  two 
lines  as  intersecting,  it  may  be  important  to  examine  when  people  learn  to  read  such 
pictures  correctly.  We  think  that  it  is  a  cultural  phenomenon  and  as  such  might  be 
related  to  the  age  of  the  students  and  to  their  educational  environment.  We  were  led 
to  this  conjecture  by  testing  students  of  different  ages  of  the  same  school.  The  resuls 
are  given  below: 

Table  2.  The  number  (percent)  of  correct  answers  to  task  A  for  grades  8-11. 

grade  8  (N=2 1 )    grade  9  (N=  1 8)  grade  10  (N=33)    grade  11  (25) 
3(14%)  6(33%)  28  (85%)  21(84%) 
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Do  3-dimensional  models  help  to  solve  spatial  problems? 

Another  question  we  addressed  in  this  study  was  how  people  solve  the  four 
spatial  problems  shown  in  Fig.l,  provided  they  have  a  3-dimensional  model  in  their 
disposal.  For  this  purpose  a  3  cm  cube  was  made  and  line  segments  were  drawn  on 
its  faces  as  in  pictures  B  and  D  of  Fig.  1 .  During  an  interview  a  person  was  handed 
the  cube  and  asked  how  many  pairs  of  parallel  or  intersecting  lines  are  among  those 
drawn  on  the  cube.  In  the  case  of  mathematically  educated  group  this  question  was 
asked  after  the  respondent  had  finished  to  solve  the  same  spatial  problem  using  a 
picture.  Only  two  from  the  1 7  respondents  in  this  group  managed  to  realize  by  means 
of  the  model  that  their  previous  answers  were  incorrect.  In  the  case  of  the  school 
students,  the  test  with  the  cube  was  administered  a  month  after  they  solved  the  same 
problems  using  the  pictures.  The  students  who  were  tested  studied  in  two  classes  in 
one  of  the  two  schools  for  gifted  students.  Only  students  of  the  11-th  grade  had 
studied  elements  of  solid  geometry.  The  results  of  both  tests  are  given  in  Table  3. 

Table  3.  The  number  (percent)  of  correct  answers  to  tasks  B  &  D  for  10th  and 
1 1th  grades.  For  each  task  the  numbers  (percent)  in  bold  indicate  the  answers 
based  on  the  3-dimentionaI  model,  the  second  numbers  (percent)  indicate  the 
answers  based  on  the  picture. 


As  stated  above,  the  same  cube  was  used  to  model  both  pictures  B  and  D,  with 
three  line  segments  drawn  on  three  different  faces.  As  a  result  several  respondents 
(including  mathematically  educated  ones)  "perceived"  additional  pair  of  "intersecting" 
lines  which  belonged  to  parallel  faces  of  the  cube.  In  most  cases  after  the  respondent 
had  been  given  a  cube,  he  or  she  turned  it  until!  it  seemed  to  them  that  the  line 
segments  fited  the  vertical  plane  in  front  of  them.  After  that  they  came  to  one  of  the 
two  folowing  conclusions:  (1)  The  lines  were  parallel.  (2)  The  lines  intersected.  Only 
in  a  few  cases  respondents  continued  to  turn  the  cube  until  they  realized  that  the  lines 
were  skew.  They  explained  it  by  noting  that  ( 1 )  the  lines  go  in  different  directions:  (2) 
the  first  line  passes  above  (under)  the  second  one.  Similarly  to  the  above  mentioned 
situation  with  pictures,  the  evokation  of  the  underlined  image  schemas  leading  to  the 
right  conclusion  was  a  result  of  of  the  model  orientation.  The  conclusion  that  the  two 


N 


TaskB  Task  D 


grade  10 
grade  1 1 


33 
35 


13(40%)  8(24%)  8(24%)  0(0%) 
14(40%)  23  (66%)      15(43%)  21(60%) 
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lines  are  skew  could  come  at  one  glance  to  anyone  had  he  or  she  deliberately  directed 
the  line  segments  on  the  3-dimensional  model  along  their  line  of  sight. 

Conclusion 

To  understand  spatial  reasoning  of  high  school  students  it  was  found  useful  to 
examine  another  group  of  people  whom  we  called  mathematically  educated. 

The  study  of  mathematical  behaviour  of  both  groups  showed  that  they  use  similar 
cognitive  strategies  for  solving  spatial  geometry  tasks. 

The  analysis  of  the  overall  responses  revealed  an  earth-biased  nature  of  spatial 
concepts  which  explained  the  failures  in  solving  certain  tasks. 

The  improvement  of  the  perfomance  on  spatial  tasks  with  the  age  supports  the 
view  that  there  is  the  cultural  basis  of  spatial  concepts. 

The  study  showes  that  the  substitution  of  a  picture  by  the  3-dimensional  model  in 
spatial  tasks  is  not  necessarily  helpful  to  most  of  the  respondents.  With  some  caution 
it  can  be  claimed  that  what  guides  the  formation  of  the  mental  models  (namely 
visualization)  used  by  the  respondents  to  solve  the  spatial  tasks  is  not  necessary  the 
visual  information.  It  rather  the  conception  which  is  evoked  in  the  respondents  mind 
as  immediate  association  with  a  given  task. 
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This  article  is  about  the  two-year  university  course  "PFL-mathematia"  in  Austria  which 
aims  at  special  farther  education  of  mathematics  teachers.  Some  remarks  on  the  genesis 
and  the  philosophy  of  the  PFL  programme  are  made  and  relating  guiding  principles  are 
outlined.  Using  four  dimensions  of  teachers'  professional  practice,  namely  action, 
reflection,  autonomy  and  networking,  the  article  highlights  activities  of  participants  and 
team  members  within  or  after  a  PFL  course. 


A  "mathematical  curriculum  vitae"  as  the  starting  point  of  an  in-service  education 
course 

As  preparation  for  the  PFL  course,  a  teacher  wrote: 

7  always  wanted  to  become  a  teacher  -  first  in  a  primary  school  -  then  my  parents  made 
it  possible  for  me  to  study  at  the  university.  Vie  choice  of  subjects  was  easy  for  me:  my 
favourite  subjects  were  mathematics  and  descriptive  geometry.  At  the  university  1  early 
realized  that  purely  scientific  work  in  mathematics  did  not  fit  my  inclinations.  What  gave 
me  pleasure.,  was  to  work  as  a  tutor  and  practical  assistant.  After  five  years  of  study  I 
looked  foiward  to  teaching  at  school.  1  had  my  own  conceptions  of  teaching  -  derived 
from  my  own  school  days,  from  the  conversations  between  my  parents  (both  teachers) 
about  their  teaching  practice,  and  from  my  private  lessons.  Above  all  1  fought  against 
the  following  image  of  mathematics:  'Either  you  have  it  or  you  don't!  That's  fatel' 
Therefore  1  tried  to  stimulate  all  pupils  to  cooperate,  by  proceeding  in  small  steps,  care- 
fully preparing  the  subject  matter,  pointing  to  frequent  sources  of  errors,  leading  sup- 
port, answering  questions  etc.  ... 

[After  concretizing  some  of  her  beliefs,  methods  and  problems  she  finally  reflected  about 
her  re-entry  into  teaching  at  school  after  a  four  year-leave  of  absence] 
...  /  realized  that  the  further  development  of  many  abilities  which  I  wanted  for  me  and 
my  (own)  children,  was  inhibited  by  traditional  methods  of  instruction.  To  broaden  and 
to  deepen  my  experiences  I  finally  decided  to  participate  in  this  university  course.  I  am 
looking  forward  to  the  first  seminar.  Kind  regardsl' 

Most  of  the  approximately  30  participants  of  the  in-service  education  university  course 
'PFL-mathematics  1988-90"  arrived  with  a  similar  'mathematical  curriculum  vitae'  at 
the  first  one-week  seminar.  The  seminar  started  in  three  "regional  groups"  (parallel 
working  groups,  each  consisting  of  about  eight  participants  and  two  team  members)  in 
which  all  available  "personal  histories"  were  discussed.  This  initial  working  unit  was  not 
only  a  "get-acquainted  session"  but  also  gave  a  first  impression  of  the  broad  spectrum  of 
opinons,  ideas,  beliefs  and  strengths  of  the  teachers  and  of  our  philosophy  of  using  the 
practical  experiences  of  the  participants  as  a  starting  point  for  work  within  the  PFL 
course  and  of  connecting  individual  and  social  learning  experiences. 
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1.  Some  remarks  on  the  genesis  and  philosophy  of  the  PFL  programme 

In  the  1970 's  more  and  more  high  school  teachers  in  Austria  felt  that  in  addition  to  their 
competence  in  two  subjects  (e.g.  mathematics  and  geography)  further  development  of 
their  pedagogical  and  didactic  competence  would  be  required  for  coping  successfully 
with  the  complexities  of  teaching  and  learning.  In  awareness  of  this  need,  an  inter- 
disciplinary team  of  researchers  from  the  University  of  Klagenfurt  began  to  plan  the 
teacher  in-service  courses  "Pedagogy  and  Subject-Specific  Methodology  for  Teachers" 
(PFL  abbreviation  for  the  Gernvm  "Padagogik  und  Fachdidaktik  fur  Lehrerlnnen")  in  the 
subjects  English,  German,  history  and  mathematics.  After  a  trial  run  in  1982  -  84  three 
PFL  courses  (for  mathematics,  English  and  three  years  later  also  for  German)  were 
institutionalised  as  university  courses.  They  are  organized  by  the  Institute  for  Interdisci- 
plinary Research  and  Continuing  Education  (IFF)  of  the  Austrian  Universities  of  Inns- 
bruck, Klagenfurt  and  Vienna,  in  cooperation  with  some  departments  of  the  University 
of  Klagenfurt  and  regional  INSET  institutes  and  are  supported  by  the  Ministry  of  Science 
and  Research  (BMWF)  and  the  Ministry  for  Education  and  Arts  (BMUK). 
Some  organisational  remarks:  Each  course  lasts  for  four  semesters  and  is  attended  by 
about  30  teachers.  Participants  are  expected  to  be  present  at  all  meetings  (e.g.  two  one- 
week  seminars,  two  half-week  seminars,  four  one  and  a  half-day  regional  group  mee- 
tings) and  are  required  to  write  case  studies  on  innovations  introduced  in  their  schools. 
After  conclusion  of  the  course  participants  receive  a  university  certificate  with  a  des- 
cription of  their  achievements  during  the1  course.  Most  PFL  courses  are  led  by  a  team  of 
5-6  members  (educationalists,  subject-matter  specialists,  practitioners)  who  are  respon- 
sible for  the  preparation  and  realization  of  the  course  and  for  follow-up  activities  (e.g. 
evaluation),  all  in  all  three  years  of  intensive  theoretical  and  practical  work.  The  activi- 
ties of  the  team  members  are  seen  not  only  as  a  contribution  to  the  further  education  of 
teachers  but  also  as  an  experience  in  interdisciplinary  cooperation. 

The  guiding  principles  of  the  PFL  programme  can  be  described  as  follows: 

-  One  of  the  most  important  principles  of  PFL  is  stressing  the  importance  and  in  ^r- 
connectedness  of  pedagogical  and  didactic  aspects  of  teaching  and  learning.  Abv,v 
all,  the  complexity  of  the  teacher's  task  cannot  be  reduced  to  content-related  conside- 
rations. In  mathematics  instruction,  for  example,  even  topics  like  "proof"  imoive 
student  motivation,  different  heuristic  strategies,  reflections  on  the  nsMre  of  proof, 
discussions  on  students'  understanding  of  proofs  etc. 

-  In  most  cases  the  starting  point  of  work  within  the  PFL  courses  is  the  practical 
experiences  of  the  participants  in  order  to  meet  them  "where  they  are",  identifying 
strengths  rather  than  weaknesses. 

-  Action  research,  understood  as  the  systematic  reflection  of  practitioners  on  action 
(i.e.  their  professional  activities  in  order  to  improve  them),  is  used  as  a  framework 
to  achieve  a  broader  situative  understanding  and  to  improve  the  quality  of  teaching. 
Within  PFL  courses  the  participants  are  required  to  do  research  work  and  to  write  - 
on  the  average  -  two  case  studies  on  self  selected  issues  in  which  they  have  profes- 
sional developmental  interests. 

-  Communication  among  teachers  often  happens  "in  passing"  and  is  often  felt  to  be 
unsatisfactory.  An  attempt  is  made  to  find  useful  ways  towards  a  professional  ex- 
change of  knowledge,  thus  promoting  the  culture  of  communication  on  educational 


issues.  Communication  and  cooperation  among  teachers  is  seen  as  a  more  and  more 
demanding  element  of  teacher's  work.  Countless  good  ideas  of  teachers  exist  only  in 
their  minds  and  are  therefore  not  accessible  to  others.  It  is  an  important  intention  of 
the  programme  to  make  such  private  ideas  public. 

-  PFL  aims  at  providing  opportunities  to  connect  individual  and  social  learning  exjie- 
riences.  The  open  atmosphere  in  PFL  courses  is  used  as  a  basis  for  initiating  and 
organizing  communication  and  cooperation  with  colleagues,  something  which  is  in 
many  cases  difficult  to  achieve  in  a  teacher's  own  school.  The  regional  groups  are 
small  "professional  communities"  in  which  mutual  understanding  and.  constructive 
criticism  are  conducive  processes. 

-  Promoting  the  further  development  of  theory  and  practice  implies  a  close  cooperation 
between  team  members  and  participants,  the  former  involving  themselves  in  concrete 
and  specific  situations  of  the  teachers'  practical  work,  and  the  latter' involving  them- 
selves in  theoretical  and  general  considerations.  For  this  purpose  it  is  an  advantage 
if  people  come  from  different  systems,  namely  "school"  and  "university",  and  are 
able  to  overcome  their  restricted  perspectives. 

-  Promoting  active  learning  processes  and  reflecting  on  them  is  a  basic  strategy  in  PFL 
courses  in  a  double  sense:  firstly  with  regard  to  an  epistemological  understanding  of 
learning,  which  sees  the  learner  as  a  producer  (and  not  consumer)  of  knowledge  and 
secondly  with  regard  to  the  conviction  that  transfer  from  the  course  to  the  classroom 
-  where  students  also  should  be  seen  as  producers  -  is  more  successful  if  the  partici- 
pants learn  such  processes  through  experience.  "What  can  teachers  learn  from  lear- 
ners?" is  a  basic  question  within  the  courses. 

-  One  aim  of  the  programme  is  to  motivate  and  qualify  the  participants  to  organize 
further  education  for  themselves  and  for  other  teachers  after  conclusion  of  the  course. 
Thus  it  is  important  that  the  participants  be  actively  involved  in  planning  and  realiza- 
tion of  the  course,  and  increasingly  take  charge  of  their  own  further  education  within 
(and  later  outside)  the  course.  Therefore  the  role  of  the  team  members  within  PFL 
develops  -  roughly  speaking  -  from  providing  input  and  structure  (to  initiate  teachers' 
activities)  to  organizing  communication  among  the  teachers  as  experts. 

Each  PFL  course  aims  at  contributing  to  each  of  the  dimensions  sketched  above.  Its 
strengths,  however,  lies  in  the  whole  composition  of  the  course,  decisively  influenced  by 
the  people  working  in  it  -  the  team  members  as  well  as  the  teachers.  Within  this  paper 
it  is  only  possible  to  sketch  some  selected  activities  of  teachers  within  or  after  a  PFL 
course.  This  will  be  done  by  using  four  dimensions  of  teachers'  professional  practice. 


2.  Promoting  action  and  reflection,  autonomy  and  networking  within  the  PFL 
course  •  dimensions  of  mathematics  teachers'  professional  practice 

Altrichter/Krainer  (1993, 8-20)  describe  4  dimensions  of  teachers'  professional  practice: 

-  Attitude  towards  and  competence  in  experimental,  constructive  and  goal-directed 
work  (Action) 

-  Attitude  towards  and  competence  in  reflective,  (self-)critical  and  systematically  based 
work  (Reflection) 
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-  Attitude  towards  and  competence  in  autonomous,  self-initiative  and  self-determined 

-  Attitude1»w2?and  competence  in  communicative  and  cooperative  work  with  in- 
creasing public  relevance  (Networking) 

In  the  following,  a)  a  teacher's  case  study  of  her  students'  errors  in  algebra  wffl  give :  an 
impression  of  te  importance  of  systematic  reflection  by  ^^^Zn^vZ 
(interconnecting  action  and  reflection),  and  b)  a  short  view  of  a  pK/f^°ctiW 
by  a  self-organized  group  of  teachers  will  indicate  that  autonomy  and  networking  are 
essential  dimensions  in  teacher  in-service  education  programmes.  A  more  detoiled 
description  of  activities  within  PFL-mathematics  is  given  in  Fischer  et.  al.  Krai- 
ner/Peschek  1993  or  Krainer/Posch  1994. 

a)  Action  and  reflection  -  a  teacher's  efforts  to  improve  her  knowledge  about  her 
students'  understanding 

The  first  PFL  seminar  usually  contains  an  introduction  to  the  aims,  ideas  and  methods  of 
action  research  and  provides  the  opportunity  for  practical  experience  with >^  **** 
methods  (e.g.  analytic  discourse,  interview  techniques;  see  e.g.  Almchter/PoscWSomekh 
1993).  After  this  seminar  each  participant  selects  an  issue  in  which  s/he  ^  phonal 
developmental  interest  and  begins  to  collect  data  for  the  first  case  study.  In  theregwnal 
zroun  meetings  (partial)  results  of  these  case  studies  are  discussed;  some  participants 
present  their  research  at  the  next  seminar.  Many  participants  of  PFL  begin  a  second  case 
study  which  in  many  cases  shows  visible  progress  with  regard  to  e.g.  conception,  data 
sampling  and  interpretation  or  readability. 

In  the  following  we  look  at  a  PFL  participant's  first  case  study  (Mayer  1992V in- 
dents' errors  in  algebra.  She  aimed  at  learning  more  about  her  students 
and  errors  in  order  to  improve  her  teaching,  for  example  through  usuig  new  strategies  to 
avoid  some  errors  or  finding  a  constructive  way  of  handling  them.  A  quotation! torn  her 
case  study  shows  that  errors  seem  to  have  an  essential  influence  on  her  actions  and 
reflections  concerning  mathematics  instruction: 

•After  several  years  of  work  as  a  mathematics  teacher  one  almost  gets  the  feeling  that 
most  of  the  time,  instead  of  explaining,  one  has  to  deal  with 
The  teacher  studied  articles  about  error  analysis  in  mathematics  education  and  finally 
began  to  investigate  misconceptions  and  errors  of  students  from  her  own  classes  (15  to 
18-year-old  girls).  She  collected  different  kinds  of  data  including  diary  notes,  interviews 
with  students  and  "error-books". 

Referring  to  "error  books"  she  writes: 

*T^!u%nts  had  to  keep  a  stalled  'error-book'  which  included™ 
tion  of  the  error,  a  verbal  formulation  if  possible  a  »™n.£ r* 

error  and  an  exact  correction.  ...  Thus  the  students  had,  for  he  first  *™><°T* 
about  their  errors,  which  for  many  was  a  totally  new  and  unusual  experience  <™verbrt 
formulation  was  especially  problematic)  and  in  this  context  also  numerous  systematic 
errors  were  discovered  ('I  have  made  the  same  error  again ). " 
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One  important  aim  of  the  teacher's  analysis  was  to  work  out  'error  frames".  She  finally 
identified  about  fifty  types.  Here  are  two  of  them  (the  students*  explanations  are  in 
parentheses): 

-  1/6  >  1/5      (6  is  bigger  than  5) 

-  xJ  -  2x  =  xJ  +  2x  =  =  >  x*  =  xJ  (+2x  and  -2x  cancel  each  other  out) 
In  the  concluding  chapter  of  her  study  she  writes: 

'Only  during  such  investigations  does  the  teacher  realize  again,  how  important  it  is  to 
scrutinize  from  time  to  time  one 's  own  teaching  and  to  draw  consequences.  All  too  easily 
one  falls  back  into  daily  routines. " 

The  teacher  sketches  a  range  of  general  and  concrete  improvements  in  her  own  teaching, 
for  example: 

'The  students  must  be  given  enough  time  to  understand  mathematical  strategies  (the 
student's  learning  pace  should  not  be  overestimated);  as  a  result  of  teaching  the  same 
subject  matter  frequently,  the  teacher  tends  to  increase  the  working  pace  or  to  choose 
trickier  tasks  each  time. " 

To  quote  also  one  of  her  more  practical  consequences: 

...  "Side-calculations  should  not  be  'hidden'  (removed  by  an  ink-eradicator)  to  enable 
the  teacher  to  recognize  students'  strategies  -  above  all  they  should  not  be  assessed 
negatively 

In  her  concluding  remarks  the  teacher  sums  up: 

"The  appreciation  of  an  achievement  from  the  mathematical  point  of  view  -  being  true  or 
false  -  and  the  teacher's  interest  in  investigating  the  thinking  behind  the  work  which 
leads  to  a  right  or  wrong  result,  are  important  factors  for  student  motivation  in  also 
tackling  difficult  calculations. " 

This  was  the  teacher's  first  confrontation  with  systematic  reflection  on  her  own  teaching 
which  included  writing  down  her  experiences  as  a  crucial  element.  Of  course,  many  of 
her  results  sketched  above  are  well  known,  investigated  and  published  -  but  this  is  not 
the  point!  She  constructed  her  knowledge  herself;  she  started  at  a  point  which  was  of 
real  interest  to  her;  she  looked  for  -  and  partially  found  -  answers  with  regard  to  her 
individual  situation;  she  produced  meaningful  "local  knowledge"  which  cannot  be 
replaced  by  reading  the  research  results  of  others. 

Systematic  reflection  by  teachers  on  their  own  practice  -  here  with  regard  to  student 
understanding  (see  Kniner  1993b)  -  can  contribute  to  an  improvement  of  mathematics 
instruction  in  many  respects.  This  leads  to  the  following  suppositions  which  take  for 
granted  that  improvements  take  place  in  various  ways  and  that  they  are  often  connected 
with  mutually  stimulating  processes: 

-  Interest  of  teachers  in  what  and  how  students  understand  give  the  Utter  the  feeling 
that  they  -  with  all  their  questions,  answers,  interpretations,  etc.  -  are  really  taken 
seriously.  This  makes  it  easier  for  them  to  use  the  given  scope  of  freedom  for  ex- 
perimenting with  ideas  and  actions,  and  thus  improving  the  teacher's  opportunity  for 
gaining  further  insights  into  students'  understanding. 


-  Attempts  by  teachers  to  replace  assessments  like  "the  student  does  not  understand" 
with  a  search  for  meaningful  explanations  -  even  for  so-called  misconceptions  and 
errors  -  and  appreciation  by  teachers  of  even  the  small  achievements  of  students,  can 
be  seen  as  part  of  a  general  attitude  orienting  teaching  towards  strengths  and  not 
towards  weaknesses.  This  makes  it  easier  to  regard  situations  of  "not-understanding" 
as  opportunities  to  learn  -for  students  and  for  teachers.  To  realize  that  teachers  can 
learn  from  learners  positively  influences  the  relationship  between  teachers  and 
students  and  promotes  the  further  development  of  strengths. 

-  Efforts  by  teachers  to  analyze  and  to  discuss  so-called  "errors",  help  them  to  get 
insights  which  are  normally  not  available  to  them  -  strangely  enough,  precisely 
because  of  their  expertise.  Trying  to  take  the  student's  point  of  view  is  an  oppor- 
tunity for  teachers  to  partly  overcome  the  constraints  on  their  own  way  of  thinking 
and  to  become  aware  of  "blind  spots"  caused  by  their  specific  involvement  in  the 
system  of  "mathematics  instruction".  Having  the  flexibility  to  change  one's  point  of 
view  promotes  a  better  understanding  of  the  ideas  and  thought  processes  of  students. 

-  Efforts  by  teachers  to  make  the  thought  processes  of  students  visible,  and  to  reflect 
on  their  understanding,  increase  the  abilities  of  students  to  reflect  on  the  learning 
process  and  promote  self-evaluation  and  self-organization.  These  abilities  make  it 
easier  to  discuss  consciously  the  different  meanings  of  a  mathematical  concept  and 
differences  in  student  intuitions,  and  therefore  to  increase  student  understanding. 

-  Better  understanding  by  teachers  the  ideas  and  thought  processes  of  students  increases 
the  teacher's  awareness  of  new  alternatives  in  teaching  and  thus  also  increases  their 
competence  and  flexibility,  which  in  turn  expand  more  opportunities  for  teachers  to 
promote  and  to  assesss  students'  understanding. 

-  Activities  of  teachers  aimed  at  acquiring  knowledge  about  student  understanding  and 
systematic  reflection  on  their  own  investigation,  contribute  to  improve  their  scrutini- 
zing of  methods  of  assessing  student  understanding.  This  in  turn  stimulates  the 
improvement  of  the  ability  to  evaluate  investigation. 

-  A  teacher's  own  experiences  in  investigating  student  understanding  increase  their 
interest  in  knowing  more  about  the  results  of  other  research,  for  example  large-scale 
projects  in  mathematics  education.  Reading  research  reports  in  this  connection 
provides  teachers  with  new  ideas  for  their  own  small-scale  investigations. 

-  The  efforts  of  teachers  to  increase  their  competence  with  regard  to  student  understan- 
ding promotes  self-critical  and  profound  discussion  with  colleagues  and  researchers, 
thus  improving  the  culture  of  communication  about  educational  issues,  perhaps  moti- 
vating other  teachers  to  undertake  self-critical  inquiry  themselves. 

These  issues  show  that  the  interplay  between  action  and  reflection  is  of  great  importance. 
This  interplay  is  an  essential  characteristic  of  action  research  and  it  is  also  regarded  as 
an  important  aspect  in  the  teacher's  decision-making  processes  (Cooney  1988),  the  stu- 
dent's generalisation  processes  (Ddrfler  1991),  or  the  student's  problem  solving  proces- 
ses (see  e.g.  Krainer  1993a). 

Teachers'  systematic  reflections  on  their  own  practice  can  not  only  improve  their  own 
teaching  but  can  also  have  consequences  for  the  further  development  of  discussion  in 
mathematics  education,  which  is  shown  by  e.g.  the  (German)  book  "Man  and  Mathema- 
tics. An  Introduction  into  Didactical  Thinking  and  Acting"  of  Fischer/Malle  (1985)-  this 
book  is  strongly  influenced  by  authors'  work  with  team  members  and  participants  within 
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the  PFL  programme  and  by  other  research  activities  undertaken  in  cooperation  with 
teachers  and  students. 


b)  Autonomy  and  networking  -  a  group  of  teachers  organizes  further  education  for 
themselves  and  others 

Fostering  autonomous  and  self-initiative  work  by  teachers,  and  professional  communica- 
tion and  cooperation  among  them,  is  an  important  aim  of  the  PFL  programme.  The 
participants  are  invited  increasingly  to  take  charge  of  their  own  learning  process  within 
the  course  -  as  individuals  and  as  a  group.  The  statement  of  a  participant  after  a  PFL 
course  -  7  slowly  realized  that  this  course  cannot  be  not  restricted  to  'taking ';  but  also 
not  to  an  oral  'giving'  of  a  few  personal  ideas.  The  'giving'  should  become  very  con- 
crete, inform  of  two  case  studies.  This  was  connected  with  a  very  painful  process..."  • 
shows  that  the  transition  from  viewing  learning  as  consumption  of  knowledge  to  viewing 
learning  as  production  of  knowledge  is  not  an  easy  one.  To  be  able  to  mediate,  and  to 
"live"  such  an  understanding  in  the  classroom,  it  seems  absolutely  necessary  to  experien- 
ce this  transition  directly.  This  holds  true  for  individual  learning  processes  and  is  even 
more  important  for  the  learning  of  groups.  In  PFL  this  is  regarded  a  crucial  point 
because  the  participants  should  be  qualified  and  motivated  to  act  as  "agents  of  change" 
for  other  teachers. 

The  following  is  feedback  for  the  last  seminar  of  the  PFL-mathematics  course  1988-90 
in  which  groups  of  participants  organized  different  workshops:  *. . .  formerly  I  was  mostly 
a  consumer  in  various  seminars,  not  trying  to  make  my  own  suggestions  -  concerning 
organization  or  content.  In  this  respect  I  liave  become  more  self-confident.  Above  all  I 
have  found  it  very  good  that  the  third  seminar  has  been  designed  to  a  large  extent  by  the 
participants  themselves ..."  One  of  the  workshops,  "Elements  of  an  Alternative  School", 
gave  birth  to  a  self-organized  group  of  teachers.  The  workshop  included  a  broad  spec- 
trum of  activities  -  from  general  discussion  of  educational  goals  to  concrete  reflections 
on  possible  changes  in  mathematics  instruction,  and  motivated  some  participants  to 
continue  to  cooperate.  One  of  them  organized  an  excursion  to  Tuscany  (Italy)  where, 
among  other  activities,  two  secondary  schools  were  visited.  Eight  participants  and  two 
team  members  of  the  -  in  the  meantime  completed  -  PFL  course  took  part,  observed 
some  Italian  classroom  instruction,  held  discussions  with  teachers  and  principals,  and 
reflected  on  their  observations  and  impressions.  Half  a  year  later,  the  group  met  again 
to  discuss  "project  work"  in  mathematics.  Finally  they  decided  to  initiate  meetings  twice 
*  year  and  after  some  time  they  felt  that  they  -  especially  the  loyal  core  of  seven  people 
-  vere  more  than  an  ordinary  group,  of  teachers.  In  a  report  about  their  work  in  our 
jout.ial  for  PFL  participants  they  explained  their  intentions  and  the  name  "AFL  -  Aktion 
Forstivnder  Lehrerlnnen"  they  had  given  themselves: 

"AFL  vt  an  abbreviation  for  'Researching  Teachers'  Initiative'.  With  this  name  we  want 
to  exprtss  on  the  one  hand  our  mutual  interest  in  action  research,  for  which  we  have 
been  inspired  within  the  PFL  course.  On  the  other  hand  we  want  to  express  our  interest 
in  actions,  in  activities  in  the  field  of  teacher  in-service  education.  Thereby  we  start  from 
the  assumption  that  teachers  have,  or  can  acquire,  enough  competence  to  realize  teacher 
in-service  education  by  themselves,  that  nobody  knows  as  much  about  school  and  lear- 
ning as  they  themselves,  that  nobody  knows  their  needs  as  well  as  they  themselves.  And 
we  are  not  only  interested  in  our  own  further  education  but  also  in  putting  the  idea  of 
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'teachers  train  teachers '  into  practice  ..." 

One  related  activity  was  undertaking  different  interdisciplinary  projects  as  joint  research 
projects  of  teachers  and  pupils  whereby  one  member  of  the  group  played  the  role  of  the 
project-manager  (coming  from  the  "outside").  At  present  the  members  of  AFL  among 
others  are  at  work  on  a  book(let)  with  the  title  "Hands-on  Mathematics".  In  their  last 
meeting  in  December  1993  they  discussed  ways  of  opening  the  group  to  other  teachers. 

Feedback  from  former  PFL  participants  shows  that  they  have  involved  themselves  in  a 
number  of  individual  and  joint  activities  which  contribute  to  pedagogical  and  didactic 
innovation  in  classrooms  and  schools,  e.g.:  7  have  also  become  braver  and  more  ini- 
tiative concerning  my  relations  with  colleagues.  Small  contributions  at  staff  meetings, 
even  organizing  parts  of  a  staff  meeting  with  colleagues,  preparing  and  carrying  out 
projects  together  are  activities  I  tackle  because  I  have  observed,  seen  and  learned  very 
much  A  lot  of  them  act  as  "agents  of  change"  in  their  region,  are  engaged  in 
teacher  in-service-courses  or  in  teacher  education,  and  actively  participate  in  conferences 
in  which  innovative  work  by  teachers  is  presented. 
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Mathematical  rationales  for  students  in  the  mathematics 
classroom 


Koichi  KUMAGAl 
Joetsu  University  of  Education,  Japan 


The  purpose  of  this  paper  is  to  discuss  about  mathematical 
rationales  in  the  mathematical  classroom  from  the  viewpoint  of  social 
interactionism.  Particularly  we  focus  on  what  mathematical  rationales 
do  students  construct  and  how  do  they  use  in  their  mathematics 
classroom.  We  observed,  recorded  and  analyzed  fifth  graders' 
mathematics  classroom.  There  are  thirty-six  classes  from  the  beginning 
of  the  school  year.  We  find  various  mathematical  rationales  in  the 
pattern  of  interaction.  Some  of  them  are  accepted  in  the  wider 
mathematics  society  and  others  are  unique  to  this  classroom.  And 
students  use  some  knowledge  instead  of  mathematical  rationales.  These 
knowledge  and  rationales  help  students  to  participate  the  pattern  of 
interaction.  And  the  pattern  of  interaction  help  students  to  consider 
them. 

Students  talk  various  ideas,  explanations,  thinking  and  so  on  in  the 
mathematics  classroom.  Some  of  them  are  accepted  by  a  teacher  and 
other  students,  and  others  are  not.  Even  if  an  explanation  is  accepted  in 
one  situation,  it  is  not  accepted  in  other  situations.  For  example,  a 
student  often  talks  "The  calculation  method  is  correct  because  the 
answer  is  correct."  This  explanation  is  accepted  in  the  situation  where  a 
teacher  and  students  infer  the  validity  of  method.  But  when  the  validity 
of  the  methods  is  discussed,  this  explanation  is  not  accepted.  Students 
and  a  teacher  share  what  is  accepted  or  not  in  interaction.  These  norms 
are  established  through  interaction  between  a  teacher  and  students  and  a 
teacher  and  students  use  these  norms  in  interaction.  As  described  above, 
some  of  these  norms  have  mathematical  properties  that  are  accepted  in 
the  wider  mathematical  society  (Voigt,  1985;  1992). 

Cobb  ct  al.  (1992)  and  Yackel  et  al.  (1993a)  discuss  these  norms 
as  social  norms  or  sociomathematical  norms.  Some  norms  related  to  the 
product  of  mathematics,  for  example,  a  different  solution,  a 
sophisticated  solution,  and  an  efficient  solution.  Other  norms  related  to 
process  of  mathematics,  for  example  explanation  and  argumentation. 
We  will  discuss  about  norm  that  relate  to  process  of  mathematics  and 
focus  on  a  situation  where  new  problems  are  formulated. 
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In  this  paper,  we  will  discuss  about  what  mathematical  rationales 
do  students  share  and  how  do  they  students  use  them  in  problem 
formulating  interaction. 


Data 


We  observed  and  recorded  thirty-six  mathematics  lessons  in  fifth 
grade  w  ith  two  video  cameras  from  the  beginning  of  the  school  year, 
from  1 1  in  April  to  $  in  July.  And  interviews  are  conducted  with  the 
teacher  (28  in  June)  and  eight  students  (in  May). 

The  teacher  Mr.  Yamagishi  has  experienced  elementary  school 
teacher  in  14  years.  He  is  interested  in  teaching  mathematics.  There  are 
thirty-six  students  (15  boys  and  21  girls)  in  a  classroom. 
We  transcribed  and  analyzed  the  follow  ing  data; 
-transcription  of  verbal  interaction  between  the  teacher  and  students 
-transcription  of  blackboards 

-transcription  of  interview  with  the  teacher  and  students 


Construction  of  the  pattern  of  interaction 

In  some  situations,  students  and  the  teacher  formulated  problems 
that  had  mathematical  appropriateness.  In  other  situations  they  can  not. 

At  first  we  will  show  a  typical  situation  which  students  and  the 
teacher  formulates  a  problem  through  interaction.  This  situation  is 
observed  on  the  8  of  May  in  1991 . 

At  the  beginning  of  the  lesson,  the  teacher.  Yamagishi  posed  a 
problem  about  multiplication  of  a  decimal  fraction.  2.7x1.8=  ?.  5.2x3.4 
=  ?.  Students  have  never  experienced  the  multiplication  of  a  decimal 
fraction  before,  but  they  attempted  to  solve  this  problem.  Students 
presented  two  solutions.  The  solution  and  answer  by  Ya.  G.  is  correct. 
He  did  not  mention  about  mathematical  rationale  for  his  solution,  but 
explained  procedures  of  calculation,  particularly  treatments  of  deciding 
the  place  of  decimal  point.  At  that  moment.  Furu.Y.  said  "My  solution 

is  different  from  others  ".  and  presented  her  solution.  And  the 

teacher  and  students  interact  each  other. 
(Situation  l| 

(Ya.G.)        2.7                   (Furu.Y.)  5.2 
x     1.8  _x  X4 


Problem  formulating  interaction  and  pattern 


2  1  6 
27 


4.8  6 


20  8 
156 
176.8 
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P  :  (Furu.Y:  gN)  My  solution  is  different  from  others  and  wrong.  A 
decimal  point,  the  decimal  point,  the  process  of  calculation  is  the 
same  as  others.  When  1  decide  the  place  of  a  decimal  point.  I  did 
nothing.  1  did  not  multiple  by  100.  1  wrote  a  decimal  point 
simply. 

T  :  Is  this  a  wrong? 

P  :  (Furu.Y  :gN)  1  don't  understand  well.  1  wrote  the  decimal  point 
simply. 

T  :  You  wrote  the  decimal  point  simply. 

N  :  (Ya.G:  gN)  We  can't  decide  easily  whether  your  solution  is  correct 
or  not. 

PP(D):  (Yama. T.gR)  We  can  not  decide  easily  whether  your  solution  is 
correct  or  not. 

:  (others)  That  solution  is  wrong. 
T  :  Now.  Furu.Y  confused.  Is  there  any  comment  or  so?  Yoko.T.  come 

here  (6  sec.)  please. 
P  :  (Yoko.T:  gN)  Now.  before,  every  thing  is 
N  :  We  can't  sec. 

P  :  (Yoko.T;  gN)  I'm  sorry.  At  first,  we  assume  that  there  is  a  problem 
of  multiplication.  The  answer  is  4.86.  When  1  did  this  type  of 
calculation  before,  we  could  not  decide  the  place  of  a  decimal 
point  simply.  But 

PP(D) ;  (Noisy) 

P  ;  (Yoko.T:  gN)  Someone  said  that,  now.  a  decimal  point,  we  could  not 
write  this  simply  

A  teacher  and  students  formulated  a  problem  about  deciding  the 
place  of  decimal  point.  When  the  teacher  and  students  formulate 
problems,  we  can  find  a  pattern  of  interaction. 

At  first,  the  teacher  poses  a  problem  and  expects  students  to 
present  various  solutions  that  include  wrong  or  naive  solutions.  Students 
come  up  with  the  teacher's  expectation  and  present  various  solutions  of  a 
problem.  For  example,  the  teacher  posed  problems  of  multiplication  of 
decimal  fraction,  and  one  student  Furu.  Y.  presented  her  wrong 
solution.  Second,  the  teacher  and  students  clarify  the  differences  of 
solutions.  In  situation  1.  Furu.  Y.  clarified  that  her  solution  was  different 
from  others  in  deciding  the  place  of  a  decimal  point.  Third,  the  teacher 
and  students  formulate  a  problem  depending  on  the  differences  clarified 
before.  For  example,  two  students,  Ya.  G.  and  Yama.  G.  mentioned  the 
necessity  of  discussion  whether  her  solution  was  correct  or  not.  And  the 
other  student.  Yoko.  T.  begun  to  solve  a  problem  that  related  to  decide 
the  place  of  a  decimal  point.  Students  formulated  a  problem  about  the 
treatment  of  a  decimal  fraction. 
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There  is  a  pattern  of  interaction,  presenting  various  solutions 
(P. V.).  clarifying  differences  (CD.),  and  posing  problems  depending  on 
differences  (P.P.).  And  the  teacher  and  students  formulate  a  problem. 
This  pattern  has  been  established  through  the  interaction  between  the 
teacher  and  students  from  the  beginning  of  school  year  (Kumagai,1992). 
Breakdown  of  the  pattern  of  interaction 

In  some  situations  students  and  the  teacher  could  not  formulate  a 
problem  that  is  mathematically  valid.  This  situation  can  be  observed  on 
the  30  of  April. 

The  teacher  and  students  solved  a  problem.  "32x1.1=."  Students 
approached  this  problem  with  various  ways.  Most  of  approaches  were 
not  generalized  easily,  for  example.  32/10=3.2  32+3.2=35.5.  When 
these  approaches  have  been  introduced  and  shared,  one  student.  Sai.  T. 
posed  a  problem.  "The  case  of  1 .1  or  1 .2  is  easier  than  other  cases.  We 
must  consider  other  cases,  for  example,  it  is  the  case  of  1.3.  It  is  more 
difficult  for  us."  In  this  situation  the  teacher  requested  students  to  search 
difficult  cases  as  problems  to  discover  sophisticated  methods. 

ISituation  111  . ,    .  ... 

T  •  Sai  T  posed  a  problem.  The  case  of  1.1  is  easy.  It's  the  same  with 
1  2  In  the  case  of  1.1 .  it  is  related  to  1/10.  Therefore  it  is  related 
to  1/5.  But  in  the  case  of  1.3  it  is  difficult  to  represent  with  a 
fraction  whose  numerator  is  1 .  This  case  is  more  difficult  than 
others.  Sai.T  pointed  out  this.  Today,  we  are  beginning  to  study. 
What  is  a  today's  theme.  32  multiplied  by  (12  sec.)  various 
values  3.2x  1 .3  We  want  to  calculate  such  cases.  For  example  the 
case  of  1.3.  Sai.T  said  .  this  is  a  difficult  case.  How  about  you? 
Are  there  any  difficult  cases?  More  difficult  calculation. 

PP(D) ;  (noisy)  (8  sec.) 

T  :  Can  you  attempt  to  do  every  case? 
N  ;  Yes. 

T  :  Are  there  any? 
N  :  (laughing) 
T  ;  What  do  you  say? 
N  ;(Toku.N.|gR|)  1.5 
T  :  1.5? 

PP(D)  ;  The  case  of  1.6  is  more  difficult. 

T  ;  The  case  of  1.6 

N  ;CCatsu.K.|gR|)  1.7 

T  ;  Katsu.K  said  1 .7. 

N  ;  The  case  of  1 .8. 

T  :  Is  the  case  of  1.8? 

N  :  (Ya.G.  |gN|)  1.8 

T  ;  Are  there  any  cases,  more  difficult  cases? 


N  ;9.99 


T  ;  9.99.  This  case  is  difficult.  Any  questions?  Now.  we  try  to  solve 
these  with  our  methods.  Please  try  various  cases. 
On  the  one  hand  most  students  posed  values'.  1.5.  1.6.  1.8.  and 
they  did  not  pose  a  mathematically  important  problem.  We  can  not  find 
the  pattern  of  interaction  as  described  before  in  this  interaction. 

On  the  other  hand,  one  student,  Sai.  T..  posed  a  mathematically 
appropriate  problem.  We  infer  his  thinking  process  as  follows  from  his 
explanations.  Sai.  T.  examines  the  method  that  is  available  for  the  case 
of  1.1.  with  various  values.  1.2.  1.3.  and  so  on.  He  calculates  each 
values  like  this  way.  32x1.2=32/5+32=6.4+32=38.4.  32x1.3=32/3+32=?. 
He  can  not  solve  the  case  of  1.3.  It  seems  that  he  thinks  this  method  has 
the  idea  that  numerator  is  one.  He  clarifies  differences  of  the  result  of 
calculations,  1.1.  1.2.  1.3.  The  method  does  not  work  in  some  cases.  He 
formulated  a  problem.  "We  must  consider  other  cases,  for  example  1.3. 
It  is  more  difficult  for  us."  We  see  the  pattern  of  interaction  in  his 
explanations,  posing  different  values,  clarifying  differences,  posing  a 
problem. 

In  this  situation,  the  teacher  inferred  his  thinking  process  as 
described  above  and  expected  other  each  student  to  follow  this  process 
themselves  and  to  pose  some  values  cause  problem  cases.  The  teacher 
did  not  expect  to  establish  pattern  of  interaction  among  them.  Most 
students  could  not  come  up  with  the  teacher's  expectation.  They  posed 
various  values.  1.3.  1.5.  1.6.  1.7.  8.9.  and  so  on.  It  seems  that  students 
expect  to  establish  the  pattern  of  interaction  explicitly.  They  are  going 
to  clarify  differences  depending  on  these  various  values  and  to  pose 
problems. 

In  problem  formulating  interaction,  when  we  can  find  a  pattern 
of  interaction,  students  and  the  teacher  formulate  a  mathematically 
appropriate  problem.  But  the  pattern  of  interaction  is  not  established 
explicitly,  they  can  not  formulate  a  problem.  The  explicit  pattern  of 
interaction  contributes  to  formulate  mathematically  appropriate 
problem.  We  will  discuss  more  details  of  the  meaning  of  contributions. 

Mathematical  rationales  in  the  pattern  of  interaction 

In  general  when  we  formulate  problems,  we  need  to  consider 
mathematical  rationales:  mathematical  validity,  generality  of  methods  or 
conclusions,  developments  of  problems  or  methods,  values  of  problems 


and  so  on.  In  the  pattern  of  interaction,  whether  do  students  consider 
mathematical  rationales  or  not.  What  mathematical  rationales  do  they 
consider  in  problem  formulating  interaction  ? 

Students  seem  to  use  different  mathematical  rationales  in  each 
situations.  The  pattern  of  interaction  consists  of  three  parts,  posing 
various  solutions,  clarifying  differences,  and  posing  problems  depend 
on  differences.  We  will  discuss  mathematical  rationales  in  each  part  of 
the  pattern. 

In  the  first  part,  the  teacher  has  accepted  all  solutions  by  students 
and  does  not  pay  attention  for  the  sameness  and  differences  from  the 
beginning  of  school  year.  But  the  teacher  expects  students  to  present 
wrong  and  naive  solution.  The  teacher  does  not  expect  to  consider 
mathematical  rationales  that  are  accepted  to  a  wider  mathematics 
society,  but  the  teacher's  this  expectation  is  a  mathematical  rationales  in 
this  classroom.  For  example,  in  situation  I.  a  student  posed  a  wrong 
solution  herself  and  in  situation  II.  students  posed  various  values. 

When  we  discuss  the  difference  or  the  sameness  of  solutions,  we 
need  to  pay  attentions  for  mathematical  rationales.  In  the  second  part, 
the  teacher  expects  students  to  consider  mathematical  rationales.  The 
teacher  expresses  this  in  the  situation  observed  on  the  17  of  April.  He 
explained  mathematically  meaningless  differences  with  student's  solution 
and  posed  himself  mathematically  meaningful  solution.  But  it  was 
difficult  to  understand  for  students  in  that  situation.  Sometime  students 
clarifying  every  differences  that  are  visible  for  them.  Those  visible 
differences  do  not  always  have  mathematical  rationales.  Students  seems 
do  not  always  consider  mathematical  rationales  that  are  accepted  the 
wider  mathematics  society. 

For  example,  in  situation  1.  it  is  possible  for  students  to  clarify 
mathematical  differences  of  solution  without  consider  mathematical 
rationales  that  arc  accepted  the  wider  mathematics  society.  When 
students  focus  on  answers  and  remember  the  size  of  the  result  oi 
multiplication  of  integer,  they  find  the  difference  of  procedures  of 
deciding  the  place  of  decimal  fractions.  This  difference  is  visible. 
Students  can  clarifying  differences  of  solutions  without  consider 
mathcrr-'  .1  rationales  as  if  they  understand  them.  But  students  use 
knowledge  about  multiplication  of  integer. 

We  sec  more  closely  this  situation,  a  student.  Furu.  Y..  assumes 
that  her  solution  is  wrong.  In  other  situation  we  can  also  see  like  this 
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assumption  by  students.  When  students  clarify  the  differences  of 
solution,  they  sometimes  assume  that  one  solution  is  correct  and  others 
are  wrong.  This  assumption  has  not  been  valid  mathematically  before. 
Students  use  such  assumption  in  clarifying  differences  of  solutions. 

In  some  situations  students  can  clarify  differences  of  solutions,  as 
if  they  consider  mathematical  rationales.  And  sometimes  they  use  unique 
rationales  which  are  not  shared  in  the  wider  mathematical  society. 

In  general,  we  need  to  consider  mathematical  rationales  in  posing 
problem. 

Students  consider  mathematical  rationales  again.  We  can  find  this 
in  situation  I.  Students  considered  mathematical  rationales  and  pose  a 
problem.  Two  students,  Ya.  G.  and  Yama.  G.,  insist  to  consider  the 
reason  why  the  method  (b)  is  incorrect.  They  mentioned  mathematical 
rationale,  that  was  whether  have  they  discussed  and  shared  the  validity 
of  method  before  or  not.  They  feel  that  if  they  use  a  new  method,  they 
need  to  examine  the  validity  of  a  method.  This  mathematical  rationale  is 
content-free. 

Once  mathematically  important  differences  of  solution  are 
clarified,  students  can  pose  mathematically  important  problems  easily. 
Because  mathematically  important  differences  has  mathematical 
rationale,  we  can  directly  see  differences  as  mathematically  important 
problem. 

When  the  pattern  of  interaction  is  established,  students  consider 
different  mathematical  rationales  in  each  part  of  the  pattern  of 
interaction.  Students  use  various  mathematical  rationales  and 
mathematical  knowledge  to  participate  problem  formulating  interaction. 
Some  of  rationales  are  not  accepted  in  the  wider  society. 


ERIC 


Conclusions 

For  students  what  is  mathematical  rationale  or  validity  in  the 
problem  formulating  interaction?  How  do  they  use  these  to  construct 
problem  formulating  interaction? 

When  the  pattern  of  interaction  is  established  explicitly,  students 
consider  different  mathematical  rationales  in  each  part  of  the  pattern. 

Students  sometimes  use  mathematical  rationale  that  is  not  accepted 
in  the  wider  society,  but  some  of  them  contribute  to  maintain  the  pattern 
of  interaction,  for  example,  posing  wrong  solution  or  naive  solution  in 

— 118  — 

774  . 


the  first  part.  This  rationale  is  essential  to  establish  pattern  of 
interaction.  But  this  rationale  is  not  accepted  in  other  part  of  the  pattern 
of  interaction. 

Students  use  mathematical  knowledge  instead  of  mathematical 
rationale.  In  clarifying  differences,  they  use  mathematical  knowledge 
that  has  been  shared  before.  And  sometimes  they  use  common  sense, 
when  they  mention  to  visible  differences.  Students  use  mathematical 
knowledge  that  are  shared  in  the  pattern  of  interaction.  In  posing 
problem,  students  use  knowledge  shared  in  the  interaction  of  clarifying 
of  differences.  This  practice  of  using  knowledge  depend  on  the  pattern 
of  interaction. 

Students  use  two  types  of  mathematical  rationale,  one  is  content- 
free  and  the  other  is  content-fixed.  Students  use  easily  cdntent-fiee 
mathematics  rationale. 

When  students  participate  in  problem  formulating  interaction, 
students  use  knowledge  and  mathematical  rationales  that  are  unique  to 
each  part  of  the  pattern.  The  pattern  of  interaction  helps  students  to 
consider  mathematical  rationales  and  to  formulate  mathematical 
problems. 
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In  the  frame  of  conipartamentaltzation.  as  a  component  of  calculus  problematic, 
in  the  scholastic  context,  we  studied  the  knowledge  of  the  double  integral  We 
identified  two  representations,  one  based  on  the  concept  of  function  and  the 
procedure  of  approximation  and  the  other  based  on  the  concept  of  quantity  and  the 
procedure  of  variation.  This  led  to  two  situations:  cxtcntion  and  globalization  of 
the  integration  concept,  elements,  which,  articulate  both  the  mathematical  and 
cognitive  structure  of  the  two  variable  integral. 


We  are  interested  in  the  problems  of  teaching  calculus,  acknowledging  that  students  who 
efficiently  solve  problems  are  those  who  can  easily  pass  between  the  different  concepts 
involved  in  a  problem.  In  a  pragmatic  sense  based  upon  the  conception  of  the  cognitive 
system,  where  we  intend  to  understand  how  the  representation  of  knowledge  determines 
the  behavior  of  the  individual  exposed  to  a  problem.  Pattern  recognition  and  meaning 
incorporation  play  no  active  role  (occasionally  completely  absent)  on  the  students 
argumentation.  The  central  aspects  of  these  research  are  necessary  related  in  the 
epistemologic,  cognitive  and  didactic  planes.  On  the  other  hand,  the  flexibility  of 
representations  is  conceived  as  the  type  of  difficulties  the  students  have  at  characterizing 
aspects  among  the  representations. 


INTRODUCTION 
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In  this  paper  we  attend  to  the  following 

Considerations  -  in  which  the  representation  and  study  forms  are  identified. 
Discussion  frame  -  in  which  the  role  of  frames  are  discussed 

Mathematical  structure  -  in  which  the  objects  and  actions  of  each  representation  are 
linked  . 

Cognitive  considerations  -  in  which  the  type  of  behavioral  response  of  the  students  to 
different  problems  is  observed. 


a)  The  way  in  which  we  have  been  identifying  the  students  representations  of  the  two 
variable  integral  is  through  problem  solving.  We  use  a  case  study  with  videotaped 
interviews  and  clinical  analysis,  b)  For  the  analysis  we  have  established  the  references  of 
representations  favored  by  the  mathematical  scholastic  language  through  the  review  of  the 
textbooks  most  commonly  used  by  our  scholars.  Besides,  we  considered  the  teachers 
integral's  concept.compiling  a  catalog  of  the  representations  most  commonly  used  to 
explain  the  integral  concept. 

Specifically,  we  explored  in  this  context,  two  symbolic  expressions: 


n 

the  representations  and  meaning  associated  to  each  of  them,  and  the  type  of  problems  they 
are  applied  to 


CONSIDERATIONS 


DISCUSSION  FRAME 


The  discussion  is  based  fundamentally  on  their  notion  of  "cognitive  map"  which  refers  to 
the  representational  scheme  the  individuals  have  of  their  geographical  environment,  and 
which  permits  them  to  have  an  orientation  and  trace  the  places  they  want  to  go  to, 
distinguishing  in  their  representation  some  nodal  points  which  they  use  as  reference  and 
through  which  they  can  infer  spacial  relationship  of  less  representative  points.  (De  Vega, 
1984). 

A  metaphor  of  the  concept  of  "cognitive  map"  with  implications  on  the  problem  we  have 
outlined  is  the  one  of  a  representational  internal  format,  joined  with  processes  that  allow 
the  student  to  design  a  strategy  to  solve  the  problem  situation,  depending  on  the 
knowledge  of  his  environment,  in  our  case  calculus  in  two  variables,  or  what  for 
Schoenfeld  (1085)  would  be  "resources".  Therefore  the  situation  is  to  determine  the  nodal 
points  and  the  paths  between  the  concepts  that  arise  in  the  problems  of  integration  in  two 
variables.  Being  the  nodal  points,  in  this  case,  the  representations  of  the  concept  of 
integral  in  two  variables  and  the  paths  being  the  possible  relations  between  such 
representations.  We  only  analyzed  two  of  those  representations,  one  Rj,  that  allows  us  to 
view  the  integral  in  two  variables  as  a  function,  the  other,  R2  as  a  quantity,  with  two 
parameters,  that  may  vary. 


Two  variable  function 


Quantity  that  varies 
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These  two  representations  are  present  in  the  scholastic  context,  the  first  one,  Ri,  is 
commonly  found  in  Calculus  books,  and  often  used  in  the  scholastic  mathematical 
discourse.  The  second  one,  R2,  is  often  found  in  explanations  of  continuous  variation 
phenomena,  attended  by  engineering  in  a  scholastic  concept.  (Cordero,  1992). 

MATHEMATICAL  STRUCTURE  ELEMENTS. 

We  have  considered  three  elements  of  the  mathematical  structure  that  distinguish  the  two 
representations,  R)  and  R2:  Procedures,  objects  and  attributes. 

PROCEDURES 

In  the  Rj  representation  the  procedures  are  to  "reach"  because  from  the  Riemann  integral 
definition  we  understand  the  region  and  its  value  in  a  measurement  connotation,  then  we 
must  only  reach  that  value  through  a  process  to  the  limit,  in  this  sense  the  understanding 
of  the  concept,  in  the  structure,  relies  on  the  nature  of  the  two  variable  function  f(x,y). 

Continuity,  bounded,  derivable,  discontinuity  types,  /  prototypes,  function  domain  and 
integration  domain. 

The  existency  theorems  of  the  integral  in  terms  of  the  function  f  have  only  sense  under  this 
perspective.  We  must  also  consider  the  antecedent  of  the  one  variable  integral,  where  we 
define  an  operation  to  calculate  primitives  from  recognizing  the  nature  of  the  integrand 
function,  then  again  the  main  part  relies  on  the  integrand  function  and  not  in  the  primitive 
of  it.  The  limit  is  the  main  procedure  in  this  representation  we  can  note  the  local  features 
of  the  function,  in  this  sense  the  Ri  is  located  in  the  argumT.ii'jonal  mathematical  plane 
of  the  approximation  "PA1:  Approximation"  (Cordero  1993c) 

For  the  R2  representation  the  procedure  is  to  "compare"  because  we  accept  that  it  is  a 
q  —123  — 
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quantity  that  may  vary,  then  we  ask  how  does  it  vary  in  order  to  recognize  its  variation 
(Oordero  1093b).  In  this  case  the  main  part  falls  in  the  primitive  function  and  not  in  the 
integrand  function,  and  the  integration  will  be  a  process  of  joining  all  the  local 
accumulations  of  the  same  nature  with  the  global  accumulation.  The  main  part  in  the 
process  is  on  one  hand  the  taking  of  the  differential  element,  and  on  the  other  the 
identification  of  the  invariant.  In  this  case  R/>  is  located  in  the  second  argumentation 
plane  PA2  that  Cordero  calls  the  variation  plane 


OBJECTS  OF  THE  PROCEDURES. 


The  objects  that  characterize  each  of  the  representations  are,  for  Rj.  component  elements 
and,  for  R2.  constitutive  elements,  in  the  first  case  we  are  dealing  with  well  distinguishable 
elements,  in  the  second  case  we  are  dealing  with  elements  that  conform  features  that  in 
turn  compose  the  concept. 


R1 

i 

NUMBERS 

i 

DERIVATIVE 

I 

FLUX 

i 

SURFACE 


OBJECTS 


R2 
i 

QUANTITIES 

i 

DIFFERENTIAL 
I 

FLUID 

i 

VOLUME 


In  respect  to  the  integral  features,  both  representations  conform  equivalent  mathematical 
structures,  however,  being  composed  and  conformed  by  different  objects  and  procedures 


(objects  and  procedures  understood  as  Dubinsky)  the  actions  that  the  subjects  do,  derive 
in  the  acquisition  of  different  argumentation  planes.  An  element  that  allows  us  to  identify 
these  differences,  in  the  acquired  knowledge,  is  the  type  of  problems  that  give  sense  to 
each  model.  In  particular,  the  R2  representation  through  the  accumulation  notion  allows 
us  to  conform  a  model  for  the  integral  as  well  as  a  system  of  significances  (Cordero 
1903c)  The  quantities  of  two  parameters  related  through  a  functional  expression  have  the 
particular  feature  to  be  able  to  vaiy  in  different  forms:  partial  variation  or  total  variation. 
This  difference  in  the  case  of  one  variable  allows  us  to  outline  two  alternatives  to  join  the 
integration  of  one  and  two  variables  "to  extend"  or  "to  include"  The  first  alternative  is 
closer  to  the  first  representation,  and  the  process  of  extension  of  the  integration  of  one 
variable  to  two  variables  is  often  found  in  the  actual  scholastic  media 


COGNITIVE  ASPECTS 

Cognitive  aspect?  of  the  students  facing  the  integral  concept,  that  we  have  observed 
through  the  study  of  cases.  The  students,  whose  ages  vary  from  19  to  20  years,  took  a 
normal  course  of  Calculus  in  various  variables  in  an  Industrial  Engineering  School.  They 
were  able  to  calculate  integ.als  in  two  variables  through  the  process  of  iteration  and  have 

learned  to  verbally  express  meanings  associated  to  the  symbol  jjf(x,y)Jxdy,  for 

t> 

example,  they  say  that  the  integral  calculates  the  volume  under  a  surface,  however  when 
giving  meaning  to  "tlx"  or  "Jy"  or  even  more  to  "Jtcdf  they  identify  them  as  elements  of 
the  surface  represented  by  the  two  variable  function  of  the  integral,  that  is  the  taking  of 
the  differential  element  is  done  on  the  surface.  One  of  the  students  appealed  to  the 
analogous  case  of  one  variable  and  located  the  "dx"  on  the  curve  and  the  integral  would  be 
the  sum  of  the  elements  that  conform  the  length  of  the  curve,  which  differs  to  their  first 
affirmation  that  the  integral  is  the  area  under  the  curve. 


o 
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A  significant  aspect  of  the  cognition  of  the  double  integral  consist  on,  that  the  symbolic 
expression    j$df(x,y),  accounts  on  the  variation  argumentationai  plane,  that  is,  the 

function  f(x,y)  does  not  play  a  main  role,  even  if  a  surface  meaning  is  assigned  to  it,  there 
is  no  recognition,  in  terms  of  the  function  definition,  of  the  number  of  variables 
(extension),  but  the  main  role  consist  of  discussing  the  nature  of  the  quantity  that  varies 
(globalization),  in  the  taking  of  the  variation,  in  a  specific  situation  as  results  in  the 
calculus  of  an  area,  length  or  volume.  In  this  sense  the  expression  jjjf  (x.y)  represents  a 

simcture  composed  of  a  set  of  notions,  actions,  and  factual  theorems,  all  of  them 
encapsulated  by  the  taking  of  the  differential  elemer.t. 


FINAL  CONSIDERATIONS 

The  representations  treated  with  the  associated  argumentation  planes  determine  types  of 
problems,  which  a  priori  are  not  related  to  each  other.  A  curricular  restructure  must  be 
guided  to  identify  or  construct  a  type  of  problems  that  joins  the  different  representations, 
that  is  in  order  for  the  student  to  solve  one  of  these  problems  he  has  to  appeal  to  the 
different  representations. 

A  third  plane  of  argumentation,  PA3:  tendentious  behavior,  (Cordero  1993c),  in  which  the 
centra'  part  are  the  relations  between  the  graphs  and  the  functions,  with  global  and  status 
conceptions  and  features,  may  conform  a  new  joining  model. 

From  the  cognitive  point  of  view,  the  three  argumentation  planes  and  the  representations 
could  constitute  a  disordered  conceptual  field,  understood  as  the  transit  between  them, 
with  no  prefered  direction;  but  from  the  conceptual  development  of  calculus  perspective, 
these  planes  can  be  recognized  as  stages  of  the  didactical  transposition  process,  where 
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PAl  conforms  the  most  recent  stage,  the  one  with  formal  validation;  in  this  sense  it  can  be 
said  that  the  argumentation  planes  form  an  ordered  conceptual  field. 


PAl 


PA2 


Rl 


R2 


\\f{x,y)dxdy 


Variation  problems 


Approximation  problems 


PA3 


R3 


Tendentious  Behaviour  problems 
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Abstract 


The  purpose  of  this  study  is  to  describe  pre-service  mathematics  teachers'  understanding  about 
mathematical  subject  matter  knowledge,  pedagogical  content  knowledge,  and  beliefs  about  those 
knowledge.  Eight  pre-service  mathematics  teachers  answered  questionnaire  test  item:  "Is  0.999... 
equal  to  I  or  less  than  I?  Why?"  with  an  affirmative  response  "Yes,  equal  to  one";  six  of  them 
even  provided  reasonable  proofs  or  informal  explanations.  However,  through  a  further  probing 
interview,  all  of  then  believed  that  "0.999...is  less  than  I."  The  reasons  for  this  conflict  were 
caused  by  the  epistemological  view  of  the  concept  of  limit:  finite  view  of  the  reality,  intrusion  of  the 
potential  infinity,  and  confusion  between  the  process  and  the  product.  The  concept  of  limit  is 
central  in  calculus.  Pre-service  mathematics  teachers'  beliefs  about  mathematics  knowledge  might 
pass  to  their  future  students,  when  they  start  classroom  teaching.  This  transmission  of 
mathematical  concepts  is  an  issue  worth  further  investigation. 


Teachers'  subject-matter  knowledge  and  its  interrelations  with  pedagogical  content  knowledge  and 
curriculum  knowledge  are  still  very  much  unknown  (Even,  1993;  Lee,  1992).  The  focus  of  what 
teachers  need  to  know  in  order  to  teach  has  shifted  from  quantitatively  examining  teachers' 
standardized  tests  scores  to  emphasizing  knowledge  and  understanding  of  facts,  concepts,  and 
principles  and  the  ways  in  which  they  are  organized,  as  well  as  knowledge  about  the  disciplines 
(Ball,  1991;  Even,  1993;  Lee,  1992;  Leinhardt  St  Smith,  1985;  Shulman,  1986). 

Teachers'  subject  matter  knowledge  and  pedagogical  content  knowledge  influence  not  only  their 
teaching  but  also  their  students'  learning.  Although  teachers  get  their  professional  education  from 
both  subject  matter  and  education  courses,  but  we  do  not  know  enough  about  what  knowledge  they 
have,  what  they  think  about  mathematics  knowledge ,  and  how  they  use  that  knowledge. 

Teacher's  conceptions  of  what  mathematics  is  affects  way  of  presenting  mathematics  subject 
matter.  Teacher's  manner  of  presenting  mathematics  is  an  indication  of  what  they  believe  to  be 
most  essential  in  mathematics  (Hersh,  1986).  In  this  study,  the  focus  is  not  on  what  is  the  best 
knowledge  to  have,  but,  on  prospective  secondary  mathematics  teachers  thought  what  mathematics 
is  really  all  about  After  all,  teaching  and  learning  mathematics  is  influenced  by  teachers' 
conception  of  mathematics.  To  understand  teaching  from  teachers'  perspective  we  have  to 
understand  the  beliefs  with  which  they  define  their  knowledge. 


Background 
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Methodology 


Subjects  :  The  subjects  in  this  study  were  8  prospective  secondary  mathematics  teachers  in  the 
last  stage  of  their  professional  education.  This  group  was  selected  because  the  description  of  their 
knowledge  would  reflect  the  knowledge  they  have  gained  during  their  professional  education,  also 
the  knowledge  they  will  bring  into  their  teaching  profession. 

Procedures  :  The  subjects  were  volunteered  to  participate  a  paper-pencil  written  questionnaire.  The 
questionnaire  was  divided  into  three  sections.  The  first  section  was  to  explore  the  background  of 
the  subjects,  such  as  age,  sex,  GPA,  courses  taken  in  mathematics  and  in  education.  The  second 
section  was  a  list  of  problems  for  testing  procedural  and  computational  skills  for  finding  limits  of 
different  representations  of  infinite  sequences.  The  third  section  was  designed  to  explore 
prospective  secondary  mathematics  teachers'  ability  of  the  conceptual  understanding  of  the  limit 
concepts.  After  the  thorough  study  of  the  returned  information,  the  researcher  found  out  that  the 
paper-pencil  written  questionnaire  could  not  really  explicitly  express  the  subjects  real  thought. 
Therefore  a  follow-up  interviews  were  conducted.  Unfortunately,  there  only  four  subjects  were 
able  to  participate. 

Instrumentations:  In  this  study,  we  discussed  one  of  the  conceptual  test  item  in  the  questionnaire: 
"Is  0.999...equalto  1  or  less  than  1  ?  Why  ?" 

The  two  interview  questions  involved  the  pedagogical  knowledge  and  beliefs  about  mathematics 
were  discussed  here,  hoping  might  shed  light  on  the  research  of  mathematics  teaching  and  learning. 

(1)  .  Do  you  really  think  that  0.999...*!  ?  Explain  why? 

(2)  If  one  of  your  students  said  that  "my  teacher  told  me  that  0.999...  ■  1,  but  I  don't  buy 

it"  How  are  you  going  to  explain  that? 


Every  one  of  this  group  of  pit-service  teachers  answered :"  Is  0.999...equal  to  1  or  less  than  1? 
Why?  "  with  a  positive  "yes".  The  affirmative  reactions  was  understandable,  because  just  before 
the  questionnaire  was  passed  out,  the  professor  of  the  mathematics  methods  course  asked  the 
whole  class  to  read  and  reacted  on  the  paper  written  by  Lucien  (1971).  In  Lucien'  paper,  there 
were  six  different  ways  to  show  that  0.999-  -1.  Although  everyone  of  them  gave  a  positive 
answer  "yes",  but  the  reasons  "why"  were  different  Table  1  snowed  the  distribution  of  the 
answers  of  why:  "  0.999-  equal  to  1."  The  answers  of  "why"  were  categorized  into  six  types. 
They  were  as  follow:  (A)  one  subject  was  using  the  method  of  infinite  series  to  show  0.999- 


Results 


=1;(B)  three  subjects  were  using  the  method  of  converting  decimal  to  fraction;  (C)  and  (D)  using 
the  informal  approach  of  explanation;  (E)  and  (F)  are  two  answers  with  noting  much  to  say. 


Table  1.  The  distribution  of  "  Is  0.999...equal  to  1  or  less  than  1?  Why? 


A)Equal.  (n=l) 


OO 


0.999. 


9  9       9  v  9 

10  +  100+l000  +  -  =       n=l  in" 


lim 


B)  Equal.  (n=3) 
Proof: 


Let 
So 
So 


n  =  0.999- 
10  n  =  9.999- 
9n  =  10  n  -  n  =  9 


So 


Q  0.999-  =  1,  because  if  we  say  that  they  have  a  difference  n,  then  as  the  number  of  nines  goes 
to  infinity  n  goes  to  zero.  (n»l) 

D)  Exactly  equal  because  there  is  no  number  we  could  add  to  0.999-  to  get  1.  (n=l) 

E)  Equal,  by  definition,  (n-1) 

F)  EquaL  (n«l) 


After  analyzing  the  data  from  the  wriaen  questionnaire,  an  interview  was  decided  to  be  conducted. 
The  researcher  was  interested  in  finding  out  whether  this  group  of  pre-iervice  mathematics  teachers 
really  agreed  with  wr^  they  read  and  learned  from  Uicien's  paper.  Through  the  telephone  contact, 
only  four  subjects  were  able  to  participate  in  the  interview  survey.  Their  interview  responses  were 
audio-taped  and  were  transcribed.  They  were  the  subjects  whose  written  questionnaire  were 
categorized  as  (B),  (Q,  (D)  and  (F). 

As  suspected  by  the  researcher,  all  the  subjects  disagreed  with  their  previous  written  answers.  Data 
from  interview  question  (1)  showed  the  discrepancies  between  what  the  pre-service  mathematics 
teachers  knowledge  and  believing  about  that  knowledge.  It  also  indicated  pre-service  teachers' 


0.999 -  -  1 
1.999-  -  2 
.999-  «  1 
1.0  -1 
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cognitive  views  about  their  academic  learned  subject  matter  knowledge.  Table  2  demonstrated  their 
responses  of  the  interview  question  (1):  "Do  you  really  think  that  0.999...=!  ?  Explain  why  ?" 

Table  2  Answers  of  interview  question  (1):  "Do  you  really  think  that  0.999...=!  ?  Explain  why 


(B)  pre-service  teacher  said : 
OK,  Tve  seen  this  proof  before  her  class  and  I  have  to  say  that  I  would  still  thought  that 
not  equals  1.  It's  infinitely  close  but  not  equal  to. 

(C)  pre-service  teacher  said  : 

Tve  seen  a  lot  of  examples  of  proofs  or  so-called  proofs  you  could  use  to  show  these  two 
are  actually  equal,  but  I  don't  know  whether  I  will  buy  them. 

(D)  pre-service  teacher  said  : 

Just  as  we  talked  about  like  in  class,  I  thought  .999...  is  not  equal  to  1,  because  I  thought 
that  one  was  the  limit  for  0.999-  but  there  was  Uke  entirely  a  page  and Jialf  of ^™nts 
to  show  that  they  are  exactly  equal,  but  still  you  know  pan  of  me  said  no,  they  re  not 

OF)  pre-service  teacher  said  : 

You  know,  I  still  don't  really  see  how  0.999-  equal  to  1, 1  believe  it  does  and  everything 
but  I  just  can't,  I  can't  picture  it,  I  guess  just  because  that's  what  I  learned  wttn  tne 
definition  of  a  limit. 


The  researcher  was  hypothesized  that  this  group  of  pre-service  mathematics  teachers  is  going  to 
transfer  what  they  know  to  their  future  students.  In  order  to  test  this  hypothesis,  interview 
question  (2):  If  one  of  your  students  said  that  'my  teacher  told  me  that  0.999...  -  1.  but  I  don't 
buy  if  How  are  you  going  to  explain  that?"  wis  intended  to  find  out  what  this  group  of  pre-service 
mathematics  teachers  will  do,  when  provided  a  teaching  situation.  Their  responses  were  listed  in 
Table  3. . 
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Table  3.  Answers  of  interview  question  (2):  "If  one  of  your  studetns  said  that  'my  teacher  told  me 
that  0.999...  =  1  •  but  1  don't  buy  it'  How  are  you  going  to  explain  that?" 


(B)  prc-service  teacher  said  G 

Just  to  say  this  works  (pause).  You  don't  need  this,  one  thing  you  can  say,  I  mean,  1  guess 
1  just  have  to  tell  them  that. 

Algebraically  it  works  out.  You  can  show  the  kids,  I  don't  know  if  they're  convinced, 
people  in  our  class  still  don't  convinced. 

(C)  pre-service  teacher  said  : 

Well,  if  they  could  see  that  I  like  to  say  that  if  there  is  a  difference  between  the  two,  then 
that  difference,  I  can  show  you  that  the  difference  between  the  two  is  actually  smaller,  so  if 
1  ask,  if  there  is  difference  give  me  difference  no  matter  what  difference  they  give  me,  I  can 
lways  make  this  (0.999...)to  be  less  than  this(l),  this  difference,  we  can  play  that  for  a  little 
while,  they  would  see  that,  that  must  be  true  because  they  can't  tell  me  what  the  difference 
is.(laugh)  so  I  don't  know,  it's  going  to  be  hard 

(D)  pro-service  teacher  said  : 

If  it  were  repeating  sequence,  you  can  take  that  round  it  off  and  called  that  1 ,  so  it  seems 
that  what  you  are  doing  here  rounding  it  up  and  called  it  1,  so  actually  it  is  its  own  number 
which  is  just  the  9  goes  forever  and,  so  it  does. 

There  is  always  another  9  out  there.  So  as  long  as  you  can  add  those  9's,  it's  not  exactly 
equal  to  one,  but  really  it  is,  but  I  don't  want  to  except  it. 

It  seems  to  me  that  there're  always  going  to  be  a  difference  of  something,  so  if  took  1  and  1 
subtract  this  (0.999...),  I  will  come  out  with  a  ever  you  know  smaller  little  and  it  would 
always  keep  moving  out,  but  there  is  always  something  left  over. 

(F)  pre-service  teacher  said  : 

I  would  say  neither  do  I,  but  just  live  with  it  because  the  crazy  society  that  we  live  in  that 
they  make  us  think  of  things  like  this. 

I  guess  it  would  have  to  be  outside  the  sequence  because  it's  an  °° ,  you're  dealing  with  9 
infinitely  times,  and  you  can't  really  have  infinity  actually  in  the  sequence,  it  has  to  be  just 
out  of  reach,  I  guess.,  it's  just  approaching  it 

If  this  was  just  a  limit  of  n  to  «>,  and  ^  equal  to  .999...,  you  know  then  there  is  no 
 variable  in  there  to  plug  in,  so  that  would  equal  to  .999...,  so  they  are  the  same.  


The  findings  indicated  that  if  this  group  of  pre-service  mathematics  teachers  were  ask  to  teach,  they 
might  transfer  their  beliefs  about  mathematic  knowledge  to  their  students.  As  given  in  Table  3,  the 
data  exibited  their  misconceptions  and  their  teaching  pedagogy. 
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Discussion  and  Conclusion 


Responses  from  the  above  three  tables  showed  the  discrepancies  between  this  group  of  pre-service 
mathematics  teachers'  subject  matter  knowledge,  pedagogical  content  knowledge,  and  their  beliefs 
about  these  knowledge.  Based  on  researchers'  finding  (Davis  &  Vinner,  1986;  Lee,  1992, 1993a; 
Tall  &  Schwarzenberger,  1978;  Tall  &  Vinner,  1981),  pre-service  mathematics  teachers  as  weU  as 
students  had  difficulty  to  accept  "0.999...=1",  part  of  the  reasons  were  due  to  the  following 
epistemological  view  points  of  the  concept  of  limit:  (1)  finite  view  of  the  reality,  (2)  interfering  of 
the  potential  infinity,  and  (3)  confusing  between  the  process  and  the  product.  We  will  discuss 
these  three  view-points. 

m  Finite  view  of  the  reality:  0.999...  <1,  because  everything  this  world  we  are  living  in  and  work 
with  is  finite.  Therefore,  infinite  process  is  impossible  to  occur  in  reality.  The  meanings  of  limit 
are  twofold:  one  is  daily  usage  and  the  other  is  the  mathematical  meaning.  It  seems  that  ordinary 
language  strongly  dominates  the  thinking  of  mathematical  language.  Especially  the  mathematical 
limit  is  considered  as  a  "bound".  We  could  identified  these  in  the  following  excerpts  from  the 
interview  transcripts. 

(B)  pre-service  teacher  said  : 

I  always  accepted  like  for  all  intents  and  purposes  .999...  would  equal  1  just  so  that 
you  can  use  it. 

(D)  pre-service  teacher  said  : 

(1)  you  can  take  that  (0.999...)  round  it  off  and  called  that  1 

(2)  I  think,  since  we  used  to  dealing  with  finite  things,  like  if  you  were  to  give  me  99  cents, 
you  know  that  99  cents  is  not  equal  to  one  Dallas  and  so,  you  know,  if  you  sell  something 
that  they  said  with  a  lot  of  9*s  people  would  buy  it,  if  you  sell  me  something  for  ninety-nine 
Dallas  and  99  cents,  it's  still  not  a  hundred  Dallas,  so  here're  some  tie  with  the  finite  world 
I'm  used  to  working  with,  so  whatever  this  s,  this  repeating  sequence  doesn't  get  passed 
with  the  barrier  that  I  have  from  the  practical  world. 

(F)  pre-service  teacher  said  : 

I  would  say  neither  do  L  but  just  live  with  it  because  the  crazy  society  that  we  live  in  that 
they  make  us  think  of  things  like  this.  

n\  TV  intrusion  r,f  th*  notarial  infinity:  0.999...  <1  is  because  the  actual  infinity  Uoes  not  exist. 
Since  it  is  an  infinite  processing,  it  has  to  go  on  forever  and  ever.  The  intrusion  of  infinity  is  a 
severe  factor  causing  learning  conflict  In  the  historical  literature  review  (Lee,  1993b),  there  are 
two  kinds  of  infinity,  namely,  potential  infinity  and  actual  infinity.  Most  people  possessed  the 
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potential  viewpoint  of  infinity.  That  is,  potential  infinity  occurs  in  a  situation  in  which  no  matter 
where  an  individual  is,  he/she  always  can  go  another  step;  for  example,  given  any  positive  integer 
one  can  always  think  of  a  larger  number.  In  this  study,  we  could  identified  many  of  this  type  of 
views  in  the  following  excerpts. 

( B  )  pre-service  teacher  said  : 

(1  )It's  getting  very  closer  and  closer  and  closer  to  1 . 

(2)  It's  just  you  know,  a  continuing  decimal  going  on  to  infinity,  I  just,  I  really  can't 
picture,  picture  it  well  enough. 

(3)  Obviously,  when  I  told  the  students  that  0.999...  equals  to  1,  they  already  had 
misconceptions.  Because,  you  know,  0.999...  is  just  approaching  1. 

( D  )  pre-service  teacher  said  :  There  is  always  another  9  out  there.  So  as  long  as  you  can  add 
those  9's,  it's  not  exactly  equal  to  one,  but  really  it  is,  but  I  don't  want  to  except  it. 

( F  )  pre-service  teacher  said  :  How  do  you  put  on  that  last  9  to  make  it  all  of  a  sudden  urn  it 


(3)  Confusion  between  process  and  product:  0.999-  <  1  is  because  the  confusion  of  the  meaning 

of  this  representation.  "999..."  is  not  only  expressing  an  infinite  process  represented  by  but 

also  indicating  a  product  of  that  infinite  processing  represented  by  the  whole  thing  "0.999...".  The 

three  dots  indicated  an  infinite  processing,  while  the  whole  thing  -"0.999..."  -  indicated  a  limiting 

value  which  turned  out  to  be  1.  Therefore,  1  and  "0.999..."  are  two  sides  of  a  coin.  They  are  the 

same  ideas  of  two  different  representations  (Lee,  1993b).  Similarly,  the  other  representation  of 
"0.999..."  can  be  introduced  by  the  limit  of  an  infinite  sequence  {an),  where  an»0.9-9  (n  9's 

after  the  decimal  point),  Le.  ^  a  .   Therefore,  0.999--  *im  a  »1.  While  viewing  from 
n->*»  n  n->«*  n 

different  representations,  this  group  of  subjects  get  different  cognitions.  As  a  consequence,  they 

were  confuted  between  the  process  of  finding  the  limit  and  the  actual  limit  We  could  identified 

these  results  from  the  following  examples. 

( B )  pre-service  teacher  said  i  It's  the  value  it  approaches  to  but  never  reaches. 


(C  )    pre-service  teacher  said  :  I  can  show  you  that  the  difference  between  the  two  is  actually 
smaller. 

( D)  pre-service  teacher  said  :  I  thought  .999...  is  not  equal  to  1 ,  because  I  thought  that 
one  was  the  limit  for  .999.... 

(F  )  pre-service  teacher  said:  If  asjustalimitof  n  to°»,  and  a  equal  to  .999...,  you  know 
then  there  is  no  variable  in  there  to  plug  in,  so  that  would  equal  to  .999...,  so  they  are  the 
same. 
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Why  the  statement  of  "0.999-=l"  is  so  difficulty  to  accept  by  this  group  of  pre-servicc 
mathematics  teachers?  From  the  research  literature  on  the  notion  of  limit  (Lee.  1993b),  we  knew 
that  most  of  the  students  had  the  same  difficulty  to  accept  it.  Besides  the  difficulty  of  the  multiple 
representations  of  0.999  -  there  also  exists  the  epistemological  conflict  implicitly  involving  the 
notion  of  limit.  This  group  of  pre-service  mathematics  teachers  were  unable  to  truly  understand  the 
mathematical  subject  matter  knowledge.  And  their  disbeliefs  about  mathematical  subject  matter 
knowledge  were  prevailed .  Therefore,  we  need  further  study  on  pre-service  mathematics  teachers 
learned  academic  knowledge  with  their  beliefs  about  these  knowledge. 
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PROMOTING  ACTIVE  CLASSROOM  ACTIVITIES  THROUGH  COOPERATIVE 
LEARNING  OF  MATHEMATICS 
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This  paper  discusses  the  effects  of  learning  mathematics  In  a  particular 
cooperative  small-group  setting  on  students'  types  of  classroom  activities. 
One  group  of four  students  from  a  low  level  ninth  grade  class  was  selected  for 
close  observations  during  sixteen  lessons.  Eight  of  tliese  lessons  were  taught 
in  a  whole-class  setting  and  eight  were  taught  in  a  cooperative  small-group 
setting.  Observed  classroom  activities  were  first  identified  and  then 
classified  according  to  the  extent  of  students'  active  role.  Analysis  of 
classroom  observations  indicated  an  increase  in  students'  activeness  in  the 
lessons  taught  in  a  cooperative  setting.  In  particular,  growth  in  students' 
mathematical  communication  was  exhibited. 

Several  studies  stress  the  importance  of  students'  active  role  in  the  learning  process  (Brown  and 
Campione,  1986.  Fraseretal.,  1988).  Nevertheless,  most  mathematics  lessons  do  not  sufficiently 
promote  students'  activeness  (Good,  Mulryan,  &  McCaslin,  1992;  Mulryan  (1992);  Romberg 
and  Carpenter,  1986).  In  particular,  Mulryan  (1992)  points  to  the  strong  effect  that  whole-class 
settings  have  on  low  achieving  students.  According  to  Mulryan  (ibid.),  such  students  become 
progressively  more  passive  classroom  participants  in  whole-class  settings  as  they  move  through  the 
grades,  and  by  the  sixth  grade  they  usually  manifest  passive  classroom  behavior. 

The  effect  of  cooperative  small-group  learning  on  students  in  general,  has  shown  a  positive 
effect  on  students'  activeness.  Students'  activeness,  in  turn,  has  shown  to  have  an  effect  on 
students'  achievements,  such  as  in  the  case  of  learning  to  read  in  the  reciprocal-teaching  procedure 
(Brown  and  Campione,  1986).  Thus,  finding  ways  to  promote  students'  activeness  in  learning 
mathematics  should  be  regarded  as  a  worthwhile  task. 

Promoting  high  status  students'  activeness  in  learning  mathematics  through  small-group 
cooperative  settings  seems  to  be  more  feasible,  since  sometimes  these  students  tend  to  dominate  and 
become  relatively  more  active  in  small-group  cooperative  settings,  than  low  status  students  do  (Good 
etal.,  1992).  Therefore,  for  the  purpose  of  the  study  reported  in  this  paper,  a  low  level  class  was 
selected  in  order  to  explore  the  effect  of  a  specific  method  of  small-group  cooperative  learning  on  the 
types  of  classroom  activities  in  which  these  particular  students  engage. 

As  mentioned  above,  small-group  cooperative  learning  is  a  strategy  that  is  often  recommended 
for  making  learners  more  active  (Good  et  al.,  1992).  One  reason  for  this  is  its  potential  for 
facilitating  students'  interactions.  According  to  the  consrructivist  approach,  students'  interactions  are 
significant  activities  for  effective  learning.  In  particular,  task -related  verbal  interactions  are  closely 
related  to  learning  outcomes.  As  Webb  (1991,  p.  367)  points  out:  The  content  related  help  that 
students  give  each  other  in  small  groups  might  be  considered  to  lie  on  the  continuum  according 
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to  amount  of  elaboration.  Detailed  explanations  would  be  at  the  high  end  of  such  an 
elaboration  scale,  merely  anting  the  answer  to  a  problem  or  exercise  would  be  at  the  low  end. 
and  providing  other  kinds  of  information  would  fall  in  between  the  two  extremes.  Thus,  in 
exploring  students'  classroom  activities  in  the  different  learning  settings  implemented  in  this  study, 
(cooperative  small-group  vs.  conventional  whole-class),  special  attention  was  given  to  activities 
related  to  students'  interactions. 

This  paper  is  based  on  the  findings  of  a  larger  study  (Leikin,  1993;  Zaslavsky  and  Leikin.  in 
preparation)  which  investigated  the  effects  of  a  particular  cooperative  learning  method  in  mathematics 
on  the  extent  of  students'  activeness,  and  on  the  types  of  students'  activities  and  interactions. 
Students'  attitudes  towards  this  cooperative  learning  method  in  comparison  to  the  customary  whole- 
class  setting  were  also  examined.  In  addition,  students'  achievements  were  compared  in  both 
learning  settings,  to  make  sure  that  their  achievements  at  least  did  not  drop.  In  this  paper  we  focus 
on  students'  activeness  in  the  cooperative  learning  setting. 

Method 

The  Cooperative  Classroom  Setting 

In  the  spirit  of  the  NCTM  standards  ( 1989),  a  method  of  cooperative  learning  was  developed, 
based  on  exchange  of  knowledge  between  students  in  the  course  of  solving  mathematical  problems. 
This  method  is  organized  through  students'  work  with  study  cards.  Each  card  consists  of  worked 
examples  and  of  new  problems  of  the  same  type.  The  learning  takes  place  as  follows: 

•  Most  of  the  time,  students  study  in  pairs,  within  a  larger  group  of  four  students. 
After  completing  the  work  on  a  card,  students  change  partners  within  the  group. 

•  Each  student  is  required  to  explain  to  his  new  partner  how  to  solve  the  worked 
example  in  which  s/he  gained  expertise  in  the  previous  card,  and  to  listen  to  the 
explanations  given  by  this  partner  on  how  to  deal  with  a  worked  example  in  a  new 
card. 

•  Each  student  is  required  to  solve  a  problem  (similar  to  the  last  worked  example  which 
his  partner  has  explained  to  him),  and  is  entitled,  if  needed,  to  ask  his  partner  (who 
already  tackled  the  problem  earlier)  for  help  in  solving  it. 

Design 

The  study  was  carried  out  in  four  low  level  ninth-grade  classes,  consisting  of  a  total  of  98 
students.  The  four  classes  were  divided  into  two  pairs  for  comparison.  In  the  first  pair,  students  of 
the  first  class  learned  all  the  material  according  to  the  experimental  cooperative  learning  method  and 
students  of  the  second  class  learned  all  the  material  in  the  conventional  way.  In  the  second  pair  of 
classes,  students  experienced  learning  by  both  methods,  changing  from  one  to  another  by  the  end  of 
each  learning  unit.  Altogether,  the  latter  two  classes  engaged  in  solving  problems  during  24  lessons, 
of  which  12  lessons  were  conducted  in  the  cooperative  learning  method. 
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In  order  to  investigate  the  effect  of  the  experimental  learning  method  on  students'  classroom 
activities,  one  group  of  four  students  was  chosen  for  close  observation.  The  group  was  selected 
from  one  of  the  two  classes  which  encountered  both  learning  methods.  One  of  them  was  an  average 
achiever  while  the  other  three  were  low  achievers.  The  group  of  four  students  were  observed  during 
16  problem  solving  lessons,  8  in  each  learning  method.  During  most  of  the  cooperative  classroom 
settings,  these  four  students  formed  one  group. 

Research  Instruments 

Two  research  instruments  were  designed  for  exploring  students'  activities  and  interactions. 

The  first  was  an  observation  schedule  which  served  for  documenting  classroom  observations 
and  classifying  classroom  activities.  This  schedule  consisted  of  eight  classroom  activities'  categories 
(see  Table  1)  which  were  identified  at  an  earlier  phase  of  the  study,  based  on  open,  non-structured, 
observations. 


Table  1:  Categories  of  students'  classroom  activities  for  observation 


Active  activities 

Passive  activities 

•  Giving  an  explanation 

•  Asking  a  question  or  requesting  help 

•  Solving  a  problem  independently 

•  Copying  written  material  into  the  notebook 

•  Listening  to  an  explanation 

•  Reading  the  learning  material 

•  Other  on-task  passive-activities 

•  Off-task  activities 

On  the  observation  schedule  the  observer  was  asked  to  fill  every  two  minutes,  for  each  of  the 
four  members  of  the  observed  group,  the  category  of  the  classroom  activity  in  which  s/hc  was 
engaged.  The  reliability  of  this  instrument  was  checked  by  Pearson's  correlation  coefficients.  For  all 
categories,  except  for  reading  the  learning  materials  and  for  other  on-task  passive  activities,  the 
reliability  was  sufficiently  high  (the  values  obtained  were  .79  <r  <.97  ,  p  <.01).  Thus,  the  latter 
two  categories  were  not  included  separately  in  the  analysis  of  the  results.  However,  they  were  taken 
into  account  as  components  of  the  entire  category  of  passive  activities,  because  the  reliability  of  this 
category  as  a  whole  was  r  >.79,  p  <.01. 

The  second  research  instrument  was  a  student  self-report  questionnaire.  For  each  study  card, 
those  who  learned  from  it  for  the  first  time  were  supposed  to  answer  the  following  questions: 

/.  Did  you  ask  for  any  kind  of  help  from  your  partner? 

2.  Did  you  receive  any  help  from  your  partner? 

If  the  answer  to  the  last  question  is  yes,  answer  the  next  three  questions: 

3.  Did  the  help  you  received  include  disclosing  the  correct  answer? 

4.  Did  the  help  you  received  include  detecting  a  mistake  of  yours? 

5.  Did  the  help  you  received  include  verbal  explanations? 
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One  questionnaire  was  given  to  every  group  of  students  at  the  beginning  of  each  cooperative 
learning  session,  and  they  were  all  requested  to  keep  track  and  to  report  on  the  same  questionnaire 
the  kinds  of  assistance,  if  any,  received  from  their  partners  in  the  course  of  solving  the  problems  on 
the  study  cards.  At  the  end  of  the  session  each  group  had  to  turn  in  its  report. 

Results 

The  research  findings  deal  with  two  main  issues:  (i)  Students'  activeness;  (ii)  Students' 
interactions.  On  both  issues  the  results  indicate  an  increase  in  favor  of  the  small-group  cooperative 
method  (i.e.,  the  experimental  method). 

Students'  Activeness 

Figures  1  and  2  depict  the  distribution  of  types  of  students' classroom  activities  for  the  entire 
observed  group  of  four  students.  The  data  is  given  (in  percentage)  by  the  average  number  of  times 
which  a  particular  type  of  activity  occurred  throughout  all  observations  of  the  group  (eight  learning 
sessions  for  each  method). 
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Figure  1 :  Distribution  of  active  and  passive  activities 


ppi  Cooperative 
I     I  Conventional 


:  active:  : 


29- 


1 

IS- 

16  • 

1 

1' 

; 

: : :  i 


off-task  listening  to 
activities  an 

explanation 


copying  the    solving  the     giving  in       asking  t 
problem       problem     explanation  question 


Figure  2:  Distribution  of  different  types  of  students'  activities  for  each  learning  setting 
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As  presented  in  Figure  1,  the  amount  of  time  which  students  spent  engaged  in  active  activities 
increased  by  22%  (from  46.3%  in  whole-class  setting  to  68.3  in  small-group  setting).  A  Wilcoxon 
test  showed  a  significant  level  of  p  <.068,  which  is  considered  acceptable  in  such  a  case  of  only  four 
subjects.  A  further  look  into  the  specific  categories  (Figure  2),  indicated  that  on  most  of  them  there 
was  an  increase  of  activity  level.  The  only  active  category  in  which  students  decreased  their  amount 
of  activity  related  to  it  was  Copying  written  material  into  the  notebook.  However,  this  category 
'  seems  the  least  active  among  the  four  categories  classified  as  active.  It  should  be  noted  that  in  all  the 
specific  categories,  a  meaningful  difference  was  found  (as  done  for  the  two  categories:  active  and 
passive  ),  except  for  the  off-task  activities.  On  the  latter  category  no  difference  was  noticeable, 
which  could  mean  that  students'  slight  tendency  tooff-task  activities  (around  12%  of  the  time)  is  not 
effected  by  the  learning  setting. 

Students'  Interactions 

Two  main  aspects  of  students'  interactions  were  analyzed.  These  aspects  relate  to:  (i) 
Mathematical  communication;  (ii)  Help  received. 

Mathematical  Communication.  Webb  (1991)  discusses  task-related  students'  verbal 
interactions,  and  their  contribution  to  learning  outcomes.  These  kinds  of  interactions  fall  into  two  of 
the  categories  of  activities  described  in  Table  1:  Giving  an  explanation,  and  Asking  a  question  or 
requesting  help.  We  refer  to  these  two  categories  which  are  considered  very  active  and  desirable  as 
mathematical  communication.  The  importance  of  mathematical  communication  is  also  manifested 
in  the  NCTM  ( 1989)  standards.  In  Table  2  the  mean  time  (in  percentage)  which  students  engaged  in 
mathematical  communication  is  presented  for  the  entire  group  of  four,  as  well  as  for  each  member 
of  the  group  separately. 


Table  2:  Time  spent  on  mathematical  communication 


Method 

Subjects 

small-group 
cooperative 

mean  time  (%) 
(SD) 

whole-class 
conventional 

mean  time  (%) 
(SD) 

Sample  group  of  4  students 

23.5 

1.6 

(6.5) 

(1.9) 

Student  A 

18.7 

0 

(11.2) 

Student  B 

22.9 

3.1 

(15.1) 

(3.0) 

Student  C 

19.5 

0 

(17.1) 

Student  D 

32.9 

3.5 

(21,9) 

(4.3) 
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Table  2  indicates  the  meaningful  difference  in  time  spent  on  mathematical  communication  in 
favor  of  the  small-group  (experimental)  cooperative  learning,  for  the  whole  group  as  well  as  for  each 
of  its  members  The  increase  varied  from  about  19%  to  29%  of  the  learning  sessions.  Note,  that 
two  of  the  four  members  of  the  observed  group  did  not  exhibit  any  mathematical  communication 
throughout  a'.l  eight  sessions  of  whole-class  learning  setting. 

Help  received.  The  data  related  to  students'  help  consisted  altogether  of  231  students'  self- 
reports  to  which  we  refer  as  231  cases.  Note,  that  most  student  reported  more  than  one  case.  These 
self-reports  were  analyzed,  and  classified  first  into  two  types:  (i)  166  (72%)  cases  in  which  help 
was  received;  (ii)  65  (28%)  cases  in  which  help  was  not  received.  In  all  the  latter  65  cases  when 
help  was  not  received  also  no  help  was  requested.  Furthermore,  of  the  166  cases  in  which  help  was 
received,  in  1 1 3  (68%)  cases  help  was  also  requested. 

The  first  type  of  cases  in  which  help  was  received  was  further  analyzed  according  to  the  kinds 
of  help  received.  For  each  case  there  could  be  more  than  one  kind  of  help  received.  The  categories 
of  help  presented  in  Table  3  correspond  to  those  contained  in  the  self-report  questionnaires  (see 
above).  Note,  that  the  total  number  of  cases  is  not  the  sum  of  the  numbers  of  occurrences  of  each 
kind  of  category  of  help. 

Table  3:  Distribution  of  the  different  types  of  help  received  by  students  in 
the  cooperative  learning  setting 


Type  of  help  received 

No.  of  cases  in  which    No.  ot  cases  in  which  To(al 
help  was  asked  for      help  was  not  asked  for 

Disclosure  of  the  correct 
answer 

Error  detection 
Verbal  explanations 
Other  types  of  help 

 0                            4  1/ 

(8%)  (2%)  (IW 
32                         43  75 

(19%)  (26%)  (45%) 
107                          8  H5 

(64%)                             (5%)  (69%) 

3                          8  11 

(2%)                             (5%)  (™) 

Total  no.  of  cases 

113                        53  166 
(68%)                          («%)  (I00*0 

Table  3  points  to  the  high  percentage  (69%)  of  cases  in  which  the  help  received  included  verbal 
explanations.  Most  of  the  verbal  explanations  were  provided  in  cases  when  help  was  requested  (107 
cases)  These  cases  constitute  95%  of  the  total  amount  of  cases  in  which  help  was  requested  (113 
cases).  In  addition,  it  is  interesting  to  note  that  in  53  (32%)  of  the  1 16  cases  help  was  received  in 
spite  of  the  fact  that  it  was  not  requested.  In  these  cases  error  detection  was  the  dominant  kind  of 
help  provided  (in  43  (81%)  of  the  53  cases). 
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Discussion 


The  findings  discussed  above  support  the  claim  that  it  is  possible  to  promote  low  level  students' 
activeness  in  the  mathematics  classroom  by  implementing  a  small-group  cooperative  learning  setting 
based  on  exchange  of  knowledge  between  students.  From  oAer  studies  (e.g..  Brown  &  Campione, 
1986),  it  can  reasonably  be  inferred  that  an  increase  in  students  activeness  has  a  positive  effect  on 
learning  outcomes  in  general,  and  students'  achievements  in  particular. 

A  close  examination  of  the  nature  of  the  activities  promoted  by  such  cooperative  learning 
method  indicated  a  major  increase  in  students'  mathematical  communication.  This  kind  of 
communication  is  an  essential  component  of  the  process  of  making  sense  in  the  course  of  learning 
mathematics.  Thus,  it  can  be  assumed  that  the  influence  of  this  change  is  profoundly  related  to  the 
quality  of  learning. 

Investigation  of  the  types  of  help  students  choose  to  offer  each  other  in  the  experimental  small- 
group  cooperative  learning  setting  points  to  verbal  explanations  as  a  dominating  type  of  help.  This 
type  of  help  is  considered  by  Webb  (1991)  to  be  on  the  high  end  of  a  continuum  according  to  the 
amount  of  elaboration,  and  has  a  critical  impact  on  learning  mathematics  effectively. 

The  results  of  this  study  provide  an  answer  to  the  serious  question  raised  by  Good  et  al.  (1992, 
p.  185):  How  can  the  teacher  best  organize  and  manage  the  classroom  during  cooperative  work 
so  that  discipline  problems  do  not  arise,  interactions  between  students  primarily  involves 
tasks,  and  pupils  still  have  sufficient  freedom  to  contribute  to  and  participate  in  the  group 
discussion?  The  fact,  that  off-task  activities  did  not  increase  during  the  cooperative  work 
implemented  in  this  study,  shows  that  discipline  problems  did  not  arise  and  that  students' 
interactions  primarily  involved  tasks.  Students  freedom  to  choose  when  and  what  sort  of  help  to 
request  or  provide,  the  large  amount  of  help  received  (in  72%  of  the  self-reported  cases),  and  the 
increase  in  mathematics  communication,  support  the  claim  that  in  the  particular  experimental 
cooperative  method  students,  indeed,  had  the  freedom  to  actively  participate  in  discussions  with  all 
members  of  the  group. 
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Abstract  In  tttit  paper  I  address  directly  the  Issue  of  theories  in  psychology  and  theories  of 
bamlng  and  attempt  to  ottat  a  meta-dlscourse  la  which  alternative  theories  can  be 
compared.  I  emnine  theories  of  ttw  self  and  of  krtowledge  and  therm 
wa  draw  to  conceptualise  tha  process  of  learning  In  general  and  mathematics  learning  in 
particular.  I  argue  that  radical  constructivism  and  what  Gargan  farms  social 
constructionism  an  distinct  thaorias  of  psychology  and  outline  tha  theoretical  frameworks 
each  offer.  The  paper  draws  on  simplified  caricatures  in  order  to  outline  such  a  meta- 
discourse  and  to  attempt  to  provoke  debate  in  the  PME  community.  This  paper  argues  for 
the  need  to  establish  a  theoretical  rationale  for  links  between  theories  and  claimed 
consequences  in  classrooms  and  in  interpretations  of  research  In  mathematics  education. 

As  "the  study  of  the  mind  (induced  from  behaviour)  and  how  It  works"  (Oxford  Dictionary  1988) 
psychology,  and  In  particular  teaming  thaortes,  must  elaborate  notions  of  tha  mind  upon  which  they 
ara  based  and  attempt  to  establish  a  rationale  for  the  links  between  that  theory  and  the  "consequent" 
interpretations  of  behaviour.  In  our  case  this  concerns  the  influence  of  the  teacher,  of  peers,  of  texts, 
ol  the  cultures  in  and  of  the  classroom  and  of  the  semiotics  of  mathematics.  One  can  slip  easily  from 
seductive  statements  about  knowledge  and  the  learner  to  statements  about  classroom  activities 
without  examining  either  the  theoretical  rationale  for  the  links  or  that  alternative  theories  wiH  enable 
alternative  interpretations.  Any  classroom  transcript  or  video  can  be  Interpreted  in  different  ways 
depending  on  which  theories  are  being  used  eithough  rarely  are  connections  between  theories  end 
what  constitute  exemplars  or  evidence  established  In  any  theoretical  way.  The  mathematics 
education  research  community  concerned  with  psychology  should,  (or  Instance,  examine  claims  that 
particular  classroom  structures  encourage  nch  mathematical  constructions  by  children  or  that  learning 
takes  place  In  or  through  a  zone  of  proximal  development,  or  that  mathematical  meanings  ara 
contextualised.  These  studies  must  be  of  terms  such  es  'rich',  'construction',  'teaming',  'context"  end 
how  they  signify  in  different  perspectives,  preceding  empirical  studies. 

The  mathematics  education  research  community  concerned  with  psychology  must  also  take  account 
of  developments  In  theory  In  recent  decades,  in  particular  how  theories  constitute  discourses  of 
power,  or  regimes  of  truth. 

However,  comparisons  of  competing  theories  are  notoriously  difficult  since  proponents  position 
themselves  within  particular  entrenched  positions  end  continue  to  essett  their  own.  In  this  paper, 
which  follows  a  growing  criticism  of  the  radical  constructivist  position  in  mathematics  education 
(Lerman  1992, 1993,  in  press.  Brown  (In  press)).  |  win  attempt  to  offer  a  framework  in  which  different 
theories  can  be  elucidated  end  compared,  end  metaphors  for  Interpreting  classroom  behaviours 
examined.  I  do  not  claim  more  than  that  I  offer  a  particular  interpretation  of  theories  in  psychology  in 
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an  endeavour  to  engage  our  community  in  a  meta-diacourae.  Other*  are  of  course  potsltoie  but  fl 
discussion  o<  them  it  at  the  level  or  the  mett-disoourse  then  this  paper  wit  have  achieved  its  goal. 


The  framework  I  will  offer  is  a  binary  opposition  of  the  possible  sources  of  'mesrfng-making'  and 
wfthin  that  framework  I  will  examine  the  contrasting  metaphors  used.  "Meaning'  signifies,  and  what  is 
presented  here  Is  an  attempt  to  constitute  different  theoretical  spaces  through  examining  that 
signification,  spaces  in  which  other  significations  may  be  interpreted.  The  gloss  I  give  to  these 
spaces,  through  examining  metaphors,  is  a  simplification  or  caricature  along  the  lines  of  'ideal  types'. 
Nevertheless  ft  is  intended  as  a  first  attempt  at  creating  a  practice  in  which  our  academic  community 
can  engage  in  comparing  theories. 

Theories  In  Psychology 

Humans  are  social  animals  and  nature/nurture  discussions  are  no  longer  of  relevance  as  even  to 
argue  the  distinction  is  to  engage  In  a  social  practice.  The  extent  to  which  the  individual  mind  is  a 
product  of  socialisation  is  perhaps  the  fundamental  Issue  for  psychology  and  the  extreme  positions 
may  be  characterised  as  the  individual  as  fully  social,  and  tne  individual  as  fully  autonomous.  A  focus 
on  'meaning'  may  encapsulate  this  distinction.  On  the  one  hand  meaning  can  be  taken  to  be  soclo- 
cultural;  ft  is  produced  in  discourse  and  discourse  positions  or  regulates.  Individuals  are  accultu rated 
Into  those  meanings;  the  intersubjective  becomes  the  intrasubjective.  Individual  Input  into  meaning 
creation  is  not  denied,  but  manifests  in  a  dialectic  of  the  participants  in  discourse  being  changed  by, 
and  changing,  that  discourse.  On  the  other  hand  meaning  is  constituted  by  the  individual.  Nothing 
has  any  meaning  until  ft  is  given  such  by  the  individual  although  there  is  an  assumption  of  common 
rationality.  Interactions  with  others  and  with  reality  are  not  denied,  but  are  seen  as  outside  the 
subject,  with  her  or  his  personal  construe!  of  those  Interactions  and  experiences  being  the  essence  of 
meaning  for  that  individual.  In  fact  to  talk  of  'outside'  makes  no  sense  are  there  Is  only  the  Individual's 
construe!.  Consequently  the  following  figure  may  be  taken  as  a  first  approximation  of  psychological 
theories: 


In  contrasting  theories  in  psychology  in  terms  of  the  binary  opposition  of  cultural  or  Individual  ft  may 
appear  that  I  am  excluding  the  possibility  of  both  being  part  of  the  theory.  On  the  contrary  both 
positions  conceptualise  both  the  'socle-cultural'  and  the  'Individual1,  but  how  they  do  so  is  different  in 
each  case.  I  am  proposing  that  taking  the  source  of  meaning  as  characterising  the  fundamental 
argument  of  each  may  offer  a  framework  through  which  to  compare  how  'social'  and  the  'individual' 
are  elaborated  in  each.  Of  course  the  binary  opposition  as  presented  frames  the  discussion  in  this 
paper,  as  do  other  elements  such  as  choices  of  quotes,  and  the  reader's  attention  Is  drawn  to  this. 


Figure  1 


Meaning  carried  by  culture/discourse 


Meaning  made  by  the  Individual 


The  |«n.h«nd  gldfl  embeds  the  Individual  in  social  practiCM.  Conaciouanaas  *  attributad  to 
communication;  without  social  intercourse  human  consciousness  would  ba  animal  consciousness. 
Consequently  tha  individual  It  acculturatad  from  infancy,  if  not  bafora,  and  conoapta  ara  abaorbad 
from  trio  specific  cultures  within  which  tno  Irrtlvldual  devotees,  hi  dWarant  contaxta,  with  dittorant  aata 
of  aoctal  ralationahlpt,  Individuals  occupy  different  pMNortngs : 

In  general,  the  subject's  positioning  wUI  depend  on  tha  interplay  of  a  number  of  factors, 

including: 

-  language  and  the  discursive  features  of  the  situation; 

-  social  differences  in,  say,  class  or  gander  terms;  and 

-  the  subject's  "Investments  of  desire'  (Hollway,  1989). 
(Evans  &  Tsatsaroni  (in  press)) 

There  is  a  multiplicity  of  cultures  which  each  individual  inhabits  and  I  draw  on  Evans  and  Tsatsaronis 
notion  of  'positioning'  rather  than  'positioned'  as  being  less  determined  and  also  as  an  entry  for  the 
Individual.  Further,  it  carries  a  sense  of  always  Incomplete  and  shifting.  Situations,  for  an  individual, 
offer  multiple  potential  meanings  each  carrying  specific  positionings  and  different  ones  are  called  up 
for  different  people.  Evans  uses  the  term  'particularities'  here  (Evans  1993).  They  argue  that 
meanings  ara  displaced  along  chains  of  aignifiers  which  might  have  parts  of  them  in  the  unconscious. 
The  way  that  'aocio-cultural'  and  'individual'  signify  is  demonstrated  in  the  following: 

Once  it  is  grasped  that  the  unity  of  the  individual  is  borrowed  from  the  unity  of  the  exterior 
discourse  the  true  force  of  the  adverb  'culturally',  which  qualifies  any  doing,  can  be 
appreciated.  The  mathematics  classroom  is  an  exteriority  which  imprints  the  identity  of 
the  subject  just  as  really  as  a  chicken  imprints  the  object  present  at  its  hatching. 
(Waywood  1993). 

The  term  positioning  is  a  central  metaphor  of  the  mind,  emphasising  how  meaning  is  carried  by  social 
practices  through  which  the  individual  is  regulated. 

The  right-hand  tide  also  acknowledges  the  centraWy  of  social  interactions.  However  the  individual  Is 
not  positioned  by  those  interactions  but  construes  from  them.  Each  individual  has  a  unique  private 
conceptual  framework  through  which  all  interactions,  social  and  sensorl-motor,  and  graphic 
representations  (von  Glasersfeld  1992)  are  filtered  or  refracted.  It  may  be  the  case  that  an  Individual 
is  carried  along  by  a  particular  social  practice,  but  this  happens  because  the  Individual  construes  her 
or  his  role  or  understanding  in  line  with  that  practice.  She  or  he  can  construe  otherwise.  Essentially 
It  makes  no  sense  to  talk  of  knowledge  existing  anywhere  but  In  the  Individual  since  every  interaction 
Is  construed  by  the  Individual;  there  are  potentially  many  worlds  and  each  person  constructs  a 
particular  world  for  her  or  himself.  The  use  of  'individuality'  and  'social'  are  demonstrated  in  the 
following: 

...  we  come  to  see  knowledge  and  competence  as  products  of  the  Individual's 
conceptual  organization  of  the  individual's  experience . . .  (von  Qlatersfeld  1983  p.  W) 

In  thle  sense  It  Is  legitimate  to  Interpret  Piaget's  work  as  a  social-cultural  approach  In 
which  he  explained  the  mathematical  development  of  children  as  self-regulating, 
autonomous  organisms  interacting  In  their  environments.  He  seemed  to  take  the  social- 
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cultural  milieu  of  the  children  as  a  given  without  attempting  to  altar  their  most  general 
experience*.  (Staff*  1983  p.  3-4) 

"Making  sense',  then  can  mean  to  construct  w«y*  and  means  of  operating  in  a  medium  to 
neutralise  perturbettoru  Induced  through  social  interaction.  (Wd  p.  25) 

in  this  caae,  caoMtnml  It  a  central  metaphor,  emphasising  a»  It  doee  the  cerrtralitY  of  the  Individual  as 
meaning-maker.  Aiilaaue  forr«»cala)natftK*wfam.  whl*  I  take  to  be  at  mia  end  of  figure  1  at  how  It 
appears  that  a  number  of  people  construe  the  same  thing  at  the  same  time,  as  in  children  creating 
some  mathematics  together  in  the  ciasvoom. 

Thus  each  position  has  a  notion  of  the  individual  and  each  has  a  notion  of  the  social  but  they  are 
different  and  distinct.  At  this  Juncture  one  may  question  the  coherence  of  the  social  constructivist 
position  in  that  It  Ignores  the  distinctions  In  understandings  of  the  words  social  and  individual,  wanting 
to  have  the  metaphor  of  construe/  aa  the  meaning-making  process  at  some  timee  and  positioning  aa 
the  meaning-appropriating  process  at  other  timet.  However  this  is  not  the  place  to  pursue  the  Issue. 

Psychology  In  Mathematics  Education 

l  have  suggested  that  radical  constructivism  is  situated  on  the  right  of  figure  1  and  I  would  argue  that 
the  cultural  psychology  of  Vygotsky  is  situated  on  the  left.  Another  elaboration  of  the  left-hand  side 
would  be  Gergen's  social  constructionism.  Hence  below  is  an  extension  of  the  figure  in  the  context  of 
mathematics  education: 

Figure  2 


social  constructionism  aoela!  comtmetMsm  ?^!?!^^!^\ 

(Gergen's  term)  (von  Glasersfeid  s  term) 

cultural  psychology  both  social  and  individual  psychology  Inctorkkial  psychctogy 

from  Vvootakv  ^tom  "•0** 

•TwalSe  a.g.BaumMd  e.g.  von  GlaeersteW 

There  Is  an  Inevitable  clumsiness  of  terms  hero  since  all  positions  appear  to  want  to  draw  on  the 
metaphor  of  'construction'  perhaps  to  avoid  both  platonlst  and  empiricist  views  of  how  knowledge  la 
acquired.  These  latter  are  both  passive  positions  In  the  sense  that  knowledge  la  either  Innate  or  la 
transmitted  by  reality  Itself  through  unencumbered  observation.  Both  ends  of  the  diagram  above 
contain  notions  of  the  activity  of  constructing  concepts  although  from  different  perspectives.  Gergen 
chose  the  name  'social  constructionism'  in  order  to  distinguish  it  from  constructivism  (Gergen  1965). 
The  expression  'socio-cultural  theories'  has  been  used  (e.g.  Wertsch  1991)  and  I  have  used  ft 
(Lerman  1994a)  to  draw  together  Vygotsky's  work  with  post-structuralism.  However,  here  ft  la  argued 
that  'socio-cultural'  signifies  in  different  ways  in  both  views,  and  the  label  social  constructionism  has 
been  applied  to  the  left  side  of  figure  2.  Whilst  Vygotsky's  work  and  post-structuralism  are  by  no 
means  synonymous,  Vygotsky's  choice  of  'word',  and  In  some  Interpretations  of  the  Russian, 
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'meaning',  as  the  unit  of  psychology  opens  the  door  to  other  later  theories,  such  as  post-structuralism, 
which  examine  the  ways  In  which  knowledge  as  power  is  situated  in  discursive  practices. 

I  do  not  view  the  two  positions  to  be  ends  of  a  continuum  and  consequently  the  line  between  the  two 
ends  is  a  broken  one.  I  have  set  up  the  two  psychological  theories  as  being  based  In  the  choice  of 
site  of  meaning  and  I  have  argued  that  intermediate  positions  are  incoherent.  Thus  social 
constructivism  is  placed,  in  italics  between  the  two  positions  but  does  not  have  a  marker  on  the  line. 
In  the  next  two  sections  I  will  offer  metaphors  for  the  teacher  and  for  the  learner  and  examine  how 
those  terms  carry  and  constitute  the  spaces  in  which  the  theories  operate. 

The  Teacher 

An  appropriate  choice  of  metaphor  for  the  role  of  the  teacher  in  construct ivist  language  is  perhaps 
facilitator.  This  perpetuates  the  notion  that  all  the  teacher  can  do  is  to  facilitate  the  learner's 
constructions.  There  is  no  sense  in  which  the  teacher  conveys,  transmits  or  in  any  other  way  actively 
and  directly  affects  or  determines  the  learner's  constructions.  At  the  same  time  it  is  argued  that  the 
teacher  can  choose  activities,  classroom  relationships  etc.  to  aid  those  constructions.  Whiist  there  is 
clearly  a  recognition  of  the  teacher's  special  knowledge  of  what  it  is  to  communicate  mathematics,  to 
organise  possible  mathematical  environments  and  the  more  general  pedagogical  knowledge  of 
fostering  reflection  and  abstraction,  these  skills  or  understandings  do  not  manifest  in  terms  of  power 
in  the  classroom,  nor  do  they  'exist1  anywhere,  as  this  would  imply  some  pre-existing  knowledge 
which  the  student  would  need  to  acquire.  It  should  also  be  noted  that  mathematical  communication 
does  not  carry  any  power  or  regulation  of  its  own.  This  position  on  mathematical  communication 
maintains  what  Piaget  says  of  the  semiotic  function  in  general,  that  it: 

consists  in  the  ability  to  represent  something  (a  signified  something:  object,  event, 
conceptual  scheme,  etc.)  by  means  of  a  signifier  which  is  differentiated  and  which  serves 
only  a  representative  purpose.  (Piaget,  quoted  in  Gruber  and  Voneche  1977  p.489) 

i.e.  it  sees  the  signified  as  arising  extra-discursively  (Walkardine  1988).  The  metaphor  of  facilitator 
carries  a  function  for  the  teacher,  although  not  a  necessary  one.  There  is  a  sense  of  the  facilitator 
making  something  easier,  as  though  the  process  can  take  place  without  her  or  him.  Steffe  (1993) 
talks  in  terms  of  'provocations'  by  the  teacher  enduclng  the  children  to  experience  perturbations 
"which  the  children  must  generate",  although  "there  is  no  necessary  correspondence  between  the 
two"  (p.  28).  In  what  sense,  then,  can  one  understand  that  the  teacher's  interventions  are  essential  in 
provoking  learning?  i  would  argue  that  it  is  In  the  sense  that  Piaget  talks  of  interactions,  social  or 
otherwise,  as  producing  learning;  they  have  no  regulating  function,  but  offer  the  possibility  for  the 
Individual  to  experience  perturbations.  The  sense  of  social  as  being  distinct  from  the  individual,  and 
the  work  being  done  entirely  by  the  Individual  "because  the  children  must  generate  the  perturbations" 
contributes  to  the  constitution  of  the  theoretical  space  at  the  right  side  of  figure  2. 
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On  the  other  side  of  figure  2,  an  appropriate  metaphor  may  ba  tha  teactw  aa  mutator.  Tha  tarm 
acknowledges  tha  portion  aha  or  ha  occupioe  m  appranttc^thalaamarlrt  i  r^partk^dlaoooraa 
which  oonetrtulee  the  contort;  m  our  case  tha  mathematics  classroom.  K  mattM  overt  the  teacher's 
mambarahip  ol  tha  community  ot  mathematicians,  har  or  hit  familiarity  with  mathamatlca  aa  a 
aefltioticsystmartdadrnitstoteefirilr^^ 

virtue,  at  least  of  that  cormnurttty  and  trtfse^  Itengages  with  tha  notion  ot  tha  taachar 

aa  aomeona  who  plays  an  acttva  part  m  tha  students'  laarr^a«rnaolator.aa*ta)«t»aridctaaaroom 
social  relationships.  It  admits  of  somtthloo  pre-existing  tha  learner,  of  perhaps  battar  expressed  a»  in 
trie  envirormrtot  the  learner,  that  la  the  cu^  Itemphasiaaatha 
nacasaary  function  ot  tha  taachar  and/or  othar  mediators;  tha  madiation  Is  aasantiai  for  the  procass  to 
takaplacs.  Indeed  it  makes  no  sansa  to  spaak  of  autonomous  Individuals  or  actions: 

The  most  central  claim  I  wish  to  pursue  Is  that  human  action  typically  employs 
•mediational  means*  such  as  tools  and  language,  and  that  these  madlattonal  means 
shape  the  actions  In  aasantiai  ways...  tha  relationship  between  action  and  mediational 
means  Is  so  fundamental  that  it  is  more  appropriate,  whan  referring  to  the  agent  involved, 
to  speak  ot  *lndivldual(s)-actlng  with  mediational  means*  than  to  speak  simply  of 
•Individual(s)*.  (Wertsch  1991  p.  12) 

If  one  thinks  ot  language  as  such  a  mediational  means  tha  sense  ot  Wertsch's  claim  becomes  clear. 

In  criticism  of  Vygotsky's  argument  about  tools,  Steffe  says  the  following: 

Vygotsky's  notion  of  Internalization  is  an  observer's  concept  In  that  what  the  observer 
regards  as  external  to  the  child  eventually  becomes  in  some  way  part  ot  the  child  s 
knowledge.  But  Bickhard  (in  press)  has  pointed  out  that  there  is  no  explanatory  modal  of 
the  process.  (Steffe  1993  p.  30) 

Articulated  within  the  theoretical  space  that  sets  the  individual  as  meaning-maker,  Steffe's  claim 
appears  to  be  right.  However  in  the  theoretical  space  on  the  left  ot  figure  2  the  individual  is 
constituted  In  the  discourse  and  positioned  by  It  There  is  no  separation  ot  the  individual  from  social 
interaction  which  connection  is  the  process  that  needs  to  ba  explained  in  the  radical  constructive 
perspective. 

Learning 

The  two  metaphors  I  will  choose  to  exemplify  the  process  of  learning  within  the  two  spaces  are 

contlructing  and  appropriating,  in  tha  radical  constructlvist  space  individuals  construct  their  own 

knowledge.  As  quoted  above,  von  Glasersfek)  argues  for  the  centrality  ot  the  cognizing  individual  in 

articulating  what  Is  knowledge  within  the  space: 

we  come  to  see  knowledge  and  competence  as  products  of  the  individual's 
conceptual  organization  of  tha  Individual's  experience ...  (von  Qtasersfeld  1963  p.  66) 

Individuals  must  do  their  own  constructing.  It  Is  an  active  process  which  of  necessity  builds  on  the 
particular  foundations,  schemata,  that  exist.  There  are  fundamental  operations  of  the  mind  and,  In 
relation  to  mathematics,  it  la  these  operations  from  which  on*  conceptualises  unit  and  plurality,  tha 
former  derived  from  tha  conceptual  construction  of  'objects'  and  the  latter  from  an  awareness  of 
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repetition  of  the  recognition  of  objects.  Neither  are  merely  the  result  of  sense  impressions  but  the 
result  of  reflective  abstraction  on  those  sense  Impressions.  A  further  notion  is  needed,  that  of 
number,  and  von  Glasersfeld  argues  (Steffe  et  at  1963)  that  it  may  arise  from  the  activity  of  counting. 
Thus  mathematics  is  a  matter  of  internal  mental  operations  and  meaning  is  an  association  of  mental 
operations  with  mathematical  symbols.  This  is  a  private  process,  which  "cannot  be  witnessed  by 
anyone  else";  all  one  has  to  go  on  is  the  visible  results  of  those  mental  operations,  the  writing, 
speaking  or  other  behaviour  of  students.  Nevertheless,  von  Glasersfeld  argues  that  the  teacher's 
task  is  to  "stimulate  and  prod  the  student's  mind  to  operate  mathematically",  and  that  teaching  "has  to 
be  concerned  with  understanding"  (von  Glasersfeld  1992).  One  does  not  live  in  someone  else's 
house,  one  has  to  construct  one's  own. 

The  notion  of  appropriation,  on  the  other  hand,  carries  a  sense  of  making  one's  own  something  which 
also,  and  already,  belongs  to  other  people.  In  this  way,  the  metaphor  emphasises  the  function  of 
communication  and  the  cultural  interpretation  of  consciousness.  At  the  same  time  it  indicates  the 
internalisation  of,  in  some  senses  the  positioning  by,  cultural  life  and  experience.  It  also  carries  with  it 
a  notion  of  tj  -s  need  for  tools  through  which  appropriation  takes  place.  Vygotsky  offers  the  following: 

.  .  .  examples  of  psychological  tools  and  their  complex  systems:  language;  various 
systems  for  counting;  mnemonic  techniques;  algebraic  symbol  systems;  works  of  art; 
writing;  schemes;  diagrams;  maps  and  mechanical  drawings;  all  kinds  of  conventional 
signs"  (Vygotsky  1961  p.  137) 


Conclusion 

Drawing  the  chosen  metaphors  together,  they  may  be  summarised  as  in  the  figure  below: 

Figuro  a 


social  constructionism 
(Gergen's  term) 

cultural  psychology  (from  Vygotsky) 
meaning  as  potittonings 
teacher  as  mediator 
learning  as  appropriation 


radical  constructivism 
(von  Glasersfeld's  term) 
individual  psychology  (from  Piaget) 
meaning  as  construal 
teacher  as  facilitator 
learning  as  construction 


I  have  argued  that  these  two  positions  can  be  seen  as  two  distinct  theoretical  spaces  within  which 
notions  such  as  individual,  and  socio  cultural,  teaching  and  learning  are  all  conceptualised,  but 
differently.  In  an  attempt  to  create  a  meta-discourse  in  which  these  distinctions  and  differences  can 
be  identified  I  have  drawn  on  the  origins  of  meaning-making.  There  are  many  other  aspects  that  can 
be  examined  within  the  meta-discourse.  For  example  one  could  examine  the  historical  roots  of  them 
positions.  Plaget's  psychology  was  developed  In  a  context  of  a  search  for  individual  freedom  through 
rationality  and  focused  on  a  natural,  biological  metaphor  for  development  that  would  argue  that  the 
human  being  can  make  appropriate  autonomous  choices  In  the  correct  environment,  in  our  case  the 
correct  construction  of  mathematical  knowledge,  it  has  been  argued  that  'natural'  rationality  has 
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enabled  a  process  of  regulation  ol  tha  child  on  tha  basis  ol  what  is  normal  (Waikerdine  1984). 
Vygotsky's  psychology  was  an  attempt  to  develop  a  fuJ  cuttural  psychology  which  would  draw  on 
Marx'!  social  theory:  Tha  mode  of  production  Of  malarial  lile  conditioos  tha  general  process  of  social, 
political  and  intellectual  Ufa"  (Marx  (originally  1859)  1970  p.  21).  Other  aspects  to  be  examined 
would  include  tha  readings  of  research  within  the  two  spaces. 

In  particular,  this  paper  is  an  attempt  to  engage  with  how  learning  theories  aod  their  metaphors  carry 
and  create  theoretical  spaces  within  which  research  activity,  Interpretation,  theorisatJon  and  debate 
are  constituted  and  perpetuated  and  to  provoke  discussion  amongst  our  community.  Notions  such  aa 
'individual'  and  'sodo-cultural*  signify  differently  in  these  spaces  and  to  ignore  the  differences  is  to 
encourage  incommensurability. 
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STUDENTS'  CONSTRUCTIONS  OF  GROUP  ISOMORPHISM 


Uri  Leron.  Orit  Hazzan,  Technion  -  Israel  Institute  of  Technology,  Haifa,  Israel 
Rina  Zazkis,  Simon  Fraser  University,  Vancouver,  BC,  Canada 


This  article  is  concerned  with  how  undergraduate  students  understand  the  concept  of 
group  isomorphism.  Our  analysis  is  based  on  clinical  interviews  conducted  with 
students  in  their  first  Abstract  Algebra  course.  Students'  constructions,  difficulties  and 
misconceptions  are  described  and  analyzed. 


This  article  is  part  of  an  ongoing  international  research  on  learning  Abstract 
Algebra.  It  is  concerned  with  how  students  in  their  first  Abstract  Algebra  course, 
construct  and  discuss  the  concept  of  group  isomorphism.  In  a  number  of  recent  studies, 
various  topics  in  the  learning  of  Abstract  Algebra  were  investigated  ( Dubinsky,  Leron, 
Dautermann  &  Zazkis,  preprint;  Hart,  in  press;  Selden  &  Selden,  1987),  but  none  so  far 
had  its  main  focus  on  isomorphism  . 

Informally,  two  groups  are  isomorphic  if  they  are  "the  same  except  for 
notation".  Thus,  if  we  take  any  group  and  rename  its  elements,  we  get  an  isomorphic 
copy  of  the  same  group.  The  formal  definition  is  quite  far  removed  from  this  intuitive 
notion.  An  isomorphism  from  a  group  [G,o]  to  a  group  [G',01]  is  a  one-to-one  function  f 
from  G  onto  G',  satisfying  f(a  0  b)  =  f(a)  0'  f(b)  for  all  a,b  in  G.  Two  groups  are  called 
isomorphic  if  there  exists  an  isomorphism  from  one  to  the  other. 

The  understanding  of  isomorphism  is  built  on  understanding  other  concepts  in 
group  theory,  like  the  concepts  of  group,  order  of  element,  the  group's  properties  and 
the  relation  between  properties  of  a  group  and  properties  of  an  element.  Therefore,  the 
way  in  which  students  construct  the  concept  of  isomorphism  can  reveal  how  they 
perceive  additional  concepts  in  Abstract  Algebra. 

In  addition,  the  concept  of  isomorphism  is  combined  with  other  mathematical 
concepts,  like  those  of  function  and  existential  quantifier.  These  related  topics,  have 
been  treated  in  previous  studies  (Dubinsky,  Elterman  and  Gong,  1989;  Dubinsky,  1993; 
Harel  and  Dubinsky,  1992;  Leinhardt,  Zaslavsky  and  Stein,  1990).  Our  analysis  of 
students'  understanding  of  the  concept  of  isomorphism  may  also  provide  additional 
insight  on  these  more  general  topics. 


Abstract 
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Context  •  description  of  the  research 


The  main  body  of  the  research  consists  of  in-depth,  semi-structured  interviews 
with  5  students,  participating  in  the  Abstract  Algebra  course  taught  by  two  of  the 
authors  to  computer  science  majors  at  the  Israel  Institute  of  Technology  (IIT).  The 
interviews  were  taken  7  weeks  after  the  final  exam,  and  lasted  60-90  minutes  each.  All 
interviews  were  audiotaped  and  transcribed.  The  interview  questions  were  presented  to 
the  students  verbally,  but  were  based  on  a  pre-prepared  questionnaire.  The 
questionnaire,  as  well  as  the  data  from  the  interviews  were  translated  into  English  (from 
the  original  Hebrew)  for  this  report. 


In  this  paper  we  focus  on  three  observations  which  deal  with  students' 
constmctions  and  discussions  of  isomorphism.  For  additional  data  and  a  fuller 
description  of  the  research  results  consult  Leron,  Hazzan  and  Zazkis  (preprint).  Our 
first  observation  concerns  students'  craving  for  "canonical"  procedures,  the  other  two 
deal  with  the  concept  of  existential  quantifier  and  the  concept  of  function-from-G-to-G'. 
The  observations  re-occurred  in  the  interviews  often  enough  to  convince  us  that  they 
represented  more  than  just  accidental  negligence  on  the  part  of  some  students. 

Observation  a.  Students  get  stuck  in  constructing  an  isomorphism  between  specific 
groups,  when  there  is  more  than  one  way  to  proceed. 

This  phenomenon  may  be  explained  as  a  misconception  about  existential 
quantifiers:  "there  exists  a  function"  is  taken  to  mean  "there  exists  a  unique  function" 
or,  alternatively  (and  more  plausibly),  "there  is  a  canonical,  algorithmic,  way  to 
construct  a  function". 

Attempting  to  build  p  correspondence  between  G  and  G°  directly,  some 
students  are  stalled  in  their  efforts  because  of  the  variety  of  possibilities  to  create  such  a 
matching.  Having  followed  the  usual  sequence  of  checks,  they  successfully  match  the 
identity  of  G  to  the  identity  of  G°  and  then  turn  to  calculate  the  orders  of  the  elements. 
Upon  encountering  three  elements  of  order  2  and  two  elements  of  order  3  in  these 
groups,  they  get  lost.  They  can't  decide  which  match  to  choose  and  therefore  fail  to 
construct  any. 


Some  research  results 
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The  following  excerpt  from  an  interview  on  the  question  in  Figure  1 
demonstrates  our  observation. 


David:  [...]  It's  not  going  to  go  like  that.  Must  think  of  the  exact 
definition. 

Int:  What  do  you  mean  "it's  not  going  to  go  like  that"? 

David:  Stan  changing  now...  instead  of  each  letter  with  circle,  to  find  the 

corresponding  one  in  G. 

Int:  Why?  Why  shouldn't  it  go  like  that? 

David:  Because  I  don't  know  for  example  what  to  put  instead  of  a. 

Because  a  instead  of  a0  is  of  order  2,  but  I  can  put  it  in  three  ways.  So  I 

don't  remember  any  more  if  it  makes  a  difference.  I  think  it  should  make 

a  difference  what  element  of  order  2  I  choose. 


One  explanation  for  this  phenomenon  can  be  found  in  their  school  experience, 
where  one  is  always  v  'ccrned  with  computational  processes  (to  find  a  solution,  a 
GCD.  etc.)  rather  than  with  existence  of  abstract  objects.  Proving  existence  is  a  more 
abstract  and  mature  process  than  performing  some  computational  procedure.  Another 
conjecture  of  an  affective  nature  may  be  added:  There  is  much  more  feeling  of  security 
in  performing  an  algorithmic  process,  where  each  step  is  determined  by  the  previous 
ones,  than  in  trying  to  construct  something  from  scratch  under  conditions  of  vagueness 
and  uncertainty. 

Before  moving  to  the  next  two  observations,  we  attend  to  some  possible  mental 
constructions  of  the  definition  of  group  isomorphism.  By  its  very  definition,  the 
isomorphism  concept  deals  with  the  existence  of  a  certain  function  on  groups.  Thus  in 
analyzing  students'  interviews  about  isomorphism,  we  can  distinguish  levels  of 
understanding  of  the  various  concepts  involved:  group,  function  and  existential 
quantifier.  The  following  statement,  taken  from  one  of  our  interviews,  is  a  typical 
example  of  partial  understanding  in  which  the  three  conceptions  are  intertwined: 
"...  these  two  groups  are  isomorphic  because  I  can  find  a  one-to-one  function  from  each 
element  in  G  to  each  element  in  G  ". 

Theoretically,  it  is  possible  to  investigate  separately  the  developmental  stage  of 
the  group,  the  function  and  the  existential  quantifier  conceptions.  The  distinction  that 
turned  out  to  be  appropriate  for  analyzing  o\  r  data,  has  been  between  existential 
quantifier  on  the  one  hand  and  the  compound  concept  "function  from  G  to  G"  on  the 
other. 
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Following  are  three  group  operation  tables.  Your  task  is  to  decide  which  are 

isomorphic  to  each  other  and  which  are  not. 

[Answer:  G  and  G°  are  isomorphic  to  S3,  and  G'  is  isomorphic  to  Zg.] 
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Fiuure  1 

Observation  h.  We  have  identified  three  main  types  of  expressions  used  by  students  to 
refer  to  the  existential  quantifier: 

(i)  "...  I  can  find  a  function 

(ii)  "...  it  is  possible  to  find  a  function...", 

(iii)  "...  there  exists  a  function...". 

These  three  phrases  express  different  degrees  of  student's  involvement  with 
the  mathematics.  The  first  one  has  a  strong  component  of  "me  doing  something";  it  can 
be  characterized  as  "first  person,  procedural  language".  The  second  expression  retains 
the  procedural  character,  but  employs  the  neutral  third  person.  The  last  expression 
employs  the  fully  detached,  declarative  style  of  formal  mathematics.  We  conjecture  that 
these  three  expressions  correspond  to  three  levels  of  development  of  the  existential 
quantifier  conception.  Employing  the  terminology  used  by  researchers  who  take  a 
developmental  perspective  on  the  mental  constructions  of  mathematical  concepts,  we 
may  conjecture  that  these  three  stages  correspond  to  a  path  from  action  or  process 
conception  of  the  existential  quantifier  to  its  conception  as  an  object.  (Douady,1985; 
Dubinsky,  1991;  Sfard,  1987, 1991). 

Observation  c.  This  observation  parallels  the  preceding  one.  Here  also  we  have 
identified  three  types  of  expressions  used  by  students  to  refer  to  the  compound  concept 
function-from-G-to-G'.  The  isomorphism  function  in  these  expressions  maps 

(I)  "each  element  of  G  to  each  element  of  G'  ", 

(II)  "the  elements  of  G  to  the  elements  of  G'  ", 

(III)  "G  to  G  ". 

We  note  that  unlike  school  mathematics,  where  functions  are  often  treated 
without  explicit  mention  of  the  sets  on  which  they  operate,  in  the  context  of 
isomorphism  the  function  cannot  be  separated  from  its  domain  and  range:  we  must  talk 
about  isomorphism  from  one  group  to  another.  Thus,  the  development  of  the  function 
part  of  the  isomorphism  concept  must  be  coordinated  with  that  of  the  group  part,  or  at 
least  the  set  of  the  group. 

As  in  the  previous  case,  using  a  developmental  terminology  ,  these  three  stages 
may  correspond  to  the  path  from  action  or  process  conception  of  function  to  its 
conception  as  a  mathematical  object. 
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Observations  b  and  c  are  usually  intertwined  in  our  interviews,  and  the  data  for 
both  is  presented  together.  In  fact,  we  show  data  in  which  students  exhibit  various 
combinations  of  development  for  the  two  concepts  involved.  Using  the  numbering  of 
the  three  expressions  in  the  two  observations,  we  will  refer  to  these  combinations  as 
(i-II),  (ii-I),  etc.  All  the  excerpts  shown  are  taken  from  students'  answers  to  the 
question  in  Figure  2. 


1.  Suppose  you  are  given  two  groups.  How  can  you  tell  whether  they  are 
isomorphic?  How  can  you  convince  someone  that  they  are  isomorphic? 
How  can  you  prove  it? 

[In  case  the  student  doesn't  give  a  full  answer  including  functions,  the 
interviewer  proceeds  to  ask  the  following  question:] 

2.  What  is  isomorphism? 

[Now  question  1  is  repeated  to  see  if  the  answer  to  2  has  induced  any 
change.] 

 Figure  2  

Ron  (ii-III):  Two  groups  are  isomorphic  if  it  is  possible  to  find  a 
function  which  maps  from  one  to  the  other  so  that  the  order  of  the 
elements  is  preserved  and  the  operation  is  preserved. 

Dan  (ii-I  or  ii-III):  Two  groups  are  isomorphic  if  [...]  it  is  possible  to 
find  a  function  between  them  which  connects  in  a  one-to-one  way  every 
element  to  every  element,  every  element  in  group  A  to  every  element  in 
group  B. 

Saul  (ii-I  or  iii-I):  [To  show  that  two  groups  are  isomorphic]  in  principle 
it  is  necessary  to  find  some  map  between  every  element  here  to  every 
element  there  [...]  If  such  a  map  exists  and  the  two  groups  behave 
similarly  then  |...] 

Dan  (i-II) :  [Two  isomorphic  groups  are]  a  pair  of  groups  which  I  can 
match  a  full  map,  a  one-to-one  map  between  their  elements  [...] 

Ben  (i-I):  I  take  an  clement  from  one  group  and  find  its  image  in... 
exactly  as  with  function  in  mathematics. 
°  — 157  — 
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Conclusion 


One  interesting  feature  of  research  on  learning  a  particular  topic  is  the  interplay 
between  the  specific  and  the  general.  Indeed,  the  very  concept  of  isomorphism  is  but  a 
formal  expression  of  many  general  ideas  about  similarity  and  difference,  most  notably 
the  idea  that  two  things  which  are  different,  may  be  viewed  as  similar  under  an 
appropriate  act  of  abstraction.  Here  are  two  more  examples: 

First,  the  phenomenon  of  students  getting  stuck  in  constructing  a  specific 
isomorphism  may  be  seen  as  a  special  case  of  the  general  phenomenon  of  students' 
craving  for  canonical  procedures  and  their  fear  of  loose  or  uncertain  procedures,  in  fact, 
procedures  with  any  degree  of  freedom. 

Second,  difficulties  with  formulating  definitions  related  to  isomorphism  may  be 
mere  special  cases  of  difficulties  with  functions  and  quantifiers;  more  specifically, 
difficulties  with  quantifying  over  functions.  This  in  turn  may  be  related  to  the  even 
more  general  developmental  issues  of  the  processes  and  objects  involved  in 
constructing  the  mathematical  conceptions  involved. 

Acknowledgment:  The  authors  would  like  to  express  their  gratitude  to  Ed  Dubinsky  and 
to  Anna  Sfard  for  their  helpful  comments. 
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I  law  can  toe  democratize  access  to  powerful  ele.mcnlary-but-decp  math  constructs? 
iloio  can  toe  recognize  and  reward  a  broader  range  of  students'  mathematical  abilities? 
A  key  to  success  is  to  focus  on  a  small  number  of  elementary-but-powerful  constructs 
(student-constructed  conceptual  models)  and  to  focus  on  tasks  which  require  deeper 
and  higher-order  understandings  of  these  constructs.    Then,  using  principles  which 
will  be  described  in  this  report,  uv  Create  "model  eliciting  activities"  m  which  student? 
construct  one  or  more  of  the  preceding  "big  ideas"  (or  models  (or  making  sense  of 
experiences  within  complex  systems).    -  -  -    The  preceding  principles  were  developed  hit 
expert  teachers  in  a  series  of  "three-tiered  teaching  experiments"  (tohich  is  a  powerful 
neio  constructivist  research  methodology  which  will  be  described  m  the  session. 

Introduction:  The  essence  of  an  age  of  information  is  that  many  of  the  most  important 
"things"  that  influence  peoples'  daily  lives  are  systems:  communication  systems,  social 
systems,  economic  systems,  education  systems,  and  other  systems  which  are  created  by 
humans  based  on  elementary-but-deep  constructs  (i.e.,  models,  structural  metaphors) 
which  students  also  must  develop,  structure  the  world  at  the  same  time  they  structure 
the  student's  interpretations  of  their  experiences.  In  technology-based  societies,  these 
constructs  tend  to  be  embedded  in  powerful  conceptual  technologies  which  are  used  on 
a  daily  basis  in  fields  ranging  from  the  sciences  to  the  arts,  in  professions  ranging  from 
agriculture  to  business  and  engineering,  and  in  employment  positions  ranging  from 
entry-level  to  the  highest  levels  of  leadership.  Consequently,  these  tools  radically 
expand:  (i)  the  kinds  of  knowledge  and  abilities  which  are  needed  for  success  in  a 
technology-based  society,  and  (ii)  the  kinds  of  problem-solving/decision-making 
situations  which  are  priorities  to  address  in  instruction  and  assessment.  For  example: 

When  business  managers  use  graphing  calculators  (or  spreadsheets)  to  make 
predictions  about  maximizing  cost-benefit  trends,  these  tools  not  only  amplify  the 
manager's  conceptual  and  procedural  capabilities  when  dealing  with  old  decision- 
making issues,  they  also  enable  the  manager  to  create  completely  new  types  of 
business  systems  which  did  not  exist  before  the  tools  were  available;  and, 
completely  new  types  of  problems  and  issues  arise  as  priorities  to  address. 

In  a  world  where  new  conceptual  and  procedural  tools  are  being  used  for  new 
purposes  in  new  kinds  of  f  oblem  solving  situations,  past  conceptions  of  mathe- 
matical ability  are  often  far  too  narrow,  low-level,  and  restricted.  Therefore,  it  is 
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misleading  to  speak  of  treating  students  fairly  on  a  given  test  (or  textbook,  or  teaching 
program)  if  the  test  as  a  whole  reflects  obsolete,  superficial,  and  instructionally-un- 
productive  biases  about  the  nature  of  mathematics,  problem  solving,  teaching,  and 
learning.    But,  how  can  a  broader  range  of  mathematically  capable  students  be 
identified  and  encouraged?  Our  research  suggests  that  one  of  the  main  keys  to  success 
is  to  focus  on  a  small  number  of  "big  ideas"  which  are  based  on  constructs  (i.e., 
student-constructed  models,  or  structural  metaphors)  which  have  proven  to  have  the 
greatest  power  and  usefulness  for  success  in  for  describing,  explaining,  predicting, 
manipulating,  and  controlling  complex  systems  in  "real  life"  problem  solving 
situations.  Then,  using  principles  which  will  be  described  in  this  section,  we  create 
"model  eliciting  activities"  in  which  students  construct  one  or  more  of  the  preceding 
models  for  making  sense  of  experiences  within  complex  systems). 

Based  on  research  with  hundreds  of  students  in  the  preceding  kinds  of  "real  life" 
problem  solving  situations,  the  following  results  have  emerged  consistently:  (1)  Even 
students  whose  prior  experiences  in  school  suggested  that  they  are  far  "below 
average"  in  mathematical  ability,  their  performance  on  such  activities  routinely 
shows  that  they  are  able  to  invent  (or  significantly  extend  or  refine)  mathematical 
models  which  provide  the  foundations  for  the  small  number  of  "big'ideas"  that  lie  at 
the  heart  of  the  mathematics  courses  in  which  they  were  enrolled,  (2)  the 
mathematical  models  that  they  construct  (which  psychologists  might  refer  to  as 
"cognitive  structures)  are  often  far  more  complex  and  sophisticated  than  those  that 
previous  teaching  and  testing  experiences  suggested  they  were  unable  to  be  taught, 
and  (3)  new  students  are  not  likely  to  emerge  if  modeling  is  treated  as  another  attempt 
to  teach  content-independent  Polya-style  heuristics,  strategies,  and  processes,  (POs: 
process  objectives),  or  if  the  applications  are  used  mainly  as  devices  to  increase 
motivation  and  interest  (AOs:  affective  objectives),  or  if  the  applications  are  used  only 
as  contexts  for  tedious  chains  of  low-level  facts  and  skills  (BOs:  behavioral  objectives). 

Theoretical  Framework:  The  theoretical  framework  for  our  studies  is  based  on  a  form 
of  constructivism  in  which  attention  is  focused  on  the  nature  of  the  constructs  that 
students  develop  ...  at  least  as  much  as  it  is  focused  on  the  processes  that  students  use 
to  develop  and  refine  these  models.  Like  other  constructivist  approaches,  however, 
our  theoretical  perspectives  are  strongly  influenced  by  the  following  shift  from 
mechanistic  to  organic/systemic  assumptions  about  the  nature  of  mathematics, 
problem  solving,  learning,  and  teaching. 
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Mechanistic  Perspectives 

Organic/Systemic  Perspectives 

The  Nature 
of  Mathe- 
matics 

The  objectives  of  instruction  are 
stated  in  he  form  {Given  ...  the 
student  will  ...  );  and,  knowledge  is 
described  using  a  list  of  mechanistic 
condition-action  rules  (definitions, 
facts,  skills)  ...  some  of  which  may 
include  higher-order  metacognitive 
rules  for  making  decisions  about: 

(i)  which  lower-level  rules  should 
be  used  in  a  particular  situation,  and 

(ii)  how  lower-level  rules  should  be 
stored  and  retrieved  when  needed. 

Knowledge  is  likened,  not  to  a 
machine,  but  to  a  living  organism. 
Many  of  the  most  important  cog- 
nitive objectives  of  mathematics 
instruction  are  descriptive  or 
explanatory  systems  (i.e.,  mathe- 
matical models)  which  are  used  to 
generate  predictions,  construc- 
tions, or  manipulations  in  real  life 
problem  solving  situations  ...  or 
whose  underlying  patterns  can  be 
explored  for  their  own  sakes. 

The  Nature 
of  Problem 
Solving 

Problem  solving  is  described  as 
getting  from  givens  to  goals  when 
the  path  is  not  obvious.  But,  in 
mathematics  classrooms,  problem 
solving  is  generally  restricted  to 
answering  questions  which  are 
posed  by  others,  within  situations 
that  are  described  by  others,  to  get 
from  givens  to  goals  which  are 
specified  by  others,  using  strings  of 
facts  and  rules  which  are  restricted 
in  ways  that  are  artificial  and 
unrealistic.  In  this  way,  students' 
responses  can  be  evaluated  by 
making  simple  comparisons  to  the 
responses  expected  by  the  authority 

(the  teacher).  Problems  in 

textbooks  and  tests  tend  to 
emphasize  the  ability  to  create 
meanings  to  explain  symbolic 
descriptions. 

Important  aspects  of  real  life  prob- 
lem solving  involve  developing 
useful  ways  to  interpret  the  nature 
of  givens,  goals,  possible  solution 
paths,  and  patterns  and  regular- 
ities beneath  the  surface  of  things. 
Solutions  typically  involve  several 
"modeling  cycles"  in  which 
descriptions,  explanations,  and 
predictions  are  gradually  refined 
and  elaborated.  Therefore,  several 
levels  and  types  of  responses  are 
nearly  always  acceptable  (depend- 
ing on  purposes  &  circumstances); 
and,  students  themselves  must  be 
able  to  judge  the  relative  useful- 
ness of  alternative  models.  -  -  - 
Real  problems  more  often 
emphasize  the  ability  to  create 
symbolic  descriptions  to  explain 
(manipulate,  predict,  or  control) 
meaningful  situations. 
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The  Nature  r 
of  Experts  r 

s 

t 

iumans  are  characterized  as  infor-  I 
nation  processors;  and,  outstanding  t 
tudents  (teachers,  experts)  are  those  t 
vho  flawlessly  remember  and  ^ 
'xecute  factual  and  procedural  rules  1 
..  and  who  are  clever  at  assembling 
hese  facts  and  rules  in  ritualized 
settings. 

iumans  are  model  builders, 
neory  builders,  and  system 
milders;  and  experts  are  people 
A/ho  have  developed  powerful 
nodels  for  constructing,  manip- 
ulating, and  making  sense  of 
structurally  interesting  systems. 
Experts  also  are  people  who  are 
Droficient  at  adapting,  and 
extending,  or  refining  their 
models  to  fit  new  situations. 

The  Nature 
of  Learning 

Learning  is  viewed  as  a  process  of 
gradually  adding,  deleting,  and  de- 
bugging mechanistic  condition- 
action  rules  (definitions,  facts,  or 
skills).  If  the  precise  state  of  know- 
ledge is  known  for  an  expert  (E)  and 
for  a  given  novice  (N),  then  the 
difference  between  these  two  states 
is  portrayed  as  the  subtracted 
difference  (E-N). 

The  models  students  construct 
develop  along  dimensions  such  as 
concrete-to-abstract,  particular-to- 
general,  undifferentiated-to- 
refined,  intuitive-to-analytic-to- 
axiomatic,  situated-to-decontext- 
ualized,  and  fragmented-to-inte- 
grated. So,  development  often  in- 
volves conceptual  discontinuities 
and  reorganizations  ...  such  as 
when  students  go  beyond  thinking 
WITH  a  given  model  to  also  think 

ABOUT  it.  Experts  not  only 

know  more  than  novices,  they 
also  know  differently. 

The  Nature 
1  of  Teaching 

Teaching  is  considered  to  involve 
mainly:  (i)  demonstrating  relevant 
facts,  rules,  skills,  and  processes,  (ii) 
monitoring  activities  in  which 
students  repeat  and  practice  the 
preceding  items,  and  (iii)  correcting 
errors  that  occur. 

The  teaching  is  shifting  from 
authoritarian  models  based  on 
"transmission  of  knowledge"  to  a 
student-centered  practice  featur- 
ing stimulation  of  learning. 
Teachers  are  catalysts  who  help 
students  learn  to  think  for  them- 
selves. They  should  not  act  solely 
as  trainers  whose  role  is  to  show 
the  "right  way"  to  solve  problems. 
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Methodology:  In  the  past,  to  investigate  the  nature  of  students'  developing  mathe- 
matical knowledge  and  abilities,  we  have  found  it  useful  to  focus  on  leaching  experi- 
ment*  which  can  be  characterized  as  longitudinal  sfwdies  of  conceptual  development 
withii:  mathematically  rich  environments    in  which  it  is  possible  lo  simultaneously 
stimulate,  facilitate,  and  investigate  the  evolution  of  particular  knowledge  and 
abilities.  Similarly,  to  investigate  the  development  of  teachers'  mathematical- 
psvchological-instructional  knowledge,  teaching  experiments  with  students  often 
provide  excellent  contexts  lor  teaching  experiments  with  teachers  ...  where,  once 
again,  it  is  possible  to  create  conditions  which  optimize  the  chances  that  development 
will  occur  without  dictating  the  direition  of  development.  We  refer  to  such  studies  as 
two-tiered  teaching  experiments;  and.  for  both  tiers,  the  goal  of  the  researcher  is  to 
create  a  context  in  which  the  participants  simultaneouslv  learn  and  document  wh.it 
they  are  learning.  To  accomplish  tins  goal,  the  environments  at  both  tiers  must 
stimulate  the  development,  testing,  and  refinement  of  new  constructs. 

In  the  case  of  the  studies  that  will  be  reported  here,  the  activities  for  both  students  and 
teachers  centered  around  tasks  that  it  is  currently  fashionable  to  refer  to  as  involving 
authentic  performance..  That  is,  are  authentic  in  the  sense  that  they  are  not  just 
surrogates  for  activities  that  are  meaningful  in  "real  life"  situations,  they  involve 
actual  work  samples  taken  from  a  representative  collection  of  activities  which  are 
important  in  themselves;  and  thev  are  performance  activities  in  the  sense  that  they 
focus  complex  holistic  performances  rather  than  simply  piecemeal  chains  of  isolated 

facts  and  skills.  But,  what  are  the  key  characteristics  of  an  effective  authentic 

mathematical  problem  solving  activity  for  a  middle  school  student?  And,  what  is  a 
similarly  authentic  performance  for  their  teachers? 

Answering  the  first  of  the  preceding  questions  was  in  fact  the  goal  of  the  teacher-tier 
of  the  project.  That  is,  participating  teachers  worked  together  as  co-researchers  to 
formulate  a  useful  answer  to  the  first  of  the  preceding  question.  The  result  is  the 
principles  that  will  described  in  the  next  section  of  this  paper.  Then,  these  evolving 
conceptions  of  effective  performance  assessment  activities  were  used  to  help  teachers 
clarify  their  own  conceptions  about  the  nature  of:  (i)  real  mathematics,  (ii)  "real  life" 
situations,  (iii)  realistic  tasks,  questions,  or  decision-making  issues,  and  (iv)  realistic- 
tools  and  resources.  Therefore,  in  the  case  of  the  studies  that  will  be  reported  here, 
authentic  performance  activities  for  teachers  involved  developing  the  following 
resources  to  be  used  in  their  classrooms. 
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.  Examples  uf  high  quality  performance  assessment  activities  in  which  the  chances 
are  high  that  students  will  construct  mathematically  significant  conceptual  models, 
as  well  as  revealing  conceptual  strengths  and  weaknesses  related  to  this  model. 

.  Hxamples  of  students'  alternative  ways  of  thinking  about  the  preceding  activities, 
and  examples  of  various  levels  of  quality  for  the  performances  that  are  required. 

.  Classroom  observation  forms  which  teachers  can  use  to  observe:  (i)  roles  that 
various  students  play  during  solution  attempts,  (ii)  conceptual  strengths  and 
weaknesses  that  can  be  taken  into  account  in  follow-up  instruction,  and  (iii) 
strategies  and  procedures  that  are  useful  at  various  stages  during  solution  attempts. 
•  Quality  assessment  guidelines  and  procedures  to  help  teachers  recognize  the  most 
important  criteria  tor  determining  the  strengths  and  weaknesses  ol  alternative 
approaches  to  the  problems. 

ResuUs:   Results  of  the  preceding  activities  will  provide  the  data  tin  the  form  of 
videotapes,  and  written  student  portfolios)  which  will  be  presented  at  the  I'ME 
research  reporting  sessions  on  which  this  paper  is  based.  This  remainder  of  this 
section  briefly  describes  six  principles  which  can  be  used  to  assess  the  quality  of  model- 
eliciting  activities  which  are  intended  to  be  used  for  purposes  such  as  •  performance 
assessments"  in  curriculum  reform  efforts.  These  principles  were  developed  by  expert 
teachers  during  a  series  of  NSF-funded  research  projects  in  which  teachers,  parents, 
administrators,  and  community  leaders  worked  together  for  periods  of  fifteen  weeks 
to  develop:  (0  a  small  library  of  exemplary  "real  life"  projects  for  children,  and  (ii) 
principles  for  writing  such  projects,  and  for  assessing  their  quality.  -  -  -  In  each  case, 
we  began  with  the  assumption  that  the  kind  of  model-eliciting  activities  we  were 
seeking  to  define  would  have  at  the  following  characteristics. 

•  Solutions  require  approximately  15-60  minutes  to  construct,  and  they  provide 
powerful  prototypes  for  dealing  with  issues  that  are  important  to  the  students  or 
others  they  would  like  to  impress. 

•  Issues  fit  the  interests  and  experiences  of  targeted  students,  and  they  encourage 
students  to  engage  their  personal  knowledge,  experience,  and  sense-making 
abilities. 

.  Solution  procedures.encourage  students  to  use  realistic  tools  and  resources, 
including  calculators,  computers,  consultants,  colleagues,  and  'how  to"  manuals. 

•  Evaluation  procedures  recognize  more  than  a  single  type  and  level  of  correct 
response. 

•  Overall  activities  contribute  to  both  learning  and  assessment     because  student 
simultaneously  learn  and  document  what  they  are  learning. 
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The  principles  that  were  identified  included  the  following. 


•  The  Reality  Principle:  Beyond  referring  to  real  objects  and  events,  would  this 
question  really  occur  in  a  "real  life"  situation?  Will  the  student  know  who  is 
asking  for  the  result  and  why?  (If  not,  how  can  appropriate  decisions  be  made 
about  the  relative  importance  of  speed,  accuracy,  precision,  risks,  benefits?)  Will 
students  be  encouraged  to  make  sense  of  the  situation  based  on  extensions  of  their 
own  personal  knowledge  and  experiences?  Or,  as  in  the  case  of  the  example  that  is 
given  in  Appendix  C,  must  they  "turn  off"  their  real  life  knowledge  and  experience 
in  order  to  give  the  response  that  conforms  to  the  teacher/textbook/test's  (often 
perverse)  notion  of  the  (only)  "correct"  solution  process? 

•  The  Model  Construction  Principle:  Does  the  task  create  the  need  for  a  model  to  be 
constructed,  or  modified,  or  extended,  or  refined?    Is  the  goal  similar  to  those  in 
case  studies  in  professional  schools  ...  where  the  task  is  not  simply  to  answer  some 
question,  but  also  involves  constructing  a  structurally  significant  system...  or 
constructing  a  description  or  explanation  to  manipulate,  predict,  or  control  a 
structurally  significant  system?  Is  attention  focused  on  underlying  patterns  and 
regularities  rather  than  on  surface-level  characteristics? 

•  The  Simple  Prototype  Principle:  Is  the  situation  as  simple  as  possible,  while  still 
creating  the  need  for  a  significant  model?  Will  the  solution  provide  a  useful  proto- 
type (or  metaphor)  for  interpreting  a  variety  of  other  structurally  similar 
situations?  Will  it  be  useful  to  refer  back  to  these  metaphors  ...  as  students  go  on  to 
learn  new  things  (or  solve  new  problems)  in  school  or  in  their  everyday  lives? 

•  The  Model-Documentation  Principle:  Will  the  response  require  students  to 
explicitly  reveal  how  they  are  thinking  about  the  situation  (givens,  goals,  possible 
solution  paths)?  If  so,  then  it  should  be  possible  to  look  at  the  responses  that  they 
generate  and  name  what  kind  of  system  (mathematical  objects,  relations, 
operations,  patterns,  regularities)  they  were  using  to  think  about  the  situation? 

•  The  Self-Evaluation  Principle:  Are  the  criteria  clear  for  assessing  the  usefulness  of 
alternative  responses?  Will  students  be  able  to  judge  for  themselves  when  their 
responses  are  good  enough  (and  for  what  purpose  the  results  are  needed,  and  by 
whom,  and  when)?  [note:  One  reason  why  self-assessment  is  so  important  is  to 
give  students  a  sense  of  power;  but,  another  reason  is  that,  when  responses  are 
constructed  for  model  eliciting  activities,  students  usually  need  to  go  through  a 
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series  of  modeling  cycles  in  which  givens,  goals,  and  possible  solution  steps  tend  to 
be  interpreted  in  a  variety  of  alternative  ways.  So,  if  students  are  unable  to  assess 
the  relative  strengths  and  weaknesses  of  a  given  interpretation,  then  it  will  be 
unlikely  that  they  will  ever  go  sense  the  need  to  go  beyond  their  first  interpretation 
...  which  usually  tends  to  be  rather  primitive,  barren,  distorted  compared  with  later 
interpretations  which  would  have  developed  ] 

•  The  Model  (ioneralization  Principle:  Does  the  solution  involve  more  than  simply 
general ii\g  specific  answers  to  isolated  questions.  Does  the  purpose  involve 
constructing  a  model  which  can  be  applied  to  a  broader  range  of  situations? 

Thvimghuul  the  preceding  activities,  our  goals  have  been:  (i)  to  democratize  access  to 
p.iwerlul  eleinentary-but-deep  "big  ideas"  in  mathematics  and  science,  (ii)  to  create 
activities  m  which  students  will  be  able  to  (simultaneously)  learn  and  document  their 
.uhicvements.  and  (iii)  to  recognize  and  reward  a  broader  range  of  "real  life"  mathe- 
matical or  scientific  abilities  ...  and,  in  so  doing,  to  recognize  and  reward  a  broader 
range  ol  students.  To  recognize  and  reward  a  broader  range  of  students,  it  is  important 
to  avoid  problems  where  the  notion  of  the  (only)  "correct"  answers  require  students 
lo  "turn  off"  their  real  life  knowledge  and  experiences.  It  is  important  to  encourage 
them  to  make  sense  of  the  problem  situations  based  on  extensions  of  their  real  life 
knowledge  and  experiences;  and,  one  effective  way  that  we  have  found  to  do  this  is  to 
um'  familiar  "stories"  to  create  the  context  for  each  problem. 

Topics  for  Discussion:  In  addition  to  giving  examples  of  cases  where  teachers  used  the 
preceding  principles  to.  develop,  critique,  and  refine  effective  model-eliciting  activities, 
this  session  will  examine  samples  of  students  work,  and  explain  brief  answers  to  the 
following  four  discussion  questions  (which  teachers  commonly  ask  about  using 
'  model  eliciting"  activities  in  instruction  and  assessment. 

•  How  can  1  afford  to  spend  whole  class  periods  on  single  problem  solving  situations? 

•  When  it  took  professional  mathematicians  so  many  centuries  to  invent  the  ideas 
that  are  addressed  in  modern  textbooks,  how  can  students  be  expected  to  construct 
these  ideas  during  a  small,  open-ended,  unstructured  problem-solving  activities? 

•  Why  is  it  reasonable  to  expect  my  students  to  invent  mathematics? 

•  What  role(s)  should  teachers  play  when  "model  eliciting"  activities  are  used  in 
novel  ways  . . .  such  as  when  they  are  used  at  the  beginning  of  a  unit  of  instruction, 
when  the  main  purpose  is  to  identify  conceptual  strengths  and  weaknesses  that  exist 
m  a  given  group  of  students? 
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ON  ANALYZING  PROBLEM-POSING  PROCESSES:    A  STUDY  OF  PROSPECTIVE 
ELEMENTARY  TEACHERS  DIFFERING  IN  MATHEMATICS  KNOWLEDGE 


The  purpose  of  this  study  was  to  extend  the  quantitative  evaluation  of  problem-posing 
products  using  the  Test  of  Arithmetic  Problem  Posing  (TAPP)  by  including  a  qualitative 
evaluation  of  problem-posing  processes.  Process  referred  to  the  process  of  posing  a 
sequence  of  problems  from  a  given  situation  described  in  a  story  form.  Based  on  each 
sequence  of  problems  given  by  an  individual  the  experimenter  prepared  GPS  behavior 
graphs  to  represent  their  solutions.  Then  the  experimenter  referred  to  the  graphs  and 
evaluated  process  according  to  "order  and  complexity"  and  "relatedness".  The 
evaluation  method  was  then  used  in  the  comparative  study  ot  prospective  elementary 
teacher  differing  in  mathematics  knowledge. 

Statement  of  the  Problem 

Until  recently  mathematical  problem  posing  was  identified  as  a  critical  important  topic  (NCTM,  1989)  that 
was  underrepresented  in  mathematics  education  research  (Kilpatrick,  1987;  Silver,  1993).  Nevertheless, 
preliminary  studies  on  various  kinds  of  problem  posing  were  conducted  in  countries  all  over  the  world  (see 
studies  cited  in  Silver,  1993).  Specifically,  researchers  analyzed  the  end-products  of  problem  posing 
(Leung,  1993:  Mamona,  1993).  In  this  study,  the  locus  was  on  problem-posing  processes.  Leung  (1993) 
reported  the  development  of  the  Test  of  Arithmetic  Problem  Posing  (TAPP)  to  quantitatively  measure 
products.  This  report  explained  a  further  development  of  TAPP  to  qualitatively  analyzed  processes  of 
prospective  elementary  teachers  differing  in  mathematics  knowledge. 
Theoretlcel/Conceptuel  Framework 

As  suggested  In  prior  classification  of  research  variables  in  problem  solving  (KHpatrick;  1978)  process 
variable  was  also  important  in  problem  posing.  Researchers  In  problem  solving  already  suggested  ways  to 
study  process.  Whan  only  written  solutions  were  available  researchers  have  to  make  Inference  about 
process  from  the  finished  products.  Aocor*^  »  TAPP,  subjects  pos#<)  a  sequence  of  problems  snd  so 

To  sixty  probisrn-oosJng  process  the  GPS  behavior  graphing  technique  (Newel  &  Simon,  1972)  canoe 
adapted  >o  display  solutions  of  posed  problems  in  fine  grained  detail  GPS  graphs  displayed  solutions 
obtained  by  using  meane-ends-analysis  (MEA),  a  probiem  soMng  strsiegy  which  solves  probiems  by  a 
stepwise  reduction  of  difference  between  the  given  state  and  the  goal  state.  MEA  is  an  effective 
probiem-aorviog  strategy  tor  sotving  arthmstlc  problems,  products  of  TAPP  and  so  GPS  graphs  can  be 
used  in  out  study  of  process. 

We  also  used  Werature  on  problem  solving  to  suggest  two  ways  to  investigate  the  process  of  t?jsing  a 
sequence  of  problems.  The  first  is  to  see  if  the  order  of  the  posed  problem  increases  w*h  its  complexity. 
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in  a  study  on  asking  children  to  solve  a  problem  again  children  who  switched  a  strategy  when  they  solved 
the  problem  again  tended  to  switch  from  simpler  sophisticated  strategies  (Silver,  Leung  &  Cai,  1991). 
The  second  is  to  see  it  subjects  "look  at  a  related  problem"  (Polya,  1954);  or,  it  the  posed  problems  ot  the 
same  sequence  given  by  the  same  person  are  related  to  one  another  in  problem  structure. 


II  problem-posing  process  can  be  evaluated  accordingly  then  we  can  revisit  our  data  set  ol  posed 
problems  given  by  prospective  elementary  teachers.  Our  prior  analyses  on  products  already  indicated 
quantitative  differences  in  the  production  ot  products  relation  to  a  difference  In  mathematics  knowledge 
(Leung,  1993).  Here,  K  seemed  reasonable  to  include  as  well  a  comparative  analyses  of  process  of 
subjects  differing  In  mathematics  knowledge.  An  Investigation  of  qualitative  differences  In  process, 
together  with  previous  results  on  products,  will  add  to  our  understanding  of  the  role  of  mathematics 
knowledge  In  mathematical  problem  posing. 
Methodology 

The  Instnimant:  Test  of  Arithmetic  Problem  Posing  (TAPP1.  TAPP  consisted  Of  two  problem  Situations: 
the  House  problem  and,  the  Pool  problem.  The  problem  situations  were  modified  tasks  from  the 
Instrument  on  creativity  used  by  Geteels  and  Jackson  (1962).  Each  problem  situation  was  presented  In  a 
paragraph  form.  Figure  1  shows  one  item  of  TAPP.  Again,  the  evaluation  of  process  according  to  TAPP 
includes  two  independent  aspects:  order  and  complexity,  and.  relatedness. 
Figure  1 

F.ampkt  Hum  In  T.«t  of  Arithmetic  Problem  Poslno 


The  Park  District  Install  a  swimming  pool  which  holds  a  total  capacity  ot  20,000  cubic  (est.  To  f  M  the 
pool,  tjwWstawtlhflowratMol  20  and  10  cube  t«s«p«n*M«iwpscav«ly  are  available.  A  drain  wis 
remove  water  at  the  rats  of  25  cubic  fact  par  minute.  A  circulating  pump  is  provided  which  movss  the 
wsttr  In  me  pool  through  a  titration  systsm  at  the  rats  ot  5  cubic  feet  per  minutt.  When  the  pool  is  to 
be  cleaned,  as  N  is  dona  ones  every  week,  the  water  la  drained  and  the  sides  ot  the  pool  are 
scrubbed.  The  draining  and  snubbing  together  require  15  hours. 


TIME:  20  minutes 

INSTRUCTIONS:  Consider  possbie  cor*ln«tion*  ol  the  pieces  ot  information  given  and  posa 
(njtjymtiMii  Qtotaupi  inuniwinp  the  operation  ot  the  pool.  Do  not  ask  questions  Ike  "Whera  la  the 
pool  tocetattr  because  thfa  la  not  a  mefjsmalical  problem. 

Set  up  as  many  problems  as  you  can  tl**ot. 
mrk<Xpntim»mi*<Mmt<*&toW*^  QQJHtaorvotnam. 

Set  ijpay^e&olproWerrafatrw  than  rrar^ 

Include  also  ujiauaj  problems  that  your  peers  might  not  be  abte  to  create. 

You  can  change  the  given  Intorrnetiori  and/or  auncft  more  Infcxmatiori. 
When  you  do  so,  note  the  changes  in  the  box  with  the  problem  to  which  they  appty. 

Write  onty  got  problem  in  each  box. 

II  you  tr**  of  more  problems  man  the  nurnber  ot  boxes  provided,  write  me  others  on  the  back  ot  the 


sheet. 
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Sulaiect.  The  subjects  were  eight  (4  top  and  4  bottom  scores  out  of  49)  prospective  elementary  school 
teachers.  We  chose  to  study  them  because  they  played  a  vital  role  in  the  implementation  of  problem 
posing  into  the  classroom  as  suggested  by  the  Curriculum  and  Evaluation  Standards  (NCTM,  1989). 
Procedure  and  Task  Administration.  Two  pilot  studies  were  conducted  to  test  the  feasibility  and 
appropriateness  of  the  evaluation  method,  in  the  actual  study,  subjects  first  took  PPST,  a  pre-test  on 
mathematics  developed  especially  for  prospective  elementary  teachers  (Educational  Testing  Service. 
1986).  The  scores  represented  the  subjects'  mathematical  knowledge.  Subjects  then  took  TAPP  after 
the  mid-term  examination  of  the  course.  The  test  required  them  to  pose  a  sequence  of  problems  that  can 
be  attached  to  given  problem  situations  in  story  forms.  Each  subject  did  both  items  of  TAPP.  In  each  item 
there  were  eight  answer  spaces  provided. 

Data  Coding  and  Data  Analysis  The  experimenter  first  solved  all  problems  in  a  sequence  and  drew  the 
GPS  graphs  of  the  solutions.  Each  GPS  graph  shows  the  objects  and  goals  specified  by  the  poser  and 
the  operators  and  solutions  supplied  by  the  experimenter.  The  operators  and  solution  paths  indicate  a 
possible  solution  by  the  experimenter.  For  the  problem  solution  in  each  case,  in  order  to  have  a  single 
solution  and  to  insure  consistency  across  problems,  the  experimenter  used  the  minimal  path  solution 
given  by  the  experimenter.  The  experimenter  checked  the  degree  of  agreement  was  checked  with  a 
second  rater. 

Since  subjects  generated  the  problems  in  sequence,  it  is  reasonable  to  assume  that  they  did  not  always 
repeat  information  they  intended  to  be  part  of  a  later  problem.  When  considering  the  objects  requiring  in 
solving  but  not  stated  in  the  space  that  contained  the  problem  the  experimenter  assumed  that  they  a) 
follow  from  the  prior  posed  problems,  or,  b)  com*  from  the  paragraph  of  information  given  in  the  task.  H 
there  were  more  than  two  prior  posed  problems  that  contain  the  objects,  then  the  experimenter  used  the 
objects  that  appeared  in  the  latest  posed  problems.  In  the  accompanying  figure  that  shows  GPS  graphs, 
the  given  objects  given  in  TAPP  are  represented  by  dark  circles  (•)  whereas  the  supplied  objects  by 
subjects  and  implied  objects  are  represented  by  hollow  circles  (O)  and  dark  squares  (■)  respectively. 
Implied  objects  were  Information  not  given  in  TAPP  nor  provided  by  subjects  but  required  to  solve  the 
problem  (e.g.  52  weeks  in  a  year).  Also,  the  subgoals  and  goals  are  represented  by  (@l)  and  ([Q) 

respectively.  The  operators  are  clearly  marked  and  the  direction  of  subtraction  and  division  Is  indicated  by 
an  arrow.  Figure  2  shows  an  example  of  GPS  graph. 
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Figure  2. 

F»ampto  ol  a  fiPR  firanh  ol  Cm*  Pmhlpm  Pnspri  hv  One  Subject 


HOW  Prig  OOeS  n  iaK8  10  llll  "IP  wm  n   una  »i» 

(Thjects 

Flow  rate  1  -  20                •  1 

Flow  rate  2  »  10                •— GH2 

s^LS   Time  to  fill  capacity 

Capacity  ol  pool  -  20,000      •  ( 

No  drainage 

complexity  by  counting  the  number  ot  steps  one  required  to  solve  the  problem  to  see  if  the  complexity 
grew  as  the  number  in  which  it  appeared  in  the  sequence  increased.  Relatedness  was  evaluated 
according  to  how  the  subjects  used  conditions  or  goals  ol  prior  posed  problems  to  pose  subsequent 
problems.  For  example,  i  the  second  problem  wrote  "How  long  does  it  take  to  IIU  the  pool  ol  the  10  cubic 
It/min.  drain  Unlet  is  clogged?"  then  the  second  problem  is  related  to  the  first  in  that  the  other  than 
clogging  one  inlet,  the  rest  ol  the  Information  followed. 
Results  and  Discussions 

In  this  section,  there  is  a  only  a  summary  of  the  comparison  ol  the  high  group  to  the  low  group,  each  with 
one  example  ol  a  subject's  process  with  respect  to  one  problem  (we  chose  the  Pool  problem  because  it 
was  given  m  Figure  1);  the  lull  descriptions  of  each  subject's  process  with  respect  to  each  item  ol  TAPP 
was  not  given. 

PvaiMatinn  nt  nni  Hid)  SuMftfil  H>.  Subject  H  worked  on  the  Pool  problem  (refer  to 

Figure  1)  and  posed  12  problems  given  In  Figure  3.  The  represented  GPS  graph,  of  their  sokitlon.  can 
be  found  in  Figure  4. 


Figure  3 

fj^ftlPmhlwnip^^hvaSnWetH   

rHow  toradc^Rtato  to  mttw  pool*  both 

5  «thapool«coirpi*ilyM? 

S  Hcjwkxig  does  II to  drain  the  pool? 

11  to  drain  the  pool? 

12  toecrubthepool?  


mc  "827 
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Referring  lo  the  above  two  figures  we  found  that  subject  H  might  not  posed  a  more  complex  problems 
when  the  problem  number  increased.  For  example,  the  second  problems  was  less  complex  than  the  first 
problem.  However,  the  sequence  of  problems  were  related  in  problem  structure.  As  shown  in  the  Figure 
4  subject  H  made  use  of  the  given  objects  and  systematically  posed  problems  in  four  groups.  The  first 
group  asked  about  the  time  taken  to  fill  the  pool  (no.  1,  2,  3)  under  different  conditions  of  the  inlets  and 
drain.  The  second  group  referred  to  the  time  used  to  move  water  out  (no.  4,  5,  6).  The  third  was  about 
the  cleaning  of  the  pool  (no.  7,  8,  9).  The  last  three  questions  (no.  10,  11,  12)  were  repetitions  of 
question  number  1,  6  and  7  with  the  given  pool  capacity  increased  by  x.  Though  numerical  information 
content  was  present  in  the  Pool  problem,  she  supplied  more  to  pose  two  of  the  problems  (no.  3:  drain 
rate-1 ;  no.  4:  pool  is  half  full). 

F»amplP  Evaluation  of  One  Low  Subject  (Subject  U.  Subject  L  did  the  Pool  problem  and  posed  10 
problems  in  three  categories;  7  non-math;  2  zero-step  problem  and  1  with  insufficient  information  for 
solving.  Four  of  the  non-math  problems  asked  for  information  about  the  amount  of  water  being  pumped 
(no.  1);  the  depth  of  the  pool  to  be  drilled  (no.  7);  the  pressure  of  the  water  (no.  8);  and,  if  the  earth  below 
and  surrounding  the  pool  have,  the  weight  of  the  pool  (no.  9).  The  other  three  non-math  problems  asked 
opinions  on:  the  favorable  size  of  the  enlarged  pool  (no.  2);  the  feasibility  of  moving  the  pool  (no.  6);  and 
the  methods  to  alleviate  residents'  fears  that  the  pool  may  be  washed  away  (no.  10).  The  second 
category,  zero-step  problems,  referred  to  the  size  of  the  pool,  the  answer  was  in  the  problem.  Last  of  all, 
the  problem  with  insufficient  information  required  in  solving  (no.  5)  asked  for  the  additional  drainage  in 
holding  tanks  when  water  In  pool  was  recycled.  These  ten  problems  posed  by  Subject  L  could  not  be 
mathematically  solved  and  represented  by  GPS  graphs. 

High  and  Low  Group:  a  comparison  First,  for  both  high  and  tow  groups  there  were  no  pattern  of 
relationship  between  complexity  of  posed  problems  and  the  order  In  which  they  appeared.  While  the  high 
subjects  were  more  Ifcely  to  pose  multi-step  problems  the  tow  subjects  produced  problems  that  were 
mostly  Irrelevant,  non-math,  and  msultWen  and  so  the  complexity  ot  each  solution  structure  could  not 
determined.  The  different  findings  ot  this  study  from  that  of  Silver  et  al  (1990)  suggested  a  difference  ot 
requirement  in  solving  and  In  posing.  In  posing  multiple  problems  the  later  posed  problems  might  not  be 
more  complex  than  the  earlier  posed  problem*,  m  solving  a  problem  again  after  knowing  the  answer  the 
later  solutions  were  more  sophisticated. 

Second,  there  was  high  relatedness  ot  solutions  of  posed  problems  from  the  high  subjects.  They 
manipulated  the  given  objects  systematically  to  pose  new  problems.  There  was  cross-referencing  ot 
information  from  one  product  to  another.  In  several  cases,  the  goal  of  prior  posed  problem  was  the  given 
object  for  subsequent  posed  problems.  Other  than  just  the  relatedness  ot  problems  within  one  posing 


activity,  there  was  also  a  connection  ol  the  first  posing  activity  to  the  second  posing  activity.  One  high 
subject  used  the  idea  ol  installing  insulation  to  save  heat  from  the  House  Problem  she  did  during  the  first 
posing  activity,  to  pose  the  problem  ol  installing  a  new  pump  to  save  energy  in  the  Pool  problem.  In  the 
tow  mathematics  knowledge  group,  however,  the  relatedness  ol  solution  structure  ol  one  problem  with 
each  other  was  not  so  commonly  seen.  In  lad,  most  ol  the  problems  were  not  solved  and  graphed  it  was 
impossible  to  examine  the  relatedness  ol  solution  structure.  Of  aU  the  posed  problems  (n-61).  only  eight 
couid  be  solved  and  graphed. 

Conclusions  and  Implications 

On  Analysing  FjobjapfcEflaiDO  Process.  The  evaluation  ol  problem-posing  process  was  conducted  with 
the  definition  ol  problem-posing  process  being  the  process  ol  posing  a  sequence  ol  problems  in  each 
problem-posing  activity.  The  evaluation  ol  each  process  Is  made  by  making  inferences  to  the  sequence 
ol  solutions  to  the  problem-posing  products.  Thus,  the  collection  paper-and-pencil  data  make  the 
evaluation  or  processes  possible.  However,  the  process  ol  posing  ana  problem  cannot  be  made.  Maybe 
the  use  of  "think-aloud"  and  the  collection  of  verbal  data  can  help  to  unpack  the  process  of  posing  one 
problem.  II  that  approach  is  used,  however,  we  suggested  the  use  ol  more  complex  the  problem-posing 
tasks  than  the  ones  used  ki  this  study. 

Th»  nni«  Of  Math»matfc«  Knowledge.  Our  last  report  brought  out  differences  found  in  the  production  ol 
mathematics  problems,  problems  with  sufficient  data,  and,  problems  that  had  plausible  initial  states  for 
subjects  with  high  mathematics  knowledge  (Leung,  1993).  The  findings  suggested  an  Influence  of 
mathematics  knowledge  in  problem  posing.  In  this  study,  we  found  a  qualitative  difference  in  the  preoie- 
poslng  process  ol  prospective  elementary  school  teachers.  Subjects  with  high  mathematics  knowledge 
systematically  manipulated  given  conditions  to  make  problems  and  used  solutions  to  prior  posed 
problems  as  new  pieces  of  Information  to  pose  subsequent  problems.  Subjects  with  tow  mathematics 
knowledge  posed  problems  that  might  not  be  solved  mathematically  and  the  mathematics  problems 
posed  were  not  necessarily  related  in  structure. 

The  study  provides  a  cognitive  evaluation  of  the  problonvposing  process  ol  prospective  elementary 
school  teachers  on  one  kind  of  msthemellcai  rxobiem-cosing  task.  H  was  a  demonstration  ol  the  use  ol 
inlomwiwvpfocessirig  approaches  in  the  evaluation  of  problem  posing,  tt  tieo  suggested  i  qusitattVe 
d*fl»reoce  of  probtom-postog  process  relating  to  rnathemjtlc*  knowledge. 
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COGNITIVE  OBSTACLES  IN  PRE-ALGEBRA 


i  inr»  I  incheiakS  Hebrew  University 
Nicolas  Herscovics  Concordia  University 

/"/if  present  pufhir  study  investigates  the  pre-algebraie  thinking  of  a  class  of  sixth 
graders,  ll  confirms  the  existence  of  a  cognitive  gap.  uncovered  previously  in 
seventh  graders,  namely,  the  inability  of  students  to  spontaneously  operate  with  or 
on  the  unknown.  It  further  investigates  the  arithmetic  skills  that  con  he  regarded  as 
hemg  of  u  pre-algebraic  nature  and  presents  five  of  eight  specific  cognitive 
ohiliiclcs.  identif  ied  in  the  study:  I)  over-general i:ul  ion  of  the  order  of  operations, 
2j  failure  :o  perceive  cancellation  In  an  arithmetic  string,  ii  o  sialic  view  of  the  use 
of  brockets.  Ji  detachment  of  a  term  from  the  indicated  operation.  5)  jumping  off 
from  a  term  with  the  posterior  operation.  The  three  additional  cognitive  obstacles 
are-  ft/  the  lack  of  acceptance  of  the  equal  wjjn  as  a  vymfail  for  decomposition  ") 
kaikvuids  reading  of  equations.  S)  inability  to  sckxl  the  appropriate  operation  for 
partial  •aims 

Introduction 

The  past  few  sears  have  witnessed  a  grossing  attention  to  a  new  topic  in  school  curriculum, 
that  of  pre-algebra  This  new  topic  is,  in  a  way.  an  answer  to  teachers'  and  educators'  concern 
and  frustration  about  the  high  failure  rate  in  high  school  algebra.  However,  without  a 
svstematic  effort  to  specify  demarcation  line  between  the  traditional  first  course  in  algebra  and 
prc-algebra.  a  line  that  could  be  specified  in  terms  of  the  students'  cognition,  this  new  topic 
might  cither  be  treated  as  simply  an  earlier  introduction  of  algebra  or  as  spreading  out  over  a 
longer  period  of  time  of  the  standard  material.  It  was  in  attempt  to  find  some  demarcation 
between  the  two  topics  that  we  undertook  an  assessment  study  of  the  prc-algebraic  thinking  of 
seventh  graders  who  were  just  going  to  start  their  first  course  in  algebra  (Herscovics  & 
l.mchesski. 

In  ihis  Miidv.  of  the  se\enlh  graders,  we  haw  mcluued  a  preliminary  assessment  of  some 
arithmetic  skills  judged  essential  for  the  solution  of  algebraic  equations  on  one  hand,  and  on 
the  olhei  hand,  a  svstematic  evaluation  of  the  solution  processes  spontaneously  used  bs  them  lo 
soke  first  degree  equation1;  in  one  unknown  The  rosiih-:  indicated  '.be  existence  of  a  cognitive 
gap  between  pie-aigebra  and  algebra  The  se\enl'n  gradei*  did  not  seem  able,  even  undei 
optimal  conditions,  to  spontaneously  operate  on  or  ssuh  the  unknown  (Herscosies  & 
l.iiichevki.  IW4.  Wla)  Moreover,  both  the  prvliininury  assessment  and  the  part  on  equation 
solving  provided  evidence  of  Mime  unexpected  cognitive  obstacles,  obstacles  which  were 
piobuHlv  looted  in  iiiithmetic  and  the  algcbran  context  has  magnified  Ihem  and  revealed  ibeii 
existence  1 1  lersco\  ick  &  I  .inches  ski  IWb  I  inches  ski  &  Herscosies  I  tJt>2 ) 

The  sinds  with  sixth  graders,  sshich  will  be  remitted  in  the  present  paper,  ssas  the  next  step  in 
out  investigation  One  of  our  objectives  ssas  to  evaluate  the  pre -algebraic  potential  of  even 
younger  students  and  to  see  whether  the  results  would  confirm  the  existence  of  the  cognitive 
gap  betsveen  pie-algebra  and  algebra  found  among  the  scsenth  graders  Another  objective  ssas 
to  expand  our  preliminary  assessment  of  pre-algebraic  arithmetic  skills  in  order  lo  check 
sshether  i!u  cognitive  obstacles  discovered  earlier  (sight  exist  in  a  purely  arithmetic  cor.tev. 
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and  to  determine  how  widespread  these  obstacles  were.  In  the  first  part  of  study  we  presented 
the  students  with  35  questions  of  arithmetic  nature.  The  second  part  was  based  on  28  algebraic 
equations  taken  from  our  Grade  7  assessment  study. 


In  order  to  include  a  wide  range  of  abilities,  we  interv  iewed  a  class  of  27  sixth  graders  in  a 
public  school.  The  children  were  classified  as  strong  ( 1 1  students),  average  ( 10  students)  or 
weak  (6  students),  on  the  basis  of  their  school  performance.  Their  average  age  was  1 1:6.  We 
verified  that  they  were  not  exposed  to  any  algebra  in  school.  Each  subject  was  interviewed 
individually  in  two  45  minute  sessions.  The  interviews  were  semi-standardized  in  the  sense  that 
the  interviewer  could  re-phrase  the  questions  should  the  original  wording  seem  unclear  to  the 
student.  An  observer  with  a  detailed  outline  recorded  all  students'  responses. 

In  this  article,  due  to  space  problems,  we  will  only  report  on  five  out  of  the  eight  obstacles  that 
have  been  identified  and  will  discuss  the  items  which  are  directly  relevant  to  them.  However, 
since  the  traces  of  the  obstacles  have  been  spotted  not  only  in  the  questions  aimed  directly  at 
them,  but  sometimes  indirectly,  in  responses  to  questions  which  have  been  prepared  to 
investigate  other  topics,  we  include  in  this  paper  some  data  from  the  other  parts. 

We  will  not  report  systematically  on  the  second  part  of  the  assessment  whieh  investigates  the 
spontaneous  processes  used  by  the  students  for  algebraic  equations  solving.  However,  the 
results  obtained  in  this  part  confirm  the  existence  of  the  cognitive  gap  between  pre-algebra  and 
algebra,  which  was  first  discovered  in  the  seventh  graders  (Herscovics  &  l.inchevski.  1994, 
1991a).  In  fact,  the  procedures  used  b>  the  sixth  graders  were  identical  to  those  used  by  the 
seventh  graders  beside  some  differences  in  the  success  rate. 

Part  1:  Arithmetic  context 

1.  Over-generalization  of  the  order  of  operations:  Our  students  had  learned  in  class  the  order 
of  operations  prior  to  the  interview  They  were  asked  to  evaluate  the  following  strings'. 
1)5+6x10=?,  2)7-3x5=?,  3)8x(5+7)=?.  4)27-5+3=?.  5)24:3x2=?.  The  results  were  somewhat 
surprising  and  are  shown  in  table  1 . 

Table  1 :  Number  of  students  and  choice  of  first  operation. 


Choice  of  I  st  operation 


1)5-6x10- 


multiplication  first 
addition'  subt.  first 

9(33.3%) 
18(66.7%) 

14(51.9%) 
13(41.1%) 

Choice  of  1  st  operation 

5)24:3x2-? 

4)27-5-3-? 

subt.  division  first 
addition  mult,  first 

 . 

21  (77  8%) 

6(22  2%) 

18(66  7%) 
9(33.3%) 

For  the  first  string,  a  majority  of  students  performed  the  addition  first,  in  spite  of  their  prior 
instruction  on  the  order  of  operations.  With  the  second  string,  this  number  was  somewhat 
reduced:  the  majority  of  the  students  performed  the  multiplication  first.  The  reduction  could  be 
related  to  possible  detachment  of  the  factor  3  from  the  preceding  minus  sigh.  These  results 
indicate  the  same  trend  we  have  found  in  our  previous  study  with  seventh  graders  (Herscovics 
&  Linchcvski,  1994).  When  the  order  of  operations  involves  subtraction,  less  students  tend  to 
be  linear,  they  mentally  split  the  expression  at  the  minus  sign  and  focus  on  the  obtained  part. 
Question  3  was  solved  corrcctl\  by  all  students  But.  it  is  with  the  last  two  problems  that  we 


o 

ERIC 


177  — 

833 


tested  the  possibility  of  over-generalization.  The  results  indicate  that  a  sizable  number  of 
children  seem  to  believe  that  addition  takes  precedence  over  subtraction  and  multiplication 
over  division.  Five  students  over-generalized  in  both  cases.  I  strong,  2  average,  and  2  weak. 

Impact  of  challenge.  As  soon  as  they  were  finished  with  the  above  evaluations,  all  the 
students,  whether  they  had  given  a  correct  or  an  incorrect  answer,  were  challenged  on  problems 

1.  4  and  5  by  the  question:  Another  student  worked  out  the  problem  differently.  He  first 
multiplied  6  by  10  and  then  added  5  (Or:  He  first  added  5  and  6  and  then  multiplied  11  by 
10).  Do  you  think  that  he  is  right,  or  that  you  arc  right,  or  that  you  are  both  right?  A 
similar  question  was  raised  about  problems  4  and  5 

The  responses  to  the  challenge  on  Ql  showed  that  the  9  students  who  had  solved  string  I 
correctly  did  not  change  their  mind  when  challenged.  However,  15  of  those  who  had  evaluated 
it  in  the  incorrect  order,  did  indeed  change  their  opinion  while  3  students  remained  linear 
claiming  that:  "you  have  to  go  from  left  to  right".  The  responses  to  the  challenge  of  the  other 
strings  are  remarkably  different.  Some  students  with  the  correct  answer,  now  changed  their 
mind.  For  the  string  27-5-3-?,  one  changed  his  mind,  bin  2  pupils  could  no  longer  decide 
which  was  correct.  Of  the  6  students  who  initially  evaluated  incorrectly,  3  changed  their  mind 
and  3  did  not.  For  the  other  string,  24:3x2-  ?,  the  changes  were  even  stronger.  Of  the  18 
students  who  evaluated  it  correctly,  only  12  remained  immune  Two  students  changed  their 
mind,  4  could  no  longer  decide.  Of  the  9  students  who  were  incorrect,  only  one  changed  his 
mind. 

2.  Failure  to  perceive  cancellation.  The  perception  of  terms  that  can  be  canceled  in  an 
expression  plays  an  important  part  in  equation  solving.  In  gathering  like  terms  and  in 
comparing  like  terms  on  either  side  of  an  equation,  the  students  have  to  break  awav  from  the 
tendencv  to  operate  sequentiallv  from  left  to  right  and  need  to  achieve  a  more  global 
apprehension  of  the  equation.  This  is  why  we  included  some  exercises  on  cancellation.  We 
presented  the  students  with  6  numerical  strings  involving  only  addition  and  subtraction,  each 
string  was  presented  separately  With  each  string  we  asked  the  students:  Here  is  a  string  of 
operations.  Please  read  it...  Without  performing  the  operations,  could  you  tell  me  what  the 
answer  would  be?...  Can  you  explain  how  you  figured  it  out  .'.  I  able  2  shows  the  problems 
and  the  success  rate: 


Table  2:  Number  of  students  who  canceled  additive  terms. 


1  Strinu 

Frequency 

String 

Frequency 

|  1)329+167-167=? 
j  (59.3%) 

17  (63%) 

5)  17'5»-59tl»-l»=? 

both  16 

!  2)672-256+156=? 
1  (40.7V.) 

14(51.9%) 

none                  1 1 

|  3)9»+214-9»=? 
,  (4».2%> 

15(55.6%) 

6)2374»9-»9-92+92=? 

both  tJ 

1  4)513-124+100+124 

1 

!  13(48.2%) 

3(11.1%) 

flnlv  »9  1(3.7%) 
none 

Similar  questions  were  raised  in  the  context  of  strings  involving  only  multiplication  and 
division  The  number  of  students  who  canceled  was  almost  the  same  Comparing  the  groups  of 
students  who  canceled  in  the  additive  and  in  the  corresponding  multiplicative  strings,  reveals 
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an  intersection  of  14  students  (82.3%). 

A  comparison  between  one  of  the  multiplicative  str.ngs:  896:28x28-?  and  Q.  5  on  the  order  of 
operations  P4-3x2=')  provides  a  form  of  continuous  hypothesis  testing.  The  figures  show  that 
among  the  13  students  who  have  not  perceived  the  multiplicative  cancellation,  10  first 
multiplied  3  bv  2  and  then  divided  24  bv  6.  A  possible  explanation  is  that  in  both  cases  they 
focused  on  the  multiplication  as  the  firsl  operation  to  be  performed.  This  represents  an 
intersection  of  71.4%. 

Another  question  related  to  cancellation  was:  Without  using  the  calculator,  just  by  looking  at 
the  numbers  and  the  operations,  can  you  tell  which  expressions  will  give  the  same  results. 
a)026+167-167=?;  b)926-167-167=?;  c)926-167+167=?;  d)926-(  167+167)=?. 
If  the  student  stopped  after  one  match,  the  interviewer  asked:  What  about  the  others? 

Table  3:  Numher  of  students  selecting  pairs  of  strings  


I  Sf  Itction  of  pairs 


r 


SnonUntous 


Krfqiimcy 


Afltr  immtiHion 


i  (a)»nd(C) 


(b)  «nd(d) 


<C).nd(d) 


I  I  IS (55.5%) 


(a)  mid  (b)  i 


I  8  (29.6%) 


The  number  of  students  selecting  (a)  and  (c)  above  is  consistent  with  the  answers  to  questions  I 
and  1  'it  Table  2  The  structure  of  the  strings  is  identical.  If  we  look  at  the  10  students  who  did 
not  perceive  the  cancellation  in  I.  six  of  them  are  among  the  students  who  have  not  connected 
la)  and  (O.  Among  the  H.vvho  did  not  cancel  in  1.  nine  did  not  connect  (a)  and  (c). 

MWther  8  students  selected  (c)  and  td)  therebv  indicating  a  detachment  of  the  minus  sign  from 
the  indicated  term.  The  onlv  vvav  thev  could  think  that  these  strings  would  yield  the  same 
answer  is  b\  ignoring  the  indicated  subtraction  in  to  and  focusing  on  the  addition  sign.  As  one 
of  the  students  said  "C  and  D  are  the  same  thev  have  the  same  numbers  the  same  operations 
and  the  same  order"  He  was  then  asked  "But  in  D  there  are  brackets,  don't  they  make  any 
difference''"  He  said  "You  are  supposed  to  do  first  what  is  in  the  brackets,  and  in  C  I  judge 
what  io  do  b>  observation".  Another  student  >a.d  "It  does  not  look  the  same  but,  when  vou 
hav  e  to  solve  it .  it  is  the  same" 

That  so  few  students  selected  (b)  and  <d)  indicates  a  very  restricted  understanding  of  the  use  of 
brackets  Onlv  2  students  showed  anv  awareness  of  the  effect  of  brackets  on  the  sign  ol  the 
operation  ll  might  be  attributed  to  the  lac.  that  when  brackets  arc  firstly  introduced,  thev  are 
piescnicd  as  simply  "do  this  operation  first" 

3  x  v,a,if  view  of  th«-  of  brackets.  As  shown  bv  their  answer  to  Q.  3  on  the  order  of 
operations  (8\<5-7KM.  all  the  students  knew  the  meaning  ot  brackets  as  do  it  tirst 
operation.  However,  the  results  to  questions  which  inv  olved  brackets  in  other  context  mdicated 
aVerv  limited  view  In  fad  onlv  2  students  though,  that  926-167-167  ?  and  926-<  167-  167)  j 
v.eUled  the  same  answer  Surprising.  8  students  thought  that  the  string  with  brackets  would 
rooducc  the  same  answer  as  926-167  •  I  (-7  A  third  question  regarding  the  use  ot  brackets 
icqu.red  the  replacement  of  the  second  term  hi  125-67  •  by  the  sum  39-28.  and  to  solve  the 
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obtained  string.  I  wo  students  rewrote  it  as  125-39-28=,  while  12  students  inserted  brackets 
Among  the  13  who  rewrote  it  as  125-39-28=  seven  managed  to  handle  it  corrcctlv  by  adding 
virtual  or  mental  brackets,  but  5  students  solved  it  as  if  it  were  a  new  equation.  This  limited 
view  of  the  relations  between  operations,  confirms  some  observations  bv  Booth  ( 1988)  and 
Kieran  (1979). 

4.  Detachment  of  a  term  from  the  indicated  operation.  In  our  pre\ious  assessment  study  of 
seventh  gTaders  (Hcrscovics  &  Linchcvski.  1994).  we  had  found  evidence  of  a  detachment  of  a 
term  from  the  indicated  subtraction.  I  he  student  "enters"  the  expression  at  a  certain  number 
manipulates  a  part  regardless  the  other  parts  of  the  expression  and  re-insert  the  partial  result 
into  the  original  expression.  Thev  function  as  if  there  are  invisible  brackets  around  some  parts 
of  the  expression.  In  the  present  assessment,  we  found  that  the  problem  is  more  general  and  can 
be  Mewed  as  a  detachment  of  a  term  from  the  indicated  operation.  The  issue  here  is  more 
complex  than  it  may  appear.  In  fact,  some  detachment  is  essential  if  one  wishes  to  follow  the 
con\entions  regarding  the  order  of  operations.  For  instance,  in  e\aluatmg  s-fvslf)-"  the 
student  must,  temporarily,  detach  the  6  from  the  indicated  addition.  This  imuht  lead  to  some 
over  generalizations. 


s  ■  3-",  was 
n- 


We  ha\e  found  e\idence  of  such  detachments  throughout  this  imestigamm  {">,-.  ,  , 
viewed  as  27-<5  3):  24  3x2",  as  24  (3x2):  926-167- 167=.  as  926-<l67- 167)  V„- 
2-5-11  3-5.  as  4-n-(2-5)-ll  3-5  ),  we  had,  howeNer,  prepared  three  specific  string 
problems  that  w  ere  vcr>  likely  to  induce  a  high  rate  of  detachment  We  spcctficallv  asked  the 
students.  Without  using  the  calculator,  just  bj  looking  at  the  numbers  and  the  operations 
can  you  show  me  a  quick  way  to  find  the  answtr  to  this  problem?  Can  vou  think  out  loud 
so  that  I  can  follow  you?  The  first  string  was  50-10-10-  10-  ?.  NearK  hall  of  the  students 
(13.  48  1%).  detached  thelOs.  they  first  added  the  three  tens,  got  50-3(1  and  ga\e  ?(>  as  an 
answer  The  second  string  was  167-20- 10-30  %  10  students.  (37.0%),  detached  and  got  167- 
60  as  an  answer  When  asked  to  explain  his  procedure  one  of  the  students  said  "I  am  not  sure 
but  when  >ou  first  make  the  additions,  it  becomes  much  easier  ."  Another  student  said  "  all 
the  operations  are  additions  and  subtractions,  being  performed  at  the  same  time  what's 
convenient  is  the  basis  tor  im  decisions  II  they  were  mixed  with  multiplication  I  have  to  be 
careful" 

Regarding  the  consistent  of  the  behauor.  10  students  detached  in  both  cases,  m  Mnng  I  and 
in  string  2.  It  we  wish  to  find  a  relationship  between  those  students  who  detached  in  string  I 
and  in  the  order  of  operations.  (27-5-  3).  or  could  no  longer  decide  after  being  challenged  we 
find  that  7  ot  them.  (77  8%).  detached  in  both  cases.  From  this  we  can  infer  ihat  a^si/able 
number  ot  students  detach  consistent^  However,  these  results  also  show  that  one  mmht  detach 
in  one  string  but  not  in  another 

5.  Jumping  off  with  the  posterior  operation.  In  our  preuous  work  (Herscouts  &  I  mchexski 
l*»lh.  hnchevski  &  llctscoucs,  »W2J.  we  have  noticed  that  some  ot  the  students  wh.le 
grouping  like  terms  in  which  a  distance  between  the  terms  is  in\ol\ed.  (e  u  IIW>  61,  tend 
to  focus  on  the  operation  followmg  the  term  ,<c.g  1 1 5-),  to  ignore  the  operation  preceding  the 
term  that  is  being  combined  .( -9),  and  to  subtract  the  two  terms  ( 1 15-9,  instead  of  adding  them 
(US  9 1  |«,  further  imestigate  this  tendency  we  prepared  four  specific  problems  In  the  first 
two.  students  were  asked  In  this  string  of  operations,  without  working  it  out,  can  you  sec 
terms  that  could  cancel  each  other? 
l)2P-l75-2r+|7S+6T=?      2)  217-175  +217-175+98=? 
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Table  4:  Prreeived  cancellations 
No.  of  students  who  in  string  1 


f»«rAdll7comtrt>- 


f»»critdt7Si»conrtcHy 


Frtqutncy 


13(48.1%) 


No.  of  student*  who  in  string  2 

cincekd  217  incorrttlly  

f.nrrtfd  175  incorrttlly  


Frequency 


15  (55.6%) 


13(48,1%) 


.ocancel  .75  -nstrmg  Uh^h^^ 

and  to  ignore  the  plus  sign  prccedmg  the  fourth  ^^STsSeedon  string  1  because 
second  string.  1,  is  also  interesting  to  ^^^^jSSESSSd  tburth  terms 

The  las,  mo  erases  ,„  this  secuon  were:  Here  is  a  string  ^rations.  .  would  HUe  ,„  Jo 

.  *CrC  3)195+67-117+39=?  4)217+39-162-17=? 
Tahle  S:  Studento  handling  "f  brings  3  and  4 


No.  of  students  who 


xddfd:  195+117 
subtracted  :  67-39 

refused  IQ  perform  citrc  at  

added  :  217+162 
added  :  39+17 
_™fn«ed  lo  perform  c tercisc  


Frequency 


10(37.0%) 
4(14.8%) 

2  (7.4%)  

10(37.0%) 
4(14.8%) 

2  (7.4%) 


>    « i  - » *  ° ^  *  *»  te.  sia  .ih.  cto  „  , 

217- 175-21/  in  o.  .  in  »"«.  .,  ]7-  (     ,  something.  then  1 

middle  (the  wo  digit .  so  I  have  to  add  fl     n  hl  ,  can,, 
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instruction  ,n  algebra.  In  most  of  the  cases  the  students  were  able  to  solve  the  equations 
successfully  us.ng  procedures  based  exclusively  on  numerical  manipulations  or  numerica 
subsmut.on.  However,  when  the  students  failed  to  handle  an  equS.ionsuccessful  Iv  we  wer 
able  to  relate  „  ,0 ,  some  of  the  cognitive  obstacles  identified  in  the  firs,  part.  Fw  instance  the 
p  oblem  of  detachment  occurred  in  several  instances.  For  example  in  solving  eqSon  £ 
5-T  V-^T         Stflent?Qinserted  "rackets  and  actually  solved  the  equa lion 

r  ii  l  tm  equatl0"  llke  39+  -  -12=74'  6  «xth  graders  jumped  off  with  the  addition 
followmg  39  and  obtained  39H2.  The  number  of  studentt  that  were  rTo.  effect  a,  all  in  one 
context  or  another,  by  some  of  these  problems  was  very  small. 

(out  of" the  S  n"  l'™™  Md  eXpoSC  how  ^encralizcd  ««  ^'fowing  three 

(out  of  the  e.ght)  problems  are:  1)  the  detachment  of  a  term  from  the  indicated  ooeratL- 
m.sunderstand.ng  of  the  order  of  operations;  3)  jumping  with  the  po«ri?SSi 
E3&1  Eaii  Fie3 
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Throughout  the  Grade  6  assessment  there  were  82  instances  ofdc.achmem  from  the  indicated 

r:  lrr  iv° 1  \e  can  sce  ,hat  °niy  ,hrec    -  ^^zZLt^ 

face   the  prob  em  of  detachment.  Among  the  II  students  considered  strong  the  averaTe 

teSSfVP  Per,S,Urdem-  am°nS  ,hC  10  ^  stu<^  'he  frequen  v°  as  ^ 
the  6  weaker  students  the  frequency  was  4  50  ~  "  8 

There  »n  .tocher  78  c.ses  or  jumps  „j,h      po^io,  0„„,lon  „  .,„„„  , 

tvfxctcd  I  he  average  frequency  for  the  strong  students  was  1  18  Per  sturW  ttr  ,k 
group. uas  120.  and  for  the  weaker  s.udemsl.  was  3.50  *  ' 
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Discussion 


Since  pre-algebra  deals  with  the  interface  between  arithmetic  and  algebra,  as  such  it  concerns 
itself  not  only  with  the  initial  construction,  the  genesis,  of  algebraic  concepts  but  also  with  the 
specific  arithmetic  skills  required  to  handle  them.  In  arithmetic,  we  can  at  times  bypass  the 
properties  and  conventions  and  replace  them  with  an  operational  approach,  while  in  algebra 
those  properties  and  conventions  prove  to  be  essential.  For  instance,  had  we  agreed  to  insert 
every  possible  pairs  of  brackets  in  each  arithmetic  string,  we  could  have  avoided  the 
convention  of  the  order  of  operations  in  most  cases.  In  algebra,  w  hen  it  comes  even  to  a  simple 
equation,  like  6-<-9x_=60  or  6x_-9x  _=60,  we  cannot  handle  it  without  the  order  of 
operations.  The  16  students  who  failed  in  solving  this  equation,  in  the  second  part  of  the 
assessment,  were  using  an  incorrect  order  of  operations. 

Our  prior  studies  had  identified  some  cognitive  obstacles  of  a  pre-algebraic  nature.  The  results 
of  the  present  Grade  6  assessment  confirm  their  existence  and  increased  their  number  to  eight. 
The  existence  of  so  many  cognitive  obstacles  together  with  the  students'  inability  to  operate 
spontaneously  with  or  on  the  unknown  (Filloy  &  Rojano.1984:  Herscovics  &  Linchevski,IW4), 
may  explain  why  such  a  large  number  of  students  find  it  difficult  to  learn  algebra,  nor  are  we 
likely  to  have  exhausted  the  topic  of  cognitive  obstacles.  How  to  cope  with  these  pedagogicallv 
is  complicated  by  the  fact  that  they  are  so  interrelated.  For  topics  presently  taught  in  primary 
school,  such  as  the  order  of  operations,  alternative  presentations  may  help.  The  rational  behind 
the  conventions  needs  to  be  explained  and  discussed  so  that  these  rules  are  viewed  as  necessary 
and  do  not  appear  arbitrary.  The  tendency  of  some  students  to  over-generalize  has  to  be 
addressed  explicitly  and  this  may  help  to  prev  ent  some  of  these  problems.  Perhaps  the  context 
of  the  order  of  operations  will  prove  to  be  appropriate  for  a  discussion  of  the  detachment  of  a 
number  from  the  preceding  operation.  The  introduction  of  brackets  also  needs  a  new  type  of 
presentation.  It  is  not  enough  for  the  students  to  know  that  they  indicate  the  operation  that  has 
to  be  performed  first.  The  operational  properties  of  brackets  need  to  be  discussed. 

The  other  cognitive  obstacles  identified  in  this  paper  may  be  difficult  to  treat  in  arithmetic  for 
the  lack  of  contextual  motivation.  In  the  context  of  pre-algebra,  questions  regarding  the 
cancellation  of  equal  but  opposite  terms,  backwards  reading,  jumping  off  with  the  posterior 
operation,  and  partial  sums  are  relevant  problems,  in  any  case  all  these  obstacles  constitute 
topics  that  need  to  be  covered  in  any  course  preparing  the  student  for  algebra. 
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Eliciting  the  meanings  for  algebra  produced  by  students: 
knowledge,  justification  and  Semantic  Fields 
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h'oi  ihejxisl  mv  i/cur*  nx"  Unix-  ln'tfn  etij/fl ;;<v/  iti  (fciv/opiii/  u  f/i«-ui«-fi«  ii/  tuitim'Utnk  u7ue/l 
act'Vitllls  fvr  tnt'dliinfj  In  inaf/ie/nufie.s.  jjie  77ir<>/efi.  «/  ^U<U'I  of  I/ic  ,sY'ii«xti/i<  f-VMs  /n  f/n.s 
/w{/kt  i  iv  disci  t.s,S  /xtriqfn  I  1?  U'SSon  l>>rirf  slilf/i/  ififfi  /Iki/i/ui/i  jmr/i  (jmdet*.  HI.'  ift-uts 
aft//,  tflurii  ts  txistut  on  «m  (/i»,(i(i'(K*(i//nitmMi*»(A  77i<-  ci-nricif  v  fn*,:,s  i>;  j/jis  /m/- -i  uii' 
iii  m  «i;/ne  A"  /Jn1  iiij/vu/nnre  of  f/i(>  ttwott-iu  ttl  cufiMiiii  f  Scnifintic  Field  i»i  //tc  s/ndi/  <»/ 
fuipiin'  knowledge,  (a}  /»» j/N'seni  our/  r/rsrt'hss  f /i« ■  di-.f«irit;m  /Win-en  solurum-drtec/i 
actmtH's  and  justification-driven  <\ct\rUu^. 


Tor  tlit*  past  six  yea  is  we  \ui\v  Ix'cn  engaged  in  devc taping  .1  llrei  ndii  .il  llniiirwoi  k 
which  accounts  for  meaning  in  mathematics,  in  paitieular  111  algchia.  including  a 
characterisation  of  ulcjchituc  thinking  (tans.  1 5 it*0.-  t'.^.Ua  .S:  t).  1  *r-*S As  a  lesuli  vw  have 
ptntttirrd  The  Theoretical  Model  of  the  Semantic  Fields  ITMSF1  tLins.  IJUMI  We  acknowledge 
that  the  renn  senumtk'fteld  has  tx*-*n  used  by  other  autlntis.  mainly  linguists  (see.  fm  exunple. 
Ciiantly  10871.  but  also  by  mathematical  cducatois  (s.c  foi  example.  Hucro.  19021. 
Nevertheless,  (tin  conception  of  a  semantic  field  inust  not  tie  confounded  with  an>  of  those,  as 
11  anscs  tioni  an  t'  |  >i>  1 1*  nu>l>  i«ik-*i  1  approai  h  which  is  essentia  IK  ilistnit  t  houl  the  oiks 
sup]  k  tiling  tlbvst*  i\u>  conceptions — which  arc  b\  tin*  \vn;- .  also  distiiu  1  tun  11  one  aimilu*i . 

In  this  we  discuss  pail  tit  a  1 2- less.  111  long  study  with  an  inlai  1  class  nl  Itia/iti.in 

siMh  giadcis  (II  12  years-old).  Currently.  a  fully-fledged  ptojtvt  is  Ix-ing  cai  1  ted  mil  .mi  the 
Inn's  of  1 1 ic  studs  here  analysed-.  The  central  objectives  nl  this  piper  ale  (il  to  argue  lot  the 
imp  .1 1. mi  e  ul  the  theoretical  construct  .S'JdtirKir  Field  111  the  study  of  pupils  hunrl'-dtie:  (ill  ui 
I  'u  seiii  .ii id  diHi  uss  the  distinction  lx*twecn  xaluiian  diieen  ai  tivities  .11  id  itt&titietitRHi  dtiwu 
.!•  tKities 

The  reutnil  U'seaieli  (jnesii.in  mi  tin-  studs  was  the  nutim*  til  an  epistciuolngtcnl 
"Kst.ii  |e  ui  ifhitK  ill  to  the  "manipulation  of  lite  unknown."  suggested  by  Ft  I  Joy  and  colleagues 
(( i.ill.itdit  tSr  Roj. 1110.  10871.  It  was  tmr  hypothesis,  alieady  sup(>oited  by  evidence  frotn  an 
e.uliei  pilot  siudy  (unpublished!,  fioui  an  eMeusive  sludy  of  pupils'  solutions  lu  "algebta 
piohlcuis'*  and  honi  a  hlstoiieal  si mly  ofalgelna  and  (il  algebraic  thiukuigC.ius  \'.%V;\\  that 
lliose  dtllli  ulMcs  uvie  dinvtly  linked  to  the  ua\s  111  which  students  ptodiicc  iiie.uititg  toi  ihe 
cipiai ions  pto|xis(xI  lo  them.  The  teach itige.Njjciiuicul.  put  ol  which  is  disi  usseil  in  ibis  |».ii»,'i 


1  \tWusN  1  V|Hi>tkM.ikiluIic.i,  \\  21  \  IM^  Ui.x'l.uit  s|\|ii;i/|| 

I  ni.ui  1 1  i«-H*-<nnxri  hui  \n  sr 

-/  Vis/jA  ini;  utt'itititii*  ft>t       />m  ■/  tc\c<u*  hit!t<fdi  \i  I.  ,"»i<  »; />/(■/,, m  acDtl.iNx.mnti  K(«c\  ii  .1  (titiivh  Uanui 

II  u-  liMilnU'  ol  I  -tlih.itiou  (I  imi        till  oiultxi).  Ui  th\  Iv'sJitiillkl  MilIviLlUiI.  .Khl  .1  Ml.l/lll.lll  k.un  ,il  I  V|H  tt| 
M-illmluius.  I  N"l.srKu>(  I  m\  k%\\n  iIh~  .11  It  1 101 
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aimed  at  showing  that  it  is  possible  to  develop  a  teaching  approach  which  avoids  difficulties 
with  the  "manipulation  of  the  unknown."  by  producing  a  working  context  where  that  activity 
may  become  "senseful."  and  understood  as  one  way— among  others— of  producing  meaning  for 
equations  and  their  manipulation. 

Theoretical  Background 

The  theoretical  support  for  both  the  development  of  the  activities  and  the  analysis  of  the 
results.  Is  drawn  from  two  sources:  the  Theoretical  Model  oftlie  Semantic  Fields  ITMSFI.  and 
the  Ideas  of  Vygotsky.  particularly  m  lts  Influence  on  the  work  of  V.V.  Davydov. 

At  the  heart  of  the  TMSF  Is  a  particular  conception  of  knowledge:  knowledge  Is  a  pair 
formed  by  a  statement-belief— that  is,  a  belief  which  is  stated— together  with  a  jusfl/lcafion  for 
it3;  for  instance,  one  might  say  that  In  relation  to  the  equation  3x+ 10=  100  "one  may  take  10 
from  each  side"  (statement-belief) .  with  fhejustj/loafion  that  "it  Is  as  in  a  scale-balance."  Such 
Justification  does  not,  of  course,  appry  In  the  case  of  the  equation  3x+ 100=10.  but  this  does  not 
impry  that  the  satetement-bellef  could  not  be  held  by  the  same  subject  In  relation  to  the  second 
equation;  another  Justification  would  have  to  be  available.  In  which  case  a  different  knowledge 
would  be  produced.4  Such  mechanism  has  been  shown  to  be  of  great  relevance  In  the  study  of 
pupib' understanding  of  "algebra  problems"  (Uns,  1992a,  1993). 

A  second  key  concept  in  the  TMSF,  meaning  is  understood  as  the  relationship  between 
the  statement-belie/ and  the  justlfkatkin  in  a  given  knowledge,  the  full  "being  together"  of  the 
two  elements  in  a  knowledge.  To  say  that  a  piece  of  mathematics  is  meaningful  to  a  person,  is 
to  say  that  the  person  possess  some  knowledge  about  that  piece  of  mathematics.  A  lack  of 
understanding  must.  then,  be  seen  as  a  lack  of  meaning.  But  If  it  Is  immediately  possible  to 
relate  positively  meaning  and  knowledge,  the  mechanism  which  allows  relating  the  lack  of 
meaning  to  the  non-realisation  of  knowledge  requires  some  further  elaboration.  The  third  key 
concept  of  the  TMSF,  that  of  Semantic  Field,  provides  what  to  required. 

A  Semantic  Field  is  a  mode  of  producing  meaning.  We  can  speak,  for  example,  of 
producing  meaning  for  the  equation  3x+ 10=  100  within  a  Semantic  Field  of  a  scale-balance,  or 
within  the  Semantic  Field  of  algebraic  thinking  (see  Uns.  1992a).  or  within  a  Semantic  Field  of 
whole  and  parts.  But  within  the  first  or  the  last  of  those  Semantic  Fields,  it  is  not  possible  to 
produce  meaning  for  the  equation  3x+100»10.  A  Semantic  Field  corresponds  to  possibilities  of 
prcduclngjusd/fcattoris,  and.  thus,  of  enunciating  statement-beliefs.  The  same  statement-belief 
may  be  Justified  within  different  Semantic  Fields,  but  to  each  justification  corresponds  different 
knowledges. 


j  Although  not  orifuully  derivedfrom  it,  cur  conception  ben  •  similarity  with  the  dasskai  definition  of 
knowtedfcKp*p,p,Jp  Cjuatifiec;  true  betid";  «ee  Etoho.  1990);  i  detailed  diicufon  of  thtl  similarity  U 
fandinLir»(1994).  A»to«yobjecbc«iinRiMion 
the  itadcrii  referred  to  Ayer  (1986). 

4Exp)iddy  MMC&  Ae  hmHedgt  com* luted  by  tie  p»r(cneni»ytjfa!lhe«»«frambothskk«.awcdtf  likea 
wde-biLnse)  a  Affereit  (men  file  knowledge  cowtitufcd  by  the  ywii  (are  tniy  Iffce  the  *mc  from  both  ndet.  it  ii » 
property  of  lunericsl  equalities).   ...  
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A  brief  example  might  serve  to  show  in  what  sense  the  concept  of  a  Semantic  field 
throws  light  in  the  process  of  knowledge  production.  In  relation  to  the  equation  3x+l  0=100.  a 
teacher  and  a  student  might  agree  on  the  statement-belle/ "we  can  take  10  from  each  side." 
although  the  teacher  has  a  Justification  produced  in  terms  of  properties  of  the  equality  in 
relation  to  the  arithmetical  operations,  while  the  student  has  a  Justification  produced  in  terms 
of  a  scale-balance;  there  are  distinct  fcnomtedges.  It  should  not  come  as  surprise— although  so 
many  times  similar  situations  do.  and,  interestingly  enough,  also  for  researchers — that  when 
presented  with  the  equation  3x+ 100=  1 0,  and  even  being  able  to  deal  correctly  with  negative 
numbers,  the  student  will  say  "it  doesn't  make  sense."  (see,  for  example,  chapter  4  of  Lins, 
1992a).  The  false  paiadox  arises  when  we  mistakenly  assume  that  the  student  should 
naturally  "apply"  to  the  second  equation  the  statement-belief  which  had  been  enunciated  in 
relation  to  the  first  equation;  but  loioujtedge  Is  an  irreducible  composition  of  a  statement-belle/ 
and  a Justification. 

But  what  the  concept  of  Semantic  Field  also  indicates.  Is  that  while  there  is  notlilng  in 
the  equations  themselves  which  can  be  linked  with  the  production  of  meaning.  the  same  Is  true 
of  any  environment  or  context,  no  matter  how  tempting  it  might  be  to  say  the  opposite.^  In 
fact,  "real  objects"  are  in  themselves  as  "semantlcally  empty"  as  any  x's  and  y's  can  be.  It  is 
true,  however,  that  culturally  one  situation  will  probably  be  more  strongly  associated  with  some 
Semantic  Fields  than  with  others,  as  Is  the  case  of  situations  Involving  money  6. 

Although  central  in  the  model,  the  brief  discussion  of  those  three  concepts — knowledge, 
meaning  and  Semantic  Field— provides  only  the  elements  which  are  essential  in  the  context  of 
this  paper;  for  a  full  presentation  and  discussion  of  the  Theoretical  Model  of  the  Semantic 
Fields,  the  reader  Is  reflered  to  Uns  (1994). 


Theoretical  support  to  this  study  also  comes,  as  we  have  said,  from  the  work  of  V.V. 
Davydov,  which  is,  on  its  turn,  based  on  ideas  from  Vygotsky.  Davydov  has  done  intensive 
research  on  the  teaching  of  mathematics  for  young  children.  In  one  of  those  experiments 
(Davydov,  1962)  he  started  from  modelling  simple  situations  with  whole-part  models,  and  from 
there  moved  to  exploring  the  manipulation  of  quantitative  relationships.  The  use  of  literal 
notation  was  Introduced  rapidly  and  without  trouble,  becoming  a  valuable  and  adequate  loot  In 
that  context. 

We  understand  that  the  Importance  of  those  studies  to  twofold.  First,  they  point  out  to 
the  ways  in  which  the  use  of  symbols  may  produce  a  shift  from  the  solution  of  problems  to  the 
investigation  of  methods  of  solution.  Second,  by  starring  from  the  manipulation  of  whole-part 
relationships,  as  a  support,  and  then  moving  to  the  manipulation  of  the  expressions 
themselves,  the  work  of  Davydov  suggests  a  fruitful  but  not  fully  explored  vein.  In  many 
respects  it  may  be  said  that  the  passage  from  the  "tanks"  to  the  manipulation  of  expressions  is 
not  really  different  from  approaches  using  "concrete  material"  or  "contextualised  situations." 


5l:or  uutanu:,  il  is  not  the  case  thai  when  dcaluig  with  a  scale-balance  ore  will  necessarily  operate  within  a 
Semantic  Field  of  a  scale-balance,  sonic  people  will,  instead,  operate  wi  tin  the  Semantic  Field  of  algebraic 
limiting. 

«Il  is  hnnl  to  believe  (hat  even  n*i  i'jdo*  would  set  andaoj  j|£^equatkii  to  calculate  the  change  in  the  market. 
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But  there  Is  a  distinctive  feature  In  Davydov's  approach,  namely  that  the  whole-part  model  Is 
used  to  generate  the  expressions  which  are  to  be  manipulated,  and  not  to  Illustrate  the  rules  of  . 
manipulation;  what  Is  lacking,  however.  Is  the  understanding  that  there  are  two  modes  of 
producing  meaning  In  play,  and  that  this  situation  should  be  explicitly  addressed  by  teaching. 

The  combined  use— in  Davydov's  work— of  symbols  interpreted  within  a  familiar 
Semantic  Field  .  within  which  the  logic  of  the  operations  is  sufficiently  clear,  together  with  the 
Intention  of  systematizing  that  logic  of  the  operations  Into  principles  which  would  guide  the 
manipulation  of  the  expressions,  naturally  leads  away  from  the  traditional  approach  of 
achieving  that  objective  through  a  generalisation  of  arithmetic.  When  Freudenthal  (1974)  says 
that  "...generality  Is  not  always  achieved  through  generalisation,"  he  Is  in  (act  pointing  out  to 
the  need  of  Introducing  a  kind  of  activity  In  which  generality  Is  at  the  starting  point.  It  Is  not 
Just  a  target.  To  those  activities  we  will  call  justljlcatton-drtven  activities,  and  they  will  be 
naturally  opposed  to  solurlon-drtuen  activities. 

From  Davydov's  work.  then,  we  borrow  those  two  aspects:  (i)  operating  within  a  familiar 
Semanllc  Field  as  a  way  of  generating  meaningful  quantitative  relationships  In  the  forrri  of 
expressions:  and.  (11)  the  Implicit  distinction  between  sofutlon-drtuen  andJuslZ/lcatlon-drtuen 
activities. 

The  condition*  of  the  study 

The  study  was  carried  out  In  1990.  at  the  Escola  de  ApUcacao.  a  school  set  as  part  of 
the  School  of  Education  of  the  University  of  Sao  Paulo.  The  activities  were  discussed  with  the 
class  teacher.  In  order  to  guarantee  that  they  would  effectively  contribute  to  the  already 
planned  teaching,  and  that  they  would  not  be  seen  by  the  students  as  mere  "extras."  Solving 
equations  and  using  equations  to  solve  problems  were  part  of  the  program,  and  the  only 
required  change  was  In  the  planned  schedule  for  the  lessons.  Students  were  told,  however,  that 
those  lessons  were  part  of  an  experimental  teaching  program.  The  researcher  participated 
regularly  In  the  lessons,  sometimes  in  the  role  of  a  teacher.  Students'  work  has  been  preserved 
in  photocopies  of  their  notebooks. 

Caaroon  acthrtty 

The  first  activity  proposed  was  based  on  a  diagram  given  to  the  students: 


With  9  more  buckets,  the  tank  on  the  left 
will  be  full:  with  S  more  buckets,  the 
tank  on  the  rttfit  will  be  full. 

What  can  we  say  about  this  tank  situation?   
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Students  were  then  encouraged  to  produce.  In  small  groups,  expressions  which  could 
be  shown  to  correspond  to  the  situation,  together  with  a  justification  loi  die  adequacy  of  each 
expression  produced.  The  use  of  "arithmetical"  notation  (using  the  signs  for  the  arithmetical 
operations)  was  directly  suggested  by  the  teacher,  and  there  was  some  negotiation  as  to  the 
letters  to  be  used.  The  water  on  the  left-hand  tank  was  notated  x.  and  the  water  on  the  right- 
hand  tank  notated  y.  while  a  bucket  was  b. 7 

Some  of  the  expressions  generated,  with  their  justifications,  were: 


Justifications  tor  adequacy 

X  +  9.b  =  y  +  5.b  this  phrase  Is  correct  because  the  two  buckets 

Istcl  will  be  a  whole" 

X  +  4.b  =  y  "If  I  add  4  buckets  to  the  tank  on  the  left,  they 

will  have  the  same  amount" 

X  +  2.b  =  y-2.b  -,  +  2  buckets  will  fill  the  tank,  with  7  buckets 

missing  (stc).  And  In  y  there  are  5  buckets 
missing,  and  IT  we  do  -2'becomes  -T 

X  +  3.b  =  y-b  "6  buckets  wUJ  be  missing  on  x.  and  on  y  5  are 

missing  If  still  another  1  Is  missing,  also  6  will 
be  missing* 

As  those  four  examples  Indicate,  the  validation  of  each  expression,  ie.  the  production  of 
Justifications,  was  done  by  referring  back  to  a  kernel— the  "tank  situation."  The  students  were 
operating  within  a  nucleated  Semantic  Field  of  a  tanks  situation. 


The  next  step  was  to  propose  another  approach  to  the  Justification  of  the  adequacy  of 
new  expressions.  We  asked  the  students  to  And  a  transformation  of  the  expression  x+9b*y+5b 
which  would  lead  to  the  expression  x+4b=y.  The  Importance  of  having  passed  through  the  first 
phase — generating  the  expressions— Is  that  there  were  now,  available  to  the  new  activity,  a 
large  set  of  expressions  to  be  manipulated,  and  those  expressions  were  meanlngfui.The 
students  had  no  difficulty  In  producing  transformatfons  such  as  "take  5  buckets  from  each 
side." 

For  each  new  expression  generated  from  then  on,  the  students  were  required  to  produce 
both  ajusfl/lcallon  of  Its  adequacy  In  relation  to  the  kernel,  and  another  Justification  of  its 


ftartufliicac  "bucked"  is  "bjldc»." 

—  lotS  — 
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adequacy  from  the  application  of  a  transformation  rule  to  a  previously  established  expression. 
Within  the  new  mode  of producing  meaning,  expressions  are  directly  linked: 


x+3.b  =  y-b  <4  ►  x  +  Zb-y-2.b 


The  use  of  the  transformation  rules  produced  expressions  which  could  not  be  easily 
made  sense  of  within  the  Semantic  Field  of  the  tanks,  as.  for  instance.  2x+8b=2y.  imposing  the 
discussion  of  the  diiTerences  between  the  two  modes  of producing  meaning.  The  distinction  was 
made  even  sharper  when  expressions  were  generated  which  the  students  could  not  be  sure 
whether  they  made  sense  at  all  within  the  Semantic  Field  of  the  tanks,  as  in  the  case  of 
x-30b=y-34b.  once  one  could  not  he  sure  of  the  possibility  of  taking  30  buckets  of  water 
fromx. 

Having  established  some  degree  of  Independence  of  those  specific  expressions  In 
relation  to  the  kernel,  we  could  move  to  tlie  manipulation  of  expressions  which  had  not  been 
generated  within  some  nucleated  Semantic  Field,  as,  for  example,  transforming  the  expression 
3x_4*=2y.  This  part  of  the  work  was  always  carried  out  with  a  target  In  mind,  for  instance, 
transforming  that  expression  in  a  way  to  obtain  another  expression,  of  the  form  4«=...  .8  The 
fact  that  the  students  could  correctly  deal  with  tills  kind  of  task,  suggests  that  the  exit  In  the 
previous  part  of  the  teaching  was  not  due  to  the  support  offered  by  the  ■context"  of  the  tanks. 
Rather,  once  the  direct  manipulation  of  expressions  had  become  a  "senseful"  activity,  not  only 
the  technical  difficulties  did  not  occur,  but.  also,  the  students  began  to  bring  Into  play  methods 
produced  In  arithmetic  (for  example,  simplifying  simple  rational  expressions). 

Diacuaaion  and  oonclialom 

The  aspect  which  will  be  discussed  here,  of  the  teaching  experiment  partly  presented  In 
the  previous  section.  Is  the  role  played  by  the  theoretical  framework  In  the  design  of  the 
activities  and  In  the  analysis  of  the  results.  Any  lenghty  examination  of  the  learning  outcome  of 
the  approach  we  propose  has  to  be  preceeded  by  that  discussion;  the  presentation  and 
dlscusston  of  a  teaching  approach  based  on  the  DBF  will  be  found  somewhere  else  In  the  near 
future. 

The  theoretical  construct  Semanik:  Fleid  was  at  the  heart  of  the  process  of  designing  the 
activities,  pointing  out  to  the  need  of  having  pupils  to  present jusU/lcaflons  for  the  correctness 


8Inchoo«tr£lhjfc«ru<forir*activity,wc  Wto  percqnemof  the 

exfjicsaom  (Cf .  Lin.  1993)   j   
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of  the  expressions  [statement-beUefs)  produced.  The  importance  of  those  explicit Justifications  is 
twofold.  First,  they  supported  the  introduction  of  the  direct  manipulation  of  expressions  as  one 
way — among  others — of  making  sense  of  producing  new  expressions:  In  fact,  the  manipulation 
of  expressions  is  seen,  in  the  context  of  the  activities  proposed,  as  the  production  of  new, 
adequate,  expressions.^  Second,  in  order  to  focus  sharpfy  on  the  production  of  Justifications. 
we  were  led  to  design  activities  where  the  possibility  of  producing  particular  numerical 
solutions  was  denied:  instead  of  "find  a  solution"  activities,  we  proposed  "make  sense" 
activities.  Bruner  (1988)  had  already  pointed  out  a  possible,  and  very  interesting,  paralcll 
between  the  notion  of  given  and  new  tokens  in  speech — Introduced  by  linguists — and  the 
behaviour  of  subjects  prompted  to  "think  aloud"  while  solving  problems.  Bruner  observes  that 
those  subjects  produce  a  speech  (which  is  likely  to  be  a  spoken  version  of  the  inner  speech) 
from  which  thegluen  Is  very  much  supressed.  From  the  point  of  view  of  tlx:  HXSF.Justtpcations 
certainty  belong  to  the  class  of  the  given,  as  they  must  be  accepted  before  being  able  to  provide 
an  anchor  to  new  statement-beliefs.  The  format  adopted  in  our  activities,  led  the  students  to 
deal  with  both  the  new  and  with  thegluen;  as  a  consequence,  they  were  not  working  only  with 
solving  problems,  but  also  working  on  producing  and  enriching — and  Internalising — new 
Semantic  Fields,  ie,  new  modes  of  producing  meaning.  In  Lins  (1994)  we  present  a  full 
discussion  of  the  role  of  internal  and  external  Interlocutors  in  the  process  of  developing  Semantic 
Fields  [knowledge  production). 

The  feet  that  our  students  did  not  have  any  substantial  difficulties  In  dealing  with 
literal  expressions  suggests.  In  the  light  of  the  TMSF.  tliat  this  process  is  directly  linked  to  the 
ways  in  which  meaning  Is  produced  for  those  expressions.  As  we  had  already  indicated  (Lins. 
1993).  the  "analytical  behaviour."  dealing  with  the  unknown  as  If  It  were  "known."  is 
subordinated  to  particular  characteristics  of  the  Semantic  Field  within  which  the  student  Is 
operating. 

Tlx  two  key  aspects  of  the  dynamics  of  the  teaching  approach  adopted,  are  what  we  call 
uerticaf  and  horizontal  developments .  The  former  consists  In  the  production  of  new  statement- 
beliefs  within  a  given  Semantic  Field,  while  the  latter  consists  In  the  reinterpretation  of  "old" 
statement-beliefs  within  another  Semantic  Field.  Vertical  development  enriches  modes  of 
producing  meaning:  horizontal  development  enriches  the  overall  capacity  of  a  system  of 
knowledge  to  produce  new  knowledge,  but  it  also  enriches  the  global  meaning  of  statement- 
beliefs. 

Based  on  the  theoretical  framework,  and  on  the  overall  results  of  the  teaching 
experiment,  we  suggest  that  the  design,  conduction  and  analysis  of  classroom  activity  should 
be  considered  on  a  three -component  system: 


'in  the  process  of  '"propcrl y"  solving  equations,  each  transfomution  is  seen  as  specialised,  in  the  seme  thai  it  is 
almost  necessary;  although  in  many  teaching  approaches  one  finds  the  requirement  of  adding  "jiBflkatiaB"  lo  each 
"step"— eg,  "do  the  same  lo  both  ■do"— those  transformations  are  dealt  with  from  a  very  narrow  perspective,  and 
as  a  consequence,  the  idea  of  using  those  transformations  vo  articulate  expressions  in  a  way  toexprcss  more  than 
initially  available— for  instance,  manipulating  an  expression  to  show  thai  the  number  of  black  tiles  on  a  pattern  is 
always  even — is  not  developed,  in  he  acme  of  it  not  bang  aysjwiniMe  strategy. 
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This  system  should  not  be  seen  as  a  mere  "change  of  basis"  In  relation  to  other  systems. 
Although  the  "concrete-abstract"  distinction  can  be  formally  interpreted  in  terms  of  the  three 
components  of  our  system,  such  exercise  is  of  no  Interest.  The  TMSF  aims  at  replacing  such 
traditional  polarities  with  a  more  flexible  End  precise  framework.  We  think  that  research 
conducted  within  the  framework  of  the  TMSF  should  be  concerned  with  producing  a  distinct  _ 
approach  to  teaching:  what  to  teach,  how  to  teach,  rather  than  with  solving  learning  difficulties 
which  are— more  likely  than  not— produced  precisely  by  the  epistemological  assumptions 
underlying  those  teaching  approaches— eg.  that  there  Is  a  "path"  from  "concrete"  to  "abstract." 
and  even  the  assumption  that  those  two  categories  correspond  to  qualltauvery  distinct  kinds  of 
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INVESTIGATION  OF  A  MODEL  BASED  ON  THE  NEUTRALIZATION  OF  OPPOSITES 
TO  TEACH  INTEGER  ADDITION  AND  SUBTRACTION 


Patricia  A.  Lvtle,  UQAM,  Montreal,  Canada 


Assessment  studies  from  vartaus  countries  have  indicated  student  difficulties  with  integer 
operations,  in  particular  with  that  of  integer  subtraction.  The  most  commonly  used  model 
for  integers  and  their  operations,  the  number  line  (often  used  in  combination  with  the 
traditional  subtraction  rule)  has  been  inadequate  to  produce  understanding  and 
performance.  An  alternative  model,  one  based  on  neutralization  of  positive  and  negative 
quantities,  was  investigated  in  this  study,  and  an  individualized  teaching  experiment 
using  this  model  was  conducted  with  four  grade  seven  students.  Results  of  this  teaching 
experiment  were  encouraging  with  respect  to  the  construction  of  understanding,  but  not 
all  difficulties  were  overcome. 


Large-scale  paper-and-pencil  assessment  studies  are  indicators  of  levels  of  students 
performance  on  various  types  of  tasks.  A  survey  of  the  integer  tasks  in  1 1  such  studies  is 
found  in  Lytle  (1992),  and  the  results  show  that  although  performance  on  integer  addition 
items  varies  from  study  to  study,  within  each  study  performance  on  subtraction  items  lags 
behind  by  about  20%.  Two  smaller  studies  involved  interviews  with  students,  and 
findings  indicated  that  success  in  addition  tasks  was  dependent  on  reliance  on  a  mental 
or  physical  model,  while  success  on  subtraction  items  was  related  to  how  well  a  rule  was 
remembered.  These  findings  were  the  motivation  for  investigation  .  into  a  model  for 
teaching  integer  operations  that  might  give  meaning  to  subtraction. 


Students  develop  number  sense  by  constructing  a  mental  model  based  on  the  concepts 
that  they  know  within  a  physical  model,  where  objects  in  the  mental  model  (in  this  case, 
integers)  correspond  to  objects  they  have  become  familiar  with  (Greeno,  1991).  Within 
this  mental  model,  operations  such  as  addition  and  subtraction  are  performed  with  the 
mental  objects  in  the  same  way  in  which  combining  and  separating  have  been  performed 
on  the  physical  objects.  Models  which  are  used  to  help  students  understand  integers  fall 
into  two  main  categories:  the  directed  number  (number  line)  model,  and  the  discrete 
opposites  (which  can  be  neutralized)  model. 

a)  THE  NUMBER  LINE  MODEL:  When  the  number  line  is  used  for  addition  and 
subtraction  with  natural  numbers,  the  position  of  the  first  number  is  located,  and  the 
direction  of  movement  along  the  line  is  determined  by  the  operation  to  be  performed 
(right  for  addition,  left  for  subtraction).  The  distance  moved  is  the  magnitude  of  the 
second  number,  and  the  result  of  the  operation  is  the  position  reached.  Thus  this  model's 
embodiment  of  number  is  of  both  position  and  distance,  while  the  operations  on  the 
numbers  are  interpreted  as  directions  of  movement. 
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With  integers  the  number  line  takes  on  added  complexity,  especially  when  used  for  both 
addition  and  subtraction,  which  may  be  why  most  authors  advocate  using  the  abstract 
"change  the  sign  and  add"  rule  for  subtraction.  For  addition,  the  direction  of  the  operation 
is  now  determined  by  the  sign  of  the  number  to  be  added  (right  for  positive,  left  for 
negative).  Since  subtraction  is  the  inverse  of  addition,  the  subtraction  of  an  integer  is  in 
an  opposite  direction  to  that  of  the  addition  of  the  same  integer  (e.g.  Chilvers,  1985). 

An  American  survey  by  Crosswhite  et  al  (1986)  revealed  that  87%  of  approximately  500 
teachers  believed  that  "use  of  the  number  line  helped  in  teaching  integers",  yet  this  model 
has  come  under  criticism  by  mathematics  educators  such  as  Ernest  (1985).  In  addition,  in 
the  NAEP  2  survey,  Rathmell  (1980)  compared  success  for  9  and  13  year  olds  on 
addition  tasks  using  either  the  number  line  or  joining  of  sets.  He  found  that  for  both 
groups  of  students  approximately  40%  fewer  students  correctly  used  the  number  line 
compared  to  the  success  rate  with  combining  sets.  Kuchemann  (1981)  recommended 
abandoning  the  number  line  in  favor  of  an  annihilation  model  for  integer  operations. 

b)  the  NEUTRALIZATION  MODEL:  The  neutralization  model  uses  physical  objects, 
such  as  different  colored  bingo  chips,  to  represent  quantities  of  opposite  (positive  and 
negative)  natures.  Physical  manipulation  of  the  objects  (combining  or  removing) 
corresponds  to  mathematical  operations  on  in'egers  (addition  or  subtraction).  Many 
educators  have  explained  how  this  model  works,  but  few  have  explored  it  to  its  full 
potential.  The  most  concise  explanation  is  given  t;  Grady  (1978),  while  the  earliest 
description  of  this  model  appears  in  Haner  (1947). 

The  model's  foundation  is  the  neutralization  of  equal  amounts  of  opposites,  and  the 
concept  of  equivalence  classes  which  allows  any  integer  to  have  many  physical 
representations.  For  example,  the  integer  "3  may  be  represented  in  its  canonical  form  as 
■  ■  ■  or  in  an  equivalent  form,  such  as  ■  ■  ■  ■  fl ,  where  the  combination  ■  f~l  is 
regarded  as  a  "neutral  element"  with  no  value.  Addition  of  integers  is  modeled  by 
combining  the  chips  that  represent  the  numbers.  If  the  two  integers  have  the  same  sign, 
one  adds  up  the  total  number  of  chips:  thus  for  example  "9  +  "4  =  "13.  When  the  signs  of 
the  integers  are  different  and  the  chips  are  combined,  neutralization  occurs  with  equal 
amounts  of  opposites.  Thus  for  example  "9  +  +4  will  have  4  sets  of  neutral  elements, 
leaving  "5  as  the  result.  Subtraction  of  integers  is  modeled  by  removal  of  a  quantity  of 
chips  representing  the  subtrahend.  In  subtractions  such  as  "20  -  "5, 5  chips  are  removed, 
leaving  "15  as  the  result.  For  the  subtraction  "7  -  "12,  there  are  not  enough  chips  to  take 
away,  so  an  equivalent  representation  of  *7  must  be  made  by  adding  enough  neutral 
elements  so  that  there  will  be  12  negatives  to  remove.  The  following  illustration  shows 
how  this  is  done: 
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Once  the  12  negatives  are  removed,  the  result  is  5  positives,  so  "7  -  -12  =  +5. 
Mathematically,  one  asks  "how  many  neutral  elements  have  to  be  added  so  that  all  of  the 
negatives  will  be  removed?",  then  one  sees  that  while  the  negatives  added  are  removed, 
the  positives  added  are  what  remain.  When  the  signs  of  the  integers  are  different,  as  in 
+5  -  '6,  one  needs  to  add  6  neutral  elements  in  order  to  subtract  6  negatives.  The  chips 
remaining  will  be  the  5  positives  that  one  started  with,  plus  the  6  positives  that  came  in  as 
part  of  the  neutral  element,  thus  +5  -  "6  =  +1 1 . 

Little  research  has  been  reported  on  the  success  or  failure  of  the  neutralization  model, 
but  Rowland  (1982)  used  a  variation  of  this  model  (using  a  form  of  equivalency  class 
notation)  with  a  group  of  four  1 1  year  olds.  He  found  that  while  additions  were  not  difficult 
for  the  students,  the  subtraction  procedure  was  not  as  intuitive.  He  did  not  post-test  or 
interview  the  students.  Liebeck  (1990)  taught  two  groups  of  ten  grade  3  and  4  students, 
using  the  number  line  for  one  group  and  a  scores  and  forfeits  representation  of  the 
neutralization  model  with  the  other.  The  students  were  post-tested  six  weeks  after 
instruction,  and  the  scores  and  forfeits  group  scored  slightly  better  than  the  number  line 
group  for  additions,  but  both  groups  did  not  do  as  well  on  subtraction  items,  especially 
when  the  signs  were  different. 

USE  OF  THE  NEUTRALIZATION  MODEL  FOR  TEACHING  INTEGERS: 
AN  EXPERIMENTAL  STUDY 

a)  A  PRIORI  ANALYSIS:  Peled  (1991)  has  made  an  analysis  of  levels  of  procedural 
knowledge  of  integers,  based  on  the  number  line  as  well  as  on  a  quantity  representation. 
Since  the  focus  of  this  present  study  was  not  only  on  performance,  but  also  on 
understanding,  an  a  priori  analysis  was  made  concerning  the  concepts  inherent  in 
understanding  integers  both  from  a  mathematical  point  of  view,  and  from  the  perspective 
of  the  neutralization  model,  using  the  Herscovics  -  Bergeron  (1988)  model  of 
understanding.  This  analysis  formed  the  foundation  for  the  teaching  experiment,  and 
details  can  be  found  in  Lytle  (1992). 

b)  THE  POPULATION:  Two  grade  7  classes  were  given  a  preliminary  pencil-and-paper 
assessment  in  which  items  were  designed  not  only  to  discover  the  level  of  pre-instruction 
knowledge  and  performance  with  integers,  but  also  to  investigate  knowledge  of  some  of 
the  items  inherent  in  the  neutralization  model,  such  as  the  concept  of  neutralization  itself. 
The  survey  revealed  that  negative  number  notation  was  used  by  50%  of  the  53  students 
on  a  task  such  as  2  -  8  =  Q,  and  by  82%  in  a  comparable  temperature  problem.  In 
addition,  50%  of  the  students  were  successful  with  addition  items  involving  a  whole 


-194- 


ERJC  .  8o0 


number  and  a  negative  number,  and  44%  could  subtract  a  whole  number  from  a  negative 
number,  while  only  one  student  could  subtract  a  negative  number  from  a  whole  number. 


Six  students  (two  strong,  two  average,  two  weak)  were  chosen  as  possible  candidates  for 
the  teaching  experiment,  and  were  subsequently  interviewed  individually  in  a  semi- 
standardized  way  in  order  to  probe  more  deeply  into  their  thinking  about  integers.  When 
given  integer  operation  tasks,  none  of  the  students  used  a  consistent  solution  strategy 
throughout,  and  all  expressed  uncertainty  about  their  solutions.  If  anything  was 
consistent,  it  was  their  tendency  to  use  whole  number  analogies.  For  example,  one  strong 
student  rearranged  a  task  like  3  +  "10  to  "10  +  3  because  he  knew  how  to  add  a  whole 
number  from  any  position  on  the  number  line.  Three  of  the  students  expressly  stated  that 
they  did  not  know  how  to  add  or  subtract  a  negative  number  since  these  numbers  were 
lower  than  zero,  and  in  fact  were  "like  zero"  to  them.  In  general,  most  of  the  six  were 
successful  in  operating  on  a  negative  number,  but  not  with  one.  It  seems  that  students 
do  bring  number  line  notions  to  integer  tasks,  but  only  notions  which  are  in  agreement 
with  the  natural  numbers,  and  not  in  conflict  with  them.  When  asked  to  give  a  meaning  for 
a  specific  negative  number,  three  of  the  students  used  a  positional  statement  (under 
zero),  two  mentioned  that  it  represented  "something  missing",  and  one  reported  that  it 
was  the  result  of  a  subtraction.  In  general,  the  students  viewed  the  set  of  negative 
numbers  as  "opposite  to"  the  set  of  natural  numbers. 

c)  THE  TEACHING  DESIGN:  The  teaching  experiment  consisted  of  five  lessons  of 
approximately  40  minutes  each,  on  consecutive  days.  Each  of  the  students  met 
separately  with  the  instructor,  and  all  semi-standardized  sessions  were  audiotaped  for 
later  analysis.  Four  of  the  interviewed  students  were  retained  for  the  study,  and  they  will 
subsequently  be  referred  to  by  the  following  code:  S1  and  S2  for  the  strong  students,  A1 
for  the  average  student,  and  W1  for  the  weak  student. 

LESSON  ONE  began  with  an  exploration  of  the  introductory  notions  of  opposites, 
neutrality  and  neutralization  in  a  non-math  context.  Neutralization  was  also  explored 
within  the  context  of  cancellation  of  numbers  and  their  operations  in  a  string  such  as 
647  +  299  -  299.  The  notion  of  equivalence  was  presented  in  a  money  (coin)  context. 
The  students  were  then  introduced  to  the  concrete  materials:  the  bingo  chips,  which  were 
of  two  different  colors  and  marked  with  either  a  +  or  -  sign.  These  were  called 
positive  chips  and  negative  chips,  with  respective  values  of  "one  positive"  and  "one 
negative".  These  values  were  immediately  represented  by  the  integers  +1  and  "1,  in 
order  to  connect  the  concrete  representation  to  their  previous  integer  notation.  The 
students  were  then  qiven  several  chips  of  the  same  type,  and  were  asked  to  write  an 
integer  to  represent  the  value  ot  the  group.  A  similar  worksheet  activity  included  as  the 
last  task  a  drawing  containing  3  positive  chips  and  one  negative  chip.    S1  and  S2 
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spontaneously  gave  the  correct  value  of  +2,  by  using  cancellation  of  opposites.  A1 
subtracted  (3  -  1),  while  W1  was  unable  to  give  a  value.  Discussion  with  all  4  students 
then  dealt  with  opposites  (■  ■  Bis  the  opposite  of  □  □  □),  neutralization  of  opposites, 
the  existence  of  a  "neutral  element",  and  equivalence  classes  of  integers.  The  students 
were  then  asked  to  find  the  value  of  groups  of  chips  which  contained  both  types  of  signs, 
and  the  procedure  which  they  spontaneously  used  was  formation  of  neutral  elements  by 
neutralization.  They  were  also  asked  to  draw  several  equivalent  representations  of 
specific  integers. 

In  this  first  lesson,  S1  and  S2  had  no  difficulties  with  any  of  the  concepts  presented,  and 
spontaneously  made  connections  within  the  model,  and  from  the  model  to  integers.  A1 
could  often  manipulate  the  concrete  material,  but  was  slower  to  make  the  connection  with 
the  .  abstract  number.  W1  could  not  make  associations  without  intervention  from  the 
instructor. 

LESSON  TWO'S  emphasis  was  addition,  and  began  with  a  review  of  some  of  the  notions 
from  the  first  day.  Written  addition  tasks  were  then  presented,  first  with  integers  of  the 
same  sign,  then  with  opposite  numbers,  and  finally  with  integers  of  opposite  sign.  At  all 
times  the  students  were  asked  to  perform  the  one  digit  additions  with  the  bingo  chips,  but 
were  not  instructed  how  to  use  the  chips.  All  students  spontaneously  constructed  the 
expected  strategies  for  the  first  two  types  of  additions,  and  carried  these  out  mentally  for 
the  tasks  involving  two  and  three  digit  integers.  For  the  addition  of  integers  of  unlike 
signs,  both  S1  and  S2  immediately  neutralized  and  did  so  mentally  with  the  large  number 
tasks.  A1  had  to  be  nudged  to  neutralize  in  the  first  task,  and  then  used  this  procedure  for 
the  one  digit  tasks.  The  first  larger  task  ("4  +  +18)  fell  into  the  category  of  ones  he  had 
been  able  to  solve  before  instruction  (adding  a  whole  number  to  a  negative  number  using 
the  number  line)  and  he  found  the  answer  quickly.  However  when  given  +9  +  "1 5  he  was 
unsure  of  what  to  do,  and  when  reminded  that  he  could  neutralize,  he  did  so,  then  said: 
"Would  it  always  be  the  right  answer  if  you  did  the  bigger  number  subtract  the  smaller 
one?",  indicating  his  need  to  generalize.  W1  also  came  up  with  this  rule  spontaneously, 
based  on  the  results  of  her  neutralizations.  At  the  end  of  the  session,  the  students  were 
given  7  questions  of  mixed  types,  and  were  able  to  choose  the  correct  solution  strategies. 

For  addition,  the  physical  neutralization  moael  appears  to  have  provided  a  basis  for  the 
students  to  construct  a  corresponding  mental  model  for  integers.  It  presented  no  conflict 
with  their  whole  number  knowledge,  but  rather  was  substantiated  by  it. 

LESSON  THREE  began  with  a  review  of  equivalent  representations  of  integers,  A1 
needing  reminders  of  the  infinite  number  of  ways  to  represent  an  integer.  Written 
subtraction  tasks  such  as  "10  -  "3  and  _55  -  "55  presented  no  difficulties  for  the  students, 
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and  no  one  requested  to  use  the  chips.  Next  the  students  were  given  a  task  where  the 
signs  were  the  same,  but  there  were  not  enough  to  take  away,  and  they  were  given  the 
initial  amount  of  chips  in  order  to  force  them  to  consider  the  neutralization  model.  This 
produced  conflict  in  all  students,  S1  stating  (for  +3  -  +8):  "How  am  I  supposed  to  subtract 
positive  8?  You  need  the  other  5  chips.  So  this  is  the  wrong  way".  All  students  had  to  be 
taught  to  change  the  representation  of  the  leading  number  to  an  equivalent  one  which 
would  have  enough  positives  in  it  to  allow  the  removal  of  the  desired  amount.  S1  and  S2 
immediately  adopted  this  concept,  but  S2  often  needed  intervention  to  help  him  decide 
how  many  neutrals  to  add,  and  S1  often  added  as  many  neutrals  as  the  subtrahend.  The 
other  two  students  had  difficulty  in  the  actual  subtraction,  in  that  after  they  had  used  an 
equivalent  representation  for  the  integer,  they  still  viewed  the  representation  in  two  parts: 
"neutrals  plus  the  original  group",  and  they  needed  the  instructor's  intervention  of 
physically  mixing  all  of  the  chips  to  accept  that  the  total  amount  of  chips  could  be 
considered  to  represent  the  integer.  W1  could  never  decide  how  many  neutrals  to  add, 
but  she  knew  that  if  she  added  too  many  the  extras  would  just  neutralize,  so  she  often 
added  a  random  number  of  neutrals,  even  after  intervention,  and  this  carried  over  into  the 
tasks  which  were  larger  than  one  digit,  and  caused  confusion  for  her.  When  asked  to 
give  the  result  of  the  subtraction  "4  -  -6,  S1  remarked  "and  you're  left  with  positive  2.  But 
we're  not  doing  that,  cause  these  weren't  positives",  giving  indication  that  although  he 
had  learned  a  procedure  for  subtraction  of  chips,  he  was  not  able  to  intuitively  be 
convinced  that  the  result  was  valid  as  the  result  of  the  written  integer  problem.  On  the 
other  hand,  A1  and  W1  trusted  the  results  that  they  obtained  with  this  method  over  the 
results  they  would  have  obtained  if  left  to  their  own  reasoning.  In  fact,  A1,  who  when 
pretested  had  been  able  to  use  number  line  reasoning  for  starting  from  a  negative 
position  and  adding  or  subtracting  a  whole  number,  was  able  now  to  apply  the  concept 
learned  from  the  neutralization  model  to  the  number  line:  he  commented  (for  -8  -  -10) 
"smaller  negative,  and  you're  subtracting  the  big  negative,  so  it's  gonna  have  to  go  above 
zero,  because  there  won't  be  place  for  the  2  left  to  be  below  zero". 

The  next  type  of  subtraction  (different  signs)  was  an  extension  of  the  above  type,  and 
presented  the  same  type  of  difficulty.  Included  were  tasks  in  which  zero  was  the  initial 
number.  These  were  followed  by  a  set  of  a  mixture  of  subtraction  types,  with  which  the 
students  still  had  difficulty  deciding  how  many  neutrals  to  add.  The  most  consistently 
successful  student  was  the  one  who  made  sense  of  the  neutralization  model  by  reference 
to  the  number  line  (A1),  and  who  then  seemed  to  move  away  again  to  abstract  the 
notions  needed  (for  +100  -  +145):  "There's  a  hundred.  Just  forget  the  45.  There's  a 
hundred  take  off  a  hundred,  is  zero.  There's  45  extra,  so  it's  gonna  be  negative  45". 

Non-trivial  subtractions  (ones  in  which  there  is  not  enough  quantity  to  remove)  did  not 
appear  to  be  demystified  by  the  neutralization  model.  This  was  the  first  instance  where  a 
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non-intuitive,  demanding,  task  was  required:  to  change  the  representation  of  the  leading 
integer  to  one  appropriate  for  the  subtraction,  and  to  believe  that  the  new  representation 
was  just  as  legitimate  as  the  canonical  one.  This  procedure  appeared  to  be  a  "rule 
without  a  reason"  for  the  students.  The  other  obstacle  was  to  find  meaning  for  the  result: 
how  can  the  subtraction  of  two  negative  numbers  yield  a  positive  number? 

LESSON  FOUR  dealt  with  a  subtraction  review,  and  with  ordering  (using  the  number 
line).  S1  and  A1  were  able  to  solve  all  subtractions  correctly  (10  two  digit  tasks).  S2 
initially  needed  intervention  to  get  on  track  (although  evaluated  by  his  teacher  as  strong, 
he  seemed  to  be  a  student  who  could  spontaneously  handle  the  "intuitive"  concepts,  but 
who  tended  to  follow  a  pattern  at  other  times,  and  here  he  had  lost  the  memory  of  the 
"pattern"  of  adding  neutrals  then  subtracting).  W1  could  not  handle  the  integer  questions, 
but  when  they  were  scaled  down  to  comparable  one  digit  tasks,  was  able  to  use  the 
concrete  material  to  evaluate  correctly,  but  each  time  needed  to  be  pushed  to  use  the 
chips,  as  she  constantly  tried  to  make  a  rule  based  on  one  example. 

LESSON  FIVE  began  with  a  mixture  of  two  digit  addition  and  subtraction  problems,  and 
here  the  complexity  of  looking  not  only  at  the  signs  of  the  numbers  and  their  magnitude 
but  also  at  the  sign  of  the  operation  became  too  great  an  obstacle,  especially  for  the  weak 
student. 

POSTTEST:  In  the  week  following  the  instruction,  the  students  were  given  a  post-test  in 
the  form  of  a  semi-standardized  interview.  The  addition  and  subtraction  tasks  were  all  of 
a  two  digit  or  three  digit  type.  S2  and  A2  were  able  to  solve  them,  while  S1  made 
careless  errors,  and  W1 ,  although  she  still  made  errors,  was  more  successful  than  she 
had  been  the  week  before. 


The  neutralization  model  appears  to  be  an  intuitive  model  for  the  notions  of  integer 
opposites  and  equivalence  classes,  as  well  as  for  integer  addition  and  "trivial"  integer 
subtractions.  The  whole  number  notions  of  number  as  quantity,  addition  as  combining, 
and  subtraction  as  removing  are  built  upon  rather  than  ignored.  Difficulties  emerged  with 
subtractions  where  there  is  not  enough  quantity  to  remove  the  subtrahend.  It  must  be 
noted  that  the  same  length  of  time  was  devoted  to  integer  subtraction  as  had  been 
devoted  to  integer  addition,  and  it  is  recommended  that  the  more  involved  subtraction 
may  need  to  be  introduced  more  slowly,  with  more  time  spent  at  the  physical  level  before 
larger  numbers  are  encountered.  This  study,  then,  could  be  further  refined  with  more 
attention  paid  to  the  subtraction  section.  Despite  this,  there  was  some  evidence  that  this 
concrete  model  could  provide  students  with  a  mental  model  which  would  help  them  with 
integer  subtractions,  certainly  for  subtractions  such  as  "82  -  "27. 


SUMMARY  AND  CONCLUSIONS 
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A  feature  of  the  model  which  may  cause  confusion  emerged  when  students  were  given  a 
mixture  of  addition  and  subtraction  tasks.  They  were  sometimes  hesitant  about  whether 
to  "neutralize",  or  to  "add  neutrals"  and  this  may  be  due  to  the  fact  that  the  neutralization 
procedure  used  for  addition  actually  calls  for  removal  of  neutrals  (a  usual  subtraction 
technique),  and  that  the  process  of  forming  an  equivalent  representation  for  subtraction 
calls  for  the  addition  of  neutrals. 

Results  of  this  study  indicate  that  the  neutralization  model  is  at  least  a  viable  alternative 
for  the  teaching  of  integers  and  of  the  operations  of  integer  addition  and  subtraction, 
since  it  provides  intuitive  meaning  for  all  integer  additions,  and  for  some  subtractions, 
which  the  manipulations  of  the  number  line  cannot  do.  However,  it  remains  to  be  seen 
whether  or  not  all  subtractions  can  be  easily  understood  within  the  perspective  of  this 
model. 
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METALINGUISTIC  AWARENESS  AND  ALGEBRA  LEARNING 
MoUie  MacGregor  &  Kayc  Stacey 
University  of  Melbourne,  Australia 

Despite  general  agreement  that  language  proficiency  and  mathematics  learning  are  related, 
there  is  little  knowledge  of  the  specific  language  skills  involved.  In  this  paper  we  report  a 
study  of  the  relationship  between  students'  success  in  learning  algebra  and  certain  aspects 
of  metalinguistic  awareness.  Data  was  obtained  from  tests  given  to  more  than  1200 
students  aged  11  to  15.  The  results  show  that  although  most  students  could  understand 
and  use  verbal  and  numerical  information  in  tables,  labels  and  other  familiar  formats, 
many  of  them  made  mistakes  when  consideration  of  syntactic  structure  was  required  and 
when  they  had  to  use  algebraic  notation.  We  conclude  that  metalinguistic  awareness  of 
symbols  and  syntax  is  an  important  factor  controlling  and  limiting  students' success  in 
learning  to  use  algebraic  notation. 

The  question  of  whether  or  how  language  proficiency  is  related  to  learning  ability  and  academic 
achievement  has  been  debated  for  many  years.  There  is  general  agreement  that  much  learning  and 
thinking  is  possible  only  through  the  medium  of  language.  However  there  have  been  very  few 
studies  of  relationships  between  specific  components  of  linguistic  competence  (other  than  vocabulary 
knowledge)  and  mathematics  learning.  In  a  study  of  10-16  year  olds  who  were  underachieving  in 
mathematics,  White  (1985)  found  that  they  were  less  able  than  their  "normal"  peers  to  deal  with 
precise  language  and  to  process  language  normally,  although  on  practical  tasks  that  required  deductive 
reasoning  their  performance  was  not  significantly  different  from  that  of  the  normal  group.  Mestre 
(1988)  found  that  poor  performance  in  algebra  by  a  group  of  ninth-graders  was  associated  with  low 
scores  on  a  test  of  verbal  ability.  According  to  Cuevas  (1984)  the  learning  of  mathematics  requires 
particular  linguistic  skills  that  some  learners,  in  particular  second-language  learners,  may  not  have 
mastered.  Cummins  (1984)  has  suggested  that  there  is  a  certain  level  of  "cognitive  language 
proficiency"  that  relates  strongly  to  academic  achievement  It  enables  language  to  be  used  as  an 
organiser  of  knowledge  and  a  tool  for  reasoning.  A  study  of  the  relationship  between  two  aspects  of 
students'  language  proficiency  and  their  success  in  learning  the  fundamentals  of  algebraic  notation  is 
reported  in  this  paper. 

Evidence  for  association  between  language  proficiency  and  algebra  learning 

As  a  precursor  to  the  main  study,  data  on  language  proficiency  and  algebra  learning  were 
obtained  from  a  school  in  a  middle-class  suburb  of  Melbourne.  A  mixed-ability  Year  8  class  of  25 
boys  who  had  not  been  taught  algebra  before  wis  observed  during  three  weeks  of  lessons  on  algebra 
given  by  their  mathematics  teacher.  The  boys  were  then  tested  on  the  material  taught  (i.e., 
simplifying,  expanding,  and  solving  equations )  using  a  teacher-made  test  Reading  comprehension 
measures  (i.e.,  level  of  ability  to  understand  ordinary  non-mathematical  English)  for  these  boys  were 
obtained  from  the  school  records,  and  compared  with  the  algebra  test  results.  The  scatterplot  shows  a 
linear  distribution,  with  a  positive  correlation  (n  =  25,  r » .57)  between  algebra  scores  and  reading 
comprehension  measures.  There  are  three  conspicuous  outliers  to  the  general  trend,  and  when  these 
are  removed  from  the  sample  the  correlation  is  high  (n  *  22,  r».8l).  This  high  correlation  is 
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surprising  because  the  algebra  test  contained  no  verbal  material  except  brief  instructions  such  as 
"expand"  and  "solve",  and  the  teaching  method  had  required  no  reading  by  the  students,  who  had 
merely  watched  demonstrations  at  the  chalkboard  and  practised  symbolic  examples.  Possibly  the 
teacher  believed  that  by  eliminating  the  reading  component  from  his  lessons  he  was  making  learning 
accessible  for  all  students  including  those  with  weak  English  comprehension  skills.  However  almost 
all  the  students  who  had  received  low  scores  on  the  comprehension  test  learned  very  little  algebra. 
There  are  likely  to  be  many  factors,  both  affective  aiid  cognitive,  that  contributed  to  this  outcome. 
Our  hypothesis  was  that  one  of  these  factors  was  metalinguistic  awareness,  described  below. 
Awareness  or  language  structures 

Some  of  the  cognitive  processes  used  for  generating  and  interpreting  language  are  automatic, 
unconscious  and  spontaneous;  others  are  deliberate,  conscious  and  analytical.  The  term 
metalinguistic  awareness  is  currently  used  by  researchers  ir.  the  field  of  literacy  development  (see,  for 
example.  Hakes,  1980;  Tunmer,  Pratt  &  Herriman,  1984}  to  refer  to  the  linguistic  ability  that  enables 
a  language  user  to  consciously  reflect  on  and  analyse  spoken  or  written  language.  Metalinguistic 
awareness  is  involved  when  the  form  of  an  expression  is  considered  rather  than  its  meaning.  It 
enables  the  language  user  to  reflect  on  the  structural  features  of  language  and  make  choices  about  how 
to  represent  or  how  to  interpret  information. 

One  component  of  algebraic  thinking,  according  to  Lins  (1992),  is  the  ability  to  mentally 
manipulate  abstract  objects  in  accordance  with  properties  of  the  classes  of  objects  to  which  they 
belong.  This  ability  in  algebra  operates  at  the  same  level  of  abstraction  as  metalinguistic  awareness  in 
ordinary  language  when  words  and  word  strings  are  treated  as  instances  of  variables  with  general 
properties  (e.g.,  the  word  "simplify"  could  be  considered  as  an  instance  of  "transitive  verb"  or  "word 
of  three  syllables"  or  "word  starting  with  s").  An  example  in  an  algebraic  context  is  the  classification 
of  x  +  2  as  (a)  an  instruction  to  add  2  to  x,  (b)  the  result  of  adding  2  to  x,  (c)  a  function  of  x,  or  (d)  a 
number  greater  than  x.  It  is  likely  that  students  with  low  levels  of  metalinguistic  awareness  in 
ordinary  language  would  have  difficulty  in  classifying  mathematical  objects  and  hence  in  interpreting 
and  using  algebraic  symbolism. 

From  a  list  of  seven  components  of  metalinguistic  awareness  in  ordinary  language  (Herriman, 
199 1 )  we  selected  two  -  word  awareness  and  syntax  awareness  -  that  have  mathematical  analogues. 
Translated  into  the  context  of  algebra,  these  two  components  are: 
1.  Symbol  awareness  (analogous  to  word  awareness) 

•  knowing  that  numerals,  letters  and  other  mathematical  signs  can  be  treated  as  symbols 
detached  from  real-world  referents.  It  follows  that  symbols  can  be  manipulated  in  order  to  rearrange 
or  simplify  an  algebraic  expression,  regardless  of  their  original  referents. 

•  knowing  that  groups  of  symbols  can  be  used  as  basic  meaning  units.  For  example,  (x+2) 
can  be  considered  as  a  single  quantity  for  the  purposes  of  algebraic  manipulation. 

2.  Syntax  awareness 

•  recognition  of  well-formedness  in  algebraic  expressions.  For  example,  "2*  =  10  =»  x  =  5" 
is  well-formed,  whereas "  =  2*  «  10  =  5"  is  not  well-formed. 
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•  the  ability  to  make  judgements  about  how  syntactic  structure  controls  meaning  and  the 
making  of  inferences.  For  example,  if  a  +  b  =  x,  then  b  +  a  =  x,  but  if  a  -  b  =  x,  then  it  is  not 
generally  true  that  b-a-x. 
Development  of  test  items 

To  test  our  hypothesis  that  an  association  exists  between  the  two  components  (see  above)  of 
students'  metalinguistic  competence  and  algebra  learning,  we  prepared  test  items  in  three  categories  to 
measure  (i)  symbol  and  syntax  awareness  in  comprehending  written  English  (ii)  ability  to  select 
numerical  data,  choose  an  operation  and  calculate;  and  (iii)  interpretation  and  use  of  algebraic 
notation.  Examples  of  items  are  shown  in  Figure  1. 


Category  (i)  item 

Read  the  sentence  in  the  box.  

There  are  more  than  seven  words  in  this  sentence. 

(i)  What  it  the  fifth  word?   (ii)  How  many  letters  are  in  the  third  word?   

Category  (ii)  item 

The  timetable  shows  airline  flights  from  Melbourne  to  Townsville. 

iuu 

B/fast 
Snack 
Snack 
Lunch 
Lunch 
Dinner 
Dinner 

(i)  How  many  flights  are  there  on  Saturdays?   

(ii)  Which  flight  takes  the  least  time?    How  long  does  it  take?   

Category  (iii)  items 

1 .  Which  of  the  following  expressions  can  be  written  as  n+n+n  +  n+n? 

n  +  5  n  x  5  5n  n5  5" 


Flight  P«y»  V»p»rt  Arrive  Stops 

60  MTWTFS-  6:30  11:05  1 

62   S  8:15  12:15  1 

35   S-  8:30  12:30  1 

38   S-  10:00  1:45  0 

66  MTWTFSS  11:40  3:35  1 

52  --WTF--  3:00  8:25  2 

53  M   3:20  8:45  2 


2-    Sue  weighs  1  kg  less  than  Chris.  Chris  weighs  y  kg. 

Use  algebra  to  write  Sue's  weight  

Easy  reading  item  (See  airline  timetable  above) 

What  is  the  arrival  time  of  Flight  60?   


Figure  1.  Examples  of  test  items 
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We  also  included  an  easy  reading  item  requiring  no  metalinguistic  awareness  or  calculating,  in  order 
to  identify  students  who  could  not  understand  written  English.  To  construct  items  in  categories  (i) 
and  (ii),  we  used  general  ideas  from  the  work  of  Kirsch  and  Mosenthal  (1990),  Wickert  (1989),  and 
Whimbey  and  Lochhead  (1986).  Algebra  items  (category  iii),were  based  on  diagnostic  items  used  in 
other  studies  (e.g..  Assessment  of  Performance  Unit,  1885;  Avila,  Garcia  &  Rojano,  1990;  Booth, 
1984;  Kuchemann,  1981;  MacGregor  &  Stacey,  1993).  Students'  total  scores  for  the  three  categories 
of  items  are  referred  to  in  this  paper  as  (i)  language  scores,  (ii)  arithmetic  scores  and  (iii)  algebra 
scores. 
Procedure 

The  test  was  given  to  the  whole  cohort  (n  =  130)  of  Year- 10  students  in  a  boys'  school  in  a 
middle  class  suburb  of  Melbourne,  the  same  school  from  which  the  preliminary  data  had  been 
obtained.  The  boys  were  in  their  third  year  of  algebra  learning.  Responses  were  scored  as  either 
right  or  wrong,  and  total  scores  for  each  student  on  the  three  categories  shown  above  were  recorded. 
A  similar  test  was  given  to  a  representative  sample  (n  =  1236)  of  students  in  18  schools  in  year  levels 
7  to  10. 


1.  Sample  of  130  boys  in  Year  10.  All  boys  were  correct  on  the  easy  reading  item,  indicating 
basic  reading  competence.  There  were  errors  made  on  all  other  items.  The  arithmetic  items  were 
easier  than  the  algebra  items,  in  spite  of  the  fact  that  the  arithmetic  items  required  far  more  reading  and 
general  literacy  skills  than  the  algebra  items  (discussed  below).  Fig.  2  shows  the  association  between 
language  scores  and  arithmetic  scores.  Fig.  3  shows  the  association  between  language  scores  and 
algebra  scores.  Note  that  clusters  in  the  figures  indicate  that  more  than  one  individual  obtained  a 
particular  score.  For  example,  the  three-armed  cluster  at  the  top  of  Fig.  2  indicates  that  three  boys 
obtained  a  language  score  of  65%  and  an  arithmetic  score  of  100%. 

The  figures  show  that  none  of  the  students  with  very  low  language  scores  performed  well  on 
either  the  arithmetic  items  or  the  algebra  items.  Fig.  3  shows  that  only  those  students  who  obtained  a 
language  score  of  more  than  90%  succeeded  on  all  the  algebra  items.  In  contrast,  as  shown  in  Fig.  2, 
boys  with  language  scores  down  to  65%  were  able  to  get  top  arithmetic  scores.  The  different  pattern 
of  scatter  in  the  two  distributions  -  Fig.  2  suggesting  a  general  scatter  and  Fig.  3  showing  a  lower 
triangular  pattern  -  is  currently  being  investigated. 

The  pattern  of  scatter  in  Fig.  3  suggests  that  metalinguistic  competence  is  a  limiting  factor  in 
the  development  of  algebraic  competence,  since  there  is  no  instance  of  a  student  with  a  low  language 
score  achieving  a  high  algebra  score.  However  it  is  clear  that  algebra  scores  cannot  be  predicted  from 
language  scores,  because  of  the  considerable  number  of  students  high  on  the  language  measure  but 
low  on  algebra. 

2.  Large  sample  menu  four  year  levels  7  to  10.  At  each  of  the  four  levels,  the  association 
between  language  scores  and  algebra  scores  was  similar  to  the  pattern  shown  in  Fig.  3.  There  was  no 
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10    20    30    40    50    60    70    80    90  100 
languag*  % 

Figure  2.  Association  between  language  scores  and  arithmetic  scores  for  130  boys  in  Year  10 


10    20    30    40    50    60    70    80    90  100 
languag*  % 


Figure  3 .  Association  between  language  scores  and  algebra  scores  for  130  boys  in  Year  10 


instance  of  a  student  with  a  low  language  score  and  a  high  algebra  score.  However  there  were  many 
students  at  all  year  levels  with  high  language  scores  and  low  algebra  scores  (see,  for  example,  Fig. 
4).  The  lower  triangular  pattern  in  all  language/algebra  scatterplots  suggests  that  metalinguistic 
awareness  may  operate  as  a  factor  that  limits  students'  success  in  using  algebraic  notation  but  docs 
not  limit  their  success  on  the  arithmetic  items. 
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Figure  4.  Association  between  language  scores  and  algebra  scores  for  Year  7  sample  (n  =  188) 

Discussion  and  conclusion 

In  contrast  10  the  results  of  a  nationwide  survey  of  adult  literacy  (Wickert,  1989),  we  found 
that  almost  all  students  in  our  samples  could  select  and  use  verbal  and  numerical  information 
presented  in  timetables,  charts  and  labels  (Category  ii).  However  in  test  items  requiring  awareness  of 
symbols,  syntax  and  word  order  (Category  i),  many  students  made  mistakes.  Items  requiring 
awareness  of  syntax  in  an  algebraic  context  and  the  ability  to  distinguish  an  algebraic  symbol  from  its 
referent  (Category  iii)  were  harder  still. 

Success  on  the  arithmetic  items  (Category  ii)  required  choosing  an  operation  and  using  it  for 
simple  calculating,  in  addition  to  comprehending  the  written  English  and  format  of  the  problems.  For 
example,  in  the  Category  (ii)  item  shown  in  Fig.  1,  the  time  from  10:00  am  to  1:45  pm  has  to  be 
calculated,  and  there  are  many  decisions  to  be  made  in  the  selection  of  appropriate  information  from 
the  rows  and  columns  before  the  calculating  can  be  done.  According  to  Kirsch  &  Mosenthal's  (1990) 
investigations  of  adult  literacy,  an  item  such  as  this  one  should  be  relatively  difficult  because: 

(a)  the  information  given  in  the  question  does  not  correspond  closely  with  the  information 
provided  in  the  data,  and  therefore  inferences  have  to  be  made  about  what  to  do; 

(b)  prior  knowledge  may  be  required  (e.g.,  how  to  interpret  a  timetable); 

(c)  there  are  many  categories  of  information  in  the  data; 

(d)  there  are  many  specific  pieces  of  information  in  the  data. 

In  spite  of  these  potential  sources  of  difficulty  and  thCjjanv  opportunities  for  careless  mistakes, 
approximately  80%  of  students  were  correct  for  all  parts  of  the  item.  In  contrast,  only  42%  were 
correct  for  the  apparently  very  simple  algebraic  item 

Sue  weighs  I  kg  less  than  Chris.  Chris  weighs  y  kg.  Use  algebra  to  write  Sue's  weight. 
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Many  of  the  incorrect  answers  given  for  this  item  reveal  lack  of  one  or  both  of  the  two  metalinguistic 
skills  (i.e.,  symbol  awareness  and  syntax  awareness)  that  we  have  selected  as  necessary  for  dealing 
with  algebraic  symbolism.  Nineteen  answers  (15%  of  the  sample)  contained  the  letters  S  or  C  or 
both,  for  example.  S  =  C-1.  5-1  =y.  C+1=S.  1-C.  As  well  as  revealing  syntax  difficulties,  these 
expressions  indicate  the  student's  belief  that  algebraic  letters  are  shorthand  names  (i.e.,  S  stands  for 
Sue  or  tot  Sue's  weight),  reflecting  poorly  developed  metalinguistic  awareness  of  the  distinction 
between  symbols  and  their  referents.  Other  frequently  occurring  incorrect  answers  to  this  item 
included  1-y  and  1+y  .  Both  these  expressions  reveal  difficulties  in  interpreting  either  the  syntax  of 
algebra  or  the  syntax  of  the  given  problem.  The  answer  1-y  indicates  that  the  concept  of "  1  less" 
was  understood  correctly  from  the  given  problem,  but  the  student  did  not  know  how  to  write  *  1  less 
than  y"  in  algebraic  symbols.  The  expression  1+y  suggests  that  the  student  did  not  correctly 
interpret  the  syntactic  structure  of  the  given  problem,  and  decided  that  the  answer  (Sue's  weight) 
involved  adding  1  instead  of  subtracting  1.  Almost  all  incorrect  answers  to  the  other  algebra  items  in 
the  test  could  similarly  be  attributed  to  lack  of  symbol  and  syntax  awareness. 

As  reported  earlier  in  this  paper,  we  found  a  close  correlation  between  students'  English 
comprehension  scores  and  their  scores  on  a  teacher-made  test  of  algebraic  procedures.  In  contrast,  in 
our  tests  a  large  proportion  of  students  with  high  scores  on  the  metalinguistic  items  obtained  low 
scores  on  the  algebra  items.  The  reason  for  this  discrepancy  has  not  been  investigated,  but  probably 
reflects  the  different  nature  of  the  algebra  items:  the  teacher-made  test  required  remembering  and 
reproducing  rote-learned  procedures,  whereas  most  of  the  items  we  prepared  required  students  to 
make  choices  about  the  selection  and  arrangement  of  algebraic  letters,  numerals  and  operation  signs  in 
order  to  produce  algebraic  expressions. 

It  is  not  clear  why  some  students  with  high  language  scores  were  wrong  on  many  algebra 
items  in  our  tests  although  they  been  given  the  opportunity  to  learn.  One  explanation  is  that  these 
students  are  not  sufficiently  aware  that  the  algebraic  sign  system  has  its  own  grammatical  rules  and 
conventions  that  are  not  intuitively  obvious  and  have  to  be  learned;  they  continue  to  use  automatic, 
unconscious  language-processing  rules  (Kaput,  1987;  MacGregor,  1991).  This  in  turn  may  be  a 
result  of  current  approaches  to  the  teaching  of  language  arts  and  early  numeracy,  in  which  children  are 
encouraged  to  ireord  ideas  in  unconventional  ways  that  they  invent  themselves.  Students  with  high 
metalinguistic  swaxness  may  succeed  in  learning  algebra  if  they  are  helped  to  recognize  that  changes 
in  the  order,  position  x  grouping  of  symbols  affect  meaning  and  that  the  language  of  algebra  has  its 
own  set  of  grammatical  rules  that  are  not  intuitive  or  "natural"  and  have  to  be  learned  and  practised. 
However  for  students  with  low  metalinguistic  competence,  this  approach  is  unlikely  to  be  effective. 

There  are  many  factors  that  contribute  to  students'  difficulties  in  learning  algebra.  Our  study 
shows  that  r-x  of  these  factors,  not  previously  reported  in  the  literature,  is  the  student's  level  of 
metalinguistic  awareness. 
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CHILDREN'S  DIFFERENT  WAYS  OF  THINKING  ABOUT 
FRACTIONS 


Carolvn  A.  Maher.  Amy  M.  Martino  &  Robert  B.  Davis 
Rutgers  University 
New  Brunswick,  New  Jersey  USA 

A  constructivist  leaching  experiment  was  carried  out  with  a  heterogeneous 
class  of  twenty-five  9-10  year  old  fourth-grade  children  in  order  to  explore 
and  to  study  their  development  of  fraction  ideas.  Problems  were  presented 
based  on  ongoing  analysis  of  children's  thinking.  All  twenty  sessions 
were  videotaped  with  three  cameras.  The  videotapes,  children's  written 
work  and  journals,  as  well  as  recorder  notes  comprise  the  data.  This  report 
illustrates  children's  retrieval  of  competing  representations  of fraction  ideas 
as  they  discuss  the  placement  of  fractions  between  0  and  I  on  a  segment  of 
the  number  line.  It  describes,  also,  the  children's  effort  to  reconcile  the 
different  representations  in  an  effort  to  place  fractions  on  a  number  line. 


Freudenthal  (1983),  in  Di&ictical  Phenomenology  of  Mathematical  Structures,  offers  a 
phenomenological  presentation  of  fractions.  In  light  of  the  complexity  of  ideas,  he  expresses 
concern  with  the  assumption  that  "...pupils  are  supposed  to  be  so  advanced  as  to  be  satisfied 
with  one  approach  from  reality"  (p.  134)  and  suggests  this  as  a  reason  why  many  people  never 
learn  fractions.  In  Fractions  in  Realistic  Mathematics  Education,  Streefland  (199 1)  provides  a 
historical  account  of  the  difficulties  presented  by  fractions  in  mathematics  education  and 
demonstrates  that  the  source  and  application  of  fractions  has  been  removed  from  the  theory  of 
fractions.  Drawing  on  several  years  of  direct  experience  working  with  primary  school 
children,  Streefland  proposes  a  theory  on  the  teaching  and  learning  of  fractions  to  illustrate 
realistic  mathematics  education.  A  goal,  he  suggests,  is  for  "insightful  (re)construction"  of  the 
system  to  correspond  to  the  historical  learning  process. 

Behr,  Lesh,  Post,  and  Silver  (1983)  have  spent  several  years  studying  children's 
development  of  rational-number  ideas.  They  indicate  that  their  data  have  made  them  sensitive 
to  the  issue  of  concept  stability  and  instability  as  well  as  of  concept  development  and  suggest 
that  mathematical  ideas  are  present  at  different  levels  of  sophistication  and  do  not  move  from 
ideas  that  are  "understood"  to  ideas  that  are  "mastered".  They  indicate  that  with  the 
development  of  ideas  comes  periodic  rceoneeptualization.  When  embedded  in  progressively 
more  complex  systems,  the  ideas  then  may  be  significantly  altered. 

Davis,  in  his  1984  book,  Learning  Mathematics,  presents  a  general  theory  of  selecting 
among  alternative  mental  representations.  He  documents  many  situations  in  which  children 
select  from  among  alternative  mental  representations  in  building  solutions  to  problems. 


Theoretical  Framework 
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Clearly,  there  is  no  sparcity  of  documentation  of  the  complexity  of  fraction  ideas  and 
the  difficulties  children  have  in  building  a  meaningful  understanding  of  them  (See,  for 
example,  Behr,  Bright  &  Wachsmuth,  1982;  Streefland,  1978;  and  Maher,  Davis  &  Alston, 
1991). 

The  purpose  of  this  study  is  to  uncover  the  ideas  that  children  have  about  fractions 
when  they  are  encouraged  to  build  their  ideas  further  in  an  environment  where  it  is  easy  to 
express  their  thinking.  The  research  takes  the  form  of  a  classroom  teaching  experiment  as 
described  by  Cobb,  Wood,  Yackcl,  Nicholls,  Whcatley,  Trigatti,  Perlwitz  (1991).  In  this 
mode  researchers  study  students'  construction  of  ideas  as  they  attempt  to  resolve  problem 
situations.  Classroom  activity  is  guided  by  ongoing  analysis  of  videotape  data  that  provide 
elaboration  about  student  thinking. 


This  research  is  a  small  segment  of  a  longitudinal  study  of  the  development  of 
mathematical  ideas  in  children  between  the  ages  of  8  and  12  years.1  The  fourth  grade  students 
attend  a  suburban  school  district  in  New  Jersey  where  the  teachers  have  been  part  of  a  teacher 
development  project  in  mathematics  with  Rutgers  University  that  is  currently  in  its  fifth  year. 
Mathematics  instruction  at  this  school  distinct  is  intended  to  create  classroom  environments  that 
support  the  learning  of  mathematics  through  problem  solving.  Children  are  given  opportunities 
to  do  mathematics  in  an  open  environment  in  which  they  are  encouraged  to  explore  patterns  and 
relationships,  make  conjectures,  and  discuss  their  ideas  with  others.  Students  are  observed 
working  individually,  with  a  partner,  or  in  a  small  group,  at  a  personally  determined  pace  and 
then  sharing  solutions  in  whole-class  discussions.  The  classroom  environment  is  designed  to 
encourage  though tfulncss,  communication,  exploration,  and  reflection  as  children  are 
challenged  to  consider  the  reasonableness  of  proposed  ideas. 


Classroom  Setting.  In  studying  the  development  of  mathematical  ideas,  problematic 
situations  are  posed  and  students  are  observed  building  solutions,  developing  arguments, 
constructing  models,  comparing  models,  discussing  their  ideas  and  negotiating  their  conflicts. 
The  role  of  the  teacher(s)  is  to  facilitate  discussion  and  probe  students'  thinking  through 
questioning  that  is  related  to  the  student's  construction.  The  teaching  style  is  guided  by  the 
students'  thinking.  Thus,  what  the  students  explore  is  dictated  by  the  questions  that  they  raise. 
Closure  on  a  topic  is  deferred  until  students  come  to  a  resolution.  New  ideas  that  arise  from 
students  trigger  further  questions  which  encourage  exploration.  For  this  reason,  it  is  not 
unusual  for  students  to  explore  a  question  for  an  extended  period  of  time  that  might  span 
weeks,  months  or  in  some  cases,  years  (see  Martino  &  Maher,  1991;  Maher,  Davis  &  Alston, 
i)    991 ).  Students  are-encouraged  to  use  resources  and  tools  in  their  exploration.  On  days  when 
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the  teaching  experiment  is  not  in  progress,  the  classroom  teacher  allows  the  children  time  to 
reflect  and  write  about  ideas  considered  in  previous  sessions. 

Data  Source.  Although  this  research  is  a  continuous  phenomenon  building  upon  the  prior 
sessions,  our  intent  in  this  report  is  to  present  a  small  segment  of  this  teaching  experiment. 
Data  for  this  study  in  the  form  of  videotape  transcripts  of  classroom  lessons  and  children's 
written  work  are  from  the  November  1, 1993  class  session  involving  the  placement  of 
fractions  on  the  interval  from  0  to  I  on  a  segment  of  the  number  line. 

Procedures  for  Data  Collection.  In  collaboration  with  the  classroom  teacher,  a  20- 
session  teaching  experiment  was  conducted  with  a  heterogeneous  (average  to  high)  class  of  25 
fourth  graders.2  Each  class  met  from  60  to  80  minutes,  on  average  three  times  a  week 
beginning  in  September  1993.  All  lessons  were  videotaped  with  three  cameras.  Two  cameras 
were  used  for  observing  the  students  building  their  models  and  the  classroom  discussions  and 
interactions.  The  third  camera  captured  the  activity  in  the  front  of  the  room  where  students 
presented  and  discussed  their  work  at  the  overhead  projector.  Transcripts  of  videotapes,  the 
accompanying  written  Work  of  the  students,  and  researcher  notes  comprised  a  video  portfolio 
for  each  student. 

The  Problems.  During  the  months  of  September  through  November  of  1993,  the  students 
worked  on  a  series  of  problem  tasks  using  available  materials  (such  as  Cuisenaire  rods,  string, 
meter  sticks,  etc.)  to  explore  some  basic  ideas  related  to  fractions.  Students  used  these 
activities  to  exploit;  the  concepts  of  fractional  pan,  equivalent  fractions,  comparison  of 
fractions,  proportion,  division  of  fractions  and  placement  of  fractions  on  a  number  line.  The 
inter-i-elationship  between  ideas  evolved  naturally.  For  example,  some  of  the  comparison  of 
fraction  activities  discussion  resulted  in  the  production  of  different  models,  which  gave  rise  to 
the  discussion  of  ideas  related  to  ratio  and  proportion.  Thus,  one  activity  frequently  led  to 
further  questions  which  were  explored  by  the  students. 

The  Evolution  of  the  Number  Line  Activity.  The  placement  of  fractions  on  the 
number  line  activity  was  triggered  by  a  class  discussion  of  a  comparison  problem  that  had 
occurred  a  week  earlier.  The  problem  was  to  share  three  large  candy  bars,  each  containing  10 
blocks  of  chocolate,  among  the  class  of  25  students.  The  regular  classroom  teacher  partitioned 
the  class  into  three  groups,  two  with  eight  students  and  one  with  nine.  The  students  built  three 
solutions  to  the  problem.  For  the  first  two  solutions,  each  of  the  three  groups  were  given  one 
candy  bar.  For  the  groups  with  eight  students,  it  was  determined  that  each  student  in  that 
group  would  get  one  and  oue-lbunh  blocks  of  chocolate  while  each  student  in  the  group  with 
nine  students  would  receive  one  and  one-ninth  blocks  of  chocolate.  Students  realized  that  the 
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people  who  got  one  and  one-fourth  blocks  had  received  more  chocolate.  The  students  were 
then  challenged  to  determine  how  much  larger  one-fourth  was  than  one-ninth  and  spent  a  few 
days  building  models  with  Cuisenaire  rods  to  compare  one-ninth  and  one-fourth.  The  students 
determined  that  one-fourth  was  larger  than  one-ninth  by  five-thirty  sixths  and  justified  their 
argument  using  the  models  that  they  had  built. 

At  the  completion  of  this  activity,  another  student,  Andrew,  offered  a  third  solution. 
He  suggested  that  there  be  only  one  group  of  students,  that  is,  the  class  of  twenty  five.  He 
then  proposed  that  the  thirty  pieces  of  chocolate  be  distributed  so  that  each  student  would 
receive  one  and  one-fifth  blocks  of  chocolate.  (He  constructed  his  mental  representation  of  this 
solution  without  building  a  physical  model  or  making  a  drawing.)  The  class  became  engaged 
in  this  idea  and  this  triggered  a  discussion  about  the  comparison  of  the  three  fractions,  one- 
fourth,  one-fifth,  and  one-ninth.  An  outgrowth  of  that  discussion  was  the  recognition  that  "the 
larger  the  number  of  people  the  smaller  the  piece  of  chocolate".  Students  indicated  that  the 
larger  the  number  (denominator),  the  smaller  the  piece  of  chocolate.  The  lesson  on 
comparison  had  evolved  into  a  discussion  of  ordering  about  which  the  students  were  both 
interested  and  curious.  The  students'  natural  interest  in  ordering  these  fractions  motivated  us  to 
see  whether  the  students  could  order  fractions  on  a  number  line. 

Results 

Placing  fractions  on  the  number  line    (November  1.  199?) 

The  students  were  given  the  task  of  placing  the  unit  fractions  1/2, 1/3,  1/4...  1/10 
between  the  interval  0  and  1  on  a  number  line.  Students  were  also  asked  to  place  the  number 
3/4  on  the  same  interval.  After  all  students  had  an  opportunity  to  construct  a  number  line,  one 
student,  Alan,  shared  his  number  line  with  his  classmates  (see  Figure  1). 


Figure  1 .       Alan's  original  number  line. 
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Alan  states,  "Between  zero  and  one  [on  his  number  line]  you  can  divide  it  into  those  fractions 
[see  Figure  1]...  such  as  the  3/4  would  go  there  [pointed  to  a  position  between  1/2  and  1  on  his 
number  line]  because  you've  got  1/3  there  and  then  it  would  take...  [He  paused,  then  began  his 
justification  for  the  placement  of  3/4.] ...  no...  1/4  there  [pointed  to  the  placement  of  1/4  on  his 
number  line]  and  you'd  need  three  of  those  [referred  to  three  segments  of  length  1/4]  to  get  to 
that  mark  [the  position  of  3/4  on  his  number  line]".  Thus,  Alan  had  determined  the  position  for 
3/4  by  finding  the  length  of  1/4,  placing  it  on  his  number  line  and  tripling  this  length  to  locate 
the  position  for  3/4. 

In  the  course  of  this  activity,  some  children  placed  the  fraction  1/3  in  both  the  1/3  and 
2/3  position  on  the  interval  between  0  and  1  (see  Figure  2).  The  children  were  encouraged  by 
the  teacher  to  discuss  this  placement  of  1/3.  Alan,  who  was  focusing  on  intervals  of  length 
1/3,  justified  that  the  1/3  could  go  on  both  1/3  and  2/3  of  the  interval  between  0  and  1.  He 
explains,  "You  could  put...  basically...  the  1/3  in  any  place...  in  any  three  places  of  that 
number  line...  because  you  could  have  the  1/3's  going  either  way...  1  mean  you  could  take  a 
third  out  from  there,  from  there,  from  there...  so  you  really  could  put  it  in  three  places". 

I  1     \  \ 


Figure  2.       Placement  of  the  fraction  1/3  in  both  the  1/3  and  2/3  position  on  the  interval 
between  0  and  1. 

Another  student,  Andrew,  challenged  Alan  about  the  position  we  would  call  two-thirds. 
In  response,  Alan  built  a  model  with  Cuisenaire  rods  comparing  the  length  of  one  dark  green 
rod  to  three  red  rods  (see  Figure  3).  As  Alan  placed  a  mark  next  to  each  of  the  three  positions 
on  the  interval  between  zero  and  one  that  he  would  call  1/3  he  said,  "Here  you  have  the  thirds. 
You  could  mark  the  1/3  for  bemg  here,  1/3  for  being  here,  1/3  for  being  here". 


RED    |  RED    |  RED 


DARK  GREEN 


Figure  3.       A  reproduction  from  the  videotape  of  Alan's  model  built  with  Cuisenaire  rods  to 
show  that  there  are  three  "  1/3  segments"  between  0  and  1  on  the  number  line. 
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Children  were  then  challenged  to  place  the  numerals  1/3, 2/3, 3/3  and  0/3  on  Alan's  it 
Alan  responded  by  placing  the  number  1/3  above  his  first  1/3  marking;  classmates  Mark, 
Danielle  and  Andrew  placed  the  numbers  2/3. 3/3  and  0/3  on  the  number  line  as  indicated 
Figure  4. 


Figure  4        A  reproduction  from  the  videotape  of  students'  placement  of  the  fractions  0/3, 
1/3, 2/3  and  3/3  on  the  interval  of  number  line  between  0  to  1 . 

In  earlier  discussions,  students  had  agreed  that  there  could  be  many  names  for  the  same 
rational  number.  For  this  reason,  the  teacher  again  challenged  the  students  to  consider  whether 
they  could  put  the  numeral  1/3  on  the  number  line  in  the  same  position  that  they  had  placed  2/3. 
Alan  again  considered  intervals  of  length  1/3  and  responded,  "This  could  be  a  third  [He 
referred  to  the  length  from  1/3  to  2/3.]...  and  between  there  and  here  [He  referred  to  the  length 
from  2/3  to  3/3.]  that  would  be  a  third".  To  justify  his  placement  of  the  fraction  name  1/3 
above  the  interval  from  1/3  to  2/3,  Alan  used  the  Cuisenairc  rods  to  begin  to  make  a  distinction 
between  numbers  which  define  intervals  and  numbers  which  define  positions  on  the  interval. 

Alan:       But  basically  what  comes  to  mind...  when  you  think  of  fractions...  you  always 
think  of  the  first  one  [He  referred  to  the  length  from  0  to  1/3  then  picks  up  a  red 
rod.]  You  could  put  it  here  [from  0  to  1/3],  here  [from  1 13  to  2/3]  or  here  [from 
2/3  to  3/3],  but  you  could  put  1/3, 2/3, 3/3  in  any  one  ol  those  places  [He 
placed  one  red  rod  then  two  red  rods  then  three  red  rods  along  his  number  line 
between  0  and  1.]...  but  you  can  still  go  1/3,2/3...  I  mean  1/3,  that  would  be 
1/3  that  would  be  1/3  [referred  to  the  three  individual  thirds  between  0  and  1]. 

Thus,  Alan  had  two  different  ways  of  looking  at  1/3,  the  placement  of  numbers  and  the 
length  of  the  segment  divided  into  three  pieces,  exhibiting  a  mapping  between  the  two 
concepts.  Alan's  explanation  encouraged  further  classroom  discussion  and  interaction. 

During  this  session  the  class  was  attentive  and  contributed  to  the  discussion.  Andrew, 
who  was  focused  on  the  placement  of  numerals  on  the  number  line  and  was  concerned  about 
preserving  addiiivity  of  iwasmv,  questioned  Alan's  labeling  the  middle  interval  1/3.  As  a 
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result  of  his  concern,  Andrew  presented  an  accumulated  distance  argument.  He  indicated,  "I 
don't  think  it  could  really  work  cause  if  you  just  put  red  in  the  middle  [from  1/3  to  2/3]  and  call 
it  1/3,  then  if  you  put  there  on  the  left  side  of  it  3/3...on  the  right  side  of  it  2/3...  then  you'd  be 
reading  it  2/3,  1/3, 3/3  [sic]  so  wherever  you  put  it  in  your  space  you  always  have  to  start  from 
zero  cause  you  can't  go  from  1  down  to  0.  Because  that's  getting  bigger  and  if  you  start  it  like 
that ...  you're  then  just  switching  the  0  and  1". 

Alan  conceded,  although  still  maintaining  that  one  can  still  regard  one-third  as  one  of 
three  segments  of  equal  length  and  indicated,  "Right.  But  you  can  still  put  1/3  in  any  of  these 
places,  but  basically  what  comes  to  mind  once  you  think  of  fractions...  you  always  think  of  the 
first  one  [the  length  from  0  to  1/3]  it  could  go  in  any  of  these".  Thus,  Alan  restated  his 
understanding  that  since  the  three  red  rods  (representing  the  three  intervals  between  0  and  1) 
had  the  same  length  they  had  the  same  fraction  value  of  1/3.  Students  continued  to  explore 
these  ideas  about  placement  of  fractions  on  the  number  line.  They  were  asked  to  draw  models 
and  write  about  their  models  which  were  shared  in  the  next  two  sessions.  The  sharing 
triggered  further  reconfiguration  of  these  ideas  as  children  worked  to  negotiate  understanding 
of  alternative  representations. 

In  the  construction  of  his  number  line,  Alan  who  had  built  his  number  line  quickly,  was 
asked  by  the  teacher  to  place  unit  fractions  of  1/100  and  1/fOOO  on  the  interval  between  0  and 
1.  In  presenting  his  number  line  to  the  class,  Alan  produced  an  enlarged  version  of  the  small 
segment  of  number  line  between  0  and  1/10  (see  Figure  5).  He  then  proceeded  to  talk  about 
his  placement  of  the  fractions  l/KK)  and  l/KKK)  on  this  segment  of  the  number  line.  He 
explained,  "The  1/2  [position  halfway  between  0  and  1]  you  could  use  as  a  guideline...  now 
the  others...  these  are  the  1/10,  the  l/KX)  and  the  1/1000  which  I  did...now  I  made  a  big 
picture  [see  Figure  2  for  Alan's  enlarged  view  of  a  segment  of  his  number  line]  cause  you 
couldn't  really  see  it  on  that  one  (referred  to  the  placement  of  1/100  and  1/1000  on  his  original 
number  line]...  so  that's  where  the  l/KKK)  would  be  [referred  to  its  placement  on  his  new 
section  of  number  line].  You  can't  make  anything  bigger  than  that  cause  it  would  be  too  small 


to  see". 
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Figure  5.       Alan's  enlarged  segment  of  his  original  number  line. 
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Conclusions  and  Implications 

The  complexity  of  building  these  ideas  becomes  apparent  as  we  observe  students 
retrieving  (or  buiiuing)  different  representations  and  negotiating  alternative  meanings.  Surely 
these  ideas  must  appear  somewhat  mysterious  to  students  when  each  perspective  seems  equally 
reasonable.  For  example,  there  may  be  no  apparent  reason  to  a  child  at  this  point  for 
preserving  additivity  of  measure.  Botli  Alan  and  Andrew  present  two  different  and  correct 
ways  of  mapping  their  ideas.  Alan  considers  the  segment  as  divided  into  three  pieces,  marking 
one-third  where  two-thirds  might  be  expected.  In  his  labeling  of  the  segment,  he  clearly 
recognizes  one-third  of  the  segment  and  is  not  concerned  with  additivity.  Andrew,  on  the  other 
hand,  proposes  a  cumulative  structure,  starting  at  0  and  marking  how  far  each  third  is  from 
zero. 

Alan,  interested  in  the  placement  of  smaller  fractions  on  the  interval,  extends  his 
understanding.  He  represents  a  portion  of  his  line  as  magnified  to  indicate  the  placement  of 
one-hundredth  and  one-thousandth  and  indicates  the  placement  of  even  smaller  fractions.  He 
then  engages  some  members  of  the  class  in  a  lively  discussion  in  an  attempt  to  convince  them 
that  as  the  fraction  gets  smaller  and  smaller,  there  still  is  a  place  for  it  on  die  number  line.  The 
findings  from  this  analysis  are  consistent  with  perspective  provided  by  Freudcnthal  regarding 
the  complexity  of  fraction  ideas  and  the  multiplicity  of  approaches  for  building  concepts.  This 
work  also  supports  Streefland's  view  regarding  the  importance  of  insightful  reconstruction. 

Endnotes 

1 .  This  research  is  supported  in  part  by  Naiional  Science  Foundation  KMDR-9053597  10  Rutgers,  the 
Stale  University  of  New  Jersey  :uul  a  gram  funded  by  the  New  Jersey  Department  of  Higher  1- ducation  *  93- 
992002-8001  to  develop  lesson  units.  Any  opinions,  findings,  and  conclusions  or  recommendations  expressed 
in  this  publication  are  those  of  Hie  authors  and  do  not  necessarily  reflect  the  views  of  the  above  mentioned 
organizations. 

2.  We  would  like  to  express  our  gratitude  to  fourth  grade  teacher,  Joan  Phillips,  who  has  been  our  partner 
in  this  long-term  study. 
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We  expose  the  guidelines  and  the  main  results  of  a  research,  realized  with  small  groups  of  121 13 -year- 
old  pupils,  aimed  at  leading  pupils  in  posing  problems  on  elementary  geometrical  plane  figures, 
through  the  construction  of  their  texts.  With  the  research  we  want  to  study  the  real  possibilities  of  the 
pupils  of  such  age  in  posing  geometrical  problems  ar.d  to  obtain  information  on  the  effects  of 
cooperative  work  on  this  mutter.  From  a  general  point  of  view  we  have  realized  that  problem  posing 
promotes  the  ability  to  solve  problems  under  hypotheses  (through  the  individualization  and  resolution 
of  the  possible  problems  linked  to  a  particular  geometrical  figure)  and  metacognition  (through  the 
control  of  the  strategies  underlying  the  different  situations  constructed,  the  awareness  of  the 
fundamental  relations  among  the  elements  of  the  geometrical  figure  studied  and  the  full  knowledge  of 
the  range  of  the  classical  models  of  problems  on  them).  From  a  methodological  point  of  view  we  have 
highlighted  the  effectiveness  of  working  in  small  groups  either  for  the  production  and  solution  of 
problems  or  for  the  contribution  in  overcoming  the  difficulties  of  the  weaker  pupils. 

Introduction 

What  we  arc  going  to  state  here  concerns  a  didactic  research  aimed  at  leading  the  pupils  to  pose  and  pose 
themselves  problems  through  the  construction  of  the  texts.  This  is  pan  of  a  wide  project  of  educational 
innovation  on  the  problem  started  in  1987  and  developed  into  different  experimentations,  some  with 
other  specific  aims,  but  in  general  with  the  intention  of  refining  the  skills  in  solving  problems  and 
promoting  hypothetical  reasoning  and  metacognition  (see  Malara  1991,  1993  and  Malara  et  alii 


The  importance  of  educating  the  pupils  to  formulate  problems  has  been  underlined  by  scholars  such  as 
Polya  (1962),  Sawyer  (1964),  Freudenthal  (1973)  and  in  more  recent  times  Brown  &  Walter  (1983), 
Kilpatrick(1987),Silver(1993).  As  the  last  mentioned  has  punctuated,  theinterest  in  thiskindof  activity 
has  gradually  increased  with  time  up  to  the  point  that  in  the  US  problem  posing  has  been  recommended 
by  NCTM  as  activity  to  strengthen  for  a  few  years  already.  Moreover,  it  is  to  consider  that  today  this 
topic  appears  in  the  Mathematics  curriculum  in  culturally  advanced  countries  such  as  Spain. 
We  do  not  intend  to  linger  here  on  the  different  aspects  of  problem  posing  from  a  theoretical  point  of 
view  (problem  posing  seen  as  characteristic  of  a  teaching  oriented  to  inquiry,  as  means  of  improvement 
of  problem-resolutory  skills,  as  window  on  mathematical  comprehension,  as  strategy  for  spotting  out  or 
rousing  creativity  or  exceptional  ability,  etc.)  for  which  we  refer  to  Silver  (1993). 

Statement  of  motives 

The  idea  of  a  research  on  problem  posing  is  the  result  of  several  beliefs  of  ours  which  we  shall 
expose. 

Above  all  we  believe  that  many  failures  in  solving  problems  may  depend  on  the  lack  of  intellectual  and 
emotional  involvement  of  the  pupils,  whereas  taking  them  into  a  personal  project  they  may  remarkably 
increase  the  quality  of  their  performance. 

Secondly,  we  consider  this  kind  of  activity  interesting  because  it  subverts  the  usual  role  of  the  pupil  in 
front  of  a  problem,  allowing  him  to  lead  an  underground  autonomous  operation  of  analysis  and  data 
elaboration,  as  well  as  good  control  of  his  reasoning  routes.  So,  as  expressed  by  Kilpatrick  (1987, 
p.  123),  "Problem  formulating  is  an  important  companion  to  problem  solving". 
Moreover,  we  find  it  an  important  metacogniti  ve  objective  to  lead  the  pupils  to  get  aware  of  the  elements 
cooperating  in  the  construction  of  a  text  of  a  problem:  the  premises  linked  to  mathematical  contents 

(*)  Work  supported  by  MURST  and  CNR  (contract  n.  93.00524.CT01 ) 
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second  semester  of  the  first  year  for  15  two-hour  meetings.  It  was  team-taught  by  one  of  the 
researchers  and  another  teacher. 

Before  the  Course 

Several  weeks  preceding  the  course,  during  the  first  semester  of  the  program,  two 
questionnaires  were  administered  to  all  participating  teachers.  Afterwards,  interviews  were  conducted 
with  six  of  the  teachers.  These  teachers  were  chosen  according  to  characteristics  such  as:  teaching 
experience,  experience  as  math  coordinators  in  their  schools,  and  their  responses  to  the 
questionnaires. 

Questionnaire  -  Situations  (0 

This  questionnaire  included  open-ended  questions  based  on  vignettes  describing  hypothetical 
classroom  situations  involving  mathematics.  Each  of  eight  tasks  described  a  situation  in  which  the 
teachers  had  to  respond  to  a  student's  question  or  idea  and  was  intended  to  elicit  teacher  knowledge. 
No  explanation  was  given  to  the  teachers  about  the  purpose  of  the  questionnaire.  Following  are  three 
examples  of  tasks: 

******************************************************************************** 

Height 

A  student  was  asked  the  following  question: 

"The  height  of  a  10  year  old  boy  is  1.5  m.  What  do  you  think  his  height  will  be  when  he 
is  20?" 

The  student  answered:  "In  mathematics  it  will  be  3  m.  because  1.5x2  =  3,  and  in 
everyday  life  it  will  be  about  1 .80  m." 
How  would  you  respond? 

Division  bv  0 

A  student  comes  to  you  and  says  that  s/he  checked  several  division  exercises  using  a 
calculator.  When  s/he  divided  72:0,  1459:0  or  8:0,  the  calculator  showed  "Error."  But 
when  s/he  divided  0:72, 0:1459  or  0:8,  it  showed  0.  The  student  asks  why  it  happens. 
How  would  you  respond? 

Decimal  Point 

A  student  was  told  that  15.24x4.5  =  6858,  and  was  asked  to  locate  the  decimal  point. 
The  student  said  that  the  answer  is  6.858  because  there  are  two  places  after  the  decimal 
point  in  15.24  and  one  place  after  the  decimal  point  in  4.5.  Together  it  ^axci  three  places 
after  the  point  in  the  answer. 
How  would  you  respond? 
******************************************************************************** 
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This  study  focuses  on  elementary  school  teachers'  pedagogical  content  knowledge.  The 
teachers  responded  to  questionnaires  and  were  interviewed  before  and  after  a  course  that 
aimed  at  improving  this  kind  of  knowledge.  About  half  of  the  course  meetings  were 
videotaped.  This  paper  reports  preliminary  results  concerning  the  issue  of  teacher-  versus 
student-centered  responses,  consistency  of  responses  and  teachers'  ways  of  finding  out 
how  students  think.  We  also  discuss  differences  and  similarities  between  this  study  and  a 
previous  study  with  junior-high  teachers. 

The  recognition  that  pedagogical  content  knowledge  is  an  important  characteristic  of  teacher 
knowledge  is  growing  fast.  Shulman  (1986)  describes  this  kind  of  knowledge  as  knowing  the  ways 
of  representing  and  formulating  the  subject-matter  that  make  it  comprehensible  to  others; 
understanding  what  makes  the  learning  of  specific  topics  easy  or  difficult;  and  knowing  the 
conceptions  and  preconceptions  that  students  of  different  ages  and  backgrounds  bring  with  them  to 
the  learning  situation. 

This  study  investigates  elementary  school  teachers'  pedagogical  content  knowledge  of 
mathematics  and  the  development  of  this  knowledge.  The  study  has  grown  out  of  a  previous  study 
which  investigated  junior-high  school  teachers'  pedagogical  content  knowledge  of  mathematical 
functions  (Even  &  Markovits,  1991 ,  1993a,  1993b).  As  part  of  that  study  we  designed,  conducted, 
and  studied  three-hour  workshops  which  dealt  with  students'  ways  of  thinking  when  they  study  the 
function  concept,  and  characteristics  of  teachers'  responses  to  students'  questions  or  ideas.  These 
short  activities  could  not,  of  course,  change  drastically  teachers'  pedagogical  knowledge,  but  they 
raised  teachers'  awareness  of  these  issues.  In  the  present  study  we  concentrate  on  elementary  school 
teachers'  pedagogical  content  knowledge,  this  time  also  focusing  on  the  development  of  this  kind  of 
knowledge  as  a  result  of  participation  in  a  longer  and  more  comprehensive  course  for  teachers. 


Twenty  elementary  school  teachers  participated  in  the  study.  These  teachers  participated  in  a 
two-year  program  for  preparing  mentors  for  elementary  school  teachers.  As  mentors  they  are  to  help 
teachers  from  their  own  school  and  from  several  neighboring  schools  in  teaching  mathematics.  The 
participants  in  the  program  were  chosen  from  a  large  number  of  candidates,  selection  being  based  on 
their  reputation  as  successful  teachers  with  the  potential  to  become  good  mentors.  During  the  two- 
year  program  the  teachers  met  every  week  for  one  full  day  in  a  teacher  college.  Based  on  what  we 
learned  from  the  function  study,  we  designed,  as  part  of  the  program,  a  course  that  aimed  at 
improving  pedagogical  content  knowledge.  The  course,  "Classroom  Situations",  was  held  in  the 


The  Study 
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96  Gio:  Parallelepipeds  have  ...  are  nearly  the  same  as  a  cube,  but  they  have  one  face 
longer  than  the  other. 

97  Sol:  I'd  say  that  parallelepipeds  have  two  by  two  parallel  faces. 

98 Teach:  A  parallelepiped  has  two  by  two  parallel  faces.  Well,  a  cube,  has  it  got  two  by 
two  parallel  faces? 
99  Sol:  Yes,  it  has. 

1 00 Teach:  Then,  the  cube  is  a  parallelepiped  too,  isn't  it? 

101  Sol:  Yes,  it  is.  Chorus:  No.  No,  it  is  not 

102  Sol:  I  mean.  It  may  be  a  cube  a  parallelepiped  too,  but  it  is  a  little  bit  different. 

103  Luc:  In  my  opinion,  it  is  not  a  parallelepiped,  because  it  has  square  sides. 

104  Teach:  What  do  you  mean  'square  sides'? 

105  Luc:  I  mean  the  walls. 

106  Teach:  You  mean  the  faces. 

107  Luc:  All  of  the  faces  of  a  cube  are  equal,  on  the  contrary  for  parallelepiped  they  are  not. 
108Teach:  You  say  that  the  faces  of  a  parallelepiped  are  different. 

109  Mat:  Thus,  all  the  same  the  faces  are  parallel,  but  a  cube  is  not  a  parallelepiped.  A 
parallelepiped  has  the  definition  of  six  sides,  two  by  two  parallel,  but  not  equal 
I  lOTeach:  Did  you  say  "six  sides"? 

1 1 1  Mat:  I  mean,  six  faces. 

1 12  Teach:  Well,  parallelepipeds  have  six  faces,  two  by  two  parallel.  Is  that  O.K.,  for 
everybody? 

113  Fab:  I  want  to  say  that  they  are  two  by  two  equal  [parallel),  but  it  depends  on  the 
figure,  because  that  Ihe  refers  to  the  rectangular  prism  with  a  square  base]  has  four  squal 
faces  and  two  different,  but  equal  to  each  other,  and  the  other  has  two  by  two  equal  faces. 

1 14  Teach:  Well,  here  we  have  a  nice  collection,  this  figure  has  four  equal  faces  and  two 
different,  but  equal  to  each  other,  here  there  are  two  by  two  equal  faces,  here  all  of  the 
faces  are  equal.  Our  problem  is  that  of  finding  a  good  definition  for  the  parallelepiped. 

l22Teach:  If  all  of  them  are  squares  it  is  a  cube.  Well,  you  say  that  faces  can  be  rectangles 
or  squares,  two  bv  two  equal  and  two  by  two  parallel.  123  Chorus:  Yes.  Yes. 

124  Teach:  Well,  a  parallelepiped  is  a  solid  bordered  by  six  faces,  which  are  two  by  two 
parallel,  two  by  two  equal  and  of  a  rectangular  shape. 

125  Fab:  or  of  a  square  shape. 
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As  far  as  geometry  is  concerned,  from  the  point  of  vie w  of  figural  concepts  a  new  harmony 
between  the  figural  and  the  conceptual  aspect  must  be  achieved,  which  takes  into  account 
the  theoretical  constraints  of  formal  definitions  and  openly  admits  the  possible  discrepancy 
between  empirical  and  geometrical  concepts.  According  to  our  hypothesis,  the 
contributions  of  different  voices  in  the  discussion  allowed  the  conflict  to  appear  and  draw 
towards  harmony. 

This  goal  is  hard  to  achieved,  but  we  can  say  that  in  approaching  this  goal  a  basic  role  is 
played  by  the  intervention  of  the  teacher  in  guiding  the  discussion  and  mediating  that  part  of 
the  defining  process  (from  the  general  to  the  particular)  necessary  in  order  to  transform  an 
indefinite  description  into  a  'definition'. 
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Appendix 

Excerpt  of  a  collective  discussion  in  a  6th  grade 

91  Teach:  [...].  Well,  a  cube  is  a  solid  limited  by  six  square  faces,  equal  to  each  other  and 
united.  And  this  [she  handles  a  rectangular  prism],  what  is  it?  What  is  it  called? 

92  Alex:  Parallelepiped. 

93  Teach:  Parallelepiped.  And  this  figure,  what  is  it  called?  [she  handles  a  rectangular 
prims,  with  a  square  base]. 

94  Chorus:  It  is  a  parallelepiped  too. 

95  Teach:  You  remember  them  from  the  primary  school,  don't  you?  These  are 
parallelepipeds.  Can  you  say  why?  What  are  their  characteristics?  - 
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( 102)  The  class  refuses  to  classify  the  cube  as  a  parallelepiped,  even  Solange  admits  that  a 
cube  is  a  little  bit  different. 

(124  - 128)  An  agreement  is  negotiated  on  the  choice  of  excluding  the  cube  from  the  class 
of  parallelepiped,  and  giving  it  an  articulated  definition. 

The  mechanism  of  the  discussion  is  basic  in  order  to  start  the  dialectic  between  the  general 
and  the  particular,  it  causes  the  exceptions  to  emerge,  instead  of  remaining  implicit  in  the 
general  tacit  agreement. 

A  crucial  role  is  played  by  the  teacher,  who  does  not  approve  any  one  of  the  definitions, 
but  focuses  on  the  very  process  of  defining:  certain  properties  are  stated,  and  all  the 
members  of  the  class  must  have  these  properties,  but  also,  all  objects  with  these  properties 
must  belong  to  the  class.  She  mediates  the  mental  process  requested  to  verify  whether  an 
object  belongs  to  the  class  and  in  doing  that,  she  provocatively  selects  the  cube. 

The  discussion  goes  on:  the  teacher  (129)  proposes  a  new  object,  the  hexagonal  prism,  and 
again  raises  the  problem  of  classification;  this  time,  pupils  start  to  describe  how  the  solid  is 
'constructed',  taking  into  account  the  number  and  the  shape  of  its  faces. 
Mattia  gives  a  characterisation  which  is  very  interesting  from  the  point  of  view  of 
generalization,  but  also  from  the  point  of  view  of  the  interaction  between  the  flgural  and  the 
conceptual  aspect.  His  statements  refer  to  the  particular  object  that  he  is  observing,  but  at 
the  same  time  they  refer  to  a  generic  solid  of  a  class.  He  uses  general  expressions,  such  as 
the  assertion  ( 134)  "then,  on  the  side  there  are  the  faces  that  are  always  six",  or  such  as  the 
doubtful  utterances  (136)  "I'm  not  sure  if  they  are  always  six,  1  have  to  think  about  it.", 
and  (138)  "Yes  they  are  rectangles,  ...  No,  they  aren't,  I  don't  know, ...  Yes  they  are,  I 
don't  know  whether  they  are  rectangles".  Mattia  mentally  moves  back  and  forth  from  the 
general  and  the  particular,  looking  for  a  characterization  without  forgetting  the  particular 
prism. 

The  discussion  goes  on,  and  it  could  be  interesting  to  analyse  it  in  detail,  but  it  is  not 
possible  here;  what  I  want  to  stress  is  the  difficulty  in  accepting  the  generality  of  a 
definition,  in  which  all  the  figural  differences  are  absorbed.  As  a  confirmation  of  this  fact 
let  us  consider  one  of  the  formulations  given  for  the  prims. 

(236)  Mattia :  So,  the  top  and  the  bottom  are  equal  and  parallel,  for  some  of  them  they  are 
triangles,  for  some  of  them  they  are  other  fi  gure^ ,  and  the  lateral  faces  are  rectangles. 

6.  Conclusions 

A  classifying  task  consists  of  stating  an  equivalence  between  similar  but  different 
objects,  towards  a  generalization.  That  means  overcoming  the  particular  case  and 
considering  this  particular  case  as  an  instance  of  a  general  class,  in  other  terms  identifying 
specific  pertinent  properties,  which  determine  a  category. 

In  the  case  of  geometry,  theoretical  classifications  often  resort  to  structural  criteria  which 
are  not  immediately  clear,  and  certainly  are  far  from  those  perceptual  criteria  to  which  we 
usually  refer  in  our  spontaneous  activity  of  classification.  The  previous  example  clearly 
shows  this  phenomenon  and  its  consequences,  in  terms  of  definitions.  Thus,  very  often 
theoretical  classifications  conflict  with  spontaneous  ones,  and  generalizing  requires  us  to 
overcome  differences  corresponding  to  meaningful  perceptual  properties.  A  process  of 
generalization,  as  it  occurs  in  a  theorization,  states  an  equivalence  (similarities), 
overcoming  differences;  but,  as  Montaigne  said:  "It  is  not  similarity  that  identifies,  rather 
differences",  so  classifications  based  on  perceptual  criteria  lead  to  stress  perceptual 
differences. 

The  process  of  generalization  requested  by  a  theoretical  definition  conflicts  with  the  need 
for  differentiating;  difficulties  arise  when  theoretical  constraints  cancel  the  variety  and  once 
and  for  all,  state  the  equivalence  between  'different'  things. 

It  is  interesting  to  note  the  appearance  of  particular  forms  of  definitions  which  state 
characteristic  properties,  but  accompany  them  with  a  collection  of  cases. 
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5.  Analysis  of  the  excerpt 

Let  us  analyse  a  short  excerpt  (see  the  appendix)  of  the  collective  discussion,  the  aim  is  to 
focus  on  the  process  of  interaction  between  the  flgural  and  the  conceptual  aspects,  in 
particular  defining  task. 

The  discussion  achieves  the  'definition'  of  a  cube  (91),  at  this  point  the  teacher  calls  for  a 
characterization  of  the  rectangular  prism.  Everybody  knows  the  solid,  and  as  they  have 
been  thaught  at  primary  school,  pupils  call  it  'parallelepiped'.  This  is  a  more  general  term 
but  pupils  use  it  with  the  restricted  meaning  of  rectangular  prism  (in  the  transcript  and  in  the 
following  we  retained  the  original  term  parallelepiped). 

The  first  reaction  (96)  is  to  refer  to  the  cube  and  differentiate  the  new  objects  according  to 
it,  then  Solange  gives,  or  maybe  recalls,  a  'definition'  of  the  parallelepiped  (97):  "I'd  say 
that  a  parallelepiped  has  two  by  two  parallel  faces'*.  This  is  a  very  general  characterisation 
of  a  parallelepiped,  according  to  which  a  cube  is  a  parallelepiped  too.  But  this  fact  would 
remain  implicit  if  at  this  point,  the  teacher  did  not  intervene.  Instead  of  accepting  this 
definition  and  stopping  the  process,  she  realizes  the  possibility  of  conflict  between  having  a 
certain  characteristic  and  belonging  to  a  certain  class,  thus  she  focuses  on  this  conflict. 
She  makes  the  deduction,  necessary  to  pass  from  the  general  to  the  particular  case:  the  cube 
has  two  by  two  parallel  faces,  so  it  is  a  parallelepiped.  While  Solange  accepts  both  the 
premise  and  the  conclusion,  the  rest  of  the  pupils  agree  with  the  premise,  but  refuse  the 
conclusion:  a  cube  cannot  be  a  parallelepiped.  The  evidence  of  this  fact  compels  Solange  to 
admit  that  the  cube  is  'different'  ( 102).  This  particular  case  cannot  disappear  in  the  general 
class,  and  the  following  interventions  aim  to  differentiate  all  the  particular  cases;  so,  the 
possible  definitions,  as  they  are  proposed,  sound  like  a  collection  of  cases  respecting 
figural  differences. 

The  protocol  clearly  shows  the  difficulty  and  at  first  glance,  we  have  the  impression  that 
there  was  a  regression  from  the  'definition'  of  Solange  (97)  to  the  'definition'  accepted  in 
the  following  (122) 

It  is  interesting  to  note  the  presence  of  this  collection  of  cases,  which  conflicts  with  every 
criterion  of  classification;  it  witnesses  the  difficulty  in  reconciling  the  attitude  to 
differentiating,  which  originate  from  observing  objects  (figural  aspect)  and  the  process  of 
generalization  which  makes  differences  disappear  in  the  equivalence  relationship  stated 
according  to  specific  properties  (conceptual  aspect). 

The  harmony  between  figural  and  conceptual  aspects  is  not  achieved  and  the  discussion 
shows  how  the  definition  proposed  by  Solange,  which  the  pupils  accept  "on  principle",  is 
submitted  to  several  exceptions. 

Apparently,  there  is  no  conflict  between  a  definition  and  the  possibility  of  some  exceptions. 
As  Fabio  says  (1 13)  "I  meant  that  they  are  parallel  (equal)  two  by  t-vo,  but  it  depends  on 
the  figure,  because  this  (he  refers  to  a  rectangular  prism  with  a  square  base)  has  four  equal 
faces  and  two  different,  but  equal  to  each  other,  while  the  other  has  two  by  two  equal 
faces". 

As  regards  the  process  of  defining,  consisting  of  a  double  process  from  the  particular  to  the 
general  and  viceversa,  only  one  direction  is  considered:  from  the  particular  case  some 
features  are  abstracted,  a  parallelepiped  has  two  by  two  parallel  faces;  but  the  opposite 
direction  is  neglected:  the  possession  of  a  certain  property  does  not  warrant  the  cube  to  be 
classified  as  a  parallelepiped. 

It  is  important  to  note  that  abstracting  some  features  is  consistent  with  maintaining  the 
differences;  so,  during  the  discussion  all  distinctions  appear  and  give  origin  to  a  definition 
with  a  'case  of  cases'. 

Let  us  summarize  the  evolution  of  the  discussion. 

(97)  Solange  gives  a  'definition". 

(98)  The  teacher  launches  the  provocative  argument  about  the  cube. 


squares  and  rectangles  must  be  distinguished  at  least  as  much  as  triangles  and 
quadrilaterals;  and  prisms  and  rectangles  cannot  be  considered  mathematically  'similar',  but 
certainly  they  can  be  said  "to  have  the  same  shape"  (Freudental,  1983,  p.  228). 
On  the  other  hand,  geometrical  definitions  correspond  to  specific  theoretical  demands  and 
give  origin  to  the  classifications  of  geometrical  objects  according  to  well  defined  (explicitly 
stated)  specific  geometrical  properties,  which  could  be  said  to  be  conceptually  pertinent. 
For  instance,  the  classification  of  triangles  can  be  carried  out  in  terms  of  angles' 
congruence,  of  sides'  congruence  ... .  Similarly,  quadrilaterals  can  be  classified  according 
to  the  number  of  axes  of  symmetry.. 

In  the  first  case  we  have  fuzzy  classifications,  often  incomplete  and  characterized  by 
instability,  whilst,  in  the  second  case,  clear  and  unambiguous  rules  are  stated  according  to 
which  a  certain  figure  belongs  to  a  category.  In  this  way,  geometrical  figures  participate  of 
a  theoretical  system  . 
In  fact,  a  definition  relates  the  new  object  to  all  the  others,  in  such  a  way  that  a  chain 
(system)  of  definitions  is  built  up;  this  system  is  an  organic  and  coherent  whole.  It  is  just 
this  structure  of  stated  relationships,  which  constitutes  a  'theory'  and  differentiates  between 
theoretical  and  spontaneous  concepts.  "But  the  absence  of  a  system  is  the  cardinal 
psychological  difference  distinguishing  spontaneous  from  scientific  concepts  ...  all  the 
peculiarities  of  child  thought  stem  from  the  absence  of  a  system  in  the  child's  spontaneous 
concepts  -  a  consequence  of  undeveloped  relations  of  generality  (Vygotsky,  1962,  pp. 

1 16)".  •  ..... 

Thus,  defining  holds  an  important  position  among  school  mathematical  activities:  pupils 
must  appropriate  (Leont'ev,  1964/76)  intellectual  objects  belonging  to  a  culturally  relevant 
theory,  but  they  need  to  share  their  meaning  too. 

4.  The  task-situation  ... 

Let  us  describe  the  situation  in  the  classroom.  Some  cardboard  models  of  polyhedra  are 
on  a  desk:  a  cub/!,  some  rectangular  prisms,  one  of  them  with  a  square  base,  a  hexagonal 
prism,  a  pyramid  with  a  square  base  ... 

The  teacher  picks  up  the  cube,  shows  it  to  the  pupils  and  asks:  "What  is  this?  Everybody 
agrees  that  it  is  a  cube  and  they  characterize  the  cube  as  "a  solid  (three-dimensional  object), 
delimited  by  six  equal  faces,  each  face  being  a  square".  Then,  the  teacher  reminds  them  of 
the  goal  of  the  discussion:  "Let  us  try  to  characterize  these  objects"  (pointing  to  the 
polyhedra  standing  on  the  desk).  She  picks  up  the  rectangular  prism,  shows  it  to  them  and 
asks  "What  is  this?".  The  whole  class  answers:  "A  parallelepiped!"  At  this  point  the  teacher 
encourages  the  pupils  to  go  on  characterising  the  object. 

As  regards  the  task,  the  situation  simultaneously  requires  the  intervention  of  the  figural 
level  (observing  the  object  as  it  appears)  and  the  conceptual  level  (relating  the  properties 
which  characterise  the  geometrical  figure,  embodied  by  the  object).  In  other  words,  the  task 
requires  an  alternate  movement  from  the  figural  to  the  conceptual  level  that  is  the  core  of  the 
interaction  between  the  two  aspects.  Thus,  a  dialectic  process  may  be  expected:  the  main 
steps  may  be  summarized  as  follows: 

-  observing  the  object, 

-  identifying  the  main  features, 

-  stating  the  properties  according  to  these  characteristics, 

-  returning  to  observe  the  object,  checking  the  definition,  and  so  on. 

Obviously,  no  one  step  can  be  considered  either  purely  figural  or  purely  conceptual:  the 
object  is  observed  from  the  perspective  of  a  specific  conceptualization,  yet  any  definition 
has  its  origin  in  the  figural  features  of  the  object  itself.  At  the  same  time,  the  process  of 
defining  consists  of  a  double  process  from  the  particular  to  the  general  and  viceversa,  from 
the  general  to  the  particular. 
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interaction  between  figural  and  conceptual  aspects  of  geometrical  reasoning,  particularly  in 
a  defining  task. 

2.  Reflections  underlining  the  teaching  experiments 

A  sequence  of  activities  has  been  proposed:  the  teaching  plan  was  designed  and 
discussed  with  the  teacher  who  included  the  teaching  unit  in  the  regular  program  of  her 
class.  The  teaching  unit  consisted  of  twelve  two-hour  sessions,  the  schedule  foresaw 
different  kinds  of  activities,  among  others,  collective  discussions.  The  teacher  had  already 
experienced  collective  discussions  with  her  classes,  and  this  was  not  the  first  time  for  these 
pupils  either,  even  though  they  couldn't  be  considered  'experts';  at  that  moment,  the  school 
year  had  just  started  and  the  teacher  had  introduced  them  to  this  new  kind  of  activity. 
Discussions  were  recorded  and  the  transcripts  of  the  tapes  analysed. 

As  the  dialectic  of  figural  concepts  is  concerned,  there  seem  to  be  two  relevant  moments  in 
the  collective  discussion: 

-  In  the  course  of  the  argument  pupils  refer  to  both  figural  and  conceptual  aspects,  when 
they  are  confronted  with  a  disagreement,  the  two  aspects  must  interact  and,  when  pupils 
attempt  to  find  an  agreement,  the  two  aspects  can  finally  harmonize. 

-  In  the  attempt  to  convince  classmates  that  their  solutions  are  correct,  pupils  are  compelled 
to  make  their  reasoning  explicit,  and  to  get  a  conceptual  control  of  the  situation.  "Interactive 
conditions  enable  discourse  to  be  shared  and  potentially  produce  a  higher  inter-individual 
functioning"  (Pontecorvo,  1989). 

As  for  mathematics,  as  a  theoretical  knowledge,  a  basic  role  is  played  by  the  process  of 
definition  and  that  of  validation.  First  of  all  the  objects  which  we  are  dealing  with,  must  be 
stated  and  clearly  defined,  then  properties  about  certain  objects  will  be  considered  as  true 
only  if  they  are  derived  from  other  true  statements  via  argumentations  on  which  there  is  the 
agreement  of  the  'scientific'  community. 

In  the  field  of  elementary  geometry,  common  mathematical  activities  such  as  defining  and 
validating  constantly  involve  the  interaction  between  the  figural  aspect  and  the  conceptual 
aspect,  towards  a  good  harmony. 

According  to  this  theoretical  reference  frame,  the  role  of  the  teacher  becomes  relevant.  The 
teacher  plays  a  basic  role  because  she/he  has  a  task  of  mediation  between  culture  and 
pupils,  between  mathematics,  as  a  product  of  human  activities  and  the  new  generation  of 
human  beings.  Therefore,  teacher's  interventions  are  planned  according  to  the  specific 
activities,  we  are  convinced  that  the  teacher's  main  role  is  that  of  "guiding  pupils'  work" 
(Bartolini  Bussi,  1991).  and  introducing  them  to  mathematics  and  mathematical  activities. 
The  mere  role  of  transfer  of  knowledge  is  to  be  overcome,  and  a  role  of  mediation 
promoted. 

3.  Discussing  towards  a  definition 

In  the  specific  case  of  a  conceptualization  discussion  (Bartolini  Bussi,  1991,  p.  10), 
aimed  to  state  a  'definition',  the  confrontation  with  different  points  of  view  leads  pupils  to 
overcome  the  conception  of  definition  as  a  'description'  of  what  is  seen,  towards  the 
conception  of  definition  as  a  "condition"  and  to  some  extent,  a  "convention". 
Certainly,  geometrical  definitions  are  not  mere  conventions  in  the  field  of  pure  arbitrary 
acts.  "La  geometrie  denve-t-elle  de  l'experience?  Une  discussion  approfondie  nous 
montrera  que  non.  Nous  conclurons  done  que  ses  principes  ne  sont  pas  que  de 
conventions;  mais  ces  conventions  ne  sont  pas  arbitrages,  et  transported  dans  un  autre 
monde  (que  j'appelle  le  monde  non-euclidien  et  que  je  cherche  a  imaginer),  nous  aurions 
€t€  amene"  a  en  adopter  d'autres.",  (Poincarf,  1968/1902),  p.  26  ). 
Geometrical  definitions  seem  to  originate  from  a  two-fold  process.  On  the  one  hand, 
definitions  must  take  into  account  'spontaneous'  classifications,  according  to  similarities 
and  differences  which  are  figurally pertinent.  For  instance,  from  the  figural  point  of  view 
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Abstract.  In  the  reference  frame  of  the  theory  of  "figural  concepts"  (Fischbein,  1993)  a 
research  project  on  the  theme  of  geometrical  reasoning  has  been  designed.  Taking  into 
account  the  results  of  previous  investigations  (Mariotti,  1991,  1993),  we  planned  a 
sequence  of  classroom  activities,  that  have  been  carried  out  in  a  6th  grade.  The  general  aim 
is  that  of  observing  the  interaction  between  figural  and  conceptual  aspects  of  geometrical 
reasoning  in  a  classroom  situation.  This  paper  discusses  some  aspects  concerning  a 
defining  process  in  a  geometrical  context,  as  it  emerges  from  a  collective  discussion 
(Bartolini  Bussi,  1991). 


1,  Introduction 

According  to  the  general  reference  frame  of  the  theory  of  figural  concepts  (Fischbein, 
{963. 1993).  geometry  (in  elementary,  Euclidean  terms)  deals  with  specific  mental  objects, 
'figural  concepts',  which  possess,  at  the  same  time  both  conceptual  and  figural  aspects. 
These  aspects  are  usually  in  tension,  so  that  geometrical  reasoning  is  characterized  by  a 
dialectic  between  them.  ■ 
An  experimental  research  project  has  been  designed  with  the  aim  of  observing  and 
describing  modalities  of  this  process.  In  order  to  do  that,  we  decided  to  move  along  two 
different.'complementary  directions,  following  two  different  methods  of  investigation:  a 
first  phase  was  devoted  to  the  observation  of  spontaneous  performances  of  the  children, 
durino  individual  interviews.  Some  results  of  this  first  phase  have  already  been  presented 
(Mariotti.  1991,  1992.  1993). 

A  second  part  of  the  experimental  design  has  been  devoted  to  classroom  observation,  when 
pupils  are  engaged  in  school  geometrical  activities.  A  teaching  experiment  has  been  earned 
out  with  pupils  of  a  6th  grade.  According  to  the  theory  of  figural  concepts,  the  objective  of 
this  investigation  is  to  observe  the  process  of  interaction  between  figural  and  conceptual 
aspects  in  geometrical  'reasoning,  as  it  take  place  in  a  social  environment  (for  instance 
during  a  collective  discussion)  and  compare  the  results  with  what  we  obsevred  during  the 
interviews. 

Particularly  we  aim  to  test  a  general  hypothesis  about  a  positive  influence  of  specific 
education  on  the  development  of  the  dialectical  process  between  figural  and  conceptual 
aspects  in  geometrical  reasoning. 

The  argument  that  social  interaction  plays  an  important  role  in  cognitive  development  is 
longstanding  in  the  psychological  and  educational  research  literatures.  Indeed,  several 
different  research  studies  have  produced  a  sizable  body  of  theoretical  analysis  and  empirical 
evidence  regarding  how  social  interactions  may  influence  children's  cognitive  development. 
According  to  the  Vygotskian  reference  frame,  social  experience  is  considered  as  basic  in 
cognitive  development.  "Vygotsky  argued  that  there  is  an  inherent  relationship  between 
external  and  internal  activities,  it  is  a  genetic  or  developmental  relationship  in  which  the 
main  issue  is  how  external  processes  are  transformed  to  create  internal  processes  .  (Wertsch 
&  Stone,  1985.  p.  163).  „       ,      .     .    L     L„  „      .  . 

As  Vygotsky  says  in  the  famous  quotation:  "Every  function  in  the  childs  cultural 
development  appears  twice:  first,  on  the  social  level,  and  later  on  the  individual  level;  first 
between  people  (interpsychological)  .  and  then  inside  the  child  (intrapsycnological) 

In  this  reference  frame,  we  consider  collective  discussions  (Bartolini  Bussi,  I99l)rthe  core 
of  our  teaching  experiment,  as  they  prove  to  be  a  good  environment  for  the  process  of 
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Greater  communication  between  us  and  the  teachers  might  eliminate  some  of  the 
organisational  difficulties  our  students  faced.  We  might  also  be  able  to  work  more  closely  with  the 
teachers  in  providing  information  for  them  about  our  students'  findings  and  aims.  We  are  likely  still 
to  face  some  problems  when  the  philosophy  of  participating  teachers  differs  markedly  from  our  own. 

Despite  the  difficulties  we  have  experienced  in  supervision  and  communication,  we  remain 
enthusiastic  about  the  project.  We  are  confident  that  our  teacher  education  students  have  made 
important  gains  in  their  skills  of  diagnosis  and  design  of  appropriate  teaching  activities,  along  with 
insight  into  the  construction  of  mathematical  understanding  by  a  child. 
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con  idered  ,hcy  were  responsible  for  some  breakthrough  in  their  pupils'  understanding  of 
mathematics.  It  is  partrcularly  pleasing  that  our  students  seemed  to  be  conscious  of  the  need  to 
prav.de  actmt.es  that  increased  children's  confidence  as  learners  of  mathematics  and  were  able  to 
report  the  mauitenance  of  or  improvement  in  risk-taking  and  confidence 

It  is  also  clear  mat  the  breakthroughs  reported  by  our  students  were  in  a  narrow  range  of 
topics,  concerned  overwhelmingly  with  place  value,  basic  number  facts,  and  number  algorithms 

E22T.T  T  '°piCS  were  likcly  ,0  *  qui,e  evidem  in  ,he  PuPils'       ^  ~uy 

idenufied.  Most  of  our  students  also  considered  that  skills  in  these  topics  are  essential  to  further 
progress  m  mathematics.  Given  the  brevity  of  the  teaching  program,  these,  difficulties  could  be 
usefully  addressed  ,n  ways  mat  led  to  some  obvious  changes  in  the  pupils'  understanding  This 
proved  satisfying  to  our  students.  We  are  unable  to  say  whether  mere  were  other  conceptual  or 
procedural  difficulties  mat  the  students  did  not  identify  or  identified  and  did  not  choose  to  address  in 
the*  teach.ng  program.  In  a  future  phase  of  the  project,  we  wiU  need  to  investigate  how  our  student, 
make  their  choices. 

While  a  pleasing  number  of  students  considered  that  they  had  developed  useful  diagnostic 
skills,  many  felt  that  their  diagnostic  skills  were  inadequate,  especially  at  the  beginning  of  the 
program.  Our  own  view  is  that  the  students  were  generally  able  to  devise  appropriate  activities  and 
games  for  use  in  teaching  and  that  after  the  first  few  teaching  sessions,  most  were  confident  in 
talking  with  then-  pupils  and  observing  the  child's  actions  to  determine  strengths  and  weaknesses 
Some  students  experimented  with  different  formats  for  the  presentation  0f  questions  requiring 
standard  algonthms  for  calculation.  Nevertheless,  we  need  to  provide  more  assistance  to  our 
students  in  deciding  how  to  sun  in  a  way  mat  provides  them  with  useful  information  but  does  not 
overwhelm  the  child  with  formal  testing. 

effect,  T??3,a  ^  haVC  aVai'able  d°  ^  M™  US  ,0  makC  3ny  C0*C,UreS  •»»»«  ««  »°n8-t«m 
effects  of  the  program  on  the  skills  and  attitudes  of  participating  pupils.  In  their  questionnaire 
responses,  most  students  reported  some  implement  in  either  the  understanding  and  skills  or  the 
attitudes  of  their  pupils,  and  these  responses  form  one  type  of  data.  Again,  the  brevity  of  the 
teaching  program  means  mat  to  be  effective,  the  teaching  needs  to  be  focused  and  no,  to  attempt  an 
unrealistic  number  of  objectives.  P 

We  have  no  information  about  the  classroom  teachers'  views  of  the  proiect.  Some  teachers 
may  welcome  the  presence  of  our  students  and  see  them  as  providing  extra  individual  help  that  they 
are  unabk :to  provide  to  specific  pupils  in  their  class,  given  the  den^s  of  their  nc^  program.  On 
the  other  hand,  some  teachers  may  feel  that  the  presence  of  our  students  is  intrusive.  Most  teachers 
would  be  well  aware  of  the  difficulties  being  experienced  by  their  pupils  and  would  not  our 
students  to  Ktenufy  those  difficulties  for  them.  For  some  tethers,  the  reports  written  by  our  students 
may  seem  irrelevant.  One  of  the  key  reasons  for  us  to  have  our  students  write  final  reports  is  to  have 
them  reflect  on  the  reasons  for  the  choices  they  have  made,  «d  to  present  a  sound,  clearly  written 
and  concise  summary  of  their  diagnoses  and  teaching  strategies.  Most  students  find  mis  a  difficult 
task. 
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disappointed,  but  not  surprised,  by  the  heavy  emphasis  on  the  children's  number  concepts  and  Sk»ls, 
,iven  our  students'  initial  attitudes  towards  mathematics  and  mathemaucs  teachmg. 
8       L  attitude  towards  the  learning  of  basic  facts  is  that  memorisauon  mus, .only  ftfl M  « 
understand  g  of  addition  and  multiplication  attained  through  reflection  by  the  ch.ld  on  th 

the  child  to  relate  new  facts  to  known  facts,  and  finally  the  repeated  use  of  facts  m  games,  actte.es 

1  We  discourage  an  emphasis  on  speed  of  recall  and  our  students  are  aware  that  >n 

the  end  of  year  five.  Comments  made  during  the  program  and  m  the  lesson  evalu*t,ons  wntten  by 

2  suggested  that  many  of  our  students  found  lack  of  recall  of  basic  facts  h.ndered  chtldren 
fn ££Z Some  students  were  advise*  to  concentrate  on  basic  facts  by  the  classroom  teachers 

ndtrZugaUon  to  meet  these  request,  Some  students  also  found  it  comparauve.y  cas  -to 
weaknesses  in  basic  fact  recall  and  to  address  these  through  the  development  of  strateg.es 

autcJ^d^ 

SZTdTc-  be  done  best  by  providing  activities  in  which  children  achieve  succes,  and 

a  single  interested  adult  may  in  itself  be  of  benefit  to  some  children,  regardless  o  o  th 

nterLion  In  a  question  that  asked  the  students  to  describe  any  changes  tn  the  ch.lds att.tudes  at 

:  h^d  mlaine,  the  same  level  of  confidence.  Another  28  students  reported  that  tech, 
Ltudesimproved.  Atypical  comment  was"Tobegin  with 

but  by  the  end  she  was  purposefully  (sic)  making  herself  do  more  math,   These  responses  were 

^  A  "series  of  questions  asked  the  students  about  relationships  with  the  parent,  the  chi£  the 

I  elTng  of  the  child,  although  we  acknowledge  that  sometimes  parents  are  no,  we*— 
alt  the  mathematics  the  child  is  learning  in  class  or  how  best  to  prov.de  ass.stance.  Some  ofour 

Twenty  seven  students  reported  litde  or  no  contact  with  the  parents,  wh.le  22  reported  that  the  funny 
p^  gZ  -ideo  b^the  student  with  the  child  at  home  and  that  this  was  helpful.  Fony-two 
Z2  said  that  their  relationship  with  the  child  was  good,  and  a  typ.c* —  «  *  has 
become  a  real  little  friend  telling  me  lots  of  stories  and  experience,    About  ha^ the  ^ 

no  contact. 

T^sTprehlary  data  suggest  that  in  some  respects  th<  project  is  achieving  pleasing  outcon^s  ^ 
^uo  rZher  education  student,  From  the  students'  reports,  i,  is  clear  that  most  of  them 
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confidence  grew,  they  were  able  to  identify  difficulties  that  were  sometimes  quite  profound  and 
complex.  Students  identified  a  feeling  of  remoteness  from  the  classroom  and  the  teacher.  Some  of 
their  pupils  were  tentative  about  their  involvement  in  the  project  and  this  made  communication  at  first 
quite  hard.  Some  students  found  it  difficult  to  determine  appropriate  levels  of  language  to  use, 
making  communication  with  the  children  quite  difficult. 

Amongst  the  positive  comments  were  that  students  saw  the  experience  as  a  dose  of  reality, 
giving  them  a  rehearsal  of  the  skills  they  will  need  to  use  in  their  first  school  appointment.  They  felt 
that  they  were  learning  to  make  quick  decisions  to  manage  unexpected  situations  that  arose.  It  was 
also  very  gratifying  when  they  could  actually  see  a  child  "catching  on"  to  something  for  the  first  time. 

On  a  rather  sombre  note,  the  students  felt  that  they  had  to  please  us  by  being  able  to  report 
that  they  had  brought  about  real  change  in  the  pupils'  mathematics  understanding,  even  though  we 
had  specifically  said  that  we  did  not  expect  them  to  be  able  to  make  very  significant  changes  over  the 
few  weeks  of  the  program.  Nevertheless,  some  of  these  students  reported  that  they  had  considered 
faking  their  lesson  evaluations  in  order  to  impress  us. 
Questionnaires 

A  simple  questionnaire  was  administered  to  the  students  in  the  final  week  of  semester.  There  were 
SI  responses.  Questions  1  and  2  asked  the  students  to  list  skills  they  had  developed  during  the 
project  and  skills  they  thought  were  inadequate.  Thirty-one  thought  that  they  had  constructed 
adequate  diagnostic  skills  but  18  considered  that  their  diagnostic  skills  were  inadequate.  Specific 
skills  that  were  mentioned  as  developed  during  the  project  included  the  use  of  appropriate  language  in 
explanations  to  the  child  (17  students);  designing  creative  activities  to  cater  for  specific  problems  (28 
students);  planning  an  appropriate  program  that  was  flexible  and  sequential  (18  students);  and  a 
greater  knowledge  of  the  syllabus  (10  students).  While  many  students  thought  that  they  had 
developed  skills  in  designing  creative  and  appropriate  activities,  16  students  considered  that  they 
lacked  this  skill.  A  further  18  students  said  that  they  found  it  difficult  to  know  where  to  start  in 
assessing  the  child's  strengths  and  weaknesses. 

Question  4  asked  the  students  to  describe  their  most  exciting  moment  in  working  with  the 
child.  The  responses  to  this  question  referred  principally  to  concepts  associated  with  place  value  and 
basic  facts.  A  few  responses  referred  to  changes  in  the  child's  attitudes  and  confidence.  Question  6 
asked  students  to  identify  the  specific  areas  of  mathematics  in  which  they  felt  they  contributed  to  the 
child's  learning.  Not  surprisingly,  the  three  most  commonly  mentioned  areas  were  place  value  (23 
students),  basic  number  facts  (25  students)  and  algorithms  (1 8  students). 

Throughout  the  program,  we  continually  stressed  the  importance  for  children  of  a  good 
understanding  of  place  value  as  required  in  calculations,  in  an  understanding  of  larger  numbers  and 
their  relationships,  and  in  the  development  of  decimal  ideas.  We  were  therefore  not  surprised  that 
this  topic  was  so  frequently  mentioned.  However,  our  entire  mathematics  education  program  has  a 
heavy  emphasis  on  children's  understanding  of  all  strands  of  our  syllabus,  space  and  measurement  as 
well  as  number,  and  the  integration  of  these  strands  in  planning  activities  with  children.  We  were 


_  228  — 


possible  teaching  techniques  in  a  situation  where  the  responsibility  for  choice  rests  with  them  and 
where  their  choices  are  tested  against  the  realities  of  the  time  constraints  of  the  program  and  the  needs 
of  the  pupils  with  whom  they  are  working. 

In  line  with  this  view,  our  students  are  not  directed  in  terms  of  the  topics  they  should  cover  in 
the  mediation  program.  Once  they  have  worked  to  understand  the  difficulties  their  pupils  are 
experiencing,  the  students  choose  which  topics  to  work  with.  They  also  choose  the  activities  to  be 
used  and  the  contexts  within  which  they  will  set  these  activities.  The  pupils'  own  classroom  teachers 
may  suggest  topics  to  be  covered  and  such  suggestions  may  act  either  as  useful  information  about 
where  to  focus  in  the  program  or  as  a  constraint  on  the  program. 
Aims  of  the  project 

In  order  to  enhance  the  skills  and  understandings  of  our  teacher  education  students,  we  provide  them 
with  in-depth  discussion  and  reflection  on  issues  related  to  teaching  strategies,  how  children  learn 
mathematics,  and  the  teaching  of  mathematics  to  pupils  experiencing  difficulties.  We  aim  for  the 
students  to  develop  skills  of  understanding  children's  understanding  and  teaching  strategies  through 
working  in  an  intensive  one-to-one  basis  with  a  child  in  the  school  environment.  We  also  aim  to 
assist  the  pupils  through  having  our  students  help  them  to  construct  mathematical  skills, 
understandings  and  processes,  developed  increased  autonomy,  and  enhanced  beliefs  and  attitudes. 

As  the  project  has  developed  over  the  last  three  years,  we  have  begun  to  explore  whether  the 
project  is  making  a  contribution  to  the  skills  and  understandings  of  each  of  the  groups  involved. 
Two  major  research  aims  direct  the  collection  of  data  that  has  begun  this  year. 

1 .  To  identify  the  factors  influencing  primary  teacher  education  students'  teaching  strategies  and 
beliefs  about  mathematics,  how  children  learn  mathematics,  and  the  teaching  of  mathematics 
to  pupils  experiencing  difficulties. 

2.  To  identify  the  effect  of  participation  in  the  mediation  program  on  the  construction  of 
mathematical  skills  and  concepts  of  primary  school  pupils  and  on  their  attitudes  towards 
mathematics  and  themselves  as  learners  of  mathematics. 

The  systematic  collection  of  data  will  continue  to  be  undertaken  in  future  years  using  various  research 
techniques.  Because  we  are  particularly  interested  in  whether  any  effects  are  sustained  beyond  the 
initial  impact,  we  will  seek  data  over  a  six  month  period  following  the  end  of  the  teaching  program. 
We  report  here  some  preliminary  results  concerning  the  teacher  education  students'  beliefs  about  their 
own  development  of  understandings  and  skills. 
Some  preliminary  results 

To  gather  these  data,  we  asked  the  students  to  complete  a  questionnaire.  We  also  interviewed  seven 
students  in  depth. 
Interviews  with  students 

The  students  commented  that  the  task  of  diagnosis  was  very  daunting  and  they  initially  found  it 
difficult  to  identify  the  child's  difficulties.  The  child  was  not  able  to  articulate  his  or  her  own 
difficulties.  This  made  it  difficult  to  provide  a  focus  for  their  program  in  the  early  weeks.  They 
found  it  difficult  to  remain  optimistic  and  see  any  prospect  of  helping  the  child.  However,  as  their 


topics  in  mathematics,  teaching  strategies,  and  classroom  activities.  Each  student  was  allocated  a 
pupil  selected  by  classroom  teachers.  The  pupils  were  chosen  on  the  basis  of  their  need  for  extra 
assistance  in  mathematics.  Pupils  experiencing  severe  clinical  problems  were  not  selected. 

The  students  made  at  least  ten  visits  to  the  school  to  work  with  their  pupils.  They  were 
required  to  prepare  lesson  plans  for  each  session.  An  essential  component  of  this  process  was  the 
evaluation  of  the  sessions,  which  was  done  in  terms  of  their  own  development  of  understanding  of 
the  pupil's  knowledge,  skills  and  attitudes.  This  provided  the  basis  for  the  next  session.  The 
students  were  also  required  to  write  detailed  reports  of  their  work  at  the  end  of  the  program  to 
provide  feedback  to  the  classroom  teachers. 
The  philosophy  underlying  the  project 

Within  a  construe tivist  philosophy  of  learning,  children  can  be  said  not  to  understand  an  idea  in 
mathematics  when  they  have  not  yet  assimilated  that  idea  into  their  existing  cognitive  schemes.  This 
may  occur  because  their  existing  schemes  are  seen  as  plausible  and  correct  and  new  information  is 
not  seen  as  more  fruitful  or  useful.  New  information  may  in  such  cases  be  rejected,  or  may  exist 
alongside  existing  ideas  for  use  within  school  settings,  while  existing  ideas  are  used  in  out-of-school 
contexts.  Where  a  child  seems  not  to  understand  an  important  idea,  this  is  seen  to  be  a  more  complex 
situation  than  just  a  deficit  in  the  child's  knowledge,  which  might  be  fixed  by  some  simple  direct 
instruction.  Rather,  the  teacher  assisting  the  child  needs  to  ascertain  what  the  child's  existing 
schemes  are  then  re-present  the  new  information  in  ways  that  help  the  child  to  construct  links 
between  new  and  existing  knowledge,  assimilating  the  new  information  and  modifying  the  existing 
knowledge. 

In  practical  terms,  this  translates  to  some  principles  that  guide  our  students'  work  with  their 
pupils:  (1)  Find  out  what  the  child  does  understand  and  help  the  child  build  on  that;  (2)  The 
understanding  the  child  already  has  can  be  determined  best  by  observing  the  child  as  he  or  she 
attempts  activities,  games  and  problems  and  talks  about  the  strategies  being  used;  (3)  New 
information  must  be  presented  in  ways  that  help  the  child  create  links  to  existing  understanding;  (4) 
Concepts  and  procedures  must  be  presented  in  ways  that  will  help  the  child  decide  they  may  be  more 
useful  and  more  plausible  than  existing  understanding  and  procedures;  (5)  The  child  must  be 
encouraged  to  develop  his  or  her  own  strategies,  and  to  articulate  those  strategies  and  share  them  with 
others,  in  this  case  the  student  teacher,  (6)  Activities  should  be  enjoyable,  difficult  enough  to  be 
challenging  but  not  so  difficult  that  the  child  is  unable  to  achieve  some  success;  (7)  Understanding 
needs  to  precede  attempts  to  memorise;  (8)  The  construction  of  new  understanding  helps  determine 
and  is  determined  by  the  child's  views  of  the  nature  of  mathematics  and  of  him  or  herself  as  a  learner 
of  mathematics.  These  principles  are  no  different  from  principles  that  apply  to  any  good  program  of 
mathematics  teaching. 

We  hold  a  similar  constructivist  view  about  the  development  of  understanding  and  skills  by 
our  teacher  education  students.  That  is,  teacher  education  students  must  themselves  construct  skills 
of  understanding  children's  knowledge  constructions  and  strategies  of  teaching.  This  can  best  be 
done  through  involvement  in  and  reflection  on  activities  that  require  the  students  to  experiment  with 
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majority  of  research  into  teachers'  beliefs  has  focused  on  teachers  with  three  or  more  years  of 
experience.  It  appears  that  the  beliefs  of  preservice  teachers  may  be  more  amenable  to  change  given 
appropriate  experiences  and  instruction  (Cronin-Jones  &  Shaw,  1992).  If  we  are  to  help  teacher 
education  students  re-think  their  beliefs  about  mathematics,  mathematics  learning,  and  children  as 
learners  of  mathematics,  we  need  to  create  situations  where  these  beliefs  are  faced,  tested  against  the 
reality  of  a  teaching  situation,  and  reconsidered. 

While  there  is  now  an  extensive  literature  on  how  children  construct  ideas  in  various  topics  in 
mathematics,  there  is  very  little  repotted  on  studies  that  aim  to  assist  pupils  with  difficulties  in 
mathematics  to  re-construct  their  conceptual  knowledge  and  skills  in  line  with  new  constructivist 
ways  of  viewing  learning.  Diagnosis  and  instruction  projects  in  primary  school  mathematics  have 
tended  to  focus  more  on  mathematical  content  and  on  error  patterns  than  on  the  conceptual 
understandings  of  the  learner.  In  their  review  of  more  than  300  diagnosis  and  instruction  research 
documents,  Harrison,  Schroeder  and  Bye  (1987)  claim  that  there  are  weaknesses  inherent  in  such 
approaches  and  contrast  these  with  the  strengths  and  practical  value  of  programs  built  on  insights 
from  genetic  epistemology. 

Denvir  and  Brown  (1986a,  1986b)  report  a  series  of  studies  into  the  development  of  number 
concepts  in  seven  to  nine  year  old  low-attaining  pupils.  These  studies  focused  on  a  narrow  range  of 
number  concepts  and  identified  a  framework  to  describe  the  order  of  acquisition  of  those  concepts. 
Their  studies  devised,  carried  out  and  evaluated  teaching  activities  to  extend  the  children's 
understanding  of  those  number  concepts.  In  Australia,  Thornton,  Jones  and  Toohey  (1983)  also 
worked  with  primary  school  pupils  in  remedial  mathematics  programs.  Their  study  again  focused  on 
a  very  small  range  of  number  skills,  but  the  instruction  was  carried  out  by  teachers  who  had  an 
additional  twelve  months  of  training  in  diagnosis  and  remediation  beyond  their  initial  teacher 
education  qualification. 

The  project  described  in  this  paper  is  intended  to  help  teacher  education  students  construct 
enhanced  attitudes  and  beliefs  and  better  skills  in  working  with  primary  school  pupils  experiencing 
difficulties  in  mathematics.  It  is  also  designed  to  assist  primary  school  pupils  to  develop  autonomy, 
independent  learning  and  critical  thinking,  construct  enhanced  attitudes  and  beliefs,  and  construct 
new  mathematical  understanding.  Because  the  word  'remediation'  suggests  a  deficit  model  of 
teaching,  we  use  the  word  'mediation'  to  describe  our  project,  which  is  based  within  a  constructivist 
framework  and  sees  the  teacher's  role  as  assisting  the  child  to  construct  mathematical  understanding 
for  him  or  herself. 
Background 

Our  mediation  project  started  in  1991  at  the  request  of  the  local  school  district  which  was  concerned 
by  the  large  number  of  primary  pupils  having  difficulty  with  mathematics.  In  1993,  we  had  76  final 
year  teacher  education  students  participating  in  the  project.  All  the  students  had  completed  two 
semester  units  of  mathematics  education  and  were  concurrently  taking  a  third  semester  unit. 
Throughout  these  units,  there  had  been  many  class  sessions  devoted  to  discussions  of  different 
philosophies  of  mathematics  and  views  of  learning,  research  on  children's  understanding  of  various 
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The  paper  describes  a  project  in  which  teacher  education  students  work  with  primary  school  pupils 
experiencing  difficulties  in  mathematics.  The  students  must  themselves  construct  new  beliefs, 
attitudes,  and  understandings  about  the  processes  of  teaching  and  learning  mathematics  as  they  help 
the  children  to  develop  autonomy  and  enhanced  attitudes,  and  construct  new  mathematical 
understanding.  The  philosophy  underlying  the  project  is  based  on  the  belief  that  teachers  can  help 
children  with  difficuties  in  mathematics  by  mediating  in  their  construction  of  mathematics  rather  than 
by  remediating  their  weaknesses.  The  paper  presents  some  preliminary  data  that  have  been  obtained 
about  the  value  of  the  project  as  perceived  by  the  teacher  education  students  involved  in  its 
implementation. 

Introduction 

Children's  difficulties  in  mathematics  may  stem  from  many  factors,  including  absence  from  school  at 
critical  times,  negative  self  esteem,  lack  of  valuing  of  mathematics,  the  use  of  inappropriate  teaching 
strategies  or  materials  by  their  teachers,  inappropriate  pacing  of  instruction  and  so  on.  Children  who 
experience  early  difficulties  in  constructing  adequate  mathematical  ideas  are  unlikely  to  be  able  to  re- 
construct those  ideas  and  skills  for  themselves  when  their  daily  schooling  places  them  in  a  classroom 
of  about  30  pupils  all  with  claims  on  the  time  and  skills  of  the  classroom  teacher. 

Karp  (1991)  found  that  the  daily  experiences  of  pupils  in  mathematics  classes  of  teachers  with 
positive  attitudes  were  found  to  be  substantially  different  from  those  of  pupils  in  classrooms  of 
teachers  with  negative  attitudes.  Her  data  suggested  that  teachers  with  similar  professional 
backgrounds  and  with  pupils  of  comparable  abilities  engaged  in  quite  dissimilar  instructional 
activities.  Overall,  teachers  with  negative  attitudes  towards  mathematics  employed  methods  that 
fostered  dependency  whereas  teachers  with  positive  attitudes  were  found  to  encourage  student 
initiative  and  independence. 

Our  teacher  education  students  generally  have  deeply  rooted  ideas  about  teaching  and  learning 
mathematics.  Despite  lectures  and  workshop  discussions  promoting  a  constructivist  philosophy  of 
learning  mathematics,  they  think  of  mathematics  as  a  fixed  body  of  knowledge  that  is  best  learned  by 
memorising  facts  and  rules,  and  procedures  for  applying  them.  They  see  the  role  of  the  teacher  as 
carrying  out  goals  determined  by  the  syllabus,  providing  demonstrations  and  examples  of  tasks  to  be 
completed,  and  checking  written  work  for  completeness  and  accuracy  (Wilcox,  Schram,  Lappan  & 
Lanier,  1991 )  and  conceive  of  teaching  as  a  matter  of  technical  competence  rather  than  reflection  and 
decision-making  based  on  the  mathematical  knowledge  children  are  constructing  and  how  they  are 
constructing  it. 

Researchers  have  acknowledged  the  impact  of  teachers'  beliefs  on  practically  every  aspect  of 
the  teaching/learning  process  (Cronin,  1986;  Peterson,  Fennema,  Carpenter,  &  Loef,  1987; 
Thompson,  1992).  Research  points  to  the  difficulty  in  overcoming  ingrained  notions  developed 
during  previous  school  experiences  (Ball,  1988;  Zeichner,  Tabachnick  &  Densmore,  1987).  The 
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king.  In  the  phaseof  critical  analysis  of  the  texts,  the  pupils  show  a  strong  critical  attitude,  since  they  find 
out  easily  ambiguities,  errors  on  data  and  on  their  compatibility.  Several  protocols,  either  of  groups  or  of 
individual  tests,  confirm  our  belief  that  ambiguous  texts  or  texts  with  errors  constitute  the  ideal  situation 
for  inducing  the  pupils  to  discuss  possible  interpretations,  formulate  hypotheses  and  infer 
implications. 

To  work  on  different  situations  with  reference  to  the  same  figure  shows  to  the  pupils  the  possibility  or 
impossibility  of  connecting  certain  pieces  of  information  and,  if  compatible  brings  them  to  assess  the 
"grade  of  closeness"  (i.e.  the  number  of  steps  needed  for  connecting  them);  which  on  one  hand 
encourages  concatenation  of  data,  essential  for  developing  mathematical  speech,  and  on  the  other  hand 
produces  conceptualisation  of  the  meaning  of  relation,  important  for  starting  abstract  thinking. 
Moreover,  the  activity  favours  mctacognition  in  the  pupils  because  it  brings  them  to  hold  strong  control 
on  the  strategies  underlying  their  (or  the  other's)  productions,  to  be  aware  of  the  fundamental  relations 
among  the  elements  of  elementary  geometrical  figures  and  to  master  the  whole  range  of  classical  models 
of  problems.  The  systematic  analysis  of  the  correct  texts  produced  with  reference  to  each  figure  allows 
the  pupils  to  sort  out  that  for  each  figure  there  is  a  same  minimum  number  of  pieces  of  information  to 
assign  in  order  to  pose  a  problem  on  it  and  that  such  number  is  therefore  a  characteristic  of  such  figure. 
The  inquiry  on  what  happens  for  figures  of  a  same  category  (e.g.  triangle)  but  with  different  peculiar 
features  (e.g.  scalene,  isosceles,  equilateral)  carried  out  by  examining  simultaneously  the  data  inserted 
with  reference  to  the  figure  given,  allows  the  pupils  to  get  aware  of  the  role  of  the  implicit  data  linked  to 
the  quality  of  the  figure  itself.  Furthermore,  the  comparison  of  problems  analogous  in  structure 
composed  before  and  after  the  study  of  Pythagora's  proposition,  and  the  observation  of  the  overall 
number  of  data  inserted  in  the  first  and  second  case  bring  them  to  be  aware  of  the  economy  of  information 
involved  in  the  knowledge  of  general  mathematical  facts. 
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continuation  of  Table  2 


hypotenuse  measures  less  than  the  two  cathetland  it  should  be  the  contrary. 
Critic:  the  text  has  too  many  data. 

Correction  ol  the  text :  "The  measure  ol  the  height  relative  to  the  different  side  of  an  isosceles  triangle  ABC  is 
24  cm.  Since  you  know  that  the  area  measures  240  crrf,  find  the  measure  o!  the  perimeter. 

Please  note  the  improper  reference  to  the  Pythagorean  proposition  which  however  reveals  the  pupils' 
process  of  thinking  in  the  discovery  of  the  absurd  and  the  imprecision  of  the  expression  the  hypot- 
enuse measures  l;ss  than  the  two  catheti"  probably  due  to  the  incapacity  of  formulating  correctly  into 
negative  the  expression  "in  a  rectangle  triangle  the  measure  of  the  hypotenuse  is  bigger  than  that  of 
(each  of)  the  two  catheti".  The  absem  reference  to  triangle  AKC  witnesses  the  pupils'  acquired  capacity 
of  seeing  parts  of  figures  and  of  au'onomously  operating  on  them.   

Ambiguous  text  with  redundant  data  which  gives  ypnt  to  more  than  one  Possible  solution 

In  a  rhumbus  the  area  measures  600 cm2  whereas  one  diagonal  differs  from  theotherbylOcmandit 
is  its  413.  Calculate  the  perimeter  and  the  height. 

Protocol  4.  The  pupils  assume  that  one  diagonal  is  4/3  of  the  other  and  give  the  solution  to  the  problem 
ignoring  the  information  on  the  area.Then  comment  as  follows: 

The  data  are  coherent,  even  if  too  many.  You  could  take  the  measure  of  the  area  and  the  problem  would 
become:  "In  a  rhumbus  the  diagonal  is  10  cm  different  from  the  other  and  it  is  4/3  of  the  latter.  Calculate  the 
perimeter  and  the  height." 

You  could  take  off  the  difference  of  the  diagonals(W  cm),  the  problem  would  be  then:  "In  a  rhumbus  the  area 
measures  600  whereas  the  diagonal  is  4/3  of  the  other.  Calculate  the  perimeter  and  the  height. " 
Fromtriepointofviewolgrammarthereisanlmprecisionwhenitsays'onediagonalislOcmditferentfromthe 

other  and  it  is  the  45?.  This  datum  (underlined)  has  no  reference.   


Non-ambiguous  text  with  redundant  data  respectively  compatible 

A  rectangle  trapezium  has  the  major  base  of  39  cm,  the  minor  of  32  cm,  the  height  measures  24  cm 
and  the  oblique  side  25  cm.  Find  the  measure  of  the  diagonals,  the  area  and  the  perimeter. 

Protocol  5.  The  pupils  solve  the  problem  schematically  using  all  the  data  and  then  write: 
There  are  too  many  data  in  the  problem.  The  height  or  the  minor  base  or  the  oblique  side  or  the  major  base  can 
be  taken  awaytromthe  text  so  that  it  comes  out  right.  The  correct  problemwoukJbe:  "A  rectangle  trapeziumhas 
the  major  base  of  39  cm.  the  minor  base  ol  32cm  and  the  oblique  side  ol  25  cm.  Findout....".  Or'Arectangie 
trapezium  has  the  major  base  of  39  cm.  the  minor  base  ol  32  cm  and  the  height  ol  24  cm.  Find  out.. ..".Or 
"rectangle  trapezium  has  the  minor  base  of  32  cm.  height  ol  24  cm  and  the  oblique  side  25cm...". 


Non-amhiguous  text  with  incompatible  and  redundant  data 

The  perimeter  of  the  isosceles  triangle  ABC  measures  72  cm  and  the  different  side  (third  side)  is  13110 
of  the  isometric  one:  since  you  know  that  the  unequal  side  is  113  of  60,  find  the  measure  of  the  two 


Protocol  6.  The  pupils  work  schematically  in  two  ways,  neglecting  in  the  first  case  the  piece  of 
information  "the  different  side  is  1 3/10  of  the  isometric  one"  in  the  second  case  the  piece  of  informa- 
tion on  the  perimeter  and  write: 


The  text  is  wrong  because  m  the  first  the  Isometric  side  measures  26  cm.  Inthe  second  measures  15cm.  They 
made  a  mistake  in  writing  the  dUfertent  side  IS13/10  of  the  isometric  one.  They  should  have  written  the 
different  side  IS10/13  of  the  Isometric  one"  or  the  Isometric  side  Is  13/10  of  the  different  one". 
Aaually:20:l0-2cm2xl3-26cm(lsometrlcslo^).lftheywantedaslnglesolutk)ntheyhadtoputemrth^ 

traction  and  not  the  perimeter  or  the  perimeter  and  not  the  traction. 


sides. 


fway 
60:3  -  20  cm  3° side 
72-20-  52  cm  Isometric  sides 
52:2  -  26  cm  Isometric  side 


2°way 
60  :  3  -  20  cm  3" side 
20 : 13  -  1.5 

1,5x10 -15  cm  Isometric  side 
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"Protocols  of  critical  analysis  of  the  texts 


Table  2 


r: 


Ambiguous  text  with  equally  acceptable  interpretations 

I  In  a  rectangle  trapezium  the  sum  of  the  bases  is  71  cm,  tlxeir  difference  7  cm  and  the  diagonal  measu- 
!  res  40  cm.  Calculate  the  area. 


Protocol  1 
(71-7):2 
64:2  =  32  =  b 
32  +  7  =  39  =  8 


B-b-7 
B  +  b=71 
d-40 

?  A-  852  0  312.4 


'  We  don't  know  which  diagonal  it  is. 
;  II  it  were  the  minor 
j  (40*  ■  3&)  •  1600  ■  1024  =  576 
:a/5W-  24(h) 
\  A=(b  +  B)xh:2 
|  71x24:2  =  852  (A) 

;  This  text  is  "wrong"  because  it  doesn't  specify  which  is  the  diagonal  corresponding  to  the  measure  of  40  cm. 


It  it  were  the  major 

(40s- 39s)  =  1600  ■  1571  =  79 

\I7?«  8,8  (h) 

71  x  8.8 : 2  =  624.8 : 2  -  312,4  (A) 


It  is  to  be  underlined  that  on  facing  this  text  some  other  groups  choose  the  first  solution  declaring  that 
!  they  eliminate  the  second  result  because  "inconvenient". 


!  Ambiguous  text  with  two  possible  interpretations,  one  of  which  is  to  reject 

1  The  area  of  the  isosceles  triangle  is  240  cm2.  Since  you  know  that  the  height  corrispondent  to  the  base 
\  measures  24  cm,  find  the  perimeter  of  the  triangle. 

Protocol  2.  The  pupils  initially  refer  to  the  position  of  the  isosceles  triangle  in  the  standard  model  and 
directly  execute  the  calculus  of  the  perimeter.then  examine  the  case  of  the  same  triangle  lying  on 
another  side  and  write: 

OTHER  WAY  OF  SOLVING  IT 


480 : 24  =  20  cm-  base  and  other  side 
Critic 

1  The  preposition  "ot  the "  is  not  appropriate  because  the  isosceles  triangle  is  not  unique,  there  are  many,  so  we 
shall  change  it  into  "ot  an". 

2  The  text  does  not  specify  which  ot  the  3  sides  is  the  base.  We  have  made  two  conjectures,  but  the  second  is 
impossible  because  one  ot  the  catheti  would  measure  more  than  the  hypotenuse. 


Ambiguous  text  with  redundant  data  which  gives  vent  to  two  interpretations,  one  of  whichJs^tQ 


reject. 

The  measure  of  the  two  different  heights  of  the  isosceles  triangle  ABC  are  respectively  24  cm  and 
18,4  cm;  since  you  know  that  the  area  is  240  cm2,  find  the  measure  of  the  perimeter. 

Protocol  3 


-  (240  x  2) :  18,4  -  480  :18,4  =  26  (cm) 

■  (240  x  2)  :  24  -  480 : 24  -  20  (cm) 

■  (26  x  2)  +20  -52  +  20  -72  (cm)  perimeter 


Solution:  we  have  used  all  the  data  of  the  text,  the  text  does  not  specify  to  what  skit  the  two  heights  are  relative. 
But  we  know  that  the  smallest  height  Is  always  relative  to  the  bigger  side,  theretorel8,4  Is  the  height  relative  to 
the  major  side  whereas  24  is  the  height  relative  to  the  minor  side.  Let's  suppose  that  AC  is  20:  the  side  AC  can- 
not measure  20  cm  because  [considered  triangle  AKC\  if  we  apply  Pythagoras  we  see  that  in  this  case  the 
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document  the  different  typologies  of  mistake  on  which  they  are  asked  to  work,  and  to  observe  how  the 
different  situations  are  tackled  by  them.  As  it  is  possible  to  sec,  they  analyse: 

-  ambiguous  texts  with  equally  acceptable  interpretations; 

-  ambiguous  texts  with  different  possible  interpretations  among  which  some  are  to  reject; 

-  ambiguous  texts  with  redundant  data  which  give  vent  to  several  interpretations  among  which  some  are 
to  reject; 

-  ambiguous  texts  with  redundant  data  which  give  vent  to  several  possible  situations; 

-  non-ambiguous  texts  with  redundant  data  respectively  compatible; 

-  non-ambiguous  texts  with  redundant  data  respectively  not  compatible. 

Problems  with  ambiguity  of  interpretation  always  give  vent  to  more  than  one  reading  and  consequent 
solution  in  the  different  cases  (see  table  2,  protocols  1&2);  problems  with  redundant  data  give  vcnt.on 
cases  of  non-compatibility,  to  selection  and  rejection  of  data  (see  table  2,  protocols  3&6)  whereas  on 
cases  of  compatibility  give  vent  to  combination  of  data  and,  accordingly,  to  birth  of  more  than  one 
problem  as  a  reduction  from  the  original  problem  (see  table2,  protocols  4&5). 
The  protocols  show  how  the  pupils'  attention  concentrates  on  commenting  the  other's  work  rather  than 
justifying  their  own  way  of  operating;  this  makes  us  conclude  that  they  don't  ''eel  this  activity  as  one  of 
problem  solving.  Let's  not  forget  that,  because  of  didactic  contract,  to  solve  a  problem  means  to  these 
pupils  to  explicit  the  reasoning  enacted  and  the  difficulties  niet. 

From  the  metacognitive  point  of  view,  a  further  interesting  aspect  in  this  phase  concerns  the  control  of 
the  correctness  of  the  data  inserted  into  a  text  as  to  those  initially  assigned  with  reference  to  a  certain 
figure.  In  particular,  in  some  situations  the  pupils  had  to  deal  with  the  distorting  effects  deriving  from  the 
approximation  of  the  square  root  of  some  numerical  values,  which  brought  them  to  a  reflection  on  the 
limits  of  approximation  and  to  the  awareness  of  the  distinction  between  a  number  and  its  approximate 
decimal  representations. 

It  is  to  be  underlined  that  in  this  phase  the  pupils  have  made  spare  use  of  graphic  representation;  this 
demonstrates  their  good  interiorisation  of  the  models  of  figures  in  the  knowledge  of  general 
mathematical  facts. 

General  results 

From  a  global  point  of  view,  on  the  base  of  our  experience  we  are  able  to  state  that  problem  posing  is  a 
difficult  activity  at  individual  level  for  11/1 2-year-old  pupils;  on  the  other  hand,  as  team  activity  -thanks 
to  the  "mixture"  of  different  personalities  and  abilities-  not  only  is  it  suitable,  but  also  effective,  and  it 
tumsout  to  be  more  fruitful  the  more  all  participants  are  willing  to  confront  and  to  take  each  contribution 
into  consideration,  whatever  the  cultural  level  of  the  classmate  expressing  it.  Team  activity  involves  all 
the  pupils  in  the  work  according  to  the  characteristics  of  each:  for  instance,  non-creative  pupils  often  act 
as  supervisors. 

The  observation  of  the  groups  reveals  how  some  aspects  of  the  pupils'  individual  personalities  can  affect 
their  productions,  e.g.  pupils  who  arc  not  willing  tosharetheirknowledge  with  the  othercompromise  the 
development  of  the  right  interaction  stream  within  the  group,  whereas  open  pupils  who  are  willing  to 
share  their  knowledge  determine  synergic  effects  in  the  group. 

For  brilliant  pupils  the  activity  is  particularly  profitable  because  having  to  communicate  to  the  other 
compells  them  to  explicit  intuitions,  images,  processes  which  would  not  arise  during  individual  work. 
As  strong,  if  not  superior,  is  the  benefit  to  the  weak  or  unconfident  pupils,  as  revealed  by  the  individual 
tests.  It  is  clear  that  the  quantity  of  problems  tackled,  the  open  relation  with  classmates  with  a  successful 
working  method,  the  experience  as  first  actor  of  the  construction  of  a  problematic  situation  make  them 
aware  of  the  right  attitude  to  have  in  front  of  a  problem,  of  how  to  associate  the  different  data  in  order  to 
evidentiate  their  relations,  of  thcincidcncc  of  mathematical  knowledge  on  the  whole  activity.  However, 
for  some  of  these  pupils  the  difficulty  of  linguistic  formulation  is  confirmed. 
It  is  clear  in  our  experimentations  how  team  activity  enhances  in  the  pupils  rigour  in  the  use  of  language: 
if  an  idea  is  expressed  roughly  or  in  an  incomplete  way,  it  is  discussed,  analysed,  and  precised.  Clarity  of 
speech  becomes  to  the  pupils  an  essential  clement  for  a  correct  communication  of  their  ideas. 
Another  strongly  stimulating  aspect  is  to  work  on  mistakes,  which  become  elements  of  intellectual 
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of  the  contents  exposed.  In  particular,  if  they  don't  find  in  books  some  "difficult"  problem  they  have 
constructed,  they  are  mostly  satisfied,  which  gives  them  akcy  to  assess  the  skills  they  havcreached.  This 
last  activity  gives  the  pupils  a  new  way  of  approaching  the  textbook,  which  is  particularly 
meaningful. 

The  texts  constructed  by  the  pupils 

The  texts  produced  refer  cither  to  direct  or  indirect  problems.  Various  groups  suggest  problems  in  which 
the  data  inserted  are  expressed  as  fractions  of  other,  or  are  anyway  of  relational  kind.  Initially,  despite  the 
fact  that  the  pupils  must  also  solve  the  problems  they  create,  there  are  texts  which  are  ambiguousor  with 
redundant  data  -compatible  or  not;  in  some  cases  the  presence  of  wrong  relational  data  was  noticed  (e.g. 
inverted  fraction).  As  the  activity  goes  forth,  the  problems  composed  by  each  group  are  more  and  more 
correct,  and  towards  the  conclusion  of  the  activity,  having  the  pupils  acquired  the  right  working  manner 
and  a  certain  methodicalncss,  they  produce  a  wide  variety  of  problems,  ranging  from  simple  to  complex. 
Globally,  the  problematic  situations  they  suggest  cover  almost  the  whole  range  of  problems  present  in 
the  Italian  textbooks.  The  language  in  which  these  texts  are  composed  reflects  traditionally  accepted 
codings,  even  if  sometimes  it  draws  away  from  the  standard  under  the  influence  of  the  discussions  held 
in  class  on  definitions  and  of  the  work  carried  out  for  fostering  a  dynamic  vision  of  the  figures.  As 
appears  in  the  protocols,  many  pupils  can  easily  see  isosceles  triangles  in  non-typical  positions  and 
recognize  rhumbi  as  parallelograms.  For  reasons  of  space,  we  may  not  enclose  all  the  texts  produced,  ho- 
wever they  will  be  available  for  the  participants  to  the  conference. 

From  a  general  point  of  view,  the  productions  of  each  group  (at  least  4  for  each  kind  of  figure)  show  the 
use  of  the  simplest  relations  among  the  elements  of  a  figure;  other  relations  which  are  more  hidden,  such 
as  those  involving  sum  and  difference  of  measures  of  segments,  or  the  expression  of  a  measure  as 
fraction  of  another  are  used  with  awareness  only  by  the  groups  with  stronger  potentiality.  It  i  s  in  tcresting 
to  notice  how  different  groups  organize  their  work  by  determining  -starting  from  the  elements  of  the 
figure  assigned  by  the  teacher-  the  measures  of  all  the  other  elements  directly  obtainable  from  them  and 
constituting  what  they  call  "the  data  base",  from  which  they  draw  the  data  for  conflicting  the  various 
problems  on  the  figure.  Some  groups,  then,  adopt  a  working  method  based  on  shifts  through  analogy  of  a 
scries  of  relations  from  one  kind  of  figure  to  another  (sec  table  1). 


Problems  in  which  the  measure  of  a  seg mem  is  given  as  fraction  of  that  of  another 

-  A  rectangle  has  the  area  measuring  240  cm2.  Since  you  know  that  the  height  is  5112  of  the  base,  find  out  the 
perimeter  of  the  rectangle.   

-  In  an  isosceles  triangle  ABC,  the  base  AB  is  516  of  the  height  CH  relative  to  it.  Since  you  know  that  the  area  of 
ABC  is  240  cm2,  find  out  the  measure  of  its  perimeter. 

-  Theareaofarombmis600cm2.Sinceyouknowthatonediagonalis3l4oftheother,wouldyoubcabletofind 
out  the  measure  of  the  perimeter? 


Problems  In  which  sum  and  difference  nf  measures  nf  segments  am  insetted  as  data 

-  Two  sides  of  a  rectangle  differ  by  14  cm  and  their  sum  is  34  cm.  Find  the  area. 

-  In  an  isosceles  triangle  ABC  the  sum  of  the  3  sides  is  72.  Sinceyou  know  that  the  two  equal  sides  differ  from 
the  different  by  6  cm,  find  the  measure  of  the  3  sides. 

■  The  sum  of  the  diagonals  in  a  rhombus  measures  70  cm.  Since  you  know  that  between  one  diagonal  and  the 
other  there  is  a  difference  of  10  cm,  find  out  their  measure. 


Pupils'  critical  analysis  of  ill-structured  problems 

As  already  mentioned,  although  a  solution  is  requested,  there  are  in  the  first  phase  ambiguous  texts,  with 
redundant  data,  cither  compatible  or  incompatible.  Such  texts  are  precious  for  the  phase  of  critical 
analysis  since  they  stimulate  hypothetical  reasoning  and  other  important  activities  such  as  analysis  and 
comparison  of  resolutory  strategics  or  control  of  the  coherence  to  the  initial  situation  of  the  texts  made. 
Wc  present  in  table  2  a  series  of  pupils'  protocols  appeared  in  this  phase  of  the  activity  in  order  to 
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Group  productions  witnessing  the  use  of  analogy  as  a  procedure 
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BEST  COPY  AVAILABLE 


The  tasks  were  based  on  student  ways  of  thinking  and  misconceptions  as  known  from  research 
and  personal  experience  (e.g.,  Markovits,  1989). 

Questionnaire  -  Beliefs  about  Teaching  and  Learning 

This  questionnaire  probed  teachers'  thoughts  about  teaching  strategies,  questioning,  skills 
versus  conceptual  goals,  the  process  of  learning,  etc.  Following  are  examples  of  the  items: 

-  Many  times  math  teachers  ask  students  to  explain  their  answer  when  it  is  incorrect.  Do  you  think 
they  should  also  ask  for  an  explanation  when  the  answer  is  correct?  Explain. 

-  Do  you  think  a  math  teacher  should  tell  the  student  whether  her/his  answer  is  correct  or  should  the 
student  make  this  decision  by  herself/himself?  Explain. 

The  responses  to  these  items  were  not  analyzed  on  their  face  value  only  but  a  great  deal  of 
attention  was  given  to  the  teachers'  explanations  that  were  given  to  support  their  decisions. 

Interview  -  Teacher  Responses 

The  interviews  centered  on  the  three  situations  described  above:  "Height",  "Decimal  Point"  and 
"Division  by  0".  The  subjects  were  presented  with  responses  that  were  given  by  other  teachers  to  the 
same  situations,  and  were  asked  to  react  to  these  responses.  Each  response  highlighted  certain 
characteristics  of  teacher  responses,  such  as  ritual  versus  meaning  orientation,  student  versus  teacher 
centered,  or  content  knowledge.  The  following  responses  were  presented  for  the  Decimal  Point 
Situation: 

»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»****************************************** 

1.  I  will  tell  the  child:  You  located  the  decimal  point  correctly  and  also  explained  it 
correctly. 

2. 1  will  ask  the  child  to  find  two  whole  numbers  that  are  close  to  the  given  numbers  and 
to  multiply  them.  I  will  then  ask  him  to  look  at  his  exercise  and  the  given  exercise  and 
to  check  what  is  going  on. 

3. 1  will  tell  the  child  that  the  multiplication  of  the  whole  numbers  alone  (15  x  4)  is  60. 
So  we  will  have  more  than  60.  That's  why  the  answer  should  be  68.58.  In  addition,  I 
will  write  down  the  exercise,  and  ask  the  child  to  multiply.  The  answer  will  be  68.580 
and  I  will  explain  that  68.580  equals  68.58. 

4.  The  child  does  not  understand  how  to  multiply  decimal  numbers.  1  will  give  him 
several  exercises  and  ask  him  to  solve  them  using  the  standard  algorithm. 

5.  1  will  tell  the  child:  You  stated  a  correct  rule  but  your  answer  is  incorrect,  because 
when  you  multiply  4  and  5  the  answer  has  a  0  at  the  end.  0  is  not  shown  in  your 
answer,  and  that's  why  you  made  a  mistake  in  locating  the  decimal  point.  The  answer 
is  68.580. 

******************************************************************************** 


The  Course 


At  the  beginning  of  the  course  the  teachers  talked  about  the  ways  they  had  responded  to  the 
questionnaire  tasks.  They  were  also  presented  with  the  other  teachers'  responses  and  analyzed  them 
according  to  (i)  awareness  of  students'  misconceptions  (ii)  kinds  of  teacher  responses,  and  (iii) 
content  knowledge.  Then  the  instructors  presented  some  other  situations  and  discussed  them  as  well. 

The  second  part  of  the  course  concentrated  on  better  understanding  how  students  learn.  Special 
attention  was  given  to  the  issue  of  a  conception  of  learning  as  construction  of  knowledge  by  the 
student  as  opposed  to  a  conception  of  learning  as  transfer  of  knowledge  from  the  ieacher  to  the 
student.  Students'  misconceptions  and  their  possible  sources  were  discussed,  and  various  ways  for 
dealing  with  these  misconceptions  were  suggested. 

In  the  third  part  of  the  course  the  teachers  looked  for  relevant  situations  in  their  own 
classrooms,  shared  them  with  the  other  participants  and  analyzed  them. 

As  part  of  the  final  assignment  for  the  course  the  teachers  were  to  explore  students'  ways  of 
thinking  about  mathematical  situations  and  teachers'  explanations.  To  do  that,  each  teacher 
interviewed  a  pair  of  sixth-grade  students.  They  presented  three  situations  to  the  students  (the 
"Height",  "Decimal  Point"  and  "Division  by  0"  situations)  and  asked  the  students  to  respond.  Then 
they  presented  the  students  with  teachers'  responses  to  these  situations  (the  same  responses  that  were 
used  in  the  teachers'  interview  before  the  course)  and  again  asked  the  students  to  react 

Seven  of  the  course  meetings  (out  of  fifteen)  were  videotaped.  Four  times  during  the  course  the 
teachers  submitted  written  reflections  on  their  learning  from  and  feelings  about  the  course 
experiences. 


A  questionnaire  was  administered  to  all  the  teachers  immediately  after  the  course  ended.  After 
they  had  responded  to  the  questionnaire,  the  six  teachers  who  had  been  interviewed  before  the  course 
were  interviewed  again. 

Questionnaire  -  Situations  <ID 

A  questionnaire  that  included  three  situations  similar  to  the  ones  in  the  first  questionnaire  was 
administered  to  the  teachers. 

Interview  -  Other  Teacher  Responses  and  Reliefs 

The  interview  had  two  components.  In  the  first  part,  the  subjects  were  again  presented  with 
responses  that  were  given  by  other  teachers  to  the  situations  from  the  second  questionnaire,  and  were 
asked  to  react  to  these  responses.  In  the  second  part  of  the  interview  the  subjects  were  probed  on 
their  responses  to  the  Belief  Questionnaire  that  was  administered  to  them  before  the  course  began. 


After  the  Course 
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Preliminary  Findings 


In  this  paper  we  report  on  some  preliminary  findings  concerning  the  pedagogical  content 
knowledge  of  the  six  interviewees.  First  we  focus  on  their  thinking  about  the  "Decimal  Point" 
situation  by  examining  their  own  responses  to  this  situation  as  well  as  their  reactions  to  the  other 
teachers'  responses  to  the  same  situation.  Then  we  analyze  their  ways  of  finding  out  how  students 
think,  as  expressed  in  the  interviews  which  the  teachers  conducted. 


Teachers'  Own  Responses 

The  most  common  response  to  the  "Decimal  Point"  situation  on  the  first  questionnaire  was  the 
suggestion  to  use  estimation  as  a  response  to  the  student.  Four  of  the  teachers  suggested  this.  (One 
suggested  to  use  estimation  together  with  the  standard  multiplication  algorithm.)  The  extensive  use  of 
estimation  might  be  explained  by  the  fact  that  the  teachers  had  a  course  on  estimation  and  number 
sense  during  the  first  semester--the  time  when  they  were  administered  the  questionnaire.  Another 
teacher  based  her  response  on  the  standard  multiplication  algorithm,  showing  that  actually  there  are 
five  and  not  four  digits  in  the  final  answer.  Still  another  teacher  said  that  the  child  was  right  and  the 
answer  is  correct. 

Almost  all  teachers'  responses  included  some  positive  statement  about  the  child,  something  that 
can  make  him  feel  good  although  his  answer  was  incorrect.  For  example,  "Basically  he  is  right  and 
he  remembers  nicely  how  to  multiply  decimals.  But..."  This  behavior  was  not  in  evidence  in  our 
previous  study  on  junior-high  school  teachers  (Even  &  Markovits,  1993b). 

Reactions  to  the  Other  Teachers'  Responses 

When  reacting  to  the  other  teachers'  responses  presented  to  them  during  the  first  interview, 
none  of  the  interviewees  explicitly  mentioned  the  difference  between  Responses  2  and  3.  That  is, 
between  putting  the  student  in  the  center,  suggesting  to  him  activities  that  have  potential  for  helping 
him  construct  a  solution  by  and  for  himself,  and  putting  the  teacher  in  the  center,  telling  the  student 
how  to  reach  tlie  correct  solution.  This  finding  agrees  with  our  findings  in  the  previous  study  (Even 
&  Markovits,  1993b). 

None  of  the  interviewees  chose  Response  1  nor  4.  They  rejected  Response  1  on  the  grounds 
that  the  student's  solution  was  wrong.  They  opposed  Response  4  which  states  that  the  child  does  not 
understand  how  to  multiply  decimal  numbers.  The  teachers  argued  that  "even  though  the  child  did 
not  locate  the  decimal  point  correctly,  it  does  not  mean  that  he  does  not  know  how  to  multiply 
decimals"  and,  therefore,  they  claimed,  there  is  no  need  to  ask  the  student  to  solve  several  exercises 
using  the  standard  algorithm. 


Teacher  Responses  to  the.  "Decimal  Point"  Situation 
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Interrelations  Between  Teachers'  Responses  and  Their  Reactions  to  the  Other  Teachers'  Respnnw 

The  interviewees'  preferences  when  asked  to  choose  among  the  other  teachers'  responses  had 
similar  characteristics  to  the  responses  they  themselves  gave  when  answering  the  questionnaire 
several  weeks  before  the  interview  took  place.  This  consistency  was  apparent  not  only  in  the 
mathematical  approach  they  used  but  also  in  the  way  they  chose  to  approach  the  child.  For  example, 
two  teachers  chose  Response  2,  which  is  more  student-centered,  as  the  most  appropriate  among  the 
five  responses  presented  to  them.  These  teachers'  responses  were  also  more  student-centered  than 
the  others: 

"I'll  ask  him  how  much  is  15x4.  Since  he  will  get  60  by  himself,  it  will  be  no  problem  to  get  the 
right  answer." 

"Pay  attention  -  is  the  answer  reasonable?  Is  it  reasonable  to  get  to  6  from  4x15?" 

In  contrast,  the  two  teachers  who  chose  Response  3,  which  is  similar  to  Response  2  but  is  more 
teacher-centered,  also  presented  a  more  teacher-centered  approach  in  their  responses  to  the 
questionnaire.  For  example: 

"What  is  the  whole  number?  15x4.  So,  the  answer  has  to  be  more  than  60,  because  there  is 
more  than  15  and  more  than  4." 

One  interviewee  chose  a  combination  of  Responses  2,  3  and  5.  The  same  combination 
appeared  in  her  own  written  response,  where  she  started  with  estimation,  then  added  the  idea  that  ten 
times  hundreds  should  give  thousands.  She  said  she  would  ask  the  child  to  perform  the 
multiplication  and  locate  the  point.  Finally  she  explained  that  580  thousands  and  58  hundreds  are  the 
same. 

The  teacher  who  missed  the  whole  thing  in  the  written  questionnaire  and  claimed  that  the 
student's  answer  is  correct,  realized  during  the  interview  that  she  was  wrong.  She  chose  Response 
5,  the  only  response  that  can  be  interpreted  as  if  the  student's  answer  has  a  correct  component  in  it: 
The  rule  is  correct  but  the  answer  is  not. 

Teachers'  Wavs  of  Finding  How  Students  Think 

When  asked  to  interview  pairs  of  students  the  teachers  were  told  that  the  objective  of  this  task  is 
to  explore  students'  ways  of  thinking.  To  do  that  they  needed  to  ask  students  to  explain  and  clarify 
their  thinking.  Probing  was  an  important  component  of  the  interview  procedure.  Besides  their  free, 
voluntary  explanations,  the  students  needed  also  to  be  probed  to  clarify  ambiguities. 

Some  of  the  teachers  used  neutral  probes  such  as  "Why?",  "What  do  you  mean  by  that?"  This 
kind  of  probing  does  not  direct  the  student  to  any  specific  direction  and  at  the  same  time  helps  the 
teacher-interviewer  to  better  understand  the  students'  thinking.  Even  though  it  was  tempting  at  times 
to  "teach"  the  students  "the  material"  during  the  interview,  some  managed  to  avoid  it.  For  example, 
one  teacher,  whose  students  did  not  use  estimation  for  the  "Decimal  Point"  task,  did  not  mention  it  to 
them  during  the  interview.  In  her  report  she  wrote  that  she  had  realized  that  there  was  a  need  to  teach 
this  to  the  children  and  therefore  taught  it  in  her  class  in  subsequent  lessons. 
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Other  teachers  were  more  occupied  either  with  directing  the  students  tc  vnat  the  teachers 
thought  students'  ways  of  thinking  are  or  with  straightforward  teaching  of  the  material.  The 
following  example  illustrates  the  first  approach.  One  teacher  presented  the  students  with  the  exercise 
15.24x4.5=6858  and  asked  them  to  locate  the  decimal  point.  Then,  instead  of  letting  them  decide, 
she  turned  to  one  of  the  students  and  directed  her  to  use  a  wrong  method: 

What  do  you  say?  Where  would  you  locate  the  decimal  point?  Do  you  remember  the  rules  for 
decimal  fractions?  How  do  we  locate  the  point?  What  do  we  do  in  order  to  locate  the  point 
after  we  multiply  [decimal]  fractions? 

The  child,  of  course,  replied:  "We  count  the  number  of  digits  after  the  point."  The  teacher  continued 
in  this  direction:  "So,  where  would  you  put  it?"  The  child:  "After  the  6."  Such  interviewing  does  not 
really  help  the  teacher  explore  students'  ways  of  thinking.  Instead,  it  "helps"  the  students  guess  what 
the  teacher  has  in  mind. 

Some  teachers  felt  that  they  had  to  "teach"  the  students  the  correct  answer  or  the  "correct"  way 
of  thinking  during  the  interview.  For  example,  after  the  students  had  decided  where  to  locate  the 
decimal  point,  the  teacher  comprehensively  discussed  with  them  the  difference  between  the  "rule 
method"  and  the  method  of  estimation.  She  discussed  the  issue  from  many  angles  and  only  then 
asked  the  students  to  react  to  the  teachers'  responses.  By  doing  that,  the  teacher  directed  the  students 
to  what  she  considered  to  be  the  correct  choice.  This  teacher  kept  correcting  mistakes  that  the 
students  made.  She  also  told  the  students  at  times  whether  she  agreed  with  their  answers.  While 
some  of  the  teachers  who  "talked  too  much"  during  the  interview  referred  to  this  issue  in  their  report, 
claiming  that  they  had  directed  the  students  too  often,  this  teacher  wrote  that  there  was  a  need  to  direct 
the  students  so  they  would  not  get  confused. 

Conclusion 

One  major  difference  between  this  study  and  our  previous  study  has  to  do  with  the  attitudes 
towards  the  student  that  the  teachers  presented.  While  most  of  the  elementary  teachers  phrased  their 
responses  in  ways  that  would  make  the  children  feel  good  even  when  their  answers  were  incorrect, 
the  junior-high  school  teachers  never  included  such  a  component  in  their  responses.  They  also  never 
showed  any  awareness  of  this  issue.  The  junior-high  teachers  concentrated  only  on  the  correctness  of 
the  children's  solutions,  not  taking  into  consideration  their  feelings. 

The  findings  of  this  study  agree  with  the  findings  of  our  previous  study  with  regard  to  teachers' 
awareness  of  the  issue  of  teacher-  versus  student-centered  responses  of  teachers.  Before  the 
workshops  and  the  course,  both  the  junior-high  and  the  elementary  teachers  did  not  seem  to  be  aware 
of  the  distinction  between  responses  that  are  teacher-centered  (i.e..  the  teacher  tries  to  teach  by  telling 
the  student  how  to  do  things--to  "transfer  knowledge"  whereas  the  student  is  expected  to  stay 
relatively  passive)  and  responses  that  are  student-oriented  (responses  that  emphasize  the  construction 
of  knowledge  by  an  active  student). 
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The  short  activities  conducted  in  the  previous  study  raised  teachers'  awareness  of  this  issue. 
However,  knowing  that  making  a  change  in  the  ways  teachers  jeach  is  not  an  easy  task,  we  designed 
and  conducted  a  much  longer  and  more  comprehensive  course  in  the  present  study.  Some  of  the 
findings  of  this  study  indicate  that  a  one  semester  course  is  also  not  enough  for  changing  teachers' 
behavior,  not  even  when  they  deal  with  two  students  only  (as  became  apparent  from  the  interviews 
that  some  of  the  teachers  conducted  with  pairs  of  students  at  the  end  of  the  course).  This  conclusion 
is  supported  by  observations  made  of  these  teachers'  teaching  during  the  second  year  of  the  program. 
A  detailed  analysis  of  the  data  collected  in  this  study  should  inform  us  more  about  the  nature  and 
extent  of  teachers'  awareness  of  the  issue. 
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MATHEMATICAL  IMAGES  FOR  FRACTIONS:  HELP  OR  HINDRANCE? 
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University  of  Oxford  University  of  Oxford  University  of  Alberta 

This  paper  is  concerned  with  the  images  that  learners  and  teachers  have  for  fractions. 
We  introduce  the  notion  of  Cycles  of  Responsibility  and  from  this  perspective  focus  on  the 
images  for  rational  numbers  that  teachers  and  pupils  bring  to  the  beginning  of  work  on 
algebraic  fractions.  The  work  of  a  class  of  15  year-olds  is  observed  and  analysed  and  the  role  of 
the  teacher  in  enabling  the  learners  to  fold  back  to,  or  form,  appropriate  images  is  considered. 
Implications  for  others  in  the  Cycle  of  Responsibility  are  tentatively  suggested. 

Introduction: 

We  bring  together  here  two  aspects  of  learning,  namely  the  images  held  by  the  learner 
and  the  images  held  by  those  who  attempt  to  influence  the  learning,  and  examine  their  interaction 
in  the  process  of  students  coming  to  understand  the  concept  of  fractions.  Our  work  is  based 
within  the  Pirie  -  Kieren  model  for  the  dynamical  growth  of  mathematical  understanding.  The 
model  itself  has  been  fully  described  at  previous  conferences  (PME  1 5,  PME  16),  and  many  of 
its  features  elaborated  on,  there  and  elsewhere  (Pirie  and  Kieren,  1991;  Pirie  and  Kieren,  1992; 
Pirie  and  Kieren,  1994).  In  this  paper  it  is  with  the  stages  labelled  'Image  Making'  and  'Image 
Having'  that  we  are  concerned.  Image  Making  means  the  performing  of  actions  by  the  learner, 
actual  or  mental,  to  get  some  idea  of  the  concept  under  consideration.  These  actions  may  be 
prompted  by  the  teacher  or  another  'outsider',  but  can  equally  well  be  the  result  of  the  pupil's  own 
initiatives.  Image  Having  is  the  level  at  which  the  learners  actually  have  some  images  for  the 
concept  and  thus  they  no  longer  need  to  rely  on  the  actions  that  occasioned  the  understanding 
and  can  carry  and  use  the  ideas  they  have  constructed.  This  does  not  imply  however,  that  their 
images  are  complete,  appropriate  or  even  sufficient  for  the  work  in  hand.  Many  learners  develop 
strong  early  attachments  to  particular  dominant  images  and  this  can  seriously  hamper  later 
growth  of  understanding. 

Learners'  Images 

The  concept  of  division  provides  a  vivid  illustration  of  the  encapsulation  of  two 
completely  different  images  within  one  mathematical  notion.  Although  either  image  is 
sufficiently  powerful  to  allow  an  understanding  in  terms  of  integers,  it  is  in  fact  essential  that 
students  have  both  images  if  they  are  to  move  to  a  comprehension  of  division  with  fractions. 
Consider  the  example:  '12  +  3'.  This  can  be  interpreted  as  '12  pizza  shared  between  3  people'  and 
represented  diagrammatically  as: 

oooo  oooo  oooo 

The  answer  lies  in  the  number  of  pizza  in  each  group,  nwnel)  'four'. 

An  alternative  interpretation,  based  on  a  different  image  for  division,  is  "How  many  groups  of  3 
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pizza  can  be  made  from  12  pizza?",  represented  diagrammatically  as: 


ooo 


ooo 


ooo 


ooo 


Here  the  answer  lies  in  the  number  of  groups. 

Either  image  is  powerful  enough  on  its  own  to  enable  the  learner  to  function  adequately  with  the 
concept  of  division  related  to  whole  numbers.  Many  pupils,  therefore,  rely  on  only  one  of  these 
images. 

However  problems  arise  if  we  consider  'a  half  divided  by  3'.  Translating  this  in  terms  of 
the  images  suggested  above  we  see  that  'Half  a  pizza  shared  between  3  people'  makes  sense, 
whereas  'How  many  groups  of  3  pizza  can  be  made  from  half  a  pizza?'  leads  to  the  answer  'none' 
-  one  can  make  no  groups  of  3  pizza  from  only  a  half  pizza.  The  second  image  is  of  no  use  here. 

Now  consider  '12  divided  by  a  half  -  translating  this  in  terms  of  the  above  images  we  get 
'12  pizza  shared  between  half  a  person'  -  meaningless  -  whereas  'how  many  half  pizzas  can  be 
made  from  12  pizza?'  is  clearly  a  sensible  question.  To  understand  the  process  of  division  of 
fractions,  a  student  needs  to  have  both  images.  Either  image  alone  is  not  sufficient. 

Work  concerning  fractions  has  focused  predominantly  on  either  the  processes  used  by 
pupils  in  working  with  fractions,  or  on  the  ways  in  which  the  pupils  develop  their  conceptual 
understandings  or  on  pupils  misconceptions  of  fractions  (e.g.  Kerslake,  1986;  Hart  et  al,  1989; 
Markovits  and  Sowder,  1991;  Cramer  and  Bezuk,  1991;  Peck  and  Jencks,  1981;  Kieren,  1988; 
Behret  al,  1992). 

Kieren  (1993)  emphasised  the  importance  of  images  and  stated  that  'fraction  learning...is 
seen  in  two  kinds  of  growth:  broadening  one's  image  of  fractions  and  hence  one's  fraction 
conceptualising  capability  and  deepening,  making  more  formal,  and  more  sophisticated  one's 
understanding  actions'  and  that  'even  within  a  particular  fraction  environment,  building  up  of  the 
various  mechanisms  requires  folding  back  to  reconstruct  one's  image  of  fractions  through  action 
in  a  fraction  space.'  It  is  on  these  personally  held  images,  be  they  helpful,  inadequate  or  even 
inappropriate,  that  learners  will  base  the  further  growth  of  their  rational  number  understanding. 
Fraction  learning  involves  constructing  an  ever  more  elaborate,  complex,  broad  and  sophisticated 
fraction  world  and  developing  the  capacity  to  function  in  more  complex  and  sophisticated  ways 
within  it.  Such  an  achievement  will  prove  impossible  if  the  foundations  laid  by  the  images  the 
learners  hold  are  not  adequate  to  the  task.  This  is  not  to  say  that  the  whole  spectrum  of  images 
encapsulated  in  the  concept  of  fractions  needs  to  be  created  before  any  progress  in  working  with 
them  can  take  place,  but  it  is  our  contention  that  limited  and  inaccurate  images  will  inhibit 
learning  and  that  there  will  be  a  constant  need  to  fold  back  to  the  level  of  Image  Making  to 
develop  the  necessary  broad  range  of  images. 

Kerslake  (1986)  discussed  the  different  models  of  fractions  that  children  are  familiar 
with.  She  noted  'that  the  problems  children  have  with  fractions  are  due  to  their  restricted  view  of 
a  fraction'  and  that  this  'makes  it  difficult  to  make  any  sense  of  addition  or  of  placing  a  fraction 
on  a  number  line.'  She  also  highlighted  the  dominance  of  the  'part  of  a  whole'  model  of  a  fraction 
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in  children's  thinking  and  suggested  that  'the  use  of  the  'part  of  a  whole'  model  can  inhibit  the 
development  of  the  more  general  idea  of  a  fraction."  Other  images  that  she  suggests  arc  those  of 
fractions  as  numbers  and  fractions  representing  a  division  process.  Hiebert,  Wearne  &  Taber  • 
( 1991 )  in  looking  at  fourth  graders'  construction  of  decimal  fractions  talked  of  the  'partial 
understandings'  constructed  by  many  learners  and  noted  that  'many  students  did  not  construct ./«// 
and  flexible  internal  representations'  for  decimal  fractions  and  that  this  led  to  problems  with 
regard  to  the  notion  of  fractions  in  terms  of  continuous  rather  than  discrete  environments.  In  the 
classroom  it  is  the  teacher's  responsibility  to  create  an  environment  in  which  the  learner  can 
construct  an  understanding  of  fractions  based  on  appropriate  images.  Ball  (1990)  looked  at  the 
subject  matter  knowledge  of  pre-service  mathematics  teachers  but  was  more  concerned  with  the 
generation  of  representations  for  processes  involving  fractions  than  with  the  images  underlying 
the  subject  matter  that  form  the  core  of  any  teaching  of  the  subject.  The  images  held  by  the 
teacher,  however,  will  have  a  significant  impact  on  the  images  constructed  by  the  pupils  and  on 
their  ability  to  understand  these  processes. 

Cycles  of  Responsibility 

This  leads  us  to  the  second  of  the  foci  of  this  paper  which  we  have  termed  the  "Cycles  of 
Responsibility"  and  this  looks  at  the  chain  of  influences  which  impinge  on  the  growth  of 
understanding.  This  chain  can  be  represented  by  the  following  diagram: 


Ttichtr  (Primary) 


Educators 
Educator 


Circles  of  Responsibility 


If  we  start  with  the  primary  pupils,  then  these  pupils,  with  their  own  personal  images, 
constructed  from  the  environment  in  which  they  have  been  learning  mathematics  and  from  other, 
outside  influences,  become  the  cohort  of  secondary  pupils.  From  the  secondary  pupils,  with  their 
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potentially  changed  and  enlarged  images,  are  drawn  the  students  who  will  train  to  become  either 
primary  or  secondary  teachers  -  students  whose  images  of  mathematics  are  further  refined  during 
the  courses  they  undergo.  These  in  turn  become  the  next  generation  of  teachers  -  primary  and 
secondary  school  teachers,  who  complete  the  cycles  by  influencing  the  pupils  in  their  classes. 

We  have  been  working  on  a  project  to  look  at  the  groups  involved  within  these  Cycles  of 
Responsibility  as  they  are  affected  by  and  affect  the  images  available,  on  which  an  understanding 
of  the  concept  of  rational  numbers  can  be  built. 

The  process  of  initial  data  collection  in  our  study  involves  the  use  of  a  six-item,  written 

questionnaire1  .  The  questions  here  were  deliberately  chosen  to  be  open-ended,  to  allow  for  the 

possibility  of  a  wide  range  of  responses.  The  participants  were  not  interviewed,  as  spoken 

language  immediately  conveys  a  more  restricted  image  than  written  symbolism  (Pirie  1992)  and 

3 

can  itself  conjure  up  inappropriate  images.  Take  for  example  the  verbalisation  of "-  ".  When 

4 

associated  with  the  image  of  fraction  as  'part  of  a  whole'  this  could  be  rendered  "3  divided  into  4 

(pieces)".  With  the  image  of  fraction  as  'division',  on  the  other  hand,  "3  (divided)  into  4"  is  a 

4 

frequent  verbalisation  of  4  +  3  or,  written  as  a  faction,  — . 

3 

Three  groups  have  I  ■<  looked  at  so  far :-  students  training  to  be  secondary  mathematics 
teachers,  students  training  to  be  primary  teachers  with  mathematics  as  their  specialist  subject, 
and  a  class  of  fairly  able,  15  year-old  pupils.  Although  at  this  early  stage,  from  our  pilot  work, 
we  predict  some  striking  differences  between  each  of  the  groups  involved  in  the  cycle,  we  wish 
to  concentrate  our  discussion  in  this  paper  on  the  group  of  15  year-olds  who  were  subsequently 
video  recorded  over  a  two  week  period  as  they  worked  on  algebraic  fractions. 

Images  for  Rational  Numbers 

Four  major  images  for  fractions  emerged  from  the  pupils'  written  responses  to  the 
questionnaire  and  we  illustrate  these  with  quotations  from  these  responses: 

1.  Division  -  e.g.  "A  quantity  -  number  or  sometimes  a  letter  -  divided  by  another  quantity." 

2.  Part  of  a  whole  -  e.g.  "A  fraction  is  a  section  of  a  whole  thing." 

3.  Number  -  e.g.  "It  is  a  number  that  has  not  been  put  into  a  decimal." 

4.  Way  of  writing  -  e.g.  "A  number  over  another  number"  -  This  image  was  not  among  those 
suggested  as  necessary  by  Kerslake  (1986),  although  she  does  Mjote  one  pupil  as  saying  "two 


'The  questions  were: 

i)  What  are  fractions  ? 

ii)  How  would  you  explain  3/4  ? 

iii)  How  would  you  explain  'V4  n 

iv)  When  you  want  to  odd  fractions,  why  do  you  find  a  common  denominator  ? 

v)  When  you  want  to  multiply  fractions,  why  do  you  multiply  the  tops  and  bottoms  and  give 

Product  OftePi       „  the  answer? 
Product  of  bottoms 

vi)  When  you  want  to  divide  fractions,  why  do  you  turn  the  second  one  upside  down  and 


multiply  ? 
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numbers  just  put  on  top  of  each  other".  Yet  in  more  sophisticated  mathematics,  along  with  the 
image  of  a  fraction  as  a  quotient  number,  this  image  of  |  as  simply  a  way  of  writing  an  ordered 

pair  is  a  powerful,  necessary  image. 

The  introduction  for  these  students  to  the  topic  of  algebraic  fractions  was  made  through  a 
deliberately  invocative2  input  by  the  teacher,  in  which  she  repeatedly  referred  them  back  to  the 
earlier  images  that  she  assumed  they  would  have  created  in  working  with  rational  numbers  "in 
primary  school".  It  is  interesting  to  look  at  the  images  that  she  considered  useful  for  them  to  fold 
back  to,  the  images  that  the  students  themselves  verbalised  and  the  images  that  they  and  the 
teacher  actually  folded  back  to  when  working  on  the  algebraic  fractions. 

The  teacher  started  by  reviewing  basic  rational  number  work.  For  each  operation,  she 
grounded  her  explanations  firmly  in  the  'part  of  a  whole'  image  while  saying  "...go  back  to  nice 
simple  things  first  and  apply  them  to  algebra".  For  addition  she  wrote  -+  - ,  and  said  "if  I  add 

the  top  two  numbers  together  1  get  three  and  if  I  add  the  bottom  two  I  get  ten",  then,  while 
drawing  a  cake,  continued  "It's  pretty  obvious  that  if  you  have  one  fifth  of  a  cake  and  another 
two  fifths  of  a  cake  then  you  have  three  fifths  of  a  cake.  So  you  mustn't  be  tempted  to  think 
swcepingly  'add  them  all  together'  because  it  doesn't  work".  Writing  -+-  she  posed  a  new 

problem,  again  in  terms  of  cakes,  and  cautioned  them  "...  difficult  question,  the  numbers  are 
different"  and  when  offered  the  answer  "three  quarters"  she  emphasised  the  point  that  "later  on 
when  you  get  something  like  this  with  algebra  and  you  think  I'll  just  add  the  top  numbers 
together  and  add  the  bottom  numbers  together ...  but  if  you  do  that  you'd  end  up  with  -  which 

isn't  the  same  thing.  You've  got  to  go  bacK  to  basics".  She  then  asked  the  pupil  iiow  he  had  done 
it.  His  response  was  "well  I  just  know  it,  (pause)  well  with  the  cake"  and  the  teacher  drew  an 
appropriate  'cake  diagram'  on  the  chalkboard.  Once  they  were  working  with  the  problem  of  -+- 

however,  both  pupils  and  teacher  switched  to  the  image  of  fractions  as  a  'way  of  writing'  while 

they  talked  about  "the  denominators"  (the  teacher)  and  "whatever  you  times  the  bottom  by,  to  get 

4  5 

whatever  you're  getting,  you  times  the  top  by"  (pupil).  Writing  (x  +  2)  the  teacher 

commented  "this  one  looks  a  bit  more  difficult  because  you've  got  the  algebra  bit  on  the  bottom 
...  but  follow  the  principles  of  what  we've  done  before".  The  pupils'  suggestions  for  dealing  with 
this  computation  all  centre  on  "multiplying  the  top  and  the  bottom"  and  no  reference  is  made  by 
anyone  to  the  image  of  fractions  as  'part  of  a  whole' 

When  working  on  multiplication,  the  teacher  again  initially  worked  within  the  fractional 
image  of  'part  of  a  whole'  and  illustrated  ^  x  i ,  (verbalised  as  "one  half  multiplied  by  one  third") 
with  a  drawing  of  a  chocolate  bar  cut  first  into  three  pieces  vertically  then  into  two  pieces 


2lnvocative  is  used  in  the  specialised  sense  to  imply  an  intervention  that  necessitates  folding  back  by  the  learner.  See 
PirieandKieren,  1992. 
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horizontally,  saying  "a  third  of  a  chocolate  bar ...  and  you  want  a  half  of  that  third ...  that  will 
mean  you  have  that  much,  which  if  you  split  these  bits  into  two,  you'll  have  one  bit  out  of  six". 
This  teacher  had  done  more  than  simply  think  about  the  basic  images  that  she  felt  were  necessary 
to  the  understanding  of  the  manipulation  of  algebraic  fractions,  however.  She  was  also  aware  of 
the  fact  that  language  could  influence  these  images,.  She  continued  at  this  point  by  saying  "It  is 
important  when  you  multiply,  to  realise  that  'multiplied  by'  means  'of  ".  Why  is  this  apparent 
digression  appropriate?  What  images  might  the  pupils  have  for  multiplication  that  could  hinder 
their  understanding  of  fraction  multiplication?  The  most  common  and  fundamental  image  for 
multiplication  is  that  of  repeated  addition,  repeated  accumulation  of  groups  of  objects,  whereas 
the  teacher  here  seems  to  want  to  evoke  an  image  tied  to  language. 
Consider  the  problem:  5x3. 

This  could  be  thought  of  as  '5  added  3  times:  5+5+5,  -  an  action  of  addition  repeated  over  time' 
(one  image)  or  as  'the  result  of  getting  5  (groups)  cf  3  (things)  -  ooo  ooo  ooo  ooo  ooo  -  and 
looking  at  the  end  result'-  (a  second  image).  Either  image  is  sufficient  for  a  functional 
understanding  of  integers. 

Now  consider  the  problem:  -  x  | 

From  the  first  image  one  would  verbalise  this  as  'a  half  added  one  third  of  a  time'  which  makes 
little  sense,  whereas  saying  'the  result  of  getting  half  (a  group)  ef  one  third  (of  a  thing)'  allows  for 
the  creation  of  an  image  that  involves  looking  at  the  end  result  and  is  applicable  to  both  integers 
and  fractions.  It  is  the  language  here  that  conveys  the  image  across  the  embodiments. 

Having  folded  the  pupils  back  to  their  basic  understandings  for  fraction  multiplication, 
the  teacher  moved  on  to  consider  the  process  of  division.  At  this  point  the  image  for  fractions  as 
'numbers'  was  spontaneously  called  upon  by  both  teacher  and  pupils.  They  talked  of  "turning  'it' 
upside-down  and  multiplying".  The  teacher  suggested  "If  you  think  of  easy  fractions  it  perhaps 
makes  it  a  little  bit  easier.  If  you  had  two  multiplied  by  a  half  (writing  2x^  on  the  board)  you 

know  the  answer  to  that  is  one,  obviously,  and  that  is  the  same  as  two  divided  by  two  (writing 
2+2),  turning  this  one  upside-down,  it  is  the  same  thing,  you  get  one.  And  four  multiplied  by  a 
half  (writing  4x-)  which  is  two,  is  exactly  the  same  as  four  divided  by  two  (writing  4+2)  which 

is  two".  Here  the  'half  is  being  treated  as  a  number  that  one  can  multiply  by,  in  exactly  the  same 
way  as  the  'two'  is  a  number  that  one  can  divide  by.  Indeed  this  image  of  'fraction  as  number'  is 
vital  to  the  inference  that  she  wants  the  pupils  to  make,  which  is  that  one  can  similarly  equate 
2  +  -  with  2x2  and  4  +  -  with  4x2.  In  other  words,  the  teacher  wishes  the  pupils  to  use  the 

notion  of  multiplication  and  division  of  numbers  as  inverses,  together  with  the  image  of  'a  half 
as  a  'number'  and  infer  that  one  can  therefore  divide  by  a  half,  the  result  being  the  same  as 
multiplication  by  two. 
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The  Influence  of  these  Images  on  the  Understanding 

In  all  the  groups  so  far  investigated  by  the  project  looking  at  fraction  images  held  by  the 
various  participants  in  the  Cycle  of  Responsibility,  the  'part  of  a  whole'  notion  emerged  as  a 
strong  image  for  a  large  number  of  people.  For  many  of  the  students  at  the  start  of  their  training 
to  become  primary  teachers  it  appears  to  be  their  only  image.  For  the  pupils  in  the  class  discussed 
above,  the  initial  questionnaire  revealed  that  they,  too,  held  the  'part  of  a  whole'  as  a  common 
image,  and  it  was  certainly  seen  as  a  dominant  referent  during  the  teacher's  early,  whole-class 
work,  yet  analysis  of  the  video  recording  of  the  pupils  and  teacher  throughout  the  following 
weeks  spent  working  on  the  manipulation  of  algebraic  fractions  revealed  no  evidence  that  these 
fractions  were  at  any  point  seen  in  terms  of  the  'part  of  a  whole'  image.  Indeed  is  it  hard  to 
envisage  how  they  could  be;  given  — —  what  might  'divide  a  whole  one  into  (3y+4)  parts  and 

take  2x2  of  them'  mean?  What  is  clear,  however,  is  that  the  teacher  considered  the  'part  of  a 
whole'  image  for  "ordinary  fractions"  to  be  a  useful  image  to  fold  back  to,  in  order  to  enable  the 
pupils  to  access  the  images  they  had  (or  if  necessary  make  new  images)  for  manipulation  of  these 
"ordinary  fractions"  as  a  precursor  to  the  successful  manipulation  of  algebraic  fractions.  She 
knew  the  importance  of  the  notion  for  addition  of  common  denominator  and  she  folded  back  to 
its  recall  through  a  'cake'  diagram  for  ^+  - .  From  this  approach  she  moved  them  to  viewing 

fractions  as  a  'way  of  writing'.  She  had  prompted  folding  back  to  'part  of  a  whole'  imagery  to 
evoke  a  broader  image  for  rational  numbers  which  was  crucial  to  more  sophisticated,  algebraic 
working.  What  we  cannot  yet  say  is  how  or  when  the  additional  broader  images  are  created  as 
we  saw  no  evidence  of  the  teaching  of  these  other  images.  What  is  also  unclear  is  why  these 
images  are  not  accessible  to  the  student  primary  teachers  who  ostensibly  lie  at  a  later  stage  in  the 
cycle. 

One  further  deduction  from  the  analysis  of  the  questionnaires  of  the  1 5  year-old  pupils 
and  their  subsequent  class-work  appears  to  be  that  it  is  those  with  a  multiplicity  of  images  for 
fractions  and  an  ability  to  move  flexibly  between  these  images  who  are  most  easily  able  to  grasp 
an  understanding  of  the  new  algebraic  work.  The  image  of  fractions  as  'a  way  of  writing'  would, 
in  addition,  seem  to  be  essential  to  the  ability  to  cross  the  "don't  need'  boundary  into  formalising 
and  working  symbolically  with  algebraic  fractions.  We  do  not  know  how  vital  all  these  different 
individual  images  are  for  a  functional  understanding  of  rational  numbers  but  from  the  whole 
collection  of  questionnaires  so  far  analysed  it  seems  likely  that  those  with  only  the  image  of  'part 
of  a  whole'  find  it  virtually  impossible  to  understand  the  processes  of  multiplication  and  division 
of  fractions. 
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Abstract 

The  classification  of  problems  in  mathematics  education  research  has  taken  into  account  only 
the  problem  situation  and  disregarded  the  means  of  representation  available  during  problem 
solving.  We  wish  to  argue  that  systems  of  representation  available  in  the  situation  play  a 
structuring  role  in  problem  solving  because  they  constitute  resources  for  the  subjects '  actions 
and  operations.  A  series  of  investigations  is  reported  that  analyzes  the  impact  of 
measurement  systems  on  children 's  reasoning  about  area.  The  use  of  bricks  instead  of  rulers 
was  found  not  to  result  in  additive  misconceptions  and  significantly  enhance  children 's 
likelihood  of  discovering  a  multiplicative  solution  captured  in  the  formula  number  of  bricks 
in  a  row  times  number  of  rows.  Theoretical  and  educational  implications  are  discussed. 


The  literature  on  the  development  of  mathematical  concepts  showed  considerable  progress 
through  the  analysis  of  the  effects  of  situations  on  children's  problem  solving  abilities.  Problems  that 
have  the  same  formal  solution  can  differ  significantly  in  terms  of  their  difficulty  for  children.  These 
findings  have  been  interpreted  as  indicating  that  problem  solving  activities  are  structured  by 
children's  understanding  of  situations  (or,  in  Piagetian  terms,  by  the  logic  of  actions  and  operations). 
The  theoretical  contributions  of  this  analysis  are  significant.  It  allows  researchers  to  make  more 
specific  hypotheses  about  the  cognitive  processing  of  problems.  There  are  also  contributions  to 
mathematics  education  because  this  analysis  enables  teachers  to  develop  instruction  plans  that  take 
the  level  of  difficulty  of  problems  into  account,  ensuring  that  instruction  starts  from  easier  problems 
and  eventually  covers  the  whole  range  of  types. 

However,  it  has  now  become  clear  that  children's  success  in  solving  problems  is  not 
determined  only  by  the  problem  situation  but  also  by  the  symbolic  systems  used  in  solving  the 
problem.  Nunes  (1993),  for  example,  observed  that  12-18  year  old  Brazilian  students  show 
significantly  different  levels  of  success  in  solving  the  same  problems  with  negative  numbers  when 
they  are  asked  to  solve  the  problem  through  either  written  or  oral  procedures. 

The  significance  of  representations  for  thinking  and  reasoning  was  initially  emphasized  by 
Vygotsky  and  Luria,  who  proposed  that  complex  intellectual  functioning  often  involves  people  in 
activities  that  can  only  be  carried  out  through  the  mediation  of  systems  of  representation.  The 
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systems  of  representation,  in  turn,  organize  reasoning.  For  example,  we  use  a  numeration  system 
with  a  base  ten  to  count  and  write  numbers.  The  base  ten,  which  is  a  characteristic  of  the  system 
and  not  of  number  itself,  becomes  a  source  of  organization  for  the  way  we  calculate  and  think  about 
numbers. 

If  representation  systems  become  tools  for  thought,  what  happens  when  the  same  problem 
situation  can  be  represented  in  two  ways'?  We  report  a  series  of  studies  that  indicates  that  the 
understanding  of  problems  situations  is  not  independent  of  the  way  in  which  the  problem  is 
represented.  We  wish  to  suggest  that  systems  of  signs  structure  the  subject's  activity  in  a  problem 
solving  situation  and  thereby  influence  the  reasoning  principles  (or  the  logic  of  actions)  that  is 
developed  by  the  subject  in  the  situation.  The  studies  we  will  report  refer  to  children's  understanding 
of  area,  we  will  first  review  briefly  a  difficulty  children  seem  to  face  in  their  attempts  to  deal  with 
the  concept  of  area  of  relevance  to  this  research  and  then  we  will  describe  the  empirical  work. 

Children 's  understanding  of  area. 

Previous  work  has  indicated  that  the  concept  of  area  is  prone  to  misconceptions,  is  difficult 
to  teach,  and  remains  unclear  to  many  students  even  in  the  upper-middle  school  age  range.  The  most 
common  misconception  documented  in  the  literature  pertains  to  the  relationship  between  area  and 
perimeter.  Vinh  Bang  and  Lunzer  (1965)  first  documented  this  misconception  in  a  task  in  which 
children  had  to  judge  whether  the  area  delimited  by  a  perimeter  remained  the  same  when  the 
perimeter  remained  the  same  but  the  shape  and  delimited  surface  changed.  This  was  accomplished 
by  limiting  an  area  with  a  string  fixed  at  the  corners  and  gradually  changing  the  surface  by  moving 
the  tacks  which  held  three  of  the  corners.  Children  tended  to  think  that  the  area  remained  constant 
despite  the  changes  of  surface.  More  recently,  Douady  and  Pen-in  dorian  (1989)  observed  that 
children  treated  perimeter  and  area  as  interchangeable  "measures"  of  a  surface  and  Hart  (1981) 
obtained  further  confirmation  of  these  findings  with  British  children. 

Teaching  children  about  area  has  proven  rather  difficult.  Hart  (1981)  found  that,  despite 
having  been  taught  formulae  for  the  area  of  simple  geometrical  figures,  a  large  percentage  of  12  to 
14  year  olds  could  not  indicate  the  area  of  a  figure  covered  by  a  grid  with  squares  of  1  cm2  (26% 
of  12  year  olds,  20%  of  13  year  olds,  and  1 1  %  of  14  year  olds).  She  also  noted  that  a  significant 
number  of  children  in  these  age  levels  could  only  find  the  area  by  counting  squares  (percentages  here 
are  21%,  20%  and  17%,  respectively),  making  no  use  of  multiplicative  short-cuts.  Dickson  (1989), 
Douady  and  Pen-in  Glorian  (1989)  and  Rogalsky  also  reported  only  moderate  success  in  their 
teaching  experiments. 

It  is  clear  that  much  more  research  is  still  needed  on  how  children  come  to  understand  the 
concept  of  area.  Research  has  investigated  children's  misconceptions  and  the  difficulties  of  teaching 


but  there  is  little  in  terms  of  positive  findings  about  how  children  succeed  in  understanding  the 
measurement  of  area.  It  would  clearly  be  helpful  to  know  whether  the  children  who  succeed  in 
understanding  area  (and  we  know  that  some  do  so  before  teaching)  do  so  through  diverse  routes  or 
whether  there  is  a  more  certain  path  to  understanding. 
The  empirical  studies 

The  present  studies  investigated  the  hypothesis  that  children's  success  in  understanding  area 
is  not  independent  of  the  resources  they  are  given  to  represent  area  during  problem  solving.  The 
measurement  tools  are  part  of  the  situation  to  be  mastered  and  thus  constitute  a  source  of  structure 
for  children's  actions  and  strategies. 

We  designed  a  series  of  studies  with  the  aim  of  investigating:  (a)  the  impact  of  the  tools 
(rulers  vs.  bricks)  used  in  measurement  on  children's  understanding  of  area;  (b)  the  type  of 
conception  of  area  developed  by  children  in  interaction  with  these  varied  resources;  and  (c)  the 
relative  effectiveness  of  a  teaching  session  as  a  function  of  the  tool  used  in  measuring  and  of  the  type 
of  conceptual  schema  (isomorphism  vs.  product  of  measures)  used  by  the  experimenter  in  explaining 
how  to  calculate  the  area  of  a  rectangle.  The  investigation  was  carried  out  in  three  phases  described 
below. 

Phase  1 

First  we  wanted  to  obtain  experimental  evidence  for  the  impact  of  tool  used  in  measurement 
(square  centimetre  bricks  vs  ruler)  on  children's  solutions  to  problems  of  comparison  of  areas.  Three 
questions  were  investigated:  (1)  do  children  have  a  better  chance  of  discovering  a  multiplicative 
description  of  area  if  they  work  with  rulers  or  if  they  work  with  bricks?  (2)  do  they  conceive  of  area 
in  the  same  way  regardless  of  the  resource  used  or  are  the  two  types  of  resource  related  to  two 
different  conceptions  (isomorphism  vs  product  of  measures)?  (3)  can  children  transfer  what  they 
learned  for  simple  rectangles  to  solving  problems  involving  other  geometrical  figures  (such  as  a 
parallelogram,  where  there  is  a  need  to  distinguish  between  the  side  and  the  height  of  the  figure?)? 

Method 

Subjects:  Subjects  were  48  pairs  of  children  (16  in  each  age  level  from  8  to  11  years, 
corresponding  to  Years  4,  5,  and  6)  randomly  selected  from  three  schools  in  London.  The  schools 
cater  to  both  working  and  middle  class  families.  Ethnic  background  was  varied:  approximately  39% 
of  the  children  were  white,  26%  African/Afro-Caribbean,  31%  Asian  and  the  remaining  4%  from 
diverse  backgrounds. 

The  age  range  was  selected  because  few  children  are  likely  to  know  the  solution  to  the 
problems  from  the  outset  but  it  is  still  possible  to  anticipate  positive  effects  of  instruction.  The 
children's  past  experience  with  area  as  described  by  their  class  teachers  in  an  interview  was  based 
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on  the  Cambridge  Maths  scheme.  The  method  involves  children  in  counting  the  number  of  squares 
covered  by  regular  and  irregular  shapes  drawn  onto  a  grid  sheet.  From  this  work,  children  are  led 
to  the  use  of  the  height  x  width  formula  in  Year  6. 

Procedure:  The  children,  working  in  same-gender  pairs,  were  presented  with  a  series  of  tasks 
that  involved  the  comparison  of  areas.  The  task  was  posed  in  the  context  of  attempting  to  decide 
how  to  distribute  the  payment  received  for  a  painting  job  if  each  child  in  a  pair  had  painted  a  wall 
that  resembled  one  of  figures  drawn  on  the  paper. 

All  pairs  of  children  solved  two  blocks  of  two  problems.  The  first  block  involved  the 
comparison  of  two  rectangles  ( 10cm  x  4cm  and  8cm  x  5cm  in  the  first  trial  and  9cm  x  3cm  and  8cm 
x  4cm  in  the  second  trial).  The  second  block  involved  comparing  one  rectangle  with  a  different 
figure  (a  complex  figure  that  can  be  decomposed  into  rectangles  for  one  trial  and  a  parallelogram  for 
the  other  trial).  The  areas  could  not  be  easily  compared  visually  because  the  wider  forms  had  lower 
values  for  their  heights. 

The  pairs  of  children  were  randomly  assigned  to  one  of  two  experimental  conditions-either. 
having  access  only  to  rulers  or  to  20  bricks,  which  did  not  suffice  to  tessellate  any  of  the  figures. 
They  were  asked  to  give  one  mutually  agreed  upon  answer  to  the  comparison  of  area  questions.  At 
the  end  of  each  trial,  the  children  were  given  feedback  by  comparing  the  areas  with  the  help  of 
coloured  paper  previously  cut  so  as  to  exactly  cover  one  of  the  figures  (or  both,  if  they  were  the 
same)  and  the  parts  of  which  could  be  arranged  over  the  other  figure  in  order  to  show  whether  the 
areas  were  the  same  or  different. 

A  delayed  post-test  was  given  to  all  children  individually  approximately  one  month  later  in 
order  to  evaluate  the  long-term  effects  of  their  initial  learning  experience.  In  this  session,  the 
children  were  asked  to  figure  out  the  area  of  four  figures  and  had  at  their  disposal  a  ruler  and  20 
bricks.  Two  simpler  problems  (a  rectangle  and  a  complex  figure  that  could  be  analyzed  into 
rectangles)  and  two  more  difficult  problems  (a  parallelogram  and  a  triangle)  were  included.  The 
problems  were  given  in  order  of  difficulty.  No  feedback  was  given.  All  sessions  were  tape-recorded 
and  the  tapes  were  transcribed  for  the  analysis  of  problem  solving  strategies. 


An  initial  analysis  of  gender  effects  was  carried  out  in  order  to  test  for  the  need  to  keep  apart 
the  pairs  of  girls  and  boys  in  the  subsequent  analyses.  No  significant  differences  were  found. 
Subsequent  analyses  do  not  consider  gender. 

An  one-way  ANOVA  indicated  that  the  children  who  worked  with  bricks  were  significantly 
more  successful  in  solving  the  problem  than  those  who  worked  with  the  rulers  in  the  first  session  (F 
=  29.84;  p  <  0.001). 


Results 
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The  results  of  the  delayed  post-iest  were  analyzed  once  using  the  average  for  each  pair  as 
their  joint  score  in  the  individual  post-test  and  a  second  time  using  each  child's  score.  Similar  results 
were  obtained  in  these  two  analyses.  We  report  here  the  second  analysis.  An  one-way  ANOVA 
revealed  a  significant  effect  of  tool  in  this  delayed  post-test  (F  =  9.53;  p  <  0.003).  The  higher  rates 
of  success  of  children  who  worked  with  bricks  were  observed  both  in  the  simpler  items  (identified 
below  as  Block  1)  and  more  complex  ones  (Block  2)  in  both  sessions.  Table  1  shows  a  summary 
of  these  results. 

Thus  the  facilitative  effect  of  the  use  of  bricks  in  contrast  to  rulers  for  reasoning  about  area 
was  obtained  in  this  experiment.  The  effect  persisted  even  after  one  month  and  could  still  be 
observed  when  the  children  were  solving  the  problems  individually. 


Table  1 

Mean  number  of  correct  responses  as  a  function  of  tool 
session  1  Individual  post-test 


Total  Block  1  Block  2       Total  Block  1  Block  2 

Tool  used 

Bricks          2.6  1.6  1.0                  1.5  1.1  0.4 

RUler            1.2  0.6  0.6  0.7  0-6  0-1 

An  analysis  of  children's  strategies  showed  that  39%  of  the  children  using  bricks  solved  the 
problems  of  comparing  rectangles  by  calculating  each  area  through  a  multiplication  whereas  only 
21  %  in  the  ruler  condition  did  so.  This  difference  in  the  use  of  multiplicative  solutions  persisted  in 
more  difficult  items.  Approximately  30%  of  the  children  who  had  the  bricks  as  measuring  tool  used 
multiplicative  strategies  to  solve  the  problems  involving  the  complex  shape  and  the  parallelogram 
whereasonly  13%  of  the  children  who  had  rulers  did  so.  The  comparison  involving  the  triangle  was 
very  difficult  for  both  groups  and  success  rates  were  rather  low. 

An  analysis  of  children's  explanations  of  their  reasoning  when  they  multiplied  clearly 
indicated  that  they  were  using  an  isomorphism  of  measures  model  when  they  had  the  bricks  at  their 
disposal.  They  often  made  references  to  number  of  rows  and  number  of  bricks  that  could  be  fit  in 
a  row.  Some  of  the  children  (23%  of  the  pairs  in  the  first  two  rectangles)  who  had  rulers  as  their 
tool  attempted  to  use  the  ruler  as  if  it  were  an  area  unit:  instead  of  reading  numbers  from  the  rulers, 
they  tried  to  figure  out  how  many  times  they  could  fit  the  ruler  over  the  figures.  This  strategy 
suggests  that  the  ruler  was  a  tool  that  did  not  fit  well  with  the  way  they  reasoned  about  area;  they 
would  rather  have  had  area  units  at  their  disposal. 

In  short,  this  study  supports  the  idea  that  measurement  tools  have  a  structuring  role  on 


children's  reasoning  about  area  because  They  are  resources  in  the  situation  with  which  children  can 
operate.  In  a  more  general  way.  the  results  strengthen  the  idea  that  systems  of  signs  structure 
reasoning  by  becoming  part  of  the  logic  of  actions  in  a  situation. 


The  aim  of  this  investigation  was  to  probe  further  into  the  role  of  systems  of  signs  by  looking 
at  the  results  of  instruction  that  relies  on  different  tools.  Three  questions  were  addressed:  (1)  can 
children  successfully  apply  a  procedure  demonstrated  to  them  for  comparing  one  pair  of  rectangles 
to  a  new  pair?  and  (2)  can  children  successfully  adapt  the  same  procedure  to  solve  two  transfer 
tasks?;  (3)  does  the  success  of  adaptation  of  the  learned  procedures  vary  as  a  function  of  the 
measurement  tool  used  in  teaching? 


Subjects:  Subjects  were  72  pairs  of  children  randomly  selected  from  the  same  three  schools 
and  from  the  same  year  groups  as  in  Experiment  1 . 

Procedure:  The  children  worked  in  same  gender  pairs  randomly  distributed  in  equal  numbers 
to  one  of  three  instruction  groups.  The  instruction  procedures  consisted  in  demonstrating  how  to 
calculate  the  area  of  a  rectangle  in  one  of  three  ways:  a)  the  experimenter  measured  the  sides  of  a 
rectangle  with  a  ruler  and  told  the  children  that  the  area  was  equal  to  the  width  times  height  (the 
"Ruler  Condition",  identified  below  as  Condition  1);  b)  the  experimenter  built  a  row  of  bricks  along 
the  height  and  another  one  along  the  width  of  a  rectangle  and  told  the  children  that  the  area  of  the 
rectangle  would  be  given  by  multiplying  the  two  values  (the  "Bricks  -  product  of  measures" 
Condition,  identified  below  as  Condition  2);  c)  the  experimenter  formed  three  rows  of  bricks  along 
the  width  of  the  rectangle  and  showed  the  children  that  the  number  of  bricks  in  the  rows  was  always 
the  same;  calculation  of  the  area  was  demonstrated  using  the  formula  number  of  bricks  in  a  row 
times  \iumber  of  rows  (the  "Bricks  -  isomorphism  of  measures"  Condition,  identified  below  as 
Condition  3).  The  first  two  conditions  were  similar  in  their  use  of  the  formula  height  times  width 
in  the  calculation  of  the  area  but  differed  with  respect  to  tool  used.  Condition  3  was  similar  to 
condition  2  in  the  use  of  bricks  but  differed  in  the  explanation  offered  for  the  formula,  being  clearly 
connected  with  an  isomorphism  of  measures  explanation. 

After  the  initial  instruction,  all  children  solved  the  same  problems  as  in  Study  1 .  They  were 
interviewed  once  as  a  pair  and  a  second  time  approximately  one  month  later  individually.  Sessions 
were  tape-recorded  and  tapes  were  transcribed  for  analysis. 


The  results  are  summarized  in  Table  2,  which  displays  the  average  scores  for  each  condition 
by  session  and  block  of  problems.  There  were  no  significant  differences  across  groups  in  Block  1, 
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where  all  three  groups  performed  close  to  ceiling.  In  other  words,  children  seemed  to  have  little 
difficulty  in  repeating  the  procedure  they  had  been  taught  regardless  of  how  it  had  been  explained. 
However,  in  Block  2,  which  involved  the  comparison  of  a  rectangle  with  a  complex  shape  in  the  first 
trial  and  with  a  parallelogram  in  the  second  trial,  a  significant  effect  of  teaching  procedure  was 
observed  (F  =  6.60;  p  =  0.002).  Post-hoc  tests  indicated  a  significant  difference  between  Group 
3  children,  who  received  the  demonstration  through  the  Bricks-isomorphism  of  measures  procedure, 
and  Group  1  children,  who  were  instructed  with  the  ruler;  no  other  comparisons  were  significant. 
Thus,  although  all  children  could  repeat  a  procedure  they  were  taught  immediately  after  instruction, 
children  instructed  through  an  isomorphism  of  measures  procedure  were  more  likely  to  devise 
adequate  solutions  to  new  area  problems. 

Results  of  the  individual  post-test  showed  no  significant  differences  across  groups  either  for 
the  simpler  or  for  the  more  complex  problems. 

Table  2 

Mean  number  of  correct  responses  by  teaching  approach 
Session  1  Individual  post-test 


Condition 
1 

2 
3 


Total 

Block  1 

Block  2 

Total 

Block  1 

Block  2 

2.6 

1.9 

0.7 

0.8 

0.7 

0.1 

2.9 

2.0 

0.9 

1.0 

0.8 

0.2 

3.0 

1.8 

1.2 

1.0 

0.9 

0.1 

Phase  3. 

In  this  third  phase  we  compared  the  children  from  the  previous  experiments.  Children  taking 
part  in  Experiment  1  were  essentially  engaged  in  a  "discovery  experiment"  whereas  those 
participating  in  Experiment  2  received  a  demonstration  before  trying  out  the  problems.  We  wanted 
to  know  whether  these  differences  in  their  experience  significantly  affected  learning. 
Melhfld 

A  factorial  design  with  two  factors-2  (type  of  tool  used)  by  2  (type  of  learning  experience 
in  the  first  section)-was  created  by  pooling  the  data  in  the  delayed  post-test  from  experiments  1  and 
2  (and  disregarding  the  Brick  -  product  of  measures  conditions).  An  ANOVA  was  then  carried  out 
with  the  results  of  the  individual  post-test  as  the  dependent  variable.  In  this  analysis  190  children 
were  included. 
Results 

The  only  significant  effect  observed  was  that  of  the  tool  used  (F  =  7.96;  p  =  0.005);  the 
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comparison  between  the  groups  with/without  demonstration  and  the  demonstration  x  tool  interaction 
were  not  significant.  Thus  although  some  of  the  children  had  observed  a  demonstration  in  the  first 
session,  they  did  not  have  an  advantage  over  those  who  did  not  receive  such  a  demonstration. 
However,  the  type  of  tool  used  for  thinking  about  area  in  the  first  session  significantly  affected 
children's  success  in  the  delayed  post-test. 
General  conclusions. 

This  series  of  studies  demonstrates  the  need  to  take  into  account  alternative  ways  of 
representing  the  same  problem  both  in  theory  and  practice  in  mathematics  education.  From  the 
theoretical  viewpoint,  it  is  clear  that  one  cannot  analyze  the  cognitive  demands  of  an  area  problem 
without  considering  the  resources  available  in  terms  of  problem  representation  to  the  problem  solver. 

The  studies  also  show  that  representation  must  be  taken  into  account  when  instruction 
programmes  are  designed.  They  indicate  possible  reasons  for  the  lack  of  success  of  current 
approaches  to  teaching  children  about  area.  Although  children  have  the  opportunity  to  tessellate 
figures  in  order  to  find  their  area,  they  are  as  a  rule  only  asked  to  count  squares.  They  have  no 
problem  to  solve  and  no  need  to  find  a  mathematical  formula  to  accomplish  this  task  (see  Nunes, 
Light,  and  Mason,  1993).  After  counting  squares,  a  height  times  width  formula  is  taught.  This 
formula,  as  we  saw,  does  not  fit  well  with  the  pattern  pupils  are  likely  to  discover  for  themselves. 
It  is  possible  that  by  changing  these  two  characteristics  of  instructional  programmes  we  could  make 
the  teaching  of  area  significantly  more  effective. 
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COGNITIVE  MODELS  OF  THE  CONCEPT  OF  ANGLE 

Jos<  Manuel  Matos 
Universidade  Novade  Lisboa 

Idealized  cognitive  models  developed  by  Lakoff(1987)  provide  a  theoretical  framework 
upon  which  several  features  of  mathematics  learning  can  be  based.  This  paper  describes 
several  cognitive  models  exhibited  by  4th  and  5th  graders  of  an  elementary  school  in  the 
United  States  about  the  concept  of  angle,  showing  the  complexity  of  their  mental 
representations. 

Lakoff  contends  that  any  situation  is  represented  by  a  mental  space.  For  example,  our  immediate 
reality  as  we  see  it,  fictional  situations,  past  and  future  situations,  as  we  see  them,  hypothetical 
situations,  fibstract  domains,  and  others.  Mental  spaces  are  structured  by  cognitive  models  each  of 
which  is  a  complex  whole  that  may  have  four  structuring  principles:  a  prepositional  structure  (based 
on  a  definition),  an  image-schematic  structure  (based  on  mental  images),  metaphoric  applications 
(based  on  analogies),  and  metonymic  applications  (based  on  metonymies)  (Lakoff,  1987).  To  accoui.t 
for  cognitive  models  in  geometry  it  was  suggested  previously  that  a  fifth  structuring  principle  should 
be  added,  namely  a  script  structure  (based  on  a  typical  sequence  of  events)  (Matos,  1992, 1992). 
This  paper  will  classify  and  describe  some  cognitive  models  found  when  investigating  Hits  concept  of 
angle  exhibited  by  some  4th  and  5th  graders  of  an  elementary  school  in  the  United  States.  These 
models  were  inferred  by  the  researcher  on  the  basis  of  a  qualitative  analysis  of  semi- structured 
interviews  (Strauss,  1987)  of  16  students  and  a  test  passed  to  57  students.  Elements  of  the  model  and 
a  set  of  relations  among  these  elements  will  be  specified  for  each  model. 

Images  of  angles 

It  is  plausible  to  assume  that  almost  all  participant  students  used  image-schematic  models  composed 
of  rich  mental  images  (Johnson,  1987).  It  is  possible  to  obtain  a  first  grasp  of  these  models  by 
analyzing  both  the  interviews  and  the  answers  to  the  test.  Table  1  shows  the  number  of  students  that 
identified  angles  in  several  configurations.  Students  did  not  recognize  concave  angles  (angles  on  a 
concave  vertex  of  a  configuration)  as  much  as  they  did  with  convex  angles.  Also  convex  vertices  of 
configurations  with  curved  sides  (gl,  g4)  were  recognized  as  angles,  even  by  fifth  graders. 
These  imagetk  models  are  organized  around  central  elements  (cognitive  reference  points)  which  can 
be  observed  in  the  interviews.  For  example,  Beth  says  that  to  make  different  angles  we  could  "turn  it 
around  and  make  it  like  a  L,  or  you  can  make  it  a  different  way . . .  You  can  put  it  a  different  way  and 
then  make  a  angle".  Louise  said  that  to  make  an  obtuse  angle  a  friend  of  her  would  have  to  "kind  of 
try  to  make  an  A,  but  not  just  like  an  A.  (...)  llt's  an  A]  but  further  apart".  And  a  right  angle  "is  kind 
of  tike  half  of  a  square".  And  Jessie  said  that  "an  angle  is  just  (...)  a  sort  of  a  V  shape".  Many  times 
these  prototypical  images  are  associated  with  a  preferred  orientation  of  the  angles.  Most  angles  drawn 
by  students  had  one  side  horizontal.  A  non-horizontal  side  was  considered  "slanted"  by  Beth. 
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Table  1.  Number  of  students  that  identified  angles  in  several  configurations. 
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Anglei  as  points 

Many  students  thought  that  "[angles]  must  have  a  point"  (Laurie),  or  "have  (...)  a  point  in  their 
end"  (Rick).  A  similar  statement  is  presented  by  Rick  that  considered  that  angles  have  a  "sharp  end". 
James  said  that  an  angle  is  "kind  of  a  point",  but  distinguished  between  triangles  and  angles.  The 
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former  have  three  points,  whereas  the  later  are  actually  points.  Turns  aon't  have  points  because  "they 
are  round".  Alice  says  that  "the  corner  point  always  has  an  angle". 

This  is  a  metaphoric  model  projected  from  an  image-schematic  model  characterized  by  two  elements:  a 
container,  or  part  of  a  container,  and  a  force.  The  force  is  a  protruding  movement  to  the  exterior  of  the 
container.  In  the  expression  angles  have  a  point,  an  angle  is  a  container  that  has  a  part  that  is  projected 
outwards.  This  model  has  an  implicit  "viewpoint"  (Johnson,  1987,  p.  36)  because  the  movement  is 
observed  from  the  outside,  so  we  can  watch  the  sharp  ends  of  angles. 


If  angles  are  thought  as  pointed  objects,  it  makes  sense  to  use  with  them  language  usually  associated 
with  pointed  objects.  Some  angles  can  be  "sharper"  than  others  (Laurie,  Susan)  and  some  angles 
"doesn't  really  have  a  pointed  end"  (Mally). 

Forces  in  models  may  be  associated  with  movements  as  is  instantiated  by  Rick  using  a  mixture  of 
words  and  gestures.  He  says  that  angles  "got  pointing  ends  at  the  end,  they  got  pointing  ends  when 
they  come  up"  and  he  places  his  hands  vertically  as  an  inverted  V,  or  angles  "come  out  as  a  point" 
(Rick)  or  angles  point  "across  "(Mike). 

This  model  does  not  exclude  angles  with  curved  sides.  Some  students  accepted  them  but  rejected 
drawings  where  the  lines  would  not  connect.  The  notion  of  sharpness  helps  to  understand  the 
structure  of  this  model  further.  Mally,  Susan  and  Laurie,  for  example  recognize  obtuse  angles  in 
several  contexts.  However  they  mostly  refer  to  acute  and  right  angles.  Although  they  are  aware  that 
there  are  other  types  of  angles,  right  angles  and  acute  angles  seem  to  stand  for  the  whole  set  of  angles. 
Their  model  of  angles  has  a  metonymical  structure  in  which  these  types  of  angles  can  stand  for  all  the 
angles.  This  metonymical  structure  seems  to  be  a  source  for  prototype  effects  because  an  obtuse  angle 
"doesn't  really  have  a  pointed  end"  (Mally),  or  is  not  as  sharp  as  an  acute  angle  (Susan,  Laurie).  This 
metaphoric  model  can  also  be  the  source  of  other  metaphoric  models.  Laurie  says  that  an  angle  is  like 
"the  edge  of  a  pencil,  the  point  of  a  pencil",  an  angle  "looks  like. . .  sort  like  a  thorn  on  a  rosebush" 
(James),  "like  the  tip  of  a  triangle"  (Susan),  and  like  "the  pointing  top  of  a  triangle"  (Mike). 

Angle  as  turning  bodies 

Students  used  several  ways  to  refer  to  the  relation  between  angles  and  turns:  "angles  turn",  "angles 
have  turns",  "angles  are  turns",  "angles  and  turns  are  the  same",  and  some  of  them  explicitly 
identified  angles  with  a  routing  line.  Most  of  these  usages  of  the  notion  of  turn  underline  variations  of 
the  model  of  an  angle  as  a  turning  body.  More  specifically,  an  original  image-schematic  model  of  a 
turning  body  was  projected  on  the  model  of  angles  as  turning  bodies. 


The  original  model  is  in  image-schematic  model  composed  of  a  body  with  an  orientation,  a  trajectory, 
which  have  a  starting  and  a  stopping  point  This  model  is  associated  with  our  bodily  experiences  of 
turning,  as  in  turn  around,  turn  left/right,  and  the  act  of  turning  so  as  to  face  a  different  direction. 
These  experiences  are  not  associated  with  an  endless  movement,  because  our  body  rotates  on  a 
trajectory  which  has  a  starting  position  and  a  stopping  position. 

Stop 

Trajectory 


Body  ' 

#  Stan 

There  are  certain  kinds  of  turns  that  we  perform  more  often  than  other,  like  turn  around  or  turn 
leftlright  or  turn  all  the  way  around.  Those  turns  are  much  more  used  and  are  good  candidates  to 
constitute  cognitive  reference  points.  In  fact  it  is  difficult  to  find  common  words  in  English  to  express 
what,  in  a  mathematized  language  would  be,  for  example,  ^45°  turn  to  your  left. 
Angles  are  thought  by  some  students  as  metaphoric  projections  of  turning  bodies.  Ten  students  said 
that  angles  turn.  Sometimes  they  identified  angles  with  turns.  Bob,  for  example,  sees  "no  difference" 
between  angles  and  turns,  Jessie  says  that  "a  turn  is  the  same  as  [an]  angle",  and  Angela  states  that 
turns  and  angles  "sort  of  are  alike,  because  an  angle  it  can  turn".  Louise  said  that  angles  can  "turn 
bigger  or  wider".  James  several  times  compared  angles  by  saying  that  one  turned  more  than  the  other. 
Louise  explained  that  "turn  around"  is  an  angle: 

There  is  different  kinds  of  angles  and  one  of  them  is  turn  around.  You  can  take  it  and  [split  it  into]  two 
parts  of  a  square.  It  is  just  one  line  and  the  other  two  connect  it.  And  you  can  Tit  a  comer  of  a  paper  into 
it  That's  how  you  rum  around.  (...)  Turn  around  is  just  the  comer  of  a  piece  of  paper. 

Some  students  associated  some  gestures  with  this  model.  Marie,  for  example,  when  asked  to  show 
points  in  the  interior  of  an  acute  angle  asked:  "which  way  does  it  turn,  this  way  or  this  way?  [traces]": 


The  metonymic  structure  of  the  image-schematic  model  of  a  turning  body  endows  the  metaphoric 
model  of  angles  as  a  turning  body  with  a  metonymic  structure.  We  have  seen  above  how  Louise 
describes  the  special  angle  she  called  "turn  around".  In  another  example,  Jessie,  when  referring  to  an 
obtuse  angle,  says  that  "[the  obtuse  angle]  is  almost  a  finished  turn".  Previously  she  said  that  the 
same  obtuse  angle  "is  almost  half  of  a  whole  turn".  The  finished  turn  here  seems  to  be  a  180°  turn, 
and  the  obtuse  angle  is  compared  with  it.  Both  the  "finished  turn"  and  the  "whole  turn"  are  used 
here  as  cognitive  reference  points. 

Some  students  associated  angles  and  turns  with  a  circle.  They  are  usually  using  the  turning  body 
model.  Alice,  for  example,  was  able  to  provide  an  extensive  explanation  of  this  association: 
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A  circle  that's  bigger  than  all  of  the  angles  because  there  is  a  full  turn  [traces  a  circle  on  the  table,  then 
makes  half  a  turn  with  the  pencil).  (...)  A  circle  is  really  an  angle  because  if  it's  like  you  started  [at|  one 
point  [points  to  the  edge  of  the  pencil).  This  is  the  point  you  started  [points  to  the  other  endpoint  of  the 
pencil],  (...)  You  started  here  [points  to  the  edge  of  the  pencil).  (...)  You  can  turn  the  pencil  all  the  way 
around  [rotates  tiie  pencil  180°  to  the  left).  Then  you  can  start  there.  There  would  be  a  angle.  Then  you 
keep  turning.  That  would  be  a  angle,  that  would  be  a  angle  [indicates  successive  angles  as  she  rotates  the 
pencil  around  an  endpoint).  And  that  would  be  the  end  where  you  started  at  [ends  the  rotation  of  the 
pencil  by  moving  it  to  its  initial  position).  And  that  would  be  a  circle. 

Alice  goes  one  step  further  and  actually  uses  the  turning  body  model  as  a  way  to  imagine  the  sphere 
as  an  angle:  "in  a  way  it's  a  angle,  because  it  starts  and  it  turns  around  [traces  a  maximum  circle  of 
the  sphere).  It  starts  as  an  angle  but  then  it  goes  around.  So  in  a  way  I  would  say  this  is  a  angle".  Hill 
uses  this  model  to  reject  the  possibility  of  curved  sides  in  an  angle  saying  that  the  drawing  is  "not  a 
line  that  turns".  In  fact,  in  this  model  the  sides  of  an  angle  are  conserved  by  a  rotation,  and  so  they 
cannot  became  curved.  This  model  is  not  useful  to  interpret  angles  having  curved  sides,  and  no  student 
used  this  model  to  explain  his/her  acceptance  of  angles  with  curved  sides. 

Angle  as  a  source 

Angles  are  thought  by  some  students  as  sources  of  trajectories.  This  is  an  image-schematic  model  that 
comprises  a  landmark  (LM)  and  two  trajectories  (TR).  Both  trajectories  are  straight,  start  at  the 
landmark,  go  on  for  an  indefinite  distance,  and  are  indistinct  from  each  other.  In  this  model,  the  vertex 
is  associated  with  the  landmark  and  its  sides  with  the  two  trajectories.  It  is  a  dynamic  model,  because 
angles  are  thought  as  a  source  of  a  dispersing  movement  of  two  lines. 


When  asked  why  she  thought  there  was  an  angle  in  a  triangle,  Alice  answered:  "really  it  starts  at  a 
point  [points  to  the  vertex  of  the  angle]  (...)  and  it  has  a  certain  way  that  it  goes  [traces  the  sides  of  the 
angle]."  Alice  is  identifying  angles  with  a  certain  kind  of  path  of  which  she  indicates  both  the  origin 
and  the  trajectory.  Hill  expresses  the  same  idea:  "[angles]  have  a  starting  point  like  a  ray  [traces  one 
side  of  an  angle],  and  then  they  go  on  and  on.  You  can  make  the  angle  like  a  ray".  Sometimes  both 
Alice  and  Hill  referred  only  to  some  elements  of  the  model.  The  idea  that  the  vertex  is  the  source  of 
something  can  be  found  in  Alice.  In  several  instances  she  mentions  that  angles  "start  at  a  point",  or 
"have  a  starting  point".  HU1  describes  the  trajectory  as  the  extension  of  two  lines. 
There  are  certain  metaphors  that  students  use  that  are  related  with  this  model.  Hill,  for  example, 
believes  a  ray  is  similar  to  an  angle: 


Because  if  you  have  a  ray  [draws  a  ray]  you  have  a  point  [points  to  the  endpoint  of  the  ray]  that  foes  on 
an  on.  but  they  might  get  it  confused  for  an  angle  because  it  has  a  point  like  an  angle,  a  vertex,  not  a 
vertex  because  a  vertex  has...  it's  where  two  lines  meet,  but  a  point  to  where  a  line  goes  on  and  on.  never 
stops  does  not  go  away,  as  a.  sort  like  a  flashlight. 

Alice  proposes  a  different  metaphor.  She  cays  that  an  angle  "is  like,  if  you're  walking  straight,  if  you 
start  from  a  point  on  the  playground  and  now  you  can  keep  walking  for  a  long  time". 

Angle  as  a  path 

Alice  uses  a  model  of  angle  as  a  path,  which  is  a  metaphoric  model  of  an  image-schematic  model  of  a 
special  kind  of  path.  This  image-schematic  model  is  composed  of  two  trajectories  and  a  landmark.  The 
landmark  is  the  endpoint  of  one  trajectory  and  the  starting  point  of  another.  This  is  a  dynamic  model 
and  the  switch  from  one  trajectory  to  the  other  is  performed  instantly.  It  also  presupposes  that  the  two 
trajectories  do  not  have  the  same  direction. 


LM 

A  good  example  is  provided  by  Alice: 

[An  angle]  would  always  have  a  point  [and  she  gestures]. 


You  always...  it  would  always  have  a  point,  and...  A  comer,  it  doesn't  always...  Sometimes  it  can  curve 
(and  she  gestures] 


c 


As  Alice  puts  it  the  easiest  way  to  draw  an  angle  is  "just  look  at  hov,  docs  the  lines  curve"  at  the  same 
time  that  she  makes  a  gesture  similar  to  the  one  above.  She  is  talking  here  about  a  continuous  path  that 
comes  along  a  line,  and  at  a  certain  point  makes  a  sudden  curve  and  continuous  along  another  line. 
This  curve  is  so  sudden  that  produces  a  point.  At  a  later  time  she  even  stresses  this  instantaneous 
change  of  direction  by  drawing  a  small  curve  around  the  vertex  of  an  angle.  Alice  uses  the  path  model 
to  explain  why  the  sides  of  the  angles  are  straight 

[It  is  not  an  angle]  because  this  curves  [traces  one  "curved"  side  back  and  forth]  and  angles  mostly,  don  't 
curve.  It's  like  one  line  goes  straight  and  then  it  curves  like  that  [draws  a  semicircle].  But  a  angle  doesn't 
curve,  when  it  goes  [draws  a  line  segment]. 

In  this  quotation  we  can  see  that  the  proposed  angle  is  composed  of  a  "line"  that  "goes  straight"  but 
that  "curves"  at  some  point  Alice's  problem  with  this  is  that  angles  don't  "curve"  as  they  go. 
Alice's  preference  for  angles  as  paths  leads  her  to  easily  associate  angles  and  circles: 
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A  circle  is  really  an  angle  because  if  it's  like  you  slatted  [at]  one  point  [places  a  pencil  on  the  table  and 
points  to  the  edge).  (...)  You  started  here  [points  to  the  other  end  of  the  pencil].  It  is  like  you  can  turn 
the  pencil  all  the  way  around  [rotates  the  pencil  180°  centered  at  the  endpoint  opposite  to  the  edge). 
Then  you  can  start  there,  there  would  be  a  angle.  Then  you  keep  turning.  That  would  be  a  angle,  that 
would  be  a  angle  [successively  indicates  several  intermediate  positions  of  the  rotating  pencil).  And  that 
would  be  the  end  where  you  started  at  [ends  the  rotation  of  the  pencil  by  moving  it  to  its  initial 
position].  And  that  would  be  a  circle. 

Hill  also  uses  this  model  as  a  basis  to  develop  a  metaphor  for  angles.  An  angle  can  be  seen  as  a  path 
that  people  follow  along  a  line.  Then  they  stop  at  a  comer  (the  vertex)  and  then  they  turn  and  continue 
in  another  direction. 

A  right  angle  [traces  one  side  of  a  right  angle],  when  it  comes  as  a  vertex  toward  sort  of  like  a  stopping 
point  (...)  it  makes  a  turn  go  up.  just  like  a  sidewalk  on  a  corner.  People  come  this  way.  and  then  they 
stop  and  come  this  way.  and  then  they  have  sort  of  a  stopping  point  [points  to  the  vertex  of  a  right  anglcl 
before  they  turn,  or  they  can  come  this  way  [traces  the  other  side  of  the  right  angle  away  from  the  vertex]. 

Angles  as  two  connecting  lines 

In  this  model  angle  is  thought  as  two  intersecting  lines.  It  is  an  image-schematic  model  having  three 
components:  two  lines  and  a  point.  The  lines  themselves  have  one  endpoint  each,  and  these  endpoints 
coincide  with  the  point  of  the  model. 

Jessie  used  this  model  extensively  as  a  means  to  justify  the  existence  of  angles.  From  her  statements 
we  can  observe  that  this  model  is  associated  with  a  visual  configuration  of  two  intersecting  lines  and 
the  action  of  two  lines  that  attempt  to  connect  to  each  other.  When  asked  why  there  were  angles  in  a 
triangle  she  replied:  "right  here  is  connecting  the  lines,  is  connecting  right  there,  and  they're  having  a 
point  right  here,  there  and  there  Ipoints  to  the  vertices]".  Later  when  explaining  why  she  did  not 
identify  angles  in  other  triangles  she  says  that  "I  must  have  overlooked  (...)  the  lines  connecting  this 
and  that  [points  to  the  vertices]". 

In  other  instances  she  discussed  about  angles  in  terms  of  connecting  lines  and  even  seemed  to  endow 
the  connecting  lines  with  a  will  to  connect.  For  example,  when  explaining  what  was  more  difficult  to 
learn  about  angles  she  says 

the  most  difficult  thing,  is  when  you  try  to  have  (...)  parallel  lines  [draws  two  parallel  lines  with  a 
curved  portion  on  one  end  so  that  the  lines  intersect]  (...)  and  get  them  confused  when,  you  know,  the 
lines  that  have  a  line,  you  know,  the  lines  that  keep  going,  and  then  the  lines  that  connect  when  (hey  keep 
going  so  they  arc  curved,  it  connects.  I  think  it's  the  most  difficult  thing  about  learning  angles. 

She  latter  repeats  this  same  drawing: 

[I  am  talking  about)  the  ones  that  connects  when  they're  still  going  [draws  again  two  parallel  lines  with 
a  curved  portion  on  one  end  so  that  the  lines  intersect] ,  like  when  they  start  going  like  that  [emphasizes 
the  small  curved  piece  she  drew). 
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This  it  a  type  of  image  schematic  model  that  excludes  configurations  in  which  lines  do  not  intersect 
visibly  or  that  do  not  contain  two  distinguishable  lines.  Jessie  does  not  identify  angles  in  the  following 
configurations: 


Conclusion 

Mathematical  concepts  were  thought  for  a  long  time  as  abstract  entities  endowed  with  definitions  that 
would  make  them  impervious  to  the  real  world.  Moreover,  any  attempt  to  use  real  world  entities  to 
interpret  mathematical  objects  was  thought  as  a  dangerous  contamination  weakening  the  search  for 
abstraction.  The  models  described  above  present  a  different  picture.  They  reveal  students  making  use 
of  their  experiences,  condensed  as  cognitive  models,  to  interpret  a  new  concept  These  previous 
experiences  are  very  important  as  tools  that  we  can  use  to  reason  mathematically.  We  have  seen,  for 
example,  how  Alice  uses  the  metaphor  of  angles  as  turning  bodies  to  think  creatively  about  the  links 
between  angles,  circles,  and  spheres.  There  are  other  models  that  were  not  presented  here  (angle  as  an 
interior  comer,  another  model  of  angle  as  a  source,  angle  as  a  meeting  point,  and  angle  as  an  opening 
object).  All  these  models  together  compose  a  picture  of  the  diversity  and  complexity  of  the  mental 
representations  of  a  mathematical  concept  and  the  ways  in  which  we  use  our  imagination  as  a  powerful 
mathematical  tool. 
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ON  THE  UTILIZATION  OF  NON-STANDARD  REPRESENTATIONS 
IN  GEOMETRICAL  PROBLEMS* 
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University  dc  Lille  and  Universidade  de  Lisboa 


This  paper  presents  some  results  of  a  study  on  the  utilization  of  non-standard 
figures  in  geometrical  problems.  Two  figures  and  two  statements  of  problem  were 
used  by  7th  graders  in  a  French  junior  high-school.  Contrasting  results  of  pupils' s 
answers  from  questionnaires,  it  concluded  that  this  land  of  representation  can 
foster  pupils'  high-level  geometrical  procedures,  such  as  encoding,  control  and 
correct  utilization  of  figures  and  geometrical  properties. 


This  paper  is  concerned  with  external  representation  in  geometry  and  its  purpose  is  to  contribute  to 
the  understanding  of  how  pupils  use  representation  in  geometrical  problems.  Before  presenting  our 
study,  we  will  clarify  some  theoretical  framework  and  assumptions  about  representation  in 


1.  Double  status  of  a  representation.  External  representation  doesn't  have  always  the  same  status 
in  geometrical  problems.  In  previous  studies,  we  showed  the  importance  of  what  we  called  the 
double  status  of  a  representation  (Mesquita,  1989,  1992a),  which  is  related  to  the  status  of 
geometrical  objects  introduced  by  Husserl  (1936/62).  In  fact,  in  representing  a  concept  or  a 
situation  in  geometry,  the  material  trace,  or  drawing,  of  these  ones  can  suggest  two  different 
possibilities  or  status: 


a)  a  "finiteness"  in  the  sense  of  a  finite  and  varied  form  in  its  spatio-temporality; 

b)  a  geometrical  form  in  its  "ideal  objectiveness",  detached  from  the  material  constraints 
linked  to  external  representation. 


To  Husserl,  a  geometrical  object  has  one  of  this  status.  But  the  sums  of  a  represented  object  is  less 
clear.  For  instance,  the  trace  of  a  piece  of  a  straight  line  can  be  considered,  depending  on  the 
situation,  the  representation  of  a  :  a)  straight  line,  b)  semi-line,  c)  segment  of  a  given  length,  d) 


Thii  piper  reports  some  results  from  an  analytical  study  on  the  utilization  of  external  representation  in 
geometry,  developped  in  a  cooperative  project  with  C.  Janvier,  CtRADE/UniversiK  du  Quebec  a  Montreal. 


geometry. 


Theoretical  framework 


segment  of  an  arbitrary  length  or  e)  vector.  It  means  that  a  same  figure1  can  represent  either  an 
abstract  geometrical  object  or  concept,  either  a  particular  concretization  of  this  one.  Depending  on 
the  problem,  in  some  cases  we  are  interested  in  the  first  situation,  in  some  others,  in  the  second  one. 
Besides,  in  some  cases,  one  particular  characteristics  "stands  for"  all  the  situations,  in  others 
doesn't.  In  the  basis  of  this  ambiguity,  is  the  fact  that  the  only  figurative  register  doesn't  enable  to 
distinguish  between  these  two  cases.  To  avoid  this  situation,  conventions  are  used;  but  even  in  this 
case,  in  many  situations  status  are  not  easy  to  distinguish;  it's  the  case  in  the  distinction  of  a  given 
or  an  arbitrary  length  segment,  for  instance. 

From  a  mathematical  point  of  view,  external  representation  is  considered  as  a  kind  of  ideal 
objectiveness,  in  connexion  with  the  properties  underlying  it.  Mathematicians,  as  it's  known,  use  a 
representation  as  a  network  of  geometrical  relationships  between  elements.  From  a  didactical  point 
of  view,  pupils  may  identify  acessory  relationships,  depending  on  the  constraints  of  the 
concretization,  and  relationships  induced  by  perceptive  properties.  In  consequence,  pupils  tend  to 
see  an  external  representation  as  a  finiteness,  while  experts  see  it  as  an  ideal  objectiveness. 
Therefore,  the  distinction  between  these  two  status  may  appear  ambiguous  to  pupils  (Mesquita, 
1989,  1992a,1992b). 

It's  well-known  that  this  phenomenon  is  not  specific  of  geometry:  the  word  "number"  can  suggest  a 
particular  number  or  a  generic  one.  But,  contrarily  to  that  happens  with  representation  in  geometry, 
the  contribution  of  symbolic  language  enable  a  clarification  of  the  situation:  we  can  use  symbols 
and  notations  to  distinguish  them;  for  instance,  in  algebra,  a  letter  is  in  general  used  to  represent  an 
unknown  quantity  (variable  or  parameter),  whereas  ciphers  will  represent  a  particular  quantity. 

2.  Modes  of  representation.  Depending  on  the  properties  considered,  different  modes  of 
representation  are  usually  considered:  topological,  projective,  affine,  or  metrical  (Piaget  et  al., 
1947/72,  Pallascio  et  al.,  1992).  But,  in  spite  of  the  psychological  genesis  of  the  geometrical 
notions,  the  universe  of  pupils  in  school  remains  metrical.  Therefore,  in  this  paper  'geometry'  will 
refer  to  metrical  geometry,  unless  a  mention  in  contrary  will  be  made. 

3.  Nature  of  representation.  Depending  on  the  criteria  utilized  in  the  representation,  different 
properties  can  be  considered  in  the  representation.  In  this  sense,  the  nature  of  an  external 
representation  is  not  always  the  same;  it  determines  the  type  of  treatment  allowed.  Note  that  the 
properties  that  can  be  extracted  from  the  figure  depends  on  the  properties  conserved  on  the 
representation.  In  some  cases,  geometrical  relationships  utilized  to  the  construction  of  the 


In  this  p*per,  we  use  the  term  'figure'  is  a  synonym  of  external  (materialized  on  a  support,  paper  or  other,  by 
opposition  to  mental,  or  internal),  and  iconical  (or  figurative,  centered  on  visual  image,  by  opposition  to  other 
possible  semiotic  systems)  representation  of  a  concept  or  a  situation  in  geometry. 
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represention  can  be  reutilized:  we  say  that  the  external  represention  has  the  nature  of  an  object.  It's 
the  case,  for  instance,  in  the  problem:  "The  following  figure  is  formed  by  three  demi-cercles,  each 
pair  of  demi-cercles  having  in  common  two  extremities  of  diameters.  Compare  the  lengths  of  a)  C, 
b)  Ci  followed  by  C2". 


Figure  1 

The  geometrical  relationships  used  in  the  construction  of  the  figure  may  be  used  in  geometrical 
reasoning.  But  in  some  other  cases,  it's  not  possible  to  extract  directly  geometrical  relationships;  in 
these  cases,  the  external  represention  appears  as  a  kind  of  topological  or  projective  diagram,  from 
which  we  can't  extract  directly  geometrical  properties.  In  this  case  we  say  the  represention  has  the 
nature  of  an  illustration.  For  example,  in  the  following  situation  (where  under  the  assomptions 
that  1  is  an  equilateral  triangle,  2  is  a  rectangle,  3, 4  and  the  figure  formed  by  3, 4, 5  are  squares,  we 
wish  to  proof  the  equality  of  AC  and  LF),  figure  2  is  an  illustration: 


Figure  2 


In  the  case  of  illustration,  any  metrical  relationship  can  be  extracted  from  the  figure.  These 
differences  between  the  nature  -  object  or  illustration-  of  the  external  representation  are  not 
automatically  understood  by  pupils,  which  use  properties  that  figure  is  supposed  to  have,  suggested 
by  its  iconical  appearance.  By  this  reason,  the  nature  of  the  external  representation  may  be  an 
obstacle  to  young  pupils'  geometrical  reasoning:  it's  possible  that  there  are  no  coincidence  between 
the  nature  of  the  figure  associated  with  the  problem  and  its  interpretation  by  pupils.  By  other  side, 
textbooks,  using  almost  exclusively  objects  as  external  representation,  reinforce  this  trend. 
Therefore,  pupils  are  used  to  deal  with  figures  with  a  nature  of  "object"  and  they  use  easily  the 
properties  given  by  perception. 

The  distinction  between  what  is  admissible  or  not  is  connected  with  the  understanding  of  the  nature 
of  the  external  representation  and  consequently  helps  pupils  to  use  external  representation  as 
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mathematicians  do  it,  i.e.,  as  a  network  of  properties  given  by  the  statement.  In  this  sense,  working 
with  representations  of  different  natures  can  help  pupils  to  consider  a  representation  as  a  translation 
in  another  register  of  the  properties  given  by  statements.  Encoding,  for  instance,  can  contribute  to 
the  understanding  of  the  nature  and  of  the  limitations  of  the  external  representation. 

Definition  of  the  problem  and  methodology 

To  analyse  the  utilization  of  an  external  representation  of  a  geometrical  problem,  we  proposed  a 
questionnaire  to  each  of  the  ninety-nine  seventh  graders,  12-13  years-old,  from  a  French  junior 
high-school.  Two  different  contexts  of  problem  statement  and  two  different  representations  were 
considered.  In  both  cases,  figures  have  the  nature  of  an  illustration,  where  projective  properties 
were  used.  Our  main  goal  is  to  analyse  the  procedures  of  pupils'  resolution;  in  particular,  we  were 
interested  in  contrasting  the  effects  of  the  different  versions  of  external  representations  and  of 
statements  on  the  pupils'  answers.  A  second  goal  concerns  the  utilization  of  encoding  and  of  its 
effect  in  pupils'  procedures:  where  was  encoding  more  used?  and  more  elective?  is  encoding 
associated  with  correct  answers?  in  which  situations? 

We  have  used  a  geometrical  problem  concerning  properties  of  basic  concepts  in  geometry  -squares, 
rectangles  and  triangles-  and  the  transitive  property.  We  used  two  external  representations  of  a 
figure  •  figures  3.a  and  3.b,  which  were  an  adaptation  of  a  situation  studied  in  Mesquita  (1989)- 
called  in  the  following  the  strongly  (figure  3.a)  and  the  slightly  version  (figure  3.b),  and  two 
statements  of  the  problem,  a  mathematical  one,  classroom  type,  and  a  "context"  problem,  where  it's 
supposed  to  resolve  a  daily  situation. 


A 


a  b 


Figure  3 

In  the  four  questionnaires  resulting  of  the  crossing  of  the  two  mentioned  criteria,  we  use  a  hand- 
made external  representation  of  the  problem.  In  all  the  cases,  the  representation  was  not  congruent 
with  the  text,  in  the  sense  of  Duval  (1989a),  i.e.,  the  information  given  by  the  statement  was  not 
concordant  with  the  one  given  by  the  figure. 
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Results 

1.  On  the  diversity  of  treatments  called  by  representation 

Use  of  figural  modifications.  Fifteen  pupils  used  modifications  of  the  figure.  Modifications  used 
are  in  general  optical  ones  (Duval,  1989b),  i.e.,  resulting  from  a  change  of  point  of  view  on  the 
figure.  Four  pupils  used  narcological  transformations  (ibid.),  i.e.,  they  drew  complementary 
strokes  on  the  figure/These  pupils  drew  another  representation,  by  an  optical  transformation  of  the 
first  one,  transforming  the  given  representation,  non-congruent  with  the  statement,  in  a  new  one, 
congruent,  by  an  alteration  of  the  nature  of  the  proposed  figure,  using  an  object  instead  an 
illustration.  An  example  of  optical  modification,  done  by  pupils,  is  shown  in  figure  4.a,  while 
figure  4.b  shows  a  mereological  modification.  These  transformations  are  analogous  to  the  dynamic 
imagery  considered  by  Brown  and  Presmeg  (1993). 


Figure  4 

The  procedure  of  transforming  a  figure  seems  associated  with  correct  answers.  Optical 
transformations  of  the  external  representation  are  present  in  23%  of  the  correct  answers. 

Use  of  encoding  procedures.  Seventeen  pupils  use  encoding  during  their  treatments2.  In  general. 
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Figures 


2      Five  pupils  uwd  encoding  and  tmufocmttiocu  of  the  fif  ure. 
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answers  associated  with  encoding  procedures  are  correct  ones;  more  precisely,  encoding  is  present 
in  30  %  of  the  correct  answers.  Several  types  of  codes  indicating  equality  were  used  by  pupils: 
slashes,  numbers,  colours  (figure  S). 

Measure  and  proportionnality  treatments.  These  treatments  are  present  in  17  copies  of  pupils, 
which  means  that  42%  of  the  incorrect  answers  are  due  to  these  treatments.  More  precisely,  to  2% 
of  the  pupils,  measures  are  the  unique  treatment  observed;  to  15%  of  the  pupils,  figure  is  used 
exclusively  as  a  support  to  proportionnality  computations. 

Utilization  of  the  figure.  Analysing  the  answers  of  the  pupils,  we  constated  that,  to  78%  of  the 
pupils,  properties  are  used,  in  an  articulation  (more  or  less  correct)  with  the  figure;  for  22%  of  the 
pupils,  figure  appears  to  be  the  exclusive  support  of  reasoning  and  the  properties  seem  to  be 
ignored  by  them. 

2.  Comparison  between  versions  of  questionnaires 

0  "math"  vs.  "context":  correct  answers  are  more  frequent  in  "math"  copies  than  in 
"context"  copies  (correct  answers  in  both  cases  represent  69%  against  46%  of  the  total  answers, 
resp.); 

*  encoding  procedures  :  they  were  used  with  the  same  frequency  in  both  cases: 

*  measure  and  proportionnality  treatments  :  they  were  used  with  the  same 
frequency  in  both  cases. 

Note  that  58%  of  the  pupils  gave  correct  answers,  all  modalities  considered. 

0  slightly  deformed  figure  vs.  strongly  deformed  figure:  correct  answers  are  almost 
equally  shared  between  these  two  modalities. 

*  encoding  procedures :  they  were  used  with  the  same  frequency  in  both  cases; 

*  measure  and  proportionnality  treatments  :  they  were  used  with  the  same 
frequency  in  both  cases; 

*  transformation:  they  were  used  more  frequently  in  the  strongly  deformed 
version:  9  of  the  fifteen  pupils  using  transformations  do  it  in  a  strongly  deformed  version,  whereas 
6  do  it  in  the  slightly  deformed  version; 

*  utilization  of  the  properties:  correct  and  systematic  utilization  of  the  properties 
is  much  more  frequent  in  the  strongly  deformed  version  than  in  the  other:  19  pupils  made  correct 
and  systematic  utilization  of  the  properties  in  the  strongly  deformed  version,  while  4  pupils  do  the 
same  in  the  slightly  deformed  version. 

We  explain  this  fact  as  following:  in  the  strongly  deformed  figure,  the  effort  that  is  necessary  to 
interpret  correctly  the  nature  of  illustration  of  the  figure  is  bigger.  In  this  case,  to  discover  a 
solution  exigs  a  correct  association  between  properties  mentioned  by  the  text  and  the  ones  given  by 
the  figure.  By  this  fact,  the  control  procedures  must  be  increased.  In  doing  this,  pupils  discover  the 
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solution,  understanding  why  they  give  that  answer.  For  this  reason,  it  is  easier  for  them  to  explain 
their  reasoning.  Whereas,  in  the  slightly  deformed  figure,  the  resolution  seems  obvious  and 
implicit,  control  procedures  are  less  important,  so  the  explanation  becomes  poorer. 

Conclusions  and  discussion 
This  study  shows  how  pupils  with  same  age  treat  the  external  representation  in  very  different  ways. 
The  external  representation  appears  as  a  finiteness,  to  the  two  pupils,  to  which  measures  are  the 
unique  treatment  observed.To  others,  the  external  representation  appears  as  a  proportionnality 
schema,  where  ratio  is  conserved,  as  a  kind  of  equivalence  class.  It's  the  case  of  the  15  pupils  to 
which  figure  acts  as  a  support  to  proportionnality  computations.  To  others,  to  the  23  pupils  to 
which  figure  properties  are  used  in  a  correct  articulation  with  the  figure,  the  external  representation 
appears  as  a  kind  of  diagram  from  which  only  incidence  properties  can  be  issued,  all  the  other 
geometrical  properties  are  issued  from  the  statement.  Only  in  this  case  it  is  possible  to  refer  to  an 
ideal  objectiveness. 

The  influence  of  the  context  seems  to  have  a  slight  effect  on  the  performance  of  pupils,  rather  than 
on  their  utilization  of  external  representations.  "Context"  copies  seem  to  appear  slightly  more 
difficult  than  "math"  copies.  However  treatments  (encoding,  modifications,  correct  utilization  of 
properties)  are  equally  present  in  both  modalities.  We  explain  this  in  the  following  way:  pupils  arc 
used  to  mathematical  . problems  rather  then  to  context  problems.  Familiarity  to  this  kind  of 
problems  makes  pupils  aware  of  the  implicite  rules  used  in  scholar  problems;  therefore,  they 
become  more  performant  on  them. 

This  study  makes  appear  the  importance  of  the  utilization  of  external  representations  with  different 
natures.  Figures  have  a  central  but  hidden  part  on  the  learning  of  geometry  and;  however,  they  are 
not  studied  by  themselves.  Also,  they  are  used  in  a  symbolic  way,  but  the  rules  of  this  symbolism 
remain  implicit.  An  effective  importance  should  be  given  to  these  subjects  in  the  learning  of 
geometry. 

Figures  with  a  nature  of  illustration  seem  appropriate  to  minimize  the  bias  introduced  by 
perception.  Moreover,  we  hive  seen  that  the  utilization  of  representation  with  a  nature  of 
illustration  can  stimulate  pupils  to  use  high-level  procedures  such  as  control  and  encoding,  which 
appears  to  be  a  tool  to  understand  an  external  representation  as  a  network  of  properties.  In  this 
situation,  encoding  and  control  procedures  appear  easily  and  in  a  natural  way.  These  behaviours 
can  foster  pupils  to  understand  geometry  and  rules  of  its  reasoning. 
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Abstract  Students  encounter  many  cognitive  difficulties  with  limit  ideas:  sequences 
never  end;  functions  do  not  attain  their  limits;  series  do  not  produce  a  final  answer.  Limit  is 
further  both  a  process  and  an  object  and  students  usually  focus  on  the  process.  Studies 
investigating  these  difficulties  are  noted  before  presenting  some  results  from  a  new  study  that 
examined  the  limit  conceptions  of  students  who  learnt  calculus  concepts  with  the  aid  of  a 
computer  algebra  system.  Differences  with  traditional  approaches  emerge  in  that  process 
problems  are  suppressed  and  the  limit  as  an  object  appears  clearer  but  this  brings  its  own 
problems.  Limit  is  a  deep  notion  and  each  approach  highlights  and  suppresses  different 
facets  of  the  concept. 

Conceptual  difficulties  with  limits 

The  limit  concept  is  known  to  cause  difficulty  in  learning.  A  number  of  research  studies 
reveal  that  students  often  conceive  of  the  notion  of  limx-Ni/(*)  or  limn-w^n  not  as  a 
static  concept  but  as  a  dynamic  process  of  'getting  close  to'  a  fixed  value,  often  with  the 
implication  of 'never  reaching'  the  limit  (see  summaries  in  Comu  (1991)  and  Tall  (1992)). 

Gray  &  Tall  (1993)  considered  a  wide  variety  of  instances  where  a  symbol  can 
ambiguously  represent  either  a  process  or  a  concept.  They  call  this  a  procept.  For  instance 
3+2  might  evoke  a  process  of  addition,  perhaps  by  counting  on  two,  or  the  concept  of  sum. 
The  symbols  \\mx^af(x)  and  limn-*^  both  represent  either  the  process  of  getting  close 
to  a  specific  value,  or  the  value  of  the  limit  itself.  The  limit  is  therefore  an  example  of  a 
procept.  But  unlike  the  procepts  of  elementary  mathematics,  which  have  a  built-in  algorithm 
to  calculate  the  specific  value  of  the  concept,  the  limit  value  does  not  have  a  specific 
universal  algorithm  that  works  in  all  cases  and,  in  some  cases,  such  as  limn-»ooZ?«)  Yki  * 
there  may  be  no  simple  algorithm.  (In  this  instance,  the  theory  of  residues  in  complex 
integration  or  a  sequence  of  key  strokes  on  a  computer  algebra  system  shows  the  limit  to  be 
n2l6.)  The  circuitous  routes  by  which  limits  are  calculated  in  the  early  stages  of  the  theory 
exacerbate  the  difficulties  students  have  with  the  concept.  As  Comu  (1981)  observed: 
"mathematics  no  longer  reduces  to  calculations  and  simple  algebraic  properties;  infinity 
intervenes  and  it  is  shrouded  in  mystery". 

Monaghan  (1986)  studied  the  growth  of  16/17  year  old  students'  conceptualisations  of 
real  number,  limit  and  infinity  over  one  year  as  the  experimental  group  studied  traditional 
calculus  and  a  matched  control  group  studied  other  subjects.  The  students'  fundamental 
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concepts  of  infinity  and  limits  hardly  changed  in  the  period  concerned.  Their  notion  of  real 
number  showed  them  happy  to  manipulate  whole  numbers,  fractions  and  such  numbers  as 
■Jl  and  7t,  but  they  became  less  secure  when  attempting  to  deal  with  infinite  decimals.  The 
latter  were  regarded  as  being  'improper'  and  described  as  'infinite  numbers'.  An  expression 
like  V2=1.414...  does  not  say  that  "V2  can  be  computed  exactly  as  (the  limit  of)  a  decimal 
expansion",  rather  that  "V2  can  be  described  to  any  required  accuracy  by  approximating  to  a 
specific  number  of  decimal  places".  Thus  the  number  line  is  viewed  as  consisting  of  positive 
and  negative  whole  numbers  and  fractions  and  combinations  of  other  expressions  including 
■Jl,  n,  etc.,  together  with  a  more  peculiar  set  of  'improper  numbers'.  In  practice, 
computations  can  be  carried  out  with  finite  decimal  approximations  but  this  gives  a 
perception  that  such  arithmetic  is  inherently  inaccurate. 

To  build  a  precise  theory  of  limits  on  such  a  foundation  is  bound  to  contain  the  seeds  of 
cognitive  conflict  and  sow  confusion  in  the  students'  minds.  A  traditional  approach  to  the 
limit  in  such  circumstances  is  fraught  with  difficulty,  so  much  so  that  Davis  &  Vinner  (1986) 
suggested  that  there  are  unavoidable  obstacles  which  the  student  must  confront  when 
beginning  to  study  the  topic. 

Approaching  the  limit  by  functional  programming 

Prior  to  the  arrival  of  the  computer  the  introduction  of  the  limit  concept  required  the  student 
to  have  considerable  experience  of  the  limit  as  process,  so  that  the  latter  is  unavoidably 
embedded  deeply  in  the  student's  psyche.  Computer  software  can  now  evaluate  many  limits, 
so  the  possibility  arises  that  it  may  allow  the  curriculum  to  give  a  more  balanced  view  of 
limit  as  concept  and  process  by  early  focus  on  the  limit  as  concept  with  the  computer 
carrying  out  the  process  internally. 

Li  &  Tall  (1993)  investigated  an  approach  using  programming  in  structured  BASIC 
which  allows  definitions  of  named  functions.  This  allowed  a  function  to  be  considered  either 
as  a  procedure  of  computation,  or  as  an  object  whose  name  could  be  used  in  building  other 
functions.  The  course  was  largely  successful  in  giving  a  proceptual  view  of  function  as 
process  or  object  and,  in  defining  a  series  as  a  function  adding  up  the  terms  of  a  sequence,  it 
was  able  to  help  students  discriminate  between  sequences  and  series.  But  it  was  not 
successful  in  moving  from  a  view  of  limit  (of  a  sequence)  as  a  process  to  a  limit  as  a  concept. 

This  failure  to  encapsulate  limit  as  a  concept  in  the  majority  of  students  was  predictable 
in  hindsight.  The  numerical  basis  on  which  it  was  built  was  computer  arithmetic  with 
numbers  stored  to  approximately  8  significant  figures.  The  experience  was  therefore  built  on 
a  foundation  of  limited  numerical  accuracy.  This  was  built  in  to  the  experience  by  computing 
numerical  values  of  sequences  s(n)  for  large  values  of  n  and  looking  for  the  values  stabilising 
to  a  given  accuracy.  The  overt  message  was  that,  to  this  given  accuracy,  from  some  term  s(A0 
on,  the  terms  stabilis^  fixed  value,  thus  for  n*.N,  the  terms  ,v(n)  became 
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indistinguishable.  This  was  used  in  class  to  'motivate'  the  idea  that  the  greater  accuracy 
required,  the  greater  the  value  of  N  beyond  which  stabilisation  would  occur,  leading  to  the  e- 
N  definition  of  limit.  This  approach  should  lead  to  the  notion  of  Cauchy  convergence,  but 
after  two  weeks  the  students  had  forgotten  most  of  the  discussion  and  mainly  conceived  of 
the  limit  notion  in  a  dynamic  sense. 

We  conjecture  that  any  computing  experience  intended  to  'motivate'  the  limit  notion  by 
computing  limits  using  approximate  arithmetic  may  be  fraught  with  this  underlying  problem. 
As  the  limit  is  found  by  a  process  of  computing  values  of  s(w)  for  larger  and  larger  n,  it  will 
implicitly  confirm  the  students'  belief  that  the  limit  is  a  process  not  a  concept.  Dubinsky 
(1992,  1993)  proposes  a  theory  of  encapsulation  of  process  as  object  and  uses  the  language 
ISETL  for  programming  functions  as  procedures  which  can  then  be  conceived  as  objects  and 
used  as  inputs  to  other  procedures.  This  computer  language  is  better  structured  for 
mathematical  purposes  than  BASIC  and  is  a  good  environment  for  conceptualising 
mathematical  thinking  in  a  wide  variety  of  ways.  Although  it  includes  rational  arithmetic,  its 
fundamental  numerical  mode  appropriate  for  the  calculus  is  floating  point  arithmetic.  It  has 
no  facility  for  computing  the  limit  as  a  precise  value,  so  it  too  is  flawed  as  an  environment  for 
the  limit  concept. 

Using  a  computer  algebra  system 

Given  the  student's  perception  of  'proper*  numbers,  an  environment  which  might  prove 
suitable  for  exploring  the  limit  concept  is  a  computer  algebra  system  such  as  Maple, 
Mathematica  or  Derive.  These  allow  manipulation  of  'proper'  numbers  such  as  rational 
numbers  and  rational  expressions  in  -Jl ,  n,  e,  etc.  and  do  not  simplify  these  expressions  to 
approximate  answers  unless  explicitly  instructed  to  do  so.  All  allow  programming  to  a  greater 
or  lesser  degree . 

Tall  (1993)  suggests  that  the  computer  relieves  the  learner  of  the  tyranny  of  having  to 
encapsulate  the  process  before  obtaining  a  sense  of  the  properties  of  the  object.  By  using 
software  which  carries  out  the  process  internally,  it  becomes  possible  for  the  learner  to 
explore  the  properties  of  the  object  produced  by  the  process  before,  at  the  same  time,  or  after 
studying  the  process  itself.  This  new  flexibility  in  curriculum  development  which  gives  new 
possibilities  in  the  order  in  which  the  concepts  are  constructed  is  called  the  principle  of 
selective  construction. 

Sun  (1993)  and  Monaghan  researched  the  effects  on  the  limit  concept  of  using  the 
software  Derive  freely  in  the  early  stages.  This  computer  algebra  system  was  selected 
because  it  is  available  on  a  hand-held  computer  and  the  facilities  are  easily  available  through 
the  use  of  simple  menus.  For  instance,  the  sequence  of  actions  to  find    Hm  f^f    is  shown 


below.  By  a  routine  sequence  of  key  strokes  the  student  can  move  from  the  original 
expression  to  obtain  the  value  of  the  limit  in  the  form  \. 
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This  is  analogous  to  a  child  carrying  out  an  arithmetic  operation  by  a  sequence  of  key- 
strokes. It  therefore  behaves  in  a  manner  familiar  to  the  student  and,  in  one  sense,  is  less 
"shrouded  in  mystery"  than  the  traditional  dynamic  approach  to  limit.  In  another  sense, 
however,  the  internal  process  by  which  the  computer  carries  out  the  process  remains 
mysterious.  But,  just  as  someone  who  knows  what  a  square  root  is,  but  not  how  to  calculate 
one,  may  be  satisfied  that  the  square  root  key  gives  a  satisfactory  approximation  to  -Jl,  so 
the  student  may  give  some  meaning  to  the  result  by  other  means.  For  instance,  by  computing 
values  of  the  expression  for  large  values  of  x,  or  dividing  numerator  and  denominator  by  x 
and  noting  that,  as  x  gets  large,  so  \lx  gets  small. 

Selectively,  therefore,  the  student  may  focus  on  the  production  of  the  limit  object  (using 
the  computer)  or  on  the  limit  process  (by  a  paper  and  pencil  or  computer  calculation). 
Therefore  the  student  can  see  the  two  complementary  facets  of  the  limit  procept  as  concept 
and  process,  in  whichever  order  is  desired. 

The  Experiment 

The  students  in  the  study  were  able  16/17  year  olds  at  the  end  of  their  first  year,  of  two, 
Further  Mathematics  Advanced  level  course.  Advanced  level  mathematics  is  open  to  the 
highest  attaining  quartile  of  16  year  olds  and  covers  most  of  the  differential  and  integral 
calculus  of  a  single  variable.  Further  Mathematics  is  taken  by  able  and  motivated  students 
within  this  population. 

The  experiment  was  motivated  by  the  access  of  the  first  two  authors  to  a  group  of  nine 
students  in  a  college  who  had  made  extensive  use  of  the  computer  algebra  system  Derive 
throughout  their  studies:  50%  of  lessons  in  rooms  where  Derive  was  'on  call'  at  desktop 
machines  and  for  two  months  they  were  given  palmtop  computers  fitted  with  Derive  which 
they  could  use  at  anytime.  We  shall  call  these  the  Derive  group.  The  two  authors  were 
intrigued  as  to  the  possible  effects  of  this  exposure  on  students'  limit  conceptions  and  a 
comparison  group  was  found.  Three  schools  provided  19  students  with  similar  backgrounds 
who  were  following  an  identical  curriculum  but  who  had  not  met  a  computer  algebra  system. 
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One  of  these  schools,  which  we  shall  refer  to  as  school  A  and  which  accounted  for  seven 
students  in  the  comparison  group,  had  students  who  were  very  closely  matched  to  the 
students  in  the  Derive  group. 

A  questionnaire  was  designed  to  elicit  students'  conceptions  of  the  limit  of  a  sequence,  a 
function  (graphically  and  algebraically)  and  of  a  numeric  series.  In  addition  discontinuity  was 
incorporated  into  one  question  and  the  definition  of  a  derivative  was  examined.  The  questions 
drew  upon  the  work  of  Li  (1992)  and  Monaghan  (1986).  The  Derive  group  were  free  to  use 
Derive  on  their  palmtop  computers  in  the  questionnaire.  Within  two  weeks  of  students 
completing  the  questionnaire  they  were  interviewed.  25  of  the  28  students  were  interviewed 
including  all  those  in  the  Derive  group  and  school  A.  Interviews  lasted  for  about  20  minutes 
and  were  designed  to  probe  reasons  behind  specific  responses. 

The  Results  We  report  on  responses  to  three  of  the  questions. 

Q 1  Please  find  the  following  limits  if  they  exist.  If  there  is  no  limit,  then  write  'no'. 
Please  explain  your  results. 


Eight  of  the  nine  Derive  students  used  Derive  to  find  the  first  limit  and  claimed  they  did  not 
know  any  other  method.  The  exception  was  the  one  student  who  'did  not  like'  the  computer 
system.  Of  the  19  non-Derive  students  12  divided  and  then  used  the  concept  that  - 
approaches  0  as  x  approaches  oo.  Three  substituted  numbers  and  four  left  the  question  blank. 

The  second  limit  with  the  discontinuity  is  comparatively  difficult  and  was  novel  to  all 
students.  There  was  greater  diversity  in  responses.  Nevertheless  six  of  the  nine  Derive 
students  simply  used  Derive  to  find  the  limit  of  the  major  part  of  the  function  and  ignored  the 
discontinuity.  Of  the  19  non-Derive  students,  11  gave  diverse  answers  that  considered  the 
discontinuity,  six  left  it  blank  and  only  two  ignored  the  discontinuity.  Lack  of  space  prevents 
a  full  analysis  but  the  point  we  focus  on  here  is  using  Derive  as  a  button-pushing  process  that 
can  obscure  deeper  consideration  of  the  function. 

Q2       a    Can  you  add  0. 1  +  0.01  +  0.001  +  and  get  an  answer?  Why? 

b    Can  you  add  0.9  +  0.09  +  0.009  +  and  get  an  answer?  Why? 

Although  these  may  appear  to  many  as  innocuous  questions  with  easy  answers,  they  cause 
great  conceptual  problems  to  students  and  to  those  who  have  not  pursued  pure  mathematics 
to  any  depth.  The  reason,  as  documented  at  length  in  Monaghan  (1986),  is  that  they  never 
end  and  so  you  never  get  an  answer  -  they  are  always  in  a  state  of  becoming. 
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Only  two  of  the  28  students  distinguished  between  the  cases,  both  stating  'no'  to  the  first 

and  'yes'  to  the  second  because  0.9  rounds  up  to  1.  We  shall  thus  illustrate  differences 
between  the  groups  by  using  the  first  question.  7/9  of  the  Derive  group  indicated  that  there  is 
an  answer,  three  using  the  formula  for  the  sum  of  a  geometric  progression  and  4  stating  it  as 

0.1  .  The  general  view  in  the  non-Derive  group  was  there  may  be  an  answer  but  there  were 
problems.  For  example  school  A  students  gave  similar  responses  to  the  Derive  group  with  2/7 

using  the  formula  for  the  sum  of  a  geometric  progression  and  5/7  stating  it  was  0.1  but  all 
with  qualifications  that  this  was  only  an  approximation  or  that  the  answer  tended  to  this. 
Interviews,  however,  revealed  some  similar  thought  behind  the  Derive  group's  'object' 
answers.  "First  I  though  'no'  because  it  just  goes  on  forever  and  ever.  Then  I  checked  it  on 
Derive.  I  did  get  an  answer." 

~,  „.           i  .    ,          .      -    ,.    f(x'+h)-  f(x) 
Q3  Please  explain  the  meaning  of    lim  —  — 

h-tO  h 

It  was  clear  from  the  questionnaire  results  that  only  school  A  and  the  Derive  group  had 
properly  considered  this  notation  in  their  mathematics  lessons.  We  thus  compare  these  two 
groups.  All  the  students  in  school  A  gave  satisfactory  theoretical  explanations  of  the 
expression  but  none  gave  any  examples.  However,  none  of  the  Derive  group  gave  theoretical 
explanations  and  only  two  students  mentioned  the  words  'gradient'  or  'differentiate'.  Four  of 
the  Derive  group  gave  examples.  They  replaced  f(x)  with  a  polynomial  and  performed  or 
described  the  sequence  of  key  strokes  that  calculated  the  limit. 

Discussion 

Different  proceptual  ideas  permeate  all  three  questions.  The  'find  the  limit'  questions  reveal 
that  Derive  generates  a  specific  process  for  computing  limits: 
select  [Author]  and  type  in  the  expression 
select  [Calculus],  then  [Limit] 
specify  the  variable  (e.g.  x) 
specify  the  limiting  value  of  the  variable  (e.g.  inf) 
[Simplify]  the  result 

As  mentioned,  this  is  analogous  to  the  processes  younger  children  use  in  carrying  out 
arithmetic  operations  on  a  calculator.  This  has  the  advantage  that  it  allows  the  students  to 
focus  on  the  limit  object  by  suppressing  problematic  notions  of  infinity  and  'getting  closer'. 
The  other  side  of  the  coin  is  that  we  do  not  want  students  to  ignore  'closeness'  ideas  and  the 
fact  that  seven  of  the  nine  Derive  group  students  ignored  the  discontinuity  in  the  second  part 
of  the  question  suggests  that  this  is  happening. 
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The  series  questions  indicates  ihat  some  students  are  beginning  to  see  the  limit  sum  as 
an  object.  A  possible  explanation  for  this  is  that  when  summing  the  series  using  pencil  and 
paper  or,  indeed,  programming  in  BASIC  such  as  Li  and  Tall  (1993)  did,  the  mind 
concentrates  on  the  process  of  summing,  this  takes  time  and  time  becomes  a  factor  in 
students'  conceptions.  However,  when  a  student  uses  Derive  to  perform  the  summation,  the 
mind  is  freed  to  concentrate  on  the  outcome,  the  object. 

The  question  concerning  the  definition  of  the  derivative  reveals  an  'action  schemata'  in 
some  of  the  Derive  group:  to  define  the  derivative  from  first  principles  is  to  produce  a 
sequence  of  key  strokes  as  outlined  above.  Why  are  specific  examples  used?  Is  this  a  case  of 
students  seeing  generalities  only  via  specific  examples?  We  believe  not,  but  that  it  is  only  in 
the  context  of  a  specific  example  that  the  key  strokes  make  sense  for  otherwise  the  key 
strokes  would  merely  replicate  the  notation  in  the  question.  Again  there  are  dually  positive 
and  negative  aspects  of  this  approach  in  that  while  an  object  is  produced  many  of  the  finer 
points  (discontinuities,  stabilization,  etc.)  are  ignored. 

Comparing  these  focuses  with  those  produced  in  a  programming  environment  reveals 
some  marked  differences.  The  focus  on  a  sequence  of  key  strokes  was  not  apparent  in  the 
work  of  Li  and  Tall  (1993).  The  object  of  the  process  is  stronger  in  the  computer  algebra 
environment.  In  Li  and  Tail's  work  the  stabilization  of  a  sequence  was  a  focus  of  student 
thought  but  this  was  not  the  case  in  the  computer  algebra  environment. 

It  appears  that  the  programming  approach,  with  its  emphasis  on  the  value  of  finite  terms 
and  closeness,  is  more  like  the  paper  and  pencil  approach  than  the  computer  algebra 
approach.  This  implies  that  the  reality  of  approaches  is  much  more  complex  than  simply 
computer  approaches  vs  non-computer  approaches.  Li  and  Tall  (1993)  posited  three  limit 
paradigms:  a  dynamic  limit  paradigm;  a  functional/numeric  computer  paradigm;  the  formal  e- 
N  paradigm.  To  this  we  add  a  fourth:  the  key  stroke  computer  algebra  paradigm. 

The  different  focuses  of  different  paradigms  has  similarities  to  Schwarzenberger's  (1980) 
claim  that  calculus  cannot  be  made  easy  because  the  real  number  line  is  simultaneously 
complete,  an  ordered  field,  a  metric  space  and  a  normed  metric  space.  "Appertain  viewpoint 
may  make  certain  calculations  easy  but  in  other  directions  it  may  make  things  more  difficult." 
Limit  is  a  related  deep  notion.  It  is  not  possible  to  make  it  'easy'  but,  by  using  the  principle  of 
selective  construction,  however,  it  should  be  possible  to  design  curriculum  materials  that 
exploits  the  potential  of  all  of  these  approaches  and  so  gives  an  improved  cognitive  base  for  a 
flexible  proceptual  understanding  of  limit.  The  curriculum  designer,  or  the  student  exploring 
the  new  ideas,  can  select  which  part  of  the  new  notion  is  to  be  constructed  at  a  given  time  - 
the  processes,  or  the  resulting  concepts  and  relationships  between  them. 

For  instance,  a  calculator  allows  the  child  to  perform  arithmetic  without  the  process  of 
counting  or  the  use  of  the  standard  algorithms.  It  is  therefore  possible  for  the  child  to 
concentrate  more  on  the  properties  of  arithmetic  than  on  the  procedure  of  counting  in  the 
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early  years  (Doig,  1993).  Likewise  it  may  be  possible  for  the  student  to  develop  a  more 
balanced  view  of  the  limit  dually  as  process  and  concept  by  using  a  computer  algebra  system 
which  produces  a  symbolic  limit  as  a  'proper'  numerical  expression. 
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Reflecting  on  prospective  mathematics  teachers' 
experiences  in  reflecting  about  the  nature  of  mathematics 


Candida  Moreira 
Faculdade  de  Ciencias,  Universidade  do  Porto,  Portugal 

A  dawning  awareness  of  the  importance  of  discussing  epistemological  issues  can  be  seen  in  the 
writings  of  several  authors  in  the  recently  published  Handbook  of  Research  on  Mathematics 
Teaching  and  Learning  (Grows,  1992).  What  has  motivated  such  an  interest  in  the  topic?  On  the 
one  hand,  there  is  the  idea  that  "we  teach  [mathematics]  in  a  particular  manner  because  we  believe 
something  about  the  nature  of  mathematics"  (Pateman,  1989,  p.  12).  Dossey  (1992)  describes  the 
importance  of  the  topic  on  a  larger  scale:  "perceptions  of  the  nature  and  role  of  mathematics  held  by 
our  society  have  a  major  influence  on  the  development  of  school  mathematics  curriculum, 
instruction,  and  research"  (p.  39). 

In  my  view,  "a  discussion  of  the  nature  of  mathematics  must  come  to  the  foreground  in 
mathematics  education"  (Dossey,  1992,  p.  42),  because  mathematics  teachers  must  know  what  is 
the  subject  they  teach,  and  not  only  to  have  domain  and  pedagogical  content  knowledge.  Moreover, 
helping  mathematics  teachers  to  reflect  on  the  nature  of  the  subject  with  appropriate  reference  to  the 
foundations  of  mathematics  and  the  social  and  cultural  context  in  which  it  is  elaborated  may  lead  to 
a  context  of  long-term  knowledge  acquisition  and  change,  a  desirable  attitude  to  be  nurtured  in 

teachers.   ,  . 

This  study  questions  whether  there  is  a  place  for  epistemological  issues  in  the  content  ot  a 
Mathematics  Methods  course  for  prospective  secondary  mathematics  teachers  and  how  should  these 
be  implemented  in  such  a  course.  In  considering  this  question,  I  devised,  in  the  previous  academic 
year,  a  Philosophy  of  Mathematics  and  Philosophy  of  Mathematics  Education  unit,  which  I  piloted 
and  implemented  with  both  student-teachers  and  practising  teachers  (Moreira,  1993).  Here,  a 
refined  version  of  that  unit  is  posited 'and  prospective  mathematics  teachers'  interactions  w:th  it  are 
re-examined. 

This  paper  addresses  an  additional  issue  on  behalf  of  the  teacher.  As  researchers  and  teacher 
educators  continue  to  seek  ways  to  improve  the  process  of  becoming  a  mathematics  teacher,  more 
attention  ought  to  be  paid  to  their  own  action  and  its  effect  on  teachers.  In  this  respect,  I  share  with 
Elliot  (1993)  the  aspiration  of  wishing  to  enlarge  the  teacher  as  a  researcher  movement  to  teacher 
educators  themselves.  Thus,  I  focus  on  the  design  and  implementation  of  the  Mathematics  Methods 
course,  of  which  the  Philosophy  of  Mathematics  and  Philosophy  of  Mathematics  Education  unit 
was  an  important  component,  and  I  look  back  on  my  intervention  as  a  teacher  educator.  Hopefully, 
this  will  allow  me  to  see  things  more  clearly  and  look  for  ways  to  do  them  better  in  the  future. 

Background 

The  study  setting  , 
This  study  began  in  October  1993  at  the  "Faculdade  de  Ciencias  da  Universidade  do  Porto  .  In  the 
following  two  sections,  a  description  is  provided  of  both  the  course  structure/theoretical 
orientation,  and  the  participants  in  the  study.  Here,  I  will  focus  on  the  broader  context  in  which  the 
study  was  carried  out.  . 

In  line  with  decades  of  tradition  at  the  University,  mathematics  education  has  maintained  a 
tenuous  position  as  contributory  to  the  initial  preparation  of  mathematics  teachers.  This  consists  of 
a  five  years  degree,  four  of  which  are  spent  at  the  University.  The  fifth  and  final  year  is  school 
based:  teacher  trainees  work  in  a  school  under  the  supervision  of  both  a  cooperative  school 
mathematics  teacher  and  a  University  lecturer.  The  University  curriculum  is  almost  exclusively 
mathematics-centred.  Only  in  their  third  year,  enroll  the  students  in  a  non-mathematics  course  for 
the  first  time.  Fourth  year  courses  should  shift  from  mathematics-centred  subjects  towards 
education  studies,  but  that  has  not  been  the  case.  Apart  from  courses  such  as  Psychology  and 
Curriculum  Development,  all  the  other  courses  emphasis  has  been  on  mathematics  itself.  Moreover, 
traditional  methodological  choices  stimulate  neither  students'  learning  processes  based  on 
continuous  reflection  nor  their  autonomy.  Accumulating  and  reproducing  mathematical  knowledge 
appears  to  be  their  typical  way  of  learning. 

The  degree  has  achieved  a  considerable  status  in  scientific  terms,  but  a  very  low  one  in 
pedagogical  quality.  It  was  the  recognition  of  the  necessity  of  introducing  a  stronger  mathematics 
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education  dimension  into  teacher  training  that  led  the  Department  of  Pure  Mathematics  to  appoint 
me  in  October  1993. 1  was  the  first  lecturer  with  a  Ph.D.  in  mathematics  education  to  join  it. 

Sources  of  data 

In  outline,  the  study  methodology  and  the  plan  to  gather  data  were  simple.  Following  my 
assignment  to  teach  the  Mathematics  Methods  course,  the  need  was  there  to  design  and  implement  a 
new  programme.  Clearly,  evaluating  such  a  programme  was  a  must.  By  orienting  my  work  on 
action-research  principles,  I  systematically  submitted  my  own  action  and  the  actions  of  my  students 
to  scrutiny.  Data  come  from  several  sources.  They  included  participant  observation  enriched  by 
field  notes  taking.  In  addition,  there  were  the  students'  written  answers  to  both  the  structured  and 
non-structured  questionnaires  administered  throughout  the  course  sessions.  The  students'  written 
assignments  and  informal  conversations  constituted  other  equally  important  sources  of  data. 

The  Course  Structure  and  Theoretical  Orientation 

The  two  major  goals  of  the  programme  were:  (1)  to  develop  a  critical  understanding  of  both 
mathematics  (from  university  to  chool  level)  and  mathematics  pedagogy,  and  (2)  to  promote 
professional  development  by  ensuring  that  the  students  acquire  disposition  to  question  and  solve 
problems  within  their  future  careers  as  teachers.  The  procedures  for  this  acquisition  and 
development  were  to  include  a  variety  of  teaching  strategies,  from  lecturing  to  discussion,  from 
individual- to  group  work,  from  work  based  at  the  University  to  a  Preparation  for  Teaching  Practice 
component  based  on  schools.  Another  important  aspect  of  the  programme  was  that  it  was  Activity- 
oriented  (see  below). 

The  course  was  to  meet  for  three  hours  twice  a  week  for  one  academic  semester.  Following 
the  conventional  framework  laid  by  the  Mathematics  Department  policy,  each  session  would  fall 
into  two  considerably  distinct  parts  --  theoretical  sessions  and  theoretical/practical  ones.  The  timing 
and  tone  of  the  two  different  kinds  of  sessions  matched  the  established  policy,  but  there  was 
enough  room  for  pursuing  my  own  agenda. 

I  was  committed  to  "breaking  the  continuity"  (Ball,  1990),  by  having  the  students  to 
participate  actively  in  their  own  learning.  Thus,  in  the  theoretical  sessions,  the  students  would  be 
introduced  to  the  various  themes  under  scrutin,  at  the  heart  of  which  were  the  Philosophy  of 
Mathematics  and  the  Philosophy  of  Mathematics  Education,  but  lecturing  was  kept  to  a  minimum. 
The  students  were  encouraged  to  express  their  own  views,  as  well  as  to  reflect  in  their  own 
learning.  The  spirit  I  tried  to  infuse  in  the  theoretical/practical  sessions,  on  the  other  hand,  was 
inspired  in  Christiansen  and  Walther's  (1986)  principle  of  activity.  The  focus  of  each  of  these 
sessions  was  hot  on  a  particular  topic,  but  on  suggested  activities  which  would  serve  to  inform  the 
various  topics  dealt  with  in  the  theoretical  sessions  as  a  whole.  The  students  would  work  on  these 
activities  in  small  groups,  mostly  groups  of  four  (which  were  formed  in  the  first  session  on  the 
basis  of  familiarity),  and  engage  in  them  between  the  sessions. 

A  second  fundamental  principle  on  which  the  course  was  based  was  that  there  are  valid 
different  points  of  view  that  should  be  met  ard  considered,  and  that  coming  to  know  means 
integrating,  as  distinct  from  aggregating,  knowledge.  The  different  groups  were  expected  to  show 
this  'new'  kind  of  knowledge  by  writing  a  essay  on  one  aspect  of  the  philosophy  of  mathematics  or 
philosophy  of  mathematics  education,  as  part  of  their  formal  assessment.  The  emphasis  on 
gathering  information  from  a  range  of  sources,  reading,  discussing  and  reflecting  -  something  I 
suspected  most  of  the  students  had  never  done  --  led  me  to  organise  the  theoretical/practical 
sessions  in  a  such  a  way  that  these  activities  could  be  surfaced  and  encouraged.  For  example, 
during  the  early  sessions,  half  of  the  groups  were  go  to  the  department  library  (many  of  the 
students  did  not  even  know  that  such  a  library  existed).  At  a  later  stage,  some  of  the  sessions  were 
totally  allocated  to  have  the  groups  to  work  on  their  own  essays.  Moreover,  the  groups  were  also  to 
hold  tutorials  with  me. 

Half  of  the  theoretical/practical  sessions  were  devoted  to  activities  of  mathematical  nature. 
These  intended  to  enable  the  students  to  become  involved  with  as  many  aspects  of  mathematics  as 
possible,  so  that  they  would  consider  alternative  ways  of  think  about  mathematics  and  more  valid 
experience  of  what  it  means  to  do,  learn  and  teach  mathematics.  A  premise  on  which  these  activities 
were  based  was  that  the  students  held  appropriate  mathematical  knowledge  content  to  carry  them 
out.  Another  premise  was  that  they  would  deviate  from  the  kind  of  mathematical  experiences  the 
students  had  had.  These  activities  would  constitute  a  basis  for  a  second  group  project,  another  of 
the  students'  marked  assessments. 
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The  Participants  in  the  Study  . 
There  were  48  participants  in  this  study,  39  female  and  nine  male.  The  great  majority  ot  the 
students  were  in  their  early  twenties,  but  some  of  the  students  were  in  their  mid-thirties  and  early 
forties.  A  couple  of  them  had  had  previous  experience  as  teachers  of  mathematics  in  schools.  For 
most  of  the  students,  it  was  their  enjoyment  and  interest  in  mathematics  that  prompted  them  to  want 
to  become  teachers  of  mathematics.  The  liking  of  the  teaching  profession  was  their  second  driving 

f°rCe  Most  of  the  students  expressed  the  opinion  that  they  were  not  completely  satisfied  with  the 
quality  of  their  previous  courses  at  the  University.  Concurrently,  they  were  also  concerned  with  the 
limited  number  of  courses  which  would  prepare  them  for  the  teaching  profession.  Another 
consideration  may  help  to  understand  the  students'  dispositions  at  the  beginning  of  the  course:  in 
evaluating  their  own  involvement  with  previous  courses,  there  was  a  noticeable  contrast  in  their 
answers  depending  on  whether  these  concerned  students'  traditional  roles  (attending  the  sessions, 
and  paying  enough  attention  to  them)  and  less  traditional  ones  (such  as  reading  the  suggested 
literature  and  hold  meeting  with  the  lecturers  in  order  to  clarify  any  doubts). 

Further,  one  may  consider  the  students'  expectations  about  the  Mathematics  Methods 
course.  Foremost  among  a  set  of  twelve  goals,  was  the  students'  desire  "to  know  strategiesto 
motivate  pupils  to  learn  mathematics",  with  over  78%  of  the  respondents  strongly  endorsing  it.  The 
second  most  desired  goal  (with  almost  60%  of  the  respondents  showing  strong  agreement)  dealt 
with  the  need  for  the  students  "to  develop  competence  in  planning  and  preparing  mathematics 
lessons"  In  line  with  existing  literature,  the  students  were  showing  that  they  were  most  concerned 
with  the  practicalities  of  teaching.  An  interesting  and  unanticipated  result  arose  with  the  third  most 
endorsed  goal  --  willingness  "to  develop  habits  to  reflect  upon  their  own  learning  and 
understanding  of  mathematical  ideas".  Given  that  these  students  were  not  familiar  with  the 
fashionable  'self-reflective'  orthodoxy,  it  is  unlikely  that  they  were  trying  to  say  the  right  thing. 
The  implicit  message  may  be:  "If  1  can  reflect  upon  my  own  learning  then  I  may  understand  how 
children  learn".  It  may  also  be  interpreted  as  a  sign  that  the  students  felt  ready  to  engage  in  such 
kind  of  self-reflection.  ...  ,  .* 

The  least  popular  goal  (though  with  the  majority  of  the  respondents  agreeing  with  it)  was 
that  of  reinforcing  the  treatment  of  one  or  two  topics  of  mathematics.  Naturally.  the  students  felt 
that  they  had  already  had  enough  of  mathematics.  Moreover,  the  students  also  tended  to  perceive 
relatively  little  need  for  knowing  both  some  basic  ideas  about  the  nature  of  mathematics,  and  the 
general  trends  and  results  of  research  in  mathematics  education.  In  this  case,  it  was  probably  the 
students'  lack  of  familiarity  with  the  two  themes  that  was  the  constrain.  One  may  feel  a  little 
reluctant  in  plugging  into  something  that  one  does  not  know  at  all. 

The  Students'  Development  j      L  .  .      .  . 

This  section  aims  to  provide  a  picture  of  what  meant  for  the  students  their  experience  throughout  it. 

Emerging  voices  ,     ,  , 

An  atmosphere  in  which  the  students'  views  and  judgments  were  accepted  and  encouraged  was 
judged  crucial  and  should  therefore  be  nurtured  from  the  very  beginning  of  the  course.  At  this 
stage  however,  it  was  rather  difficult  to  have  the  students  to  take  part  in  such  kind  of  dialogue. 
Obviously,  the  formality  normally  associated  with  mathematics  teaching  tended  to  produce  a  view 
that  there  is  no  place  for  negotiation  and  discussion  about  the  subject.  As  the  course  progressed,  an 
increasing  number  of  students  were  becoming  more  and  more  keen  in  articulating  their  own  ideas 
and  beliefs.  Yet  by  the  end  of  the  course,  there  were  still  a  few  students  who  preferred  not  to  risk 
their  voices. 

The  students' views  about  mathematics  .      .  ... 

Identifying  the  student-teachers  perspectives  about  mathematics  provided  the  starting  point  tor 
dealing  with  the  question  of  the  nature  of  mathematics.  The  questions  'If  you  have  to  explain  to 
somebody  what  mathematics  is  about  what  would  you  say?',  and  'what  is  the  number  one  were 
asked  I  had  no  doubt,  that  these  are  complex  questions,  not  given  to  simple  answers.  The  aim, 
however,  was  not  so  much  seeking  for  an  answer,  but  rather  having  the  students  to  face  an  issue 
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that  I  suspected  they  have  never  addressed  before.  In  what  follows,  1  only  concentrate  on  their 
responses  to  the  first  question. 

Not  unexpectedly,  answers  of  the  type  "///  have  to  explain  what  mathematics  is  about,  I 
would  have  serious  difficulties,  because,  until  today,  I  have  never  been  aware  of  the  importance  of 
this  question"  were  very  frequent.  One  student,  however,  had  already  read  a  book  on  the  topic: 

Courant  and  Robbins  wrote  a  book  ('What  is  Mathematics?')  in  which  they  sought  to 
answer  to  this  question.  What  they  did  was  to  describe  the  several  branches  of  mathematics 
[...].  Now,  ia  my  opinion,  mathematics  is  ...  (after  1  wrote  'mathematics  is,  it  took  me 
about  five  minutes  to  think  what  I  should  write  next,  and,  I  realise,  nothing  has  to  do  with 
what  I  was  supposed  to  write,  or  may  be,  it  has... 

Although  this  student  had  examined  the  question  before,  there  was  still  relatively  little  work 
concerned  with  the  reconstruction  of  the  meaning  of  mathematics.  One  can  also  perceive  in  the 
student's  comments  the  tension  he  faced  in  trying  to  give  an  explicit  answer  to  the  question. 

Another  typical  answer  was  that  mathematics  is  a  science.  A  couple  of  students,  however, 
spoke  of  mathematics  as  a  language.  Another  one  referred  to  mathematics  as  a  game:  "there  is  a  set 
of  initial  rules(axioms),  from  which  different  theories  are  elaborated".  For  a  couple  of  them,  still, 
mathematics  was  essentially  the  mathematics  of  the  school  curriculum. 

Some  interesting  considerations  are  suggested  by  these  data.  First,  despite  considerable 
difference  in  the  mathematical  background  of  these  student-teachers  (and  also  by  the  teachers  in  the 
pilot  programme)  and  that  of  a  group  of  primary  teachers  who  I  interviewed  in  a  previous  study 
(Moreira,  1992),  they  share  essentially  the  same  sort  of  views  of  mathematics.  Second,  the  student- 
teachers'  familiarity  with  a  formalist  perspective  of  mathematics,  which  is  present  in  most  of  their 
previous  mathematics  courses,  does  not  appear  to  have  had  a  significant  impact  on  their  views 
about  the  subject.  It  has  been  often  said  that  future  teachers'  teaching  styles  are  most  influenced  by 
what  they  bring  with  them  into  teacher  training  courses.  These  findings  suggest  that,  similarly, 
their  inputs  on  teachers'  views  of  mathematics  tend  also  to  be  limited. 

Developing  new  learning  dispositions 

A  central  issue  was  to  assess  how  the  students  were  coping  with  new  teaching  strategies.  About 
half-way  throughout  the  course,  I  asked  them  to  reflect  upon  their  own  learning.  A  few  students 
felt  that  they  had  learnt  most  from  the  background  reading: 

I  learnt  by  reading  and  becomtng  interested  in  what  I  was  reading.  Moreover,  I  was 
assessing  what  I  had  learnt  from  what  I  had  read  and  what  I  already  knew  (which  was  not 
too  much),  and  the  extent  to  which  this  knowledge  was  important. 

My  learning  was  essentially  based  upon  the  reading  of  the  suggested  texts.  The  sessions 
serve  mainly  as  an  input  to  suggest  and  motivate  topics  for  reading  and  bring  to  light  why  to 
read  those  texts  was  important. 

These  comments  show  that  some  students  were  prepared  and  even  eager  to  participate  in  non- 
familiar  teaching  approaches. 

For  most  students,  however,  reading  was  more  problematic,  not  least  because  many  of  the 
texts  were  in  English.  For  some,  the  process  merely  led  to  a  confirmation  of  their  preference  for  a 
traditional  way  of  learning.  This  can  be  illustrated  most  vividly  by  one  of  the  student's  comments: 
"I  learnt  form  the  information  that  was  transmitted  to  me,  mainly  through  what  was  dealt  with  in  the 
sessions.  I  learnt  little  from  reading  texts,  because  I  am  not  accustomed  to  reading".  And  in  writing 
about  her  difficulties  and  how  these  difficulties  might  be  overcome,  this  student  remarked:  "I  mink 
the  texts  are  quite  complex..,:  it  is  quite  hard  reading  them,  and  this  does  not  stimulate  m  •  to 
read....  It  would  be  necessary  to  use  books  of  easier  access  and  easy  to  read,  so  that  they  could 
help  me  to  enjoy  reading". 

There  is  no  doubt,  that  people  arc  often  happiest  doing  what  they  are  used  to  doing.  But  this 
student's  arguments  are  compelling  ones,  and  should  be  taken  into  account.  The  preceding 
discussion  also  tindicates  that  not  all  the  students  benifited  in  the  same  way  from  the  same 
strategies.  Problems  of  learning  are  complex,  and  needed  is  research  to  explore  how  relevant 
variables  interact  with  different  teaching  approaches.  The  need  to  accomodate  the  student-teachers' 
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needs,  abilities  and  learning  styles  may  be  as  important  as  the  urge  to  use  new  pedagogical 
approaches  with  them. 

Internalising  perspectives  about  mathematics  . 
I  have  argued  for  extending  the  'conventional'  content  of  a  Mathematics  Methods  course  by  adding 
a  more  emphasis  to  make  explicit  different  perspectives  of  mathematical  thought.  In  the  event,  tive 
conceptions  of  mathematics  were  presented  to  thes  students:  platonism,  logicism,  intuitionism  and 
fallibilism  Which  of  these  perspectives  did  the  students  feel  closer  to  their  own  views? 

Arguably,  to  espouse  a  particular  perspective  of  thought  and  commit  to  it  is  not  an  easy 
task,  and  as  I  envisage,  the  students'  conceptions  would  evolve  and  be  progressively  elaborated  as 
their  knowledge  and  understanding  of  the  five  perspectives  increase.  The  relationship  between 
choice  and  commitment  is  an  important  element,  and  the  students  had  not  quite  worked  it.  As  one 
student,  who  expressed  her  choice  of  platonism,  commented: 

I  have  found  it  quite  difficult  to  reflect  on  issues  such  as  'what  is  >r.aihematics'  and  'what  is 
mathematics  for'...  I  was  not  accustomed  to  reflect  on  such  ihemes...  May  be  because  of 
that.  I  could  not  understand  well  some  of  the  topics  of  the  perspectives  of  mathematical 
thought.  But  I  think  that  I  will  be  able  to  overcome  this  problem  if  I  try  hard  and  read  more 
about  these  issues. 

This  direction  of  further  learning  leaves,  of  course,  room  for  modification  and  adaptation. 

The  importance  of  the  students'  answers  to  this  question  extends  far  beyond  their  personal 
preferences.  What  is  a  significant  is  that  the  students'  choices  reflected  something  else  than 
uniformity  Six  students  (only  29  students  were  present  in  the  session  in  which  that  question  was 
asked)  considered  that  their  views  were  closer  to  those  of  fallibilists.  Fallibilism  had  provided  them 
with  a  vision  of  mathematics  which  was  simultaneously  "more  human,  funnier,  and  more  in  line 
with  today's  world".  At  the  other  extreme,  there  were  four  students  who  agreed  to  a  platomst  view. 
The  adoption  of  such  a  view  was  based  upon  the  conviction  that  "mathematics  is  to  discover,  not  to 
invent"  In  the  words  of  one  of  the  students,  such  an  "activity  of  discovery  embodies  in  itself 
enough  beauty  to  make  one  think  of  mathematics  as  an  enjoyable  and  pleasant  experience. 
Formalism  was  the  perspective  that  appealed  to  other  two  students,  and  intuitionism  appeared  to  be 
closer  to  the  views  of  other  two  students.  Only  one  student  expressed  a  clear  preference  for  the 
ideas  of  the  logicists.  Of  the  remaining  fourteen  students,  six  did  not  answer  the  question,  and 
seven  subscribed  the  view  that  all  the  five  schools  haye  both  aspects  which  they  supported  and 
features  that  they  rejected.  Finally,  otic  student  preferred  to  answer  in  terms  of  stating  the 
perspectives  that  he  would  not  endorse,  namely  formalism  and  logicism. 

At  a  later  stage,  an  attempt  was  made  to  assess  the  students'  understanding  of  the  ditterent 
perspectives  by  having  them  to  analyse  the  discourses  of  five  imaginary  mathematicians.  Very  few 
students  were  able  to  match  the  five  discourses  to  the  five  mathematicians  successfully,  which 
shows  that  the  topic  is  not  an  easy  one.  An  interesting  result  was  that  most  students  were  able  to 
identify  the  fallibilist  mathematician.  This  may  be  related  to  the  fact  throughout  the  course,  and 
specifically  by  means  of  the  mathematical  activities,  much  emphasis  was  placed  on  promoting  a 
view  of  mathematics  as  a  tool  to  solve  problems,  to  make  conjectures  and  to  create  new 
mithematics.  Fallibilism  bec?me,  thus,  something  that  was  experienced  rather  than  just  talked 
about,  and  this  facilitated  internalisation. 

The  Character  of  the  Students'  Activities 

The  students'  favourable  response  to  the  course  was  not  so  much  due  to  the  subject  matter,  but 
rather  to  the  opportunity  it  provided  for  peer  exchange,  writing  essays  and  engaging  in 
mathematical  activities.  This  section  illuminates  some  successes,  as  well  as  some  difficulties 
experienced  by  the  students  in  the  process.  . 

The  essays  .     ,       ..     _  . 

The-  students  generally  found  the  task  of  writing  the  essays  quite  demanding.  Though  some 
clarification  helped  the  students  to  sort  out  certain  ambiguities,  there  were  still  some  considerable 
difficulties  hovering  around.  "Lack  of  practice  in  engaging  in  such  a  kind  of  activity"  proved  to  be 
troubling  for  most  of  them. 

:RJC  ^ ' 


Difficulties  were  not  only  at  the  level  of  competence  in  writing.  What  was  at  stake,  too,  was 
the  students'  views  of  knowledge.  Accustomed  to  rely  on  the  authority  of  a  single  text  book  or  of 
the  notes  from  the  University  lecturer,  knowledge  was  clearly  seen  as  totally  reliable,  objective,  and 
learning  was  perceived  as  receiving  knowledge.  Now,  learning  was  being  shaped  by  their  inquiries 
and  this  was  causing  some  insecurity.  One  student  specifically  noted  that  he  was  embarrassed  by 
getting  different  information  from  different  reading  sources. 

Other  students  were  unable  (or  unwilling)  to  face  a  variety  of  sources.  One  solution  was  to 
stick  to  just  one.  The  following  anecdote  is  illuminating.  In  writing  about  various  themes  on 
mathematics  education,  three  different  groups  pursued  the  same  issue  --  relevance  of  mathematics. 
In  all  these  groups,  the  way  in  which  they  grappled  and  explored  the  issue  was  very  similar. 
Moreover,  the  examples  they  included  to  illustrate  their  ideas  were  exactly  the  same.  Not  only  the 
students  had  used  the  same  reference  book,  a  kind  of  textbook  on  the  didactics  of  mathematics,  but 
the  book  had  also  informed  their  disposition  to  address  the  issue. 

The  majority  of  the  essays  showed  that  most  students  were  able  to  recognise  and  order 
important  ideas,  but  unable  to  record  them  in  own  words  or  write  some  personal  thoughts  about 
them.  In  other  words,  writing  meant,  in  most  cases,  copying  (or  translating)  verbatim  relevant 
information  selected  from  one  or  various  sources.  I  would  like  to  offer  two  possible  explanations 
for  this  fact,  in  addition  to  the  students'  lack  of  familiarity  with  this  kind  of  activity.  First,  it  is  a 
fact  that  that  most  of  the  students  were  most  concerned  with  showing  factual  knowledge  about  the 
topic.  (Some,  however,  were  able  to  'look  inside'  the  activity  to  pull  out  a  different  kind  of 
knowledge  acquisition.  One  comment  illustrates  this:  "I  think  that  the  main  objective  of  the  activity 
was  to  develop  our  ability  to  inquire,  select  information  and  critically  analyse  a  specific  topic"). 

A  second  explanation  may  reside  in  the  fact  that  within  the  educational  culture  of  these 
students  there  had  been  little  space  for  interpretation  and  communication.  As  Pimm  (1987) 
suggests,  "mathematics  is  not  commonly  viewed  as  a  discursive  subject"  (p.  47).  Moreover,  in 
mathematics  symbols  are  overwhelmingly  confused  with  mathematics  objects  themselves,  and 
writing  in  mathematics  classrooms  is  limited  to  using  a  very  restricted  language  according  to  clear- 
cut  rules,  in  order  to  find  the  right  solution  of  a  specific  problem.  This  can  determine  to  a  large 
extent  a  low  fluency  in  communicative  and  writing  skills. 

It  was  readily  apparent  that  discussion  within  the  groups  enabled  the  students  to  clarify 
their  ideas  and  understanding  of  the  theme  addressed.  Most  of  them  recognised  that  working  in  a 
group  was  a  valuable  experience.  A  few  students,  however,  did  mention  some  difficulties  emerging 
from  the  need  to  reconciling  ideas  of  the  different  elements  of  a  group.  Finding  the  right  time  for 
some  of  the  groups  to  meet  and  work  together  between  the  sessions  was  not  easy  either.  I  detected 
a  further  problem  .  In  organizing  their  work,  some  groups  distributed  tasks  among  its  different 
elements.  A  bunching  effect  was  the  result.  This,  however,  was  overcome,  at  least  in  part,  by 
having  the  students  revise  their  work  a  greater  number  of  times. 

Another  novel  aspect  for  the  students  was  the  tutorial  mode  of  instruction.  I  had  anticipated, 
and  it  proved  to  be  true,  that  without  my  support  and  help,  and  a  close  monitoring  of  their  work, 
the  groups  could  have  hardly  produced  any  kind  of  essay.  Curiously  enough,  the  students  did  not 
verbalise  any  appraisal  to  that  kind  of  face-to-face  instruction.  I  wonder  how  to  interpret  this.  It  is 
possible  that  given  the  group  situation,  the  students  construed  the  meaning  of  their  activity  only  in 
terms  of  transactions  among  themselves.  Perhaps,  I  should  be  satisfied  with  such  an  omission:  I 
was  able  to  "graft"  in  a  non-interfering  way. 

The  mathematical  activities 

A  full  list  of  the  titles  is  included  in  order  to  give  a  flavour  of  the  kind  of  mathematical  activities  the 
students  were  engaged  in:  Spirolaterals,  Snooker,  The  MV-pmile,  The  Ideal  City,  The  Game  of 
Life,  Pascal's  Triangle,  The  Seals  Island,  The  Sierpinsky  Carpet,  The  Elections  in  the  Green- 
Yellow  Land,  The  Square  Pyramid,  and  Tessellations.  For  the  reader,  most  of  these  activities  may 
sound  rather  familiar.  For  the  students,  however,  they  were  almost  totally  unknown. 

Initially,  all  the  students  were  engaged  in  all  these  activities.  Most  of  them  felt  that  these 
activities  were  particularly  important  to  them: 

The  activities  that  most  contributed  to  my  learning  were  the  mathematical  activities.  I  think 
they  are  very  important  since  there  were  topics  that  1  did  not  know  and  which  deal  with 
mathematics  in  a  way  that  I  have  never  addressed  before. 
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i  learned  topics  in  a  way  that  I  never  thought  I  could  learn  here  at  the  University,  such  as, 
dil Scafactivitiel  .The  games  with  triangles,  squares  among  others,  helped  me  to  see 
how  I  could  teach  mathematics  to  my  pupils,  in  a  new  and  tunny  way. 

The  unfamiliar,  enigmatic  and  game-like  aspects  of  the  problems  proposed  captured  the  students- 
involvement  and  enthusiasm,  and  also  promoted  a  lot  of  discussion. 

Of  particular  significance  for  me,  and  for  most  of  the  students  too,  wa s .thro  surprise  at  he 
fact  that  their  knowledge  of  mathematics  was,  most  of  the  times,  insufficient  to  help  them  to  so  ve 
the  problems  proposed.  The  following  illustrates  patterns  in  the  students'  approaches he 
activities       First  of  all,  it  is  important  to  note  that  whether  or  not  the  students  could  relate  he 

hand  with  some  familiar  problem  appeared  to  be  determinant  on  how  they  approached  the 
different ^activ  tiesXr  example!  in  The  IdFal  City  activity,  a  set  of  related  problems  in  Tax.cab 
Geom^trv  here  was  a  tendency  for  the  students  to  use  an  analytical  approach  based  upon  the 
Sfi  given.  By  wa/of  contrast,  the  'f-^^"^^*1^^^ 
visual  manner.  Taking  a  closer  look  at  this  activity  is  worthwhile.  In  fact,  the  students  expenencea 
d  mcuhfes That  were  totally  unexpected  to  me.  For  example,  they  had  to  struggle  hard  to  find  the 
condition  for  regular  polygons  to  tessellate.  Perhaps  even  more  surprising  was  to find  out ^that 
many  of  them  did  not  know  a  definition  of  a  regular  polygon  and/or  were  not  able  to  retnev toe 
forrnula  for  the  sum  of  the  internal  angles  of  a  polygon.  Rediscovering  this  formula  was  not  easy 

CithCr"  Second,  the  students'  actions  tended  to  be  uncreative  and  rather  indexible.  The  use  ^f 
diagrams  or  other  tools  to  organise  information  in  a  systematic  manner  was  also  absent  TheMU- 

10  ""tKSS^Sa  ^SSS^SS&  a  specific  problem  for  a  considerable 
period  of  tim^  (about  three  weeks).  The  aim  was  to  encourage  personal  and  inventive ■approaches 
eTphasTsinrprocesses  of  learning  as  well  as  learning  product*  t  was  aUo  ^"f^fnte 
students  felt  encouraged  to  use  the  problems  given  as  a  starting  point  for  posing  their  own 
problems  These  may  s«=cm  quite  ambitious  aims.  What  was  achieved,  however,  was  not 
disVoDdniine  Seven  of  the  twelve  groups  clearly  grasped  what  was  intended.  They  were  able  to 
SKe  p^ienual  avenues  open  by  the  initial  problems  and  release  creativity  that  surprised  me 

"i  '"TftTxSSre  worthwhile.  The  group  engaged  in  the  Snooter 
formula  to  determine  the  number  of  the  times  the  ball  hits  the  billiard  wans.  This  group  a  so 
extended  the  original  problem  in  two  different  directions  --  a  billiard  with  two  balls ;  and  a  three 
Snston  version  of  a  billiard.  Another  group  found  in  the  computer  a  prerequisite  to  foster  their 
SvTThe  activity  in  which  they  were  engaged  in.  The  Elections  activity,  was  extended  in 
Sveral  wavs  bv  means  of  a  computer  program  (an  unexpected  solution  for  me  given  the  course 
Context)  The  mCnoteable  result  was.perhaps,  the  creation  of  a  Pascal  Tetrahedron  by  the  group 
for  whom  The  Pascal  Triangle  was  the  starting  point. 

BeKitiating  this  discussion,  I  should  remind  the  reader  that  this  study  was  not  about  "changing 
The  teacher"  Blsed  on  my  own  (personal)  experience,  I  have  become  increasingly  aware  of  how 
painful  a^d  complex  change  can  be.  Researches,  too.  have  shown  that  learning  e-Penences 
f<vr  chaneine  teachers'  conceptions  and  practices  may  enhance  their  capacity  to  grow,  but  may  also 
dUcSe  them ^Moreira,  1992)  A  statement  by  Pimm  (1993)  entails  my  position:  it  is 
?an\S  to  low  sight  o  how  difficult  personal  change  can  be  --  and  should  not  talk  lightly  or 
gUbfySS  alone  expect  or  dematffi,"  (p.  3.1).  My intention was Ac  claim  "e^a  p^e 
for  an  epistemological  discussion  about  mathematics  in  the  context  of  Mathematics  Methods  course 
fo  pros^c,™  secondary  mathematics  teachers.  I  hoped  that  this  paper J™*™ 
claim  For  the  purpose  of  this  final  discussion  I  would  like  to  extend  Cobb  s  (1989  model 

of  he  three  contexts  for  the  learning  and  teaching  of  mathematics  --  cognitive,  experiential  and 
anthrorXeical to  the  learning  and  teaching  of  the  nature  of  mathematics.  The  expenential 
cognX  and  anthropological  m&es  were  infonned  by  the  various  experiences  the  students  had 


during  the  course.  Though  access  to  the  topic  of  the  nature  of  mathematics  had  not  formally  been 
part  of  their  experience  thus  far,  the  students  held,  conscious  or  unconsciously,  beliefs  about  the 
subject,  as  they  formerly  had  not  been  deprived  of  access  to  mathematics  itself.  Thus,  not  only  did 
the  students  heard,  read  and  write  about  the  nature  of  mathematics,  they  also  reflected  on  their  own 
responses  to  dealing  with  the  issue.  This  was  the  experiential  perspective,  contingent  on  the 
students  current  understandings  of  mathematics.  From  writing  the  essays  (and  associated 
reading),  and  from  engaging  in  the  mathematical  activities,  the  students  came  to  understand  the 
nature  of  mathematics  from  different  perspectives,  and  this  is  the  realm  of  the  cognitive  context 
From  an  anthropological  perspective,  the  social  setting  within  which  the  students  were  learning 
about  the  topic  was  most  important.  It  was  locatable  in  both  the  interactions  they  had  among 
themselves  in  the  small  group  work  and  in  their  interactions  with  myself.  The  emphasis  on  these 
three  aspects  is  the  crucial  aspect  of  the  course. 

Not  unexpectedly,  different  students  reacted  differently  to  the  course.  These  differences 
notwithstanding,  it  seems  clear  that,  for  most  of  the  students,  the  experience  was  a  gratifying  one 
For  a  few,  the  course  even  appeared  to  offer  a  whiff  of  fresh  air  that  they  were  longing  for  Their 
investment  in  terms  of  time  and  energy  was  considerable,  and  the  work  they  produced  was 
notable.  There  is  no  question,  too,  that  all  the  students  had  to  overcome  some  hurdles.  For 
some,  and  I  am  remembering  of  one  student  in  particular,  the  course  might  have  represented  a 
daunting  experience.  This  particular  student  hardly  show  any  kind  of  enthusiasm  for  the  course 
activities,  and  her  involvement  and  participation  both  in  her  group  and  in  the  whole  class 
discussions  was  practically  nil.  It  is  possible  that  in  a  more  traditional  kind  of  programme  her 
apathy  was  less  evident,  but  I  wonder  whether  her  involvement  with  and  profit  from  such  a 
programme  would  be  any  bigger.  There  are  still  many  unanswered  questions  in  the  area  of  student- 
teachers  reactions  to  "learning  teaching". 

This  paper  has  identified  issues  that  need  attention,  and  it  seems  important  now  to  begin  to 
develop  ways  to  help  prospective  teachers  overcome  many  of  the  hurdles  in  examining  the  question 
of  the  nature  of  mathematics  (and  mathematics  teaching/learning)  that  were  pointed  out.  Clearly,  the 
topic  can  be  an  attractive  one  for  them.  All  the  participants  in  the  study  invested  considerable  time  in 
it,  and  most  importantly,  all  of  them  stayed  "in  the  ball  game".  In  addition  to  come  know  better 
what  mathematics  is  about,  they  seem  to  have  become  more  autonomous  learners  and  more  willing 
to  experience  a  realm  of  active  and  creative  learning.  In  so  doing,  the  students  may  also  have  felt 
committed  to  a  particular  kind  of  mathematics  teachers  model  that  they  want  to  become.  What  kind 
of  teachers  they  might  become  is,  of  course,  a  different  matter. 
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flecenf  curriculum  and  assessment  developments  In  the  U.K.  have  been  introduced  with  the  mm  of 
broadening  students'  mathematical  experiences  end  making  assessment  procedures  capable  of 
assessing  a  wider  range  of  types  of  achievement.  This  paper  describes  part  of  a  study  of  the  ways  in 
which  studeMs  end  teachers  have  responded  to  the  use  of  written  reports  of  investigational  actrvtyas  an 
assessment  tool  end  discusses  some  of  the  implications  of  this  innovation.  Teachers  were  asked  to 
assess  students' reports  end  to  explain  the  basis  on  which  they  were  making  their  assessments.  One  of 
the  themes  arising  from  analysis  of  these  interviews  was  the  importance  of  "algebra"  for  these  taactws. 
The  reasons  for  this  Importance,  however,  are  ambiguous,  illustrating  the  potential  contradictions 


Whan  a  curriculum  raform  is  introduced,  thare  is  no  guaranty*  that  the  same  understanding  of  the 
intentions  of  the  raform  are  shared  by  all  those  involved  or  that  its  implementation  wi!l  fulfil  the 
expectetions  of  its  initiators.  It  is  recognised  in  particular  that  teachers  are  likely  to  adapt  new  materials 
and  teaching  methods  to  fit  into  their  familiar  ways  of  working  (Olson,  1 980).  This  paper  reports  part  of  a 
study  of  the  weys  in  which  teachers  and  students  have  come  to  terms  with  the  introduction  of 
examination  at  16+  by  course  work,  in  particular  by  written  reports  of  investigative  work  in  mathematics.1 
Children's  perceptions  of  what  makes  a  "good"  written  report  (Morgan.  1992a)  have  raised  issues  about 
the  relationship  between  their  understandings  of  the  requirements  of  the  "investigation'  genre  and 
those  of  the  more  traditional  "school  maths"  and  about  the  role  that  may  be  played  by  teachers  In  the 
construction  of  these  perceptions  (Morgan,  1992b).  Interviews  with  teachers  have  explored  the  ways  in 
which  they  read  and  evaluate  students'  written  reports.  One  of  the  themes  arising  from  analysis  of  these 
interviews  that  appears  significant  for  all  the  teachers  interviewed  is  the  presence  and  nature  of  "algebra' 
within  a  student's  work;  the  role  of  algebra  for  these  teachers  and  its  implications  for  thalr  roles  as 
teachers  and  as  examiners  will  be  discussed  here. 

Background 

The  introduction  in  the  UK  of  assessment  by  investigative  work  may  be  traced  back  to  the  Cockcroft 
report  (DES.  1982)  with  Ms  reeommendatione  that  all  mathematics  teaching  'should  Include  opportunWee 
for ...  investigational  work"  (para.  243)  and  that  exemptions  should  Include  teacher  assessment  of 
aapecU  of  mathematical  achievement  not  amenable  to  timed  written  papers;  this,  K  we*  claimed,  would 
'encourage  good  classroom  practice'  (para.  635).  These  recommendations  were  InettUtonalieed  In  1988 
by  the  introduction  of  assessment  by  coursework  in  the  new  QCSE  examinations  at  age  16+  (although  It 
was  not  oompulsory  in  mathematics  until  1991).  The  relationship  between  curriculum  and  aaeetement 
practices  was  recognised  sod  K  was  explicitly  stated  that  methods  of  assessment  'should  not  oonflW  with 
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the  provision  and  development  of  appropriate  and  worthwhila  mathamatic*  couraaa  in  school*'  (DES, 
1985).  Indaad,  coursework  i»  said  to  ba  'parhaps  abova  aM  else,  an  instrument  to  facilitate  and 
encourage  curriculum  ckwetcprrwnt  in  schools'  (ULEAC,  1983: 3).  R  has  widely  baan  saan  as  an  agar* 
of  curriculum  change  to  shift  ths  emphasis  from  content  towards  proosss  and  to  sncouras*  student*  to 
create  their  own  mathematics:  actrVsly  taking  part  in  rrathematieai  thinking  rather  than  passively  receiving 
mathematical  thought*  (Pirie,  1988:  7).  In  recent  years,  similar  widening  of  methods  of  assessment  to 
validate  and  encourage  a  broader  mathematics  curriculum  has  also  occurred  in  other  countries  (e.g. 
Stenmark,  1 991 ;  Stephens  &  Izard.  1 992). 

While  the  expressed  aim  of  examination  by  coursework  may  be  to  value  and  validate  creativity,  this  does 
not  guarantee  that  unusual  or  unexpected  student  responses  will  actually  be  valued  (Keylock,  1986; 
Barter  *  Reedy,  1990).  There  is  a  tension  for  teachers  (who  both  prepare  students  to  undertake  the 
coursework  and  assess  their  written  reports)  between  the  aim  of  encouraging  creativity,  the  need  to 
advise  students  and  prepare  them  to  perform  successfully,  and  the  desire  to  make  the  final  grade  appear 
valid  and  "objective".  One  of  tho  ways  in  which  thia  tension  may  be  resolved  is  through  the 
transformation  of  investigational*  or  "investigative"  work  into  "investigations"  which  are  perceived  as  a 
separate  part  of  the  mathematics  curriculum  and  are  relatively  clearly  defined.  Many  such  investigations 
may  be  approached  using  a  routine  method,  described  disparagingly  by  Hewitt  (1992)  as  train  spotting': 
generate  numerical  data,  tabulate  it,  "spot"  a  pattern  in  tha  numbers,  describe  the  pattern.  Such  an 
ak/*jthmic  approach  provides  clear  guidelines  for  both  teacher  and  students  for  doing  and  assessing  the 
work  but  dose  not  alow  much  room  for  creativity. 

The  end  point  or  solution  of  an  investigation  approached  by  this  method  is  the  description  of  the  number 
pattern,  which  may  be  in  procedural  or  relational  terms,  in  words  or  using  algebraic  notation.  (Proving  that 
the  pattern  so  described  will  necessarily  continue  is  normally  considered  to  be  beyond  any  but  the  moat 
able  student  and  is  'deemed  as  worthy  of  a  very  top  A'.  (LEAQ,  1991:  77))  Both  the  process  of 
gener  ating  and  the  use  of  algebraic  notation  are  clearly  of  importance  in  mathematics  itself  aa  wall  as 
within  tha  criteria  for  assessing  such  investigations.  It  is  not  surprising,  therefore,  that  algebra  emerged 
aa  one  of  the  significant  themes  in  interviews  with  teachers  in  the  current  study.  What  fokows  wi  include 
an  examination  of  the  pictures  teachers  present  of  their  perceptions  of  the  nature  of  algebra  and  of  tha 
reasons  for  Its  Importance  within  the  practices  of  doing  and  assessing  investigational  mathematics. 

Methodology 

The  data  discussed  in  this  paper  is  taken  from  interviews,  each  approximately  one  hour  long,  with  six 
teachers  from  three  different  schools.  All  theea  teachers  had  experience  with  doing  oouraawork  with 
students  and  assessing  their  reports,  in  some  cases  since  the  inception  of  GCSE  in  1988.  Two  of  them 
(Andy  and  Dan)  had  known  the  students  whose  work  was  aseeseed  during  the  interviews  and  were 
farraker  with  the  investigational  task  involved. 


—  296  — 


Out  of  a  set  of  students'  coursework  scripts,  three  complete  reports  of  work  on  the  investigational  task 
•ntitted  'Inner  Triangles'  (LEAQ,  1991)  were  chosen  to  be  assessed  by  teachers  in  the  interviews.  These 
three  texts  were  chosen  to  display  a  number  of  contrasting  features  on  the  basis  of  e  textual  analysis 
using  tools  derived  from  Halliday's  Systemic/Functional  linguistics  (HaWday.  1985).  They  had  al  originally 
been  awarded  similar  grades  by  their  teacher  and.  although  taking  different  routes  through  the 
investigation  and  using  different  means  of  communication,  had  reached  broadly  comparable  conclusions 
including  in  all  cases  a  generalisation  for  the  number  of  'unit  triangles'  contained  within  an  isosceles 
trapezium.  It  is  not  claimed  that  the  texts  used  were  typical  or  representative  of  the  set  as  a  whole  or  even 
of  the  subset  of  'Inner  Triangle"  scripts,  although  none  was  remarkably  unusual.  In  addition,  extracts 
containing  expressions  of  generalised  solutions  to  the  'Inner  Triangles'  problem  were  chosen  in  a  similar 
way  from  e  further  three  scripts. 

The  eim  of  the  interviews  was  to  explore  the  ways  in  which  the  teachers  read  end  eveluate  such  reports  of 
investigations  and  to  identify  features  of  the  students'  texts  which  influence  their  judgements.  The  form 
of  the  interviews  was  therefore  'discourse-based'  (Odell.  1982):  the  teachers  were  given  the  three 
complete  texts  and  were  esked.  as  experienced  assessors,  to  read  them,  talking  about  their  judgements 
as  they  made  them.  The  teachers  were  then  asked  to  rank  the  pieces  of  work  and  to  justify  their  rankings. 
This  was  a  familiar  activity  for  the  teachers  es  they  had  aU  been  involved  in  group  moderation  within  their 
schools.  Finally  they  were  similarly  asked  to  read,  talk  about,  end  rank  the  three  short  extracts.  This  part 
of  the  interview,  while  a  less  familiar  activity  for  the  teachers  involved,  focused  attention  on  different  ways 
of  expressing  generalisations  and  thus  enriched  the  data  on  attitudes  to  the  use  of  algebraic  notation. 
By  basing  the  interviews  eround  the  assessment  of  students'  work  it  was  hoped  that  the  teachers  would 
respond  from  a  position  within  the  discourses  of  coursework  and  assessment,  thus  providing  a  valid 
picture  of  their  practices.  Some  of  their  responses,  however,  particularly  when  talking  about  general 
principles  rather  than  about  the  work  of  individual  students,  may  have  been  influenced  by  the 
Interviewee-interviewer  relationship  and  by  their  beliefs  about  the  expectstions  of  a  researcher  known  to 
be  involved  In  Higher  Education  and  in-service  education  of  teachers. 

The  analysis  of  these  interviews  alms  to  identify  and  explore  themes  which  ere  of  significance  to  the 
teachers  Involved,  the  features  of  the  students'  texts  that  they  pick  out  for  comment  and  the  picture  of 
the  nature  of  coursework  that  Is  constructed  through  their  discourse.  «  was  anticipated  that  the  use  of 
algebraic  notation  would  be  one  of  the  themes  present  because  of  Its  significance  not  only  within 
mathematics  Itself  but  also  in  the  assessment  scheme.  The  discussion  presented  in  this  paper  relates 
primarily  to  this  theme,  which  illustrates  e  more  general  issue  of  the  tensions  between  teachers'  roles  as 
teacher  and  as  examiner. 

"Algebra"  aa  a  sign  of  high  achievement 

M  has  become  an  accepted  "fact"  that,  in  order  to  achieve  one  of  the  top  grades  (A  -  C)  for  an  investigation 
in  QCSE  coursework.  it  is  necessary  to  have  used  "elgebra"  (Wolf.  1890)  What  actually  courts  as 
"algebra*  la,  however,  unclear.  One  examination  board,  for  example,  Indudee  In  Its  grade  deeeriptton  for 
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a  grade  C:  Devises  simple  formulae  when  gsnsrafeMng'  (ULEAC,  1903: 16).  but  doM  not  make  it  explicit 
whether  the  formulae  should  um  algsbraic  notation  or  might  be  written  in  word*.  Andy  appears  to  fast 
hia  own  conception  of  "algebra"  to  be  in  conflict  with  that  required  by  the  examination  board  when 
evaluating  a  atudenfa  formula  exprected  in  worda  aa  '(TOP  LENGTH  +  BOTTOM  LENGTH)  x  SLANT 
LENGTH  -  No.  OF  TRIANGLES': 

A  I  like  the  generalisation  in  word*  and  it'*  quite  clear  from  Acute  of  brs^ts  tnat  they  understand  that, 
addition  hat  to  be  completed  before  (be  multiplication  takes  place.  There's  no  ambiguity  with 
algebra.  They  could  eaiily  change  that  formula  into  a  snorter  algebraic  statement  And  again  that 
teems  perfectly  reasonable  and  straightforward 

I    Would  they  get  extra  marks  for  writing  it  as  t  plus  b  rather  than  top  length  plus  bottom  length? 

A  The  exam  board  seems  to  think  so.  They  often  make  the  point  that  hasn't  got  algebraic  -  well  I  think 
that's  algebraically  quite  correct  and  I  see  no  real  difference  between  that  and  t  plus  b  times  s.  Once 
you  start  putting  brackets  in  you  start  making  it  algebraically  correct  •  I  think  that's  right  And  it's 
quits  concise. 

Similarly.  Dan  see*  little  difference  between  this  formula  and  one  expressed  using  algebraic  symbols  and 
suggests  that  he  might  interpret  the  examination  board's  criteria  (perceived  by  him  to  demand  such 
notation)  flexbty: 

the  person  here  obviously  understands  what  they've  generated  and  can  do  that,  she's  put  the  formula  like 
that  nice  and  clear.  It's  a  bit  of  a  shame  they  didn't  go  on  to  the  bottom  line  to  use  algebraic  notation.  If 
every  other  criteria  [was  fulfilled]  and  the  only  thing  that  was  stopping  it  being  a  particular  grade  was  the 
tact  that  it  wasn't  expressed  algebraically  I  wouldn't  mind.  Tome,  the  difference  between  that  and  sticking 
letters  in  instead  is  so  minimal  that  it  doesn't  really  matter. 

Of  another  student  who  did  use  algebraic  notation,  however,  Dan  shows  that  thia  does  influence  the 

value  he  puts  on  a  piece  of  work: 

He  got  a  formula  for  it.  I  think  he's  into  'B'  country,  isn't  be,  immediately. 
Using  algebraic  notation  thus  appears  not  only  to  be  "officially"  necessary  for  the  higher  grades,  but  also 
to  be  sufficient. 

Clearly,  however  it  is  defined,  algebra  is  highly  valued  by  these  teachers  and  by  the  assessment  system. 
Considering  the  importance  within  mathematics  of  algebraic  thinking  and  of  symbolic  representation,  this 
value  would  appear  to  be  welt  justified.  A  question  eriaee.  however,  of  the  nature  and  purpose  of  algebra 
within  the  context  of  the  "investigation"  genre.  The  primary,  and  in  moat  cases  only,  use  made  of 
symbolic  notation  in  the  set  of  coursework  scripts  examined  la  to  express  a  generalisation.  This 
generalisation  ia  seen  by  both  students  and  teachers  aa  the  end  point  or  solution  of  the  task  and  is  in 
many  cases  underlined,  presented  on  e  separate  page  under  a  heading  FORMULA,  or  otherwise 
signposted  aa  the  "answer".  While  forming  such  symbolic  generalisations  ia  an  important  mathematical 
process,  outside  the  school  context  it  would  not  normally  be  seen  aa  an  end  in  itself.  Symbobeation  is 
list  merely  a  process  of  translation  from  one  language  into  another  but  is  the  starting  point  for  devsioping 
new  ways  of  Jncttnp  at  a  problem  and  for  enabling  manipulations  that  may  lead  to  new  discoveries  and 
further  generalisations.  As  hiaoon  points  out,  Classification  is  for  the  purpoca  of  formulating  theorems, 
not  simply  to  achieve  superficial  classification'  (1887: 77). 


In  one  of  the  pieces  of  work  read  by  the  teachers  in  the  interview,  the  student  (identified  as  'Number  V) 
had  manipulated  her  formula: 

We  woe  aUe  to  put  (bis  into  a  formula:-         ab  +  ac-d 
This  simplified  becomes:-  a(b  +  c)  =  d. 

This  was  commented  on  positively  by  several  of  the  teachers:  . 

I  think  number  1  is  very  good,  is  good  the  way,  you  know,  they've  simplified  tbdr  algebra  as  well.  (Fiona) 

Number  1  has  brought  in  algebra  •  factorisation,  substitution  •  that's  good.  (George) 
The  teachers'  praise  of  the  display  of  manipulative  skill  suggests  that  they  are  applying  criteria  from  mora 
traditional  assessment  modes.  The  manipulation  is  an  end  in  itself:  the  student  is  displaying  her  skill  in 
performing  a  routine  procedure  rather  than  using  that  skill  to  further  the  mathematical  investigation.  As  an 
assessment  objective,  routine  manipulation  may  well  be  better  achieved  within  more  traditional 
assessment  contexts,  it  seams  likely  that  many  of  the  other  students  could  have  successfully  performed 
the  above  manipulation  if  specifically  asked  to  do  so.  They  did  not,  however,  choose  to  do  so  within  the 
investigative  context.  We  might  indeed  ask  whether  it  was  necessary  or  appropriate  in  such  •  context, 
particularly  as,  for  this  student,  it  was  the  end  point  rather  than  a  tool. 

Generalise  In  words  first 

An  algebraic  generalisation,  however,  is  not  considered  to  be  adequate  without  some  verbal  elaboration. 
One  of  the  complete  texts  (by  Richard)  presented  to  the  teachers  consisted  essentially  of  a  table  of 
results,  a  (correct)  symbolically  expressed  formula  and  a  diagram  labelled  with  the  variable  names  used  in 
the  formula  (see  figure  1  below). 


Figure  1  (Richard's  diagram  and  formula) 


z 


Z(X  +  Y)«T 


Most  of  the  teachers  took  this  to  be  a  sign  of 
relatively  high  achievement  or  ability  (see  alto 
Morgan  (1992b)  for  similar  teacher  evaluations  of 
non-verbal  student  texts).  For  example,  Fiona 
praised  the  algebraic  notation  as  'quite  advanced", 
while  Dan,  who  had  at  one  time  taught  Richard, 
described  him  as  'quits  an  intuibvs  mathematician'.  K 
is  Interesting  to  note  that  both  Fiona  and  Dan 
■hedged"  their  praise  with  the  qualifier  quit*  as 
they,  (ke  al  the  teachers  interviewed,  aleo  oriticieed 
Richard  for  not  Inckxftng  mora  VwttngT. 


The  reasons  given  by  the  teachers  for  requiring  words  as  well  as  algebraic  notation  are  multiple  and 
suggest  that  teachers  occupy  a  number  of  (potentially  contradictory)  positions  while  reading  and 
assessing  ooursework  which  lead  them  to  conetruet  varkxis  meanings  from  trta  same  text. 
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Al  th«  teachers  at  some  point  in  their  interview  appeared  to  be  poektoned  as  examiners  in  a  formal,  pubfcc 
examination  ayatam.  Ona  of  tha  public  criticisma  that  tha  innovation  of  axamination  by  coursework  hat 
had  to  faca  ia  tha  ooncam  that,  bacauaa  it  ia  not  dona  under  controlled  conditions,  it  may  not  repreeeot 
tha  student*  a  own  work  but  may  have  bean  copied  from  another  student  or  even  done  by  a  parent. 
Teacher*,  in  their  role  as  examiners  and  as  professionals,  are  naturaly  concerned  that  their  judgement* 
of  etudente  ahouid  be  aeen  to  be  valid.  They  feel  the  need,  therefore,  to  find  evidence  within  a 
student'a  aerie*  that  the  work  "belongs"  to  the  student.  For  example,  Dan  commented  that: 

die  formula . . .  did  sort  of  appear  out  of  nowhere  as  though  be  did  have  a  sly  look  round  somebody'!  arm 


Andy,  who  actually  taught  Richard,  acknowledged  the  lack  of  evidence  in  nit  script  but  was  prepared  to 
act  aa  teacher/advocate  on  his  behalf: 

I'm  very  confident  that,  although  there's  no  evidence  of  it,  what  he's  produced  is  right  and  be'*  done  it  It 

definitely  wouldn't  be  a  copy  That's  interesting,  that  can  only  be  a  teacher's  inside  knowledge. 

Somebody  marking  that  cold  wouldn't  be  able  to  state  that 

While  satisfied  that  the  formula  was  Richard's  own,  Andy  nevertheless  went  on  to  give  a  number  of  other 

reasons  for  wanting  to  see  the  generalisation  expressed  in  words: 

I  would  like  to  see  that  be  can  generalise  in  words  first  of  all  It  kind  of  gives  rhe  understanding,  I  think, 
putting  it  into  words  the  patterns  which  they  see.  Then  I  think  it  underpins  the  algebra  which  they 


InitieJry,  Andy  claims  that  he  wants  to  see  that  Richard  'can  generalise  in  words';  he  is  looking  for  evidence 
of  a  skill.  In  tha  next  breath  he  is  suggesting  that  this  would  also  provide  evidence  of  'understanding'. 
The  expression  that  he  uses  is,  however,  ambiguous.  'It  kind  of  gives  the  understanding'  to  whom?  Do 
tha  words  give  evidence  to  an  examiner  who  needs  to  know  that  tha  student  understands,  or  is  tha 
understanding  given  to  tha  student  himself  by  the  process  of  expressing  tha  generateation  in  words. 
This  ambiguity  marks  a  shift  in  Andy's  reading  between  an  examiner  tola,  looking  for  evidence,  and  a 
teacher/advisor  role,  suggesting  waya  in  which  students  can  be  helped.  In  the  final  sentence  of  the 
extract  above,  the  role  of  generalisation  in  words  has  clearly  shifted  from  being  evidence  towards 
assessment  of  the  student  to  being  a  pedagogic  device  for  helping  the  student  to  gain  understanding. 
At  the  same  time  Andy  has  shitted  from  referring  specifically  to  Richard  to  using  a  non-specific  fhey ;  he  is 
now  stating  general  pedagogic  principles.  Hs  went  on  to  describe  the  assessment  methods  ueed  by  the 
teachers  in  his  school: 

When  we  moderate,  we  usually  do  it  as  a  group  in  the  same  room  usually  working  in  different  cornea  on 
the  turiptt  (hat  we're  modenuing  and  frequently  we  ask  across  the  room  to  the  teacher  concerned  'where  did 
this  come  from,  U  that  alright?',  and...  on  we  go.  But  there's  usually  a  check  of  mat  kind.  We  try  very 
hard  to  tell  the  children  generalise  In  words  first  of  all  and  we  say  if  you  know  a  patten,  can  you  tell  us 
about  it,  Kil  your  friend  about  it.  When  they  can  explain  the  pattern  in  words  sod  they  write  those  wori* 
dowa  thea  they're  ready  to  produce  the  algebra. 

Again,  he  moves  from  a  deecription  of  the  way  the  teechera  behave  as  examiners  looking  for  evidence  to 

a  description  of  tha  pedagogical  device  they  uae  to  help  the  students  to  become  'ready  to  produce  the 


or  something. 


produce  later. 
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Andy  and  the  other  teachers  interviewed  appear  to  be  uting  a  criterion  (unwritten)  that  any  algebraic 
generalisation  appearing  in  a  piece  of  coursework  should  be  preceded  by  a  verbal  statement  of  the  tame 
generalisation.  Stated  like  this,  it  is  a  simple  matter  to  judge  whether  or  not  a  student  has  futfited  the 
criterion.  The  justification  for  its  use.  however,  is  not  so  simple  but  takes  a  number  of  forms:  it  is 
evidence  that  the  student  has  the  skill  to  write  a  verbal  generalisation;  H  shows  that  the  student 
understands  the  algebra;  it  proves  that  the  formula  Tsetongs"  to  the  student;  it  helps  the  student  to 
understand  the  pattern;  it  prepares  the  student  to  'produce  the  algebra".  The  discourses  of  assessment 
and  of  pedagogy  are  intertwined  here  -  perhaps  an  inevitable  consequence  of  the  teacher's  rote. 

Advising  students  to  generalise  in  words  as  a  step  towards  using  algebraic  symbols  is  a  common 
pedagogic  strategy.  The  process  is  described  by  Mason  as  'a  necessary  part  of  the  struggle  towards 
meaning  along  the  spiral  [of  symbolising)'  (1887:  80).  It  seems  for  these  teachers,  however,  to  have 
been  transformed  into  a  prescriptive  algorithm  for  "doing  investigations".  Regardless  of  the  individual 
student's  actual  facility  with  symbolising,  she  or  he  ie  expected  to  have  gone  through  the  entire  'struggle 
towards  meaning'.  As  Amy  put  it,  criticising  Richard's  (correct)  symbolic  generalisation: 

He  needs  to  explore.  There's  something  nettled  before  be  could  generalise. 
Although  Richard  is  clearly  able,  at  least  in  the  context  of  this  problem,  to  generalise  symbolically  without 
such  aids,  because  he  has  failed  to  comply  with  the  conventions  of  the  coursework  genre  he  is  judged 
harshly;  the  "need"  is  a  requirement  of  the  examination,  expressed  in  the  language  of  pedagogy. 

Concluaton  and  Implications 

Analysis  of  the  teachers'  discourse  reveals  both  the  high  status  accorded  to  what  they  identify  as  algebra 
and  eome  ambiguity  about  whet  it  is  and  why  it  is  important.  One  aspect  that  is  completely  missing  from 
the  interviews  is  any  perception  of  algebraic  sy  rnboiisation  as  a  tool  for  creating  further  mathematics  or  for 
solving  problems.  For  teachers  as  well  as  for  the  students,  writing  an  algebraic  formula  it  the  solution. 
While  this  may  be  in  part  a  reflection  of  the  limitations  of  the  'Inner  Triangles'  task  itself,  a  picture  is 
presented  of  symbolising  and  manipulating  symbols  as  discrete  non-context ualised  skits  which  are  being 
tested  by  the  coursework  examination.  The  consequences  of  this  picture  for  students'  attitudes  to  and 
further  learning  of  algebra  need  to  be  considered. 

Both  the  use  of  algebra  ea  en  indicator  of  high  achievement  and  the  insistence  on  the  expression  of 
generalisations  in  words  as  weH  si  in  symbols  may  be  teen  as  symptoms  of  the  difficulty  of  separating 
process  from  product.  While  one  of  the  aims  ol  the  introduction  of  coursework  was  to  valus  and  assess 
mathematical  processes,  the  primary  mesne  of  assessing  the  process  is  through  examination  of  the 
product -the  written  report.  As  teachers  attempt  to  help  their  students  to  produce  high  value  products, 
the  process  of  developing  a  generalisation  is  distorted,  changed  from  s  support  tor  mathematical  thinking 
into  a  ski  to  be  teamt  and  assessed. 

While  reading  the  students'  texts,  teachers  shifted  their  positions  between  reading  and  speaking  as 
examiners,  ss  teacher/advocates,  es  teecber/edvieors,  and  in  some  oeees  u  imegmry  nsfce  readers  (tor 
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further  discussion  of  mis,  see  Morgan,  1993).  In  describing  these  multiple  and  sometimes  contradictory 
positions  I  am  not  suggesting  that  the  teacher*  are  confuMd  or  incompetent.  It  1*  a  coneequence  of  the 
institutional  context  in  which  they  are  expected  to  fulfil  al  theee  role*.  The  transformation  of  pedagogic 
advice  to  nee  words  a»  an  aid  to  symbolising  into  an  sttseimont  criterion  le  a  product  of  thie  context  The 
need  to  justify  teacher*'  assessment*  and  give  them  an  appearance  of  reliability  hae  led  to  the 
development  of  a  standardised  algorithmic  approach  to  investigation*.  This  leads  ma  to  question  the 
possibility  of  using  such  an  assessment  system  to  'encourage  good  classroom  practice'  or  to  encourage 
creativity  and  active  mathematical  thinking  in  students.  Distortions  of  the  original  intentions  of  this 
attempt  at  curriculum  reform  are  the  result,  not  of  teacher  resistance  or  adaptation,  but  of  the  means  of 
implementation,  which  create  the  very  tensions  and  contradictions  that  defeat  its  purpose. 
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Parental  Involvement  in  mathematics  :  What  teachers  think  is  involved. 
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Abstract  Both  in  the  USA  and  in  Britain  it  has  Ion/;  been  demonstrated  that  the  socio- 
economic background  of  the  home  the  largest  single  factor  in  determining  children's 
educational  attainment.  However  parents'  active  support  and  involvement  in  children's 
education  can  make  a  major  difference.  This  paper  describes  IMPACT,  an  educational 
initiative  in  which  parents  are  systematically  involved  in  their  children's  learning  of 
mathematics  through  the  use  of  weekly  teacher  selected  take  home  tasks  and  how  teachers 
perceive  the  nature  of  parental  involvement.  Starting  in  1985  with  12  elementary  schools  in 
inner  London,  the  project  now  runs  in  over  30(1(1  schools  across  England,  Scotland  and 
Wales.  It  is  the  largest  project  of  its  kind  in  Europe,  Drawing  upon  some  of  the  research 
findings  ,  this  paper  will  describe  how  the  programme  works,  the  percentages  of  parents  who 
participate  arid  the  attitudes  of  some  of  the  participating  teachers. 


The  IMPACT  Project  was  started  in  1985  as  an  attempt  to  mirror  the  work  of  the  shared 
reading  initiatives  in  the  area  of  maths.  The  late  1970's  and  early  80's  had  seen  the 
establishment  of  a  substantial  body  of  evidence,  gleaned  from  both  research  and  practice,  of 
the  efficacy  of  involving  parents  in  their  children's  ;ea.-.:;.;i  to  read  through  a  programme  of 
regular  reading  at  home  ans  sustained  dialogue  between  teacher  and  parent  about  the  child's 
progress  (Topping  &  Wolfendale,  1985,  Hamilton  &  Griffiths,  1984).  The  mechanisms  by 
which  this  dialogue  was  maintained  usually  included  small  'reading  diaries'  completed  by 
parents  and  children  at  home  and,  responsively,  by  the  teacher  in  class. 

IMPACT  is  an  educational  initiative  in  which  parents  arc  systematically  involved  in  their 
children's  learning  of  math  through  the  use  of  weekly  teacher-selected  take-home  tasks. 
Started  in  1985  with  12  elementary  schools  in  inner  London,  the  project  now  runs  in  over 
2000  schools  across  England,  Scotland  and  Wales.  It  is  the  largest  project  of  its  kind  in 
Europe,  and,  in  addition  to  the  intervention  programme.  IMPACT  supports  a  flourishing 
research  centre.  The  IMPACT  project  is  designed  to  foster  greater  integration  between  a 
child's'  mathematical  knowledge  from  outside  school  and  the  learning  within  the  school  and 
also  to  gain  from  the  well  documented  benefits  (  educationally  )  of  sharing  activities  between 
pupils  and  parents  ( Topping  and  Wolfendale,  1985,  Hamilton  and  Griffiths,  1984 ). 

Impact  activities  fall  into  two  types.  The  first  type  are  those  that  require  the  child  to  collect 
some  data.  This  can  then  be  collated,  analysed  and  represented  back  in  the  classroom.  An 
example  of  a  data  handling  activity  is  'Telephone  calls'.  The  second  type  of  impact  activity 
are  those  that  practice  or  develop  a  skill.  An  example  of  this  is  the  activity  called  'Money 
bags'.  These  two  activities  are  detailed  below  : 

Telephone  Calls  Count  and  record  the  telephone  calls  that  arrive  at  your  home 
over  a  weekend.  Who  do  you  think  will  get  most  calls  ?  Design  a  tally  sheet  to  keep  by  the 
phone.  Who  got  the  most  calls  ?  Who  spent  longest  on  the  phone  ? 

Money  bags.  How  much  would  you  have  if  you  had  one  of  every  note  and  coin  that 
is  legal  currency  ?  Ask  as  many  people  as  you  can.  10  seconds  to  give  a  guess.  Work  it 
out.  Who  was  closest  ? 

IMPACT  is,  in  a  sense,  another  name  for  homework  in  that  children  take  a  mathematical 
task  and  share  it  at  home.  However,  there  are  some  important  differences  between  IMPACT 
and  the  ways  in  which  homework  is  traditionally  conceived  and  cxecuted.IMPACT  activities 
are  designed  to  be  shared.  They  require  that  the  child  talks  to  someone,  either  to  play  a 
game,  or  to  collect  some  data,  or  to  make  or  do  something.  Parents  are  not  being  required  to 
teach  maths.  All  they  are  required  to  do  is  to  support  their  child's  learning,  to  talk  through  a 
task  or  to  act  as  a  resource.  Sometimes  parents  help  by  supplying  skills  children  have  not  yet 
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developed.  The  results  of  (he  maths  activity  which  is  shared  at  home  are  brought  back  into 
the  classroom  and  are  elaborated  by  the  teacher  in  the  course  of  the  subsequent  week's 
classwork.  This  is  of  crucial  importance  in  that  it  provides  parents  with  a  direct  means  of 
influencing  or  commenting  upon  the  classroom  curriculum.  Traditionally,  homework  was 
perceived  as  very  much  an  additional  activity  -  the  class  lesson  the  next  day  proceeded 
regardless  if  one  had  failed  to  complete  one's  homework,  except,  of  course,  for  any 
disciplinary  action  which  might  ensue.  By  contrast,  the  IMPACT  task  is  embedded  within 
the  classroom  maths  curriculum  although  its  actual  performance  takes  place  in  the  context  of 
the  home. 

A  crucial  aspect  of  this  process  is  represented  by  the  IMPACT  diary.  This  is  a  small 
diary,  divided  into  sections,  in  which  parents  and  children  comment  upon  the  task  undertaken 
at  home.  This  provides  a  mechanism  whereby  parents  can  and  do  make  assessments  of  their 
child  in  relation  to  clearly  specified  mathematical  skills.  The  diaries  also  enable  a  sustained 
parent-teacher  dialogue  to  develop  over  an  extended  period  of  time. 

IMPACT  has  been  subject  to  detailed  monitoring  and  research  evaluation  from  its  inception 


1.  A  two-year  period  of  intensive  monitoring  and  research  in  3  LEAs  with  36  schools.  This 
included  weekly  visits  to  schools,  a  large  quantity  of  interviews  with  teachers  and  parents, 
observation  of  teacher  practice,  the  completion  of  diaries  by  children,  parents  and  teachers, 
and  video-taping  in  a  sample  of  parents'  homes. 

2.  As  the  scheme  has  spread  to  an  increasing  number  of  schools  across  the  UK,  we  have 
monitored  annually  the  progress  of  IMPACT  in  a  sample  of  schools  through  questionnaires 
and  teacher  records. 


Early  results:  We  were  able  to  present  evidence  that  IMPACT  works  successfully  over  a 
number  of  years  and  with  schools  in  different  regions  and  in  widely  differing  socio  economic 
areas.  There  is  evidence  to  suggest  that  children's  performance  in  maths  is  improved  -  in 
some  cases  quite  substantially  -  and  that  their  attitude  to  maths  becomes  more  positive.  The 
response  rates,  in  terms  of  the  numbers  of  parents  and  children  regularly  taking  part  are 
extremely  encouraging  with  well  over  80%  of  families  in  a  typical  infant  (grade  I  -4)  class 
responding.  Interestingly,  the  response  rate  does  not  appear  to  be  related  to  the  socio- 
economic class  of  the  parents  in  the  catchment  area  of  the  school.  However,  the  teacher 
emerges  as  an  influential  factor  here  -  an  enthusiastic  teacher  can  get  nearly  100%  of  the 
families  involved. 

Significance:  The  IMPACT  project  is  the  largest  and  certainly  the  fastest  growing  project  of 
its  kind  in  Western  Europe.  The  demand  for  traditional  homework  in  primary  schools  within 
the  UK  is  increasing,  due  to  the  pressure  on  teachers  to  improve  standards  of  numeracy,  and 
also  to  the  desire  on  the  part  of  many  parents  to  support  their  child's  learning  in  what  is  now 
perceived  as  a  competitive  educational  market  place.  IMPACT  provides  a  radical  alternative 
to  traditional  homework.  It  succeeds  in  raising  standards,  encourages  sustained 
parent/teacher  dialogue  and,  crucially,  is  not  socially  divisive  in  the  fashion  of  traditional 
homework. 

Qualitative  Research  findings:  In  this  paper  we  are  concerned  to  illuminate  what  teachers 
perceived  as  the  problems  and  benefits  of  involving  parents  in  maths.  This  automatically 
raises  the  question  of  teacher's  perceptions  of  parents  and  of  parental  attitudes  to  maths  in 
particular,  and  to  young  children's  learning  in  general.  We  looked  at  why  teachers  had 
wanted  to  start  IMPACT  in  the  first  place,  what  they  felt  about  it  once  it  was  used  as  a  way 
of  working,  and  what  their  feelings  were  about  the  long  term  effects  of  this  type  of  non- 
traditional  mathematics  homework. 

All  of  the  teachers  who  took  part  in  this  particular  piece  of  research  said  that  they  saw 
IMPACT  as  a  means  of  raising  the  standard  of  pupils'  attainments  in  maths.  They  were  also 
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keen  to  improve  home-school  relations  and  to  bring  about  a  better  dialogue  between  parents 
and  teachers.  Most  said  that  having  some  support  had  been  a  major  factor  in  enabling  them 
to  start  this  sustained  programme  of  parental  involvement  in  their  school  and  that  this  support 
could  come  from  a  variety  of  places.  Colleagues  -  in  their  own  and  other  neighbouring 
schools  -  were  mentioned  as  one  important  source,  and  the  Local  Education  Authority  was 
mentioned  as  another.  Surprisingly  the  head  teacher  (  principal  )  was  less  important  than 
these  two. 

Once  the  IMPACT  programme  was  in  place  the  teachers  very  quickly  saw  the  benefits.  In 
summary: 

•  children  talked  a  great  deal  more  about  their  maths,  and  about  mathematical 
conversations  and  events  which  take  place  in  the  context  of  the  home, 

•  children  developed  a  much  more  positive  attitude  to  their  maths,  and  appeared  more 
confident  as  a  result. 

•  children  were  experiencing  more  of  particular  (and  important)  areas  of  maths  -in 
particular  data  handling  and  representation,  and  practical  activities,  including  games 
and  investigations, 

•  children  -  especially  infants  -  were  almost  all  extremely  keen  to  do  their  IMPACT 
and.  in  most  cases,  it  was  them  who  cajcScd  their  parents  into  doing  it  rather  than  the 
other  way  round, 

•  the  shared  maths  at  home  stimulated  work  in  other  areas  of  the  curriculum,  especially 
in  science  and  language, 

•  the  parents  became  far  more  involved  in  the  child's  everyday  routine  mathematics 
work.  They  also  became  much  more  aware  of,  and  realistic  about,  what  their  child 
could  and  could  not  yet  do. 

The  problems  of  running  IMPACT  included  a  number  of  issues  surrounding  the  question  of 
resources,  and  also  a  perception  of  some  parental  comments  as  extremely  negative  and 
therefore  very  discouraging.  This  was  a  much  discussed  point,  and  one  which  we  feel 
justifies  further  research. 

There  is  also  a  background  to  this  initiative  that  helps  to  put  a  gloss  on  the  context  it 
provides.  In  recent  years  there  has  been  considerable  political  and  educational  pressure  on 
primary  schools  in  the  UK  to  increase  the  involvement  of  their  parent  group  in  the 
implementation  of  the  school  curriculum  in  its  widest  sense.  This  is  apparent  in  the 
publications  of  the  requirements  on  schools  to  increase  the  number  of  parent  governors  on 
school  governing  bodies  and  in  the  various  documents  published  by  the  Department  for 
Education  but  is  especially  enshrined  in  the  Education  Reform  Act  of  1988.  (  HMSO  1988  ). 
There  had  always  been  some  level  of  involvement  but  the  significant  change  was  that  parents 
had  a  formal  right  and  role  to  play  that  may  not  have  been  exercised  previously.  As  a  result 
many  schools  were  seen  to  consider  ways  of  increasing  the  part  parents  played  in  school  life 
in  general.  This  phenomenon  was  also  seen  as  relevant  to  what  had  previously  been 
considered  by  many  teachers  as  'their  professional  domain',  i.e.  the  curriculum  content  and 
implementation.  Evidence  from  some  commentators  (  McLeod  1990  )  illustrate  clearly  the 
well  defined  boundaries  of  responsibility  that  participants  in  the  parent  -  teacher  divide  see 
and  act  upon.  Clearly  the  changing  nature  of  the  roles  of  parents  and  teachers  in  schools 
challenges  this  boundary  and  thus  challenges  the  socially  constructed  norms  and  behaviours 
enacted  at  the  interface.  It  is  this  change  that  provides  for  a  tension  and  readjustment  that  is 
only  now  being  recognised  as  'problematic'.  (  Mcrttcns  and  Vass  1990.  Walkerdine  1989  ). 

That  all  human  interaction  is  a  social  construct  has  been  well  documented  (  Berger 
1968  )  and  so  far  as  the  interface  between  schools  and  'their  parents'  is  concerned  the  process 
of  construction  is  seen  as  a  dialogue  between  two  interested  parties.  This  can  also  be  seen  as 
problematic  and  the  nature  of  a  dialogue  is  potentially  misleading  in  this  context.  There  is  a 
growing  body  of  evidence  to  suggest  that  the  concept  of  an  equal  partnership  between  school 
and  parents  is  fraught  with  difficulties.  Some  of  this  evidence  comes  from  studies  derived 
from  various  home  -  school  reading  projects  (  Wells  1986 )  that  have  been  commonplace  in  a 
great  many  schools  in  the  UK  and  USA  for  some  years  now.  Despite  this,  the  rhetoric  of 
current  educational  orthodoxy  is  to  present  parental  involvement  as  both  desirable. 
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unproblematic  and  affording  equal  status  for  both  parties.  Much  of  this  reflects,  political 
considerations  and  not  simply  educational  concerns.  For  a  detailed  discussion  of  some 
aspects  of  this  see  Merttens  and  Vass,  1990.  Yet  more  evidence  to  show  how  schools 
construct  and  deal  with  their  parent  group  in  ways  designed  to  maintain. the  status  quo  and 
the  school  as  the  powerful  factor  in  any  relationship  is  supported  in  the  earlier  work  of  Deal. 
1983  and  McDill  and  Rigsby,  1973,  when  they  discuss  the  influence  of  subcultures  on  the 
culture  and  success  of  a  school.  However  this  work  tends  to  accept  the  parent  body  as  a 
cohesive  group  and  treats  its'  influence  as  unproblematic.  There  are,  however,  some  more 
current  authors  who  are  beginning  to  question  some  of  the  assumptions  about  parental 
opinion  and  school  attitudes  towards  them  in  a  more  systematic  fashion.  One  such  work  is 
by  Rogoff  and  Lave  who  studied  how  knowledge  gained  from  the  home  ( or  any  non 
institutional  environment )  is  often  discounted  and  ignored  in  school.  (  Rogoff  and  Lave, 
1984). 

The  size  of  the  group  selected  for  a  structured  discussion  was  1 2  teachers  and 
advisors  and  48  questionnaires  were  distributed.  37  of  these  were  returned  completed,  leaving 
1 1  that  received  no  response.  The  teachers  were  invited  to  a  group  discussion  about  the 
issues  of  increased  parental  involvement  generally  and  their  participation  in  a  specific  project 
in  particular. 

Some  questions  and  responses. 

What  factors  made  you  think  you  could  start  involving  parents  ? 

The  responses  could  be  grouped  in  the  following  way  : 
A  commitment  to  home  school  links  33% 
Other  local  schools  already  doing  it  20% 
Staff  colleagues  keen  to  try  something  new  40% 
Parents  seen  as  responsive  7% 

Other  reasons  stated  included  : 

Support  of  senior  management  team. 

Good  parent/school  links  already  established. 

This  would  suggest  that  less  than  40%  of  those  staff  who  gave  their  primary  reason  as 
believing  they  are  ready  to  involve  parents  in  this  way  actually  do  so  because  they  believe  per 
se  that  it  would  help  improve  relationships  or  learning.  Several  respondents  were  vague 
about  why  they  thought  they  had  a  commitment  to  home  school  links  generally  although 
most  indicated  an  awareness  of  some  of  the  literature  documenting  the  potential  success  of 
such  a  scheme.  Teachers  were  very  aware  of  what  other  schools  around  them  were  doing  and 
what  they  felt  their  parent  group  wanted  to  see.  This  was  often  based,  however,  on  anecdotal 
evidence  from  colleagues  in  other  schools  who  passed  on  positive  comments  from  their  own 
experiences. 

What  are  the  most  important  factors  in  deciding  to  involve  parents  in  this  way  ? 
Indicate  in  order  of  importance  with  I  as  the  most  important  and  9  as  least  important . 

The  respondents  were  asked  to  score  the  following  categories.  The  total  scores 
allocated  to  each  section  were  then  averaged  by  dividing  by  37.  A  no  response  or  a  negative 
response  was  treated  as  a  9  ( least  or  not  important )  and  a  opportunity  was  available  for  other 
replies  although  only  one  person  actually  did  this.  This  was  a  new  headteacher  who  wanted 
to  develop  a  fresh  initiative  in  the  school  that  would  be  seen  as  her  own  idea. 


The  potential  mathematical  benefits  for  your  pupils 

Need  to  develop  home/school  links  generally 

Support  from  your  headteacher 

Your  perceptions  about  your  colleagues 

Your  perceptions  about  the  parent  group 

Need  to  increase  practical  work  in  mathematics 


2.3 
3.5 
4.2 
5.6 
5.8 
6.6 


—  306  — 


Need  to  develop  homework  initiatives 
Need  to  develop  maths  curriculum 
Other  reason  -  please  specify  *  see  above  oM 


8.2 


Once  again  the  teachers  perceptions  about  the  needs  of  the  parent  group  f™fh 
only  came  Sth  in  order  of  importance.  The  perceived  school  needs  were  ranked  as  the  first  ( 
via  a  neTd  to  enhance  pupil  learning  )  and  second  most  important  factors,  l"™"^ . 
mathematical  element  was  not  considered  as  important  as  the  need  for  peer  support.  As  most 
onheTample  were  not  head  teachers  (  only  2  were  )  it  was  surprising  to  find  that  headteacher 
suDDort  was  ranked  only  third.  This  conflicts  with  some  of  the  work  of  Nias  who  indicates 
tKe  TurLrt  of  a  powerful  sponsor  ( i.e.  in  a  school  this  is  usually  the  headteacher  is 
often  theSt import  factor  in  initiating  or  preventing  institutional  change.  (  N.as  981  ) 
h  s  a  so  £ss  Me  that  ambiguous  categories  could  mask  different  reasons.  For  example  some 
eichers  c^uld  have  started  involving  parents  because  their  colleagues  are  receptive  to  the 

^anTotherl  because  they  felt  their  colleagues  ought  to  be  but  were  not  yet.  Both  of 
tee  rations  could  be  contained  within  one  response  and  the  categories  contain  a 
potential  weakness  as  a  result.  A  further  question  about  support  reinforced  this  perspect.ve. 

Couldyou  rank  .in  order  of  importance  ,lhe  people  whose  support  was  most 
important  to  you.  1  as  most  important. 

The  responses  were  scored  by  adding  the  totals  and  averaging  by  dividing  by  37. 
These  were,  in  order  : 

The  LEA  (  Advisory  teachers  ) 

Colleagues  -J.3 
Head  teachers 
Project  office 
Parent  group 
Specific  colleague 

Other  70 

The  findings  from  this  question  support  the  view  expressed  atove  that  teachers  do  not 
rate  the  support  of  parents  as  high  or  essential  when  considering  ways  of  involving  parents 
more. 

Couldyou  detail  the  most  important  benefit  you  hoped  to  gain  from  involvinf-  parents 
in  this  way '! 

Help  pupils  talk  about  their  maths  32% 
Explain  maths  to  parents  better  20% 
Improve  the  image  of  maths  with  parents/pupils  42/o 
Develop  home/school  links  °% 

Other  responses  included  : 

Share  information  about  pupil  progress  better 

Help  to"  develop  practical  work  in  maths 

Children  to  see  maths  outside  of  classroom 

To  develop  a  better  understanding  of  maths  generally. 

These  responses  indicate  that  teachers  feel  parents  'need'  to  understand  the 
mathematics  thei^children  do  in  school  more  significantly.  It  emphasises  the  schools  needs 
Shan  those  of  the  parents  or  pupils.  This  could  be  evidence  of  POwerKtaUofl oni he 
part  of  schools  as  the  teachers  clearly  define  the  needs  of  both  pupils  and  parents.  There  is 
also  clear  evidence,  however,  that  teachers  recognise  the  importance  of  language  in  Uie 
development  of  mathematical  thinking  but  also  seek  to  define  the  pupil  needs ■»  *»™"» 
terms  Various  responses  were  categorised  as  wanting  to  improve  he  image  of  mathematics 
wnerally  with  moreresponscs  emphasising  the  importance  of  this  in  respect  of  parents  than 
fn  resSXhe  pupils.  It  was  surprising  that  this  proved  to  be  the  most  frequent  response 
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despite  the  well  recognised  problems  that  mathematics  has  in  terms  of  subject  image. 
Teachers  casual  comments  indicated  that  they  felt  this  to  be  an  important  step  in  motivating 
pupils  and  gaining  parental  support  for  what  they  are  trying  to  do. 

What  potential  problems  concerned  you  most  about  involving  parents  in  this  way  ? 


Ensuring  parents  understood  their  role  42% 

Schools  losing  interest  eventually  8% 

Resources.  Do  the  school  have  enough  ?  32% 

Parental  response  may  be  a  problem  g% 

Extra  burden  on  staff  colleagues  6% 


Other  responses  included 

Schools  seeing  this  as  a  solution  to  all  of  their  problems 
Parents  seeing  only  number  as  important  in  maths 
Long  term  problems  for  the  school. 
Raising  parental  expectations  unrealistically 

It  is  clear  from  these  responses  that  once  again  teachers  feel  that  their  parent  group 
need  educating  about  the  process  of  learning  mathematics.  They  appear  to  have  little 
confidence  in  the  parent  group  as  a  whole  to  understand,  approve  or  support  any  initiative 
without  subverting  it  to  a  formal,  restricted  and  number  based  curriculum.  The  issue  of 
resourcing  such  an  initiative  is  to  be  expected  but  50%  expect  a  'problem'  with  the  response 
of  parents.  About  a  quarter  expect  the  school  to  fail  by  not  keeping  the  momentum  going 
having  raised  expectations  generally.  They  anticipate  this  leading  to  problems  with  the 
parents.  These  responses  are  consistent  with  a  model  of  the  school  as  expert  and  controllino 
and  the  parents  as  recipients  of  a  perceived  wisdom  but  passive  or  problematic.  " 

How  important  was  it  to  have  the  support  of  others  ? 
Please  specify  who.    On  a  scale  of  1  -5 

1  as  the  most  important 

5  as  the  least  important. 

86%  said  that  to  have  some  support  was  essential. 
Those  indicated  as  important  included  the  following  : 

Colleagues  57% 
LEA  26% 
Advisory  staff  14% 


This  score  indicates  that  not  one  of  the  sample  said  that  the  support  of  the  parent 
group  was  required  or  important.  The  single  most  important  group  to  provide  support  is  sei 
as  colleagues.  This  is  consistent  with  the  work  of  Nias  in  her  research  into  peer  group 
support  as  essential  (  Nias  1991  ibid. ).  The  next  section  concerns  teachers'  opinions  about 
what  implications  parental  involvement  has. 

What  would  you  describe  as  the  two  main  benefits  as  far  as  the  parents  themselves 
are  concerned  ? 


They  can  see  what  their  children  are  doing  4 1  % 

They  are  more  involved  in  their  child's  learning  25% 

Informs  them  of  their  child's  progress  18% 

They  can  see  the  difficulty  of  certain  concepts  9  % 

Other  responses  included 
It  structures  the  help  they  can  give. 
Gives  parents  a  specific  role 
They  can  see  their  child's  potential. 


What  would  you  describe  as  the  two  main  problems  ? 

Parents  not  listening  to  pupils  25% 

Parental  lack  of  confidence  with  maths  16% 

Parents  doing  the  work  for  the  child  16% 

Parents  not  understanding  the  tasks  12% 

Parents  not  finding  time  to  get  involved  12% 

Parents/Teachers  disagreeing  over  tasks  12% 

Establishing  whole  school  approach  8% 

Parents  not  understanding  the  maths  involved  3% 

Other  responses  included 

Teachers  coming  to  know  the  tasks  too  well 

Parents  not  seeing  the  potential 

This  question  attracted  a  mixture  of  responses.  However  it  is  possible  to  classify 
them  as  teachers  seeing  parental  weakness  or  inadequacy  in  7  out  of  the  8  most  common 
replies.  Only  8%  of  the  replies  indicated  that  one  of  the  main  problems  could  be  to  do  with 
the  school  role.  92%  of  these  replies  anticipated  that  the  parental  role  would  provide  the 
main  problems  and  usually  this  reflected  their  'perceived'  inabilities  in  mathematk  -  as  a 
subject  in  one  form  or  another. 

Could  you  say  what  makes  a  supportive  parent  ? 

One  who  gives  their  child  time  and  attention  68% 

Encouraging  parent  12% 

Works  with  pupil  not  for  the  child  8% 

Works  with  the  school  4% 

One  who  sees  their  role  as  a  partnership  4% 

Treats  work  as  a  pleasure  4% 

No  other  responses  although  the  most  common  response  was  expressed  in  several 
differing  ways. 

Could  you  say  what  you  think  makes  a  parent  who  is  not  supportive  ? 
One  who  does  not  get  involved  35% 
Negative  about  child's  work  21% 
Don't  recognise  the  value  of  the  work  21% 
Separates  schoolwork  from  homework  7% 
Some  negative  about  school  generally  7% 
One  that  does  work  for  the  chilu  4% 
Academic  parents  who  over  formalise  work  4% 

Other  responses  indicated  that  parents  who  don't  talk  with  their  children  arc  not 
supportive.  Teachers  generally  felt  that  openly  hostile  parents  are  easier  to  cope  with  than 
the  disinterested  or  uninvolved.  Some  teachers  felt  that  not  getting  involved  was  the  same  as 
being  negative  about  their  child's  work  because  of  the  implications  carried  by  the  opinion. 

Does  this  kind  of  involvement  alter  parental  opinions  ? 

No  76% 

Yes  12% 

Unsure/  Too  early  to  say  12% 

Do  you  feel  that  such  greater  involvement  is  valued  by  parents  generally  ?  Detail  if 
possible. 

Parents  generally  like  the  formal  aspects  of  maths.  42% 
Sometimes  36% 
No  12% 
Yes,  they  feel  involved  12% 
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There  are  certain  inconsistencies  in  attitude  implied  by  the  responses  offered.  For 
example,  teachers  say  they  like  to  see  projects  of  this  type  as  a  partnership  and  that  parents 
welcome  the  initiatives.  However,  they  do  not  generally  welcome  any  change  in  their  role  in 
response  to  parental  pressure  and  do  not  credit  parents  with  an  expertise  or  knowledge  that 
could  serve  to  balance  any  partnership.  They  negate  or  discount  problems  as  being  the 
responsibility  of  the  parents  and  yet  claim  to  wish  to  see  greater  integration  of  parental  views. 
Thus  teachers  retain  control  over  the  educational  and  political  agenda.  This  status  quo  is 
illuminated  by  the  overwhelming  claim  that  teachers  do  not  respond  to  parental  pressure  and 
that  they  do  rot  feel  parents  change  their  opinions  anyway  as  a  result  of  enhanced 
involvement.  The  attitude  is  summarised  by  the  view  that  problems  are  caused  by  and  thus 
can  only  be  solved  by  the  parents' intervention.  This  releases  the  school  from  much  of  the 
responsibility.  Indeed  many  parents  are  seen  as  failing  to  understand  the  mathematics 
involved  and  thus  requiring  training  of  some  sort  and  those  that  do  demonstrate  an  expertise 
•  are  dismissed  as  "academic".  This  betrays  a  stereotypical  view  of  parental  opinions  on  the 
part  of  teachers  and  confirms  the  view  that  teachers  feel  parents  arc  over  formal  in  their 
approach  to  mathematics  and  generally  uninformed  about  the  process  of  educating  children. 
This  view  also  confirms  the  perspective  of  school  as  expert  and  powerful  and  parents  as 
subordinate  and  passive.  Despite  claims  to  the  contrary  schools  do  not  seek  to  challenge  this 
orthodoxy  in  the  arena  of  parental  involvement. 

Some  conclusions. 

We  have  tried  to  voice  some  tentative  conclusions  in  the  text  of  this  report  but  sonic 
more  general  and  summary  conclusions  are  suggested  here.  Teachers  say  they  arc  committed 
to  the  principle  of  increased  parental  involvement  but  the  reasons  for  this  are  mixed.  Most  of 
them  appear  to  sec  its  importance  from  the  perspective  of  the  school  and  not  pupil  or  parent. 
They  also  have  strong  opinions  about  how  far  that  'involvement'  should  permeate  what  they 
sec  as  their  professional  area  of  expertise.  The  overwhelming  view  is  of  teachers  and  schools 
'educating'  parents  into  accepting  what  the  school  has  deemed  appropriate.  This  reinforces 
the  inequality  of  the  power  relationships  within  the  school-  parent  divide.  I  feci  there  is  now 
evidence  that,  despite  their  expressed  opinions,  teachers  have  no  real  desire  to  sec  that 
relationship  fundamentally  challenged.  On  the  occasions  that  it  is  challenged  by  parental 
activity  the  parental  viewpoint  is  negated  and  then  discounted. 

Teachers  feel  the  need  for  support  in  their  work  and  peers  and  head  teachers  are 
overwhelmingly  the  primary  source  of  that  support.  The  support  of  parents  is  expressed  as 
important  but  not  treated  as  such.  Teachers  are  also  very  aware  of  what  they  feel  they  must 
'be  seen  to  be  doing'  in  this  area  and  parental  involvement  schemes  or  projects  are  perceived 
as  what  their  task  involves.  One  source  articulated  this  as  "  what  parents  and  government 
expect  these  days".  This  view  would  be  represented  as  being  held  by  a  teacher  who  thinks 
parental  involvement  is  important  but  for  very  different  reasons.  Teachers  opinions  underpin 
their  stereotypical  view  that  all  parents  see  maths  as  hard  and  threatening  and  need  educating 
to  understand  it.  This  is  passed  on  to  their  children  and  thus  makes  the  teachers  task  that 
much  more  difficult.  Parents  who  do  not  see  it  as  difficult  arc  treated  as  not  typical  and  thus 
discounted  when  they  intervene.  Parental  opinion  has  been  effectively  negated  through  this 
stance. 

Teachers  do  not  have  a  clear  view  of  what  parental  involvement  is.  Clearly  it  is 
problematic  and  clearly  teachers  accept  multiple  levels  of  involvement.  Some  teachers  sec 
parental  role  within  these  constraints  as  supervising  homework  whilst  others  accept  a  higher 
level  of  involvement.  Very  few,  despite  the  claims,  welcome  any  threat  to  the  status  quo  in 
which  teachers  transmit  knowledge  and  expertise  and  parents  receive.  Schools  have  yet  to 
take  on  board  any  notion  of  true  partnership,  despite  the  rhetoric.  I  feel  that  despite  the 
increase  in  si    nies  of  this  sort,  despite  the  political  pressure  and  despite  teachers'  claims, 
parental  involvement  in  educational  change  is  still  seen  as  a  threat  by  schools  and  is  not 
established  or  welcomed. 

The  whole  question  of  "What  teachers  think  parents  think  about  teaching  and 
learning'  seems  to  us  to  be  at  the  heart  of  much  of  this  work  in  the  area  of  parental 
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involvement  -  in  particular  in  the  field  of  mathematics.  The  questions  of  teachers 
orientations  to  parents,  and  how  they  construct  what  is  a  'good'  parent  are.  we  feel,  crucial  to 
our  understanding  of  how  parental  partnership  programmes  can  act  to  improve  children  s 
opportunities  and  attainment  in  education. 

References. 

Bastiani,  J.  1991,  'Reporting  to  Parents.'  A  survey  cf  the  views  of  parents,  teachers  and 
pupils.  University  of  Nottingham,  School  of  Education  with  Warwickshire  County  Council. 
Warks,  UK 

Berger  P  1968,  The  Social  Construction  of  Reality,  Penguin,  London,  UK 

Deal.T.  and  Kennedy,  A.  1983,  Culture  and  School  performance.  Educational  leadership, 

40(5),  14-15. 

Education  Reform  Act  1988.  HMSO  ,  London. 

Hamilton,  D  and  Griffiths,  A,  1984,  Parent,  Teacher,  Child,  Methuen,  London,  UK. 
Heath,  S.B. ,  'Questioning  at  Home  and  School :  A  comparative  study. '  In  Hammersley,  M  . 
(  Ed  )  1986,  Case  Studies  in  Classroom  Research,,  Open  University  Press,  Milton  Keynes. 
UK 

Hughes,  M  "  Parental  Involvement.  Rhetoric  or  Reality",  in  Partnerships  in  Mathematics, 
Parents  and  Schools.  Eds  Merttens  and  Vass  1993,  Falmer  Press,  London,  UK. 
McDill,  E  and  Rigsby,  L.  1973,  Structure  and  Process  in  Secondary  Schools.  Baltimore, 
John  Hopkins  Press,  USA. 

McLeod.  F.  1990,  Parental  Involvement :  The  Contemporary  Challenge,  Falmer  Press. 
London,  UK.  ,  „ 

Merttens  R  and  Vass,  J  1990.  Sharing  Maths  Cultures.  Falmer  Press.  London,  UK.. 
Merttens.  R.  and  Vass,  J.  1993  Partnerships  in  Maths  -  Parents  and  Schools,  Falmer  Press, 
London.  UK. 

Nias,  J.  1981 ,  'Commitment  and  motivation  in  primary  school  teachers .  bducatwnal 
Revi'ew.tt,  pp  181-90. 

Rogoff,  B  and  Lave.  J.  1984.  Everyday  Cognition  -  Its  development  in  social  context. 
Harvard  University  Press,  Cambridge.  USA 

Ruling  the  Margins:  problematising  parental  involvement.  1993  Merttens  et  al.  (Eds  ). 
University  of  North  London  Press.  UK. 

Topping  ,  K  and  Wolfendale,  S  .  1985  Parental  Involvement  in  Reading.  Croom  Helm.  UK. 
Walkerdine,  V.  Ed.  Counting  Girls  Out.  1989,  Virago.  London.  UK. 
Wells,  G.  1986,  The  Meaning  Makers  -  a  report  on  the  Bristol  Language  Development 
Project,  Ontario  Institute  for  studies  in  Education,  USA. 

WolfcndalcS  1983  Parental  Participation  in  Children's  Development  and  Education, 
Gordon  &  Breach.  London. 


-311- 
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IN  ELEMENTARY  SCHOOL  STUDENTS 


Malca  Mountwitlen  -  The  Israeli  Curriculum  Center.  Ministry  of  Kducation 
Shlomo  Vinner  -  The  Hebrew  University.  Israel 

Abstract 

The  study  examines  the  cognitive  effectiveness  of  two  learning  methods  for  mathematical  concept 
acquisition:  a)  learning  by  examples  h)  learning  by  definition  and  description  of  the  concept's  general 
properties.  The  findings  show  that  a)  a  certain  percentage  of  students  are  able  to  master  mathematical 
concepts  after  learning  them  by  either  one  of  the  methods  used,  b)  There  is  an  interaction  between  the 
nature  of  the  concept  and  the  success  in  acquiring  it  by  the  specific  learning  methods,  c)  In  most  cases,  there 
were  no  significant  differences  in  the  performance  of  different  cognitive  tasks  between  the  groups  using  the 
different  methods,  d)  In  all  groups,  for  the  4  concepts  examined,  the  older  students'  achievements  were 
better  than  the  younger  ones'.  This  age  related  achievement  gap  was  most  evident  in  the  group  that  learned 
by  examples. 

Introduction 

Cognitive  psychology  and  philosophy  arc  preoccupied  with  the  question:  What  is  a  concept?  An 
important  aspect  of  the  discussion  pertains  to  the  question  of  whether  or  not  it  is  possible  to  characterize  a 
concept  unequivocally  by  stating  its  attributes.  This  question  is  easily  answered  concerning  mathematical 
concepts:  in  mathematics,  every  concept,  which  is  not  primary,  has  a  definition,  which  states  the  meaning  of 
the  new  expression  in  terms  of  previous  ones.  The  definition  determines  the  extension  of  the  concept  (the  set 
of  all  the  examples  which  belong  to  it)  and  how  it  relates  to  other  concepts. 

From  the  point  of  view  of  the  logical  aspect  of  "concept."  the  situation  in  mathematics  is  clear;  this  is 
not  the  case  with  psychological  aspects,  namely  questions  relating  to  concept  acquisition. 

Concept  acquisition,  which  is  one  of  the  main  components  of  learning,  has  different  aspects:  knowing 
the  extension  of  the  concept,  knowing  the  content  of  the  concept  (its  defining  attributes),  understanding  the 
name  of  the  concept  and  so  on.  According  to  Klausmeier  (1976)  there  arc  4  levels  of  concept  acquisition: 
the  concrete  level,  the  identity  level,  the  classification  level,  and  the  formal  level. 

In  this  research,  learning  was  tested  by  the  completion  of  several  cognitive  tasks  concerning  the  concept: 

1.  Idcnti tying  new  examples  and  non-examples  of  the  concept 

2.  Constructing  new  examples  of  the  concept 

3.  Giving  a  concept  definition 

4.  Identifying  general  properties  as  characteristic  or  non-characteristic  of  the  concept. 

The  research  In  concept  acquisition  has  raised  the  following  questions:  What  are  the  different  methods 
of  learning  concepts?  (Sec,  for  example:  Hcrron.  Agbcbl.  Cattrcll.  Sills.  1976)  How  is  the  concept 
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represented  in  the  student's  mind?  (Bruner,  Goodnow,  Austin.  1956;  Rosen  1977;  Brooks.  1978.  1987)  Is  the 
student's  ability  to  learn  a  concept  related  to  his  present  or  future  developmental  level?  (Vygotsky. 
1934/1962;  Mcrvis.  Rosch,  1981;  Hcrshkowitz.  Bruckheimer.  Vinner  1987)  and  so  on. 

Almost  all  research  in  mathematical  concepts  has  dealt  with  geometric  concepts.  These  concepts  have  a 
visual  aspect  that  might  make  learning  them  from  examples  much  easier.  In  this  study  a  variety  of  concepts 
was  examined  in  order  to  determine  whether  or  not  there  is  a  connection  between  the  nature  of  the  concept 
and  the  processes  of  acquiring  it  by  the  students.  Unlike  other  studies  whose  aim  was  educational-practical, 
this  one  is  more  basic-cognitive  and  its  aim  is  to  investigate  the  cognitive  effectiveness  of  different  learning 
methods  for  the  acquisition  of  different  aspects  of  the  concepts  learned. 

This  study  examines  different  aspects  of  the  acquisition  processes  of  mathematical  concepts  in 
elementary  school  students.  The  students,  fifth  graders  and  eighth  graders,  were  asked  to  learn  a  concept, 
independently,  in  one  of  two  ways; 

1)  by  being  presented  with  a  definition  of  the  concept  and  verbal  description  of  its  general  properties 

2)  by  being  presented  with  a  series  of  examples  and  non-examples  of  the  concept 

The  acquisition  processes  were  examined  using  the  following  concepts;  slepntun  fjnadregon)*  (stepman 
Is  a  natural  number  whose  digits  are  consecutive  numerals,  written  in  order  from  greatest  to  least  or  from 
least  to  greatest),  seveny  (shcva'on)*  teveny  is  a  natural  number,  whose  digits  add  up  to  7).  rtctagon 
(metzushar)*  (rectagon  is  a  polygon  with  a  right  angle),  arithmetic  sequence. 

The  first  two  concepts  are  artificial-arithmetic  concepts,  rectagon  is  an  artificial-geometric  concept; 
arithmetic  sequence  is  a  known  arithmetic  concept. 

Methodology 

In  each  one  of  the  four  concept  experiments,  for  every  learning  method,  there  were  30  fifth  graders, 
(boys  and  girls)  and  30  eighth  graders,  (boys  and  girls).  All  the  participants  of  the  same  concept  experiment 
were  taken  from  the  same  school,  so  that  It  is  reasonable  to  assume  that  the  differences  between  them  in  the 
outcome  of  the  study  are  a  result  of  age  difference  or  the  specific  treatment  used  and  not  due  to  population 
differences. 

Every  student  learned  the  concept  using  one  of  the  methods  mentioned  above.  Special  working  sheets 
were  developed  for  each  learning  method,  (see  appendices  1. 2.)  After  the  presentation  of  the  concept  to  the 
student,  an  Immediate  test  (see  appendix  3)  was  given  followed  by  a  personal  Interview,  during  which  the 
student  explained  the  answers  given  in  the  test. 

Results,  Analysis  and  Discussion 

The  first  research  question  was  whether  students  arc  able  to  acquire  a  mathematical  concept,  unknown 
to  them  from  previous  experience,  by  one  of  the  learning  methods  used.  The  number  of  students  who 
showed  mastery  In  acquiring  the  above  four  concepts  appears  in  table  1. 

Other  related  questions  were;  Is  a  specific  learning  method  suitable  for  acquiring  some  concepts  mote 
than  others?  Is  a  specific  learning  method  suitable  for  acquiring  some  aspects  of  Ihe  concept  more  than 
others?  Is  a  specific  learning  method  more  adequate  for  younger  students  than  for  older  ones? 

•  The  nunej  in  buckets  *rt  the  enneep**'  Hebrew  ntmel. 
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Table  1:  The  number  (percentage)  of  eighth  graders  and  fifth  graders  who 
mastered  the  concepts  stepnum,  seveny,  rectagon  .irithmetic  sequence,  by 
the  two  learning  methods.* 


\  learning 

eighth  graders 

fifth  graders 

\metiKxi 

concept  >v 

examples 

definition  and 

examples 

definition  and 

general  properties 

general  properties 

Stepnum 

20(64%) 

13(42%) 

9  (26%) 

6  (20%) 

Seveny 

16(53%) 

17  (57%) 

5  (16%) 

17(53%) 

Rectagon 

13(4.1%) 

20  (67%) 

2(  7%) 

7  (23%) 

Arithmetic 

+* 

** 

12  (40%) 

12(40%) 

Series  ■ 

The  results  in  the  test  (table  1)  show  the  same  tendency  as  the  results  in  the  different  sub-tests:  example 
identification,  example  construction  etc.  These  results  point  to  the  cognitive  effectiveness  of  different 
learning  methods  for  concept  acquisition. 

a.  The  results  suggest  that  a  certain  percentage  of  students  will  be  able  to  master  mathematical  concepts,  of 
the  same  complexity  as  the  concepts  examined,  after  learning  them  by  one  of  the  methods  used:  by 
example  and  by  definition  and  general  properties.  The  percentage  of  students  who  mastered  the  concepts 
stepnum,  seveny,  rectagon.  arithmetic  sequence  differs  from  one  another  but  all  of  the  concepts  used 
could  be  fully  acquired  by  one  of  the  learning  methods. 

It  is  especially  interesting  to  note  thai  even  some  of  the  younger  students,  the  fifth  graders,  mastered  the 
concepts  as  a  result  of  learning  them  by  definition  and  general  properties  (the  percentage  ranges  from 
20%  in  the  case  of  stepnum  up  to  60%  In  the  case  of  arithmetic  sequence).  This  finding  is  interesting 
because  it  contradicts  some  teachers'  intuition  that  it  is  impossible  to  teach  mathematical  concepts 
relying  on  general  definitions  and  statements  alone.  Also,  some  studies  show  that  elementary  school 
students  cannot  learn  a  concept  by  definition  alone,  without  added  examples  (Klausmclcr,  1976; 
Tennyson,  1973). 

According  to  Vinner  (1983),  concept  acquisition,  as  expressed  by  the  ability  to  use  a  concept,  depends  on 
the  formation  of  a  concept  image  (The  concept  Image  is  a  set  of  properties  together  with  the  images 
related  to  the  concept  in  the  person's  mind).  The  concept  image  might  be  identical  to  the  concept 
definition,  be  part  of  it  or  might  even  contradict  it.  The  role  of  the  definition  In  the  student's  concept 
image  formation  is  not  clear:  the  definition  given  to  the  student  might  create  in  his  mind  a  "complete- 
concept  image,  a  partial  one  or  nothing  at  all.  In  this  study,  the  definition,  together  with  the  statements 


*  Mastery  of  the  concept  means  scoring  at  least  40  out  of  46  possible  points. 

**  Kifhth  traders  did  lot  participate  in  the  aritkmtk  arawwe  experiment  because  rt  was  familiar  to  them  from  school. 
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about  the  concept's  properties,  formed  a  complete  concept  image  in  some  of  trie  students'  mind,  as 
inferred  from  their  tests. 


b.  The  comparison  of  the  learning  methods  shows  that  the  fifth  graders  who  learned  the  concepts  by 
definition  and  general  properties  succeeded  better  than  those  who  learned  them  by  examples.  This  was 
particularly  evident  with  the  concepts  seveny  and  rectagon.  The  same  phenomenon  appeared  with  the 
eighth  graders  in  the  seveny  and  the  rectagon  experiments  but  not  in  the  stepnum  experiment.  In  the  last 
one,  the  eighth  graders  who  learned  by  examples  had  an  advantage  over  the  others.  The  achievement 
differences  were  statistically  significant  with  the  tasks  of  example  identification  and  statements 
evaluation.  These  findings  lead  to  the  conclusion  that  there  is  an  interaction  between  the  nature  of  the 
concept  and  the  success  in  acquiring  it  by  one  of  the  learning  methods:  concepts  like  rectagon  are  more 
difficult  to  acquire  by  examples  because  their  critical  attributes  arc  not  prominent.  Even  though  the 
examples  of  rectagon  are  drawings  which  have  a  prominent  visual  aspect,  the  relevant  component,  the 
right  angle,  was  not  noticed  by  most  of  the  students.  It  turned  out  that  finding  the  defining  property  of 
rectagon,  required  an  analytical  examination  of  the  examples  and  not  merely  visual  scanning.  Many 
students  realized  that  a  rectangle  is  a  rectagon  but  could  not  Justify  their  answer,  which  was  based  only 
on  global  perception.  These  students  could  not,  of  course,  show  mastery  of  rectagon. 

On  the  other  hand,  from  the  examples  of  stepnum,  especially  from  the  multiple  digit  ones,  it  was  much 
easier  to  infer  the  defining  attributes. 

c.  Another  question,  concerning  the  comparison  of  the  learning  methods  was  whether  there  is  a  difference 
related  to  the  learning  methods  used,  in  performing  different  cognitive  tasks. 

In  most  cases,  there  were  no  significant  differences  in  performing  different  cognitive  tasks  between  the 
groups  using  the  different  methods.  Even  though  the  students  who  learned  the  concept  by  definition  had 
a  slight  advantage  in  formulating  a  concept  definition,  the  general  picture  was  as  follows:  performing  the 
different  tasks  was  influenced  by  the  student's  mathematical  ability  and  by  the  task  complexity  and  not 
by  the  learning  method,  as  could  be  seen,  for  example,  from  table  2.  This  table  gives  the  number  of 
students  who  mastered  the  different  tasks  with  the  concept  stepnum  (questions  1,2,4,5  In  the  test 
appendix  3). 


Table  2:  The  number  (percentage)  of  eighth  graders  and  fifth  graders  who  mastered 
the  different  tasks  with  the  concept  stepnum,  by  the  two  learning  methods. 


>w  learning 

eighth  graders 

fifth  graders 

^•v  method 

task  >v 

examples 

definition  and 

examples 

definition  and 

31  s. 

general  properties 
i\  s. 

34  s. 

general  properties 

M)  S. 

example  identification 

27  (87%) 

19(61%) 

11  (32%) 

1 3  (43%) 

example  construction 

25  (817c) 

19(61%) 

15  (44%) 

12  (407r) 

definition  formulation 

5(16%) 

6(19%) 

1  (  3%) 

4(13%) 

statement  evaluation 

21  (68%) 

12  (39%) 

9  (26%) 

7(23%) 

complete  test 

20(64%) 

13  (42%) 

9  (26%) 

6(20%) 

From  this  table,  it  is  easy  to  sec  that  the  differences  in  achievements  due  to  the  learning  methods,  are 
eonslstcnt  over  the  tasks.  Those  who  learned  by  examples  did  not  have  an  advantage  in  example 
identification;  those  who  learned  by  definition  and  general  properties  did  not  succeed  better  in  statement 
evaluation  even  though  they  had  previous  experience  with  statements  during  the  learning  session.  On  the 
contrary,  among  the  eighth  graders.  68%  of  those  who  learned  by  examples  showed  mastery  in  statement 
evaluation  as  opposed  to  only  39%  of  those  who  learned  by  definition  and  general  properties.  In  other 
words,  one  learning  method  might  be  more  effective  than  another  for  the  acquisition  of  the  concept  as  a 
whole,  but  not  for  the  acquisition  of  a  specific  aspect  of  the  concept. 

In  Hcrron  ct  al.  (1976).  the  learning  method  had  a  greater  effect  on  performing  different  tasks  with  the 
concept.  According  to  another  finding  of  Hcrron.  the  working  definition  (the  one  which  serves  In 
Identification  and  construction  of  examples)  was  more  coherent  with  the  formulated  definition  in  students 
who  learned  by  examples.  This  finding  does  have  support  in  our  study  as  well. 

d.  In  all  groups,  for  all  concepts,  In  each  subtest,  the  eighth  graders'  achievements  were  better  than  the  fifth 
graders'.  This  age  related  achievement  gap  was  most  evident  in  the  group  that  learned  by  examples  (with 
significant  level  of  .005).  This  finding  is  not  surprising  of  course,  and  agrees  wilh  Piaget's  developmental 
theory.  According  to  this  theory,  some  cognitive  skills,  probably  needed  for  performing  the  tasks  of  tills 
study,  develop  at  the  age  of  formal  thinking  (Sinclair.  1970).  Another  difference  between  the  fifth 
graders  and  the  eighth  graders  demands  explanation.  In  the  stepnum  experiment,  the  eighth  graders  who 
learned  the  concept  by  examples  did  better  than  those  who  learned  It  by  definition  and  general 
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properties.  Amongst  the  fifth  graders  the  picture  was  reversed,  namely  there  was  an  advantage  in 
learning  by  definition  and  general  properties.  This  finding  is  surprising:  learning  by  definition  and 
general  properties  can  be  considered  to  be  a  formal  operation  task.  The  above  finding  is,  somehow, 
inconsistent  with  Piaget's  theory.  One  possible  explanation  is  that  the  younger  students  are  not 
intellectually  ready  for  learning  by  examples  because  it  requires  the  ability  to  analyze,  abstract, 
generalize  and  draw  conclusions.  On  the  other  hand,  learning  by  definition  and  general  properties  is 
more  direct,  although  superficial  and  therefore  it  is  easier  for  the  younger  students.  In  many  cases  it  is 
difficult  to  distinguish  unequivocally  between  a  correct  answer,  based  on  real  understanding,  and  one 
which  is  based  on  partial  understanding.  Some  of  the  students  learned  how  to  "play  with  words"  and  give 
correct  answers  without  real  understanding.  This  behavior,  which  is  pseudo-conceptual  (see  Vinner, 
1993)  was  found  both  among  the  fifth  graders  and  the  eighth  graders.  (The  tendency  to  "play  with 
words"  does  not  decrease  with  age;  on  the  contrary,  it  increases  slightly.)  But,  the  ability  to  learn  by 
examples  develops  significantly  with  age.  The  great  progress  with  age  in  learning  by  examples  makes 
this  method  superior  for  the  eighth  graders. 

As  was  mentioned  earlier,  the  age  related  achievement  gap  was  most  evident  in  the  group  that  learned  by 
examples.  In  other  words,  the  progress  with  age  in  learning  by  examples  was  greater  than  In  the  other 
learning  methods. 

This  finding  can  be  explained  as  follows:  the  fifth  graders  reach  a  reasonable  verbal  understanding  which 
docs  not  improve  a  lot  with  age.  On  the  other  hand,  the  thinking  ability,  involved  in  analysis, 
generalization  and  abstraction  develops  more  significantly  with  age. 

Another  remark  is  needed  here:  It  turns  out  that  learning  by  examples  proved  to  be  more  meaningful  than 
learning  by  definition  and  general  properties.  (The  details  can  not  be  given  here  because  of  space 
problems.)  Even  though-  learning  by  definition  and  general  properties  proved  to  be  successful,  caution 
must  be  exercised  so  as  not  to  fall  into  the  trap  which  this  method  could  lead  to:  empty  verbalization 
without  understanding  (Nesher,  Grossman-Mountwitten,  1975). 
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Appendix  1 

Working  sheets  by  examples 
Stepnum 


Appendix  2 

Working  sheets  by  definition  and  properties 
Stepnum 

Stepnum  is  a  natural  number  whose  digits  arc 
consecutive  numerals,  written  in  order  from 
greatest  to  least  or  from  least  to  greatest. 

1 .  Arc  all  the  digits  of  a  stepnum  unequal? 

2.  Yes.  In  a  stepnum  may  two  of  the  digits 


1 .  1 2,345  is  a  stepnum 

2.  23,456  is  a  stepnum 

3.  43,210  is  a  stepnum 

4.  76,543  is  a  stepnum 


5. 
6. 
7. 
8. 


Is  2,468  a  stepnum? 


No.  Is  7,531  a  stepnum? 
No.  Is  1,234  a  stepnum? 
Yes.  Is  4,321  a  stepnum? 


be  equal  to  each  other? 
3.  No.  Can  a  stepnum  have  3  digits? 


36. 
37. 


Yes.  Can  a  stepnum  end  with  0? 
Yes. 


32.  No.  Is  24,315  a  stepnum? 

33.  No 


Appendix  3 
Tesi-Stepnum 

1.  Are  these  numbers  Stepnums?  Write  "yes"  or  "no" 
and  explain  your  answer. 

a.  8,641 

b.  798 

j.  456,789 

2.  Give  3  examples  of  stepnum. 

3.  Give  3  examples  of  a  number  which  is  not  a  stepnum. 

4.  Describe  what  is  meant  by  the  word  stepnum. 

5.  Write  "correct"  or  "incorrect"  and  explain. 

a.  The  units  digit  of  every  stepnum  is  smaller  than  its  tens  digit. 

j.    There  is  a  three  digit  stepnum  whose  tens  digit  is  greater  than 


both  its  units  digit  and  its  hundreds  digit. 
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CONSTRUCTING  A  LANGUAGE  FOR  TEACHING 


Judy  Mousley 
Deakin  University 
Geelong,  Australia 
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A  survey  of  views  132  teachers  and  teacher  educators,  on  the  elements  of  quality  mathematics 
teaching,  was  conducted.  Some  of  the  results  seem  contradictory,  pointing  to  the  need  for  closer 
examination  of  terms  commonly  used  in  describing  mathematics  pedagogy.  The  results  of  an  attempt  to 
explore  the  use  of  just  one  term  used  frequently  by  the  survey's  respondents  demonstrated  disparate 
interpretations  amongst  180  conference  participants.  It  is  concluded  that  just  as  teachers  need  to 
provide  opportunities  in  mathematics  classes  for  explicit  negotiation  of  meaning,  teacher  educators 
need  to  organise  opportunities  tor  active  exploration  of  the  language  of  teaching,  in  order  to  establish 
situated  contexts  as  sources  of  personal  and  tntersubject  'rve  meaning. 


Introduction 

Cobb,  Yackel  and  Wood  (1992)  argue  convincingly  for  opportunities  for  students  to 
elaborate  and  negotiate  different  understandings  of  mathematical  processes  and  terms; 
and  there  is  evidence  that  such  advice  is  becoming  more  widely  accepted  and  practised 
within  the  mathematics  education  community.  For  instance,  the  theme  of  developing 
meaningful  experience-based  language  was  taken  up  in  the  Curriculum  and  Evaluation 
Standards  for  School  Mathematics  (National  Council  of  Teachers  of  Mathematics,  1989). 
Similarly,  the  Australian  Education  Council  (1990)  describes  a  process  of  developing 
and  building  up  mathematical  knowledge  through  describing,  questioning,  arguing, 
predicting,  justifying,  recording,  clarifying  and  "productive  sharing  of  ideas"  (p.  13). 


Students  should  learn  to  use  language  as  a  tool  lor  rell«cting  on  their  mathematical  experiences  and 
hence  for  their  own  mathematical  learning.  Explaining  to  oneself  and  others  ...  can  be  a  powerful  means 
ol  working  through  and  clarifying  ideas,  (pp.  19-20) 

However,  there  does  not  seem  to  be  the  same  emphasis  on  learning  about  teaching 
mathematics  through  exploring  its  language.  In  the  pre-service  and  in-service  education 
of  mathematics  teachers,  opportunities  for  explicit  negotiation  of  meaning  for 
pedagogical  terms  and  phrases  are  rare.  Teachers  take  on  "constructivist"  approaches, 
students  engage  in  "problem  solving",  learning  is  "student  centred",  activities  are  "non- 
threatening"  and  content  is  "real  world".  The  language  bandwagons  roll  on;  but  with 
little  elaboration  of  individual  interpretations  of  such  terms,  or  explication  of  the 
assumptions  being  made  about  taken-as-shared  understandings  (Bauersfeld, 
Krummheuer  &  Voight,  1988). 

Becoming  a  member  of  any  community  involves  orientation  towards  an  established 
but  developing  set  of  linguistic  behaviours  (Steedman,  1991).  For  the  community  of 
mathematics  educators,  phrases  and  terms  used  in  describing  pedagogy  invoke 
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meanings  that  are  usually  taken  to  be  shared  between  teachers,  educators,  and  authors 
of  instructional  or  theoretical  writings.  However,  as  von  Glasersfeld  (1991)  points  out, 


Language  frequently  creates  the  illusion  that  ideas,  concepts  and  even  whole  chunks  of  knowledge  are 
transported  from  a  speaker  to  a  listener.  This  illusion  is  extraordinarily  powerful  because  it  springs  from 
the  belief  that  meaning  of  words  and  phrases  is  fixed  somewhere  outside  the  users  of  words  and 
phrases,  (p.xiv) 

This  paper  focuses  on  aspects  of  the  language  that  teachers  and  teacher  educators 
used  when  describing  quality  mathematics  teaching. 

Researching  quality  teaching 

Our  interest  in  exploring  the  ways  that  people  describe  mathematics  pedagogy  has 
developed  further  during  our  current  research  project.  Earlier  studies  by  Mousley  and 
Clements  (1990)  and  Mousley,  Sullivan  and  Clements  (1991)  had  demonstrated  that 
what  student  teachers  reported  that  they  had  observed  in  classrooms  seemed  to  be  the 
antithesis  of  current  theory  and  of  the  behaviours  espoused  in  their  pre-service  teacher 
education  courses.  While  teachers  believed  that  they  were  demonstrating  quality 
teaching,  features  of  constructivist  approaches,  student-centred  learning  and  real  world 
content  seemed  to  be  absent  from  the  lessons  observed.  It  was  thought  possible  that  the 
undergraduate  students  surveyed  may  have  been  seeing  some  high  quality  teaching, 
but  may  not  have  identified  such  teaching  because  of  the  subtle,  sophisticated  and 
fleeting  nature  of  some  features  of  classroom  interaction.  Alternatively,  teachers  may  be 
using  these  terms  to  describe  their  teaching,  with  little  evidence  in  terms  of  classroom 
practice. 

This  led  to  further  discussions  on  how  to  structure  opportunities  for  guided 
observation  of  quality  mathematics  teaching  in  a  variety  of  settings;  and  of  how  to  make 
the  observation  processes  analytical,  interactive  and  research-based.  It  seemed  that  the 
first  stage  of  such  a  project  should  be  to  identify  the  features  that  quality  teaching  might 
include,  in  order  to  capture  these  for  use  in  a  multi-media  resource  base. 

Summary  of  methods 

A  survey  was  prepared,  seeking  the  views  of  mathematics  eductors  and  experienced 
teachers  on  the  elements  of  quality  teaching.  It  was  thought  that  a  questionnaire  would 
allow  collection  of  the  opinions  of  a  sample  of  experienced  teachers  and  teacher 
educators  in  Australia  and  the  USA.  After  initial  trailing  in  a  number  of  situations,  and 
consequent  refinement,  the  survey  was  completed  by  132  respondents. 

Two  different  sets  of  survey  items  were  used.  The  first  section  consisted  of  an  open- 
response  item: 


...  We  want  you  to  imagine  a  mathematics  lesson,  at  any  year  level,  where  the  students  are  learning,  tor 
example,  to  estimate  the  mass  of  various  objects,  or  to  add  fractions,  or  to  record  given  information  as  a 
graph.  ...  Please  write  down  the  most  important  characteristics  which  a  quality  mathematics  lesson  on 
any  of  these  concepts/skins  would  usually  have. 

The  second,  more  structured,  part  of  the  instrument  used  fixed  format  items.  There 
were  78  pairs  of  descriptors,  clustered  under  headings  arising  from  the  original  research: 
Teaching  environment,  Lesson  aims,  Lesson  content,  Presentation,  Class  activities, 
Questions,  Aids,  Assessment  and  Closure.  Descriptors  were  presented  as  bipolars.  For 
instance,  one  pair  of  descriptors  (the  one  we  wish  to  focus  on  for  this  paper)  was  listed  in 
the  Content  cluster.  The  item  read: 


For  each  set  of  bipolars,  participants  were  asked  to  mark  on  the  line  where  a  teacher 
ought  to  aim  in  order  to  facilitate  quality  mathematics  lessons.  These  marks  were  later 
converted  using  a  scale  from  1  to  7  so  that  means  and  standard  deviations  could  be 
calculated  and  so  the  distribution  of  responses  between  categories  of  participants  could 
be  described. 

For  each  cluster  of  such  items,  participants  were  also  asked  to  add  any  of  their  own 
descriptors,  and  then  to  indicate  which  of  the  descriptors  in  each  cluster  they  considered 
to  be  the  most  important  feature/s  of  quality  lessons.  Later,  they  were  asked  to  choose, 
in  order,  the  5-10  most  important  of  all  of  the  survey's  pairs  of  descriptors. 

Summary  of  results:  Open-response  items 

Analysis  of  the  results  of  the  open-response  section  of  the  survey  was  undertaken 
using  the  qualitative  data  analysis  package  Nudist.  Descriptors  used  by  participants 
were  categorised  according  to  what  seemed  to  be  their  major  function.  In  summary,  six 
groups  of  factors  emerged  as  components  of  the  replies.  Their  general  descriptions  are: 

Building  understanding:  This  is  about  a  recognition  of  a  content  to  be  covered,  and  of  strategies 
to  achieve  this  end  by  building  on  existing  knowledge,  using  materials  to  explain  and  clarify  concepts, 
choosing  appropriate  sequences,  helping  students  to  make  connections  and  to  form  relationships,  and 
knowing  the  meaning  of  terms. 

Communication:  Under  this  heading  were  Included  statements  related  to  opportunities  for  talking, 
explaining,  describing,  listening,  asking,  clarifying,  sharing,  writing,  reporting,  and  recording.  The  emphasis 
within  this  category  was  on  expressing  and  communicating  mathematics. 

Engagement:  This  group  was  about  facilitating  student  involvement  in  their  own  learning.  It  included 
actively  involving  the  students  in  their  learning,  and  motivating  students  to  learn,  by  actions  such  as  using 
personally  relevant  material  or  real  world  situations,  and  by  seeking  to  make  learning  enjoyable. 


In  a  (quality)  lesson,  content 


is  negotiated  * 


■>  is  imposed 
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Problem  solving:  This  category  includes  activities  references  to  problem-solving  activity  but  also 
descriptor*  such  as  risk  taking,  challenging,  exploring,  investigating,  thinking,  asking,  and  posing.  In 
general,  it  was  about  students  using  their  own  conceptions  to  interpret  unfamiliar  situations  and  becoming 
comfortable  with  their  own  ability  to  do  this. 

Task  orientation  (Later  re-named  "Organisation  for  learning-):  This  included  a  focus  by  the  teacher 
on  specific  goals  which  are  made  explicit,  clear  instructions,  efficient  organisation  and  some  assessment  of 
the  achievement  of  the  lessons'  aims. 

Teacher  concern:  This  is  about  treating  the  students  as  individuals,  the  creation  of  environments 
which  support  opportunities  for  success  by  all  students,  the  development  of  mutually  positive  relationships 
between  teacher  and  students,  and  about  shared  goal  setting. 

While  these  categories  represent  a  summary  of  the  responses,  the  groups  are 
different  in  both  the  focus  and  the  locus  of  responsibility.  For  example,  the  category 
Building  understanding  was  outstanding  in  terms  of  the  number  of  times  respondents 
referred  to  its  features  (112  times).  In  this  category,  strong  inferences  of  teacher 
decision,  teacher  direction,  teacher  explanations  and  teacher  control  were  evident. 
Upon  reflection,  it  seemed  that  each  of  the  other  categories  could  be  considered  as  a 
subcategory  of  Building  understanding,  for  each  was  a  vehicle  for  building  mathematical 
understanding.  While  other  groups,  such  as  Communication,  Organisation  for  learning 
and  Use  of  materials  may  be  significant  in  themselves,  the  main  purpose  of  the 
comments  included  within  each  group  seemed  to  be  aimed  primarily  at  building 
students'  mathematical  understandings. 

Summary  of  results:  Structured  items 

Data  from  the  second,  structured  part  of  the  survey  also  emphasised  the  building  of 
mathematical  understanding  by  students.  Space  does  not  allow  full  results  to  be 
reported,  but  the  composite  picture  for  a  quality  lesson  developed  as  a  teacher-led 
facilitation  of  learning,  where  the  students  are  engaged  in  meaningful  and  interesting 
activities  which  encourage  them  to  think  for  themselves.  (More  detailed  results  and 
discussion  are  presented  in  Mousley  &  Sullivan,  1992;  Mousley,  Sullivan  &  Waywood, 
1993;  Sullivan  &  Mousley,  1992;  Sullivan  &  Mousley,  1993a,  1993b.) 

The  following  tables  present  quantitative  results  for  a  few  of  the  descriptors  from  the 
Lesson  aims  and  Lesson  content  clusters. 

Table  1: 

Some  Descriptors  Related  to  Lesson  aims 


The  stem  for  this  cluster  was  "In  the  lesson 


DeaHBas  

there  is  no  clear  purpose 
pupils  are  aware  ol  the  aims 


Mean  S.D 


<• 


X> 


there  is  a  clear  purpose 
pupils  are  not  aware  ol  aims 


6.6 


0.8 


<-X  > 


2.1 


1.3 


the  aims  are  negotiated         <  X  >  the  aims  are  imposed  3.2  1.7 

(Scale  =  1  to  7.  Note  that  there  were  other  pairs  included,  not  listed  above.) 


Table  4: 

Some  descriptors  related  to  Lesson  content 

The  stem  for  this  cluster  was  "The  content  of  the  lesson 

DfiaatlDIS  Mean  S  D. 

not  linked  to  pupils' experience     <  X->           linked  to  pupils' experience           6.2  1.2 

socially  relevant                   < — X  >          not  socially  relevant                  2.8  1.4 

included  all  st's  backgrounds       < — X  >           excluded  some  st's  backgrounds     2.2  1.3 

clearly  sequenced                  <— X  >           not  clearly  sequenced                2.2  1.2 

With  regard  to  the  Lessons  aims,  92  of  the  respondents  chose  "there  is  a  clear 
purpose"  as  the  most  important  descriptor  of  this  cluster.  In  contrast,  19  respondents 
chose  "the  pupils  were  aware  of  the  aims"  and  only  5  chose  "the  aims  were  negotiated". 
Likewise,  while  56  respondents  rated  "there  is  a  clear  purpose"  in  the  5-10  most 
important  descriptors  over  the  whole  survey,  descriptors  suggesting  involvement  of 
students  in  setting  aims  gained  very  little  support.  In  the  Lesson  content  section,  the 
descriptor  "was  linked  to  real  life",  was  rated  within  the  within  the  5-10  most  important 
descriptors  overall  by  only  27  people. 

There  were  some  interesting  contradictions  apparent  in  this  section  of  the  data,  and 
these  echoed  the  way  terms  and  phrases  had  been  used  by  respondents  in  the 
unstructured  section  of  the  survey.  For  instance,  both  the  teachers  "having  a  clear 
purpose"  and  the  students  "negotiating  the  aims  of  the  lesson"  were  rated,  frequently  by 
the  same  respondents,  as  features  of  quality  teaching.  One  would  think  that  it  is  not 
possible  to  achieve  a  clear  purpose  while  allowing  disparate  aims  to  be  negotiated, 
because  a  teacher's  having  a  clear  purpose  for  the  lesson  is  somewhat  indicative  of 
decisions  on  its  direction  being  made  by  the  teacher.  This  apparent  contradiction  was 
reinforced  by  the  majority  of  respondents  not  thinking  it  important  for  students  to  be 
aware  of  a  lesson's  aims.  Central  to  the  view  of  the  development  of  personal  constructs 
is  the  belief  that  knowledge  is  a  product  of  choice  (Gergen,  1985),  but  it  is  clear  that  the 
majority  of  respondents  did  not  believe  that  students  should  decide  what  they  need  to 
learn.  Similarly,  thinking  of  mathematics  content  as  pre-planned  and  clearly  sequenced 
seems  to  prevent  us  acknowledging  the  constructivist  claim  that  mathematics  is  actually 
individual  learner's  activity  (Wheatley,  1991). 

In  general,  the  weighting  of  opinions  in  both  the  Lesson  aims  and  Lesson  content 
clusters  implied  that  mathematics  teaching  should  remain  a  process  of  initiating  learners 
by  progressing  through  a  series  of  defined  mathematical  relationships  not  necessarily 


linked  overtly  to  the  out-of-school  experiences  of  the  children.  These  responses  were 
somewhat  surprising  in  the  light  of  current  rhetoric  about  mathematics  education.  The 
concept  of  negotiation  of  lesson  aims,  content  and  understandings  seems  consistent 
with  current  theory  of  mathematical  pedagogy,  because  it  allows  for  different 
backgrounds  of  experience  and  understanding  as  well  as  individually  meaningful  activity 
in  classrooms.  However,  acceptance  of  this  theoretical  stance  alongside  the  expectation 
of  the  teachers  having  clear  purposes  for  lessons  provides  an  interesting  challenge  for 
teacher  educators.  The  two  positions  are  not  necessarily  incompatible,  but  it  is  clear  that 
we  need  to  explore  how  teachers  may  open  up  opportunities  for  more  meaningful 
dialogues  with  students  about  teaching  and  learning.  The  findings  suggest  that  we  also 
need  to  examine  the  ways  that  words  such  as  "negotiate"  are  used  by  teachers  and 
teacher  educators,  in  ordor  to  build  some  common  ground  for  communication  about 
locus  of  control  over  mathematics  learning. 

Further  exploration  of  beliefs  about  negotiating  aims  and  content 

It  was  decided  to  use  workshops  in  the  1992  conference  of  the  Mathematical 
Association  of  Victoria  to  investigate  further  teachers'  and  educators'  beliefs  about 
"negotiation"  of  lesson  aims  and  content. 

About  180  teachers  and  educators  attended  the  two  sessions  offered.  In  order  to 
provided  a  common  basis  for  discussion,  each  group  was  shown  the  same  five-minute 
classroom  episode  on  videotape  (Lovitt  &  Clarke,  1988).  The  snippet  showed  a  teacher 
working  with  a  group  of  five-year-old  children,  classifying  shapes  cut  from  carpet.  We 
had  chosen  this  video  because  we  believed  that  it  demonstrated  a  teacher  drawing  out 
children's  ideas  and  language,  allowing  the  lesson  to  flow  from  the  ideas  raised  by  the 
children,  linking  teaching  points  with  the  experiences  and  language  of  the  pupils,  and 
engaging  herself  and  the  children  in  a  process  of  negotiating  starting  points  for 
discussions  as  well  as  differing  interpretations  of  mathematical  aspects  of  the  shapes 
used  and  created.  In  short,  the  snippet  seemed  to  illustrate  "pedagogical  constructivism" 
(Noddings,  1990.  p.15)  in  action.  Our  intention  was  to  open  up  a  discussion  about  the 
language  used  to  describe  such  teaching  -  and  in  particular  the  words  and  phrases 
used  commonly  by  respondents  to  the  survey  outlined  above. 

After  the  video  snippet  had  been  shown,  the  following  continuum  was  displayed: 

was  negotiated       <1  2  3-  -4  s-  6  7>       was  imposed 

People  were  asked  to  use  the  scale  of  1  to  7  to  name  the  extent  to  which  they  thought  the 
teaching  demonstrated  "negotiation"  of  aims  and  content.  After  participants  had  made 
individual  decisions,  they  were  asked  to  discuss  their  Ideas  in  groups  of  3-4,  and  to 
come  to  some  consensus  within  each  group.  Groups  then  reported  their  decisions,  and 
the  major  reasons  for  these,  as  well  as  any  interesting  discussion  points  arising. 
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It  was  amazing  to  have  groups  of  participants  categorise  the  snippet  from  1 
(completely  negotiated)  through  to  7  (completely  imposed).  Given  our  impression  of  the 
snippet,  we  were  surprised  when  there  was  a  fairly  even  spread  of  responses  along  the 
negotiated  <«>  imposed  continuum  -  and  that  this  happened  in  both  conference 
sessions.  Time  did  not  allow  similar  testing  of  other  terms  commonly  used  in  describing 
teaching  and  learning,  but  the  incident  brought  home  to  us  the  need  to  focus  further  on 
language  used  to  describe  pedagogy. 

Conclusion 

We  can  communicate  about  the  teaching  of  learning  only  by  assuming  that  in  what 
we  say  or  write  there  will  be  enough  compatible  meaning  for  our  communications  to  be 
intelligible,  useful  in  terms  of  conveying  our  understandings,  and  able  to  be  used  as  a 
basis  for  further  reflexive  interaction.  However,  it  is  clear  that  it  is  necessary  for  people 
discussing  the  teaching  and  learning  of  mathematics  to  work  at  establishing  such  a 
basis. 

The  incident  described  above  certainly  suggests  that  there  is  a  need  for: 

(a)  the  creation  of  time  and  opportunities  for  both  implicit  and  explicit  negotiation  of 
meaning  for  the  many  words  and  phrases  used  when  any  group  of  professionals  or 
mathematics  education  students  is  discussing  teaching  and  learning  ; 

(b)  active  exploration  of  pedagogical  situations  by  groups  of  education  students 
and  educators,  aimed  at  establishing  situated  contexts  as  sources  of  personal  and 
intersubjective  meaning,  which  can  then  used  as  a  basis  for  meaningful  communication 
about  mathematics  pedagogy; 

(c)  a  recognition,  in  lectures,  academic  writing  and  instructional  materials  that  the 
understandings  constructed  and  knowledge  gained  by  listeners  and  readers  will  be  a 
product  not  of  the  words  used  but  of  their  subjective  interpretation  by  individuals; 

(d)  detailed  investigation  and  explication  of  current  key  words,  by  mathematics 
education  students,  teachers  and  teacher  educators;  with  the  intention  of  examining 
potentially  conflicting  aspects  of  different  terms  used  in  conjunction  with  each  other;  and 

(e)  the  use  of  contextual,  highly  situated  examples  to  elaborate  terms  commonly 
used  in  theoretical  communications. 
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The  NCTM  Professional  Standards  For  Teaching  Mathematics  stresses  the  influ- 
ence the  learning  environment  has  on  what  students  learn,  as  well  as  the  importance 
of  assessing  the  quality  and  nature  of  the  learning  environment.  Present  assessment 
tools  such  as  the  analysis  of  videorecordings  of  classroom  events  give  incomplete  in- 
formation on  this  complex  issue  or  may  be  impossible  to  use  on  a  wide  scale.  This 
study  explores  the  extent  to  which  third  grade  students'  observations  of  classroom 
events  can  reveal  their  learning  environment,  and  the  extent  to  which  these  young 
students  can  become  explicitly  aware  of  the  existing  social  contract. 

INTRODUCTION 

The  NCTM  document  Professional  Standards  For  Teaching  Mathematics  (1989)  expresses 
the  assumption  that  what  students  learn  is  fundamentally  connected  with  how  they  learn  it. 
The  document  describes  the  nature  of  the  learning  environment  which  is  considered  desir- 
able for  encouraging  serious  mathematical  thinking.  In  this  type  of  environment,  students' 
ideas  and  ways  of  thinking  are  respected,  time  is  provided  for  students  to  become  involved 
with  mathematical  ideas  and  problems,  and  students  are  expected  to  function  as  members 
of  a  learning  community  through  discussion  and  argument.  It  is  stressed  that  the  purpose 
of  such  an  environment  is  not  simply  to  make  students  feel  good  but  to  foster  mathematical 
thinking.  The  teacher's  ability  to  create  such  a  learning  environment  should  be  assessed, 
but  the  Standards  emphasizes  that  the  aim  of  such  assessment  is  teacher  improvement  and 
professional  development. 

The  document  recommends  that  in  general,  evaluation  of  the  quality  and  nature  of  the 
learning  environment  should  be  based  on  multiple  sources  of  information.  For  this  we  need 
easily-administered  and  safe  evaluation  instruments.  For  example,  although  video-docu- 
mentation of  classroom  activities  make  available  a  wealth  of  information,  this  facility  is  not 
accessible  to  most  schools.  Some  research  has  been  done  on  the  development  of  instruments 
to  assess  students'  beliefs,  ranging  from  open-ended  questions  (e.g.  Spangler,  1992)  to  Likert- 
type  scales  for  particular  beliefs  (e.g.  Meyer  &  Fennema,  1988;  Kloostorman  &  Stage,  1992). 
but  any  questionnaire  and  semi-structured  interview  implies  that  the  researcher  has  already 
made  decisions  about  possible  variables  and  their  relative  effects,  thereby  both  eliminating 
as-yet-unidentified  variables,  and  making  it  difficult  to  assign  relative  importances  to  the 
variables  affecting  the  learning  environment. 

The  learning  environment  involves  much  more  than  students'  beliefs.  The  learning  en- 
vironment can  also  be  called  the  classroom  mathematical  culture,  "...  in  which — as  in  all 
cultural  microcosms — there  are  (most  often  tacit)  sets  of  beliefs  and  values  that  are  per- 
petuated by  the  day  to  day  practices  and  rituals  of  the  cultures?  (Schoenfeld,  1988:82).  The 
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classroom  culture  is  such  a  complex,  multi-faceted  phenomenon  that  it  is  quite  difficult  to 
describe  fully,  especially  since  it  is  doubtful  whether  all  its  variables  have  yet  been  identified. 

We  at  the  Research  Unit  for  Mathematics  Education  at  this  University  are  confronted 
with  a  major  challenge:  A  problem-centered  approach  to  mathematics  education  is  being 
officially  implemented  in  more  than  a  thousand  South  African  elementary  schools  on  our 
initiative,  and  to  support  this  initiative,  we  need  ongoing  classroom  research  and  ongoing 
teacher  support  and  development  actions  especially  as  regards  the  improvement  of  learning 
environments. 

Some  salient  characteristics  of  our  problem-centered  learning  classrooms  include: 

1.  Students  are  presented  with  problems  that  are  meaningful  and  interesting  to  them,  but 
which  they  cannot  solve  with  ease  using  routinized  procedures  or  drilled  responses. 

2.  The  teacher  does  not  demonstrate  a  solution  method,  nor  does  she  steer  any  activity 
(e.g.  questions  or  discussion)  in  a  direction  that  she  has  previously  conceived  as  desir- 
able, yet  she  expects  every  student  to  become  involved  with  the  problem  and  to  attempt 
to  solve  it.  Students'  own  invented  methods  are  expected  and  encouraged. 

3.  It  is  expected  of  students  to  discuss,  critique,  explain,  and  when  necessary,  justify  their 
interpretations  and  solutions. 

The  unavoidable  paradox  in  such  a  situation  is  that  confronting  students  with  difficult 
problems  that  they  are  expected  to  solve'  without  help  from  the  teacher  must  necessarily 
create  tension,  and  tension  is  not  conducive  to  optimal  cognitive  functioning.  Establishing 
alternative  support  systems  in  these  classrooms  is  therefore  essential  for  the  learning  pro- 
cess, and  takes  the  form  of  peer  interaction.  In  a  previous  paper  (Murray,  Olivier  &  Human, 
1993),  we  highlighted  two  main  aspects  of  peer  interaction:  firstly,  that  the  type  of  interac- 
tion heavily  influences  learning  outcomes  and  secondly,  that  the  less  teacher  direction  there 
is  in  setting  up  peer  interaction  groups  or  in  the  questions  to  be  discussed,  the  higher  the 
quality  of  the  discourse  among  these  young  students. 

For  our  previous  studies,  we  visited  and  videotaped  the  classrooms  on  a  regular  basis 
and  conducted  interviews  with  selected  students.  It  was  decided  to  explore  the  possibility  of 
using  students'  written  free  comments  as  a  source  of  information  for  the  following  reasons: 

•  Students'  free  comments  might  illuminate  the  interplay  betwnen  the  different  variables 
which  determine  the  learning  environment  and  supply  the  researcher  with  informa- 
tion above  and  beyond  that  which  can  be  gleaned  from  videotapes,  scholastic  tests  and 
questionnaires.  "...  we  will  need  to  develop  theories  and  methodologies  that  encom- 
pass cultural  and  cognitive  phenomena,  and  the  dialectic  between  them."  (our  italics) 
(Shoenfeld,  1988:83). 

•  In  a  very  large-scale  implementation,  there  is  a  great  need  for  cheap,  easily-administered 
data-capturing  tools  which  go  beyond  scholastic  tests  and  questionnaires. 

•  We  believe  that  the  main  thrust  in  teacher  development  in  the  elementary  school  should 
be  focussed  on  helping  teachers  to  learn  about  their  students.  Students'  free  comments 
might  make  available  valuable  data  for  the  teacher  to  reflect  on. 


THE  PRESENT  STUDY 

Thret  schools  (giving  a  total  of  seven  third  grade  classes,  average  class  size:  35,  average 
student  age:  eight  years)  were  selected.  On  two  occasions  during  the  past  school  year,  the 
first  after  about  three  months,  the  second  at  the  end  of  the  school  year,  the  third  grade 
students  in  all  the  classrooms  were  presented  with  a  blank  sheet  of  paper  and  were  requested 
to  write  whatever  they  wanted  to  about  their  school  mathematics.  They  could  use  as  much 
time  as  they  wanted  to:  Some  students  wrote  two  lines,  others  two  pages.  Most  students 
wrote  about  half  a  page,  mentioning  between  three  and  five  aspects.  Many  added  drawings 
of  group  situations  and/or  examples  of  problems  they  were  currently  solving. 

The  students'  comments  were  classified  into  the  following  13  different  categories.  Some 
of  these  categories  deal  with  the  same  aspect  of  the  learning  environment,  e.g.  categories  1 
and  2  address  feelings  towards  mathematics,  yet  they  have  been  kept  separate  because  it 
was  found  that  what  students  do  not  comment  on  may  also  be  revealing  (cf.  Winograd,  1991). 

1.  Positive  feelings  a  bent  mathematics  and/or  problem  solving  (I  like  math/our  math  pe- 
riod/problems). 

2.  Negative  feelings  about  mathematics  and/or  problem  solving,  superficially  anxiety-free 
(The  problems  are  too  difficult/I  don't  like  problems). 

3.  Different  types  of  non-problem-solving  classroom  activities  (We  play  games,  measure, 
. . .  )  and  apparatus  used  in  the  classroom. 

4.  Outside  influences  (My  mother  Vielps  me  with  mathematics;  mathematics  is  important 
for  my  future). 

5.  Peer  support  structures  (I  like  to  work  with  Avril;  we  talk  about  our  problems). 

6.  The  rules  governing  social  interaction  (We  help  each  other;  you  must  not  say  somebody 
is  wrong,  you  must  discuss  it). 

7.  The  reasons  for  interaction  (If  we  discuss  the  problem,  it  becomes  easy). 

8.  Positive  teachers'  beliefs  about  students'  abilities  (She  says  we  can  all  solve  problems). 

9.  Neutral  descriptions  of  an  ability  group  structure  used  in  classroom  organization  (There 
are  four  groups;  I  am  in  the  Blue  group).  . 

10.  Comments  on  teacher  activities  that  do  not  suggest  her  helping  with  problem  solving 
(She  teaches  us  about  time/kilograms). 

11.  The  teacher  ai  the  source  of  knowledge  and  support  during  problem-solving  sessions 
(She  helps  me  if  I  can't  do  the  problem;  she  explains  the  method). 

12.  Competition/comparisons  between  students  (Jack  and  I  always  finish  first;  I  wish  I  was 
as  clever  as  Benedine). 

13.  Discomfort  and/or  anxiety  (I  feel  a  bit  frightened). 
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We  briefly  describe  and  illustrate  the  comments  from  three  classrooms.  These  class- 
rooms are  not  necessarily  representative  of  a  problem-centered  implementation;  although 
classroom  A  is  considered  to  have  established  a  successful  inquiry  learning  environment, 
classrooms  B  and  C  were  deliberately  chosen  to  illustrate  how  much  these  young  students' 
comments  reveal  about  their  teachers'  beliefs. 

Some  of  the  issues  mentioned  are  of  course  incompatible  with  a  problem-centered  ap- 
proach (e.g.  numbers  11, 12  and  13)  and  it  is  therefore  valuable  to  know  that  students'  com- 
ments will  reveal  such  practices.  In  all  but  one  classroom,  there  were  significant  differences 
between  the  profiles  that  emerged  from  the  first  and  from  the  second  sets  of  comments.  There 
were  major  differences  between  the  different  classrooms'  profiles.  For  example,  in  some 
classrooms  there  was  a  quite  dramatic  swing  from  a  negotiation  classroom  practice  towards 
a  transmission  practice  in  the  course  of  the  school  year,  whereas  in  other  classrooms  where 
a  culture  of  negotiation  was  maintained,  students'  awareness  of  the  rules  and  reasons  for  in- 
teraction sharpened  and  became  more  explicit.  In  general,  these  comments  not  only  provide 
profiles  of  the  different  classrooms,  but  also  help  to  identify  issues  for  further  research. 

Classroom  A.  The  first  set  of  comments  dealt  exclusively  with 

•  P«ier  support  structures  (A  frequency  of  21) 
'I  work  with  Xin  Xin"  (Bryan) 

•  Positive  feelings  about  mathematics  (8) 

"I  like  sums  and  I  like  mathematics"  (Michael) 

The  comments  at  the  end  of  the  year  dealt  with: 

•  Peer  support  structures  (11) 

•  The  rules  governing  social  interaction  (21) 
"You  must  be  kind"  (Ntaoleng) 

"We  don't  say  its  rong  we  say  i  dont  agree"  (Ntsasa) 
"Dont  laugh  at  someone  if  the  sum  is  wrong"  (Simon) 
"We  talk  about  other  people's  answers"  (Ashley) 

•  The  reasons  for  interaction  (11) 

"We  are  not  afraid  of  difficult  work  because  we  work  with  a  friend"  (Yannick) 
"We  talk  about  the  sums  so  we  learn  what  to  do"  (Tsebo) 
"You  learn  a  lot  from  each  other"  (Kgalalelo) 

•  Positive  teachers'  beliefs  (4) 

"Mrs  Smith  says  we  can  all  do  the  sums"  (Andiswa) 

"She  leaves  us  alon  and  when  we  have  finished  the  problem  we  call  her"  (Carla) 
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The  absence  of  comments  about  activities  other  than  problem-solving  leads  one  to  expect 
that  the  main  focus  point  in  this  classroom  was  students  working  at  problems  in  environ- 
ments of  their  choice.  'Videotapes  taken  of  this  classroom  reveal  that  students  did  in  fact  en- 
gage in  normal  third  grade  activities  like  weighing,  measuring,  counting  in  multiples,  play- 
ing games,  etc.,  but  that  their  problem-solving  sessions  were  periods  of  intense  involvement 
with  the  posed  problem  and  with  their  peers,  with  the  teacher  completely  in  the  background 
or  not  even  present.  There  are  no  signs  of  anxiety  or  competition  evident  on  the  videotapes. 
It  therefore  seems  safe  to  assume  that  the  students'  comments  revealed  what  struck  them 
as  the  essential  elements  of  their  learning  environment. 

Classroom  B.   The  first  set  of  comments  dealt  with 

•  Positive  feelings  about  mathematics.  (27) 

•  Negative  feelings  about  mathematics  and/or  problem-solving.  (11) 

•  The  different  (non-problem  solving)  activities  offered.  (37) 

•  Peer  support  structures.  (11) 

•  Neutral  descriptions  of  an  ability  group  structure.  (18) 
By  the  end  of  the  year,  the  comments  dealt  with: 

•  Positive  feelings  about  mathematics.  (8) 

•  Negative  feelings  about  mathematics.  (5) 

•  The  different  activities  offered.  (27) 

•  Peer  support  structures.  (32) 

•  Neutral  descriptions  of  ability  group  structure.  (21) 

•  Competition/comparison  between  students.  (13) 
"Peter,  Neal  and  John  are  the  cleverest"  (Francis) 

"Our  group  is  the  second  best  group  in  the  class*  (Magdel) 

•  The  teacher  as  the  source  of  knowledge  and  support  during  problem-solving  sessions. 


"If  we  cannot  finish  in  time  our  teacher  helps  us"  (Nick) 

"When  we  have  finished  a  problem,  we  go  to  our  teacher  and  she  says  if  it  is  right" 


These  comments  leave  the  impression  that  early  in  the  school  year  students  were  aware  of 
doing  mathematics,  although  eleven  disliked  mathematics.  By  the  end  of  the  year,  however, 
the  focus  had  shifted  away  from  involvement  in  mathematics  towards  competition  and  com- 
parison with  peers  and  dependence  upon  the  teacher.  Some  aspects  of  the  latter  classroom 
profile  are  interesting. 


(11) 


(Peter) 
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Firstly,  there  is  a  high  level  of  explicit  awareness  of  ability  differences,  which  by  itself 
could  be  taken  as  an  indicator  of  hidden  anxiety,  yet  there  are  no  overt  comments  about 
anxiety.  Secondly,  the  comments  clearly  indicate  that  simply  having  students  discuss  and 
help  each  other  does  not  at  all  guarantee  the  paradigm  shift  from  transmission  teaching  to 
negotiation,  since  in  this  classroom  the  teacher  clearly  functions  as  source  of  knowledge  and 
as  arbiter.  We  regard  this  as  a  timely  reminder  (and  warning)  that  changing  the  superficial 
interaction  patterns  away  from  teacher-student  interaction  and  towards  peer  interaction 
does  not  necessarily  imply  a  change  in  the  classroom  culture. 

Classroom  C.  The  following  issues  were  raised  early  in  the  school  year: 

•  Positive  feelings  about  mathematics.  (31) 

•  Negative  feelings  about  mathematics.  (3) 

•  The  different  activities  offered.  (27) 

•  Peer  support  structures.  (7) 

•  Teacher  activities  like  helping  students  to  measure  or  tell  the  time.  (11) 
The  comments  at  the  end  of  the  year  dealt  with: 

•  Positive  feelings  about  mathematics.  (30) 

•  The  different  activities  offered.  (18) 

•  Peer  support  structures.  (5) 

•  Competition/comparisons  between  students.  (25) 
"I  always  hope  I  finish  first  in  my  group"  (Marinus) 

"If  you  get  your  answer  right  first  time  you  are  the  winner"  (Nina) 
"I  wish  I  could  be  in  the  Blue  group"  (Danita) 

•  The  teacher  as  a  source  of  knowledge.  (4) 

•  Discomfort  and  anxiety.  (6) 

"I  am  nervous  if  I  have  to  explain"  (Danita) 

"If  you  make  a  mistake  they  laugh  at  you"  (Marnelle) 

In  this  classroom,  although  there  was  definitely  social  interaction  between  peers,  it  must 
have  been  of  such  a  nature  that  it  never  made  any  impact  on  the  students.  There  seems  to 
have  been  a  small  swing  towards  the  teacher  as  source  of  knowledge,  and  a  slightly  bigger 
swing  towards  anxiety  and  discomfort.  The  major  change  was  in  the  dramatic  growth  of 
competition  and  comparisons  between  students,  and  students'  very  explicit  awareness  of 
this  feature  of  their  learning  environment. 


DISCUSSION 


The  information  contained  in  students'  free  comments  are  of  two  types:  overt  and  covert. 

Overt  information  is  offered  when  students  make  direct  statements  about  certain  aspects 
of  the  classroom  culture;  for  example,  explicit  descriptions  of  the  rules  governing  interaction 
(classroom  A)  or  of  the  role  assumed  by  the  teacher. 

Covert  information  is  obtained  by  studying  the  aspects  which  are  mentioned  and  those 
which  are  not,  thereby  deducing  the  main  features  of  the  particular  learning  environment 
(those  which  make  the  greatest  impact  on  the  students). 

Certain  anomalies  which  invite  further  investigation  appear  when  the  issues  addressed 
by  a  particular  class  are  juxtaposed.  For  example,  30  students  out  of  a  class  of  approxi- 
mately 35  state  that  they  like  mathematics,  yet  there  is  a  significant  count  of  comments  on 
competition,  envy  and  anxiety  from  the  same  class  (classroom  C).  But  in  a  classroom  where 
students  have  developed  a  truly  effective  peer  support  system  (classroom  A),  in  the  early  part 
of  the  year  only  eight  students  mentioned  that  they  like  mathematics,  and  nobody  bothered 
to  mention  it  at  the  end  of  the  year. 

There  is  also  an  interesting  difference  between  the  profiles  of  classrooms  B  and  C  which 
should  be  investigated:  In  classroom  B  the  teacher  features  strongly  as  a  source  of  knowledge 
and  support  during  problem-solving  sessions  and  much  less  so  in  classroom  C;  the  anxiety 
count  is  absent  in  classroom  B  but  strongly  present  in  classroom  C.  Since  both  these  class- 
rooms seem  more  transmission-type  classrooms  and  not  really  inquiry-based,  does  that  mean 
that  in  a  transmission-type  classroom  a  strong  teacher  presence  lessens  discomfort  and  anx- 
iety, or  should  the  link  with  anxiety  rather  be  sought  with  the  very  much  higher  incidence 
of  competition  between  students  in  classroom  C? 

Although  the  teacher  cannot  reflect  on  the  types  of  questions  that  arise  from  the  differ- 
ences between  different  classrooms,  there  is,  however,  sufficient  overt  information  available 
in  students'  free  comments  that  can  be  very  useful  to  the  teacher,  especially  if  she  has  invited 
students'  comments  on  more  than  one  occasion  and  notes  any  changes  in  the  comments  that 
may  indicate  changes  in  the  classroom  mathematical  culture. 

For  ongoing  teacher  support  and  development  actions  by  ourselves  and  by  education  su- 
pervisors, the  type  of  information  made  available  by  students'  free  comments  is  essential  for 
planning  support  workshops  and  for  developing  reading  and  teaching  materials.  Clear  indi- 
cations of  how  teachers  misinterpret  and/or  disbelieve  the  message  about  problem-centered 
learning  they  had  received  in  their  pre-service  or  in-service  training  enable  us  to  concentrate 
on  particular  aspects  and/or  to  include  sensitization  activities  with  particular  aims. 

SUMMARY 

We  find  students'  free  comments  a  particularly  rich  source  of  information  on  classroom  cul- 
ture and  the  way  in  which  students  experience  their  learning  environment.  It  is  especially 
difficult  when  dealing  with  young  children  to  obtain  valid  information  on  how  they  inter- 
pret classroom  events:  Interviews  and  videotaping  are  time-consuming,  and  questionnaires 
reflect  only  the  designer's  preconceptions.  Free  comments,  on  the  other  hand,  capture  only 
what  the  student  it  motivated  to  impart. 
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The  three  classrooms  chosen  for  this  report  were  not  representative  of  problem-centered 
classrooms.  Classroom  A  is  a  successful  implementation,  and  the  students'  free  comments 
illustrate  the  development  of  students'  awareness  of  the  social  contract  under  which  they 
operate  when  they  do  mathematics  as  opposed  to  learn  about  mathematics,  and  illustrate 
the  issues  on  which  these  students  do  not  bother  to  comment,  or  which  do  not  exist  to  be  com- 
mented on.  Classrooms  B  and  C  illustrate  to  what  extent  a  class  of  third  graders'  innocent 
comments,  taken  as  a  whole,  reveal  the  effects  of  a  classroom  mathematics  culture  where 
the  focus  has  shifted  from  students  doing  mathematics  towards  students  trying  to  please 
the  teacher. 

We  close  with  some  remarks  from  a  class  not  reported  above,  leaving  it  to  the  reader  to 
identify  the  needs  in  this  classroom: 

"I  like  problems  but  we  don't  do  enough.  I  would  like  to  do  it  every  day." 

"The  problems  are  so  easy  I  wish  we  could  do  more  difficult  stuff." 

"Can't  we  do  problems  every  day  but  not  Saturdays  and  Sundays." 

"Please  Teacher  in  the  first  and  second  terms  we  did  problems  every  day.  Why  not 

now?" 

It  is  an  open  question  whether  the  above  type  of  information  could  have  been  obtained 
more  easily  or  more  quickly  in  any  other  way  than  from  the  students'  own  free  comments. 
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ABSTRACT 

This  paper  is  based  on  results  from  the  pilot  to  an  ongoing  doctoral  study  of  the  novice 
mattwnatician's  understanding  of advanced mathematical  concepts.  In  Spring  1993  eight  first  year 
mathematics  students  were  observed  during  tutorials  given  to  pairs  ot  them  on  Analysis.  Topology  and 
Linear  Algebra.  Ordering  the  data  via  coding  and  categorising  followed.  Here  I  present  a  sample  of 
Instances  iustratlng  a  few  student  difficulties  regarding  some  mathematical  concepts  and 
mathematlcol  reasoning.  The  examples  concern  the  concept  of  function,  the  process  of  Integration 
(topical  difficulties)  and  the  student's  toglcolly  deficient  use  of  theorems  (logiccil  difficulties).  The 
ongoing  study  alms  at  Identifying  patterns  In  the  pathology  of  the  novice  mathematician's 
constructing  of  mathematlcol  knowledge. 

In  order  to  gain  access  to  the  mechanisms  of  the  novice  mathematician's  personal  construction  of 
mathematical  knowledge,  I  had  to  enter  the  habitat  where  It  takes  place.  Opportunity  for  this  Is 
provided  by  the  'Oxford  Way'  of  doing  undergraduate  mathematics  In  the  form  of  Individual  or  pair 
tutorials  given  by  college  tutors.  Most  of  these  tutorials  are  weekly,  half  to  one  hour  long  and  cover 
the  full  range  of  topics  Included  In  the  syllabus.  Given  a  high  degree  of  permissiveness  on  the  part 
of  the  tutor  -  regarding  mostly  her  willingness  to  replace  the  traditional  monologue  with  a  more 
conversational  teaching  style  -  and  of  openness  on  the  part  of  the  student  -  as  to  how  exposed  she 
allows  herself  to  be  regarding  her  mathematical  understanding  -  observing  tutorials  can  prove  to 
be  very  productive  of  Incidents  on  mathematical  thinking. 

On  the  Focus  of  This  Pnpnr 
The  study  on  which  this  paper  Is  based  Is  the  fruit  of  experience  derived  from  a  two-level  Journey:  at 
one  level.  It  features  the  evolutionary  process  of  what  started  as  a  general  research  skill  exercise  on 
rtHnlmoily-partlclpant  unsystematic  observation  (2)  and  now  grows  Into  still  mlnlmally-pattlclpant 
and  relatively  tightly  focused  observation.  At  another  level  It  Illustrates  my  progressive  focusing  (7) 
from  a  general  research  Interest  In  mathematical  understanding  to  the  study  of  mathematics 
undergraduates  cognitive  structures.  In  short  what  now  constitutes  the  main  study  Is  the  product  of 
a  irwHwdotogicol  and  a  thematic  gradual  selective  process  that  took  place  during  the  pilot  study 
on  which  this  paper  Is  based. 

The  two  processes  took  place  In  parallel  but  not  Independently.  Quite  early  In  the  observation 
sessions  the  affective  aspects  of  mathematical  learning  were  put  aside  to  allow  emphasis  on  the 
cognitive  aspects.  Of  course  It  Is  Impossible  to  discuss  Issues  on  mathematical  thinking  without 
considering,  for  Instance,  the  awe  or  fear  with  which  certain  mathematical  topics  are  confronted 
by  the  learners.  In  the  term  'cognitive'  here  two  streams  of  thought  converge:  the  eplstemologlcal 
-concerning  the  mathematics  discussed  In  the  tutorial-  and  the  psychological  -concerning  the 
strictly  personal  ways  In  which  tutor  and  students  construct  mathematical  knowledge. 

While  the  tutorials  and  the  observation  were  still  going  on.  preliminary  analysis  of  the  data  started. 
Data  consisted  of  written  notes  produced  during  the  tutorials.  Early  In  the  analysis  It  became 
evident  that  the  data  could  be  categorised  roughly  In  two  ways:  Tutor  Items  (signposted  T-thwn*: 
teaching  style,  philosophy  of  mathematics  and  of  mathematics  teaching)  and  Student  Items 
(signposted  S-ttwm*:  difficulties.  Intuition,  metomathematlcal  worries,  originality  etc.).  Until  the  end 
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of  the  sessions  no  particular  emphasis  was  given  to  any  of  these  Items.  This  resulted  In  the 
aggregation  of  material  which  could  be  analysed  either  from  a  T  or  an  S-perspective.  In  the 
meantime  another  network  of  Items,  which  I  clustered  under  the  name  X-theme.  emerged:  the 
study  of  the  impact  that  certain  observed  mathematical,  linguistic  or  other  conventions  have  on 
the  students'  mathematical  behaviour  especially  m  an  exam  context. 

The  transformation  of  the  material  Into  manageable  units  for  analysis  took  place  In  the  form  of  the 
categorisation  and  coding  that  followed  (8  ch3) :  the  emergent  T.  S  and  X  themes  were 
syntheslsed  Into  three  narrative  texts  from  which  the  clusters  (categories)  of  analytical  units 
emerged.  I  shall  provide  examples  from  one  of  the  themes  and  some  of  the  categories  later.  At 
that  point  I  made  the  decision  to  concentrate  on  the  S-theme  and  In  particular  on  Items  featuring 
the  students'  difficulties  (code:  S.DIFF.)  or  In  other  words  on  the  Instances  of  pathologteat 
undentcmding.  The  use  of  the  term  'pathological'  is  I  believe  philosophically  correct  and 
compatible  with  espousing  the  strong  conviction  that  constructing  mathematical  knowledge  Is  a 
distinctly  personal  mental  process  (5). 

The  approach  adopted  here  -  that  is  the  study  of  a  commonly-recognlsed-as-flawed 
mathematical  behaviour  of  the  learner  (3)-  aspires  to  establishing  associations  with  the  theory  of 
•pWemological  obstacles  (1  and  4)  and  Is  not  necessarily  negatively  Judgmental.  Other  terms 
which  also  apply  here  but  are  dlsquletingly  strong  -  since  they  stir  up  the  tension  between 
constructlvlst  and  absolutist  views  on  learning  -  are  errors,  misconceptions  etc. . 

At  the  next  level  of  analysis  further  refinement  led  to  a  triplet  of  categories  concerning  S.DIFF. : 

-  topical  dKflculHes  (S.DIFF .TOP.),  that  is  the  cases  with  reference  to  particular  topics  or  concepts, 
e.g.  the  concept  of  function, 

-  logical  diflteulHes  (S.DIFF.LOG.).  that  Is  the  cases  with  reference  to  the  students'  use  of  the  tools  for 
mathematical  reasoning,  e.g.  the  use  of  mathematical  Induction  and, 

-  symbolic  difficulties  (S.DIFF.SYM.).  that  Is  the  cases  with  reference  to  the  student's  Interpretation 
one!  manipulation  of  symbols  and  language,  e.g.  the  use  of  absolute  value  notation  1 1 . 

Apart  from  the  S.DIFF.  category  other  clusters  of  Instances  regarding  the  students'  perceptions  and 
knowledge  construction  were  Identified,  such  as  Instances  of  the  students'  remarkable  use  of 
Intuition,  their  occasional  mathematical  originality  or  even  these  rare  but  striking  Instances  of 
expressing  metamathematlcal  worries  (S.ORIG.MATH..  S.INTUITION.  S.METAMATH). 

The  above  triplet  (S.DIFF.TOP/LOG/SYM)  Is  not  free  of  methodological  constraints.  It  must  be  noted 
that  by  allocating  an  Instance  to  one  of  these  categories  one  attaches  a  preliminary  Interpretation 
to  It.  That  Is  why.  so  far.  categorising  has  not  gone  further  than  that.  The  possibility  of  clustering 
together,  e.g.  all  the  Instances  concerning  function,  was  dismissed  as  Imposing  many  restricting 
labels  on  the  data  (8  ch2).  From  that  point  onwards  each  Instance  was  analysed  separately.  One 
might  react  to  that  by  pointing  out  the  danger  of  falling  In  Identifying  possible  underlying  patterns. 
The  search  for  such  patterns  Is  of  course  one  of  the  components  of  this  study  but  at  this  stage 
categorising  aimed  primarily  at  an  ordering  of  the  data. 

To  Illustrate  the  form  taken  by  the  analysis  that  followed.  I  present  a  small  sample  of  Instances  and 
my  analytical  approach  to  them.  All  were  selected  from  S.DIFF.TOP  and  S.DIFF.LOG.  In  most  cases 
my  analysis  is  associated  with  results  In  the  field  of  Advanced  Mathematical  Thinking  In  terms  both 
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of  the  mathematical  topics  and  of  the  psychological  processes  examined.  One  of  the  reasons 
these  particular  Instances  were  chosen  was  that  they  are  characterised  by  a  balance  between 

-  revealing  elements  of  the  strictly  personal  way  a  learner  constructs  mathematical 
knowledge  (which  Is  a  benefit  from  choosing  to  do  case  studies)  and 

-  recognising  some  previously  Identified  by  other  researchers  trends'  (or  obstacles)  In 
mathematical  understanding. 

A  Small  Sample  of  Data  and  Some  Analysis 
Inttance  l-'on  rh*  constant,  function  (from  S.DIFF.TOP). 

The  Setting.  Today's  tutorial  to  students  L  and  J  Is  about  finding  the  matrix  of  a  map  between  two 
vector  spaces.  The  tutor  gives  a  description  of  the  two  vector  spaces  and  then  the  map.  They  now 
have  to  Identify  the  matrix.  The  particular  example  on  which  they  are  working  now,  the  second  for 
today.  Is  the  map  Tf(x)=df/dx  (x),  where  f  Is  a  dlfferentiable  real  function  on  a  given  Interval.  Once 
they  have  found  the  matrix  for  that  map... 


Extract  I 

...the  tutor  asks  them  a  kind  of  'reverse' question. 
TUTOR:  What  would  Tbe  if  its  matrix  were  the  O-matrix? 
Silence.  They  look  confused. 
STUDENT L:  (with  hesitation).,  .map*  •wrythtng to 0. 


(Now  they  try  to  find  the  map  for  Tf(x)=f(x+ 1).  They  discuss  briefly  what  it  means  to  apply 
Kx+1). 

STUDENTS  L  and  J:  (they  have  both  written  down  the  same)  f(x+  l)=Kx)+ 1. 
TUTOR:  No,  no.  Putx+ 1  where  you  see  x. 
They  then  find  the  matrix.) 


Again  In  the  end  the  tutor  asks  a  'reverse '  question. 
TUTOR:  What  If  matrix  A  were  the  I?  (she  means  Identity) 
STUDENT L:  ...mvryttitng  would  go  to  1. 
TUTOR:  (calmly)  What? 
STUDENT:  Oh,  sorry  ...to  Itself. 


The  tutor  asks  the  'reverse'  question  probably  In  order  to  check  out  how  far  the  relational 
understanding.  In  the  R.Skemp  sense  of  the  term  (1 1),  of  maps/matrices  and  vector  spaces  has 
gone,  that  Is  whether  the  students  have  perceived  the  'transformation'  role  that  a  map  plays  when 
applied  to  a  vector  space.  The  smartness  of  her  question  lies  In  the  way  she  chooses  to  check  that 
out,  that  Is  In  reverse  order.  She  then  chooses  not  a  general  form  but  the  particular  cases  of  A=0 
and  A»l.  Mathematically  speaking  these  matrices  are  redundantly  used  and  are  considered 
almost  trlvlol  but  one  student  remains  silent  throughout  the  episode  and  the  other  hesitatingly  gives 
the  answer  expected  by  the  tutor  only  to  the  first  one.  The  second  answer  ('everything  goes  to  1 ') 
can  be  seen  as  a  consequence  of  the  syllogism  'since  A»0  sends  everything  to  0,  then  A«=l  sends 
everything  to  1 '  which  I*  the  case  when  f:R->R,  f*constant*l ,  but  1$  not  when  f  stands  for  the 
Identity  function  which  for  f:R->R  Is  f(x)«x.  I  summarise  the  above  In  the  following  list  of  points  of 
interest: 

-  The  learner  confuses  f  as  a  function  of  one  variable  and  f  (or  A  In  this  case)  as  a  mapping 
between  two  vector  spaces.  She  transfers  her  reasoning  from  one  to  the  other  with  the  detrimental 
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result  that  In  the  case  of  1 .  Identity  element  of  a  group  of  functions.  Is  confused  with  the  constant  1 . 
The  coincidental  correctnes  of  O  as  O  led  to  an  Inappropriate  generalisation  for  1  as  1 . 
Another  Interpretation  might  be  that  the  Incident  reported  here  is  an  instance  of  a  more  general 
contusion  about  the  meaning  of  t;Rn->R.  In  other  occurrences  of  this  kind  durir^these 
tutor  tries  to  resolve  the  confusion  by  simply  saying  that  fto-Kx,  x2.... xj=a  Is  a  real  number.  The 

students' usual  response  Is  silence. 

-Underlying  this  confusion  might  also  be  the  attitude  of  suspicion  that  students  have  towards  the 
constant  function.  As  a  result  of  their  'expectation  of  change'  they  often  do  not  see  constants  as 
functions  (12)  and  therefore  they  have  no  cognitive  structures  readily  available  to  confront 
constants  In  mathematical  problems.  The  following  extract  Illustrates  this  thought: 
(It  might  be  worth  pointing  out  at  the  above  as  a  case  of  exemplary  significance  for  my  research 
focus-  In  the  episode  I  can  recognise  themes  from  the  study  of  eptstemotoglcal  obstacles 
regarding  the  concept  of  function  -  for  example  as  In  (12)-  but  seen  In  the  relatively  little  explored 
context  of  vector  spaces.  This  element  of  enrichment  of  already  existing  theories  Is  a  substantial 
component  of  the  ongoing  main  study.) 

Extract  II  ,  .  , 

The  same  pair  of  students  as  m  Extract  I. 1  and  J.  In  an  Analysis  tutorial  five  weeks  later.  As 
usual  Student  J  remains  silent.  In  the  course  of  solving  a  problem  sheet  question  they  have 
deduced that  f.  the  function  they  study.  Isaconstant. 
TUTOR:  And  how  do  you  find  which  constant  It  Is? 
STUDENT  L:  ..let's  try  a  couple  of  values  forx. 
TUTOR:  And  which  value  is  obvious  to  try? 
STUDENT  I:  ...zero. 
They  try  It. 

TUTOR:  It  Is  a  constant  so  you  only  need  to  evaluate  at  one  point. 

Probably  by  bringing  In  the  strategy  she  Is  accustomed  to  use  with  linear  functions  (when  looking 
for  f(x)=ax+b  one  has  to  Identify  a  and  b.  that  Is  by  trying  /wo  values  for  x  one  gets  a  pair  of 
simultaneous  equations  with  a  unique  solution  (a.b)).  student  L  suggests  'trying  out  a  couple  of 
values  for  x'.  Interestingly  the  Incident  Is  repeated  m  another  tutorial  the  same  afternoon. 

On  fond  a  change  of  variable.  In  between  the  sub-episodes  of  the  two  'reverse'  questions  (see  in 
Extract  I  the  piece  In  square  brackets),  comes  the  discussion  of  the  problem  of  finding  the  matrix  of 
the  mapping  T:  V->V.  where  T  f(x)«f(x+l)  and  V  consists  of  continuous  functions  on  an  Interval. 
Now  f(x+a).f(x)+a  Is  true  tor  all  f  with  foO«x+b.  that  is  tor  oil  linear  functions  with  x-coefflclent  equal 
to  1  (or  in  visual  terms  the  change  of  variable  x->x+a  means  simply  that  we  'move'  the  line  y-x+b 
I  a  I  units  parallel  to  Its  Initial  position).  One  approach  could  be  that  again  the  student  has 
Inappropriately  generalised  from  the  linear  case.  In  these  tutorials  quite  often  the  students  have 
displayed  a  tendency  to  'generlclty  (6).  By  that  I  refer  to  a  particular  thinking  habit  of  the  students 
according  to  which  they  reflect  on  certain  concepts  not  in  their  general,  abstract  form  as  seen  In 
the  definition  but  m  a  concrete,  exemptary  form. 

Another  approach  could  be  that  the  student  has  attributed  to  f  a  series  of  properties  according  to 
a  strongly  personal  interpretation  (In  a  similar  vein  her  answer  could  have  been  f(x+l)-f(x)+f(l). 
which  is  true  for  f(x)-ax.  One  can  Imagine  several  'distorted'  properties  of  that  klnd).Conslderlng 
my  limited  exploration  of  the  case  -the  above  Is  only  a  speculative  analysis  of  the  observations 
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made  during  the  tutorials  - 1  can  carry  my  interpretation  of  the  instance  no  further.  Nevertheless, 
besides  Its  revealing  content  regarding  obstacles  inherent  In  the  understanding  of  the  concept  of 
function,  the  episode  Is  suggestive  about  the  methodological  constraints  of  observation  as  a 
method  to  access  the  learner's  thinking  mechanisms.  The  plethora  of  Instances  of  a  similar  nature 
prompted  me  to  consider  substantiating  the  data  produced  in  the  observation  sessions  of  the  main 
study  with  Interviews  In  which  clarification  and  further  discussion  of  the  observations  could  be 
attained.  This  Is  the  sense  in  which  observing  these  tutorials  paved  the  way  for  the  form  and 
content  of  the  ongoing  main  study. 

Instano  II:  A  fr«»h'  look  on  th«  definition  of  th»  finite  Integral  (From  S.DIFF.TOP) 
Th«  setting.  In  today's  tutorials  the  tutor  attempts  a  general,  light  Introduction  to  the  Lebesgue 
Integral.  For  all  pairs  of  students  she  starts  by  asking  them  how  they  were  introduced  to  integrals  at 
their  A-levels.  The  responses  from  all  of  them  are  exclusively:  either  (A)  'area  under  a  graph'  or  (B) 
'the  reverse  of  differentiation' .  The  former  is  pictorial,  the  latter  procedural.  Both  constitute  aspects 
of  a  concept  the  understanding  of  which  as  the  limit  of  a  sum  Is  in  Orton's  words  (10)  a  'stumbling 
block'.  Here  however  the  episode  Is  about  the  students'  perception  of  the  pictorial  aspect  of  the 
definition.  The  tutor  then  refers  to  the  Fundamental  Theorem  of  Calculus  and  says  that  'we  will  use 
(A)  to  prove  (B)'.  She  then  explains  the  Idea  of  approximating  the  area  under  the  graph  of  f  with 
calculating  the  area  of  'simpler'  figures.  In  one  of  the  tutorials  Greek  Student  T  suggests  using 
triangles:  maybe  this  Is  her  perception  of  'simpler  figures'.  Actually  In  Greek  Secondary  Education, 
where  the  syllabus  strongly  emphasises  Euclidean  Geometry,  calculating  the  area  of  a  triangle 
(  base  times  height  over  2 '  (O)  is  a  routine  task.  When  the  tutor  asks  her  to  give  the  formula  for  the 
area  of  a  triangle.  Student  T  stops  to  think,  attempts  (C)  but  soon  regrets  and  withdraws.  The  tutor 
then  brings  the  simplicity  of  rectangles  to  their  attention  and  goes  on  to  define  the  Integral.  In 
exactly  the  same  fashion.  In  the  tutorial  given  to  Students  JN  and  B  later  that  afternoon.  Student  JN 
suggests... 


Extract  III 

STUDENT  J:  ...trapezia. 

The  tutor  and  Student  B  laugh.  Then... 

STUDENT 8:...  strips  maybe. 

TUTOR:  Yes,  what  about  the  top  then? 

STUDENT  J: ...  well  Ignore  It. . .  and  make  it  a  rectangle. 


One  Interpretation  Is  that  the  student's  Image  of  the  situation  was  similar  to  the  one  llllustrated  In  the 
figures  below:  .  •^t\pt<  i  i 


That  Is  Student  JN  approximates  the  area  under  the  graph  as  the  sum  of  the  areas  of  the  trapezia 
such  as  ABCD,  where  C  is  (a|<+i,f(a|<+i))  and  D  Is  (a|<.  f(a|<)).  To  the  others'  laughing  reaction. 
Student  B  changes  to  strips  -and  It  might  be  hard  to  Imagine  how  these  'strips'  areas  are  easier  to 
calculate  (see  the  figure  above).  So  the  tutor  comes  back  with  what  could  be  credited  as  a  very 
constructive  comment:  'what  about  the  top  then?'  which  points  at  the  underlying  difficulty  In 
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calculating  the  ar^ar  J  those  'strips'.  Then  Student  JN.  possibly  seeing  the  'tops'  as  dispensable 
quantities,  suggests  'ignore  It  then...and  make  It  a  rectangle'  which  completes  what  I  saw  as  an 
instance  of  successful  mathematical  dialectics  among  three  keen  Interlocutors.  That  being  said 
probably  disqualifies  the  episode  from  being  classified  under  S.DIFF.TOP. ,  since  the  S.DIFF. 
category,  as  mentioned  before.  Is  of  a  'pathologlcat'  nature.  Initially  the  Instance  had  been 
classified  as  a  S.MATH.ORIG.  case  which  Included  Instances  of  tl  >o  students'  occasional 
mathematical  originality  and  Intuition.  However  a  closer  look  at  the  episode  allowed  me  to  Identify 
a  few  elements  of  the  students'  mathematical  behaviour  which  Justified  classifying  the  episode  as  a 
'student  difficulty'.  Such  an  element  Is: 

•  the  whole  route  from  trapezia  to  strips  and  finally  to  rectangles  seems  to  reflect  a  struggle 
In  the  students'  minds  to  recall  a  figure  associated  In  the  past  with  the  definition  of  th^  finite 
Integral.  One  might  leap  to  the  conclusion  here  that  theirs  Is  an  effort  to  reconstruct  the  memory  of 
a  definition ,  not  the  definition  Itself.  The  tutor  seems  to  expect  the  latter  from  them  because  she 
believes  that  they  possess  the  mathematical  tools  for  the  reconstruction.  One  could  also  argue 
here  that  this  play  with  memory  Is  orchestrated  by  the  tutor  whose  Intentions  are  to  elicit  the 
definition  from  the  students'  previously  established  knowledge. 

Another  possible  explanation  Is  that  the  word  'approximation'  evoked  In  the  student's  mind  the 
Trapezium  Rule  for  the  approximation  to  an  Integral  as  the  limit  of  a  sum  of  trapezia,  exact  only  for 
linear  functions,  used  In  the  first  years'  course  on  Analytical  and  Numerical  Methods.  However  as  In 
the  other  Instances,  due  to  the  limitations  of  exploring  knowledge  constructs  merely  thrra  iph 
Observation,  my  analysis  was  tied  down  to  the  level  of  hypothetical  speculation.  In  the  main  study  It 
is  aimed  that  such  occurrences  are  further  explored  In  the  Interviews  that  follow  observation. 

Irutanc*  til  Theowmi  ttrinntt  t*  flufc  eonrilHnn«  (from  S.DIFF.LOG.) 

Theorems  In  mathematics  are  of  the  form  'If^.then',  that  Is  we  can  Infer  the  truth  of  a  premise  on 
the  condition  that  certain  other  premises  are  true  (.Princ/plaMathemaficaB.Russon:  what  Is  implied 
by  a  true  premise  Is  true,  -my  italics).  The  mechanicsoi  this  implication  qiq  Illustrated  In  the  proof  of 
the  theorem.  Apparently  If  one  wishes  to  use  the  Implied  premise,  one  has  to  assure  that  In  the 
given  context  the  preliminary  premises  hold.  The  above  didactically  bring  In  the  crucial  Issue 
concerning  the  majority  of  students'  typical  mathematical  behaviour:  I  can  report  rather 
extensively  on  how  students  use  the  Implied  premises  of  theorems  without  securing  the  validity  of 
the  prerequisite  conditions  or  neglecting  some  of  them.  This  behaviour  could  be  linked  with  the 
more  general  phenomena  of  Inconsistency  regarding  students'  logical  thinking  (9)  The  examples 
from  the  observed  tutorials  Include: 

-  a  form  of  the  Mean  Value  theorem  (Differential  Calculus). 

-  the  test  for  the  convergence  of  alternating  series  (Sequences  and  Series), 

•  the  ratio  test  for  the  convergence  of  positive  series  (Sequences  and  Series)  and 

-  theorems  on  the  existence  of  an  Integral  of  a  function  (Integral  Calculus). 

It  Is  worth  noting  that  all  the  theorems  In  question  have  as  the  Implied  premise  not  a  worded 
statement,  but  a  formulaO.Q.  In  the  Mean  Value  theorem:  the  formula  for  the  value  of  the 
derivative  of  f  on  a  particular  point).  Thus  generalising  about  the  students'  behaviour  regarding  the 
use  of  theorems  Is  In  this  case  a  perilous  business.  A  preliminary  explanation  might  be  the  following: 
a  formula  Is  a  condensed,  succlnct-hence-handy  mathematical  expression  which  has  a  strong 
appeal  for  most  students.  Figuratively  speaking.  It  Is  like  the  'flying  sticks'  of  a  magician.  When  on 
stage  the  audience  Is  so  fascinated  by  the  ostensible  flying  of  the  sticks  that  the  presence  of  the 
almost  transparent  'Invisible'  strings  that  actually  hold  the  sticks  and  moke  them  move  remains 
unnoticed.  Of  course  the  audience  know  of  the  strings'  existence  but  the  spectacle  Is  so  pleasant 


to  me  eyes  that  they  prefer  to  forget  about  It.  Following  the  path  of  this  metaphor  the  stents 
have  most  frequently  a  good  grasp  and  memory  of  formulas.  They  see  them  «  *™*»te 
soMtlons  to  problems  -and  often  they  are.  Thus  at  the  sight  of  a  promising  formula,  they  operate  In 
a  state  of  'cognitive  excltemenf  and  ignore  the  conditions.  Let  us  now  take  a  closer  look  at  the 
particular  examples  on  which  the  above  theorising  Is  grounded. 

in  the  case  of  the  Mean  Value  ftwwi.  the  occasion  was  the  discussion  of  an  exam  question. 
Typical  form  of  these  exam  questions  is  to  start  with  what  I  call  the  'recognition  theme\  that  is  a 
question  that  Implies  that  the  student  has  to  recognise,  then  fully  state  a  weli-known  theorem  and 
occasionally  prove  it.  The  subsequent  parts  of  the  question  are  usually  tasks  in  which  the 
application  of  the  theorem  proved  In  part  (I)  Is  needed: 

TUTOR:  Y.  you  usuolly  apply  the  formula  of  the  theorem  without  looking  at  the  conditions... 
STUDENT  Y-  No.  this  time  I  did  (shows  her  draft  papers  and  they  laugh). 
The  reason  I  Include  this  example  Is  because  It  is  suggestive  of  thte  student's  problematic  handhng 
of  theorems  In  the  past.  Another  thing  which  I  find  noteworthy  is  the  relative  lightness  with  which 
the  situation  is  treated.  The  reason  for  the  tutor's  Inalertness  might  be  that  these  exam  questions 
are  'designed  to  fit'  the  undergraduates'  up-to^ate  knowledge.  It  Is  thus  more  likely  than  not  that  a 
mathematical  problem,  being  part  (II)  of  an  exam  question  with  the  Mean  Value  theorem  as  part 
0)  is  this  theorem's  application.  Therefore  In  the  tutors  perspective  very  littie  is  at  stakej «hen  the 
student  neglects  the  conditions.  It  Is  highly  unlikely  that  the  student  will  hit  upon  contradictions  and 
so  the  checking  out  of  the  conditions  Is  reduced  to  a  sheer  formality.  What  In  mis  case  seemsto  be 
totally  forgotten  Is  me  'power  of  habir.  A  student  who  cultivates  mis  attitude  may  escape  without 
any  harm  mis  particular  or  similar  situations  but  soon  will  find  herself  In  mcrmemaflcc illy  more  open, 
exploratory  situations  which  call  for  a  scrutiny  of  the  slightest  detail  and  me  student  will  be  hardly 
prepared  for  mat.  So  what  looks  now  as  lust  one  more  weary  detail  necessary  to  complete  the 
answer  In  an  exam  question,  might  turn  out  to  be  a  carrier  of  potential  eplstemologrcal  bugs  for 
the  near  future. 

in  the  case  of  me  Alternating  S«*t  Ttt,  'I  know  1  am  missing  me  conditions',  admits  one  student  In 
her  effort  to  retrieve  everything  from  memory.  Despite  me  almost  obvious  conditions  mat  woukJ 
make  me  Test  work,  the  students  do  not  see  mem.  What  escapes  mem  Is  simply  the  neceMHy  of 
ttv.  condMofW  They  are  merely  concerned  with  (and  thus  remember)  only  me  'useful  part  of  me 
meorem.  Its  conditions  are  sheer  paraphernalia.  Later  on  another  couple  displays  a  similar  attitude 
wim  me  Ratto  T»*for  port**  min*  They  do  not  seem  to  know  what  the  role  of  me  ratio  Is.  which 
features  of  the  series  in  question  It  measures  and  how  these  features  link  up  with  the  definition  of 
convergence.  Integral  calculus  appears  to  be  particularly  conducive  to  negligence  of  me 
conditions  of  theorems.  With  Its  self-contained  integral  formulas,  students  are  'tempted  In  a 
cognitive  sense  to  neglect  me  conditions  under  which  me  formulas  hold.  The  issue  fought  up  here 
is  of  a  more  general  appeal.  Conditions  in  theorems  play  me  role  of  progressive  restrictions  to  me 
generality  of  a  statement.  They  are  me  outcome  of  an  •xcMioo  pfoc«a  during |  which 
mathematicians  verify  for  which  family  of  mathematical  ob]ects  this  formula  ™*-0™  m  aM 
wonder  whether  students'  behaviour  regarding  the  handling  of  theorems  partly  reflects  mis 
developmental  order,  mat  Is  whether  they  behave  m  such  a  way  because  they  are  somehow  at 
an  earlier  stage  of  mis  exclusion  process,  that  Is  at  me  stage  of  deceptively  believing  In  the 
generality  oft he  formula.  Again  me  evidence  from  these  Instances  provided  me  w,m  an  Interesting 
dimension  of  me  students'  thinking  the  further  scrutiny  of  which  seems  to  be  worth  pursuing  In  the 
main  study. 
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(Insteod  on  An  Epilogue 

The  pilot  study  was  carried  out  m  the  Spring  of  1993.  The  following  academic  year  I  started  the  data 
collection  for  the  main  study  which  is  currently  going  on.  The  main  characteristics  of  this  study 
which  can  also  be  seen  as  'aftermath'  of  the  pBot  study  could  be  outlined  as  follows: 
-  Quantitatively  Increased  material:  a  wider  sample  of  students  Is  currently  being  observed.  This  Is 
expected  to  add  richness  and  diversity  to  the  data. 

-Most  students  are  being  interviewed  on  what  appears  to  be  the  'common  denominator  of 
trouble'  during  the  tutorials  or  the  core  of  problematic  features  In  the  students  mathematical 
understanding.  For  instance,  the  notion  of  limit  (via  delta-epsilon  definition),  the  handling  of  'Iff 
statements  In  Calculus  or  the  concept  of  a  Spanning  Set  from  Vector  Analysis  emerged  as  some  of 
the  particularly  Interesting  areas  to  be  explored  -  mainly  In  terms  of  the  remarkable  consistency  of 
the  students'  difficulties  In  these  topics  which  Implied  the  existence  of  underlying  patterns  -  In  the 
first  weeks  of  observation  In  Autumn  1993.  The  Interviews  carried  out  In  December  1993  were 
designed  to  Illuminate  students  perceptions  on  these  topics.  I  thus  attempt  to  go  beyond  the 
degree  of  Interpretation  to  which  I  was  tied  down  during  the  pilot  study  because  of  lack  of 
sufficient  evidence  emanating  from  observation.  The  tutorials  observed  during  the  main  study  are 
also  being  tape-recorded. 

-The  diversity  of  topics  handled  Is  still  high  despite  my  tentative  gradual  concentration  on  some  of 
them.  The  reasons  for  that  are:  first,  the  sometimes  unpredictable  nature  of  the  mathematics 
tutorial  and  second,  my  openness  to  the  exploration  of  new  unsuspected  territories. 
-Finally,  the  main  study  aspires  to  Investigate  students'  thinking  processes  with  the  dual  Intention  of 
verifying  models  of  these  processes  created  by  other  researchers  and  of  modifying  (enriching) 
these  models  or  even  creating  a  new  model  emerging  from  the  Identified  patterns  of  the  students' 
pathology  of  mathematical  understanding.  Depending  on  the  nature  of  the  collected  material  this 
model  can  turn  out  to  be  either  mathematical-topic  or  psychological-process  focused. 
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We  are  conducting  research  and  designing  tools  for  the  learning  of  the 
mathematics  involved  in  the  shape  of  real  objects.  This  paper  focuses  on  a 
case  study  of  a  high  school  student  using  a  computer-based  device,  with 
which  one  can  produce  functional  graphs  of  contours  and  their  slope,  by 
tracing  real  objects.  The  selected  episodes  describe  her  explorations  of  the 
slope  of  a  flat  board.  The  analysis  details  how  she  used  the  tool  to 
visualize  slope,  to  enrich  ideas  and  techniques  that  she  had  learned  in 
school,  and  to  develop  relationships  with  the  everyday  experience  with  tilt 
and  steepness. 


The  notion  of  slope  is  a  meeting  point  of  ideas  from  a  wide  range  of  sources: 
graph  interpretation,  the  experience,  of  steepness,  sense-making  of  equations,  rate  of 
change,  and  so  forth.  In  American  schools  slope  is  introduced  in  the  context  of 
linear  equations  and  graphs.  It  is  commonly  identified  with  the  coefficient  "m"  of 
linear  equations  of  the  form  y=mx+b,  and  with  a  ratio  technique  to  quantify  the  tilt  of 
a  straight  line  on  a  grid,  which  is  known  to  students  as  "rise  over  run." 

There  are  two  main  strands  of  research  literature  on  the  learning  of  slope. 
One  focuses  on  students'  understanding  of  linear  behavior  and  the  representation  of 
straight  lines.  Studies  include  investigations  of  students'  difficulties  with  the 
visual  interpretation  of  linear  graphs  displayed  by  computer  graphers  (Goldenberg, 
1988),  the  complexity  inherent  in  students'  learning  the  correspondence  between 
linear  equations  and  Cartesian  graphs  (Moschkovich  et  al.,  1993,  Confrey,  1993),  the 
reinterpretation  of  common  terms,  such  as  "steepness,"  that  students  have  to 
negotiate  as  they  begin  to  make  sense  of  linear  equations  (Moschkovich,  1993),  and 
students'  use  of  linear  devices,  such  as  winches  and  springs,  in  which  slope  is 
produced  by  a  mechanism  (Greeno,  1988;  Meira,  in  press).  Another  strand  of 
research  (Clement,  1989;  Janvier,  1978;  McDermott  et  al.,  1987)  focuses  on  students' 
interpretation  of  linear  and  non-linear  graphs  representing  situations,  such  as  the 
motion  of  cars  or  the  population  of  animals.  Within  this  strand,  researchers  have 
often  emphasized  students  mistakes  like  "slope  as  height"  or  "graph  as  a  picture." 

This  paper  is  a  partial  report  of  our  research  exploring  alternative  approaches 
to  learning  about  slope.  This  work  is  part  of  our  interest  in  the  use  and  design  of 
computer-based  tools  to  measure  and  represent  geometrical  properties  of  real 
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physical  objects.  The  core  of  the  paper  is  a  case  study  based  on  a  teaching 
experiment  with  a  high  school  student,  Karen,  using  a  device,  the  Contour 
Analyzer.  The  software  can  be  used  to  create  functional  graphs  of  height  vs. 
distance  (horizontal  distance)  and  slope  vs.  distance  on  a  computer  screen,  by 
tracing  the  surface  of  an  object.  Although  this  paper  is  based  on  episodes  with 
Karen,  the  issues  that  emerge  are  relevant  to  the  analysis  of  all  the  teaching 
experiments.  Throughout  the  analysis  I  highlight  three  aspects:  (1)  The 
relationship  between  Karen's  learning  to  visualize  slope  in  an  object  and  her 
inquiries  into  how  the  tool  can  "see"  slope,  (2)  the  junctions  and  disjunctions 
between  her  experience  in  this  teaching  experiment  and  what  she  had  learned  in 
school,  and  (3)  the  role  of  a  qualitative  understanding  encompassing  the  common 
experience  with  steepness  and  the  shape  of  objects. 


This  exploratory  study  involved  individual  teaching  experiments  (Cobb  &  Steffe, 
1983)  with  three  high  school  students.  I  interviewed  the  students  over  three  or  four 
sessions  during  which  I  posed  to  them  a  sequence  of  problems  that  incorporated 
ideas  from  the  students  themselves.  Between  sessions,  the  videotapes  were 
analyzed  to  design  the  subsequent  activities.  The  students  used  a  tool  to  trace  the 
surface  of  any  object  along  a  certain  plane.  Figure  1  shows  it,  the  Contour 
Analyzer,  with  a  flat  board  resting  on  a  turning  table.  The  bearings  of  the  board  can 
be  varied  independently  of  the  turning  of  the  table.  To  create  a  graph  of  height  vs. 
distance  on  the  computer  screen  one  moves  the  cursor  by  hand  over  the  surface.  A 
software  option  allows  one  to  generate  the  graph  of  slope  vs.  distance.  Two  different 
sets  of  graphs  can  be  displayed  simultaneously. 


Karen  was  in  the  11th  grade.  She  had  taken  algebra  I,  geometry,  biology, 
chemistry  and,  at  the  time  of  the  teaching  experiment,  was  taking  algebra  II  and 
physics.  She  planned  to  pursue  a  career  in  science,  possibly  in  biology.  Karen 
commented  that  she  was  not  very  good  "at  theory"  and  that  she  did  better  in  science 


2.  Methodology 
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than  in  math.  Her  parents  were  very  supportive  of  her  interest  in  science.  She 
disliked  that  in  math  "little  mistakes  ruin  the  whole  thing."  Karen  characterized 
mathematics  using  the  words:  "perfect,"  "rules,"  "repetition,"  "nothing  ever 
changes";  in  science,  on  the  other  hand,  there  is  always  something  new  and 
unexpected.  In  science,  she  said,  one  needs  intuition.  "I'm  usually  interested  in 
what  I'm  doing,"  said  Karen  emphasizing  that  she  had  a  l(ft  of  initiative  for  science 
projects.  About  her  teachers  Karen  said  "they  think  that  I'm  a  very  good  student,  I 
have  a  close  relationship  with  them."  She  liked  the  school  labs  because  "something 
unexpected  may  always  happen."  During  the  teaching  experiment  Karen  was 
active  and  talkative.  She  wanted  to  be  useful  for  the  research  project,  and  her 
engagement  never  seemed  to  decline. 

4.  Commented  Excerpts 
The  selected  excerpts  took  place  during  the  first  two  sessions  and  reflect  her 
work  with  the  flat  board,  before  she  started  to  investigate  curved  surfaces.  At  the 
beginning  of  the  teaching  experiment  I  asked  Karen  to  think  of  the  cross  sections  of 
a  paper  cup.  Karen  cut  paper  cups  with  scissors  to  think  about  the  transformation 
of  the  cross  sections  when  an  imaginary  cutting  plane  turned.  Then  I  introduced 
her  to  the  Counter  Analyzer  using  a  tilted  flat  board.  As  I  moved  the  cursor  on  the 
board,  Karen  commented:  "Oh,  so  you're  kind  of  getting  coordinates."  Karen  easily 
predicted  that  the  contour  graph  would  be  a  straight  line  showing  the  tilt  of  the 
board.  This  is  how  she  described  the  contour  graph  produced  by  the  Contour 
Analyzer: 

Karen:  So  it's  [the  computer  graph]  measuring  exactly  where  it  [the  cursor]  is  as  if 
that  [the  cursor  plane]  was  like  a  sheet  of  paper  (...),  and  we  just  pulled  it  [the 
sheet  of  paper]  off  and  put  it  up  here  [on  the  computer  screen]. 

Karen  copied  the  computer  graph  on  a  paper  sheet  (see  Graph  1).  Then: 
Ricardo:   So  if  you  would  like  to  indicate  somehow  the  steepness  of  this  contour 

[Graph  1],  how  would  you  talk  about  the  steepness? 
Karen:  Steep,  you  mean  as  in  slope? 
Ricardo:  Or  slope,  yes. 

Karen:  The  only  steepness  I  know  about  is  slope  from  math  class.  Well,  I'd 
probably  set  it  up  on  a  graph  that  I  can  see.  And  either  count  it  out  or  I  could  use, 
if  I  could  remember  the  formula,  I  believe  it's  rise  over  run,  to  figure  out  slope  for 
a  link  on  a  graph.  And  in  that  way  I  guess  you  could  figure  out  iis  steepness, 
don't  know  any  other  methods. 
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Graph  1,  by  Karen  Graph  2,  by  Ricardo 

Ricardo:  Let's  think  of  a  graph  of  slope  versus  distance.  What  do  you  think?  How 
would  the  graph  look  like? 

Karen:  OK,  well,  it's  [Graph  1]  a  straight  line  so  the  slope  isn't  going  to  change.  So 
if  it's  slope  versus  distance  it  again  would  be  a  straight  line  and  it  would  probably 
be  straight  across  [gesturing  a  horizontal  line],  like,  what's  the  word  I'm  looking 
for,  slope  0,  where  it's  straight  horizontal?  I  believe  that's  right. 

Karen's  drew  a  graph  of  slope  vs.  distance  with  a  line  on  the  horizontal  axis. 

To  further  justify  her  prediction  she  drew  the  little  triangles  shown  in  Graph  1  and 

said: 

Karen:  If  you  took  a  reading  here  [gestures  the  upper  triangle  on  Graph  1]  it  would 

be  the  same  thing  as  down  here  [anot'ter  triangle].  The  slope  hasn't  changed  a  bit 

because  it's  nice  and  straight. 

Karen  thought  of  the  slope  function  as  indicating  degree  of  straightness.  She 
merged  this  notion  with  her  school-learned  definition  of  "rise  over  run"  that 
included  the  visual  construction  of  the  small  triangles.  Then  we  looked  at  the  slope 
graph  on  the  computer  screen.  It  displayed  a  horizontal  line  but  below  the  axis. 
Karen  was  puzzled  ?>y  the  non-zero  slope  graph: 
Ricardo:  Then  your  intuition  is  that  no  matter  how  the  plane  is 
Karen:  Tilted,  it  shoutd  have  been  zero,  because  the  board  is  not  bending  that  much 

that  I  can  see.  Of  course  I  don't  have  that.  You  know.  You  don't  see  very,  very 

fine  details  on  the  board  such  as  a  computer  might. 

Note  how  she  dealt  with  the  counter  evidence  by  invoking  ihc  above-human 
computer  capabilities  to  "see"  details.  I  asked  Karen  about  the  meaning  ov  a  positive 
slope  graph: 

Ricardo:  Let's  say  that  there's  something  that  has  the  slope  like  this  [drawing 
Graph  2],  that  is  horizontal  but  not  zero,  can  you  imagine  what  that  could  be?  Do 
you  understand  what  I  mean? 
Karen:  Kind  of.  I've  run  into  this  before  in  class,  but  it's  been  a  while.  It  was  back 
at  the  beginning  of  the  year  so  I'm  a  little  rusty.  M  I  know  is  when  something  is 
a  slope  of  2,  it's  like  2  over  1.  So  it's  like  up  two  for  every  one  over.  But  I'd  have  to 
count  thit  out  on  a  grid.  Well,  I  just  thought  of  something  now.  One  of  the 
reasons  it  [a  slope  graph]  might  be  below  the  zero  is  because  it's  going  down,  and  it 
might  be  a  negative  slope.  Where  if  it  was  going  from  the  bottom  off  to  the  upper 
right,  it  might  be  above  the  zero. 
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After  a  failed  attempt  to  use  the  "rise  over  run"  idea  ("I'm  a  little  rusty,"  she 


said),  Karen  experienced  an  insight  regarding  the  interpretation  of  the  slope  sign 
based  on  the  dichotomy  going  down/going  up.  Then  Karen  recalled  her  school 
experience  using  a  motion  detector  to  create  graphs  of  velocity  vs.  time  and  feeling 
perplexed  by  the  sign  of  the  velocity,  because 

Karen:  even  if  you  were  still  increasing  speed  it  would  go  the  other  way.  And  it's 
like  counting  negatives,  the  numbers  go  up,  and  it  gives  you  the  illusion  of  it 
getting  bigger  really  when  it  isn't.  (.  .  .  ) 

Ricardo:  Do  you  see  a  connection  between  velocity  and  slope? 

Karen:  Only  the  way  that  it's  read  on  a  graph.  I  don't  know  if  velocity  has  anything 
to  do  with  the  slope,  because  if  I  rolled  that  [the  cursor]  very  slowly  and  then  I 
rolled  it  very  quickly  it  should  still  give  you  the  same  reading.  I  was  just  thinking 
of  how  you  read  a  graph  like  that. 

Karen  recognized  a  resemblance  between  velocity  and  slope  in  how  one  has  to 
read  their  graphs.  The  connecting  experience  was  that  for  both  of  them  going 
"down"  to  the  negative  meant  "less,"  even  though  the  moving  object  may  move  faster 
or  the  board  bearing  may  be  steeper.  To  test  her  idea  about  slope  sign  we  tilted  the 
board  the  "other  way"  and  measured  with  the  Contour  Analyzer.  As  Karen  was 
preparing  the  experiment  she  articulated  another  issue  that  would  reappear  several 
times  in  our  conversation:  an  observer  standing  on  "the  other  side"  of  the  board 
would  "see"  the  opposite  sign  for  its  slope  because  going  up  from  left  to  right 
becomes  going  down-. 

Karen:  Of  course  if  we  stand  on  any  other  side  that  would  mess  up  everything.  If 
you  think  about  it  we' could  be  reading  it  from  the  wrong  side.  So  it  depends  on,  as 
I  said,  this  [the  computer]  is  probably  all  calibrated  just  to  that  screen  [to  seeing 
the  board  from  her  angle].  So  we  have  to  have  that  in  mind. 

Often  Karen  reflected  on  how  one  has  to  look  at  the  object  in  order  to  be 
consistent  with  the  computer.   For  example,  after  noticing  that  if  one  turns  the 
computer  monitor  180  degrees  it  does  not  show  the  correct  tilt  of  the  board,  she  said: 
Karen:  You  have  to  be  looking  straight  at  the  computer  on  the  same  side  as  you're 
reading.    Otherwise  you  get  totally  thrown  off.  That's  one  of  the  set  backs  of  a 
computer.  It  doesn't  understand  that. 

The  device  embodied  for  her  a  particular  way  of  "seeing"  the  board;  learning  to 
adopt  the  instrument's  perspective  (among  all  the  possible  ones  that  were  available 
to  her)  was  for  Karen  a  key  aspect  in  making  sense  of  the  computer  graphs. 
Karen's  new  interpretation  of  slope  sign  reopened  the  question  of  zero  slope.  I  asked 
her:  "What  would  that  mean?  The  slope  of  zero.  How  to  get  that  one?"  Karen 
envisioned  two  possibilities  for  the  zero  slope:  a  horizontal  or  vertical  board.  She  felt 
more  inclined  to  the  latter  and  tried  to  use  the  "rise  over  run"  idea: 
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Ricardo:  Something  like  this  [putting  the  board  vertical!  would  have  a  slope  of  zero? 
Karen:  I'm  trying  to  remember.  I  can't  remember  at  the  moment.  Because  the 
height  changes  but  the  distance  doesn't.  So  it  would  be  one  over  zero.  Actually  I 
shouldn't  say  that.  I  would  be  maybe  10  over  0.  And  whenever  you  divide  a 
number  by  zero,  I  believe  it's  either  zero  or  the  null  set.  I  can't  remember  which 
way.  I  think  it's  zero  divided  by  something  is  zero.  And  a  number  divided  by.  A 
non-zero  number  divided  by  zero  would  be  a  null  set,  because  I  don't  believe  that 
one  exists  or  it  might  be  imaginative  and  I  wouldn't  know  about  it,  because  I 
haven't  learned  anything  about  that  yet.  But  that  very  well  might  be  what  I  had  in 
mind  earlier.  And  the  closer  and  closer  and  closer  you  get  to  zero  [vertical  board] 
the  closer  (.  .  J  they  [the  slope  graphs]  should  reach  toward  the  zero  line. 

Reacting  to  the  difficulty  of  inferring  the  "rise  over  run"  ratio  for  the  vertical 
board,  Karen  developed  a  limit  approach.  She  avoided  the  intractable  vertical  case 
by  postulating  a  trend  in  the  variation  of  slope  as  the  board  turned.  We  then 
measured  twice  with  the  Contour  Analyzer  setting  two  different  tilts  for  the  board. 
Karen  expected  that  the  steeper  one  would  produce  a  slope  graph  closer  to  zero.  But 
the  experimental  graphs  varied  in  the  opposite  direction: 

Karen:  All  right.  So  it's  not  what  I  thought.  It's  just  the  opposite.  It  moved  further 
away.  Hmmm.  So  if  the  plane  was  more  horizontal  maybe  that  would  bring  it 
closer  to  zero. 

After  Karen  measured  the  slope  of  a  horizontal  board,  I  asked  her  to  describe 
what  happens  to  the  slope  as  the  board  turns  from  the  horizontal  to  the  vertical 
position: 

Karen:  Um,  it  increases  until  you  get  to  the  point  where  it's  perfectly  straight 
[vertical]  and  then  maybe  it.  I  don't  know  how.  I  want  to  say  jump,  but  it  changes 
to  negative  once  it's  gone  past  so  there  must  be  an  explanation  for  what  straight  up 
and  down  is.  I  just  don't  know  what  it's  called.  (.  .  .  )  When  it  [the  board]  hits 
there  [the  vertical],  it  [the  slope]  suddenly  drops  and  starts  the  other  way. 

Note  how  she  characterized  the  vertical  slope  not  as  being  infinitely  large,  but 
as  an  abrupt  "jump"  from  positive  to  negative.  Her  analysis  shows  that  Karen 
visualized  the  vertical  and  horizontal  bearings  not  as  isolated  cases,  but  as 
landmarks  within  a  continuum  along  which  slope  changes. 

During  the  next  session  we  had  the  board  tilted  with  a  positive  slope,  and  I 
asked  Karen  what  would  change  if  we  traced  the  board  moving  the  cursor  left  to 
right  or  right  to  left.  Karen  reasoned  that  the  slope  would  change  sign  because  it 
would  be  equivalent  to  turning  the  board  180  degrees  or  seeing  it  from  "the  other 
side."  So  we  traced  the  board  twice,  once  from  left  to  right  and  once  from  right  to 
left.  The  slope  graphs  on  the  computer  screen  were  identical. 
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Karen:  Actually,  it  looks  the  same.  This  is  a  smart  computer.  Good  trick.  Exactly 
the  same  (  .  .  ■)  The  point  is  they're  both  positive.  So  that  changes  my  idea  now. 
The  thing  is  how  does  it  [the  computer]  know  that  we  just  simply  moved  it  [the 
cursor]  the  other  way?  It  must  have  been  something  that  we  did. 

Striving  to  figure  out  how  the  computer  might  "ignore"  the  direction  on  which 

the  cursor  is  moved  determining  the  slope,  Karen  elaborated  an  alternative  scheme: 

Karen:  Unless  this  [the  computer]  somehow  knows  it  always  has  to  move  in  a 
certain  direction  [right  to  left]  to  get  a  negative  slope  when  moving  upward.  (.  .  .  ) 
Say  you  have  an  x  y  axis,  negative  direction  [right  to  left],  upward  [bottom  to  top] 
and  that  would  be  a  negative  slope. 

Throughout  the  ensuing  conversation  Karen  recalled  the  school  idea  of  the 

quadrant  of  signs  and  commented: 

Karen:  Because  as  far  as  math  goes,  multiplication  and  division  which  would  be 
involved  with  the  slope  ■■  when  it's  two  different  signs  it  will  always  be  negative. 
When  it's  the  same  sign  for  both  it  will  always  be  positive.  So  maybe  that's  what 
it's  [the  computer]  reading. 

Note  how  Karen  felt  compelled  to  rethink  slope  sign  as  she  strived  to 
understand  how  the  computer  could  figure  it  out. 

Turning  the  round  table  holding  the  board,  I  asked  Karen  :  "Now  let's  imagine 
what  happens  as  you  rotate  this  plane."  Karen's  initial  reaction  was  drastic:  "Oh, 
that  throws  things.  Everything's  off."  She  thought  that  the  slope  graph  may  become 
curved.  She  started  to  imagine  the  movements  of  the  cursor  on  the  board  for  the 
different  bearings  of  the  round  table: 

Karen:  So,  just  a  second  [observing  the  board].  (.  .  .  )  Just  thinking  about  how  I  said 
I  think  the  slope  might  change  [as  the  board  turns].  That's  what  I'm  kind  of 
seeing.  I'm  now  trying  to  imagine  that  [the  cursor]  running  across  as  I'm  doing 
it,  because  really  I'm  thinking  about  it  as  I'm  moving  it  [the  cursor] 

By  simply  moving  the  cursor  of  the  Contour  Analyzer  on  the  board,  Karen 

achieved  a  sense  of  what  to  look  at  as  the  round  table  turned,  without  measuring. 

She  predicted  the  following  changes  for  the  height  and  slope  graphs: 
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5.  Conclusion 

The  former  episodes  illustrate  how  the  Contour  Analyzer  may  become  a  means 
to  experiment  on  how  to  visualize  the  slope  of  a  flat  board.  Karen  sought  to  figure 
out  what  is  that  the  tool  was  "seeing"  and  how  it  differed  from  other  ways  of  seeing 


o 

ERIC 


1006 


■350— 


that  were  available  to  her.  As  Karen  learned  to  visualize  the  slope  of  the  board  she 
adopted  certain  points' of  view  (e.g.:  looking  at  the  board  from  a  given  side),  identified 
conventions  (e.g.:  going  up  from  left  to  right  is  negative),  and  imagined  how  the 
cursor  would  move  on  the  surface  (e.g.:  her  prediction  of  the  changes  due  to  the 
rotation  of  the  turning  table).  Karen's  struggle  to  incorporate  what  she  had  learned 
in  school,  such  as  the  rule  "rise  over  run,"  shows  the  limitations  of  a  reductionist 
view  of  mathematical  concepts,  that  is,  of  their  ultimate  reduction  to  formal 
definitions  and  algorithms;  it  also  indicates  the  potential  richness  of  learning 
mathematics  as  an  exploration  of  the  common  experience  with  objects  and  events. 
Qualitative  analysis  was  a  key  aspect  of  Karen's  learning,  such  as  when  she  reacted 
to  the  difficulties  on  applying  the  ratio  technique  to  the  vertical  board  by  resorting  to 
a  limit  process  ("and  the  closer,  and  closer,  and  closer  you  get  .  .  .  ")  and  when  later 
she  thought  of  the  vertical  limit  as  a  sudden  jump  from  positive  to  negative  slope. 
We  expect  that  future  research  and  tool  design  along  these  lines,  will  create  new 
means  for  the  learning  of  the  mathematics  involved  in  the  shape  of  common 
objects. 
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FIVE  FINGERS  ON  ONE  HAND 
AND  TEN  ON  THE  OTHER 

A  case  study  in  learning  through  interaction 

DagmarNeuman 

The  University  of  G6teborg,  Department  of  Education  and  Educational  Research 

In  a  phenomenographic  cross-sectional  study.  105  7-year-old  school  starters  were  interviewed 
with  the  goal  of  understanding  how  they  experienced  part-whole  relations  of  numbers  within  the 
range  1-10.  This  study  was  the  starting-point  of  a  two-year  teaching  experiment  with  two  classes. 
One  child,  who  had  been  seen  to  have  hardly  any  understanding  of  number  in  the  interview  study, 
took  part  in  interactive,  problem-oriented,  individual  interview  lessons  twice  a  week  during  the  two 
years.  The  topic  of  this  presentation  is  the  kind  of  interaction  between  pupil  and  teacher  through 
which  she  began  to  understand  the  part-whole  relations  of  number  by  distinguishing  the  ordinal  and 
the  cardinal  meaning  of  the  counting  words  and  by  experiencing  structural  isomorphism  between 
numbers,  and  how  the  pupil-teacher  interaction  was  influenced  by  the  earlier  cross-sectional  study. 

Background 

In  two  earlier  PME-presentations  (1989,  1992),  I  have  described  parts  of  a  phenomenographic 
study  (Neuman,  1987),  in  which  105  children,  starting  school  at  the  age  of  7  in  Sweden,  were 
interviewed  immediately  after  school  started.  The  motive  for  the  study  was  to  identify  how  children 
experience  number  and  counting  before  they  have  received  formal  instruction  in  mathematics.  It 
became  the  starting-point  for  a  two  year  teaching  experiment  with  two  classes  from  which  all  pupils 
had  been  interviewed  (Neuman,  1987).  The  study  showed  that  certain  ways  of  understanding  the 
pan-whole  relations  within  the  'basic  numbers'  -  within  the  range  1-10  -  seemed  to  result  in 
knowledge  of  the  kind  which  is  usually  referred  to  as  'retrieved  number  facts'.  The  teaching  experi- 
ment aimed  to  examine  the  possibility  of  bringing  about  such  understanding  by  giving  all  pupils 
experiences  of  these  part-whole  relationships,  through  interactive  and  laborative  teaching.  This 
understanding  seemed  to  be  formed  in  a  concrete  sense  when  children  represented  numbers  with  their 
fingers  in  different  ways. 

About  15%  of  the  school  beginners,  however,  had  not  yet  understood  that  it  is  possible  to  repre- 
sent numbers  concretely.  Three  pupils  did  not  even  seem  to  understand  counting  as  relating  one 
counting  word  to  each  counted  object  (see  Neuman,  1989).  One  of  these  pupils  was  Jenny  (J),  and 
she  came  to  me  for  individual  interview  lessons  twice  a  week,  on  average,  during  the  years  of  the 
teaching  experiment.  Our  lessons  mirrored  those  going  on  in  the  class  room  but  were  also  directed  to 
more  specific  problems  experienced  by  J  and  a  few  other  pupils.  One  goal  of  these  interview  lessons 
was  to  acquire  a  more  detailed  understanding  of  the  character  of  interactive  learning,  taking  the 
preceding  phenomenographic  cross  section  study  as  its  starting-point.  The  interview  lessons  were 
tape  recorded  and  transcribed,  and  their  analysis  provides  the  base  of  this  study. 

J  was  the  only  one  of  the  105  pupils  interviewed  who  could  not  answer  any  question  correctly. 
She  knew  the  counting  word  sequence  up  to  and  including  13,  after  that  came  18  and  there  the 
sequence  stopped.  During  one  of  her  first  interview  lessons  she  revealed  that  she  actually  did  not 
know  the  sequence  after  8.  She  could  not  say,  for  instance,  how  old  her  half-sister,  Marion,  was.  J 
knew  that  she  herself  was  seven,  and  that  she  would  be  eight  next  birthday,  and  also  that  she  would 
then  be  as  old  as  Marion  now  was.  But  she  could  not  say  that  Marion  was  nine  without  counting 
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from  one.  J  was  an  'under  stimulated'  child.  She  had  a  very  poor  command  of  Swedish.  She  did  not 
like  to  talk,  she  did  not  recognise  colours,  she  did  not  learn  the  names  of  her  class  mates  during  the 
whole  of  the  first  term,  and  so  on.  Even  though  J's  poor  language  made  the  interview  lessons  mea- 
gre, of  all  those  who  were  interviewed  she  was  the  most  interesting  pupil  to  follow  individually 
because  of  her  almost  total  lack  of  understanding  of  number  when  she  started  school. 
The  teaching  experiment 

To  understand  the  background  for  cenain  elements  in  the  individual  lessons  with  J,  something 
needs  to  be  said  about  the  way  in  which  J  was  taught  in  the  class  room.  The  teaching  experiment  her 
class  was  involved  in  set  out  from  knowledge  acquired  in  the  earlier  interview  study,  which  showed 
that  many  school  beginners  experience  numbers  as  'continuities',  not  divided  up  into  units,  and  that 
these  pupils  mix  the  ordinal  and  the  cardinal  meaning  of  the  counting  words.  Therefore,  during  the 
first  months,  the  children  played  a  game  related  to  a  story  of  'the  Long  Ago  land'.  In  this  land  there 
were  no  counting  words,  no  digits,  no  measures,  no  coins,  no  schools  with  a  subject  called  'maths' 
on  the  time  table.  There  was  no  maths  at  all.  But  from  time  to  time  problems  popped  up,  demanding 
different  kinds  of  'maths'.  Then  the  people  in  the  Long  Ago  land  -  the  pupils  and  the  teacher  - 
together  created  the  knowledge  they  needed  for  the  moment. 

The  game  began  with  problems  arising  in  a  series  of  situations  where  two  servants  thought  they 
had  not  been  fairly  treated.  They  had  got  continuous  quantities  -  'golden  sand',  'oil  for  their  lamps', 
'golden  bars',  'beautiful  silk  brocade'  and  so  on  -  as  payment  for  work  they  had  done  for  the  King 
and  Queen.  Since  the  two  quantities  always  appeared  in  different  forms  they  could  not  decide  by  eye 
if  the  King's  cashier  had  been  fair  or  not.  "We'll  have  to  measure',  some  children  suggested.  There 
were  no  measures,  but  the  children  always  invented  some,  and  in  this  way  they  began  to  experience 
that  continuous  quantities  must  be  divided  up  into  units  to  be  compared.  A  concept  of  measuring  -  an 
important  starting  point  for  development  of  a  conception  of  number  -  began  to  be  formed.  On  one 
occasion  water  -  oil  for  the  lamps  -  had  to  be  measured.  A  plastic  glass  was  chosen  as  a  measure  and 
was  emptied  over  and  over  again  into  a  bucket.  But  then  the  units  disappeared  and  it  was  impossible 
to  observe  whether  or  not  there  had  been  the  same  number  of  units  in  the  two  vessels.  At  this  point  in 
the  story  the  children  felt  strongly  that  they  needed  number  symbols.  Some  proposed  they  put  up  one 
finger  for  each  unit,  others  that  they  should  draw  one  stroke  each  time  a  glass  was  emptied. 

Later,  when  discrete  quantities  were  being  measured,  it  was  often  impossible  for  the  children  to 
perceive  the  large  number  of  strokes  the  cashier  had  drawn,  for  instance,  one  for  each  sheep  paid  as 
tax  to  the  King.  Trun  the  number  became  perceptible  by  using  'V  as  the  symbol  for  the  left  hand 
with  four  fingers  'glued'  together,  and  'X'  as  a  symbol  for  two  hands  with  the  thumbs  crossed. 

The  reason  for  introducing  Roman  numerals  -  which  had  been  used  in  their  ancient  form,  once 
pictures  of  our  hands,  where  4  was  MI  and  9  was  Villi  -  was  not  only  that  they  were  pan  of  the 
story,  but  also  that  several  children  in  the  earlier  study  had  shown  how  they  used  their  fingers  as  if 
they  were  Roman  numerals:  they  avoided  splitting  up  the  first  hand.  It  was  seen  that  this  idea  of  an 
'undivided  5'  was  responsible  for  creating  the  powerful  pan-whole  structure  of  the  'basic  numbers' 
which  would  eventually  enable  answers  to  word  problems  to  be  given  spontaneously,  without 


counting.  When  the  fingers  were  used  in  this  way  in  a  'building  up  subtraction',  e.g.  2  +  _  =  9,  or  in 


four  of  the  nine  fingers  put  up  initially  were  split  into  2  +  2.  Then  the  answer  could  easily  be  read  off 
as  Seven-  or  Two-  respectively,  as  in  VII II.  The  fingers  used  in  this  way  lent  a  structural  isomor- 


larger  pan  became  the  first.  Some  children  'thought  with  their  hands'  in  this  way,  illustrating  their 
thoughts  with  their  fingers.  Others  did  not  refer  to  fingers  at  all,  but  still  illustrated  a  similar  'bigcest 
first'  structure  in  the  more  abstract  number  experiences  they  expressed. 

In  the  teaching  experiment,  the  Roman  numerals  were  later  translated  to  our  modem  digits,  and  the 
counting  words  were  introduced.  The  ordinal  '  ounting  numbers  were  introduced  as  well,  since  sev- 
eral children  had  used  the  cardinal  words  sometimes  with  an  ordinal  and  sometimes  with  a  cardinal 
meaning  in  the  interview  study;  to  begin  with,  the  children  might  say  'number  four',  'number  five', 
and  so  on,  if  they  found  the  ordinal  words  difficult. 

Jenny's  problem:  Which  counting  word  denotes  the  last  part  of  a  number? 

The  first  interview  lesson  with  J  began  at  this  point,  about  two  months  after  school  started.  In  this 
presentation  a  brief  summary  will  be  given  of  what  happened  in  the  seven  first  lessons,  held  during 
the  period  28/10  -  22/1 1 .  An  important  theme  during  the  first  year  of  the  experiment  was  to  help  all 
children  develop  the  structural  isomorphism  of  the  part-whole  relations  within  the  basic  numbers 
which  some  school  starters  illustrated  that  they  had  constructed  with  the  help  of  their  fingers.  This 
theme  was  also  taken  up  with  J  from  her  first  individual  lesson.  I  took  the  experience  of  S  plus  S 
fingers  making  10  fingers  altogether  is  being  a  suitable  starting-point  for  introducing  tiiis  theme. 

In  the  first  interview  lesson  (28/10)  I  therefore  ask  J  how  many  fingers  she  has,  and  she  answers: 
'Five.'  -  'But  on  both  hands?'  I  add.  J  has  to  count  her  fingers  before  she  can  answer  this  question. 
I  then  point  to  one  of  J's  hands,  saying:  'On  that  one  you  had  ...  ?'  and  J  answers  directly:  'Five.' 
After  that  I  point  to  her  other  hand  asking:  'And  there?'  J  sits  quietly,  moving  her  lips  as  if  she  is 
counting.  Then  she  answers:  Ten.'  I  ask  how  she  has  counted,  and  she  says:  'I  took  six,  then  it's 

seven  'n'  eight  nine,  ten'  -  'Yes,  then  you  got  how  many  there  are  on  both  hands,  see?'  1  say. 

Then  I  ask  J  to  sit  on  the  hand  to  which  I  pointed  when  she  said  'five,'  and  add:  'Now  let's  just 
count  here',  pointing  to  the  hand  she  is  not  sitting  on.  But  J  makes  no  attempt  to  count.  Finally  1 
prompt  her  to  count  with  me:  'one,  two,  three,  four,  five.' 

I  began  to  understand  that  it  might  be  hard  to  teach  J  that  5  +  5  fingers  make  10  fingers.  Partly  she 
could  not  say  'nine'  or  'ten'  without  counting  from  one,  and  partly  she  did  not  understand  how  to 
denote  the  last  pan'  of  a  number  -  the  one  where  the  first  object  was  not  related  to  the  word  one. 

There  were  fourteen  pupils  in  the  interview  study  who  several  times  used  the  counting  words  in 
the  way  J  was  now  using  ther",  for  denoting  the  last  part  of  a  number;  but,  they  did  not  do  so  when 
they  talked  about  their  fingers.  For  instance,  in  a  guessing  game,  where  they  had  already  counted  9 
buttons  which  were  then  hidden  in  two  boxes,  they  might  repeatedly  guess  that  there  were  some 
number  of  buttons  in  one  box  but  still  nine  in  the  other  one.  J  had  not  made  guesses  like  that  in  the 
guessing  game  in  the  earlierthtewiew  study;  she  had  guessed,  for  instance,  that  there  could  be  eleven 


a  take  away  subtraction',  e.g.  9  -  7  =  _, 


these  subtractions  were  solved  in  the  same  way:  the  last 


phism  (Frcudenthal,  1983)  to  all  pan- whole  relations  of  the  'basic  numbers'  larger  than  five:  the 
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buttons  in  one  box  and  nine  in  the  othei.  Of  course,  I  asked  her  if  she  remembered  that  there  were 
nine  buttons  hidden  in  the  boxes  altogether,  and  when  she  answered  'Yes'  I  went  on  asking  if  she 
thought  it  was  possible  that  eleven  buttons  could  be  hidden  in  one  of  them.  Again  she  answered: 
'Yes.'  Her  next  guess  was  twelve  plus  thirteen  and  the  last  one  thirteen  plus  eighteen.  I  asked  her 
again  if  she  remembered  how  many  buttons  there  were  together  in  the  two  boxes,  and  she  said 
'Nine,'  yet  made  no  attempt  to  change  her  guesses  (Neuman,  1987,  pp  97-98).  My  interpretation  of 
these  guesses  was  that  J  had  not  experienced  counting  as  relating  each  counted  object  to  one  counting 
word,  when  she  thought  of  the  buttons  she  had  counted  earlier.  If  she  had  done  so.  no  buttons 
would  have  been  related  to  the  words  eleven,  twelve,  thirteen  and  eighteen  in  her  guesses. 

Now,  two  months  later,  however,  J  seems  to  experience  numbers  in  the  same  way  as  those  chil- 
dren who  made  guesses  of  the  kind  'two  in  that  box  and  nine  in  that',  which  seems  to  be  a  more  ad- 
vanced knowledge  than  that  J  demonstrated  in  the  interview  study.  First,  it  indicated  an  under- 
standing of  counting  as  relating  one  counting  word  to  each  counted  object,  since  no  words  outside 
the  number  range  1  -  9  appeared  in  guesses  in  the  guessing  game.  Second,  contrary  to  Piaget's 
( 1 969)  interpretation  of  those  answers  -  that  children  cannot  separate  part  from  whole  -  to  me  they 
seemed  to  illustrate  an  early  understanding  of  the  whole  number  as  being  constituted  of  its  parts, 
even  if  the  children  could  not  yet  communicate  this  knowledge  in  a  mathematically  correct  way.' 

The  way  in  which  J  used  the  number  words  to  denote  the  last  part  of  numbers  was  of  a  general 
kind.  It  did  not  only  concern  the  fingers  and  not  only  the  number  combination  5151 10. 

When  J  compares  a  rod  made  up  of  five  cubes  to  one  made  up  of  six  cubes,  for  instance,  through 
putting  one  onr  the  top  of  the  other,  and  I  ask:  How  many  more  units  are  there  in  this  rod?'  pointing 
to  the  single  cube  that  is  jutting  out  in  the  rod  with  six  cubes,  she  says:  'Six.'  In  spite  of  the  fact  that 
I  take  away  this  single  cube  -  and  J  then  understands  that  it  is  only  one  cube  -  she  later,  when  asked 
about  how  many  more  units  there  are  in  a  rod  made  of  seven  cubes  than  in  one  made  of  five,  says: 
'Six'  (under  her  breath) ...  'Seven!'  pointing  to  the  two  cubes  that  are  jutting  out  below  the  '5-rod. 
'Yes,  it's  the  sixth  and  seventh,  is  that  what  you  mean?'  I  say,  pointing  to  the  two  cubes  'Mmm,'  J 
mumbles.  'And  they're  together? ...  If  you  count  them ...  ?  How  many  are  there  then?'  J  looks  at  me 
uncomprehendingly,  and  suddenly  I  become  aware  of  how  peculiar  my  question  must  seem  to  her. 
According  to  her  idea  of  counting,  she  has  already  counted  these  cubes,  when  she  said:  'Six,  seven'. 
I  find  no  words  to  convey  what  I  want  to  say  to  J.  Finally  /  count:  'One,  two'  adding  'the  six  and  the 
seven,  there  are  two  of  them.'  -  'Mmmm  ...  ?'  J  mumbles,  just  as  mystified  as  before. 

We  had  a  'maths  train'  in  which  there  were  ten  dolls,  placed  in  five  pairs,  five  dolls  in  each  of  two 
rows.  J  talked  about  these  dolls  in  the  same  way  as  she  talked  about  her  fingers:  there  were  five  dolls 
in  one  row,  ten  dolls  in  the  other  and  'ten'  dolls  also  in  the  two  rows  together. 

The  same  thing  happened  when  I  put  out  two  piles  of  plastic  glasses  -  five  in  each  pile  -  or  when 
we  divided  up  a  'rod',  which  J  herself  had  made  of  ten  unifix  cubes,  into  two  similar  parts.  Every 
lesson  I  hid  five  of  the  glasses  (cubes,  dolls,  fingers),  while  I  asked  J  to  count  those  not  hidden.  And 


1  This  interpretation  was  grounded  in  the  fact  that  for  'take  away'  subtractions  these  children  answered  with  a  word 
related  to  the  last  unit  thought  of  backwards,  a  word  different  from  the  last  word  of  the  whole  (see  Neuman,  1989). 
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every  lesson  she  counted  'One,  two,  tl.ree,  four,  five,'  finally  establishing  that  there  were  five 
objects.  Yet,  as  soon  as  these  five  objects  were  included  again  among  the  ten  constituting  the  whole, 
J  generally  thought  that  there  were  five  in  the  first  part,  ten  in  the  second  and  ten  in  the  whole. 

On  two  occasions,  however,  when  J  had  made  two  rods  of  five  unifix  cubes  and  put  them  togeth- 
er, I  began  to  hope  that  she  had  finally  understood  how  to  u;:e  the  counting  words  to  denote  the  last 
pan.  She  said,  without  hesitation,  that  there  were  five  in  each  rod,  even  when  they  had  been  put 
together.  Yet,  suddenly  I  remembered  that  I  should  also  ask  how  many  cubes  there  were  in  the  new 
rod.  My  hopes  were  dashed.  Without  counting  J  said  that  there  were  five  cubes  in  this  rod  as  well. 
Thus,  when  ten  was  divided  up  into  two  parts  5  +  10  made  10,  since  then  J  first  had  counted  to  ten. 
and  related  the  last  cube  to  the  word  'ten'.  But  when  ten  was  constructed  of  two  fives  5  +  5  made  5, 
since  then  the  last  cube  in  the  last  part  had  been  related  to  the  word  five,  when  it  had  been  counted. 

Several  times  I  put  the  palms  of  J's  hands  together,  illustrating  to  her  that  for  each  finger  on  one 
hand  there  is  also  one  finger  on  the  other  hand:  five  fingers  on  each  hand.  This,  however,  was  of  no 
help.  J  surely  knew  that  her  first  hand  had  exactly  as  many  fingers  as  the  second  one.  What  she  did 
not  understand  was  how  to.  use  the  counting  words  to  communicate  this  knowledge. 

The  five-structure  constituted  by  the  hands  was  emphasized  in  all  kinds  of  number  representations 
larger  than  five.  When,  for  instance,  unifix  cubes  were  used  to  represent  numbers  the  first  five  cubes 
got  the  same  colour,  and  another  colour  was  used  for  the  cubes  from  the  sixth  one  and  on.  When  J 
had  constructed  such  a  'rod'  of  six  cubes,  for  example,  I  often  asked  her  first  to  give  me  six  cubes 
and  the  sixth  cube,  and  then  to  represent  six  cubes  and  the  sixth  cube  with  her  fingers.  She  was  also 
asked  to  write  the  number  of  cubes  and  fingers,  using  the  Roman  numerals.  To  begin  with  she  wrote 
IIUI  for  five  cubes  or  fingers,  but  rather  soon  she  began  to  use  the  sign  for  the  hand,  'V,  for  five, 
and  the  one  for  the  two  hands  with  the  thumbs  crossed,  'X',  for  ten.  There  was  structural  isomorph- 
ism between  the  six  'rods',  the  six  fingers  and  six  written  in  Roman  numerals,  something 
Freudenthal  (1983)  believed  to  be  of  importance  for  an  early  intuitive  perception  of  number. 

I  observed,  however,  that  J  always  chose  the  first  fingers,  dolls,  cubes  and  so  on  in  a  row  when 
asked  to  show  a  number.  To  help  her  understand  that  three  can  be  any  three  objects,  I  asked  her  to 
take  three  dolls,  and  then  three  other  dolls,  to  put  up  three  fingers,  and  then  another  three  fingers, 
also  pointing  to  the  difference  between  'the  finger  number  3'  -  the  3  first  fingers  -  and  '3  fingers'. 
Yet,  only  after  prompts  did  J  sometimes  hesitantly  show  objects  other  than  the  first  ones.2 

In  the  classroom  lessons  the  children  had  learned  to  write  the  ordinal  and  cardinal  numbers  in  dif- 
ferent ways,  the  ordinal  ones  as  la,  2a,  3e  and  so  on  (equivalent  to  1st,  2nd,  3rd  in  English).  Once  J 
and  I  gave  the  dolls  paper  labels  with  such  ordinal  numbers  on  and  put  them  into  a  queue,  pretending 
that  they  were  going  to  enter  a  skiing  competition.  This  numbering  of  the  dolls  was  a  great  comple- 
ment to  the  ordinal  counting  words,  which  J  was  still  unable  to  use,  not  even  in  the  simple  form 
'number  five,  number  six'.  While  J  looks  away  I  take  two  dolls,  and  ask  'How  many  are  there 

2  Freudenthal  (1983)  underlines  thit  children's  use  of  fingers  might  Tie  impeding  rather  than  favouring  the 
constitution  of  number'  (p  56),  since  it  is  always  the  same  triple  or  quadruple  of  fingers  «»t «  'fled.  Bjr Jinsiancei » 
show  the  age.  This,  however,  often  concerns  concrete  representations  other  than  fingers,  as  well,  someUiing  illustrated 
even  by  other  pupils  than  Jin  the  experiment.  Therefore  the  kind  of  exercises  described  here  seem  to  be  important 
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here?'  -  Two,'  J  says.  'Can  you  write  Roman  numerals  under  the  dolls  to  say  how  many  there  are?' 
1  go  on,  putting  the  dolls  on  the  paper  in  front  of  J.  She  writes  II,  one  stroke  for  each  doll.  Then  I 
ask  her  to  translate  the  Roman  numerals  to  'our  own  numerals'  and  she  writes  '2'  below  'IT.  After 
that  I  show  J  the  numbers  on  the  dolls'  labels,  asking:  "Which  numbers  are  they  wearing?'  'A  seven 
and  a  two'  J  answers.  'But  two  and  seven  -  the  second  and  the  seventh  -  they're  two  dolls  aren't 
they?'  I  go  on,  pointing  first  to  the  dolls  and  then  to  the  n  and  the  2  that  is  written  below. 

'Yees.'  J  has  taken  away  the  dolls  while  I  am  talking  and  is  now  making 
a  drawing  of  them.  She  writes  7e  above  the  first  and  2a  above  the  second  doll 
(fig  1 ).  That  gives  us  an  excellent  opportunity  to  talk  about  'number  two'  and 
'number  seven'  being  two  dolls  -  one,  two,  if  you  count  them  -  in  spite  of  the  I  IM  I-  Fig  1 
fact  that  they  are  called  the  second  and  the  seventh  when  they  are  in  the  queue.  This  is  just  like  J  and 
I  being  two  'girls'  in  spite  of  the  fact  that  we  are  called  Jenny  and  Dagmar.  We  take  two  other  dolls 
several  times,  and  discuss  them  and  write  in  the  same  way.  J  writes  the  ordinal  numbers,  but  she  still 
goes  on  to  use  the  words  'two'  and  'three',  instead  of  'number  two'  and  'number  three'  -  or  'the 
second'  and  'the  third'  -  when  she  talks  about  single  dolls  with  certain  positions  in  the  queue. 

On  Nov  18th  the  first  question  of  the  lesson  again  concerns  how  many  dolls  there  are  in  the  'maths 
train'.  After  a  pause,  when  J  counts  under  her  breath,  she  answers:  Ten,'  and  I  go  on  as  usual:  'And 
how  many  are  there  in  that  row?'  -  'Five'  (at  once).  -  'How  many  in  this  row,  then,  J?'  After  an 
endlessly  long  pause  J  finally  says:  There  are  five  here  and,  then  ...  nearly  the  same.'  -  'Only 
nearly?  -  'Yes.'  J  seems  to  begin  to  waver  between  her  two  conceptions.  Sometimes  it  seems  right 
to  think  of  the  last  doll  as  'five',  sometimes  as  'ten',  in  spite  of  the  fact  that  there  are  exactly  the  same 
number  of  dolls  in  the  two  rows.  'Maybe,'  she  seems  to  think,  'I  can  say  there  are  almost  the  same 
as  five  in  the  second  row.'  However,  my  astonished  exclamation:  'Aren't  there  exactly  the  same?!' 
convinces  J  that  this  is  not  a  good  idea,  and  she  hesitantly  answer :  'Mm?'  to  my  question.  'Yes, 
exactly  five!  Exactly  the  same  as  there!'  I  add-decidedly.  J  says  nothing.  She  just  looks  confused. 
Some  minutes  later  I  ask  How  many  fingers  have  you  got  on  this  hand  then?'  pointing  to  one  of  J's 
hands.  'Five!'  the  answer  comes  immediately,  as  usual.  'How  many  on  the  other  one  then?'  Now 
there  is  once  more  an  endless  pause,  before  J  gives  her  usual  answer  to  this  question:  Ten'. 

In  the  last  lesson  to  be  described  (22/1 1)  I  put  all  the  dolls  pell-mell  on  the  table,  and  put  a  piece  of 
paper  in  front  of  J  on  which  I  write  en  equals  sign.  The  children  have  used  the  equals  sign  in  the 
classroom  from  the  very  first  lesson,  meaning  at  first  that  the  two  servants  have  been  fairly  treated, 
and  J  knows  that  there  must  always  be  a  similar  number  of  'units'  on  each  side  of  this  sign.  The 
word  'unit'  has  also  been  used  in  many  contexts  in  the  class  from  the  outset.  'J,  do  you  remember 
how  many  dolls  there  were  altogether?'  I  ask,  but  J  can  still  not  remember  that.  'It  was  the  same 
number  as  you  have  fingers'  I  add.  'Five',  J  says.  'Yes,  you've  got  five  fingers  on  that  hand,  yes'.  I 
point  to  one  of  her  hands.  'But  there's  a  lot  more  than  five  here  ...  as  many  as  all  your  fingers  ... 
How  many  fingers  have  you  got?'  I  show  her  all  my  fingers.  J  quietly  counts  her  own  fingers  and 
answers:  Ten.'  -  'Mmm,  and  there're  ten  dolls  as  well ...  There  were  five  there,  as  many  as  on  one 
hand,  and  five  here!'  I  put  five  fingers  into  the  empty  holes  where  the  first  row  of  dolls  had  sat,  and 
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five  in  the  holes  of  the  second  row  .  .'Now  let's  share  out  these  dolls,  you  and  me, ...  so  we  get  just 
as  many  each.  ...  Do  you  think  you  can  do  that?...  Share  them  between  us?'  J  does  not  seem  to 
understand  what  'share  them  between  us'  means.  She  just  sits  quietly,  looking  at  the  dolls.  'We  can 
take  it  in  turns  to  take  one'  I  say.  'First  I'll  take  one  ...  '  J  just  says  'Mmm'  uncomprehendingly. 
'How  many  have  I  got  now?'  -  'One.'  -  'Now  you  can  take  one!'  J  takes  my  doll.  'Are  you  going  to 
take  that  one?!'  I  cry,  astonished,  but  I  understand  when  I  see  'la'  written  on  its  label.  I  tell  J  that 
this  is  the  doll  I  have  chosen,  and  that  I  want  to  keep  it.  She  has  to  take  another  doll.  J  begins  to  grub 
aimlessly  in  the  pile  of  nine  dolls  that  are  left.  I  tell  her  that  she  can  take  any  doll,  but  in  the  end  I 
have  to  turn  all  the  dolls  over,  so  that  their  numbers  cannot  be  seen,  before  J  will  take  a  doll  from  the 
pile.  It  happens  to  be  the  one  with  '2a'  written  on  it.  We  establish  that  we  both  have  the  same  number 
of  dolls:  one  doll  -  one  unit  -  on  each  side  of  the  equals  sign.  J  writes  T  below  each  doll. 

After  that  we  both  take  another  doll,  and  I  ask:  'How  many  have  you  got  now?'  -  Two.'  -  'And 
me  ...?'  -  Two.'  -  'I  took  the  first  and  the  third  -  one  and  three  ...  And  which  did  you  get?',  1  go 
on.  'One  ...',  J  hesitates.  'No,  you  got  ...  ?'  -  'Uhh,'  J  wriggles.  'Which  is  this  ...  it's  ...  ?'  J 
counts  quietly  and  says:  'Number  ten.'  Now,  for  the  first  time,  she  uses  the  early  ordinal  expression 
'number  ten'  instead  of  the  cardinal  word  'ten'  that  she  has  used  earlier.  'So  you  got  ...?'  I  go  on. 
'Number  two'  J  says  at  once  'You  got  number  ten  and  number  two  ...  and  I  got  number  three  and 
number  one  ...  And  there  are  two  of  them!'  I  point  first  to  my  dolls  and  then  to  hers.  We  each  take 
one  doll  more,  and  '111*  is  now  written  on  both  sides  of  the  equal  sign.  Then  I  say:  'I've  got  number 
three  and  number  one  and  ...  ',  prompting  J  to  go  on.  'A  number  four',  J  says.  Now  she  is  partly 
trying  to  say  that  there  is  one  doll,  and  partly  that  this  doll  is  the  fourth,  or,  as  she  says  'number 
four'.  'And  you've  got ...?'  I  say.  'Number  nine  and  number  two  and  (J  counts)  number  ten'. 

We  go  on  until  we  have  five  dolls  each.  When  I  then  ask  which  dolls  J  has,  she  says  'A  number 

seven,  and  a  number  eight,  and  then  a  (counts)  ten  and  two  and  nine'.  Ten'  is  so  hard  that  she 

forgets  to  use  the  ordinal  number  words  when  she  has  arrived  at  the  doll  with  '10e'  on  its  slip  of 
paper.  'Which  have  I  taken?'  -  'A  number  six  ...  number  five,  number  three,  number  one,  number 
four'.  Now  she  is  using  the  ordinal  counting  words  again.  -  "Have  we  got  as  many  dolls  each?'  1 
ask,  and  J  answers:  'Yes.'  I  ask  J  to  write  five  in  another  way,  pointing  to  'IIIH',  saying:  This  is 
five  as  well,  isn't  it',  showing  my  hand.  J  writes  'V  below  'IIIH'  on  both  sides  of  the  equal  sign, 
and  I  prompt  her  to  put  an  equal  sign  between  the  two  V-symbols  as  well.  She  „„,  "i  . 
does  so  (fig  2).  'Can  you  write  how  many  there  are  with  another  numeral  as  .  vj 

well,  like  those  we  have  on  telephones?'  I  say,  and  J  writes  '5'  below  each         c,    '  b 
'V.  'Now  you've  told  me  how  many  we've  got  in  two  different  kinds  of  f\^\ 


and  says  'Ten'.  Then  she  writes  'X'  on  her  own  initiative.  'Yes,  Ihere're  ten  dolls  . . .  five  dolls  and 
five  dolls  make  ten  dolls.  Can  you  write  ten  here  with  the  other  numerals?'  I  ask,  and  J  writes  '10'. 

After  that  I  ask  the  usual  question:  'How  many  fingers  have  you  got  on  this  hand?  -  'Five  (at 
once).  -  'And  on  this  hand?'  Now  something  unforeseen  happens.  Almost  before  I  have  posed  the 
question  J  shouts  'Five!'  -  'You  know  it!!'  I  exclaim,  astonished  and  very  happy.  The  lesson  then 


numeral',  I  add.  'Now  ...  how  many  have  we  got  all  together?'  J  counts  quietly 


Fig  2 
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goes  on  with  some  other  themes,  but  before  it  is  finished  J  has  to  put  the  dolls  back  into  their  train. 
Then  I  say,  just  to  see  J's  reaction:  How  many  are  five  plus  five,  then?'  To  my  surprise  J  immedi- 
ately begins  to  count  under  her  breath  and  answers  'ten',  in  spite  of  the  fact  that  I  have  used  the 
abstract  and  general  expression  'five  plus  five'.  To  test  if  my  growing  hope  is  to  be  dashed  once 
more,  1  pose  the  same  question  in  a  new  context:  I  ask  how  many  toes  J  has.  She  takes  the  shoe  and 
sock  off  one  foot  and  begins  to  count:  '(mumbling)...  four  five  ...  I  know  they,  that  they're  ... 
(mumbling).'  -  How  many  toes  in  your  other  sock,  then?'  I  ask.  Once  again,  J  immediately  shouts 
'Five!!'  happily  and  with  great  confidence.  Now,  however,  comes  the  critical  question:  'And  how 
many  are  there  on  both  feet?'  J  seems  to  have  expected  this  question,  beginning  her  counting  even 
before  1  have  posed  it,  since  again  -  happily  and  almost  immediately  -  she  exclaims:  Ten!!' 
Conclusion 

The  goal  of  the  teaching  experiment  and  the  interview  lessons  was  to  find  out  if  it  was  possible, 
through  interactive  and  laborative  teaching,  to  deliberately  form  a  consciousness  of  the  part-whole 
relations  within  the  basic  numbers  which  several  school  starters  seemed  to  have  formed  already  in  the 
school  starter  study.  J  had  actually  acquired  one  'number  fact',  namely  5  +  5  =  10,  by  the  last  lesson 
of  the  period  described  here.  That,  however,  was  not  acquired  through  drill  in  number  facts.  It  was 
anchored  in  understanding  of  the  counting  words  and  of  how  part-whole  relations  of  numbers  can  be 
communicated  through  them.  And  it  was  a  knowledge  generalized  from  experiences  of  'structural 
isomorphism'  between  fingers,  toes,  Roman  numerals,  dolls,  cubes,  glasses,  and  also  between 
different  numbers  of  fingers. 

My  starting  point  for  designing  the  teaching  experiment,  and  also  for  communicating  with  J,  was 
my  knowledge  of  the  early  conception  of  number  expressed  by  those  children  in  the  school  starter 
study  who  denoted  the  last  part  of  the  number  (experienced  by  them  as  a  kind  of  continuity)  by  the 
number  word  related  to  its  last  unit.  The  goal  was  to  change  this  experience  to  an  experience  of  the 
part-whole  relations  of  all  the  'basic  numbers'  as  similarly  structured  and  related  to  correct  denota- 
tions. The  way  in  which  J  had  learned  that  5  +  5  =  10  helped  her  to  understand  quite  quickly  that  5  + 
3  =  8, 5  +  4  =  9, 6  +  3  =  9,  6  +  4  =  10  and  so  on,.  The  result  of  the  teaching  experiment  was  that  in 
the  interviews  carried  out  at  the  end  of  grade  2  all  pupils  in  the  experiment  classes  -  even  J  -  could 
use  this  knowledge  for  addition  and  subtraction  over  the  10-border  within  the  number  range  1-100, 
without  the  help  of  fingers  or  any  other  kind  of  concrete  aid.  This  result  was  very  different  from  that 
of  a  control  group,  where  there  were  children  in  the  grade  2  evaluation  who,  when  the  guessing 
game  was  played,  still  guessed  that  there  were  9  buttons  in  one  box  and  3  in  the  other. 
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Constructing  Meanings  for  Constructing: 
An  exploratory  study  with  Cabri  Geometre 

Richard  Nosy.  Celia  Hoyles,  Lulu  Healy  and  Reinhardt  Hoelzl 
Institute  of  Education,  University  of  London 

We  further  develop  our  work  on  the  ways  in  which  computational  media  structure 
children's  mathematical  expression  and  understandings.  In  this  paper,  our  focus  is  on 
dynamic  geometry  environments.  We  describe  the  problem-solving  strategies  developed 
by  a  group  of  twelve-year-old  students  during  their  interactions  with  Cabri  Giometre. 
By  presenting  two  case  studies,  we  focus  on  how  and  when  interactions  with  the 
computational  objects  of  Cabri  enabled  students  to  make  links  between  their  informal 
intuitions  and  more  formal  geometrical  representations. 

Throughout  our  investigations  of  mathematics  learning  within  computational  settings,  we  have  been 
interested  in  the  dialectical  relationship  between  the  medium  and  the  mathematics  (see  Noss  and 
Hoyles  1992).  We  have  described  how  students  frequently  construct  and  articulate  mathematical 
relationships  which  are  general  within  a  microworld,  yet  are  interpretable  and  meaningful  only  by 
reference  to  the  tools  available:  students  can  construct  situated  abstractions.  Additionally,  we  have 
described  how  a  computational  setting  can  be  exploited  by  the  student  to  provide  computational 
scaffolding  onto  which  they  may  hang  their  developing  ideas.  We  have  provided  examples  of  both 
these  theoretical  notions  by  reference  to  students'  work  in  a  variety  of  software  settings,  and 
recently  we  have  turned  our  attention  to  Dynamical  Geometry  Environments  such  as  Cabri 
Geometre  (see  Hoyles  and  Noss  1993).  Laborde  similarly  (1992)  recognises  that  the  features 
provided  within  different  kinds  of  geometry  software  (Cabri,  Geometric  Supposer,  Logo)  may 
affect  the  solution  process.  Thus,  despite  the  fact  that  Cabri  simulates  ruler  and  compass 
constructions,  it  creates  a  different  situation:  for  example,  while  paper-and-pcncil  geometry  needs 
only  one  type  of  point,  Cabri  geometry  needs  to  distinguish  three;  on  a  sheet  of  paper  an 
intersection  point  is  simply  marked  with  a  pencil  where  two  geometrical  object*  intersect,  whereas 
on  the  Cabri  screen  it  has  to  be  explicitly  constructed.  In  fact,  some  construction  procedures  which 
are  totally  correct  in  a  paper-and-pencil  setting  become  inadequate  in  a  Cabri  environment  (see 
Capponi  &  Straesser  (1992). 

In  our  research,  part  of  which  is  reported  here,  we  took  as  our  focus  geornetry-with -Cabri 
rather  than  geometry- with-pencil.  The  aims  of  the  research  were  three-fold:  to  explore  issues 
concerning  the  learning  of  geometry  which  are  brought  to  our  attention  by  looking  through  the 
window  of  Cabri;  to  investigate  the  problem  solving  strategies  students  develop  while  interacting 
with  Cabri;  and  probing  the  ways  students  constructively  generate  mathematical  ideas  within  the 
Cabri  setting. 

Since  Cabri  Geometre  was  introduced  at  ICME 1988  in  Budapest,  a  wealth  of  examples  has 
been  developed  that  illustrates  the  impressive  range  of  school  geometry  which  is  amenable  to  its  use 
(Schumann,  1991).  Cabri  is  often  regarded  as  a  microworld  for  'guided  discovery  learning' 


—  360— 


(Laborde  &  Straesser,  1990)  in  which  tl«j  concepts  associated  with  geometrical  relationships  are 
brought  hto  focus.  Other  similar  softwixe  such  as  Geometer's  Sketchpad  and  The  Geometry 
Inventor  have  alio  caught  the  imagination  of  mathematics  educators,  particularly  in  the  US. 

In  contrast  to  the  abundant  illustrations  of  Cabri'a  potential,  there  appears  to  leu  published 
reports  which  investigate  if  and  how  students  exploit  Cabri  to  assist  them  in  solving  geometry 
problems  or  into  the  nature  of  students'  conceptions  of  Cabri  geometry.  There  is  a  need  to 
understand  the  potentials  and  the  pitfalls  of  using  DGE's,  and  to  examine  what  students  believe 
they  ate  doing  and  why.  To  take  one  example,  one  of  Cabri'a  main  features,  the  so-called  'drag 
mode',  allows  a  drawing  to  be  moved  around  the  screen  while  preserving  the  underlying 
construction.  It  is  this  feature  which  highlights  the  importance  of  making  an  explicit  distinction 
between  'drawing'  and  'figure'  (Paraysz,  1988;  Laborde.  1991;  Straesser.  1991).  Laborde  (1991) 
points  to  the  fact  that  it  is  not  yet  at  all  clear  how  students  interpret  the  drag  mode,  while  Straesser 
(1992),  who  analysed  students'  construction  and  proofs  in  the  setting  of  a  Cabri  square,  concludes 
that  although  dragging  provided  a  means  to  mediate  between  the  concepu  of  drawing  and  figure, 
this  'mediation  can  only  be  used  at  the  cost  of  an  explicit  introduction  and  analysis,  a  continuous 
use  of  this  feature  and  an  —  at  least  implicit  —  distinction  between  empirical  and  theoretical 
concepts  in  a  construction  task'  (p  16). 

One  of  the  issues  we  explore  in  this  paper  is  how  students  use  Cabri  to  scaffold  the  move 
from  an  empirical  to  a  more  theoretical  approach. 

The  setting  for  the  study 

We  have  been  conducting  case  studies  of  eight  12-year-old  students  working  with  Cabri  over  a 
period  of  five  sessions,  each  lasting  one  and  a  half  hours.  The  students  worked  in  pairs  with  us 
during  their  mathematics  lessons  in  a  room  set  aside  in  their  school.  These  students  had  not  been 
introduced  in  any  formal  way  to  Euclidean  Geometry  —  indeed  the  newly-imposed  "National 
Curriculum'  in  the  UK  is  more  or  leu  unencumbered  with  Geometry  altogether.  We  therefore  had 
both  a  pedagogical  problem  and  a  research  opportunity.  On  the  one  hand,  we  could  take  nothing  for 
granted:  while  words  like  'perpendicular'  might  be  vaguely  familiar  to  some  of  the  students,  the 
notion  of  pencil -and- ruler  construction  would  be  totally  alien  to  all.  On  the  other  hand,  this  lack  of 
background  knowledge  gave  us  the  chance  to  study  first-hand  how  students  make  sense  of 
geometrical  ideas  with  Cabri  without  bringing  to  their  work  a  variety  of  notions  derived  from 
experience  with  the  traditional  technologies  of  pencil,  ruler  and  compass. 

Introducing  Cabri:  We  decided  against  giving  a  quick  course  in  paper  and  pencil 
constructions  prior  to  the  Cabri  work  in  order  that  we  could  probe  how  students'  spontaneous 
approaches  to  constructions  when  they  were  equipped  with  Cabri  tools.  As  a  way  into  the  Cabri 
work  which  would  connect  with  prior  experiences,  we  encouraged  the  students  to  construct  their 
own  designs  —  Cabri  as  a  drawing  tool! 

But  how  to  introduce  the  notion  of  dragging  in  the  context  of  drawing  to  students  who  had 
no  idea  of  geometrical  construction?  After  considerable  discussion  among  ourselves,  we  hit  upon 
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the  idea  of  messing  up  —  after  a  figure  was  drawn  it  could  be  dragged  (by  anybody,  including  us) 
to  see  if  the  relationships  between  the  objects  within  it  moved  together  in  •  sensible  way.  For 
example  if  a  'face'  had  been  drawn,  the  eyes  and  nose  would  be  expected  to  stay  inside  the  outline 
of  the  head!  In  this  way,  we  hoped  that  students  would  begin  to  conceptualise  the  distinction 
between  drawing  and  figure.  Although  not  completely  unproblematic,  we  found  messing-up  to  be  a 
powerful  idea.  It  has  given  us  a  language  in  common  with  our  students,  provided  a  rationale  for 
constructing  rather  than  'drawing'  and  afforded  us  all  a  mutually  acceptable  mode  of  validation  for 
constructions.  To  our  surprise  we  found  that  the  idea  of  messing  up  has  spread  to  other  classes  and 
become  part  of  the  Cabri  culture  in  the  school  and  beyond  (see  Healy,  Hoelzl,  Hoyles  and  Noss, 
1994). 

After  this  introductory  phase  we  offered  tasks  which  increased  the  opportunities  to 
introduce  the  main  features  of  Cabri.  We  now  outline  two  vignettes  which  illustrate  some  insights 
which  emerged  from  our  case  studies. 

Vignette  1:  Circle  as  length  carrier 

It  is  fundamental  to  Euclidean  constructions  that  a  circle  is  seen  as  a  tool  for  'carrying'  length.  Yet  it 
is  not  at  all  obvious  bow  to  introduce  this  idea,  with  or  without  a  computational  tool  such  as  Cabri. 
Our  first  attempt  was  to  devise  some  tasks  in  which  students  would  see  length-carrying  circles  as 
useful  to  them  in  the  solution  of  the  task. 

However,  this  was  not  as  straightforward  as  we  had  hoped.  Our  first  task  involved 
doubling  the  length  of  a  line  segment  Most  of  the  students  created  a  line  segment  AB  and  then 
simply  placed  a  basic  point  by  eye  which  was  approximately  in  the  right  place,  and  joined  B  and  C. 
Students  could  readily  see  how  this  could  be  messed  up,  but  it  was  far  less  obvious  what  to  do 
about  it  In  fact,  we  had  to  nudge  all  of  them  fairly  vigorously  to  consider  that  circles  might  be 
useful,  and  even  then  we  found  that  most  reverted  to  eyeballing  the  solution.  A  typical  response 
was  to  draw  the  circle  centre  B  and  radius  AB,  and  then  to  use  'point  on  object'  to  place  a  point  C 
on  the  circle  at  about  the  correct  place  and  join  CB  (see  Figure  1). 


Figure  I :  Positioning  »  point  (O  by  eye. 


How  can  we  explain  this  behaviour?  We  suggest  three  possibilities: 


•  The  students  could  only  cope  with  one  constraint  at  a  time  —  they  could  fix  CB  to  be 
the  same  length  a*  BA,  but  had  lost  sight  of  the  second  constraint  that  A,  B  and  C 
should  lie  on  a  straight  line; 

•  The  students  did  not  appreciate  the  need  to  construct  a  point  —  we  might  call  this  the 
WYSIWYS  phenomenon;  what  you  see  is  what  you  seek 

•  The  students  had  only  constructed  the  circle  to  please  us  and  had  not  appropriated  the 
idea  of  the  circle  as  a  measure  of  length. 

It  is  roost  likely  that  the  complete  explanation  is  some  mixture  of  all  three,  but  we  decided  to  pursue 
the  final  possibility  in  more  detail.  We  devised  a  further  task,  in  which  the  idea  was  to  use  a  circle 
to  maintain  a  relationship  between  two  lengths  in  a  dynamic  rather  than  static  way.  The  students 
were  asked  to  construct  two  intersecting  lines  and  a  point  P  on  one  line  (see  Figure  2).  We  then 
asked  them  to  construct  a  point  Q  on  the  other  line  so  that  however  we  moved  P,  the  distance  OQ 
was  always  equal  to  OP. 


We  will  consider  how  one  pair  —  Billie  and  Nora  —  set  about  solving  the  task.  Billie  and 
Nora  set  up  the  two  basic  lines  and  proceeded  to  'solve'  the  problem  by  eye  —  first  by  simply 
placing  a  basic  point  on  the  second  line  {WYSIWYS)  and  then  by  restricting  it  to  the  line  by  using 
•point  on  object'  (attending  to  one  constraint).  In  both  cases  when  we  asked  "Does  it  move  with 
the  other  point?"  they  knew  that  it  didn't  The  pair  became  stuck  and  simply  started  guessing, 
adopting  a  strategy  we  have  frequently  observed  —  random  opening  of  menus  and  trying  out 
various  items  in  desperation!  Eventually  they  bit  on  the  idea  o(  symmetrical  point— *Goe*n>c6M 
they  had  used  before  and  an  idea  which  is  at  least  intuitively  familiar  to  all  students  of  this  age. 
They  constructed  the  reflection  of  P  in  the  second  line,  Z  (see  Figure  3),  and  discovered  that 
dragging  P  did  cause  Z  to  move  in  unison  —  one  constraint  satisfied  —  but  that  Z  did  not  (of 
course)  satisfy  the  second  condition,  it  didn't  lie  on  the  second  line.  Unfortunately  they  could  not 
see  how  to  exploit  the  symmetrical  point  idea  as  scaffolding  towards  solution  and  the  pair  decided 
to  start  again. 


Figure  2:  The  moving  pnintt  task 


Figure  3:  Using  a  symmetrical  point 
Once  again  Billic  and  Nora  used  basic  lines  for  their  line  pair,  but  this  time  set  them  up  at 
right  angles  (surprisingly  easy  to  do  by  eye  by  judging  pixels).  This  time  we  posed  the  question  in 
a  slightly  different  way:  "Where  do  you  want  the  point  to  be?'.  Both  students  knew  for  sure, 
confidently  pointing  to  the  correct  place  on  the  second  line.  What  they  were  less  sure  of  was  how 
to  fix  its  position.  They  tried  a  variety  of  tools  from  the  menus,  including  parallel  lines,  basic 
points,  points  on  objects  —  anything  they  could  find!  Finally,  we  tried  again:  "Could  you  think  of  a 
way  of  making  something  cross  at  a  point  exactly  the  same  distance  from  the  intersection  point  as 
the  point  on  object?"  And  suddenly  (somehow)  they  said  "Would  it  be  a  circle?"  —  they  tried  it, 
and  much  to  their  delight,  it  worked.  They  were  successful  but  only  as  a  result  of  very  pointed 
interventions  and  it  is  unclear  as  to  how  far  they  had  made  sense  of  the  situation  for  themselves. 

We  have  given  considerable  thought  to  try  to  explain  why  the  students  seemed  to  find  it  so 
difficult  to  entertain  the  idea  that  a  construction  could  be  used  as  a  means  to  an  end.  The  first  and 
most  straightforward  possibility  —  and  one  supported  by  our  observations  —  is  that  students  have 
a  natural  aversion  to  constructing  objects  that  they  do  not  envisage  in  their  'final'  construction.  This 
behaviour  seems  similar  to  the  Logo  situation  where  students  'see'  Logo  constructions  as 
'drawings'  rather  than  as,  say,  compositions  of  the  effects  of  procedures.  Perhaps  we  have 
identified  the  same  phenomenon  in  Cabri?  After  all,  we  only  have  ourselves  to  blame  if  we 
encouraged  a  'drawing'  perspective  in  our  introductory  activities. 

Nevertheless,  pointing  out  that  it  is  straightforward  to  hide  unwanted  objects  did  not 
immediately  alter  the  situation1,  so  this  explanation  cannot  tell  the  whole  story.  A  second  and 
deeper  possibility  necessitates  bearing  in  mind  that  the  students  knew  exactly  where  the  object  was. 
They  could  point  to  its  (approximate)  position:  that  is,  for  all  practical  purposes,  they  had  fixed  its 
location.  The  problem  is,  of  course,  that  practical  and  mathematical  purposes  are  not  the  same  —  an 
empiricaytheoretical  distinction.  Yet  how  are  the  students  to  know  this?  How  can  they  be  helped  to 
appreciate  that  a  circle  (or  any  other  object)  needs  to  be  used  as  a  tool?  The  students  are  faced  with 
a  subtle  series  of  meanings,  many  or  most  of  which  are  new.  First,  they  need  to  shift  from  seeing  a 
circle  as  an  object  to  a  circle  as  a  tool — especially  difficult  since  the  medium  to  which  they  had  just 
been  introduced  focuses  their  attention  on  the  construction  of  objects.  Second,  they  need  to  abstract 
—  at  least  tacitly  — just  what  role  the  circle  plays  in  a  construction,  and  we  have  seen  that  this  is 


Ik  dU  aot  kelp  oat  ton  wt*  aa  Wual  (atd  dkaurous)  coaAitka  bttw«M  tt*a«  aid  dektisf  objects. 
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not  at  ail  obvious.  Last,  and  by  no  means  least,  a  crucial  way  of  developing  meaning  for  the  notion 
of  construction  (perhaps  the  only  way?)  is  to  see  geometrical  construction  as  a  part  of  a  much 
bigger  picture,  in  which  construction  becomes  itself  an  object  of  study,  and  a  tool  for 
understanding  geometrical  relationships,  theorems  and  abstractions. 

Vignette  2:  Cabri-Scaffolding 

We  now  turn  to  events  in  a  later  session,  in  which  the  students  were  asked  to  reflect  a  flag  in  a 
mirror  (see  Figure  4).  Their  task  was  to  do  this  without  using  symmetrical  pointr-in  order  that  they 
were  faced  with  a  more  complex  construction  which  invited  them  to  formalise  their  intuitions  of 
reflection. 


Figure  4;  The  Flap-in-thg-mirmr  tarir 

Helen  and  Katie  first  set  the  mirror  line  to  look  vertical,  and  then  drew  a  line  segment 
through  one  of  the  points  on  the  flag,  P.  They  then  created  a  basic  point,  Q,  on  the  other  side  of  the 
mirror,  joined  it  to  P  then  making  PQ  look  horizontal.  Q  was  dragged  so  it  looked  the  same 
distance  from  the  mirror  line  as  P  (see  Figure  5).  The  pair  had  'found'  the  solution  "by  eye'  and 
they  were  perfectly  clear  that  it  could  be  'messed  up'.  It  was  a  temporary  measure  so  that  they  could 
obtain  some  feel  for  what  they  were  looking  for:  they  had  something  on  the  screen  to  guide  them; 
they  had  exploited  the  medium  to  achieve  this  result  (albeit  nor  in  the  way  its  designers  intended); 
or  put  another  way  they  had  used  Cabri  as  scaffolding  in  their  search  for  a  solution. 


a 

> 

Figure  5:  Specifying  the,  pmhltm 
Although  they  were  aware  that  this  would  not  do,  it  took  some  exploration  with  their 
pseudo-construction  before  Katie  suddenly  announced:  "We  can  use  circle*!".  At  this,  they 
constructed  a  circle  with  centre  the  mirror  intersection  point,  O,  and  radius  OP,  and  found  the  image 
of  P  by  the  intersection  of  this  circle  with  their  line  (see  Figure  6).  They  did  not  bother  to  measure 
to  check  this:  they  were  completely  convinced  of  the  correctness  of  their  strategy  and  immediately 
started  repeating  the  process  for  different  points  on  the  flag. 


FiBlllTr    Dealing  with  one  r.nn<:traint 
Helen  and  Katie  had  solved  the  problem  with  a  constraint  removed:  that  is,  their  strategy  relied  on 
the  mirror  being  made  to  look  vertical  and  line  from  P  being  drawn  as  horizontal  by  eye.  So  their 
strategy  solved  the  problem  for  the  distance  but  did  not  address,  in  general,  the  relationship  of  a 
point  to  the  mirror  line. 

We  decided  to  intervene  and  asked  what  would  happen  if  the  first  line  going  through  the 
mirror  was  moved.  They  both  seemed  to  know  that  this  would  "mess  up" .  Once  they  had  noticed 
this  —  and  because  they  had  in  front  of  then  what  they  wanted  to  produce  —  they  soon  came  up 
with  the  idea  of  a  perpendicular  line.  Perhaps  they  were  still  using  the  support  structure  offered  by 
the  horizontal/vertical  orientation  of  their  initial  'axes'  as  a  way  to  generalise  the  relationship  that 
must  hold  between  the  lines? 

Conclusions 

We  propose  that  an  important  facet  which  distinguishes  the  second  vignette  from  the  first  is  the  way 

in  which  the  medium  was  employed  by  the  students  as  a  form  of  computational  scaffolding  (Noss 

&  Hoyles,  1992);  how  each  pair  used  the  medium  as  a  support  system  for  exploration  and  problem 

solution.  In  the  second  vignette,  the  WYSIWYS  strategy  provided  a  sense  of  the  solution,  a  feeling 

that  it  existed,  that  it  was  attainable  and  above  all,  how  it  would  look  when  found.  All  these  aspects 

served  as  clues  to  the  construction  process.  Secondly,  Helen  and  Katie  used  the  idea  of  'fixing  one 

constraint',  as  a  way  to  solve  a  simpler  problem  —  this  time  one  which  they  were  unaware  was  leu 

general  than  the  original  posed  by  us. 

The  fact  that  neither  of  these  strategies  were  (as  far  as  we  can  tell)  explicit  or  conscious, 

underlines  an  important  aspect  of  the  scaffolding  idea.  It  seems  that  what  is  important  is  that 

scaffolding  describes  the  process  by  which  the  informal  is  linked  with  the  formal,  the  intuitive  with 

the  procedural/symbolic.  As  in  any  serious  microworld,  the  core  of  the  Cabri  idea  is  that  students 

are  able  to  interact  with  computational  objects  (in  this  case,  points,  lines  and  circles),  in  order  to 

play  with  formal  objects  in  an  informal  way.  The  crucial  element  is  that  students  can  articulate 

descriptions  and  connections  for  themselves,  the  form  and  nature  of  these  being  mediated  by  the 

medium  available:  this  is  what  distinguishes  them  from  standard  tools: 

'Such  programs  [Cabri,  Logo  etc.)  differ  from  drawing  tools  like  MacPaint  in 
which  the  process  of  construction  of  the  drawing  involves  only  action  and  does  not 
require  a  description.  In  this  kind  of  software,  construction  tasks  are  no  longer  to 
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produce  a  drawing  but  to  produce  a  description  resulting  in  a  drawing'.(our 
emphasis). 

Laborde  C.  (in  press). 

But  the  construction  process  and  how  geometrical  objects,  particularly  the  circle,  play  a  part  in  this 
process  is  by  no  means  straightforward,  as  our  first  vignette  illustrates.  Despite  using  similar 
strategies,  this  pair  were  not  able  to  shift  from  either  WYSIWYS  or  the  fixing  of  one  constraint  to 
solve  the  problem.  To  do  so  required  the  use  of  an  object  as  a  construction  tool  —  as  a  means  to  an 
end  rather  than  the  end  itself.  The  evident  difficulties  that  students  had  with  this  notion  has  made  us 
wonder  about  geometrical  constructions  using  more  traditional  tools.  Do  students  constructing 
equal  lengths  by  arcs  of  a  circle  using  compasses  Imow'  they  are  drawing  (parts  of)  circles?  We 
venture  to  hypothesise  that  many  would  not  and  simply  apply  a  routine  set  of  procedures  (put 
compass  point  on  A,  draw  arcs  to  cut  lines  AB  and  AC). 

Following  from  these  vignettes,  it  might  be  easy  to  jump  to  the  conclusion  that  strategies 
such  as  WYSIWYS  should  be  discouraged  by  giving  more  explicit  instruction  on  the  grounds  that 
they  obscure  the  essence  of  the  software  and  the  mathematics  to  be  constructed  with  it  Our 
conclusion  is  the  opposite.  We  need  to  find  ways  in  which  we  can  exploit  software  such  as  Cabri  to 
negotiate  a  problem  solution,  to  find  ways  to  help  students  build  on  what  seems  to  them  to  be  a 
"natural'  approach.  That  is,  after  all,  the  essence  of  the  scaffolding  idea:  to  construct  a  support 
mechanism  which  enables  other,  more  permanent,  robust  constructions  to  be  built  The  findings 
from  this  research  suggest  this  is  a  feasible  goal. 
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Abstract 


From  a  cognitive  viewpoint,  the  study  of  subdivision  offers  an  interesting  subject 
matter  to  address  the  question  of  how  the  mind  builds  the  idea  of  infinity  in  the  small. 
32  students,  aged  8,  10,  12  and  14  (high  and  low  intellectual-academic  performers), 
participated  in  this  study,  in  which  a  version  of  one  of  Zeno's  paradoxes  ivas  analyzed 
by  means  of  individual  interviews.  Results  suggest  that  between  ages  10  and  12,  a 
certain  intuition  of  the  entailments  of  subdivision  emerges,  remaining  very  labile 
afterwards  such  that  is  very  influenced  by  the  context.  66%  of  the  12-  and  14-year-old 
children  said  that  the  process  involved  in  the  paradox  comes  to  an  end.  Less  than  25% 
considered  (with  deep  hesitations)  the  possibility  that  the  process  might  continue 
endlessly.  Some  epistemological  consequences  are  discussed. 

About  2500  years  ago  in  Elea,  now  southern  Italy,  a  disciple  of  the  philosopher 
Parmenides,  known  as  Zeno  the  Eleatic,  conceived  some  paradoxes  presumably  in 
order  to  prove  the  inconsistency  in  the  Pythagorean  ideas  of  multiplicity  and  change 
and.  to  argue  in  favor  of  the  unity  and  the  permanence  of  being,  which  were 
fundamental  principles  of  his  school  of  thought.  Different  versions  of  these  paradoxes 
have  come  to  us,  but  amazingly,  their  paradoxical  features  have  always  puzzled 
philosophers  and  mathematicians,  and  even  today  still  intrigue  us.  A  shortened 
version  of  one  of  these  paradoxes  could  be  stated  as  follows.  Imagine  that  we  are  asked 
to  go  from  a  point  A  to  a  point  B,  but  we  are  told  to  do  so  by  following  a  rule  which 
says:  first  go  half  of  the  way,  then  half  of  what  remains,  then  half  of  what  remains,  and 
so  on.  Do  we  ever  reach  point  B?  Since  each  step  only  covers  half  of  the  remaining 
distance  at  the  previous  step,  there  will  always  be  a  short  distance  to  be  covered. 
Therefore  we  never  reach  point  B.  Of  course,  this  is  not  what  our  experience  tells  us 
when  we  go  from  one  place  to  another,  whence  the  paradox  rises. 

History  of  mathematics,  and  studies  in  mathematical  thinking  and 
developmental  psychology  show  that  infinity  in  the  small  -involved  in  iterated 
subdivision-  has  been  much  more  controversial  and  elusive  than  infinity  in  the  large 
(Nunez,  1993a),  and  that  children  begin  to  understand  the  idea  of  infinity  in  the  small 
much  later  than  infinity  in  the  large  (Piaget  &  Inhelder,  1948;  Langford,  1974;  Taback, 
1975;  Nunez,  1993b).  Thus,  while  8-year-old  children  easily  recognize  the  endless 
nature  of  the  counting  process,  it  is  not  until  about  the  age  of  11-12  that  they  start  to 
consider  the  indefinite  subdivision  as  a  legitimate  problem  (Nunez,  1993a). 


*  On  leave,  supported  by  the  Swiss  National  Science  Foundation  (fellowship  No  8210-033279). 


From  a  cognitive  point  of  view,  the  study  of  paradoxes  such  as  Zeno's  offers  an 
interesting  subject  matter  to  approach  the  question  of  how  the  mind  builds  the  idea  of 
infinity  in  the  small,  contributing  thus  to  the  poorly  studied  domain  of  infinity 
(Nunez,  1990).  As  has  been  suggested  elsewhere  (Nunez,  1991),  the  paradoxical  aspects 
of  the  arguments  propounded  by  Zeno,  as  opposed  to  other  situations  in  which 
infinity  is  involved  but  that  don't  give  rise  to  paradoxical  considerations,  could  be 
partially  explained  in  terms  of  a  particularly  complex  coordination  of  attributes  being 
iterated  indefinitely.  In  the  example  given  above,  if  one  follows  the  rule  of  the 
problem,  there  are  two  attributes  that  one  has  to  iterate  simultaneously,  namely,  the 
number  of  steps  one  has  to  make  and  the  distance  that  each  of  these  steps  covers.  On 
the  one  hand,  observe  that  the  type  of  iteration  is  different  for  each  attribute,  because 
the  number  of  steps  increases  whereas  the  distance  covered  by  the  steps  decreases.  Let's 
call  these  two  types  of  iteration,  divergent  and  convergent,  respectively.  On  the  other 
hand,  the  nature  of  the  content  being  iterated  is  also  different  for  both  attributes:  the 
number  of  steps  refers  to  cardinality  (number  of  steps)  whereas  the  distance  covered  by 
the  steps  refers  to  space.  Unlike  situations  in  which  two  attributes  of  either  same  type 
or  same  nature  are  indefinitely  iterated  in  a  coordinated  situation,  the  coordination 
that  takes  place  in  Zeno's  paradox  must  incorporate  heterogeneous  components.  That 
is,  different  type  of  iterations  (divergent  and  convergent)  and  different  nature  of  the 
content  {cardinality  and  space),  that  makes  it  qualitatively  more  complex. 

In  general,  any  situation  involving  subdivision,  that  might  lead  to  conceive  the 
idea  of  infinity  in  the  small1,  presents  this  structure:  a  simultaneous  coordination  of 
an  increasing  number  of  steps  (number  of  iterations)  and  a  decreasing  partial  result  (in 
absolute  value)  to  be  operated  in  the  next  iteration.  From  a  cognitive  viewpoint  it  is 
interesting  then,  to  study  how  this  complex  coordination  emerges  in  mental  activity 
and  what  forms  it  takes  across  different  conceptual  contexts. 

The  following  presents  some  qualitative  aspects  of  an  invetigation  that  was 
inserted  in  a  broader  project  which  intended  to  study  developmental  and  psycho- 
cognitive  aspects  underlying  the  idea  of  infinity  in  a  much  larger  sense. 


Procedure:  Two  variables  related  to  intellectual  and  academic  performance  were 
studied:  The  former  was  measured  by  the  Raven  test  and  the  latter  measured  by  the 
marks  obtained  both  in  mathematics  and  French  (official  language  at  school).  The 
Raven  test  was  administrated  in  the  classroom  during  school  time.  The  study  was 
performed  by  means  of  individual  interviews  (50  minutes)  and  was  introduced  to  the 


1  Of  course,  this  is  not  the  only  way  that  might  lead  to  conceive  infinity  in  the  small.  In  non-standard 
analysis,  for  example,  infinitesimals  are  seen  as  the  reciprocals  of  infinitely  big  numbers.  Nevertheless, 
from  a  developmental  viewpoint,  the  idea  of  subdivision  seems  to  be  a  more  basic  one. 


Method 


students  as  a  study  of  psychology  (mathematics  was  not  mentioned  at  all).  The 
interviews  took  place  in  a  room  located  in  the  school  and  were  videotaped.  The 
question  about  Zeno's  paradox  was  included. 

Subjects:  Thirty-two  students  from  two  schools  in  the  city  of  Fribourg,  aged  8,  10,  12 
and  14  years  old,  were  interviewed.  Each  age  group  (8  subjects)  was  formed  by  half  low 
and  half  high  intellectual-academic  performers  (percentiles  0-33  and  66-100  in  each  age 
group  respectively,  taken  from  a  larger  population;  N=172).  Boys  and  girls  were  equally 
represented. 

Material:  The  problem  was  presented  orally  and  the  question  was:  "Imagine  that  we 
want  to  go  from  this  side  of  the  table  to  the  other  side.  First  we  are  told  to  go  half  of  the 
way,  then  we  continue  with  half  of  what  remains,  then  half  of  what  remains,  and  so 
on.  Do  we  ever  reach  the  other  side  of  the  table?"  Sometimes  the  subject  performing 
the  action  was  a  small  insect.  The  students  were  allowed  to  use  a  variety  of  materials 
such  as  paper,  pencils,  rulers,  etc.,  which  were  on  the  table. 

Results 

In  general,  the  children's  answers  could  be  classified  in  three  main  categories, 
namely,  those  saying  that  one  reaches  the  destination,  those  saying  that  one  does  not 
arrive  (either  because  the  process  gels  stuck,  or  because  it  only  approaches  the 
destination),  and  those  coming  from  a  hesitating  subject  defending  two  different 
answers.  Subjects  of  all  four  age  groups  gave  answers  of  the  first  two  categories.  The 
last  category  was  only  observed  in  the  older  groups.  The  following  presents  the 
rationale  behind  these  views.  No  gender  differences  were  found. 
8-year-old  group: 

In  this  age  group,  there  was  a  difference  between  the  arguments  given  by  the 
high  and  low  intellectual-academic  performance  subgroups,  the  former  showing  a 
more  analytical  attitude  towards  the  problem.  Low  performers  tended  to  consider  the 
question  as  a  very  trivial  one  and  easily  responded  with  an  obvious  "we  arrive",  as  if 
the  iteration  were  to  be  performed  just  a  couple  of  times  in  order  to  cover  the  distance. 

Based  on  the  idea  that  in  the  end  one  gets  stuck  due  to  the  smallness  of  the  steps, 

two  children  considered  the  possibility  that  one  might  not  arrive,  and  one  said  that 

one  never  arrives.  All  three  were  high  performers.  They  vaguely  perceived  that  one 

might  potentially  continue  for  a  while  making  small  steps,  but  in  the  end  they  solved 

this  unstable  situation  by  altering  the  conditions  of  the  problem,  either  by  altering  the 

conditions  of  the  setting  (new  destination),  the  of  action  (i.e.,  stopping  the  iteration),  or 

both.  An  example  of  the  former  is  the  following2: 

Ban  +(7;9):  //  toe  always  $0  half  way  we  arrive  very  close,  but  we  are  forced  to  always  do  halves, 
always  the  half.  So?  ...  (thinks)  ...  there  is  always  a  small  half  Wc  get  closer  but  wc  can  not 


2  Text  in  italics  corresponds  to  subjects'  utterances.  The  symbols  +  and  -  indicate  high  or  low  intellectual- 
academic  performance  "^^^'^y^f^  age  is  also  indicated  (years;  months). 
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arrive?  We  get  closer  ...  but  if  we  go  half  of  the  way  there  is  just  a  step  left,  and  if  we  go  the 
(other)  half,  there  is  just  one  half  left, ...  and  we  go  that  half  and  we  arrive  (not  so  convinced).  You 
doubt'  (thinks  and  reanalyzes  with  his  fingers  near  the  edge  of  the  table),  ...  or  maybe  there  is 
a  small  piece  left  before  the  arrival  and  we  decide  that  that's  the  place  where  we  have  to  stop. 
How  is  that?  We  put  the  arrival  before  the  place  where  we  want  to  go,  so  then  we  are  sure  that  we 
arrive. 
10-year-old  group: 

Like  in  the  previous  group,  there  was  a  difference  between  the  high  and  low 
performers,  similar  to  that  described  above.  10-year-old  children  presented  more 
hesitations  than  the  8-year-old  ones  and  some  of  them  had  two  different  positions,  but 
like  the  youngest  group,  sometimes  the  conflict  was  solved  by  altering  the  conditions 
of  the  setting  for  the  last  iterations  (i.e.,  new  destination). 

As  it  was  mentioned  in  the  Procedure,  other  contents  were  also  covered  in  the 
interview.  Among  others,  it  included  a  problem  described  elsewhere  (Nunez,  1993b), 
in  which  plane  geometrical  figures  were  transformed  following  an  iterative  process 
with  similar  construction  (different  type  of  iteration  and  nature  of  the  content).  It  is 
worth  noticing  that  some  10-year-old  high  performers  presented  an  infinitist  position 
(i.e.,  acceptance  of  an  endless  iteration)  in  Zeno's  paradox  but  a  finitist  position  in  the 
geometrical  problem,  and  vice-versa.  Thus,  Euo  +(10:1)  who  was  clearly  convinced  by 
his  arguments  in  favor  of  the  endless  iteration  involved  in  the  geometrical  problem, 
did  not  even  hesitate  to  say  that  the  iteration  in  the  paradox  comes  to  an  end: 

Euo  +(10;1):  So  do  we  arrive  to  the  other  «ide?  Ves,  certainly,  ...  if  we  make  the  half,  the  half  the 
half,  the  half,  the  half,  the  half,  the  half,  the  half,  ...  afterwards,  we  arrive,  for  sure.  I  have  a 
friend  that  says  that  we  can  not  arrive  because  there  is  always  a  half  that  you  have  to  make  (the 
Exp.  shows  the  steps  on  the  table  and  the  Subject  responds  immediately  with  the  following  step, 
as  if  he  wanted  to  complete  the  "other  half").  ...  and  once  again,  the  half,  once  again,  the  half, 
we  will  arrive.  And  if  we  only  make  it  in  our  imagination?  In  our  imagination  and  in  physics  also 
(we  arrive). 

Ode,  +(9,9),  on  the  contrary,  maintained  a  finitist  position  in  the  geometrical  problem 

but  suggested  the  endless  nature  of  the  iteration  in  the  paradox: 

Ode  +(9-9)-  Docs  it  arrive?  ...  (examines  the  "last"  steps) ...  always  the  half  (the  Subject  asks). 
Ifs  reallu  ..  if  it  is  there  it  makes  the  fa// (follow  the  steps  on  the  table)  it  will  take  a  long  time 
because  afterwards  it  makes  just  one  step.  ...  and  then  the  half,  and  then  always  the  half  no.  it 
doesn't  arrive  Vierr.  for  example  (shows  the  edge  of  the  table)  it  is  there,  and  after  makes  the 
half,  arrives  there,  and  then  there,  ...  no  I  don't  think  that  1  will  arrive  by  always  going  a  half 

12-  and  14-year-old  groups: 

Unlike  the  8-and  10-year-old  groups,  we  didn't  find  relevant  differences  between 
the  arguments  of  high  and  low  intellectual-academic  performers  in  the  older  groups. 
The  patterns  of  answers  in  the  12-  and  14-year-old  groups  were  quite  similar  to  each 
other,  so  we  are  going  to  analyze  them  as  one. 

Nearly  2/3  of  the  12-  and  14-year-old  children  (high  and  low  performers 
together)  gave  answers  of  the  forms  "It  will  take  a  long  time,  but  we  will  arrive"  or 
"One  will  arrive  because  in  the  end  one  will  not  be  able  to  make  the  half,  it  will  be  too 
close"  (altering  the  conditions  of  action).  Among  these  subjects  some  showed  deep 
hesitations  holding  antagonic  positions,  often  opposing  ideas  based  on  immediate 
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physical  considerations  (although  not  necessarily  concrete)  and  ideas  based  on  the  fact 
that  the  iteration  leads  to  approach  the  destination  (although  not  necessarily  abstract): 
Mai  -<M;8):  Docs  it  arrive?  (thinks,  whispers) ...  I'm  not  going  to  measure  the. table,  but  1  think  we 
don't  arrive  exactly,  maybe  about  a  millimeter  away.  1  think  that  we  will  arrive,  but  that  we  are 
not  going  to  arrive  immediately,  ...  if  we  have  every  time.  ...  well.  1  don't  know.  1  think  thtf  it 
will  arrive  exactly  at  the  point,  and  1  think  that  it  will  not  arrive  exactly.  1  have  two  opinions.  1 
don't  know  whether  it  will  be  exactly  or  at  about  a  millimeter  away. 

Others  changed  their  mind  when  the  scale  of  the  problem  was  amplified: 

Frc  -(M;7):  Do  we  arrive?  Oh  yes,  you're  almost  there,  ...  (thinks),  but  it  is  always  smaller  and 
smaller,  ...  I  think  that  it  must  arrive.  And  if  the  distance  is  the  one  between  Switzerland  and 
Sweden?  Oh  no,  then  I  don't  think  so,  ...  It  always  remains  a  short  way,  ...  it  is  shorter  and  shorter, 
afterwards  there  is  a  half  (check  with  the  fingers  at  the  edge  of  the  table),  one  must  make  it,  but 
you  almost  don't  advance  anymore,  it  is  too  tight.  ...  Uf!  It  is  hard.  So  do  we  arrive?  /  don't  know.  I 
think  that  for  short  distances  we  arrive,  out  for  long  distances  I  don't  think  so,  ...  I'm  not  so  sure,  but 
I  don't  think  so.  And  what  about  distances  in  between?  ...  (thinks),  ...  Yes,  we  arrive  I  think, 
because  afterwards  there  will  be  short  distances. 

Augmenting  the  distance  into  a  qualitatively  much  bigger  one,  seems  to  put  the 
"last"  steps  of  the  iteration  further  apart,  leaving  room  for  further  iterations,  such  that 
the  arrival  is  not  attainable  anymore.  Qualitatively,  this  view  sees  middle  distances  as 
belonging  to  a  similar  family  as  the  short  ones,  that  is.  sharing  the  same  features  at  the 
end  of  the  process. 

Finally,  less  than  25%  of  the  12-  and  14-year-old  children  presented  arguments  in 
favor  of  the  idea  that  one  will  only  approach  the  destination,  but  never  reach  it, 
although  only  one  subject  was  truly  sure  about  it.  In  general,  these  arguments  were 
characterized:  by  being  loaded  with  doubts  and  hesitations;  by  respecting  the  conditions 
of  setting  and  action;  and  sometimes  by  the  emergence  of  the  idea  of  infinity,  explicitly: 
Joe  +(i4;4): ...  (thinks) at  infinity  we  will  never  arrive,  it  goes  beyond  imagination,  but  if  we  see 
(show  the  table)  we  will  arrive  but  in  fact  we  don't  arrive,  ...  I  don't  know,  it  surpasses  the 
imagination.  If  we  always  make  a  half  of  the  way  that  we  have  to  do,  it  will  be  difficult  to 
arrive,  ...  then  it  will  be  microscopic,  infinitely  small. 

The  only  subject  who  was  sure  about  the  impossibility  of  reaching  the 
destination,  despite  of  the  fact  that  the  iteration  continues  endlessly,  showed  a 
pragmatic  approach  throughout  the  whole  interview.  He  never  engaged  himself  in 
extremely  abstract  and  speculative  reasoning,  although  he  conceived  the  objects  of  the 
problem  as  theoretical  ones  in  which  the  physical  constraints  were  not  relevant  for  the 
analysis: 

Stn  -(14;1):  No,  we  will  never  arrive.  Evi'n  if  wo  always  advance?  Even,  because  we  make  only  the 
half  We  will  get  close,  we  will  be  very  close  to  the  edgf  (table)  but  we  will  never  arrive  there.  ... 
there  will  always  be  a  short  way  to  be  done.  Even  if  we  get  always  closer?  Even. 

He  follows  the  conditions  of  the  problem  avoiding  any  speculative  consideration, 

focusing  on  the  fact  that  there  is  always  something  left  no  matter  how  many  steps  one 

makes.  The  position  obtained  by  any  iteration  is  never  the  final  destination  and 

therefore  the  iteration  continues  endlessly. 


Discussion 

Among  the  variables  studied,  only  age  evinced  clear-cut  differences  in  the 
arguments  (except  for  ages  12  and  14).  No  gender  differences  were  found.  The  role  of 
intellectual-academic  performance  seems  to  have  only  been  significant  for  the  8-and 
10-year-old  groups.  At  these  ages  the  arguments  given  by  the  high  performers  were 
more  analytical  and  tended  to  consider  the  problem  as  such,  whereas  those  given  by 
low  performers  tended  to  consider  the  problem  as  a  trivial  one  (reaching  the 
destination  after  a  couple  of  steps  was  evident,  so  that,  no  further  considerations  were 
necessary).  The  observation  that  no  major  intellectual-academic  differences  were 
found  in  the  older  groups  could  be  partially  explained  by  the  fact  that,  on  the  one  hand, 
the  validity  of  the  Raven  test  (Intelligence)  decreases  as  age  increases  due  to  a  ceiling 
effect,  and  on  the  other  hand,  in  higher  grades  academic  performance  becomes  a  more 
complex  phenomenon  such  that  non-cognitive  factors  other  than  cognitive  play  an 
important  role  (e.g.,  early  adolescence's  changes  such  as  self-esteem,  motivation,  etc). 

In  mathematical  terms,  the  version  of  Zeno's  paradox  presented  here  deals  with 
a  series  of  the  form  d/2  +  d/4  +  d/8  +  ...  (d=distance).  Using  this  language  to  describe 
children's  views  (which,  of  course,  is  not  theirs),  we  could  say  that  we  have  observed 
approaches  of  the  following  forms: 

a)  Altering  the  conditions  of  action  very  early:  d/2  +  d/4  +  ...  +  d/2*  +  d/2*  =  d.  In 
general  k  has  a  value  between  3  and  5.  The  last  two  steps  are  unnoticely  considered  as 
equal,  leading  to  an  exact  arrival.  This  approach  was  observed  among  the  low 
performers  aged  8  and  10.  The  problem  then  becomes  trivial. 

b)  Alterine  the  conditions  of  the  setting:  d/2  +  d/4  +  d/8  +  ...  +  d/2*  =  e.  Suddenly  a 

new  destination  which  defines  a  new  distance  e  =  £  d/2*  (where  p  is  a  large  finite 

M 

integer)  is  considered,  allowing  the  arrival  at  the  new  destination  (in  general  e<d). 
This  approach  was  observed  among  some  high  performers  aged  8  and  10,  and  seems 
to  emerge  as  a  solution  to  reconcile  early  intuitions  about  long  lasting  convergent 
iterations  (subdivision). 

c)  Altering  the  conditions  of  action:  d/2  +  d/4  +  d/8  +  ...  +  d/2*  <d,  where  k  is  a  large 
finite  integer.  The  process  gets  stuck  due  to  the  smallness  of  the  steps  and  cannot 
continue.  This  approach  was  observed  among  all  four  age  groups,  but  k  tended  to  be 
larger  at  age  12  and  14  than  at  age  10. 

d)  Respecting  the  conditions  of  setting  and  actu...:  d/2  +  d/4  +  d/8  +  ...  <  d.  The  process 
only  approaches  the  destination  and  continues  endlessly.  It  was  observed  in  only  one 
subject  (14  years  old).  Nevertheless,  nearly  25%  of  the  12-  and  14-ycar-old  subjects 
also  referred  to  it,  although  with  deep  hesitations  involving  also  approach  c). 

An  approach  of  the  form  d/2  +  d/4  +  d/8  +  ...  =  d,  which  is  "mathematically  correct" 
was  never  observed. 
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In  order  to  conceive  the  paradoxical  situation  raised  by  Zeno's  problem,  one 
must  be  able  to  make  the  distinction  of  the  elements  involved  and  respect  the 
conditions  of  the  problem  (i.e.,  setting:  keeping  the  original  distance  to  be  covered; 
action:  continuing  the  endless  iteration).  Approaches  a),  b),  and  c)  refer  to  alterations  of 
the  conditions  of  the  problem  such  that  they  don't  give  rise  to  paradoxical  situations: 
Our  paradox  then,  is  not  children's  paradox. 

The  traditional  views  in  philosophy  of  mathematics  (platonism,  formalism, 
constructivism)  consider  the  existence  of  mathematical  objects  (or  formulas),  in 
various  degrees  and  forms,  as  being  independent  of  human  beings.  My  epistemological 
position  is  totally  different  in  the  sense  that  mathematics  is  conceived  as  totally 
dependent  on  human  beings:  Conceived  as  emerging  in  the  interaction  of  biological 
beings  that  evolve  in  their  medium,  and  therefore  depending  on  the  very  nature  of 
the  interwoven  process  of  embodied  concepts  and  social  interactions.  In  other  words: 
No  human  beings,  hence  no  mathematics.  Different  biological  beings,  different 
mathematics.  Mathematics,  thus,  is  a  language  shaped  historically  and  based  on 
consensus.  In  Zeno's  paradox,  respecting  the  conditions  of  the  problem  takes  place  in 
this  consensus.  The  consensus  in  turn,  depends,  among  others,  on  the  biological 
structure  of  the  subjects  (e.g.,  developing  neurobiological  structure)  participating  in  the 
ongoing  process  of  the  definition  of  what  the  consensus  is.  In  developmental  cognitive 
psychology  this  issue  is  essential  because  the  conceptual  world  that  emerges  from  the 
cognitive  activity  of  the  young  children  is  based  on  a  consensus  which  is  different 
from  ours  (because  their  neurobiology,  their  language,  their  embodied  cognition  is 
different).  Thus,  what  we  call  rigor  in  nowadays  mathematics*  gives  rise  to  different 
meanings  at  these  ages,  and  so  does  the  respect  of  the  conditions  of  Zeno's  paradox. 

From  this  point  of  view,  the  unnoticed  alterations  of  the  conditions  of  Zeno's 
paradox  by  the  children  (setting  and  action)  takes  place  in  a  different  domain  of 
consensus  which  we  happens  to  not  share.  This  becomes  evident  when  the  youngest 
subjects,  as  determined  in  their  developing  neurobiological  structure,  enact  a 
consensual  world  clearly  different  from  ours  when  the  meaning  of  the  convergent 
type  of  iteration  is  concerned.  In  fact,  before  the  age  of  12  there  is  a  profound  and 
striking  ontological  difference  between  infinity  in  the  large  (divergent  type)  and 
infinity  in  the  small  (convergent  type).  As  a  10-year-old  clearly  stated, 

Yak  +(10;1):  If  that  is  the  "bigger"  infinity,  as  you  say,  when  you  say  ''smaller"  infinity,  is  it  the 
same  thing  but  in  the  other  sense?  Yes,  and  there  is  only  one  difference.  At  a  certain  moment  it 
becomes  so  small  that  we  can  not  even  know  where  it  is.  So  what  is  the  difference  then,  between 
the  "bigger"  infinity  and  the  "smaller"  infinity?  At  a  certain  moment,  when  we  are  in  the  smaller 
infinity,  it  stops,  whereas  in  the  bigger  infinity  it  could  continue  until,  ...  infinity. 

there  are  endless  infinities  and  stopped  up  infinities,  both  being  infinities!  Notice  that 
the  latter  contradicts  our  very  notion  of  "In-finity ".  At  8  years-old,  although  the  idea 

3  Rigor  is  consensual.  History  of  Calculus  shows  that  rigor  had  different  meaning  for  the  Greeks 
(Archimedes),  the  mathematicians  of  the  17th  century  (Newton)  and  19th  century  (Weierstrass). 
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of  endless  (related  to  divergent  type  and  infinity  in  the  large)  is  already  present  in  their 
consensual  world,  the  distinction  "infinity  in  the  small"  (related  to  convergent  type 
iterations)  simply  does  not  exist.  It  seems  that  between  the  ages  of  10  and  12,  a  certain 
intuition  of  the  iterations  of  convergent  type  and  their  entailments  emerges, 
remaining  very  labile  afterwards  such  that  it  is  very  much  influenced  by  the  figural 
and  conceptual  context.  Thus,  10-year-old  high  performers,  and  12-  and  14-year-old 
students  gave  different  answers  with  different  arguments  to  isomorphic  situations  in 
which  the  context  had  been  changed  (e.g.,  distance  to  be  covered).  Contrary  to  what 
Piaget  has  said  (1948)  and  according  to  our  observations,  subdivision  is  not  mastered  at 
the  age  of  formal  operations. 

Finally,  1  would  like  to  mention  that  these  observations  are  based  in  a  specific 
adaptation  of  Zeno's  paradox  and  the  coordination  of  heterogeneous  components 
(different  type  and  nature).  It  would  be  interesting  to  study  similar  situations 
controlling  certain  contextual  factors  that  might  play  a  role  in  the  cognitive  activity 
due  to  the  labile  intuitions  of  the  subjects  regarding  infinity  in  the  small:  (a) 
Considering  qualitatively  different  distances  d  (e.g.,  between  the  sides  of  the  table, 
between  two  places  in  a  building,  in  a  city,  in  a  country,  etc);  (b)  Considering  different 

m 

values  for  p  and  q  in  the  series  ^  Ip(q  -p)kA  I  qk]d,  such  that  the  iteration  is  not  only 

done  by  halving  (e.g.,  also  1/10  or  3/4);  (c)  Presenting  the  problem  in  a  regressive 
manner  as  well  (like  Zeno's  paradox  of  movement),  and  not  only  as  a  progressive  one 

as  it  was  studied  here;  (d)  Focusing  the  question  not  only  on  the  series  ^d/2k  =d  ("Do 

W 

we  arrive?")  but  also  on  Hmn_„(<i/2,:)=0  (the  elements  of  the  sequence:  "What 
happens  with  the  steps?").  The  study  of  the  role  played  by  these  factors  might  reveal 
more  about  how  our  minds  build  the  idea  of  subdivision  and  infinity  in  the  small. 
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NATURALLY  GENERATED  ELEMENTS  AND  GIVING  THEM  SENSES: 
A  USAGE  OF  DIAGRAMS  IN  PROBLEM  SOLVING 
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Joetsu  University  of  Education,  Japan 


In  this  paper,  we  analyze  the  usefulness  of  diagrams  in  mathematical 
problem  solving  from  the  standpoint  that  diagrams  can  be  changing 
gradually  during  solving  processes.  The  aim  of  this  paper  is  to  present  one 
function  of  diagrams,  i.e.  generating  new  elements  by  integrating 
information  at  hand.  After  considering  examples  from  the  previous 
research,  students'  solutions  will  be  analyzed  in  order  to  find  an  empirical 
evidence  for  this  function.  The  analysis  will  also  suggest  that,  even  if 
diagrams  can  show  new  elements  to  a  solver,  the  decision  about  what 
sense  should  be  given  to  those  elements  is  left  to  the  solver. 

1 .  Introduction 

It  is  widely  believed  that  drawing  diagrams  is  useful  for  solving 
mathematical  problems(e.g.  Charles  et  a!.,  1 985;  Hembree,  1 992).  Drawing 
diagrams  appropriate  for  the  solutions  is,  however,  not  always  easy(Bodner 
&  Gotdin.1 991 ;  Lopez-Real  &  Veloo,1993).  This  suggests  that  it  may  not  be 
trivial  that  diagrams  can  help  the  solver  who  are  really  stuck  in  solving 
challenging  problems. 

Nunokawa(in  press)  presents  one  viewpoint  concerning  this  issue. 
Taking  that  viewpoint,  a  solver  gives  his/her  own  structures  to  the  problem 
situation,  and  those  structures  can  change  during  solving  processes.  We  call 
these  structures  solver's  structures  of  the  problem  situation 
(Nunokawa,  1 993).  If  we  consider  diagrams  to  be  outer  representations  of 
solvers'  structures  of  the  problem  situation,  we  can  expect  that  diagrams 
can  gradually  change  according  to  the  changes  of  solvers'  structures.  In  this 
case,  diagrams  appearing  halfway  are  not  necessarily  the  exact  diagrams 
needed  for  the  solutions.  Such  view  can  be  compatible  with  Davis  &  Maher's 
(1 993)  attention  paid  to  gradual  changes  in  the  ways  children  orgnized  or 
represented  the  given  problem  situation. 

The  purpose  of  this  paper  is  to  show  that  diagrams  can  tell  new 
information  to  the  solvers  in  this  changing  process.  Diagrams  can  tell  some 
aspects  of  that  information,  but  other  aspects  may  be  left  to  the  solvers. 
This  point  will  be  also  presented. 


—  376  — 


2.  Naturally  Generated  Elements 


Larkin  &  Simon(1 987)  mention  the  following  point  concerning  the 
usefulness  of  diagrams;  Diagrams  automatically  support  a  large  number  of 
perceptual  inferences,  which  are  extremely  easy  for  humans(p.98).  They 
call  the  data  including  perceptually  obtained  information  "  perceptually 
enhanced  data." 

Here  we  would  check  this  perceptually  enhanced  data  frqm  the  point 
of  view  mentioned  above,  from  which  diagrams  can  gradually  change  during 
solving  processes.  That  is,  we  would  ask  how  the  perceptually  enhanced 
data  can  emerge.  Then  we  find  that,  when  we  put  pieces  of  the  information 
at  hand  into  one  diagram  one  by  one,  new  elements  appear  naturally  and  they 
constitute  the  perceptually  enhanced  data.  For  example,  suppose  that  two 
lines  are  intersecting.  According  to  Larkin  &  Simon(1 987),  the  information 
that  the  point  of  intersection  lies  on  each  of  the  two  lines  belongs  to  the 
perceptually  enhanced  data.  As  soon  as  we  draw  the  second  line  in  the 
diagram  including  the  first  line,  we  can  find  that  the  point  of  intersection 
appears  naturally  in  that  diagram.  In  other  words,  the  diagram  integrates 
the  elements  (i.e.  the  two  lines)  and  generates  new  elements  (i.e.  the  point 
of  intersection  which  lies  on  each  of  the  two  lines). 

Diagrams  are  also  used  in  solving  arithmetic  or  algebraic  problems. 
Take  Simon  &  Stimpson's  (1 988)  example  like  the  following; 

Barbara  is  8  years  old  and  Ms.  Brown  is  38  years  old.  Their  birthdays  are 

on  the  same  day.  When  will  Ms.  Brown  be  three  times  as  old  as  Barbara? 

(p.137) 

Suppose  we  have  a  number  line  for  representing  ages  and  (i)  put  a 
mark  for  Barbara's  age  on  it;  (ii)  put  a  mark  for  Ms.Brown's  age;  (iii)  put  a 
mark  for  Barbara's  final  age;  (iv)  put  a  mark  for  Ms.Brown's  final  age.  These 
actions  may  correspond  to  first  some  steps  of  drawing  a  diagram  for 
solving  this  problem. 
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We  should  note  that,  in  this  example,  new  elements  naturally  appear 
as  each  element  gets  represented  in  one  diagram.  At  the  moment  when 
Ms.Brown's  age  was  represented  (fig.  1 .2),  a  new  element,  i.e.  the  difference 
between  Barbara's  age  and  Ms.Brown's  age,  appeared  in  that  diagram.  When 
Barbara's  final  age  was  marked  (fig.1 .3),  a  new  element,  i.e.  the  difference 
between  Barbara's  present  age  and  final  one,  appeared.  When  Ms.  Brown's 
final  age  was  marked(fig.1 .4),  a  new  element,  i.e.  the  difference  between 
Barbara's  final  age  and  Ms.Brown's  final  age,  appeared  in  addition  to  the 
difference  between  Ms.Brown's  present  age  and  final  one.  In  short,  when 
some  elements  of  the  problem  get  represented  in  one  diagram  one  by  one, 
new  elements  naturally  appear  through  the  diagram's  integrating  function, 
as  the  process  of  drawing  this  diagram  proceeds. 

From  the  above  analysis  of  two  examples,  we  can  assume  that 
diagrams  may  have  a  function  to  integrate  some  elements  in  problmes  and 
generate  new  elements  naturally.  This  implies  the  possibility  that  diagrams 
can  tell  a  solver  new  information  which  he/she  has  not  yet  known,  and  can 
really  help  the  solver.  We  will  check  this  possibility  in  the  next  section. 

Diagrams'  Function  of  Generating  New  Elements 

In  this  section,  we  would  analyze  students'  solutions  to  one 

mathematical  problem,  in  order  to  find  an  empirical  evidence  that  diagrams' 

function  mentioned  in  the  previous  section  can  affect  solvers'  performance. 

We  take  the  following  "telephone-line  problem"  ; 

We  connect  a  house  to  another  house  by  a  direct  telephone  line.  We 
put  just  one  telephone  line  between  each  pair  of  houses.  How  many 
phone  lines  would  be  there  when  there  are  20  houses? 
(Miwa,  1991,p.82) 

It  is  helpful  for  finding  the  total  number  of  lines  to  attend  to  a  group 
of  lines  which  are  drawn  from  one  house.  This  way  of  thinking,  however, 
requires  a  solver  to  treat  a  subtle  idea.  For  example,  a  line  between  the 
first  house  and  the  second  house  belongs  to  a  group  of  lines  drawn  from  the 
first  house  and  to  a  group  of  lines  drawn  from  the  second  house.  This  fact 
introduces  the  redundancies  of  lines  when  a  solver  tries  to  find  out  the 
total  number  of  the  lines  by  using  the  number  of  lines  drawn  from  one 
house,  e.g.  by  multiplying  this  number  by  the  number  of  houses.  Thus,  the 
sovler  must  treat  these  redundacies  in  some  ways. 

These  redundancies  can  naturally  appear  when  more  than  two  groups 
of  lines  from  each  of  several  starting  points  are  drawn  in  one  diagram(Here, 
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a  starting  point  means  a  house  from  which  a  certain  group  of  lines  are 
drawn).  Fig.2  illustrates  the  case  of  5  houses.  Imposing  a  group  of  lines 
from  one  starting  point(fig.2.1 )  on  another  group(fig.2.2)  generates  an 
overlapping  of  lines,  which  can  suggest  a  redundancy  of  lines(fig.2.3).  When 
only  one  starting  point  is  taken,  this  overlapping  or  redundancy  cannot 
appear  in  the  diagram. 


Therefore,  we  can  assume  that  the  children  who  took  more  than  two 
starting  points  in  their  diagrams  can  recognize  the  redundancies  more  often 
than  the  children  who  took  only  one  starting  point.  Analyzing  the  children's 
solutions,  we  will  test  this  hypothesis. 

The  data  analyzed  here  are  the  solutions  made  by  the  students  during 
the  lessons  reported  in  Miwa(1 990)  and  the  solutions  gathered  by  two 
elementary  school  teachers  in  Tokyo.  The  total  number  of  childrens  is  372, 
including  37  fifth-graders,  227  sixth-graders,  41  seventh-graders,  and  67 
eighth-graders. 

Each  of  the  solutions  was  checked  whether  it  can  belong  to  one  of  the 

following  four  categories; 

(a)  Solutions  having  a  diagram  with  only  one  starting  point  and  showing  the  idea  about 
the  redundancies; 

(b)  Solutions  having  a  diagram  with  only  one  starting  point  and  not  showing  the  idea 
about  the  redundancies; 

(c)  Solutions  having  a  diagram  with  more  than  two  starting  points  and  showing  the  idea 
about  the  redundancies; 

(d)  Solutions  having  a  diagram  with  more  than  two  starting  points  and  not  showing  the 
idea  about  the  redundancies. 

The  criteria  concerning  the  starting  points  are  like  the  following; 

(1 )  We  decide  that  a  solution  has  a  diagram  with  more  than  two  starting  points  if  those 
starting  points  are  taken  in  one  diagram.  If  those  starting  points  are  taken  in 
different  diagrams,  an  overlapping  cannot  occur.  Thus,  such  solutions  were  excluded 
taking  account  of  the  aim  of  our  analysis. 

(2)  There  are  some  students  who  drew  a  tree  diagram.  In  a  tree  diagram,  a  starting 
point  is  placed  at  a  very  special  position,  and  it  might  be  hard  to  consider  other 
houses  as  starting  points.  Thus,  solutions  based  on  a  tree  diagram  were  excluded. 

A  solution  was  determined  as  one  showing  the  idea  about  the 
redundancies  when  it  satisfied  one  of  the  following  criteria; 


fig.2.1 


flg.2.2 


flg.2.3 


er|c 


( 1 )  Number  expressions  include  the  operations  which  seem  to  handle  the  redundanceis 
(e.g.  dividing  by  2,  subtracting  20  etc.). 

(2)  Numbers  of  lines  from  one  starting  point  vary  depending  on  which  starting  point  is 
taken.  For  example,  when  drawing  lines  from  one  starting  point,  some  students  did 
not  draw  the  lines  between  this  starting  point  and  the  previous  starting  points.  In 
this  case,  the  numbers  of  lines  are  decreasing  depending  on  the  order  of  the  starting 
points. 

(3)  Explanations  included  in  a  solution  mention  the  existence  of  the  redundancies. 
According  to  these  criteria,  the  solutions  were  categorized.  Of  the 

372  solutions,  the  solutions  by  1 41  students  could  be  identified  as  one  of 
the  four  categories  mentioned  above.  Table  1  shows  the  result  of  this 
categorization. 

only  one  more  than  two 

starting  point        starting  points  total 
showing  the  idea  38  56  94 

of  redundancies 

not  showing  the  29  18  47 

idea 

total  67  .74  141 

Table  1  The  result  of  the  categorization 
The  computed  chi-square  value  for  this  table  is  5.688  (df=1 ),  which 
indicates  the  significant  differences  (p<  .02).  Table  2  shows  the  result  of 
the  residual  analysis  for  Table  1 . 

only  one  starting  more  than  two 

ipoint  starting  points 
showing  the  idea  of                -2.387*  2.387* 
redundancies 

not  showing  the  idea  2.387*  -2.387* 

of  redundancies 

Table  2  The  result  of  the  residual  analysis  (*  p<  .05) 

These  results  show  that  the  students  who  took  more  than  two 
starting  points  in  their  diagrams  could  show  the  idea  about  the 
redundancies  of  the  lines  more  often  than  the  students  who  took  only  one 
starting  point.  This  fact  suggests  that  diagrams'  function  of  generating  new 
elements  can  affect  the  students'  problem  solving  processes. 

4.  Solvers'  Function  of  Giving  Senses  to  Elements 

Even  when  solvers  recognize  the  redundancies  of  the  lines,  the  ways 
solvers  treat  those  redundancies  seem  not  to  be  determined  fully.  In  fact, 
there  were  several  kinds  of  ways  of  treatment  implemented  by  the  students 
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who  took  more  than  two  starting  points  in  their  diagrams  and  showed  the 

idea  about  the  redundancies. 

Treatment  a.  Decreasing  the  numbers  of  lines  from  a  starting  point  one  by  one 

depending  on  the  order  of  the  starting  points(46.696); 
Treatment  b.  Dividing  a  tentative  total  number,  which  is  obtained  by  multiplying  the 

number  of  lines  from  one  house  by  the  number  of  houses,  by  2  (26%); 
Treatment  c.  Subtracting  20  from  a  tentative  total  number  (1 3.8%); 
Treatment  d.  Finding  out  the  total  number  by  the  number  expression  18x19+18  (6.9%); 
Treatment  e.  Subtracting  1 9  from  a  tentative  total  number  (1 .7%); 
Treatment  f.  Finding  out  the  total  number  by  the  number  expression  19x19+18  (1 .7%); 
Treatment  g.  Subtracting  1 00  from  a  tentative  total  number  (1 .7%). 

In  one  of  the  lessons  reported  in  Miwa(1 990),  most  students  agreed 
the  merit  of  the  idea  like  the  following;  after  multiplying  the  number  of 
lines  from  one  starting  point  by  the  number  of  houses,  deviding  its  result  by 
2  in  order  to  treat  the  redundancies.  One  student  was  opposed  to  this,  and 
insisted  the  idea  like  the  following;  decreasing  the  numbers  of  lines  one  by 
one  depending  on  the  order  of  the  starting  points  and  finding  out  the  total 
number  by  calculating  1 9+1 8+...+2+1 .  She  said  "  I  can  understand  the  idea  of 
1 9+1 8+....  easily.  1  cannot  follow  the  idea  of  dividing  it  by  2  in  her  solution." 
However,  when  she  tackled  the  problem  by  herself  at  the  beginning  of  this 
lesson,  first  she  used  the  number  expression  19x20+2,  and  wrote  under  this 
+2  "dividing  because  of  the  redundancies  of  the  lines."  Furthermore,  in  that 
lesson  there  was  a  student  who  said  "  I  divided  it  by  2  because  one  line  gets 
redundant  at  each  house. "  (Miwa,  1 990,  p.  1 28,  my  italic)  This  student  seems 
to  relate  the  redundancies  of  the  lines  to  each  house,  instead  of  relating 
them  to  each  line. 

These  students'  behaviors  seem  to  suggest  that  there  were  students 
who  were  not  sure  about  the  following  points  and  felt  uneasy  in  treating  the 
redundancies;  To  what  element  these  redundancies  should  be  related,  what 
sense  should  be  given  to  the  redundancies,  i.e.  how  generated  elements  can 
be  taken  into  his/her  structures  of  the  problem  situation.  This  unstableness 
in  turn  implies  that  scuh  determination  may  be  left  to  the  solvers. 

In  the  following,  we  will  check  whether  the  various  ways  of 
treatment  mentioned  above  can  be  explained  by  senses  which  could  be  given 
to  the  redundancies. 

Treatment  a.  If  a  sense  "Redundancies  occuring  to  at  each  line"  is  given  to 
the  redundancies,  this  treatment  can  be  derived.  Each  line  belongs  to  two 
distinct  groups  of  lines.  In  order  to  count  each  line  only  once,  lines 
belonging  to  the  previous  groups  must  be  excluded.  This  leads  to 
decreasing  the  numbers  of  lines  depending  on  the  order  of  the  starting 
points. 


Treatment  b.  This  treatment  can  be  also  derived  if  a  sense  "Redundancies 
occuring  at  each  line"  is  given.  Each  line  will  be  counted  just  twice,  so  a 
tentative  total  number  must  be  divided  by  2. 

Treatment  c.  This  treatment  can  be  derived  if  a  sense  "Redundancies 
occuring  at  each  house"  is  given  to  the  redundancies.  Since  there  are  20 
houses,  then  20  must  be  subtracted  from  a  tentative  total  number. 

Treatment  d.  This  treatment  can  be  derived  if  a  sense  "Redundancies 
occuring  at  each  of  the  1 9  houses  except  the  first  one"  is  given.  A  student 
taking  this  treatment  wrote  "But  there  are  1 9  houses  having ' 
redundancies."  If  we  remenber  that  the  redundancy  appears  for  the  first 
time  when  the  second  starting  point  is  taken,  this  student's 
determination  is  somewhat  reasonable. 

Treatment  e.  The  student  taking  this  treatment  wrote  the  expression  19xT>- 
19.  We  should  note  that  in  this  expression  the  number  of  starting  points 
is  considered  1 9.  There  was  a  student  writing  "  All  lines  can  be  drawn 
before  I  take  the  20th  house  as  starting  point."  Taking  account  of  this,  we 
can  assume  that  the  students  taking  this  treatment  also  attended  to  the 
1 9  starting  points  except  the  last  one.  This  treatment  can  be  derived  if  a 
sense  "Redundancies  occuring  at  each  of  the  houses  except  the  last  one"  is 
given. 

Treatment  f.  This  treatment  can  be  derived  if  a  sense  "Redundancy  occuring 
at  the  first  house"  is  given.  Subtracting  1  from  the  number  of  lines  drawn 
from  the  first  house  leads  to  1 8. 
Treatment  g.  There  was  a  student  writing  "  1 0  lines  become  redundant  at 
each  house."  He  thought  that  20  lines  could  be  drawn  from  each  house,  so 
1 0  lines  seems  a  half  of  them.  If  we  take  account  of  this  and  remenber 
that  there  was  a  student  who  thought  that  all  lines  could  be  drawn  before 
the  last  house  would  be  taken  as  a  starting  point,  we  can  assume  that  the 
student  taking  this  treatment  thought  that  a  half  of  the  lines,  i.e.  1 0 
lines,  would  be  redundant  at  each  of  the  last  half  of  houses,  i.e.  1 0  houses. 
In  other  words,  a  sense  "Redundancies  occuring  to  the  half  of  the  lines 
drawn  from  the  half  of  the  houses"  is  given  to  the  redundanceis. 
From  the  above  discussion,  each  of  the  ways  of  treating  the 
redundacies  can  be  explained  by  senses  which  could  be  given  to  such 
redundancies.  The  existence  of  the  various  ways  of  treating  the 
redundancies  implies  solvers'  function  of  giving  them  senses. 

5.  Concluding  Remarks 

If  we  analyze  diagrams  from  the  standpoint  that  diagrams  can 
change  gradually  during  solving  processes,  we  can  expect  diagrams  to  have  a 
function  of  generating  new  elements  by  integrating  the  elements  at  hand. 
Indeed,  the  redundancies  can  appear  as  the  groups  of  lines  from  each  of 


more  than  two  starting  points  are  drawn  in  one  diagram  one  by  one. 
However,  what  senses  should  be  given  and  how  new  elements  should  be 
taken  into  solver's  structures  cannot  be  determined  uniquely.  This 
determination  may  be  left  to  solvers. 

The  discussion  in  this  paper  suggests  the  possibility  that  diagrams 
can  help  a  solver  by  showing  the  solver  new  information  which  he/she  has 
not  yet  known.  It  also  direct  our  attention  not  to  the  exact  diagrams  useful 
for  getting  the  answers,  but  to  the  process  of  diagrams'  changes  and  the 
interactions  between  solvers  and  diagrams. 
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SOCIOCULTURAL  MEDIATENESS  OF  MATHEMATICAL  ACTIVITY: 
ANALYSIS  OF  "VOICES"  IN  SEVENTH-GRADE  MATHEMATICS  CLASSROOM 


MINORU  OHTANI 
Institute  of  Education,  University  of  Tsukuba,  JAPAN 


The  purpose  of  this  study  is  to  investigate  how  mathematical  activity  in  a  seventh 
grade  classroom  is  socioculturally  mediated.  A  theoretical  framework  which  is 
grounded  on  Vygotskian-Bakhtinian  perspectives  is  taken  to  the  study  of 
sociocultural  mediateness  in  which  the  concept  of  "voice"  plays  a  significant  role. 

Transcripts  of  audio-video  recordings,  written  works  as  well  as  field  notes  during 
participant  observation  are  analyzed  in  the  light  of  the  framework.  Results  from  the 
interpretation  of  the  data  reveal  that  the  classroom  mathematical  activity  is  mediated 
by  monologic  voice  that  ventriloquizes  institutional  constraints  for. rationality  and 
homogeneity  of  formal  schooling. 


Resent  research  (Cobb.Wood.Yackel,  &  McNeal.1992;  Lafnpert.1988;  Nickson.1992)  have  a 
common  and  persuasive  vision  of  mathematics  classroom  as  socioculturally  mediated  milieu. 
Different  classroom  cultures  mediate  different  beliefs,  attitudes,  and  values  with  respect  to 
classroom  interaction,  and  with  respect  to  mathematical  activity.  In  everyday  classroom  practice, 
teacher  and  students  coordinate  the  extent  to  which  they  participate  in  a  particular  mathematical 
activity,  their  role  in  accomplishing  it,  and  the  extent  to  which  they  take  direct  responsibility  for 
accomplishing  it. 

This  article  investigates  how  mathematical  activity  in  a  seventh-grade  classroom  is  socioculturally 
mediated.  The  investigation  focuses  on  the  ways  that  teacher  and  students  coordinate  their 
purposes  and  maintain  a  predictable  sense  of  the  ongoing  classroom  interaction.  The  following 
discussion  consists  of  two  parts.  First  part  involves  an  indication  of  the  theoretical  framework  and 
the  justification  for  the  methodology  used.  Theoretical  framework  which  is  grounded  on  the 
Vygotskian-Bakhtinian  perspectives  is  taken  to  the  study  of  the  sociocultural  mediateness  in  which 
the  concept  of  "voice"  plays  a  significant  role.  The  second  part  involves  description  and 
interpretation  of  an  episode  that  occurred  in  the  classroom  during  participant  observation.  The 
analysis  pays  particular  attention  to  the  voices  depicting  teacher's  and  students'  motives  before, 
during  and  after  the  lesson. 


VYGOTSKIAN  PERSPECTIVES 

The  investigation  has  been  influenced  by  the  writings  of  Soviet  psychologists  associated  with  the 
cultural-historical  or  sociocultural  school  of  Vygotskii  (Luria,  1974;  Vygotskii,  1982a,  1982b, 
1983)  and  neo-Vygotskian  works  (Cole,  1986,  1992;  van  der  Veer  &  Valsiner,  1991;  Wertsch, 
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198S,  1991).  Central  to  their  formulations  is  the  notion  that  human  beings  live  in  a  sociocultural 
environment  transformed  by  the  historically  accumulated  systems  of  artifacts  (both  conceptual  and 
material)  of  prior  generations.  The  basic  goal  of  a  socio-historical  approach  to  mind  is  to  create  an 
account  of  human  mental  process  that  recognize  the  essential  relationship  between  these  processes 
and  their  cultural,  historical,  and  institutional  settings.  Epistemological  assumptions  inherent  in 
sociocultural  school  involve  "niediation'', "internalization",  and  "appropriation." 
MEDIATION 

A  sociocultural  approach  to  mind  begins  with  the  assumption  that  human  action  typically 
employs  "mediarional  means"  such  as  tools  and  language,  and  that  these  mediational  means  shape 
the  action  in  essential  ways  (Vygotskii,  1982b).  "lndividual-acting-with-mediational-means" 
(Wertsch,l991:l2)  in  particular  sociocultural  settings  is  the  unit  of  analysis  of  the  sociocultural 
approach.  Mediateness  is  represented  as  a  triangle  (Cole,  1992:11;  Vygotskii,  1982a:  104),  in 
which  the  vertex  is  a  mediating  artifact  'M'  and  remaining  points  are  subject 'S'  and  object  '0'(see 


In  the  representation,  subject  and  object  are  seen  indirectly  connected  by  the  mediator  which  is 
constructed  by  its  participation  in  the  patterned  forms  of  activity  embodied  in  historical,  cultural, 
and  institutional  settings.  Mediators  enter  into  the  organization  of  behavior  and  act  as  mental  tools 
and  constraints. 

INTERNALIZATION 

Vygotskii  (1983:145)  claimed  that  social  dimension  of  mental  functioning  is  primary  in  time  and 
in  fact  and  individual  dimension  is  derivative  and  secondary.  For  Vygotskii,  humans  psychological 
nature  represents  the  aggregate  of  internalized  social  relations  that  have  become  functions  for  the 
individual. 

APPROPRIATION 

Even  though  the  generic  precursor  on  the  intramental  functioning  can  be  found  in  intermental 
plane,  people  become  to  use  sociocultu rally  mediated  means  without  recognizing  the  precursor  and 
history  of  its  ownership.  People  appropriate  socioculturally  mediated  means  and  use  them  as  wide 
reaching  scheme  of  interpretation  in  order  to  create  and  sustain  factual  character  of  their 
environment. 

According  to  Wertsch  (1985,  1991),  Vygotskii  did  not  examine  about  the  ways  in  which 
mediated-mental  functioning  is  shaped  by  sociocultural  contexts.  Bakhtin  (1981,1986,  and 
disputed  work  by  Volsinov,  1930),  however,  provide  some  account  of  the  organization  of 
mediational  means  in  a  particular  sociocultural  setting. 

BAKHT1N1AN  PERSPECTIVE 

Bakhtin,  contemporary  with  Vygotskii,  sheared  basic  idea  that  human  communicative  practices 
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give  rise  to  mental  functioning  in  the  individual.  Bakhtin's  basic  theoretical  constructs  involve 
"utterance",  "voice",  and  "dialogism." 
UTTERANCE  AND  VOICE(S) 

Unlike  many  linguists  who  concern  themselves  primarily  with  linguistic  form  and  meaning 
abstracted  from  the  actual  conditions  of  use,  Bakhtin  focused  on  the  utterance,  "the  real  unit  of 
communication"  (Bakhtin,  1986:71). 

Speech  can  exist  in  reality  only  in  the  form  of  concrete  utterance  of  individual  speaking  subject. 
The  speaking  subject  is  called  "voice"  (Bakhtin,  1981).  Voice  refers  to  more  than  vocal-auditory 
signal.  It  involves  much  more  general  phenomenon  of  "the  speaking  personality"(ibid:434).  An 
utterance  can  exist  only  by  being  produced  by  a  voice,  speaking  personality  with  certain  point  of 
view.  Bakhtin  stressed  the  idea  that  utterance  is  an  activity  that  enacts  different  values, 
perspectives,  conceptual  horizons,  intentions,  and  world  views.  Thus,  voice  involves  someone 
who  belongs  to  particular  cultural,  social,  and  institutional  categories. 

Any  utterance  entails  the  idea  of  addressivity.  Thus,  utterances  are  inherently  associated  with 
many  voices.  An  utterance  reflects  not  only  the  voice  producing  it  but  also  the  voices  to  which  it  is 
addressed.  In  the  formulation  of  an  utterance  a  voice  address  or  respond  in  some  way  to  previous 
utterances  and  anticipates  the  responses  of  other  voices.  "[Speaker]  expects  response,  agreement, 
sympathy,  objection,  and  so  forth"  (Bakhtin,  1986:  69).  Furthermore,  Bakhtin  did  not  limit  the 
notion  of  addressee  to  only  those  speakers  in  the  immediate  speech  situation.  Instead,  the  voice  or 
voices  to  which  an  utterance  is  addressed  may  be  temporally,  spatially,  and  socially  distant. 

DIALOGISM 

Dialogism,  the  most  significant  principle  that  Bakhtin  celebrated,  is  founded  on  the  idea  that 
nothing  is  ever  completed,  and  there  are  no  ultimate  explanations  that  everyone  will  accept  as 
exhausting  all  the  possibilities.  Bakhtin  attempted  liberate  monologic,  oppressive  belief  system 
which  said  that  absolute  truth  is  possible. 

VYGOTSK1I  AND  BAKHTIN  COMPARED 
MEDIATION AL  MEANS:  SPEECH  GENRES 

In  Bakhtin's  view,  the  production  of  any  utterance  entails  the  innovation  of  a  speech  genre, 
"relatively  stable  types  of  utterances"  (Bakhtin,  1986:60)  which  is  a  conventional  utterance  type 
characterized  primarily  in  terms  of  the  typical  situations  of  speech  communication.  Speech  genre  is 
a  mediational  means  which  is  used  and  privileged  by  the  speaker  for  the  realization  of  specific 
social  ends. 

INTERNALIZATION:  INNER  DIALOGUE 

As  Clark  and  Holquist  put  it:  "V.'gotsky's  model  [of  speech  acquisition]  parallels  Bakhtin's 
model,  particularly  in  its  insistence  that  the  self  comes  from  the  other"  (Clark  &  Holquist,  1984: 
229).  The  process  of  mastering  patterns  of  privileging  rely  heavily  on  the  guidance  of  others  in 
intentrntal  plane.  What  begins  as  external  interference  on  the  intermental  plane  is  gradually 
transformed  to  a  kind  of  inner-dialogue  in  an  intnmental  plane. 

APPROPRIATION:  VENTRILOQUATION 

Bakhtin  termed  the  process  of  producing  unique  utterances  as  "ventriloquation"  (Bakhtin.  198 1) 
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whereby  one  voice  speaks  through  another  voice  in  a  speech  genre.  Even  though  people  have  rich 
repertoire  of  speech  genres,  they  have  no  idea  that  what  they  are  doing.  "We  speak  in  divers 
genres  without  suspecting  that  they  exists"  (Bakhtin,1986:78).  Through  a  process  of 
ventriloquation,  a  specific  type  of  socioculturally  situated  voice  can  be  heard  alongside  the 
individual  voice. 

For  Vygotskii,  socialization  or  mental  development  can  be  profitably  viewed  in  terms  of 
appropriation  of  mediational  means.  For  Bakhtin,  it  can  be  viewed  in  terms  of  ventriloquizing 
through  a  speech  genre  appropriate  for  that  particular  sociocultural  settings.  They  have  come  to 
privilege  particular  speech  genres  and  registers  of  these  languages  and  coming  to  understand  the 
specific  contexts  in  which  variants  should  and  should  not  be  used.  , 

AN  ILLUSTRATION 

To  illustrate  the  Bakhtinian  specific  constructs  of  speech  genre  and  ventriloquation,  I  shall  draw 
on  Lampert  (1988)  and  Lakatos  (1976). 

Lampert  (1988)  illustrates  peculiar  form  of  discourse  in  the  traditional  classroom  context  of 
mathematical  activity.  She  puts  it  (ibid;  13): 

In  the  classroom,  words  like  "know."  "think,"  "revise,"  "explain."  and  "answer" come 
to  have  meaning  by  being  associated  with  particular  kinds  of  activities.  Who  is 
responsible  for  doing  the  activities  associated  with  these  words  gets  determined  in 
interaction  between  the  teacher  and  students.  ...{and]  to  be  asked  by  the  teacher  to  revise 
means  "you've  done  it  wrong"  and  "you've  got  to  do  it  over"  until  more  of  the  answers 
are  correct.  When  the  teacher  asks  a  student  to  think  if  is  often  an  admonition  to  be  quiet; 
thinking  is  not  considered  to  be  a  process  that  students-or  teacher  and  students  -engage 
in  together. 

The  quotation  suggests  that  there  is  specific  speech  genre  and  its  registers  deemed  appropriate  for 
mathematics  class. 

Lakatos  (1976)  portrays  historical  debates  within  mathematics  about  a  proofs  of  Euler-Descartes 
conjecture  by  constructing  a  classroom  dialogue  among  a  teacher  and  students.  In  the  dialogue, 
Lakatos  often  let  the  teacher  and  students,  both  are  fictional  characters,  ventriloquizes  through  the 
voices  of  mathematicians'  own  voices,  thereby  demonstrated  how  new  knowledge  develops  in  the 
discipline.  In  the  midst  of  the  argument  an  utterance  thai  belong  to  a  single  speaker  (either  teacher 
or  student),  but  that  actually  contains  mixed  within  it  many  voices,  many  axiological  belief  system, 
conceptual  horizon  among  mathematicians  through  the  last  several  centuries. 

DESCRIPTION  OF  AN  EPISODE 

DATA  COLLECTION 

The  episode  I  shall  examine  here  comes  from  a  seventh-grade  classroom  (with  thirty  two 
students)  in  a  junior  high  school  located  at  Tsukuba  city,  Japan. 

A  yearlong  participant  observation  started  April  1993.  when  the  author  entered  the  class  as 
assistant  who  is  preparing  for  teaching  profession.  In  each  lesson,  I  delivered  and  gathered 
worksheet  materials,  provided  audio-vjsual  equipments  and  had  a  discussion  with  students  on  their 


requests  during  individual  work  sessions. 

Every  lesson  (three  times  a  week)  was  audio-video  taped  for  later  analysis.  Utterances  which 
the  classroom  teacher  and  students  addressed  to  me  are  recorded  by  small  audio-recorder  put  in  my 
inside  pocket.  These  utterances  involve  their  motives,  beliefs,  situations  of  definitions,  and 
opinions  before,  during,  and  after  the  lessons.  These  utterances  give  the  participant  observer  an 
opportunity  to  have  access  the  underrepresented  voices  in  ordinary  classroom  practice  which 
consists  of  specific  interactional  sequences:  teacher  initiation  -  student  reply  -  teacher  evaluation. 

Transcripts  of  audio-video  recordings,  written  works  as  well  as  field  notes  during  participant 
observation  are  analyzed  in  the  light  of  the  framework  to  generate  a  description  of  how  classroom 
mathematical  activity  is  socioculturally  mediated. 

RESULTS 

I  shall  outline  an  episode  that  occurred  on  May  20.  The  episode  is  representative  of  a  much 
larger  corps  of  data.  On  that  day,  the  teacher  planed  to  introduce  multiplication  of  positive  and 
negative  integers.  In  the  teaching  staff  room,  the  teacher  gave  me  a  worksheet  [1]  and  said  that  [2]: 
(In  the  following  excerpt  of  protocol,  the  teacher  and  participant  observer  are  designated  by  T  and 
PO  respectively,  and  students  are  designated  by  their  initials.) 

[1] 

MULTIPLICATION  OF  POSITIVE  AND  NEGATIVE  NUMBERS 
PROBLEM 

Mr.  T  travels  at  a  speed  of  4  km  an  hour  from  the  west  to  the  east.  He  has  just 
passed  point  O. 

(1)  Where  he  will  be  traveling  two  hours  later? 

(2)  Where  ha  was  traveling  two  hours  before? 

,  O 
-5  -4  -3  -2  -10    1    2   3   4  5 


[2] 

T   :  I  made  a  plan  to  teach  multiplication  for  today. 
PO :  I  expected. 

T   :  In  the  introduction,  however,  student  would  notice  that  the  worksheet  has  much  to  do 
with  multiplication  by  the  title  on  it.  I  don't  mind  even  if  they  notice. 

PO  :  Some  days  before,  when  presented  •  worksheet  titled  "subtraction  of  positive  and 
negative  numbers",  I  found  that  most  students  formulated  the  problem  using 
subtraction. 

T    :  Well, ...  a  worksheet  without  title  would  allow  them  to  formulate  the  task  in  different 
ways.  I  think  it  would  be  indeed  more  interesting. 

In  the  beginning  of  the  lesson,  the  teacher  wrote  on  the  blackboard  today's  task:  "Think  about 
how  to  do  multiplication  with  positive  and  negative  numbers."  Every  students  received  the 
worksheet  and  were  asked  to  engage  individually.  The  students  engaged  the  task  for  fifteen 
minutes.  I  observed  that  fifteen  students  formulate  the  problem  with  multiplication  and  five 
students  formulate  it  using  addition.  The  teachir  nominated  five  students  to  write  down  their 
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formulation  on  the  blackboard.  One  of  them,  students  HK  formulated  the  problem  (+4)+(+4)=+8 
for  the  question  (1),  and  (-4)+(-4)=-8  for  (2)  respectively.  No  sooner  had  HK  returned  to  his  seat, 
he  hesitatingly  call  my  attention  to  his  formulation  and  said  that  [3]: 

[3] 

HK  :  Ah,  Mr.Ohtani.thatismy... 
PO  :  Which  one  is  yours? 

HK :  This  one  (pointing  to  his  notebook).  That  white  one  (pointing  to  the  blackboard). 
PO  :  Which  one?  Middle  one? 

HK:  Middle?...  No,  next  one,  next  to  it.  Look  this  (pointing  to  the  title  of  the 

worksheet)  multiplication.  Instead  of  doing  multiplication,  I  did  it  by  addition. 

PO  :  Is  it  inappropriate  to  use  addition? 

HK :  Inappropriate 

PO  :  What? 

HK :  Yes,  inappropriate. 

PO  :  Then,  do  you  get  different  solution? 

HK  :  No.  I  think  that  the  answers  are  the  same. 

PO  :  Then,  why  do  you  think  it  inappropriate?  You  say  it  is... 

HK  :  Yes. ...  'Cause  ... 

PO  :  Can't  you  solve  it  by  addition? 

HK  :  I  can. ...  in  this  case  (pointing  to  the  title),  however,  I  should  do  multiplication. ... 
Ah  (throwing  up  his  hands  on  his  head)...  Okay,  I  don't  mind. 

At  the  end  of  the  lesson,  the  teacher  reviewed  todays  activity  and  gave  summative  evaluation  [4]: 


14] 

T :  Today,  many  of  you  solved  the  problem  by  using  multiplication.  As  I  wrote  here  on 

this  board  (pointing  to  the  task),  multiplication  of  positive  and  negative  numbers  

what  do  you  mean  by  multiplication? 
S :  "joho"[Japanese  children  use  the  term  "joho"  for  multiplication  in  elementary  school.] 
T:  Good  to  you.  The  objective  of  the  lesson  was  to  learn  "joho".  Therefore,  I  would 
appreciate  if  you  would  formulate  the  problem  using  multiplication. 

After  the  lesson,  on  the  way  back  to  teaching  staff  room,  the  teacher  seemed  to  be  unsatisfactory, 
saying  that  [5]: 


[5] 

T  :  There  were  only  fourteen  [students  who  used  multiplication  method].  Together  with 

those  who  employed  another  formulations,  the  total  number  is  less  than  twenty. 
PO :  There  were  indeed  variety  of  solutions  among  students. 

T  :  Nevertheless,  they  tend  to  be  mechanically.  If  students  are  asked  to  formalize  rules  [of 
multiplication],  they  would  formulate  something  like  "plus  and  plus  make  plus" 
whether  they  really  understood  or  not. 

PO :  You  say,  they  tend  to  do  so... 

o  -389- 
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T   :  Yes.  It  is  the  very  difficult  problem  to  cope  with. 
DISCUSSION 

Many  voices  depicting  socioculturally  mediated  means  (speech  genre)  seem  to  be  detected  in  the 
present  episode.  Analysis  of  the  episode  shows  that  classroom  mathematical  activity  is 
characterized  by  a  monologic  suppression  by  authoritarian  voice,  rather  by  a  dialogicality  of  voices. 

Teacher's  utterances  [4]  and  [5]  suggests  that  he  send  a  strong  message  that  the  homogeneity 
among  students  activity  should  be  attained,  even  if  another  formulation  could  be  used  to  describe  an 
objects  or  event  more  appropriately  and  usefully  in  their  activity  settings.  Teacher  appeared  to  be 
ventriloquizing  through  speech  genres  characteristic  of  the  formal  schooling.  One  of  its 
characteristics  is  a  tendency  toward  certain  kind  of  rationality.  This  derives  in  part  from  the 
institutional  constraints  within  which  formal  instruction  take  place.  The  formal  instruction  has  to 
perform  a  degree  of  rationalization  of  what  it  transmits.  A  tendency  of  homogenization  created  by 
such  rationality  reflects  the  assumption  that  one  must  not  introduce  alternative  formulation  unless 
specifically  invited  to  do  so.  Thus,  in  place  of  diversity  or  heterogeneity,  it  puts  explicit, 
standardized  formulations  which  are  expressly  inculcated  and  conserved  so  as  to  be  reproduced  in 
virtually  identical  form  by  all  the  students  in  the  succeeding  lessons.  In  order  to  attain  such 
homogeneity,  teacher  often  use  authoritarian  directives. 

HK's  utterances  [3]  suggest  that  he  was  ventriloquizing  through  voices  of  the  teacher  speech 
genre  of  formal  schooling.  The  title  of  the  worksheet  becomes  directive  of  imperative  which  he  is 
expected  to  follow.  The  title  functioned  to  regulate  his  mathematical  activity  in  ways  that  are 
appropriate  for  the  classroom  setting.  By  responding  to  the  directive,  the  student  engages  in  a 
process  sanctioned  and  regulated  by  the  teacher.  The  voice  of  HK  can  be  seen  as  internalized  voice 
of  authorized  teacher. 

Through  months  of  classroom  practice,  students  would  gain  adequate  facility  and  flexibility  in  the 
patterns  of  privileging  of  particular  speech  genre  deemed  appropriate  in  mathematics  lessons.  In 
the  episode,  fifteen  students  wrote  down  multiplication  such  as  (+4)  +  (+4 )  =+8  for  the  question 
(1).  (-4)+ (-4)= -8  for  the  question  (2)  respectively.  It  seems  to  me  that  these  students  appropriate 
the  voices  of  the  previous  lessons  on  addition  and  subtraction  of  integers.  These  voices  reflected  in 
the  assumption  that  there  is  only  one  true  formulation  of  mathematical  task. 

The  mastery  of  this  privileging  partem  of  the  monologic  speech  genre  of  formal  schooling  was 
clearly  revealed  on  June  22.  On  that  day  the  teacher  introduce  special  topic  of  finding  pattern  of 
numerical  sequences.  In  the  end  of  the  lesson,  the  teacher  ask  students  to  write  their  impression  of 
today's  lesson?".  A  student  KC  wrote  that  [6]: 


Unlike  ordinal  bssons,  today's  lesson  was  interesting.  Because,  I  could  formulate  my 
answer  by  myself. 

Voice  that  is  temporally  and  spatially  distant  become  apparent  in  KC's  reply.  The  voice  involves 
not  only  positive  attitude  toward  the  lesson,  but  also  negative  opinion  ("unlike  ordinal  lessons") 
associated  with  the  way  the  teacher  organize  preceding  lessons  on  positive  and  negative  numbers. 


[6] 
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CONCLUDING  REMARKS 

The  view  I  have  been  outlining  in  this  article  suggests  that  the  mediational  means  of  individual 
mental  functioning  can  be  better  understood  if  one  goes  beyond  the  individual  involved.  By 
focusing  on  speech  genres  as  mediational  means,  the  author  is  constantly  remind  that  mediated 
action  is  inextricably  linked  to  historical,  cultural,  and  institutional  settings. 

The  investigation  itself  raised  several  additional  questions.  It  remains  to  explore  the  ways  in 
which  such  a  mono-logic  organization  of  activity  on  the  intermental  plane  is  mastered,  thereby 
shaping  the  intramental  plane  of  functioning.  Vygotskii-Bakhtin's  perspective  suggests  that  what 
comes  to  be  incorporated  into  an  utterance  are  voices  that  were  formerly  represented  explicitly  in 
intermental  functioning.  Therefore,  microgenetic  analysis  of  transition  of  mental  functioning  from 
intermental  to  intramental  plane  that  would  occur  over  the  course  of  classroom  interaction  is 
needed.  In  addition  to  exploring  the  question,  it  is  necessary  to  show  the  possibility  to  create  and 
sustain  mathematically  appropriate  culture  in  which  dialogical  organization  of  activity  can  occur. 
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Abstract 


In  this  study  sixth  grade  children  were  introduced  to  some  problematic-  situations  in 
which  the  rational  number  concept  was  involved  and  presented  in  different  contexts. 
Individual  interviews  were  carried  out  in  order  to  undestand  children's  ways  of 
thinking  about  rational  numbers.  Results  show  the  use  of  different  types  of  strategies 
and  point  to  specific  kinds  of  misconceptions,  which  were  both  found  to  be  different 
depending  on  the  task  that  was  presented  and  on  its  context  of  presentation.  The 
comparison  between  "high"  and  "low"  achievers'  outcomes  leads  to  the  conclusion  that 
much  more  success  is  obtained  when  a  task  is  depicted  in  a  concrete  context  than  when 
it  is  introduced  within  an  abstract  context,  and  that  this  finding  is  more  prominent  in 
the  case  of  "low"  achievers. 


Vcrgnaud  sustains  the  importance  of  studying  children's  conceptions  in  order  to  achieve  two  major 
objectives:  on  the  one  hand,  to  identify  the  difficulties  and  discontinuititcs  in  students  reasoning 
processes  while  approaching  some  mathematical  concepts;  and  on  the  other  hand,  to  determine  in 
which  way  children's  previous  conceptions  can  be  used  to  generate  new  conceptions. 
According  to  him,  a  given  problematic  situation  docs  not,  in  general,  implicate  all  the  properties  of  a 
specific  concept,  and  its  solution  will  most  likely  require  a  number  of  distinct  constructs.  Learning  some 
concept  is  an  enduring  process  which  goes  through  several  phases  of  interactions  and  discontinuities. 
Only  amid  a  vast  domain  of  interwined  concepts  would  it  make  sense  to  look  for  affiliations  and 
ruptures  in  knowledge  (Vcrgnaud,  1990). 

The  possible  different  sorts  of  interpretations  of  rational  numbers  and  the  consequent  degree  of 
complexity  that  they  entail  is  most  likely  at  the  origin  of  the  statement,  frequently  heard  among  teachers, 
that  this  topic,  included  in  sixth  grade  math  Portuguese  curriculum,  is  the  most  difficult  of  all  for 
children.  Jt  is,  unfortunately,  still  common  to  find  some  teachers,  usually  the  ones  who  emphasize  the 
main  importance  of  algorithmic  procedures,  who,  contrary  to  Vcrgnaud's  perspective,  advocate  that  the 
best  way  to  overpass  such  difficulties  is  to  persistently  exercise  on  the  resolution  of  many  problems  of 
the  same  sort. 


Introduction 


The  interest  in  studying  the  rational  numbers  learning  process  in  children  can  be  seen  from  three 
different  perspectives:  1)  from  a  practical  point  of  view,  as  the  capacity  to  deal  with  this  concept 
facilitates  the  comprehension,  and  makes  it  easier  to  deal  with  many  practical  situations;  2)  from  a 
psychological  perspective,  in  the  sense  that  such  a  vast  domain  propitiates  children's  mental 
organization  and  ,  thus,  enhances  their  general  cognitive  development;  3)  from  a  mathematics 
education  point  of  view  as  the  full  comprehension  of  this  concept  underlies  the  further  learning  of 
algebraic  operations  integrated  later  on  in  the  secondary  school  curriculum  (Bchr,  Lesh,  Post  &  Silver, 
1983). 

Children's  understanding  of  the  rational  number  construct  has  been  at  the  origin  of  numerous 
investigations  (e.g.,  Bchr  ct  al.,  1983;  Kicrcn,  1980).  Our  intention  in  this  study  was  to  apprehend  how 
children,  at  this  age  and  in  a  specific  curricuiar  context,  think  about  rational  numbers.  More 
specifically,  our  option  was  to  study  the  disparities  between  "high"  and  "low"  achievers,  with  respect  to 
the  strategics  employed  and  to  the  possible  misconceptions  involved  in  the  solution  of  problematic 
tasks  addressing  different  interpretations  of  rational  numbers. 

This  presentation  will  address  six  of  those  tasks,  whose  choice  was  determined  by  the  revealed  degree 
of  difficulty. 


This  investigation  was  organized  in  two  distinct  phases.  During  the  first  phase,  68  children,  attending 
sixth  grade  in  three  different  schools  in  Lisbon,  were  asked  to  answer  a  pencil  and  paper  test  whose 
items  regarded  the  part-whole  interpretation  of  rational  number;.  *:  T ..  subjects  for  lh>  second  phase  of 
the  study  were  then  selected  according  to  both  their  performance  on  '"  *s  test,  and  to  the  math  teacher 
evaluation  of  these  students'  degree  of  achievement  in  the  subject.  The  sampiv  .hus  gathered  consisted 
on  15  "high"  achievers  and  15  "low"  achievers. 

In  the  second  phase  of  the  study  the  subjects  were  individually  interviewed  and  presented  with  six  tasks 
bearing  on  the  interpretations  "quotient",  "equivalence"  and  "addition",  in  cither  a  concrete  or  an 
abstract  context. 

All  the  situations  were  orally  presented  and  the  students  encouraged  to  verbalize  their  strategics  during 
and  after,  the  solution  of  each  task,  to  utilize  different  materials  that  were  available,  to  draw  any  sort  of 
diagrams  and/or  register  their  thoughts  in  a  separate  sheet  of  paper. 

The  six  chosen  tasks  were  the  following. 

1 .  You  have  a  pizza  that  you  want  to  divide  evenly  among  three  boys.  I  low  much  will  each  boy  get  to 
cat? 
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2.  Do  you  like  chocolate?  Which  one  of  these  would  you  rather  have:  2/3  or  8/12  of  a  chocolate? 

3.  In  this  task,  two  circular  cards  were  shown,  one  of  them  divided  into  four  equal  parts,  three  of  which 
were  darkened,  and  the  other  one  divided  into  three  equal  portions  with  just  one  marked  in  the  tame 
way. 

This  (and  the  first  card  was  pointed  out)  represents  a  mushroom  pizza  and  the  shaded  zone  the  part  that 
John  got  to  eat  yesterday. 

This  (and  the  second  card  was,  then,  shown)  represents  a  chicken  pizza  and  the  shaded  zone  the  part 

that  John  got  to  eat  today. 

All  together,  how  much  did  John  cat? 

4.  If  you  have  1  divided  by  3,  how  can  you  rcprcsen!  the  result? 

5.  Place  one  of  the  symbols  (>,  <,  =)  on  the  dotted  line  so  that  a  true  statement  will  result: 


The  order  of  task  presentation  was  not  exactly  the  one  just  displayed  since  there  were  more  situations 
whose  results  are  not  considered  in  this  presentation. 


The  strategies  put  into  practice  by  students  were  organized  by  task,  by  context  of  the  task  (concrete, 
abstract)  and  by  student  performance  group  (''high"  achievers  =  A,  "low"  achievers  =  B). 

The  three  following  tables  display  the  distribution  of  students!  answers  with  respect  to  their 
corrcctednett  ("C"  =  Correct,  "W"  =  wrong)  and  regarding  the  solution  strategies  put  into  practice 
while  solving  them,  always  discriminating  "high"  from  "low"  achievers.  Table  1  illustrates  the  answers 
relative  to  "quotient"  type  of  tasks.  Table  2  refers  "addition"  and  Table  3  "equivalence". 


2 
3 
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12 
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Table  1  -  Distribution  of  strategies  put  into  practice  by  group  of  performers,  correctedness  of  the 
answers  and  context  of  task  -  "Quotient"  type  of  tasks 


Concrete  Abstract 


Strategies 

A 

C/W 

B 

C/W 

A 

cm 

B 

C/W 

.  Procedure  algorithmic  (1 :3). 

3/0 

212 

.  Symbolic  representation  (1/3) 

8/0 

3/0 

5/0 

1/0 

.  Symbolic  representation  and  procedure  algori- 

4/1 

6/3 

thmic. 

.  Symbolic  and  graphical  representation. 

5/0 

8/1 

2/0 

0/1 

.  Symbolic  representation,  graphical  representati- 

2/0 

2/1 

on  and  procedure  algorithmic  (1:3) 

Total 

15/0 

13/2 

14/1 

9/6 

Tabic  2  -  Distribution  of  strategies  put  into  practice  by  group  of  performers,  correctedness  of  the 
answers  and  context  of  task  -  "Addition"  type  of  tasks 


Concrete 

Abstract 

Strategies 

A 

B 

A 

B 

CAV 

C/W 

C/W 

cm 

.  Graphical  representation  and  estimation. 

0/1 

.  Estimation. 

2/0 

.  Procedure  algorithmic  (LCD)*  and  manipula- 

2/0 

6/0 

ted  materials. 

.  Manipulated  materials  and  estimation. 

5/0 

1/0 

.  Procedure  algorithmic  (LCD). 

7/1 

3/2 

12/0 

7/2 

.  Rule  invention/rule  transposition. 

0/1 

0/5 

.  Rule  invention/rule  transposition  and  procedu- 

2/0 

0/1 

re  algorithmic. 

Total 

14/1 

12/3 

14/1 

7/8 

•Least-common -denominator 
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Tabic  3  -  Distribution  of  strategics  put  into  practice  by  group  of  performers,  corrcctcdncss  of  the 
answers  and  context  of  task  -  "Equivalence"  type  of  tasks 


Concrete  Abstract 

Strategies  A        B        A  B 

 CAV      CAV      CAV  CAV 

.  Procedure  algorithmic 


-  LCD* 

5/0 

1/0 

3'0 

1/0 

-  decimal  form 

2/0 

4/0 

-  equivalent  form 

1/0 

2/0 

.  Rule  invention/rule  transposition 

0/2 

0/5 

0'1 

0/4 

.  Manipulated  materials  and  rule  invention/rule 

0/1 

0/3 

transposition 

.  Graphical  representation  and    rule  invcnli- 

2/0 

1/4 

1/2 

33 

on/rulc  transposition 

.  Procedure  algorithmic  (LCD)  and  rule  inven- 

4/0 

2/0 

2/0 

1/0 

tion/rulc  transposition  

 Total  13/2       5/10       12/3  5/10 

*  Lcasl-commoivdenominator 


The  classification  of  misconceptions  was  done  in  the  context  of  the  solution  strategy. 

Difficulties  were  found  at  the  level  of  graphical  representation,  mainly  when  the  student  would  not 
consider  an  even  division,  which  may  have  to  do  with  the  absence  of  a  full  understanding  of  the  part- 
whole  concept,  as  can  be  seen  in  the  figures  that  follow. 
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Task!  (Luis)  Task  1  (Carla) 
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Task  2  (Susana) 


Task  2  (Marco)  12  3 

Another  kind  of  difficulty  has  its  origin  in  the  incomprehension  of  the  position  value  of  decimal 
numbers,  which  happens  whenever  the  child  makes  use  of  this  sort  of  representation.  Task  number  four 
was  frequently  solved,  on  the  first  trial,  as  "three  point  three"  and  sometimes  "thirty  three",  with  the 
student  persisting  with  the  answer  even  when  the  researcher  called  his  attention. 
Finally,  another  kind  of  misconception  that  consistently  shows  up  proceeds  from  presuming  as  a  rule 
that  applies  to  rational  numbers,  one  that  is  true  only  about  integers,  as  well  as  some  other  rules  that  arc 
just  created  as  the  student  explain  his  process  of  task  solving.  The  examples  that  follow  refer  to  task 
number  two: 

"two  thirds  is  less  because  the  numbers  arc  smaller" 

"I  prefer  eight  twelfths  because  twelve  is  larger  than  three  and  eight  larger  than  two" 
"I  prefer  two  thirds  because  it  has  less  divisions" 
"I  prefer  two  thirds  because  it  divides  in  less  parts". 

In  task  number  six  the  imcdiatc  answer  is,  sometimes,  four  sevenths:  the  student  adds  both  numerators 
and  both  denominators. 

We  identified  other  sorts  of  misconceptions  although  they  seem  to  us  as  less  interesting  from  a 
psychological  point  of  view. 


Discussion 

In  this  section  we  intend  to  simply  elaborate  the  most  salient  aspects  of  the  study  that  was  just 
summarized 

When  the  answers  to  the  taslus  implicating  "quotient",  "addition"  and  "equivalence"  arc  considered  in 
this  order  we  can  find  progressive  diOicultics.  particularly  evident  in  the  "low"  achievers,  which  suggests 
the  possibility  of  a  conceptual  hierarchy  in  tlieii  understanding. 
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One  other  aspect  that  should  be  emphasized  is  that  the  strategy  selection  done  by  students  while  solving 
tasks  that  are  mathematically  identical  is  not  the  same  whether  the  context  is  either  concrete  or  abstract, 
this  being  true  for  both  "low"  and  "high"  achievers.  In  particular,  when  tasks  arc  presented  in  a  concrete 
way  a  better  performance  is  found  in  the  "low"  achievers  which  seems  to  indicate  that  a  realistic 
approach  in  the  teaching  of  fractions  allows  for  a  better  understanding. 

Nevertheless,  it  is  interesting  to  point  out  that,  for  "low"  achievers,  the  kind  of  context  did  not  have  any 
influence  in  the  success  of  the  tasks  implicating  "equivalence".  In  the  analysis  of  their  answers  the 
strategy  that  stands  out  is  the  utilization  of  a  rule  which  they  know  to  be  true  for  integers:  apparently, 
2/3  and  8/12  arc  not  taken  to  be  numbers,  this  folding  being  in  agreement  "with  the  results  of  previous 
investigations  (Harrison  &  Greer,  1993).  As  a  matter  of  fact,  this  understanding  of  fractions  as 
numbers  seems  to  be  a  real  "cpisthcmologjca!  obstacle"  as  defined  by  Vergnaud  (1989,  p.38)  in  the 
sense  that  it  contradicts  the  child's  previous  functional  conccptioas,  it  is  of  an  enduring  nature,  and  it 
facilitates  the  appearance  of  earlier  notions  whenever  circumstances  arc  favorable. 
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FIFTH  GRADERS'  MULTI-DIGIT  MULTIPLICATION  AND  DIVISION 
STRATEGIES  AFTER  FIVE  YEARS'  PROBLEM-CENTERED  LEARNING 


Hanlie  Murray,  Alwyn  Olivier  and  Piet  Human 
Research  Unit  for  Mathematics  Education 
University  of  Stellenbosch,  South  Africa 


This  paper  describes  the  multiplication  and  division  strategies  used  by  fifth-graders 
in  three  schools  which  have  been  following  a  problem-centered  approach  to  mathe- 
matics learning  for  five  years.  The  quality  of  mathematical  thinking  and  the  com- 
putational skills  exhibited  by  these  students  are  very  encouraging. 

INTRODUCTION 

The  National  Research  Council  document  Everybody  Counts  states  "More  than  most  school 
subjects,  mathematics  offers  special  opportunities  for  children  to  learn  the  power  of  thought 
as  distinct  from  the  power  of  authority"  (1989:4).  Sadly,  these  opportunities  are  seldom  re- 
We  believe  that  when  young  students  are  exposed  to  transmission-type  teaching  of 
mathematics,  it  encourages  the  idea  that  mathematics  should  be  associated  with  the  power 
of  authority  rather  than  with  the  power  of  thought,  and  that  the  "personal  intellectual  en- 
gagement that  creates  new  understanding"  (NRC,  1989:6)  does  not  happen  simply  because 
students  do  not  realize  that  it  is  expected  of  them. 

A  problem-centered  learning  approach  to  mathematics  teaching  (e.g.  Cobb,  Wood,  Yackel, 
Nicholls,  Wheatley,  Trigatti  &  Perlwitz,  1991;  Olivier,  Murray  &  Human,  1990)  expects  stu- 
dents to  construct  their  own  knowledge  and  also  attempts  to  establish  individual  and  social 
procedures  to  monitor  and  improve  the  nature  and  quality  of  those  constructions. 

Young  students  enter  school  with  the  "power  of  thought"  attitude;  to  prevent  the  change 
to  a  "power  of  authority"  attitude  towards  mathematics,  teachers  in  our  problem-centered 
classrooms  do  not  demonstrate  solution  methods  for  problems,  but  expect  students  to  con- 
struct their  own  strategies,  and  they  depend  on  social  procedures,  developed  during  peer 
collaboration,  for  error  identifier  ;:on  and  the  development  of  more  powerful  strategies. 

This  is  possible  because  young  students  enter  school  with  a  rich  repertoire  of  problem- 
solving  strategies  based  on  sound  conceptual  knowledge,  and  they  invent  their  own  compu- 
tational strategies  independently  of  what  they  are  taught.  Our  approach  simply  builds  on 
and  deliberately  encourages  these  strategies  (Murray  &  Olivier,  1989).  This  implies  that  the 
four  standard  vertical  algorithms  for  the  four  basic  operations  are  no  longer  taught  explicitly. 
The  nature  of  written  algorithm*.  The  essential  nature  of  any  non-counting  computa- 
tional algorithm  is  that  it  is  a  set  of  rules  for  breaking  down  or  transforming  a  calculation  into 
a  set  of  easier  calculations  the  answers  of  which  are  already  known.  This  process  of  chang- 
ing the  task  to  an  equivalent  but  easier  task  involves  three  distinguishable  sub-processes, 
illustrated  here  with  reference  to  a  procedure  to  calculate  17  x  28: 

•  Transformation  of  the  numbers  to  more  convenient  numbers  e.g. 


28  =  30-2 


r 


The  ability  to  transform  numbers  in  this  way  depends  on  the  student's  number  concept 
development. 

•  Transformation  of  the  given  computational  task  to  a  series  of  easier  tasks,  e.g. 

17  x  28  =  17  x  30-17  x2 

The  ability  to  transform  the  task  to  an  equivalent  task  depends  on  the  student's  aware- 
ness of  certain  properties  of  operations  or  theorems-in-action  (Vergnaud,  1989)  (here  the 
distributive  property  of  multiplication  over  subtraction). 

•  Calculation  of  the  parts,  e.g. 

17  x  28   =  17  x  30  -  17  x  2 
=  510-34 
=  476 

These  final  calculations  are  performed  at  the  "automatic"  level,  i.e.  without  much  think- 
ing, and  requires  knowledge  of  some  basic  number  facts. 

The  process  of  calculation  does  not  necessarily  follow  this  sequence.  The  way  you  initially 
decompose  the  numbers  depends  on  your  anticipation,  "looking  ahead"  to  the  transformation 
you  intend  in  phase  2  and  the  basic  facts  you  are  going  to  use  in  the  final  step  of  the  calcu- 
lation. 

Strategies  such  as  these  that  children  in  problem-centered  learning  classrooms  use  in 
solving  word  problems  generally  indicate  that  they  have  a  sound  intuitive  grasp  of  the  prop- 
erties of  operations  that  underlie  their  strategies. 

Objective*  for  computation.  In  our  problem-centered  learning  approach  the  objectives 
for  computation  do  not  include  speed  or  economy  of  presentation.  Rather,  we  use  computation 
as  a  vehicle  to  achieve  other  objectives,  namely 

•  understanding  of  number,  operations  and  properties  of  operations 

•  understanding  of  algorithmic  thinking  as  a  process,  including  executing  and  explain- 
ing given  algorithms,  comparing  and  evaluating  the  efficiency  of  different  algorithms, 
designing  and  modifying  algorithms  for  specific  tools,  using  flexible  computational  pro- 
cedures (mental  computation  and  estimation) 

•  using  computation  as  tool  for  solving  problems 

•  maintaining  a  positive  attitude  to  mathematics,  positive  beliefs  about  mathematics  and 
about  learning  mathematics,  and  especially  intellectual  autonomy. 

Our  first  PME  report  on  division  described  the  different  strategies  used  by  first  to  third 
grade  students  in  our  classrooms  (Murray,  Olivier  &  Human,  1991);  the  second  report  on  di- 
vision traced  the  development  of  division  strategies  in  a  third  grade  class  during  the  course 
of  a  school  year  (Murray,  Olivier  &  Human,  1992).  In  this  report  we  describe  the  different 
strategies  that  fifth-graders  in  different  schools  use  for  multi-digit  multiplication  and  divi- 
sion. The  objectives  of  the  present  study  were  to  trace  the  effect  of  two  further  years'  practice 
on  students'  "power  of  thought"  attitude,  to  gain  insight  into  the  quality  and  promise  their 
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computational  strategies  hold  for  further  mathematics,  and  to  document  the  frequencies  of 
the  different  strategies. 


STUDENTS'  STRATEGIES 

All  the  fifth-graders  in  three  schools  were  required  to  solve  the  following  two  problems  in 
written  test  situations  (i.e.  individually)  at  the  end  of  their  fifth  grade: 

Miss  Schreuder  makes  tote-bags  for  students.  She  uses  27  cm  of  trimming  for  each 
tote-bag.  She  receives  an  order  for  35  tote-bags.  How  many  centimeters  of  trimming 
does  she  use  for  this  order? 

There  are  784  children  at  a  holiday  camp.  They  are  grouped  into  teams  of  16  child- 
ren each.  How  many  teams  are  there  at  this  camp? 

The  student  populations  of  all  three  schools  are  fairly  stable,  and  most  of  the  students 
have  been  together  for  some  years,  making  possible  the  decided  differences  in  preferred 
strategies  among  the  three  schools.  We  list  below  the  different  strategies  used  by  students 
to  solve  these  problems  and  give  examples  of  each  strategy. 

Strategies  for  the  multiplication-type  word  problem. 

1.  Decimal  decomposition  of  each  number,  leading  to  the  addition  of  four  subproducts. 

Helen  20  x  30    =  600 

20  x  5    =  100 
7  X  30    =  210 
7x5    =  35 
600  +  100  +  210  +  35  =  945 

2.  Only  one  of  the  numbers  is  decomposed  additively  into  two  or  more  parts.  A  number  of 
subproducts  are  calculated  and  the  results  added. 

Chris  27  h  30    =  810 

27  X  5    =    135      810  +  135  =  945 

Gay  35  x  10    =  350 

35  X  10    =  350 
35  X  4    =  140 
35  X  3    =  105 
945 

3.  One  number  is  kept  whole  for  multiplication  with  the  tens-part  of  the  other  number, 
but  decomposed  decimally  for  multiplication  with  the  units-part  of  the  other  number. 

Liza  20  X  35    =  700 

7  X  30    =  210 
7  x  5    =     35      35  +  210  +  700  =  945 

4.  Repeated  doubling  of  one  number,  adding  the  appropriate  multiple  of  the  number  at  the 
end. 

Jon  105  +  105  -  210  +  210  —  420  +  420  —  840  +  105  —  945 

3       3        6  12  24      3  27 


5.  Changing  some  of  the  numbers  so  that  a  completely  different  but  more  convenient  task 
is  executed,  and  then  compensating  for  the  change. 

Andy  35  x  10  -  350  x  3  -  1050 

35  X  3    =  105 
1050  - 105    =  945 

6.  The  standard  vertical  algorithm  for  multiplication. 

7.  Indecipherable  strategies. 

We  have  identified  only  one  type  of  logical  error,  namely  a  partial  implementation  of  strategy 
no.  1,  in  analogy  with  a  common  addition  strategy. 
Naomi  20  x  30    =  600 

7  x  5    =     35      600  +  35  =  635 

Table  1  shows  the  frequency  of  use  of  each  strategy  for  each  of  the  three  schools. 

Table  1:  Multiplication-type  problem  frequency  distribution  (%) 


Strategies 

1 

2 

3 

4 

5 

6 

7 

Logical  error 

School  A  (n=34) 

29 

53 

9 

0 

1 

2 

2 

4 

School B (n=79) 

43 

33 

8 

0 

0 

1 

1 

14 

School  C  (n=53) 

47 

34 

6 

2 

0 

11 

0 

O 

Strategies  for  the  division-type  word  problem. 

1.  Partitioning  of  the  dividend  into  known  multiples  of  the  divisor,  leading  to  the  addition 
of  a  number  of  subquotients. 

Alan  640  4-16    =  40 

144  -r  16    =    9      40  +  9  =  49 

Stefan  320  4-16  =  20 

320  4-16  =  20 

128  4-  16  =  8 

16-M6  =  1       20  +  20  +  8+  1  -49 

2.  A  number  of  separate  multiplications  of  the  divisor  until  the  sum  of  these  results  is 
equal  to  the  dividend. 

Willem  16  x  20  =  320 

16  x  20  =  320 

16  x  5  =  80 

16  x  3  =  48 

16x1  =  16       ?<>  +  20  +  5  +  3  +  1 

Gustav  (16  X  20)  x  2    =  640 

640 +  (16  -  6)    =  720 
720 +  (16  X  4)    =    784       40  +  5  +  4  =  49 
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3.  Counting  in  the  divisor,  with  an  occasional  doubling. 

Suzanne  16; 32; 48; ...  784  49 

4.  Accumulating  multiples  of  the  divisor. 

20 

Tina  160  +  160  -  320  +  320  -  6«0  +  32  -  672  +  32 

-704  +  32  -  736  +  32-  768  +  16-  784  49 

Mary  160  +  160  -  320  +  160  -  480  +  160  -  640  +  144  =  784 

10     10  10  10  9  49 


Lynda  320  +  320  -  640  +  64  -  704  +  64  -  768  +  16 

20     20       40     4       44     4       48      1  49 


5.  Repeated  multiplication  or  division,  adding  or  subtracting  a  multiple  of  the  divisor  at 
the  end. 

Regardt  16  x  10  -  160  X  10  -  1600  -  2  -  800  - 16  -  784 

10  100  50  49 

Susan  16  X  20  -  320  X  2  -  640  +  160  -  800  -  16  =  784 

20  40  50-1  49 

6.  Repeated  doubling  of  the  divisor,  adding  a  multiple  of  the  divisor  at  the  end. 

Helga  16  32  64    128  256  512 

1     2     4       8     16  32 

\/ 
768  +  16  =  784 
48      1  49 

7.  The  dividend  is  changed  to  a  more  convenient  number  (e.g.  a  known  multiple  of  the 
divisor)  an-1  the  answer  is  adjusted. 

judy  800  -r  16  =  50,50-1  =  49 

Michael  16  x  50  =  800,50-1  =  49 

8.  The  standard  long  division  algorithm. 

9.  Indecipherable  strategies. 

We  have  identified  only  one  type  of  logical  error,  namely  decimal  decomposition 

^d  sometimes  the  dividend  as  well,  assuming  that  division  is  leRdistnbutwe  over  add-on 

or  subtraction. 

Christclle  700 -,10    =  70 

84^-6    =    W      14+70  =  84 

Table  2  shows  the  frequency  of  use  of  each  strategy  for  each  of  the  three  schools. 


o 

ERIC 


Table  2:  Division-type  problem  frequency  distribution  (%) 


Strategies 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Logical  error 

School  A  (n=94) 

59 

12 

6 

1 

1 

1 

6 

6 

6 

2 

School  B  (n=79) 

21 

47 

2 

0 

1 

0 

2 

3 

7 

17 

School  C  (n=53) 

10 

32 

0 

12 

8 

6 

24 

8 

0 

0 

DISCUSSION 


Students  intellectual  autonomy.  The  fact  that  these  fifth  grade  students  are  still  using 
he.r  own  mvented  strategies  and  not  the  standard  vertical  algorithms  is  an  indication  thai 
they  have  ma.nta.ned  the  -power  of  thought"  attitude  with  which  they  started  school  over  a 
rTsonaWyTntecT'      ^  ^  Pr°blem-Centered  cla88room  «>'  mathematics  is  still 

tlJS  PTTnCt  °"he118*andard  algorithms  can  be  traced  to  new  entrants  from  schools  where 
the  algonthms  had  .till  been  taught,  and  to  parental  influence.  The  seemingly  high  incidence 
of  the  standard  algonthms  ,n  school  C  was  traced  back  to  an  intake  of  four  competent  stu- 
dents which  in  this  small  school  counts  for  8%.  What  we  find  significant  is  that  the  use  of 
these  algonthms  has  not  spread  to  any  particular  degree  in  any  of  the  schools.  Students 
therefore  seem  to  prefer  their  own  strategies  which  they  use  with  understanding  and  with 
sufficient  speed  to  satisfy  the  requirements  imposed  by  tests  and  examinations. 
The  nature  of  students'  strategies.  In  the  course  of  a  few  years,  most  of  these  stu- 
dents have  developed  sophisticated  and  powerful  strategies.  In  general,  the  level  of  number 
concept  of  the  students  as  well  as  their  knowledge  of  multiplication  facts  is  not  only  quite 
extensive  (note  their  knowledge  of  the  larger  multiples  of  16)  but  also  particularly  flexible 
Their  flexibi hty  is  shown  by  the  ease  with  which  they  conetruct  alternative  routes  for  par- 
ticular calculations.  ^ 

The  decided  differences  in  preferred  strategies  among  the  three  schools  can  be  attributed 
to  the  effect  the  problem-centered  classroom  as  a  community  of  mathematics  practitioners 
and  talkers  has  on  the  thinking  of  its  individual  members. 

In  our  previous  research  reports  on  the  division  strategies  of  students  in  the  first  three 
grades,  the  different  strategies  differed  widely  from  one  another  in  their  economy  and  the 
level  of  abstract  thinking  employed.  This  distinction  is  much  less  evident  among  the  strate- 
gies used  by  the  fifth-graders.  With  the  exception  of  the  quite  primitive  division  strategy 
of  counting  in  multiples  (strategy  no.  3),  all  the  strategies  are  at  approximately  the  same 
level  with  respect  to  use  of  the  properties  of  numbers  and  operations.  For  example,  the  most 
useful  theorem  in  action  seems  to  be  the  distributive  property,  which  pervades  all  strategies- 
even  the  strategies  that  are  based  on  repeated  multiplication  or  doubling  are  finally  adjusted 
by  applying  the  distributive  property.  Even  the  transformations  that  the  weaker  students 
(or  the  students  with  a  less  well  developed  number  concept  or  smaller  repertoire  of  known 
number  facts)  make  in  order  to  simplify  matters  for  themselves  are  based  on  an  intuitive 
understanding  of  the  distributive  property. 

There  are,  however,  great  differences  within  each  strategy,  i.e.  with  the  way  in  which 
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individual  students  implement  the  basic  strategy.  These  differences  can  be  ascribed  firstly 
to  an  individual  student's  level  of  number  concept  and  secondly  to  the  known  number  facts 
the  student  has  at  his  disposal.  For  example,  for  division  strategy  no.  1  (partitioning  the 
dividend),  Alan  partitioned  784  into  640  and  144,  whereas  Stefan  used  320, 320, 128  and  16. 

This  is  one  of  the  central  issues  in  a  successful  problem-centered  classroom:  that  students 
operate  at  the  levels  at  which  they  feel  comfortable.  When  a  student  transforms  the  given 
task  into  other  equivalent  tasks,  these  equivalent  tasks  are  chosen  because  the  particular 
student  finds  these  tasks  more  convenient  to  execute. 

It  therefore  seems  that  students  in  problem-centered  learning  classrooms  are  aware  of  the 
transformations  they  make  and  why  they  make  them,  and  that  they  therefore  understand 
the  nature  of  computational  algorithms  at  a  metacognitive  level.  One  can  safely  say  that  in 
a  transmission-type  teaching  environment  students  do  not  have  this  metacognitive  perspec- 
tive on  the  computational  algorithms  they  are  taught,  even  though  some  may  understand 
how  these  taught  algorithms  work. 

Viewed  from  the  high  school  perspective,  the  strategies  indicate  a  high  degree  of  struc- 
tural similarity  with  algebraic  multiplication  and  division. 

Logical  errors.  In  a  very  large-scale  implementation  of  any  teaching  approach  (more 
than  1000  elementary  schools  in  Southern  Africa  are  implementing  this  approach)  there 
will  not  only  be  found  different  interpretations  of  the  basic  principles  of  the  approach,  but 
also  compromises  indicating  that  the  basic  principles  have  not  been  completely  accepted  or 
understood.  One  of  the  most  common  compromises  in  this  implementation  arises  from  some 
teachers'  lack  of  confidence  in  their  (weaker)  students'  ability  to  construct  adequate  algo- 
rithms, resulting  in  their  guiding  students  towards  particular  solution  strategies.  This  may 
pressurize  students  into  trying  to  use  logical  structures  and/or  attempting  to  deal  with  num- 
ber sizes  for  which  they  are  not  conceptually  ready. 

The  occurrence  of  logical  errors  among  a  group  of  students  is  a  strong  indication  that 
the  problem-centered  learning  culture  has  been  compromised,  and  that  students  are  not 
transforming  the  given  task  into  tasks  that  really  suit  their  own  level  of  development. 

For  example,  multiplication  strategy  no.  1  is  the  only  •  trategy  apart  from  the  standard 
vertical  algorithm  which  does  not  allow  for  differentiation  within  the  equivalent  tasks  chosen 
(i.e.  there  is  no  choice,  the  tasks  are  fixed).  Strategy  no.  2,  on  the  other  hand,  allows  for  very 
considerable  differentiation,  both  towards  much  shortened  execution  (Chris's  example)  and 
towards  using  a  number  of  quite  small  calculations  (Gay  does  not  even  multiply  by  seven, 
but  by  four  and  three).  Strategy  no.  2.  therefore,  caters  for  a  wide  range  of  number  concept 
abilities. 

The  only  type  of  logical  error  we  have  identified  for  multiplication  can  be  described  as  a 
partial  implementation  of  strategy  no.  1.  The  high  incidence  (14%)  of  this  error  among  school 
B  students,  .coupled  with  the  high  frequency  associated  with  the  related  strategy  no.  1  for 
the  same  school,  leads  one  to  speculate  whether  these  two  phenomena  are  not  related:  If 
some  teacher  had  at  some  stage  guided  students  towards  strategy  no.  1,  it  is  possible  that 
a  number  of  students  who  would  have  fared  much  better  with  strategies  of  their  own  choice 
which  allow  for  more  differentiation,  are  now  unwisely  attempting  to  implement  strategy 


no.  1. 


The  logical  error  for  division  also  has  a  high  incidence  in  school  B.  It  therefore  seems  very 
likely  that  the  classroom  cultures  in  school  B  do  not  allow  weaker  students  complete  freedom 
of  choice  and  make  insufficient  provision  for  those  social  procedures  (discussion,  support  and 
justification)  which  identify  and  clarify  errors  at  an  early  stage. 

Notation.  We  are  very  much  aware  that  a  classification  of  strategies  which  is  based  solely 
on  students'  written  expositions  may  differentiate  between  strategies  which  are  conceptu- 
ally identical  but  which  are  simply  recorded  differently.  For  example,  although  Alan  writes 
640  16,  etc.  (strategy  no.  1),  it  is  quite  possible  that  he  is  in  fact  thinking  of  16  x  40,  etc., 
which  would  be  classified  as  strategy  no.  2. 

It  is  not  only  conceptual  and  procedural  structures  that  are  subject  to  the  influence  of 
the  classroom  culture;  notation  is  also  very  much  moulded  by  classroom  conventions  which 
dictate  acceptable  forms  of  communicating  about  strategies. 

Also,  written  work  serves  a  number  of  different  purposes:  It  can  function  as  a  compu- 
tational aid  and  it  aids  communication.  It  can  also  take  the  form  of  reasoned  exposition, 
where  the  written  format  no  longer  matches  the  original  sequence  of  problem-solving  steps, 
but  rather  provides  a  logically  coherent  justification  for  the  method.  For  example: 
Louis  784  -f  160  =  4    and  144  is  left 

144  -f  16  =  9    because  10  X  16  =  160 

and  160  -  16  =  144 
4  x  10  =  40    40  +  9  =  49 

This  format  of  written  mathematics  could  therefore  be  a  quite  logical  and  natural  devel- 
opment in  a  community  where  mathematics  is  actively  engaged  in  and  where  decisions  havo 
to  be  justified. 
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STUDENTS*  PERCEPTION  AND  USE  OF  PATTERN  AND  GENERALIZATION 


Anthony  Orton  and  Jean  Orton 
University  of  Leeds 


Four  studies  in  students' perception  and  use  of  pattern  and  generalization  are  described 
One  study  involved  adults  and  the  other  three  involved  pupils  aged  9-13  years.  I  wo 
studies  were  based  on  group  testing  and  the  others  were  conducted  by  means  of  individual 
interviews.  Analysis  of  the  data  has  revealed  not  only  different  levels  of  generalizing 
activity,  but  also  some  of  the  obstacles  to  successful  generalization. 


Introduction  . 

Mathematical  study  involving  recognizing,  exploring,  explaining,  contmuing,  dev.smg  and 
using  patterns  and  attempting  to  generalize  from  them  has  become  a  significant  element  of  the 
mathematics  curriculum  in  England.  According  to  the  DES  (1988),  "Work  in  the  primary  school  on 
number  pattern  and  the  relationships  between  numbers  lays  the  foundation  for  the  subsequent 
development  of  algebra".   Yet  there  is  still  only  a  limited  amount  of  published  evdence  as  to  how 
successful  pupils  might  be  in  taking  the  step  which  results  in  them  deducing  what  we  can  accept  as 
an  appropriate  algebraic  formula  from  a  number  pattern.    One  particularly  s.gn.f.cant  report  by 
Stacey  (1989)  concerns  a  collection  of  studies  relating  to  linear  generalizmg  problems.  More 
recently  the  use  of  computers,  particularly  through  spreadsheets,  has  been  suggested  as  a  hopeful 
approach  (Sutherland,  1990;  Healy  and  Sutherland,  1991).    Our  studies  have  set  out  to  prov.de 
additional  evidence  concerning  patterning  abilities  and  competences,  and  likely  obstacles,  m  ch,Idren 
from  nursery  school  to  upper  secondary  and  in  adults.  Here,  we  report  briefly  on  four  such  stud.es, 
one  concerning  adults,  one  involving  a  group  test  with  11-12  year  old  children,  and  two  involvmg 
individual  interviews  with  pupils  in  the  9-13  age  range. 
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Experiment  1:  Patterning  competences  in  adults 

Mature  adults  wishing  to  train  as  teacher,  in  England  may  obtain  an  acceptable  qual.ficat.on 
in  mathematics  via  an  examination  provided  specifically  for  them.  One  legitimate  and  regular  form 
of  question  in  this  examination  at  the  University  of  Leeds  has  been  concerned  with  pattermng  lead.ng 
to  generalization.     The  format  of  these  questions  is  limited  by  the  constraints  of  a  wntten 
examination,  so  the  amount  of  data  available  is  less  than  ideal.  Nevertheless,  valuable  umghts  have 
been  gained  from  the  data  collected  over  the  three  year,  1991  -  1993.  The  standard  idea  in  each  of 
the  relevant  que»tion,  from  the  three  year,  was  to  provide  a  sequence  of  configurations  of  dots  (see 
Figure  1)  and  the  candidates  were  asked  to  predict  the  number,  of  dot,  (M(r))  for  r-5. 10.  50  and  n. 
In  each  year  the  nth  term  involved  a  term  in  A    There  were  no  cue,  of  candidate,  succewfuUy 
answering  a  particular  question  without  succeeding  on  all  the  previou,  question,,  so  cand.dates  who 
provided  the  answer  only  for  the  fifth  configuration  were  classified  at  Stage  I.  cand.dates  who 


successfully  answered  both  the  fifth  and  the  tenth  were  classified  at  Stage  2,  and  so  on  up  to  Stage  4 
when  the  nth  term  was  obtained,  and  this  simplified  the  analysis.  There  were  no  major  discrepancies 
between  the  numbers  of  candidates  who  passed  the  examinations  in  the  three  different  years. 


199S 


1993 


Figure  1 

The  data  indicate  (i)  that  success  with  the  fifth/ tenth  and  fiftieth  numbers  in  the  pattern  by  no 
means  automatically  guarantees  success  on  the  nth,  (ii)  that  no  candidates  found  the  nth  term  in  1991 
yet  considerable  numbers  did  in  the  other  two  years,  and  (iii)  that  the  pattern  of  numbers  for  1993 
was  the  easiest.  Looking  beyond  this  simple  classification,  however,  other  important  issues  emerge. 
The  use  of  differencing  was  ubiquitous  as  a  first  attempt  to  solve  these  problems,  and  many 
candidates  persevered  with  differencing  even  when  attempting  to  find  the  fiftieth  term.  Differencing, 
of  course,  normally  indicates  that  the  pattern  has  at  least  to  some  extent  been  understood  recursively! 
but  this  alone  is  inadequate  for  finding  the  universal  rule,  in  fact  it  could  be  said  that  it  sets  the 
candidates  off  on  the  wrong  track.  It  was  those  candidates  who  were  prepared  to  reject 
differencing  and  look  for  alternative  approaches  who  made  progress  beyond  the  tenthterm.  Thus, 
success  on  the  fiftieth  term  was  most  likely  to  be  achieved  by  those  who  had  already  identified  the 
universal  rule.  It  was  particularly  obvious  in  1991  that,  despite  the  familiarity  of  triangle  numbers, 
candidates  were  fixated  on  differences,  and  made  little  progress.  In  1992,  the  numbers  and 
configurations  both  hinted  strongly  at  square  numbers,  which  perhaps  helped,  but  even  greater 
success  was  achieved  by  the  1993  candidates.  In  this  last  year,  candidates  generally  began  with 
differencing  but,  having  seemingly  failed  to  identify  a  meaningful  pattern,  many  ultimately  successful 
candidates  then  switched  to  listing  squares  of  r.  Most  of  those  who  found  the  formula  for  the  nth 
term  had  it  available  from  an  early  stage  and  used  it  to  calculate  both  the  10th  and  50th  terms. 
Thus,  it  appears  that  not  only  may  such  "non-linear"  pattern  questions  not  be  all  equally  difficult,  but 
also  the  most  difficult  of  these  three  appears  to  be  the  one  involving  the  triangle  numbers. 
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In  summary,  it  was  clear  that  mature  students,  like  many  children,  (i)  are  first  likely  to 
investigate  differences,  (ii)  usually  handle  the  recursive  pattern  based  on  differences  competently,  but 
(iii)  have  difficulty  in  finding  an  alternative  approach  which  leads  them  to  the  universal  rule.  In  a 
sense,  there  is  a  natural  obstacle  here,  in  that  until  students  are  prepared  to  discard  the  recursive 
pattern,  which  is  often  fairly  obvious,  they  are  not  able  to  express  the  universal  rule  algebraically. 

Experiment  2:  Large-scale  testing  with  pupils  aged  11-12  years 

A  Group  Test  was  devised  as  part  of  a  MSc  study  which  was  aimed  at  investigating  the 
appropriateness  or  otherwise  of  certain  requirements  of  our  National  Curriculum  and  involved  a 
wide  range  of  pattern  questions.  Subsequently,  it  was  decided  to  use  the  test  more  widely  with 
some  350  pupils  aged  11-12  years,  partly  in  order  to  evaluate  the  test  itself.  Space  only  allows 
discussion  of  the  results  obtained  from  one  particular  coherent  collection  of  tasks  based  on  the 
configuration  shown  in  Figure  2,  which  it  was  believed  would  be  unfamiliar  to  the  pupils,  and  tasks 
were  based  on  the  number  sequences  contained  in  the  loops.  Pupils  were  first  asked  to  state  what 
they  could  about  the  numbers  in  the  loops,  and  this  produced  a  fascinating  variety  of  responses. 


Figure  2 

Subsequently,  they  were  asked  for  algebraic  expressions,  and  they  found  this  very  difficult,  though 
about  half  of  the  pupils  made  some  attempt.  The  majority  of  pupils  were  able  to  explain  the 
sequences  only  in  terms  of  differences  between  successive  terms.  Weaker  pupils  (as  judged  by  their 
performance  on  other  questions)  noticed  evens  (and  sometimes  odds),  or  numbers  in  the  "two  times 
table",  and  little  more.  Some  of  the  very  weakest  had  difficulty  even  with  odds  and  evens.  It  was 
expected  that  Loop  A  would  turn  out  to  be  the  easiest  for  pupils.  In  terms  of  writing  a  formula,  this 
was  certainly  the  case  but  still  only  four  per  cent  of  the  pupils  wrote  nJ  or  similar,  with  a  further 
fifteen  per  cent  writing  "square  numbers",  or  "numbers  timesed  by  themselves".  In  fact,  forty-four 
per  cent  did  not  respond. 


Taking  Loop  B  as  an  example  for  more  detailed  analysis,  35%  of  the  pupils  pointed  out  that 
"it  goes  up  4,  6,  8,  10,  12"  and  21%  mentioned  either  "multiples  of  2"  or  "divisible  by  2"  or  "all  in 
the  2  times  table".  "Even  numbers"  were  mentioned  by  34%,  of  whom  nearly  half  wro'e,  "Goes  up 
by  even  numbers",  and  a  further  20%  wrote,  "Goes  up  by  2".  As  regards  recognizing  the  number 
pattern,  very  few  children  recorded  a  connection  with  triangle  numbers,  and  hardly  any  wrote  down 
an  appropriate  formula.  In  fact,  only  four  pupils  wrote  "triangle  numbers",  and  one  other  wrote 
"triangle  numbers  x  2".  Four  pupils  wrote  "rectangle  numbers",  one  pupil  explaining  that  k  was 
"one  number  times  a  number  less,  e.g.  4x3=12,  5x4=20",  and  another  explaining  "each  is  a  product 
of  consecutive  whole  numbers".  Half  of  the  pupils  did  not  attempt  the  algebraic  formula. 

The  Group  Test  was  accepted' verbatim  from  its  use  within  the  initial  MSc  study  and  has 
turned  out  to  be  less  than  ideal.  For  example,  it  was  clear  that  some  of  the  words  adopted  in  the 
questions  were  perhaps  not  appropriate  for  such  young  pupils.  A  further  experiment  is  currently 
being  conducted  with  a  new  Group  Test  which  does  not  use  any  of  the  words,  'algebra',  'formula', 
'equation',  or  «wen  'pattern',  and  which,  because  of  the  nature  of  the  questions,  will  more  readily 
allow  comparison  with  the  data  from  our  other  experiments. 


Experiment  3 :  Interviews  with  low  attainers 

Individual  interviews  were  used  to  explore  the  understanding  of  number  patterns,  based  on 
arrangements  of  matchsticks,  with  24  low  attainers  aged  1 1-12  years  (Root,  1993).  The  pupils  were 
shown  the  diagrams  of  squares  and  rectangles  in  Figure  3.  For  each  pattern  the  pupils  were  asked 
how  many  matches  were  required  for  1  square  (or  rectangle),  for  2,  and  for  3  and  were  then  asked  to 
predict  the  number  for  5  and  for  10. 

Pattern  !  Pattern  2  Pattern  3 

 r  j 
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Figure  3 

Most  pupils  used  repeated  addition,  or  even  counting,  and  were  reluctant  to  use  any 
multiplication  apart  from  doubling.  Further  questioning  of  pupils  often  led  to  correct  answers  for 
the  string  of  squares  but  it  was  rare  for  this  to  be  carried  forward  to  either  of  the  rectangle  patterns. 
In  other  words  very  few  pupils  came  to  any  appreciation  of  the  linear  relationship  between  the  shape 
number  and  the  number  of  matches.  Just  one  pupil,  consistently  and  unaided,  used  an  appropriate 
"formula"  (e.g.  "timesed  10  by  3  and  added  one  from  behind")  suggesting  she  did  possess  some 
mathematical  insight.  Many  of  the  pupils  were  able  to  provide  correct  answers  for  1,  2,  3  and  5 
shapes,  but  not  10,  through  a  mixture  of  stick  counting,  repeated  addition  and  finger  counting. 
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Over  half  of  the  pupils  then  proceeded  to  double  their  answer  for  5  to  give  the  answer  for  10.  When 
this  phenomenon  first  occurred  with  Pattern  1,  pupils  were  shown  a  picture  of  two  lots  of  five 
squares  put  together  and  questioned  about  the  number  of  sticks  in  the  middle.  In  this  way,  many 
were  persuaded  to  think  again  and  with  further  questions  were  led  to  a  correct  answer.  However, 
this  amended  approach  usually  did  not  carry  forward  to  subsequent  questions,  when  the  same  errors 
were  committed  again.  Only  5  pupils  were  able  with  guidance  to  generalize  the  method  and  achieve 
correct  answers  for  the  rectangles.  Other  pupils  were  more  easily  led  to  consider  a  formula.  For 
example,  in  response  to  a  pupil  who  was  having  difficulty  repeatedly  adding  3  in  Pattern  1 : 

Interviewer:    Look  at  this  diagram  (3  squares).  How  many  matches...? 
Pupil:  Ten. 

Interviewer:    But  3  times  3  is  not  ten  so  how  did  we  get  it? 
Pupil:  It's  add  1  as  well. 

The  interviewer  was  here  using  pupils'  appreciation  of  the  recursive  rule  (add  3)  and  leading  them  to 
the  universal  rule  (times  3,  add  1).  In  this  way,  6  pupils  eventually  adopted  a  systematic  approach. 

Weaknesses  in  handling  large  numbers  and  with  number  bonds  greater  than  10  were 
common,  and  many  pupils  were  able  to  do  very  little  mentally.  There  were  also  some  instances  of 
reversion  to  'counting  all'  instead  of 'counting  on'.  It  seemed  that  the  majority  of  these  pupils  were  a 
long  way  from  being  able  to  generalize  in  the  extension  of  number  sequences,  certainly  without 
considerable  further  questioning  to  prompt  their  thinking.  This  study  raises  the  whole  question  of 
the  nature  of  effective  teacher  intervention.  Further  research  is  clearly  needed. 


Experiment  4  :  Interviews  across  the  ability  range 

A  further  study  is  ongoing  and  involves  pupils  having  a  wider  range  of  age  and  ability. 
Individual  interviews  are  being  conducted  with  pupils  aged  9  to  13  using  the  matchstick  patterns  in 
Figure  4: 

STEPS  SHEEP-PENS  CONTAINERS 

n  1  i 

n  r  _   mm 

I-,  ,-'  J  ,-  ;  m  \jj  ujj  u  u  u 

Figure  4 

For  each  pattern,  the  shapes  in  Figure  4  are  built  in  front  of  the  children  by  the  interviewer 
and  the  first  task  for  the  children  is  to  build  the  next  (4th)  shape.  Pupils  are  then  asked  to  state  how 
many  matches  have  been  used  to  build  each  shape  and  these  numbers  are  recorded  within  the  shape. 
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The  shape  number  (No.l,  No.2,  No.3,  No.4)  is  also  displayed  below  each  shape.  Pupils  are  then 
asked  to  predict,  without  guidance  or  hints  from  the  interviewer,  the  number  of  matches  needed  to 
build  the  5th,  20th,  100th  and  nth  shapes  and  to  explain  how  they  have  arrived  at  their  answers.  A 
calculator  is  available  for  those  pupils  who  want  to  use  it. 

From  the  data  collected  so  far  (18  pupils)  only  one  pupil  (who  suffers  from  the  effects  of 
cerebral  palsy)  has  had  any  difficulty  building  the  4th  shape  and  all  pupils  have  successfully  given  the 
correct  number  of  matches  for  the  5th  shape.  The  STEPS  pattern  provided  a  simple  relationship 
which  many  pupils  have  noticed  ("It's  the  4  times  table").  Nearly  70%  have  given  the  correct 
answer  for  the  20th  shape  though  less  than  half  have  managed  the  100th  shape.  Two  pupils  have 
given  a  wrong  relationship,  i.e.  "Double  it".  A  few  of  the  younger  pupils  have  used  repeated 
addition,  sometimes  with  the  help  of  a  calculator,  for  all  the  patterns,  and  there  is  also  evidence  of 
short-cut  methods  being  attempted.  Using  r  as  the  shape  number  and  M(r)  as  the  number  of 
matches,  the  most  common  methods  which  have  yielded  wrong  answers  with  the  SHEEP-PENS  and 
CONTAINERS  are: 

(a)  using  the  short-cuts  M(20)=M(5)x4  and  M(  1 00)=M(20)x5; 

(b)  using  difference  products 

M(20)=3x20  and  M(100)=3xl00  for  SHEEP-PENS 
and  M(20)=2x20  and  M(100)=2xl00  for  CONTAINERS. 
Method  (b)  is  the  equivalent  of  the  doubling  method,  M(10)=2xM(5),  employed  in  the  previous 
study.  Stacey  (1989)  refers  to  (a)  and  (b)  as  the  Whole-object  Method  and  the  Difference  Method, 
respectively.  Of  course,  both  of  these  methods  give  correct  answers  for  the  STEPS  pattern,  where 
there  is  a  relationship  of  direct  proportion.  It  could  be  argued  that  the  STEPS  pattern  might  draw 
pupils  into  adopting  either  (a)  or  (b)  for  the  other  two  patterns.  However,  both  methods  were 
found  by  Stacey  (1989)  whose  examples  of  linear  patterns  did  not  include  direct  proportions. 
Moreover,  pupils  often  mixed  the  methods: 

e.g.     "10  pens  would  be  30  matches"  (difference  product)  ..."so  the  20th  shape  will  have  60" 

(short-cut), 
or  switched  from  one  method  to  another: 

e.g.     "You  have  to  get  the  answer  for  20  steps  first  and  then  times  it"  (short-cut  for  M(100)), 

and  then  later  "Times  the  number  by  3  so  100  (pens)  is  300"  (difference  product). 
There  seemed  to  be  too  much  information  for  a  few  pupils  to  work  with  and  they  revealed  confusion 
between  the  shape  number  and  the  number  of  matches: 

e.g.     "20  pens  is  60  matches"  (difference  product)  "so  100  pens  will  be  ...  you  have  to  add  on  40 
to  60  to  make  100  ". 

There  were  also  several  examples  of  pupils'  own  unique  reasoning  like  the  answer  that  the  20th 
container  would  need  23  matches  because  "Add  1  for  all  the  bases  ....  that  was  20  ...  and  add  3  for 
the  first".  The  reluctance  of  pupils  to  check  their  patterns  or  rules  has  been  noted  before  (Lee  and 
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Wheeler,  1987;  Stacey,  1989).  In  this  study,  some  pupils  noticed  that  their  rules  for  working  out 
M(20)  or  M(100)  did  not  fit  with  the  first  few  shapes  but  were  totally  unconcerned. 


It  was  not  expected  that  younger  pupils  would  be  able  to  use  the  letter  n,  but  one  9  year  old 
managed  the  explanation  "You'd  have  to  times  the  number  of  steps  by  two  and  then  add  it  again"  to 
describe  her  generalization,  and  a  10  year  old  boy  offered  "Take  the  number  (shape  number  for 
CONTAINERS)  times  2  and  add  1".  Less  than  20%  of  pupils  successfully  used  n  (where  n4  for 
STEPS  and  nx3+l  for  SHEEP-PENS  were  accepted  as  successful,  as  well  as  2n+l  for 
CONTAINERS).  There  was  little  evidence  that  finding  the  20th  and  100th  terms  had  helped  in  the 
process  of  generalization.  In  fact,  2  pupils  gave  the  correct  generalization  in  terms  of  n  after 
restudying  the  first  few  patterns,  having  previously  given  erroneous  answers  for  the  20th  and  100th 
terms. 

The  number  of  pupils  who  actually  used  the  matches  to  help  with  the  process  of 
generalization  was  disappointing.  A  few  pupils  pointed  to  the  3  matches  added  on  to  make  a  new 
SHEEP-PEN  or  the  2  additional  matches  for  CONTAINERS  but  did  not  use  the  end  or  base  match 
in  any  attempt  at  calculation  or  at  devising  a  formula.  The  youngest  pupil,  however,  used  matches 
to  explain:  "You've  already  got  this  one  (4  matches)  so  add  on  3x19",  for  M(20),  and  "3x99+4"  for 
M(100),  and  this  method  was  generalized  using  the  matches  to  2x19+3  and  2x99+3  for 
CONTAINERS.  It  had  been  hoped  that  the  experience  of  actually  handling  the  matches  and 
building  the  next  shape  would  help  pupils  to  focus  on  the  matches  and  make  use  of  the  structure  of 
the  shapes  but,  once  the  numbers  had  been  made  explicit,  it  often  appeared  that  the  matches  were  set 
aside.  Certainly  the  task  of  coping  with  large  numbers  seemed  to  prompt  a  search  for  a  quick 
method  of  obtaining  an  answer  and  to  take  the  thinlcing  away  from  the  matches. 


Conclusions 

The  individual  interviewing,  in  particular,  has  revealed  generalizing  taking  place  at  more  than 
one  level.  Some  pupils  were  able  to  use  a  generalized  method  for  finding  the  terms  of  a  particular 
sequence,  but  their  generalizing  ability  did  not  enable  extension  to  subsequent  sequences.  Other 
pupils  revealed  a  level  of  generalizing  ability  which  allowed  them  to  proceed  beyond  the  one 
sequence.  As  regards  the  relationship  between  r  and  M(r),  some  pupils  had  achieved  a  level  of 
generalization  which  only  allowed  them  to  provide  numerical  answers,  others  were  able  to  sum  up 
the  relationship  using  words,  and  just  a  few  were  able  to  convert  this  into  recognizable  algebraic 
form. 

The  four  studies  have  also  revealed  that  there  are  a  number  of  potential  obstacles  along  the 
road  to  successful  generalization.  First,  it  is  clear  that  arithmetical  incompetence  prevents  progress 
for  some.    Secondly,  a  kind  of  fixation  with  a  recursive  approach  can  seriously  obstruct  progress 
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tow»rds  the  universal  rule.  Thirdly,  a  considerable  number  of  students  are  tempted  to  use 
inappropriate  methods  such  as  those  described  above  as  short-cut  and  difference  product.  Finally, 
we  cannot  ignore  the  fact  that  idiosyncratic  methods  are  adopted  by  individual  students  in 
unpredictable  ways. 
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Abstract 


In  this  paper  we  discuss  research  aimed  at  identifying  gender  factors  that  may 
affect  problem  solving,  through  a  study  of  a  group  of  twenty  seven  Open 
University  undergraduate  mathematics  students.    They  were  undertaking  small 
group  mathematical  problem-solving  activities  in  the  academic  year  1993  as 
part  of  their  first  year  Foundation  Course.    The  evidence  suggests  that  gender 
linked  preferences  are  directly  relevant  to  mathematical  problem-solving  in 
small  groups  for  the  mature  students  involved  in  the  research  study. 

1  Introduction 

The  rationale  for  using  cooperative  mathematical  problem-solving  groups 
to  enhance  mathematical  learning  has  been  described  by  Yackel  Cobb  and 
Wood  (1991)  and  Dees  (1991).    The  issue  of  concern  here  is  whether  and 
how,  for  such  adult  students,  gender  issues  could  influence  their  mathematical 
learning.    Scott-Hodgetts  (1986,  1987)  suggested  that  one  important  variable 
involved  in  mathematical  problem-solving  strategies  was  a  possible  preference 
by  women  for  a  sequential  problem  solving  style,  as  opposed  to  a  holistic 
problem  solving  style.    The  concept  of  sequential  and  holistic  problem- 
solving  strategies  had  initially  been  ..suggested  by  Pask  (1976).  Given 
the  powerful  iiature  of  social  conformity  to  norms  within  British  society 
such  a  hypothesis  would  appear  to  be  theoretically  plausible.  Evidence 
of  the  influence  of  gender  factors  within  mathematics  education  are  to 
be  found  in  the  work  of  Fresko  and  Ben  Chaim  (1986),  Crawford  (1986),  Joffe 
and  Foxman  (1986),  Burton  (1992)  and  Hammersley  and  Wood  (1993).    The  research 
methodology  used  in  this  investigation  of  preferred  problem-solving  strategies, 
and  other  variables  with  possible  gender  links,  was  primarily  ethnographic 
in  nature  and  based  on  a  pilot  study  conducted  with  four  students  in  1992. 
An  ethnographic  research  methodology  was  selected  because  of  the  desire 
to  obtain  in-depth  insights  into  men  and  women's  reflections  on  how  gender 
might  have  affected  their  mathematical  problem-solving  investigations. 

The  twenty  seven  students  in  the  first  part  of  the  main  study  reported 

here,  were  requested  to  work  together  in  small  cooperative  groups  of  three 

or  four  on  a  range  of  numerical,    geometric,  abstract  and  applied  mathematical 

problems,  that  had  been  selected  on  a  continuum  from  closed  to  open  in 

terms    of  the  types  of  solutions  suggested.    The  key  instruction  given  to  all 

the  students  involved  in  the  mathematical  investigations  was  to  work  cooperatively. 
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explaining  to  other  members  of  the  group  the  reason  for  their  conjectures,  in 
a  manner  similar  to  that  outlined  by  Yackel  Cobb  and  Wood  (1991),  in  order  to 
pool  the  ideas  of  all  the  members  working  in  r.he  group.    Members  were 
encouraged  to  convince  the  others  in  the  group  that  their  conjectures  were 
valid,  and  requested  to  value  other  members'  contributions.    A  mathematical 
problem-solving  protocol  using  clarification  of  the  problem,  specialising, 
generalising,  conjecturing  and  convincing  was  suggested  as  a  problem-solving 
strategy  (Mason  1984). 

In  addition  to  the  ethnographic  data  quantitative  data  was  collected  by  means 
of  questionnaires  administered  after  the  ethnographic  interviews.  Initial 
conclusions  from  these  data  will  be  presented  here.    This  research  study  is 
part  of  a  larger  research  project  aimed  at  investigating  the  influence  of 
possible  gender  effects  in  such  a  mathematical  problem-solving  group  context. 

2    Analysis  Of  The  Quantitative  Data 

The  quantitiative  data  collected  by  means  of  a  questionnaire  containing  forty 
questions  derived  from  the  pilot  study  was  used  to  try  to  substantiate 
inferences  deduced  from  the  ethnographic  interviews.    The  questionnaire  was 
administered  immediately  after  the  ethnographic  interviews. 

2.1    Problem-Solving  Style 

Table  1  below  summarises  the  perceptions  of  the  students  of  the  problem-solving 
style  they  used  when  tackling  the  mathematical  investigations. 
Table  1      Problem-Solving  Style 


Men 

Women 

Sequential 

7 

11 

Neither  Sequential  or  Holistic 

1 

1 

Holistic 

7 

0 

The  results  seem  to  bear  out  Scott-Hodgett 's  (1986,1987)  claim  that  the 

men  could  use  both  holistic  and  sequential  problem-solving  strategies  whereas 

the  women  exclusively  used  a  sequential  mathematical  problem-solving  style. 

2.2     Interactions  Between  The  Students  In  The  Mathematical  Problem 
Solving  Groups 

Table  2  below  summarised  the  students'  perceptions  of  group  dynamics,  as 
measured  by  who  was  perceived  to  dominate  group  discussions  in  the  mathematical 
problem-solving  investigations. 
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Table  2     Opinions  On  Group  Domination 


Men 

 1  

t  fnmnn                              1  Tot3 

women  j  1  "t-° 

Agree 

Neutral 1  Disagree 

JErBO 1 Nputral ! Disagree!  Agree;  Neutral 

Disagree 

Men  Tend  To 
Dominate 

8 

4      I  3 

4    '      5      !       3         12  9 

! 

6 

1  Women  Tend  To 
I  Dominate 

0 

4  ;  a 

2          5      i       5  2.9 

16 

1  ne   >cauiks  Juh6^  -  •  

women  to  dominate  the  group  discussions.    Further,  this  was  noted  to  be  the  case 
more  by  the  men  than  by  the. women  students.    This  suggests  that  men  were  more 
likely  to  perceive  the  women  as  cooperative,  than  the  women  themselves.  The 
case  study  provides  some  support  for  the  concept  that  within  mathematical 
problem  solving  groups  women  are  more  likely  to  be  cooperative  and  men  more 
likely  to  be  competitive.    Such  a  cooperative  stance  may  be  a  psychological 
characteristic,  developed  by  the  desire  of  women  in  British  society  to  conform 
to  social  norms  of  cooperative  behaviour  (Boswell,  1985,  Isaacson,  1987). 
2.3     Preferred  Type  Of  Mathematical  Investigation 

Tables  3(a)  and  3(b)  below  indicate  the  mathematical  problems  preferred  by  the 
students  in  terms  of  the  nature  of  the  problem  and  its  mathematical  content 
respectively. 

The  definitions  open  and  closed  mathematical  problems  refers    to  those  mathema- 
tical problems  which  are  not  well  defined  and  whose  solution  will  depend  upon 
assumptions  made  (open),  or  to  those  Mathematical  problems  which  are  well 
defined  with  convergent  solutions  (closed). 
Table  3(a):    Preferred  Type  Of  Mathematical  Problem 


Men  1  Women 

Opon  Types  Of  Problem 

5 

2  i 

No  Particular  Preference  For  Open 
Or  Closed  Types  Of  Problem 

2 

 1 

1 

Closed  Tvpes  Of  Problem 

8 

9 

Table  3(b):    Preferred  Mathematical  Content 


Men 

Women 

Abstract  Mathematics 

2 

2 

No  Particular  Preference  For  Abstract 
rir  tnnHoH  Mni-hemntics 

4 

3 

Applied  Mathematics  1  2 — !  Z  

o 
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Table  3(a)  suggests  that  women  in  particular  in  the  problem  solving  groups 
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did  not  like  tackling  the  open-ended  mathematical  problems.    Overall,  both  men 
and  women  preferred  closed  problems  to  open-ended  ones.    As  adult  mature 
students  none  of  the  mathematical  problem  solvers  had  experienced  mathematical 
investigations  prior  to  their  Open  University  undergraduate  mathematical 
studies  and  consequently  had  not  experienced  open-ended  types  of  problems 
before. 

Previous  research  (Parsons,  1990),  had  indicated  that  men  are  more  likely  to 
prefer  applied  mathematics  to  pure  mathematics  problems  because  of  their 
perceived  utilitarian  value  for  gaining  jobs  in  the  physical  sciences  and 
technology  where  job  opportunities  for  men  were  likely  to  arise.    Such  sex 
role  stereotyping  of  men  into  physical  sciences  and  technology  occupations 
and  women  into  the  'caring'  professions  is  well  documented.    (Gilligan,  1982, 
Grant,  1983).    However,  table  3(b)  above  suggests  that  women  also  preferred 
applied  mathematics  rather  than  abstract  mathematics  problems,  with  the  notable 
exception  of  mechanics  which  was  revealed  in  the  ethnographic  interviews  and  is 
noted  in  section  four. 

2.4     Reasons  Ascribed  For  Difficulties  Encountered  In  Mathematical  Problem- 
Solving 

Attribution  theory  which  is  the  causal  perception  for  ascribing  difficulties 
experienced  in  mathematical  problem-solving  to  internal  or  external  factors 
(Child,  1986),  has  significance  with  regard  to  mathematical  problem  solving 
because  of  the  gender  bias  (Eisenberg,  1991)  and  its  effect  on  building  self- 
confidence  in  mathematical  problem-solving. 

Table  A  below  shows  the  students'  responses  when  asked  whether  they  perceived 
internal  or  external  facors  as  being  to  blame  for  difficulties  experienced 
in  mathematical  problem-solving. 


Table  4:    Reasons  For  Difficulties  Encountered  In  Mathematical  Problem-Solvi 


Men 

Women 

Blames  External  Factors 

2 

1 

_  Don't  Know  The  Reasons 

7 

3 

Blames  Their  Own  Ability 

6 

8 

Both  the  men  and  women  mathematical  problem  solvers  in  the  sample  were  more 
likely  to  blame  internal  rather  than  external  factors  for  encountering  problems 
when  conducting  mathematical  problem-solving  investigations.    The  women,  however, 
were  more  certain  that  this  was  so,  because  only  twenty  five  per  cent  of  the 
women  compared  to  forty  seven  per  cent  of  the  men  were  uncertain  about  where 
to  attribute  blame,  which  is  significant. 
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Analysis  Of  Interview  Data 

The  powerful  nature  of  gender  affects  in  small  mathematical  problem-solving 
groups  can  be  seen  from  the  following  lengthy  extracts  from  interviews 
with  two  students,  called  here  Mandy  and  Peter,  as  they  demonstrate  many 
of  the  affective  issues  identified  in  the  literature. 


HANDY: 


"Peter  seems  to  whizz  ahead  of  us.  he  goes  off  and  solves  it.  and  sometimes 

I  feel  I'm  not  getting  anywhere.    He's  done  it.  and  he  says  to  me. 'that 

is  how  you  should  do  it,'  and  I  haven't  even  worked  it  out  for  myself. 

As  I  said  the  problem  is  that  Peter  is  more  intelligent  than  me.  he  seems 

to  take  the  lead,  and  he's  whizzing  off  because  he  can  see  something  straight 

away,  whereas  I  have  to  work  through  a  problem  bit  by  bit. 

I'm  not  happy  about  Peter.    Peter  decided  the  problems  we  would ^ do.  I 

know  he  doesn't  do  it  intentionally,  but  he'll  butt  in  and  say,  oh.  the 

answer's  that',  and  I  can't  see  how  he  gets  that  answer.    I  like  to  do  things 

in  little  bit  by  bit  stages,  and  when  I've  come  to  terms  with  the  first 

bit,  then  I  can  move  on  to  the  next  bit,  then  the  next  bit,  I  couldn't 

just  look  at  something  as  a  whole.    When  we're  in  the  group  I  feel  left 

behind,  and  left  out  of  it.  and  when  I  do  say  things  I  don't  think  they 

listen  to  me.  or  don't  believe  what  I  say.    Maybe  they  think  I'm  thick 

or  something.    Ue  were  trying  to  put  our  ideas  in.  but  Peter  seemed  to 

dominate  the  group  as  far  as  the  maths  was  concerned.    The  rest  of  us  did 

give  our  ideas,  but  we  didn't  see  the  formulas  involved  until  he  explained 

them  to  us.    Peter  would  either  take  over,  or  he'd  go  off  with  Gary,  and 

I'd  end  up  doing  something  with  Stephen. 

When  I'm  doing  problem-solving  by  myself,  I  feel  a  bit  more  confident  because 
I  know  what's  going  on.  but  in  the  group  it's  more  worrying.  I  feel  less 
confident.  I  feel  intelligence-wise  I'm  inferior  to  them.    I  just  don't 
know  enough  maths.    Maybe  it's  because  I  just  did  arty  subjects  with  my 
maths  at  school  for  'A*  levels.    The  thing  that  let  me  down  with  my  mathe- 
matics at  school  was  the  mechanics.    I  just  couldn't  do  applied  maths  at 
all.  I  just  had  a  mental  block.    Gary's  the  opposite  to  ma.  his  favourite 
subject  is  applied  maths,  it's  his  speciality.    All  the  girls  in  my  school 
had  trouble  with  the  applied  maths  compared  to  the  pure.    Gary  says  he 
doesn't  like  pure  because  he's  accepting  rules  and  things;    but  with  applied 
he  can  visualise  what's  going  on.    It's  true,  with  pure  you're  given  the 
rules  and  you  just  use  them,  whereas  applied  is  like  physics.    Maybe  I 
have  problems  with  applied  because  as  a  girl  I  wasn't  encouraged  to  do 
practical  things." 
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PETER : - 

"I've  done  electrical  engineering  and  I've  covered  all  this  maths  before, 
completely.    I  was  always  good  at  maths  at  school,  but  when  I  went  into 
my  degree,  I  didn't  want  to  do  mathematics  purely  as  a  sole  subject.  I 
went  for  something  applied,  that  took  as  much  maths  as  possible  namely 
electrical  engineering,  where  I  knew  I  could  get  a  job. 

It's  hard  for  all  four  of  us  in  the  group  to  work  together,  because  we 
are  at  different  levels  basically.    See,  Gary  and  me  both  did  electrical 
engineering,  and  we've  definitely  got  a  kindred  spirit.    Steve's  got  more 
of  an  economic  background,  but  Mandy  hasn't  even  done  maths  to  degree  level, 
only  to  'A'  level.    It  usually  ends  up  with  me  and  Gary  working  or.  the 
problem,  and  Mandy  and  Steve  having  to  do  another  one.    When  Steve  and 
Mandy  go  through  a  problem  together  I  gave  them  advice  when  they  got  stuck 
on  a  problem  I'd  chosen  for  them,  because  I  knew  I  could  do  it. 

I  always  find  it  difficult  working  in  groups.    I  prefer  to  do  it  on  my 
own,  because  I  can  work  out  my  own  structure.    If  a  problem's  numerical 
then  I  use  a  sequential  approach  and  work  my  way  through  it  from  the  base 
upwards.    If  it's  an  open  problem  I  use  a  holistic  approach;    I'll  look 
at  the  whole  problem.    I  tend  to  be  slower  if  I  work  in  a  group,  it  usually 
slows  up  my  train  of  thought.    I've  got  my  own  way  of  thinking,  and  if 
I  try  and  work  through  their  logic  it  usually  throws  me  out  of  what  I'm 
thinking.    I  know  what  I'm  doing;    I  don't  build  up  in  stages,  but  just 
look  for  a  solution  using  trial  and  error  for  the  whole  problem.  I'm 
competitive  when  solving  mathematical  problems,  the  mathematics  involved 
in  the  mathematical  investigations  is  easy,  I'm  far  beyond  that  in  my 
mathematical  knowledge." 

Discussion 

The  analysis  of  the  interview  data  suggests  that  organising  mathematical 
problem-solving  on  the  basis  of  small  group  working  where  students  are 
encouraged  to  work  cooperatively  does  not  eliminate  power  relations  within 
such  groups,  in  particular  with  a  gender  bias. 

The  continuing  gender  bias  within  such  mathematics  problem-solving  groups 
appeared  to  persistently  influence  the  group  of  students  involved,  and 
it  is  the  intention  of  this  research  critically  to  examine  these  effects. 

Two  important  gender  related  variables,  namely,  problem-solving  style  and 
group  dynamics  appear  to  influence  mathematical  problem-solving  investigatioi 
within  such  small  mathematical  problem-solving  groups.    The  extent  to  which 
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they  influence  and  interact  with  one  another  in  the  student's  perceptions 
of  their  performance  in  solving  such  mathematical  investigations  will  be 
the  aim  of  further  stages  in  the  research.    Students'  work  will  also  be  analyzed 
for  the  problem-solving  style  used  in  mathematical  investigations.  Consid- 
eration will  also  be  given  to  the  effect  of  possible  tutor  intervention. 

However  at  this  stage  some  tentative  claims  may  be  made.    A  first  interpre- 
tation from  the  data  is  that  women  because  of  their  preferred  problem-solving 
style  may  not  gain  the  benefits  from  small  group  problem-solving  sessions 
that  Yackel  Cobb  and  Wood  (1991)  suggest.    It  must  be  noted  however  that 
in  Yackel  Cobb  and  Wood's  research  they  work  with  small  children  and  not 
adults.    It  would  appear  in  adult  groups  power  relationships  in  terms  of 
group  domination  also  appear  to  influence  the  working  within  such  groups 
and  does  not  necessarily  disappear  with  tutor  intervention.    To  our  knowledge 
there  is  no  research  which  shows  either  that  small  group  problem-solving 
influences  preferred  problem-solving  styles  or  that  they  have  any  effect 
on  gender-based  power  relations  in  the  mathematics  classroom. 

Further  interview  extracts  will  be  presented  at  the  Eighteenth  International 
Conference  of  the  Psychology  of  Mathematics  Education. 
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ON  STUDENTS '  CONCEPTIONS  OF  AXIOMS  IN  SCHOOL  GEOMETRY 


Tasos  Patronis.  University  of  Patras,  Greece 

A  research  on  students'  epistemology  was  carried  out 
wit!s  a  class  of  16-years  old  students.  in  which 
the  students  produced  "pragmatic"  or  "utilitarian" 
arguments  for  the  justification  of  axioms  used  in 
school  geometry. 


What  do  students  think  of  mathematical  axioms  (or  postulates) 
which  they  learn  at  school?  How  do  they  use  them?  And  how  would 
they  justify  an  axiom  if  they  were  going  to  do  so?  The  present 
research  is  an  attempt  to  answer  these  questions  in  the  context  of 
school  geometry. 

Euclid's  ELEMENTS  have  remained  for  a  long  time  a  unique 
paradigm  in  mathematical  thought.  in  general.  and  a  unique 
theorization  of  experience  with  space  and  forms,  in  particular.  For 
these  (and  possibly  other)  reasons,  Euclid's  Geometry  has  been 
considered  -  particularly  in  school  tradition  -  as  an  example  of  a 
piece  of  certain  knowledge,  a  logical  system  which  lies  on  a-iriori 
intuition.  But  even  for  Kant,  this  knowledge  was  by  no  means 
"formal".  Euclid's  theorems  do  not  follow,  according  to  Kant.  by 
merely  logical  arguments  from  the  axioms  alone.  but  by  a 
construction  or  "generation"  of  geometrical  figures,  which  takes 
place  in  "pure  intuition"   (Friedman.  1985). 

Adopting  or  rejecting  a  mathematical  axiom  does  not  depend  on 
logic  and  syntax  only,  but  also  -  and  sometimes  mainly  -  on 
arguments  about  "reality"  and  the  "uses"  of  mathematical  theory, 
i.e.  on  pragmatic  arguments.  Axioms  are  assertions  (affirmations) 
that  cannot  be  proved  or  disproved  within  the  theory;  they  can  only 
be  justified  (or  not).  Habermas  (1972,  1976)  discusses  such 
assertions  among    other    subjects.      of    course     in    a  more  general 


INTRODUCTION  AND  THEORETICAL  FRAMEWORK 
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perspective.  We  shall  take  Habermas'  setting  as  a  framework  for 
students'  epistemology .  Since  the  justification  of  axioms  usually 
does  not  depend  on  formal  proofs  but  rather  on  informal  arguments, 
it  should  be  better  studied  by  means  of  a  "dia.logical  epistemology" 
such  as  that  developed  by  Habermas  (see  Shovsmose,  1990,  p.  126). 
Habermas  refers  to  Toulmin  (1964)  for  an  analysis  of  the  structure 
and  use  of  arguments.  By  an  "argument"  (in  general)  we  understand  a 
justification  that  intends  to  make  someone  recognize  the  validity 
of  an  assertion.  As  stated  in  the  French  edition  (1987)  of  Habermas 
work  (p.  309) : 

"L"  argument  est  la  justification  qui  doit  nous  motiver  a 
reconnaitre  la  pretention  a  la  validite  d'une  assertion,  d'un 
commandement  ou  d'une  evaluation". 
By  a  "pragmatic  argument"  we  mean  an  argument  depending  on 
experience  in  a  particular  context.  Such  arguments  cannot  be 
limited  into  experience  only,  because  they  necessarily  interpret 
experience,  during  the  discussion  (op.  cit.  p.  283).  As  an  example 
of  pragmatic  argument  one  can  mention  any  of  the  arguments, 
encountered  among  mathematicians,  educators  e.t.c,  about 
"usefulness"  '  of  mathematical  theories;  these  arguments  interpret 
mathematical  activity  and  in  some  way  predetermine  curricula  as 
social  constructs. 


In  agreement  with  Habermas'  epistemological  framework  on 
"arguments".  we  have  used  participant  observation  and  informal 
discussion  for  studying  the  students'  own  thinking,  conceptions  and 
justifications  of  mathematical  axioms,  as  developed  in  an  ordinary 
classroom  environment.  More  specifically  our  method  ia  the 
f ol lowing . 

A  passage  of  particular  importance  is  selected  from  the 
textbook  and  analysed  epistemological ly  and  didactically.  The 
corresponding  lesson    is  delivered  as  usually  by  the  teacher  in  the 
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classroom.  while  it  is  observed  and  recorded.  Then  a  phase  of 
"open"  interview  follows  (in  the  form  of  discussion)  in  tw£  sub- 
Phases  :  the  researcher  addresses  a  number  of  questions  first  to  the 
whole  class  and  then,  in  more  depth,  to  a  small  group  of  fjtudents. 
The  questions  refer  to  particular  points  of  the  preceding  teaching- 
learning  process;  they  do  not  refer  to  the  mathematical  content 
formally  only,  but  mainly  to  the  meaning  and  use  of  definitions, 
axioms  and  theorems,  to  justifications  and  proofs  produced  by  the 
teacher  or  by  the  students. 

The  research  was  carried  out  with  a  class  of  thirty  16  years- 
old  secondary  school  students  at  the  central  part  of  Athens.  The 
students  had  been  taught  some  deductive  geometry  and  had  heard 
about  Euclid  and  the  possibility  of  building  a  Non-Euclidean 
geometry  as  well.  They  had  formally  covered  only  the  first  chapter 
of  the  textbook  in  which  the  axioms  of  incidence,  order  and  measure 
for  line  segments  and  angles  are  introduced,  following  PogoreloVs 
axiom  system  for  school  geometry. 

THE  PROCESS 

The  lesson  of  the  day  was  to  prove  that  the  bisectors  of  two 
adjacent  angles  vhose  sum  is  a  straight  angle  are  perpendicular  to 
each-other.  Pie  teacher  told  the  student3  to  draw  two  adjacent 
angles  whose  sum  is  a  straight  angle.  and  asked  them  what  do  they 
notice  about  the  bisectors  of  these  angles  and  if  they  could  prove 
their  observation.  The  students  produced  a  proof  as  follows:  If  XOZ 
and  Z&V  are  the  given  angles,  and  OM,  ON  are  correspondingly  thei 
bisectors  then  we  have,  from  Fig.  1. 


r 


which  implies 


XOZ  +  ZOX'   -  180*= 


XOZ  +  ZOX'  _  180° 
2  2  2 
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or,  again  from  Fig.  1,  MON         -  90° 
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In  this  proof  there  is  a  confusion  between  angles  themselves 
and  their  measures,  and  this  was  noticed  by  a  student.  N© 
reference,  however,  to  the  axiom  relating  angles  with  real  numbers 
as  their  measures,  was  made  by  any  of  the  students  during  the 
lesson,  nor  during  the  phase  of  interview,  when  the  researcher 
asked  the  students  which  axioms  did  they  use  in  their  proof. 

The  next  question  of  the  researcher  to  the  class  then  was: 

-  What  does  an  axiom  mean  for  you.  and  how  do  we  accept  an  axiom 
in  geometry,  according  to  your  opinion? 

The  main  answers  were  the  following: 
(An  axiom  is) 

-  A  definition  which  looks  very  simple...   it  is  very  simple,  by 
logic,  to  say  it,  but  very  hard  to  prove  it.  (Haris) 

A  proposition  which  we  consider  as  true  without  having  a  proof 
for  it.  We  accept  it  but  we  cannot  justify  it  by  calculations  as 
in  algebra.  (Viky) 

-  Something  logical,  self-evident,  obviously  true.  (Maria) 

-  A  basic  proposition  which  helps  us  in  the  solution  of  problems 
and  exercises.   (Two  other  students) 

RESEARCHER  (adressing  to  the  last  two  students:) 


STUDENTS.   In  the  proof  that  we  gave  previously,     we  have  used  as  an 


Can  you  give  an  example? 


axiom  that    we  can  multiply  both  members  of    an  equality 
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with  the  same  positive  number. 


There  follows  a  discussion  of  the  researcher  with  a  group  of 
students    around  Haris: 


R. 

HARIS. 
R. 

STUDENTS 
R. 

STUDENT . 
ANOTHER. 
HARIS. 


R. 

HARIS. 


STUDENTS 
HARIS. 


ANOTHER 


Do  axioms  and  definitions  mean  the  same  for  you? 
(Hesitates)  Well...  not  exactly  but... 
Let  us  take  an  example.  What  lines  do  not  call 
"paral lels"? 

Those  which  never  meet,  no  matter  how  much  they  are 
prolonged.   (They  clearly  mean  coplanar  lines) . 
So,  is  this  statement  an  axiom? 
Yes. 

No.  this  can  be  proved! 

The  proof  can  be  practical  only,  by  measurements;  it  can 
never    be    theoretical.      by    using    formulas    and  such 
things...     But  an  argument  questioning  the  axiom  can  be 
not  only  practical,  but  also  theoretical. 
What  do  you  mean? 

Our  teacher  told  us  that  there  exist  other  geometries, 
in  which  there  can  be  more  that  one  parallels  to  a  given 
line  from  a  given  point. 
Do  you  consider  this  possible? 

Not  at  all.  we  cannot  accept  this,   it  is  illogical. 

It  depends  on  what  you  def  ine  as  parallel  lines.  I  could 

call  for  example  these  lines  "parallels"     (he  draws  two 

intersecting  lines  on  the  table) ,  but  then  what  would  it 

happen? 

Can  we  do  mathematics  like  that,  with  arbitrary  rules, 
like  in  chess  for  example? 
STUDENT:  Then  mathematics  is  not  like  chess,  because  the 
rules    of    chess  are  not  arbitrary,     while  this    is  (he 
means  Haris'  example  of  definition  of  parallels). 


o 
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ANALYSIS  AND  DISCUSSION 


In  Pogorelov's  axiomatic  exposition  of  school  geometry  the 
system  R  of  real  numbers  is  supposed  to  be  known  in  advance.  and 
axioms  are  introduced  for  the  measure  of  straight  line  segments  and 
the  measure  of  angles,  which  are  considered  as  mappings  into  R 
(Pogorelov.  1987).  The  Greek  textbook  does  not  always  follow  the 
abstract  form  of  proofs  in  this  axiomatic  system  and  sometimes  it 
uses  figural  representations  in  the  proof  arguments.  Thus  the 
students  often  come  to  confuse  an  angle  with  its  measure  in 
degrees,  as  it  was  the  case  in  the  preceding  students'  proof  about 
the  bisectors  of  two  adjacent  angles  whose  sum  is  a  straight  angle. 
The  textbook  writers  and  the  teachers  are  aware  of  the  concept  of 
angle  measure  and  of  the  dependence  of  proofs  on  the  axioms  even 
when  they  identify  (by  abuse  of  language)  an  angle  with  its 
measure ■  while  the  students  may  not  be  aware  of  these  things.  This 
was  particularly  evident  in  the  preceding  classroom  discussion. 

Looking  closer  at  the  conceptions  of  students  about  axioms, 
there  seems  to  be  a  confusion  between  axioms  and  definitions  (Haris 
and  some  of  the  students  around  him) .  Haris  and  some  of  his 
colleagues  also  speak  of  the  possibility  of  proving  a  definition. 
This  probably  sounds  strange  to  a  mathematics  teacher  or  even  a 
"working  mathematician"  of  our  epoch,  but  it  could  have  a  meaning 
in  a  semantics  for  a  mathematical  theory.  In  the  discussion  of 
logical  and  methodological  problems  of  science.  indeed,  such  an 
enterprise  does  not  seem  senseless  at  all.  For  example.  Gorsky 
(1974)  devotes  one  chapter  (Ch.  7.  pp.  229-252)  to  "the 
applicability  of  truth-value  assessments  to  definitions",  where  he 
discusses  Aristotle's  view  in  "Analytica  Posteriora"  (Book  II). 

For  Haris,  Maria  and  probably  some  other  students,  an  axiom  is 
"logical"  and  "simple  to  say  (it)  by  logic",  "self-evident", 
"obviously  true",  but  "very  hard  to  prove  (it)".  The  same  qualibies 
are  ascribed  to  some  definitions.  Can  we  prove  that  those  lines 
which    are    ca 1  led  "parallels"    are    parallels     in    reality?  This 
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question  has  a  meaning  in  the  pragmatics  of  geometrical  theories  - 
for  example  the  students  would  rather  have  a  big  problem  in 
accepting  Lobachevski ' s  definition  of  parallels.  For  many  students 
of  the  observed  classroom  the  only  axioms  and"  definitions  that 
share  the  above  qualities  in  geometry  are  those  of  Euclidean 
Geometry  -  the  other  possibilities  seem  to  them  as  illogical  and 
arbitrary  (more  even  that  the  rules  of  chessi ) . 

While  the  other  students  are  not  very  "dialogica 1 "  in  their 
assertions  about  the  validity  of  the  definitions  and  axioms  of 
Euclidean  Geometry.  Haris  offers  also  an  argument.  He  says  that  the 
adoption  of  a  Non-Euclidean  axiom  about  parallels  depends  on  what 
we  define  as  parallel  lines.  If  we  define  as  "parallels"  two 
straight  lines  which  in  reality  intersect  one-another.  then  we  may 
adopt  an  axiom  that  creates  a  new  geometry.  This  argument  is  an 
indirect  pragmatic  argument  against  Non-Euclidean  Geometry. 
Firstly.  it  clearly  depends  on  the  particular  field  of  everyday 
experience  with  space  and  of  planar  drawings  (e.g.  on  the  surface 
of  a  table).  Secondly,  it  is  not  limited  into  this  particular  field 
of  experience.  but  it  "projects"  this  into  the  heart  of  the 
discussion.  It  seems  to  say:  "It  depends  on  how  contrary  to  common 
experience  you  want  to  be:  if  you  want  me  to  cal 1  these  lines 
"parallel".  I  may  call  them  so.  but  this  is  another  language  game, 
here  we  talk  of  real  parallels."  This  argument  is  also  intended  as 
an  indirect  justification  for  Euclidean  axioms. 

Concerning  direct  verification  (or  "proof")  of  axioms.  the 
students'  responses  indicate  the  belief  that  verifying  an  axiom 
does  not  involve  algebraic  calculations  (Viky)  or  formulas  (Haris). 
but  perhaps  only  measurements  (Haris).  Thus  verification  of  axioms 
can  only  be  "practical"  .  which  excludes  verification  in  terms  of  a 
theoretical  model  -  although,  according  to  Haris,  there  can  be  a 
"theoretical  argument"  (perhaps  some  new  theory)  "questioning"  the 
validity  of  an  axiom. 

The  interview  has  revealed  also  another  conception  of  what  an 
axiom  in  school  mathematics  is,  which  at  the  same  time  offers  a 
criterion  of  justification  in  the  eyes  of  some  students.  According 


to  this  view  an  axiom  is  "a  basic  proposition  which  helps  in  the 
solution  of  problems  and  exercises".  This  is  rather  a  "utilitarian" 
criterion,  and  the  example  offered  by  the  students  shows  that  this 
conception  is  closely  related  to  "procedural"  understanding  of  the 
system  of  real  numbers  at  school. 


Friedman  M. .  1985.  "Kant's  thory  of  geometry".  Philosophical  Review 
Vol.  94;  also  published  (1992)  in  C.J.  Posy  (ed)  Kant's 
Philosophy  of  Hathematics.Kluwer  publications. 

Gorsky  D.P. .  1974.  Definition:  Logico  -  Methodological  Problems. 
Progress  Publishers.  Moscow. 

Habermas  J..  1972.  "Theories  Relatives  a  la  Ve'rite"".  published 
(1987)  in  JUrgen  Habermas  Logique  des  Sciences  Sociales  et 
autres  essais .  Ed .  P . U . F . 

Habermas  J..     1976.     "Signification  de  la  Pragmatique  Universe  1 le" . 

published  (1987)  in  J.  Habermas  kogjgue  des  Sciences 
Sociales  et  autres  essais.  Ed.  P.U.F. 

Pogorelov  A..  1987.  Geometry ■  Mir  Publishers.  Moscow. 

•  Skovsmose  0..  1990.  "Mathematical  Education  and  Democracy".  Educ ■ 
Studies  in  Mathematics    21.  109-128. 

Toulmin  S. .  1964.  The  Use  of  Arguments.  Cambridge. 


REFERENCES 


—  16  — 


TEACHERS  PERCEPTIONS  OF  ALGEBRA 


Barbara  Pence 
San  Jose  State  University 


Throughout  a  IS  week  algebra  course,  K-8  teachers  were  asked  to  describe  their 
views  of  algebra.  The  course  was  a  study  of  functions  derived  from  modelling  of 
real-world  situations  and  investigated  through  multiple  representations  in  a 
technology  rich  environment.  Based  upon  weekly  journal  questions,  exam 
questions,  and  student  interviews,  teacher  reflections  about  concepts  of  algebra 
were  traced.  Student  interviews  organized  and  conducted  by  the  teachers  enriched 
the  case  study  of  changes  in  meanings  attached  to  what  is  algebra  and  the  objects 
with  which  one  thinks  about  algebra.  Perceptions  change  across  time  but  the  rate 
and  path  of  these  changes  vary  across  teachers.  Teachers  relate  different  views 
of  algebra  and  the  objects  of  algebra. 

Introduction 

On  a  recent  episode  of  a  television  game  show,  a  contestant's  correct  response  to  the 
statement  "The  high  school  subject  you  liave  Itad  the  least  use  for"  was  "Algebra."  This  response 
seems  simple  and  direct  but  it  may  indeed  mean  different  things  to  different  people.  What  is  school 
algebra?  What  are  the  "big  ideas"  in  school  algebra?  When  we  think  and  talk  about  algebra,  what 
is  meant?  Is  there  a  common  understanding,  a  shared  language?  In  a  recent  conference,  sixty  eight 
educators  representing  all  phases  of  mathematics  education  were  asked  to  think  about  algebra  for 
the  twenty-first  century  and  address  several  questions  including  what  is  school  algebra  and  what 
are  the  "big  ideas"  of  algebra.  One  of  the  most  revealing  fact  about  the  conference  is  that  it  failed  to 
produce  any  answers  to  the  questions.  The  diversity  among  the  participants  brought  a  multitude  of 
perspectives  and  visions  about  the  fundamental  ideas  in  algebra. 

This  paper  examines  the  beliefs  of  six  elementary  and  middle  school  teachers  as  they  study 
a  semester  of  algebra.  In  addition  to  the  questions  of  what  is  school  algebra  and  the  key  ideas  of 
algebra,  questions  such  as  how  stable  are  beliefs  about  algebra  and  what  modification  can  be 
realized  as  teachers  work  through  a  prototype  reform  curriculum  are  examined  through  case  studies 
carried  out  across  15  weeks.  The  paper  examines  the  thoughts  of  the  teachers  as  learners  of 
algebra  and  also  their  thoughts  as  teacher  researchers  when  they  interview  their  own  students. 

Background  Descriptions 

The  15  week,  45  hour  algebra  course  was  not  a  traditional  symbolic  manipulation  course. 
Rather,  the  fcxMS  vas  on  functions  and  the  investigation  of  families  of  functions.  Each  function 
was  introduced  thicujh  ar.  applied  situation  and  the  family  of  functions  were  studied  as  needed  in 
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developing  the  model  of  the  applied  situation.  The  text  for  the  course  was  Computer  Intensive 
Algebra  by  Fey  and  Heid.  Throughout  the  course  technology  was  assumed  and  used  as  an 
exploratory  tool.  Due  to  the  use  of  graphing  calculators  and  computers,  explorations  moved  across 
a  variety  of  representational  forms  including  manipulatives,  pictures,  tables,  graphs,  and  symbols. 
The  format  of  the  class  was  also  different.  Students  worked  in  groups,  presented  the  results  of 
their  explorations  in  written  papers  and  oral  reports,  and  even  worked  on  exams  together.  Thus 
both  the  content  and  the  classroom  environment  violated  each  of  these  experienced  teachers' 
perception  of  what  was  and  should  be  "Algebra"  or  even  what  should  be  a  "Mathematics  Class". 

Before  beginning  on  a  discussion  of  qualitative  data  collected  from  the  teachers  during  the 
class,  it  is  important  to  say  a  bit  about  these  teachers.  Each  of  ihe  teachers  was  thoughtful, 
articulate,  and  dedicated.  All  of  them  had  college  degrees  which  meant  that  they  had  taken  3  to  4 
years  of  high  school  mathematics,  and  had  completed  at  least  two  college  mathematics  courses.  Of 
the  six  teachers  who  finished  the  class,  three  were  actually  teaching  algebra  at  the  middle  school 
level,  one  was  teaching  4th  grade,  one  was  a  long  term  substitute  for  1st  grade  and  one  was  a 
student  in  the  teacher  education  program.  Each  teacher  was  working  toward  a  credential  entitled 
The  Elementary  Mathematics  Specialists  Credential  designed  for  teachers  who  enjoy  teaching 
mathematics  and  who  want  to  gain  more  knowledge  about  mathematics  in  order  to  become 
resource  teachers  in  their  schools.  The  program  consists  of  7  mathematics  courses  and  3  education 
courses  including  two  problem  solving  courses,  courses  in  algebra  and  geometry,  and 
introductions  to  discrete  mathematics  and  calculus. 

Data  Collection 

In  order  to  maintain  an  ongoing  log  of  the  reactions  of  each  of  the  teachers  in  the  class,  a 
journal  was  required  weekly.  Specific  questions  were  posed  each  week,  a  total  of  30  questions 
across  the  course,  which  elicited  responses  about  content,  feelings  towards  algebra,  perceptions  of 
their  students  reactions  to  questions,  and  reactions  to  the  unique  structure  of  the  class.  Teachers 
were  always  invited  to  add  to  or  delete  any  questions  which  they  were  not  ready  to  respond  to. 
Each  teacher  kept  their  own  journal  and  was  able  to  review  previous  responses  at  any  time. 
Teacher  perceptions  were  also  elicited  through  in-class  discussion  questions  and  exam  question. 
For  a  final  course  project,  each  teacher  was  asked  to  interview  at  least  one  of  their  own  students. 

The  focus  of  this  paper  will  be  the  teachers  perception  of  what  is  algebra  and  what  ideas  are 
central  to  learning  algebra?  Ideas  about  variables,  functions,  and  modelling  will  be  included  in  the 
discussion  along  with  general  views  of  what  is  mathematics. 

What  is  algebra? 

Usiskin's  model  of  conceptions  of  school  algebra  and  uses  of  variable  is  used  to  provide  a 
framework  for  analyzing  teacher  responses.  In  summary  his  4  conceptions  of  algebra  and. 
corresponding  uses  of  variable  include:  generalized  arithmetic  •  pattern  generalizer,  means  to  so'.ve 
certain  problems  -  unknowns,  study  of  relationships  -  arguments  and  parameters,  structure  - 
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arbitrary  marks  on  paper.  These  four  categories  will  be  used  to  structure  teacher  perceptions  and 
changes  in  teacher  perception  of  what  is  algebra.  The  issue  of  what  is  a  variable  will  draw  as  well 
on  Kuchemann's  hierarchy  in  which  he  describes  the  six  levels  of  understanding  of  variable  as 
letter  evaluated,  letter  not  used,  letter  used  as  an  object,  letter  used  as  a  specific  unknown,  letter 
used  as  a  generalized  number,  letter  used  as  a  variable  for  a  range  of  values. 

To  begin  with,  the  teachers  were  asked  to  identify  3  -  5  key  idea  which  make  up  the  course 
of  algebra.  Their  collective  list  included  symbolic  reasoning,  equations  and  inequalities,  variables, 
functir-ns,  factoring,  exponents,  probability.  Using  a  subset  of  this  list  combined  with  ideas  of 
modelling  and  multiple  representations,  a  set  of  the  eight  key  words:  equation,  expression, 
function,  graph,  modelling,  operations,  table,  and  variables  was  compiled.  Each  teacher  was  asked 
to  develop  a  concept  map  for  these  eight  ideas,  that  is  to  arrange  these  eight  ideas  into  a  picture  so 
that  those  ideas  which  were  related  were  close  to  each  other  and  the  nodes  of  the  network  were 
connected  through  arcs,  directed  if  possible. 

These  concept  maps  will  be  the  springboard  for  case  study  analyses  for  three  teachers. 
Responses  to  other  questions  will  be  examined  as  the  perception  of  algebra  is  developed. 
Summary  of  the  other  work  will  also  be  provided. 

The  following  is  the  map  given  by  Joan. 


(  Equations 


(operations  }  (  Variables 


Functions 

) 

Tables 

) 

Graphs 

) 

Modelling 

) 

(  Expressions 

In  this  concept  map,  equations,  operations  and  expressions  go  together  while  functions, 
representations  and  modelling  form  a  second  cluster.  Both  groups  are  connected  through  the 
central  idea  of  variables.  Additional  discussions  by  Joan  reflected  a  perception  of  algebra  as  that  of 
solving  equations  to  determine  the  value  of  the  unknown.  The  object  of  algebra  then  for  Joan  was 
a  letter  which  she  regarded  as  a  specific  but  unknown  number.  Midway  through^  15  week 
class,  Joan  was  asked  to  react  to  a  Family  Circus  cartoon  statement  that  "Reading  is  easier  than 
math.  There  are  only  26  letters,  but  millions  of  numbers."  Even  though  she  had  been  working 
with  functions  for  6  weeks  in  a  technologically  rich  environment,  she  stated  that"  actually,  there  are 
only  10  numerals  compared  to  26  tetters.  All  it  takes  is  to  get  the  hang  of  putting  them  together. 
There  are  both  hard  to  spell  and  pronounce  words  and  hard  problems  to  solve."  Here,  her 
original  description  of  algebra  is  generalized  to  her  view  of  mathematics.  She  sees  not  only  algebra 
but  all  of  math  as  working  with  strings  of  numbers  (numbers,  operations,  and  relations).  The 
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digits  from  0  to  9  form  the  objects  for  her  perception  of  algebra.  In  no  way  is  she  moving  to  the 
level  of  working  with  variables  which  assume  multiple  values. 

During  the  15  weeks  of  class,  Joan  struggled  with  the  idea  of  function  but  was  constantly 
in  a  state  of  uneasiness.  Although  she  worked  with  functions  and  represented  them  in  various 
forms,  her  conceptual  framework  changed  little.  For  Joan,  a  function  was  a  relationship  between 
variables  and  numbers.  That  is,  for  each  representation  of  the  function,  she  parsed  it  into 
individual  numbers  and  unknowns  (f(x)  meant  f  times  x).  In  working  with  tables,  she  focused  on 
each  entry  and  her  graphs  were  developed  as  a  finite  collection  of  points.  When  pushed  to  say 
more  about  functions,  little  was  accomplished  since  she  would  quote  statements  from  the  book. 

For  the  final  class  project,  Joan  interviewed  an  eight  grade  student.  She  was  given  only  the 
general  outline  that  the  interview  should  examine  the  student's  view  of  algebra.  Although  she 
could  use  any  of  the  questions  or  probes  used  during  the  class,  development  of  the  interview 
protocol  was  her  responsibility.  She  asked  the  student  what  is  algebra,  what  is  it  used  for,  and 
how  will  it  be  used  after  the  class  of  algebra.  In  the  report,  Joan  described  the  student's  responses 
to  the  questions  and  also  related  her  evaluation  of  the  student  responses.  Thus,  the  interview 
illuminated  both  what  Joan  wanted  to  explore  and  what  she  believed  was  an  appropriate  answer  to 
the  question. 

For  the  question  of  what  is  algebra,  Joan  relates  that"  Megan  had  a  fairly  good 
understanding  of  algebra.  She  basically  thinks  algebra  is  math  and  it  helps  people  figure  out 
things.  It  involves  using  numbers  and  letters  in  different  operations  to  solve  equations,  word 
problem,  polynomials,  and  fractions."  In  this  interview  she  failed  to  probe  the  student's  first 
response  due  to  the  match  with  her  own  definition  of  algebra.  In  fact,  it  agrees  with  the  statement 
Joan  wrote  in  her  final  that  "Algebra  is  the  branch  of  mathematics  that  uses  the  operation  of 
arithmetic  in  dealing  with  the  relations  and  properties  of  quantities  by  the  use  of  symbols  and 
letters,  negative  numbers  as  well  as  ordinary  numbers,  and  equations  to  solve  problems  involving 
a  finite  number  of  operations  and  that  a  variable  is  a  symbol  that  represents  an  unknown.  It  has  the 
property  of  being  a  placeholder." 

In  contrast,  another  teacher  Elisha,  whose  original  responds  were  very  similar  to  those 
described  by  Joan,  reflects  significant  growth.  In  the  beginning,  she  described  variables  and  in 
some  sense  algebra  as  letters  that  are  used  to  represent  an  unknown  number.  In  language,  letters 
are  put  together  to  form  -ords,  but  in  algebra  the  letters  aren't  put  together  to  form  numbers.  I 
have  always  found  using  variables  to  be  very  intimidating.  I  can  solve  a  problem,  but  when  I  am 
given  a  problem  where  I  have  to  solve  for  x,  it  seems  so  much  harder  to  do." 

One  of  her  favorite  stories  in  class  discussions  was  when  her  teacher  the  previous  semester 
used  the  letter  n  as  a  variable.  She  was  shocked  and  her  anxiety  level  increased  when  she 
discovered  that  there  was  more  than  one  letter  which  could  be  used  for  a  variable.  This  view  of 
variable  was  also  reflected  in  her  reaction  to  the  cartoon  caption.  Here  she  said  that  it  was  true  for 
her,  Although  letters  can  be  arranged  millions  of  ways,  I  must  have  better  reading  strategies. 
Reading  is  consistent,  but  math  isn't. . 
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By  the  end  of  the  semester,  Elisha's  early  conceptual  conflicts  were  moving  to  a  resolution. 
In  her  student  interview,  she  asked  the  high  school  student  what  she  thought  about  algebra  and 
then  probed  the  student's  thoughts  regarding  variables.  Instead  of  moving  to  another  question 
when  her  initial  questions  about  variables  yielded  variables  by  examples,  that  is,  a  variable  is  x  in 
the  equation  2x  =  8,  she  continued  to  probe.  She  asked  about  functions  and  when  this  question 
produced  no  reaction,  she  asked  the  student  to  talk  about  expressions  as  compared  with  equations. 
Her  investigation  continued  by  asking  the  student  about  graphing  expressions  and  equations,  and 
describing  them  in  tables.  She  even  took  the  expression  4x  and  asked  the  student  to  make  a  table 
with  different  input  values  and  corresponding  output  value  and  describe  how  the  table  entries 
related  to  the  expression.  Pursuing  this  line  of  inquiry,  she  encouraged  the  student  to  describe  what 
was  meant  by  a  linear  relationship  and  even  a  quadratic  relationship.  Elisha's  final  reflection  in  the 
interview  report  was  "I  focused  on  these  questions  because  I  was  embarrassed  that  I  didn't  know 
the  definitions  of  these  at  the  beginning  of  class." 

Elisha  modified  her  perception  of  algebra  from  that  of  a  means  to  solve  certain  problems  to 
that  of  a  study  of  relationships.  She  was  able  to  operate  with  functions  as  objects  but  was  unable 
to  move  to  functions  of  functions  or  to  explore  the  structure  of  th'.  objects  she  was  using.  In  her 
final  journal  entry  she  stated  that  "I  have  learned  more  than  I  thought  I  would  about  algebra  ...I 
understand  so  much  more  than  I  thought  I  ever  would  about  algebra.  At  the  end  of  two  pages  she 
was  concerned,  however,  that  she  was  unable  to  build  matrices  and  understand  their  meaning. 

Two  of  the  teachers  began  with  a  concept  of  algebra  which  at  least  included  functions. 
Judith  for  example  gave  the  following  as  her  concept  map: 


FUNCTION  *-  EXPRESSION 

CONSTANTS  VARIABLES 
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From  the  map,  it  can  be  seen  that  functions  are  not  an  add-on  but  a  component  in  her  conceptual 
overview.  Several  elements,  such  as  the  separation  of  the  multiple  representations  and  the 
restricted  interaction  between  modelling  and  equations,  indicate  that  functions  are  not  a  central 
object.  Rather,  equations  seem  to  be  the  core  of  her  framework.  Although  this  diagram  indicates 
that  Judith  has  some  fairly  coherent  perceptions  of  algebra,  her  initial  description  of  algebra 
included  the  statement  that  "algebra  as  a  pulsating  glob  that  eluded  all  definition  and/or 
boundaries." 

Even  though  the  material  was  difficult,  Judith  made  significant  progress  in  understanding 
the  content.  In  addition  to  understanding  functions.mJudith  struggled  with  the  structural  view  of 
algebra.  This  concentration  on  structure  can  be  seen  in  her  response  to  the  Family  Circus  cartoon. 
In  reaction  to  the  statement  that  reading  is  easier  than  math  because  there  are  only  26  letters,  she 
stated  Actually,  reading  is  much  more  difficult  than  math  because  math  lias  a  more  dependable 
structure  that  adheres  to  predictable  rules.  However  language  contains  structures  that  contradict 
themselves  under  irregular  circiunstances.  Also  reading  requires  us  to  read  between  the  lines  and 
interpret  text  with  contextual  considerations." 

For  the  student  interview  she  selected  a  student  from  another  teacher's  prealgebra  class. 
She  asked  about  the  meaning  of  algebra  and  then  probed  by  asking  how  algebra  was  different  than 
arithmetic.  She  also  asked  what  a  variable  was,  whether  a  variable  could  have  different  values  and 
vhat  was  meant  by  a  function.  One  question  of  special  interest  to  Judith  was  docs  your  teach  ever 
talk  about  the  structure  of  mathematics.  Although  this  line  of  questions  produced  little,  she  was 
happy  with  the  student's  comment  thai  he  likes  structure  because  it  helps  to  clear  up  a  messy 
equation.  In  the  final 'journal  entry,  Judith  described  her  interest  in  structure  and  stated  that  she 
wns"both  fascinated  and  relieved  to  learn  tliat  algebra  can  be  reduced  to  a  structure.  It  dispelled  the 
notion  I  held  tliat  algebra  was  a  pulsating  glob  tltat  eluded  all  definition  andlor  boundaries.  It  gave 
me  some  hope  that  I'd  master  it  some  day." 

In  her  final,  Judith  described  variables  as"a  letter  that  represents  a  changing  value,  i.e.  it 
can  represent  more  than  one  numeral  depending  upon  the  situation.  In  other  words,  letters  can 
vary  in  meaning  depending  upon  the  context,  so  they  are  not  as  discrete  and  exclusive  as  numerals" 
and  Algebra  as" higher-order  thinking  that  demands  an  ability  to  think  abstractly  about  conditional 
values.  It  is  imperative  tltat  the  variables  we  manipulate  are  clearly  defined  so  that  our  solutions 
make  "real-world"  sense."  In  describing  function  she  staled  that"/  began  to  understand  that 
algebra  is  not  really  concerned  with  integers,  equations,  variables,  constants,  etc.  Rather,  it 
attempts  to  model  real  life  and  the  inherent  relationships  of  life." 

Profiles  for  each  of  the  teachers'  perceptions  of  algebra  could  be  constructed  but  due  to 
space  restrictions,  a  summary  of  the  number  of  teachers  in  each  category  both  at  the  beginning  and 
end  of  the  class  is  given  below: 
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Conceptions  of  Algebra 
Generalized  Arithmetic 
Means  to  solve  problems 
Study  of  Relationships 
Structure 

Thus,  across  the  semester,  even  though  these  teachers  had  taken  4  years  of  secondary  school  math, 
several  college  math  courses  and  taught  algebra  themselves,  the  beliefs  about  what  is  algebra 
changed.  These  changes  were  seen  in  the  written  responses  of  the  teachers  and  in  addition,  the 
changes  were  reflected  in  both  the  questions  which  the  teachers  asked  their  students  and  the  way 
they  listened  to  and  interpreted  the  student's  responses. 


Beginning  of  Class  End  of  Class 

2  1 
4  2 

2 
1 


Language  of  Algebra 

A  continuing  theme  which  occurred  throughout  class  discussions  and  teacher  reflections 
was  the  barriers  developed  due  to  both  the  verbal  and  written  communication.  Words  and  symbols 
meant  different  things  to  each  individual. 

This  paper  has  examined  the  concept  of  algebra  for  teachers  ?nd  established,  across 
teachers,  the  existence  of  differences  in  meanings  attached  to  what  is  algebra  and  the  objects  with 
which  one  thinks  about  algebra.  Within  each  individual,  these  meanings  were  shown  to  be 
consistent  across  pictures,  written  reflections,  and  interactions  with  students.  Changes  did  occur 
across  time  for  most  but  the  rate  and  path  of  these  changes  varied  from  one  teacher  to  another. 

Consistencies  within  individuals  and  the  differences  across  teachers  affected  the  classroom 
interactions.  Each  teacher  had  to  deal  with  not  only  the  mismatch  between  their  concepts  and  the 
concepts  of  the  instructor,  but  they  also  had  to  try  to  understand  the  other  teachers  in  the  class.  In 
this  final  quote,  Judith  talks  about  this  issue  as  she  reflects  on  her  collaboration  with  Joan  on  a 
project.  Following  the  submission  of  a  major  project,  each  teacher  was  asked  to  describe  where 
he/she  felt  comfortable  or  uncomfortable  in  talking  about  mathematics.  Judith  said'Vften  my 
partner  had  a  very  different  way  of  looking  at  the  problem.  She  was  satisfied  with  isolating  single 
bits  of  information,  finding  a  rule  that  fit  that  situation,  then  generalizing  slowly,  testing  the  rule  at 
different  points  along  the  way.  I,  on  the  other  hand,  tended  to  look  at  the  whole  problem  or  topic. 
I  attempted  to  generalize  first,  then  isolate  a  single  situation  to  see  if  my  general  idea  worked.  We 
seemed  to  use  semantics  quite  differently.  I  always  needed  to  reword  what  my  partner  said  so  that 
it  made  sense  to  me.  My  partner  wasn't  comfortable  with  my  rewording." 

The  conversations  between  Judith  and  Joan  used  the  same  words  to  impart  different 
conceptual  meanings.  Both  used  the  basic  terms  of  algebra:  variable,  functions  and  modelling.  The 
overlap  of  shared  meanings  was,  as  shown  in  this  paper,  small.  Maybe,  indeed,  it  was  too  small 
to  allow  for  productive  collaboration.  How  can  these  diverse  meanings  attached  to  the  same  words 
be  communicated  through  a  common  language?  As  long  as  the  language  camouflages  these 
differences,  there  is  no  explicit  conflict  or  need  for  conflict  resolution. 
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TREE  GRAPHS:  VISUAL  AIDS  IN  CASUAL  COMPOUND  EVENTS 
Angela  Pesci,  Department  of  Mathematics,  University  of  Pavia 


In  this  study  an  analysis  of  tree  graphs  as  graphical  representations  which  can  work  as  visual  aids  in  the 
understanding  and  in  the  solution  of  casual  compound  events  is  proposed 

It  is  reported  how  tree  graphs  can  describe,  in  jigural  terms,  the  conceptual  relationships  involved  and  stimulate  the 
use  of  an  adequate  calculation  procedure. 

It  is  then  examined  how  tree  graphs  are  used  by  13-14  year  old  students  to  solve  two  problems  with  different 
characteristics. 

After  a  prior  study  of  the  two  problems  mentioned  above  and  a  description  of  the  "theoretical  background"  in  the 
classes  where  the  investigation  was  carried  out.  an  analysis  of  the  results  achieved  is  proposed  and  the  most 
significant  errors  are  examined. 

1.  INTRODUCTION 

The  idea  that  knowledge,  for  each  of  us,  passes  necessarily  through  sensorial  experience  is  certainly  not  new. 
The  belief  that  anything  which  is  in  our  intellect  must  have  also  passed  through  our  senses  was  typical  of 
scholastic  philosophy  but  it  can  be  traced       *»  *"ftotlc 

In  modem  thought  this  idea  has  been  resumed,  starting  from  '.  Locke,  and  developed  in  a  markedly  cmpmstic 

sense  opening  up  the  perspective  in  which  the  current  cxperimcxtal  researches  can  be  set. 

At  present,  the  sensorial  dimension  is  universally  thought  to  be  fundamental  in  the  process  of  knowledge 

building. 

Also  research  in  mathematics  didactics  is  increasingly  highlighting  the  involvement  of  perception  in  the 
personal  building  of  knowledge.  It  must  be  noted  that  the  sensorial  component  of  our  knowledge  is  not 
recognised  as  transitory  (something  which  leaves  its  place  to  "rational  thought  ")  but  rather  as  a  stable 
component  of  adult  knowledge. 

This  is  what  can  be  deducted,  for  example,  from  DSrflcr's  theory  of  meaning  and  from  his  recourse  to 
"concrete  carriers"  for  the  image  schemata  corresponding  to  concepts  (DOrfler  1991.  p.  21)  or  also  from 
Goldin's  theory  about  the  five  types  of  internal  representations  of  concepts  and  strategies,  one  of  which,  called 
"imagistic",  is  strictly  connected  with  the  interpretation  of  sensorial  experience  (Goldin  1992,  p.  248). 
Within  the  sensorial  perception,  the  visual  perception  has  undoubtedly  got  a  central  place:  it  is  sufficient  to 
bnwse  through  the  latest  volumes  of  the  acts  of  PME  or  CIEAEM,  or  through  the  acts  of  ICME  6  to  realise 
how  the  themes  connected  to  visualisation  in  mathematical  knowledge  building  have  been  given  increasing 
space. 

In  relation  to  this  research  area  the  directions  arc  manifold,  and  they  differentiate,  for  instance,  according  to 
the  type  of  mathematical  content  examined  -  i.e.  geometrical  or  not  -  or  to  the  type  of  visual  image  production 

-  i  .e.  by  means  of  a  computer  or  not  -. 

This  study  deals  with  the  representation  of  casual  compound  events  by  means  of  tree  graphs  as  graphical 
tools.  It  aims  at  providing  possible  answers  to  the  following  questions: 

"Which  graphical  representations  are  particularly  effective?  In  which  conceptual  context?  Which  could  be  the 
reasons  of  their  effectiveness?"  (Mariotti,  Pesci,  1992). 

These  questions,  together  with  others,  arise  spontaneously  when  the  role  of  graphical  representations  in 

problem  solving  and  in  concept  building  is  explored  in  detail. 

In  particular,  the  analysis  which  is  proposed  here  has  the  two  following  objectives: 

-  a  prior  study  of  tree  graphs  as  visual  mediators,  making  explicit  the  connection  between  graphical 
representation  and  theory; 

-  an  analysis  of  the  use  of  this  graphical  tool  in  two  problems  with  different  characteristics  and  an  examination 
of  the  most  meaningful  errors. 

2.  TREE  GRAPH  MATHEMATICS 

The  tree  graph  as  a  graphical  representation  and  as  a  definition,  was  bom  from  the  studies  which  developed 
from  the  30s  onwards  and  which  are  usually  known  as  "the  graph  theory".  In  the  field  of  probability  the  tree 
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graph  is  not  used  in  theoretical  classical  texts  (like  Feller.  1968  and  Gncdcnko.  1979)  but  it  appears  when 
probability  is  introduced  to  "non-insiders"  (see  for  instance  Kcmcny  ct  al.,  1968  and  Pintacuda.  1983)  or  in 
prc-univcrsity  school  (see  for  instance  Bowie,  1968,  Cundy,  1968,  Engcl,  1972  and  Varga,  1976).  Today,  it  is 
one  of  the  most  familiar  graphical  representations,  starting  in  compulsory  school,  to  visualise  both 
combinatorial  and  probabilistic  situations. 

Tree  graphs,  in  Fischbein  terminology,  belong  to  "diagrammatic  models".  They  are  "  graphical 
representations  of  phenomena  and  relationships  amongst  them"  ...  "In  the  case  of  diagrams  one  system,  the 
original,  exists  in  its  own  right  while  the  other,  the  diagram,  is  an  artificial  construct,  intentionally  created  to 
model  the  first"  (Fischbein,  1 987,  p.  1 54). 

This  type  of  representation  presents  important  intuitive  characteristics.  Quoting  Fischbein  again,  "Firstly  it 
offers  a  synoptic,  global  representation  of  a  structure  or  a  process  and  this  contributes  to  the  globality  and  the 
immediacy  of  understanding.  Secondly,  a  diagram  is  an  ideal  tool  for  bridging  between  a  conceptual 
interpretation  and  the  practical  expression  of  a  certain  reality"  (ibidem). 

The  use  of  a  diagram  though  is  not  automatic.  A  perfect  awareness  of  the  "conversion"  principles  from  one 
system  to  another  is  needed  in  order  to  exploit  the  diagram's  potentialities  to  the  full. 
In  the  case  of  casual  compound  events  with  tree  graphs  as  visual  aids,  in  order  to  fully  understand  how 
graphical  representations  may  describe,  in  ftgural  terms,  the  conceptual  relationships  connected  to  an  original 
reality,  it  is  important  to  remember  some  definitions.  They  are  essential  for  interpreting  the  calculation 
procedure  which,  as  will  be  seen,  is  stimulated  by  the  graphical  scheme  involved. 


We  say  conditional  probability  of  the  event  A  given  the  event  B.  with  P(B)>0.  and  it  is  indicated  with  P(A/B). 
the  ratio: 

P(A/B)  =  ^> 
P(B) 

which  is  obtained  measuring  A  assuming  that  B  is  verified  and.  therefore,  limiting  the  examination  from  SI 
(total  set  which  is  interpreted  as  the  certain  event)  to  B  as  environment  set  of  the  eventualities. 
Two  events  A  and  B  are  said  to  be  independent  if  P(Ar>B)  =  P(A)  -  P(B).  If  A  and  B  arc  independent  we 
obtain  that:  P(A/B)  =  P(A) . 

From  the  definition  of  conditional  probability  we  obtain: 

P(Ar,B)  =  P(A/B)  P(B) 

which  allows  us  to  calculate  more  easily  the  first  member,  namely  the  probability  that  A  and  B  both  occur. 

If  the  certain  event  is  divided  into  disconnected  parts  E|.  E2  E„.  representing  the  n  possible  alternatives. 

each  set  A  can  be  seen  as  the  separate  union  of  AoE|.  Ar\E2.  ...  AriE,,.  therefore  for  the  additive  property 
of  probability  and  for  the  identity  seen  above  we  obtain: 


P(A)  =  P(AnE,)  +  P(AnE2)  +...+  P(Ar,E„)  =  P(A/E,)  P^)  +  P(A/E2)  P(E2)+ ...+  P(A^,)  P(E„) 

Therefore  the  probability  of  A  is  the  addition  of  the  products  of  the  probabilities  of  the  single  alternatives  for 

the  corresponding  conditional  probabilities  of  A  assuming  that  the  given  alternative  is  realised. 

This  "rule"  is  effectively  illustrated  by  a  tree  graph:  from  a  first  vertex  we  draw  as  many  branches  as  the 

possible  alternatives,  from  each  vertex  branches  arc  then  drawn  which  represent  the  following  possible 

alternatives.  Next  to  each  branch  the  probability  of  that  alternative  is  marked,  namely  its  conditional 

probability  given  the  event  described  at  the  vertex  from  which  the  branch  originates. 

In  order  to  calculate  the  probability  of  an  event,  the  paths  on  the  graph  which  arc  relative  to  the  event  have  to 

be  considered,  from  the  initial  vertex  down  to  the  end,  for  each  path  the  product  of  the  various  probabilities 

met  has  to  be  calculated  and,  finally,  the  contributions  obtained  have  to  be  added  (see  the  solutions  to  the 

problems  presented  in  4.). 

Once  more,  it  has  to  be  underlined  that  the  branches  descending  from  each  vertex  must  represent  events  which 
re  a  partition  of  the  "total"  event  relative  to  that  vertex.  Therefore  for  each  vertex,  the  possible  events  being 
indicated  with  E|,  E2,  ...Bp  as  done  before  (in  relation  to  the  vertex  considered)  and  the  "total"  event  with  Q, 
applying  the  usual  set  notation,  the  former  request  is  translated  into  the  verification  of  the  two  conditions: 


1)  Eju  E2u  ...OBf, »  fi 
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2)  EjnEj  =  0  ifi>j 


It  is,  therefore,  clear  that  at  each  vertex  the  sum  of  the  probabilities  marked  on  the  branches  descending  from 
that  vertex  must  be  1 . 

3.  THEORETICAL  BACKGROUND  IN  THE  EIGHT  INVESTIGATED  CLASSES 

In  this  paragraph  the  essential  lines  of  the  didactic  proposal  on  probability  presented  to  all  the  students  from 
the  eight  3rd  year  Junior  Middle  School  classes  ( 1 3-14  years  old)  are  desenbed.  The  students  were  given  two  . 
probability  problems  which  will  be  examined  in  detail  in  the  following  paragraphs.  The  description  will  help  to 
outline  the  students  competence  and  the  strategies  they  used  to  solve  the  problems  mentioned^ 
In  the  eight  classes  considered,  probability  had  been  introduced  by  the  teachers  since  the  first  >w;  fte  text 
"Statistics  and  Probability  in  the  Junior  Middle  School:  a  didactic  proposal"  (Pesci,  Reggiani,  1 987)  had  been 

Due  to  the  students'  age  (1 1-14  vears),  neither  axioms  nor  theorems  were  given,  but  everything  had  to  be 
drawn  from  examples  In  the  finite  case  the  definition  of  probability  as  the  ratio  between  the  number  of 
favourable  cases  and  the  number  of  possible  cases  comes  forth  from  the  analysis  of  some  examples  in  which 
one  tries  to  evaluate,  the  composition  of  two  or  more  containers  being  known,  if  it  is  more  convenient  (for  a 
given  result)  to  extract  from  one  container  rather  then  from  another. 

The  book  includes  manv  work-cards  to  be  completed  by  the  students  who  can.  in  this  way,  discover  the 
properties  by  themselves'starting  from  suitable  examples  and  through  discussions  guided  by  the  teacher. 
The  propositions  relative  to  the  properties  introduced  in  the  work-cards  arc  the  following  (obviously,  this  is 
not  the  form  in  which  they  were  introduced  to  the  students): 

J 

P(AwB)  =  P(A)  +  P(B)  if  AnB  =  0 
P(AwB)  =  P(A)  +  P(B)  -  P(AoB) 
P(0  )  =  0 
P(Q )  =  1 
P(CA)  =  1  -  P(A) 

where  A,B  indicate  events,  Q  indicates  the  certain  event,  0  the  impossible  event  and  CA  the  event  opposite  to 
A  The  connection  with  logic  is  foreseen  for  the  use  of  the  connectives  Bandn,  "not",  "or". 
As  far  as  the  studv  of  casual  compound  events  is  concerned,  neither  independent  events  nor  conditional 
probabilities  are  dealt  with  in  this  didactic  proposal,  but  conditional  probabilities  are  tacitly  used  with  the 
graphs  More  precisely  the  situations  the  students  were  introduced  to  (as  well  as  the  problems  in  4.)  can 
always  be  regarded  as  successive  extractions  from  a  container  with  or  without  putting  the  balls  back  to  the 
container  Once  an  adequate  tree  graph  has  been  built,  the  (conditional)  probabilities  can  be  associated  to  the 
various  branches  and  the  rule  of  "multiplying  along  the  branches"  (described  in  2.)  comes  forth  spontaneously, 
in  the  students  from  the  concept  of  "fraction  of  fraction".  For  further  theoretical  details  and  for  the  underlying 
didactic  choices  sec  Pesci,  Reggiani  (1987)  mentioned  above,  which  also  contains  the  collection  of  work-cards 
presented  to  the  students. 

4.  THE  PROBLEMS  AND  THE  PRIOR  ANALYSIS 

The  text  of  the  two  problems  is  the  following: 

1.  In  a  sack  there  are  12  balls:  2  red,  3  white  and  7  black.  If  1  draw  one  ball: 

a)  What  is  the  probability  that  it  will  be  black? 

b)  What  is  the  probability  that  it  will  be  white  or  red? 

c)  Can  you  find  an  event  with  the  probability  15/12? 

If  I  draw  two  balls,  without  putting  the  first  back  in  the  sack: 

d)  What  is  the  probability  that  the)'  are  both  black? 

e)  What  is  the  probability  that  they  are  of  different  colours? 

2  In  a  restaurant  the  probability  that  the  cook  will  burn  the  roast  is  0.02.  the  probability  that  he  will  forget  to 
sah  the  water  for  the  pasta  ii  0.1,  and  that  he  will  salt  it  too  much  ii  alio  0  1 . 

What  is  the  probability  that  the  lunch  prepared  by  the  cook  will  turn  out  well  (supposing  that  he  does  not 
make  other  errors)? 
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The  first  problem  is  fairly  easy  as  far  as  points  a),  b),  and  c),  are  concerned,  whereas  points  d)  and  e)  are 
more  complicated  as  they  foresee  a  secorxi  extraction. 

With  the  following  scheme,  the  five  points  for  the  problem  can  be  immediately  answered: 


The  solutions  arc  the  following  ( the  meaning  of  the  svmbols  being  obvious): 
a)  P(B)  =  7/12  b)  P(R  or  W)  =  2/12  +  :.12 

c)  none  of  the  events  has  probability  15/12     d)  P(BB)  =  7/12  . 671 1 
e)  P(different  colour)  =  P(RW)  +  P(RB)  +  P(WR)  +  P(WB)  +  P(BR)  +  P(BW)  = 

-  2/12  3/11  +  2/12  7/11  +  3/12  2/11  +  3/12  7/11  +  7/12  2/11  +  7/12  3/1 1  =41/66  or 
P(differcnt  colour)  =  1-  (P(RR)  +  P(WW)  +  P(BB))  =  1-  (2/12  1/11  +  3/12  2/11  +7/12  6/11)  = 


41/66 


In  order  to  best  point  out  the  connection  with  what  was  illustrated  in  2.,  it  has  to  be  noted  that  at  the  second 
level  of  the  graph  (corresponding  to  the  second  extraction),  for  instance,  the  event  marked  R  with  probability 
1/11  is,  actually,  the  event  "R  given  R"  and  using  the  symbols  introduced  in  2..  it  is  P(R/R)  =  1/11. 
Multiplying  2/12  for  1/1 1  we  have  P(R)  P(R/R)  that  is  P(RriR)  which  wc  indicate  with  P(RR). 
Even  the  second  problem  can  be  schematized  with  a  tree  graph  as  the  following: 


too  Mltttf  unstttod  0004 

We  have  P(meal  will  turn  out  well)  =  0  98  0.8  =  0.784.  p,,t*  PMt* 

There  is  no  need  to  complete  the  graph  beyond  the  event  "burnt  roast"  because  what  concerns  us  is  "meal  will 
turn  out  well",  therefore  wc  will  read  the  result  starting  from  the  event  "roast  not  burnt". 
It  is  also  possible  to  build  a  graph  considering  the  three  possible  events  concerning  the  cooking  of  the  pasta 
exchanging  the  two  levels  of  the  previous  graph. 

It  is  to  be  noted  that  when  attributing  the  probabilities  to  the  various  branches,  the  "level"  of  the  branches  is 
not  taken  into  consideration:  in  our  situation  the  events  regarding  the  roast  are  supposed  not  to  be  influenced 
at  all  by  those  regarding  the  pasta  and  vice  versa  (they  are  independent  events).  Therefore  the  situation  is 
different  from  the  one  proposed  in  the  first  problem  in  which,  on  the  contrary,  the  first  level  events  (first 
extraction)  must  be  taken  into  account  when  attributing  the  probabilities  to  the  second  level  branches  (second 
extraction). 

From  the  prior  analysis  of  the  two  problems,  with  reference  to  their  solution  by  means  of  a  tree  graph,  the 
following  substantial  differences  emerge: 

a)  In  the  first  problem,  the  scheme  in  the  two  successive  spatial  levels  reflects  the  temporal  sequence  of  the 
events  (first  and  second  extraction).  This  does  not  happen  with  the  second  problem  in  which  the  graphical 
scheme  is  only  a  "theoretical"  combination  of  the  events  involved  (those  regarding  the  pasta  and  those 
regarding  the  roast)  so  much  so  that  the  two  levels,  as  noted  above,  can  be  exchanged. 
In  the  second  problem  there  is  no  natural  analog)  between  the  tree  graph  and  the  problematic  situation 
proposed.  The  graphical  representation  (and  it  happens  in  other  cases,  for  instance  with  Venn's  diagrams)  can 
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be  said  to  be  the  description,  "in  figure!  terms",  of  "conceptual  relationships  which,  in  turn,  are  the  symbolic 
processed  expression  of  an  original  reality"  (Fischbein,  p.  1 58).  Such  description  reflects  the  reality 
represented  in  a  more  or  less  direct  way.  In  the  case  of  the  two  problems  involved,  we  can  say  that  the 
representation  with  the  tree  graph  is  more  "analogical"  than  "prepositional"  in  the  first  problem  whereas  in  Ac 
second  problem  it  is  the  opposite  (the  terms  "analogical"  and  "prepositional"  are  used  in  the  sense  which  is 
peculiar  to  mental  images,  see  for  instance  Palmer,  1978). 

b)  In  the  tree  graph  of  the  first  problem,  three  branches  originate  from  each  vertex,  namely  each  time  the 
partitions  have  the  same  number  of  elementary  events,  and  the  elementary  events  are  the  same  at  each  level 
(extraction  of  black,  white  and  red  ball)  while  in  the  second  problem  there  is  a  different  number  of  branches 
from  vertexes  (the  partition  events  given  in  the  text  are  two  for  the  roast  and  three  for  the  pasta)  and  also  the 
elementary  events  are  different  at  the  different  graph  levels.  Therefore,  in  the  second  problem  the  task  is  made 
more  complex  by  a  global  "difference"  between  the  two  levels. 


5.  SOLUTION  AND  ERROR  ANALYSIS 

The  test  was  proposed  to  151  students.  While  correcting  the  problems,  calculation  errors  were  not  taken  into 
account  if  the  tree  graph  had  been  correctly  done  and  if  the  probabilities  requested  had  been  expressed  in  the 
right  way. 

5.1  First  problem 

Ninety-eight  students  (65%)  answered  correctly  to  all  of  the  three  questions  a),  b)  and  c),  whereas  only  46 
students  (30%)  did  the  whole  exercise  exactly. 

For  the  sake  of  brevity,  only  the  most  salient  observations,  and  those  strictly  connected  to  the  use  of  tree 
graphs,  are  reported  here.  The  solutions  relative  to  questions  d)  and  e),  concerning  a  double  extraction  without 
putting  the  ball  back  to  the  container,  will  be  examined. 

As  to  point  d),  among  the  80  correct  solutions  (53%),  there  arc  78  solutions  which,  in  conformits  with  the 
preparation  received,  used  a  tree  graph.  The  non-given  solutions  are  31  (21%)  and  the  wrong  ones  are  40 
(26%). 

Among  the  40  incorrect  solutions,  20  present  a  tree  graph,  the  other  20  do  not. 

Among  the  20  students  who  make  a  mistake  and  do  not  use  a  graph,  13  wntc  only  P(BB)  =  6/11  without  any 
explanation,  the  other  7  provide  other  incorrect  fractions  without  any  explanations. 

As  to  the  20  incorrect  solutions  which  use  a  graph,  it  must  be  pointed  out  that  they  all  have  a  correct  graph 
(three  branches  at  the  first  level,  nine  at  the  second)  but  the  answers  are  wrong  for  the  following  reasons: 

-  in  15  solutions,  wrong  values  attributed  to  the  branches  arc  multiplied.  The  most  frequent  error  is  due  to  a 
reasoning  based  on  the  mistaken  assumption  that  before  the  second  extraction  the  ball  had  been  put  back  in  the 
container  (6  students  answer  P(BB)  =  7/127/12);  moreover,  some  others  consider  the  total  number  of  balls 
to  still  be  12  in  the  second  extraction  (4  students  answer  P(BB)  =  7/12  •  6/12).  On  the  other  hand,  two  other 
students  maintain  the  number  of  black  balls  in  the  second  extraction  constant  (they  answer  P(BB)= 7/12  7/1 1). 
The  last  three  students  answer  with  incorrect  fractions,  difficult  to  interpret  (respectively  P(BB)  =  7/24  6/23, 
P(BB)  =  6/12  6/11,  P(BB)  =  7/12  8/11); 

-  in  3  solutions  the  probability  of  the  tw  o  branches  involved  are  added  instead  of  being  multiplied. 

-  in  2  solutions  only  the  second  branch  of  the  BB  path  is  considered  and  the  solution  is  then  P(BB)  =  6/1 1 :  it  is 
probably  the  same  type  of  "skipping  of  steps"  seen  in  the  1 3  solutions  already  examined  which  do  not  use  a 
graph  and  provide  the  same  answer. 

As  to  point  e)  all  the  61  correct  solutions  (40%)  point  out  a  proper  use  of  the  tree  graph.  The  non-given 
solutions  are  48  (32%)  and  the  incorrect  ones  are  42  (28%):  among  the  incorrect  solutions,  the  tree  graph  is 
not  used  in  5  whereas  it  is  used  in  37. 


For  the  purpose  of  our  study  it  is  interesting  to  examine  in  detail  the  errors  made  by  the  37  students  (24%) 
who  use  the  tree  graph: 

-  the  attribution  of  incorrect  probabilities  to  second  level  branches  is  the  most  frequent  mistake,  after  the  graph 
with  the  nine  resulting  events  has  been  correctly  constructed  (14  solutions).  This  implies  that  the  overall 
probability,  though  correctly  set  out,  results  incorrect:  the  errors  in  the  attribution  of  incorrect  probabilities 
are  those  already  considered  for  point  d): 

-  in  9  solutions  there  is  a  tree  graph  with  only  two  events  "black  ball"  and  "non-black  ball"  in  both  extractions: 
obviously  with  such  a  partition,  if  it  is  possible  to  answer  question  d).  it  is  still  impossible  to  determine  the 
event  in  point  e): 

-  in  7  solutions  there  is  a  correct  graph  and  the  various  branches  are  attributed  correct  probabilities  but  then 
only  some  probabilities  of  the  six  events  concerned  arc  summed: 

-  in  3  solutions  the  probabilities  of  the  six  events  considered  arc  calculated  separately,  but  then  they  are  not 
summed: 

-  in  3  solutions  the  tree  graph  referring  to  the  first  extraction  is  correct  but  at  the  second  level  there  arc  only 
two  events  instead  of  three: 

-  finally,  in  I  solution,  although  the  graph  and  the  probabilities  on  the  branches  arc  correct,  there  is  only  the 
answer  P(diffcrent  colour)  =  22/1 1  without  any  further  details  to  interpret  the  error. 

5  .2  Second  problem 

The  problem  was  correctly  solved  by  19  students  (13%).  it  was  not  solved  by  31  students  (20%)  and  it  was 
incorrectly  solved  by  10 1  students  (67%):  we  conclude  that  the  problem  resulted  very  difficult. 
Among  the  19  correct  solutions.  2  are  obtained  without  using  the  tree  graph:  both  students  write  P  =  (I  - 
2/100) .  (I  -  (1/10  +  1/10)).  the  other  17  arc  obtained  using  the  tree  graph.  It  must  be  pointed  out  that,  among 
these.  8  present  the  tree  graph  of  the  solution  described  in  4.  whereas  the  other  9  present  the  following 
"contracted  graph": 


in  which  the  two  branches  referring  to  "too  salted  pasta"  and  "unsaltcd  pasta"  are  effectively  represented  by- 
one  branch  only. 

Among  the  101  incorrect  solutions.  61  do  not  use  a  tree  graph  and  40  use  it. 
In  reference  to  the  61  solutions  aforementioned: 

•  the  most  common  error  (39)  is  the  following:  the  probabilities  given  in  the  text  arc  summed,  that  is  0. 1  +  0. 1 
+  0.02  =  0.22.  the  next  operation  is  I  -  0.22  =  0  78  and  then  the  students  conclude  that  the  probability  for 
"meal  will  turn  out  well"  is  0.78.  This  is  incorrect  because  probabilities  of  events  which  are  not  disconnected 
are  summed  together; 

-  the  same  procedure  is  adopted  by  another  8  students  but  thev  onlv  write  0. 1  +  0.02  =  0. 12  and  they  obtain 
0.88; 

-  the  remaining  14  incorrect  solutions,  in  which  the  tree  graph  is  not  used,  often  present  apparently  "sensible" 
verbal  explanations.  Errors  are  sometimes  difficult  to  interpret:  in  some  solutions  not  all  the  events  arc 
considered,  or  probabilities  of  non-disconnected  events  arc  summed,  or  probabilities  of  independent  events  are 
summed  instead  of  being  multiplied. 

Now  the  incorrect  solution  typologies  adopted  by  the  40  students  who  use  a  tree  graph  will  be  examined. 

•  The  most  frequent  error,  found  in  1 2  solutions,  is  the  construction  of  a  three  floor  graph  like  the  following: 
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fOltt 


unsalt«d 
pasta 


The  solution  provided  by  the  students  in  this  case  is  0.98  ■  0.9  ■  0.9.  They  did  not  understand  that  the  events 
"too  salted  pasta"  or  "unsalted  pasta"  belong  to  the  same  partition  therefore  they  must  be  at  the  same  level. 


with  the  solution  P  =  0.98  ■  0. 1  =  0.098:  in  this  case  the  partitions  at  the  second  level  are  not  complete,  in  both 
cases  the  branch  referring  to  "good  pasta"  is  missing. 

-  Eight  students  write  on  three  branches  at  a  first  level  the  probabilities  given  in  the  text  and  then  3  students  do 
not  continue  with  the  graph  and  answer  P  =  1  -  (0.02  +  0.1+0.1);  other  3  students  repeat  the  same  branches 
at  the  second  level  and  then  "combine"  the  probabilities  in  a  strange  way,  the  last  2  students  simulate,  at  the 
second  level,  a  sort  of  extraction  decreasing  by  1  the  denominators  and  varying  the  numerators  in  an 
inexplicable  way. 

-  Four  students  draw  two  separate  graphs,  one  for  the  pasta  (three  branches  for  each  vertex)  and  another  one 
for  the  roast  (two  branches  for  each  vertex),  with  two  levels  for  each  graph  and  with  the  same  probabilities  of 
the  first  level  on  the  second  level  branches.  These  students  probably  think  of  a  second  extraction  and 
"combine"  inexplicably  the  various  probabilities. 

-  Three  students  draw  a  tree  graph  which  presents,  at  each  level,  both  the  events  referring  to  the  pasta  and  the 
events  referring  to  the  roast  and  they  combine  (with  +  c  ■)  the  various  probabilities  unjustifiedly. 

-  It  has  to  be  noted  that  2  students  draw  a  correct  graph,  they  attribute  the  various  branches  the  right 
probabilities  but  in  one  case  the  exercise  remains  unfinished,  whereas  in  the  second  case  the  student  selects  an 
incorrect  path. 

-The  last  4  students  present  incorrect  graphs  with  different  errors  from  the  ones  described  so  far.  It  docs  not 
seem  useful  to  give  further  details  regarding  these  errors  but  instead  to  make  more  general  observations. 

If  we  read  the  data  reported  here  we  can  observe  that  among  the  120  students  who  solved  *the  problem,  63  did 
not  use  a  tree  graph  and  only  by  two  of  them  the  problem  was  correctly  solved,  57  students  used  a  tree  graph 
and  1 7  of  them  gave  the  correct  solution. 

Notwithstanding  the  difficulty  of  translating  the  problem  into  a  tree  graph  (already  highlighted  in  the  prior 
analysis  in  4.  and  confirmed  by  the  list  of  errors)  this  strategy  was  shown  to  be  the  most  effective.  It  must  be 
observed  that,  in  theory,  (sec  3.)  the  students  had  all  the  elements  needed  to  give  an  "abstract"  solution,  so 
much  so  that  there  are  2  solutions  of  this  kind. 

6.  CONCLUSION 

From  our  analysis  it  emerges  that  the  students  immediately  use  tree  graphs  for  solving  problems  like  the  first 
in  which  the  various  graph  levels  represent  the  event's  temporal  sequence.  As  a  matter  of  fact,  the  larger 


-  Another  example  of  an  incorrect  graph,  made  by  7  students  is: 
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number  of  correct  solutions  were  obtained  in  the  first  exercise.  Errors  were  mainly  due  to  incorrect  probability 
attribution  to  the  various  branches  or  to  the  lack  of  consideration  of  the  whole  paths  for  the  events  requested 
rather  than  to  the  drawing  of  the  graph. 

Hie  second  problem  resulted  more  difficult  to  the  students  because  the  schematization  of  the  given  situation 
ma  tree  graph  does  not  come  as  naturally  as  it  does  in  the  first  problem  (see  4.) 

Understanding  "the  functioning"  of  tree  graphs  is  not  difficult  for  students,  it  is  more  difficult  to  draw  them 
correctly  in  order  to  represent  situations  which,  as  in  the  second  problem,  cannot  be  "spontaneously" 
translated  into  tree  graphs. 

In  this  case  the  same  graph  drawing  was  the  cause  of  many  errors  and  the  tree  graph  did  not  properly 
represent  the  given  situation.  When  the  conceptual  situation  is  not  thoroughly  understood  and  an  inadequate 
graphical  model  is  built,  the  student  is  misled  by  the  automatism  induced  by  the  model  -  i.e.  "multiplication 
along  the  branches"  -  and  he  obtains  an  incorrect  result. 

From  the  analysis  presented  here  we  can  infer  that  the  tree  graph  was,  in  any  case,  an  effective  aid  even  in  the 
solution  of  the  second  difficult  problem:  it  can  be  useful  to  introduce  students  to  the  study  of  casual  compound 
events.  It  is  clear,  though,  that  the  "rules  of  the  game"  (properties  1)  and  2)  in  2.)  underlying  the  drawing  of 
the  graph  and  which  make  it  a  very  functional  aid  must  be  skilfully  mastered.  Only  in  this  way  the  graphical 
aid  can  become  a  suitable  representation  of  a  problematic  situation  and  it  can  provide  an  immediate  visual 
solution. 

It  is  certain  that  the  dialectics  between  the  understanding  of  the  problematic  situation  and  its  graphical 
representation  should  be  played  at  its  best,  with  mutual  advantage  of  the  two  moments. 
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PROSPECTIVE  ELEMENTARY  TEACHERS'  CONCEPTUAL  AND 
PROCEDURAL  KNOWLEDGE  OF  FRACTIONS 

George  Philippou  &  Constantinos  Christou 
University  of  Cyprus,  Department  of  Education 

One  of  the  mot  widely  offered  rrpkniHon*  of  why  tudento  do  not 
Ieam  mathematics  i»  the  inadequacy  of  their  tetchen'  knowledge  of 
met  heme  Hf  (Fenaema  *  Fnnke,  1902,  p.  1*7). 

Prospective  elementary  teachers'  procedure!  and  conceptual  knowledge  of  fractions 
was  investigated  through  a  written  instrument.  Results  indicated  that  these 
preservice  teachers  had  a  narrow  understanding  of  the  ideas  underlying  the  conceptual 
knowledge  of  fractions.  The  findings  suggest  that  prospective  teachers  need 
programs  for  their  mathematical  preparation  that  emphasize  the  connections 
between  procedural  and  conceptual  knowledge  of  fractions. 

In  recent  years  much  research  has  been  reported  on  students'  procedural  and 
conceptual  understanding  of  fractions  and  decimals  (Harrison  &  Greer,  1993; 
Vcrgnaud,  1983).  Though  the  basic  concepts  of  fractions  are  generally  introduced  from 
the  primary  grades,  there  is  convincing  evidence  that  most  middle  school  students  do 
not  create  appropriate  meanings  of  fractions  (Bczak  &  Bieck,  1993;  Kicren,  1988; 
Ohlsson,  1988).  Among  the  reasons  for  this  insufficient  learning,  the  mathematical 
nature  of  fractions  and  poor  instruction  seem  to  be  the  most  widely  mentioned.  There 
exist  fundamental  differences  between  "whole  numbers"  and  fractions  regarding  both 
the  symbolic  representation  and  their  interpretations,  which  produce  long-term 
difficulties  (Hicbert  &  Behr,  1988).  The  one-to-one  correspondence  between  a  whole 
number  and  its  symbol,  in  fractions  becomes  one-to-many,  whereas  the  limited  number 
of  interpretations  of  "whole  number"  is  in  rational  numbers  expanded  to  include  at  least: 
the  part- whole,  the  ratio,  the  quotient,  and  the  operator  interpretations  (Kieren,  1988). 
Despite  the  complicated  nature  of  the  rational  number  concept  and  related  terms  which 
constitute  a  distinct  semantic  field  (Ohlsson,  1988),  they  usually  receive  little  attention 
and  are  often  taught  in  a  meaningless  manner.  Most  teachers  proceed  to  instruct 
procedural  rules  before  strengthening  students'  conceptual  understanding. 

Fennema  and  Franke  (1992)  claimed  that  "the  evidence  is  beginning  to 
accumulate  to  support  the  idea  that  when  a  teacher  has  a  conceptual  understanding  of 
mathematics,  it  influences  classroom  instruction  in  a  positive  way"  (p.  151).  It  is 
evident  that  if  teachers  themselves  have  difficulties  they  arc  not  likely  to  facilitate  the 
construction  of  meanings  for  fractions  by  their  students  or  to  recognize  related  errors 
the  students  make  (Gracber,  Tirosh  &  Glover,  1989).  The  insecurity  felt  by  teachers 
with  limited  knowledge  in  this  area  was  expressed  by  one  of  them  as  follows  "I  had  to 
teach  mathematics  to  the  4th  Grade  and  I  didn't  know  how  to  multiply  fractions" 
(Frcdcricou  &  Folcrou,  1991,  p.66). 
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Despite  the  concern  expressed  about  "proper"  instruction  in  fractions  it  seems 
that  preservice  elementary  teachers'  knowledge  in  this  area  has  not  been  studied 
enough.  The  purpose  of  our  research  program  was  tc  explore  in  depth  preservice 
elementary  teachers'  knowledge,  mathematical  power  and  attitudes  at  the  point  when 
they  enter  teacher  education,  as  a  means  to  design  mathematical  courses  suitable  to  their 
needs.  This  particular  study  focuses  on  preservice  teachers'  procedural  and  conceptual 
understanding  of  fractions. 


The  underpinning  of  this  work  is  the  conceptual  and  procedural  knowledge  as  it 
was  defined  by  Hiebert  and  Wearne  ( 1986).  Conceptual  knowledge  involves  building 
relationships  between  existing  bits  of  knowledge  and  it  grows  through  the  creation  of 
relationships  between  existing  knowledge  and  new  information  that  is  just  entering  the 
system.  Procedural  knowledge  is  composed  of  the  formal  language  of  mathematics  and 
the  rules,  algorithms  and  procedures  needed  to  solve  mathematical  tasks.  A  host  of 
research  studies  agree  that  conceptual  knowledge  is  more  significant  than  procedural 
knowledge  (Silver,  1986).  However,  teachers  should  be  competent  in  both  the 
conceptual  and  procedural  knowledge  in  order  to  teach  effectively  mathematical  ideas. 

Mathematical  knowledge  includes  significant,  fundamental  relationships 
between  conceptual  and  procedural  knowledge.  Critical  links  between  conceptual  and 
procedural  knowledge  would  contribute  in  many  ways  to  the  development  of  a  sound 
knowledge  base.  According  to  Hiebert  and  Wearne  (1986),  there  are  three  phases 
where  links  between  conceptual  and  procedural  knowledge  take  on  special  importance. 
In  phase  1,  a  person  gives  meaning  to  the  numerical  and  procedural  symbols  of  a 
mathematical  task.  The  meanings  assigned  to  the  symbols  may  come  from  the  syntax  or 
they  may  come  from  connecting  symbols  with  their  conceptual  referent.  Phase  2 
involves  the  procedures  selected  to  solve  a  problem  and  emphasizes  the  links  between 
procedures  and  their  conceptual  rationales.  Phase  3  involves  the  solution  evaluation  and 
emphasizes  the  reasonabless  of  solutions.  The  three  phases  of  symbol  interpretation 
and  algorithms,  procedural  execution,  and  solution  evaluation  provide  a  scheme  that 
allows  the  analysis  of  the  existence  of  relationships  between  conceptual  and  procedural 
knowledge.  In  this  study,  we  u-,ed  the  basic  ideas  of  the  three  phases  to  describe 
prospectives  teachers'  conceptual  knowledge  of  fractions. 


The  work  reviewed  to  this  point  led  to  the  study's  first  research  question 
regarding  the  present  state  of  preservice  teachers'  conceptual  and  procedural  knowledge 
of  fractions  and  the  degree  to  which  preservice  teachers  connected  their  procedural  and 
conceptual  knowledge  of  fractions.  Furthermore,  the  study  purported  to  determine  if 
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there  were  differences  between  preservice  teachers  coming  from  different  types  of 
secondary  education  with  or  without  additional  emphasis  on  mathematics  and  science. 
Specifically,  the  following  questions  guided  this  study: 

1 .  What  is  the  present  state  of  preservice  teachers'  knowledge  of  fractions? 

2.  Do  preservice  teachers  differ  as  regards  their  procedural  and  conceptual 
knowledge  of  fractions? 

3.  Do  precollege  mathematics  explain  the  differences  among  preservice 
teachers  on  their  procedural  and  conceptual  understanding  of  fractions ? 

Method 

Subjects 

The  subjects  were  83  preservice  elementary  school  teachers  enrolled  in  the  first 
semester  of  their  studies  at  the  University  of  Cyprus.  Eighteen  of  them  were  graduates 
from  lyceum  types  where  mathematics  was  not  among  the  subjects  of  specialization. 
Twenty  one  of  them  took,  during  their  studies  in  lyceum,  both  mathematics  and  physics 
as  their  major  subjects,  while  the  rest  (44)  took  mathematics  and  economics. 
Instrumentation 

A  test  of  30  questions  was  constructed  to  assess  preservice  teachers'  knowledge 
of  fractions  as  well  as  their  ability  to  connect  procedural  and  conceptual  knowledge. 
Twelve  items  were  designed  to  assess  preservice  teachers'  procedural  knowledge  and 
18  items  to  assess  their  conceptual  knowledge  of  fractions.  The  items  for  conceptual 
knowledge  were  designed  to  measure  the  connection  between  real-world  situations  and 
symbolic  computation,  the  connection  between  whole  number  and  fraction  operations 
and  the  solution  evaluation.  Specifically,  five  items  were  designed  to  assess  preservice 
teachers'  ability  to  connect  the  symbolic  computation  with  real-world  situations  (Phase 

1)  .  These  items  provided  the  numerical  expression  and  asked  for  posing  word 
problems  (Simon,  1993).  Seven  items  were  designed  to  assess  preservice  teachers' 
ability  to  select  and  apply  the  appropriate  procedures  to  solve  mathematical  tasks  (Phase 

2)  .  These  items  also  involved  questions  designed  to  assess  the  ability  to  connect  whole 
number  operations  with  fraction  operations.  Finally,  six  items  were  designed  to  assess 
the  ability  of  preservice  teachers'  to  evaluate  the  reasonableness  of  a  solution  or  an 
answer  given  to  a  problem  task.  Table  1  provides  examples  of  selected  items  that  clarify 
the  above  mentioned  categories. 

Results 

To  answer  the  first  question  of  the  study  about  the  present  state  of  preservice 
teachers'  knowledge  of  fractions,  subjects'  success  rates  are  summarized  in  Table  2. 
The  subjects  had  the  greater  success  on  addition  and  division  and  the  least  success  on 
multiplication.  Although  multiplication  is  considered  as  prerequsite  to  division,  the 


a 

ERIC 


H13 


subjects  in  this  study  demonstsled  quite  a  different  behavior.  The  written  work  of  the 
subjects  provided  some  hints  that  they  considered  multiplication  and  division  as 
different  operations  and  could  not  see  the  connection  between  them.  Evidence  for  this 
result  is  provided  by  the  subjects'  strategy  of  solving  division  problems.  Most  of  the 
subjects  (70%)  used  the  mnemonic  rule  of  complex  fractions  to  provide  an  answer  to 
division  exercises  and  thus  tried  to  remember  a  different  method  from  that  used  in 
solving  the  exercises  on  multiplication. 

Table  1 

Examples  of  Items  Used  in  the  Study 


Problems 

Knowledge  assessed 

1. 

(a)  I/5  +  7/5,  (b)  16  -  3/5, 

(c)  1/2  X4l/2,  (d)  l/3+  1/6 

.(e)  In  fraction  multiplication  the  answer  is 

always  greater  than  the  factors.  Yes  No 

Procedural 

2. 

Write  three  different  story  problems  that 
would  be  solved  by  dividing  5 1  by  4  and 
for  which  the  answers  would  be 
respectively;. 

(a)  12'/4(b)  13  (c)  12  (Simon,  1993). 

Connection  between  real-world  situations 
and  symbolic  computation 

3. 

(a)  Find  the  remainder  of  the  division: 
28 +  3 1/2. 

(b)  How  far  to  the  left  should  the  picture 
be  moved  so  that  it  is  centered  on  the 
wall?  (Cooney,  Badger,  Wilson,  1993). 

Connection  between  whole  number 
operations  and  fraction  operations. 
Selection  of  the  appropriate  procedure  to 
solve  the  problem. 

4. 

The  product  of  the  multiplication 

6V4  x  43/7  is  between:  (a)  33  and  40,  (b) 

29  and  32,  (c)  lb  and  24,  (d)  25  and  28. 

Solution  Evaluation 

The  least  success  of  prescrvice  teachers  was  on  the  items  measuring  their  ability 
to  connect  real-world  situations  and  symbolic  computation  (25%  of  success').  The 
majority  of  the  subjects  (75%)  failed  to  construct  problems  that  could  be  represented  by 
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a  given  number  expression,  indicating  that  preservice  teachers  did  not  possess  a  broad 
concept  of  the  operation  of  fractions  to  make  sense  of  fractions.  Although  numbers 
were  kept  simple,  preservice  teachers  were  not  able  to  connect  the  symbolic 
computation  with  real  world  situation.  This  is  in  agreement  with  Ball's  (cited  by 
Fenncma  &  Franke,  1992)  finding  that  the  majority  of  the  preservice  elementary 
teachers  were  unable  to  develop  an  appropriate  representation  of  the  operation  1  I A 
divided  by  '/2- 


Summary  of  Procedural  Knowledge  Data  (expressed  as  rounded  percentages). 


Types  ot  Problems 

Correct  Answer  (%) 

Interpretation  of  Symbols 

88 

Algorithms:  Addition 
Subtraction 
Multiplication 
Division 

90 
88 
74 
90 

Connection  Between: 

*real-world  and  computations 

♦whole  number  and  fraction 
operations  (C2) 

25 
39 

Solution  Evaluation 

56 

A  large  proportion  (61%)  of  preservice  teachers  could  not  recognize  the  features 
of  whole  numbers  that  are  similar  to  fractions  and  those  that  are  unique  to  whole 
numbers.  They  did  not  easily  extend  concepts  that  applied  to  fractions,  and  they 
overextended  features  that  did  not  apply  to  fractions.  For  example,  96%  of  preservice 
teachers  failed  to  give  the  correct  answer  to  the  problem  "Niki  has  35  cups  of  sugar. 
She  makes  cakes  that  require  3/8  of  a  cup  each.  If  she  makes  as  many  cakes  as  she  has 
sugar  for,  how  much  sugar  will  be  left  over?" 

Fifty  six  per  cent  of  the  subjects  answered  correctly  the  items  on  solution 
evaluation.  However,  a  large  again,  number  of  the  subjects  (44%)  were  not  able  to 
evaluate  the  reasonableness  of  the  answer.  For  instance,  44%  of  presence  teachers 
failed  to  answer  correctly  the  problem "  The  product  of  the  multiplication  63/4  X  43/7  is 
between:  (a)  33  and  40,  (b)  29  and  32,  (c)  18  and  24,  (d)  25  and  28",  indicating  that 
these  subjects  may  have  weak  understanding  of  the  size  of  fractions. 

To  answer  the  second  question  of  the  study  whether  the  preservice  teachers 
exhibit  the  same  performance  on  procedural  and  conceptual  knowledge  of  fractions,  a 
multivariate  analysis  of  variance  (MANOVA)  was  conducted  with  procedural  and 
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conceptual  knowledge  as  dependent  variables.  It  showed  that  the  preservice  teachers' 
procedural  knowledge  perfromance  (M=0.887,  p=.O0)  was  significantly  better  than 
their  conceptual  knowledge  (M=0.398,  p=.O0).  This  result  may  indicate  that  for  these 
preservice  teachers  the  procedural  and  conceptual  understanding  of  fractions  remain  as 
separate  entities. 

Finally,  to  answer  the  third  question  of  the  study,  a  multivariate  analysis  of 
variance  was  conducted  with  procedural  knowledge,  and  connectness  as  dependent 
variables  and  the  type  of  lyceum  from  which  they  graduated  as  independent  variable. 
Table  3  shows  the  means  and  standard  deviations  of  the  performance  of  preservice 
teachers,  grouped  according  to  the  type  of  lyceum  from  which  they  graduated,  on 
procedural  and  conceptual  knowledge. 


Table  3 

The  comparison  of  Performance  hv  Type  of  Secondary  School 


Knowledge 

Major 

M 

S.D. 

Signif 
icance 

w 

Procedural 

Greek  Literature  and  Latin 
Maths  and  Physics 
Maths  and  Economics 

0.88 
0.90 
0.89 

6.15 
0.12 
0.12 

.81 

CI 

Greek  Literature  and  Latin 
Maths  and  Physics 
Maths  and  Economics 

0.30 
0.33 
0.31 

0.15 
0.22 
0.18 

.06 

C2 

Greek  Literature  and  Latin 
Maths  and  Physics 
Maths  and  Economics 

0.39 
0.44 
0.42 

0.15 
0.15 
0.16 

.07 

Solution  Evaluation 

Greek  Literature  and  Latin 
Maths  and  Physics 
Maths  and  Economics 

0.51 
0.57 
0.57 

0.20 
0.29 
0.28 

.74 

As  can  be  seen  from  Table  3,  there  were  nc  statistically  significant  differences 
among  preservice  teachers  regarding  the  type  of  lyceum  of  graduation.  This  indicates 
that  precollege  mathematics,  as  taught  in  Cyprus,  may  not  be  a  critical  variable  for 
explaining  the  difficulties  the  preservice  teachers  encounter  in  grasping  the  meaning  of 
fractional  concepts.  Specifically,  it  seems  that  the  mathematics  taught  in  lyceums  may 
not  help  students  to  conceptually  develop  fractions 

Discussion 

This  study  extends  the  information  available  on  prospective  teachers' 
knowledge  of  fractions.  It  offers  evidence  as  to  the  usefulness  focusing  on  conceptual 
and  procedural  knowledge.  The  prospective  elementary  teachers  in  this  study  exhibited 
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serious  short-comings  in  their  understanding  of  fractions.  They  seemed  to  have 
appropriate  knowledge  of  the  symbols  and  algorithms  associated  with  fractions,  but 
many  important  connections  seemed  to  be  missing.  These  findings  are  consistent  with 
those  of  Ball  (cited  by  Fennema  &  Franke,1992;  1990)  and  Simon  (1993)  on 
prospective  teachers'  inability  to  develop  problem  representation  of  fractions  and 
insufficient  knowledge  of  division. 

Although  most  of  the  preservice  teachers  could  calculate  correctly,  they  had 
significant  difficulty  with  the  meaning  of  operations  of  fractions  indicating  a  narrow 
understanding  of  the  concepts  underlying  the  procedural  knowledge.  The  prospective 
teachers'  understanding  appeared  to  comprise  remembering  the  rules  for  specific  cases. 
Evidence  for  this  conclusion  is  especially  clear  in  the  division  and  multiplication  of 
fractions.  Division  and  multiplication  with  fractions  is  rarely  taught  conceptually  in 
schools  (Ball,  1990);  most  of  the  prospective  teachers  probably  learned  to  divide  or 
multiply  with  fractions  without  necessarily  thinking  about  what  the  problems  meant. 
Indeed,  most  of  them  could  carry  out  the  procedure  to  produce  the  correct  answer.  Yet 
when  they  tried  to  pose  word  problems  that  would  be  solved  by  a  provided  numerical 
expression  most  of  them  failed.  They  also  seemed  to  be  unable  to  connect  the  symbolic 
computations  with  real  world  contexts  (Simon,  1993).  This  was  explicit  by  the  low 
percentage  of  the  subjects  who  answered  correctly  the  relevant  items  of  the  test.  For 
example,  data  indicated  that  subjects  did  not  readily  see  how  the  answer  to  the  division 
51  divided  by  4  would  be  constrained  by  different  real  world  situations  and  that  it  is 
possible  in  some  cases  to  give  123/4  as  an  answer  and  in  some  other  cases  13  or  12.  It 
is  likely  that  their  previous  experience  had  led  them  to  believe  that  the  answer  was 
determined  by  the  directions  given  by  the  teacher  or  the  textbook. 

A  further  demonstration  of  the  lack  of  connection  between  procedural  and 
conceptual  knowledge  is  found  in  the  data  for  problems  purported  to  measure  the  ability 
of  subjects  to  connect  knowledge  of  whole  numbers  with  fractions.  Subjects  were 
unable  to  interpret  or  misinterpreted  the  remainder  of  the  fractional  part  of  the  quotient. 
This  was  explicit  by  their  answers  to  problems  requesting  the  remainder  of  division  of 
fractions.  According  to  Simon  ( 1993)  this  is  probably  an  indication  that  the  subjects  did 
not  know  how  to  identify  the  appropriate  units.  It  seems  likely  that  the  handling  of 
remainders  and  fractional  quotients  in  school  was  a  procedural  matter  which  did  not 
help  the  generalization  of  the  appropriate  whole  number  concepts. 

The  conceptual  weakness  demonstrated  provides  an  assessment  of  precollege 
mathematics.  It  seems  that  lyceums  provide  students  with  procedural  knowledge  which 
is  sparsely  connected.  It  is  likely  that  students  in  lyceums  lack  not  only  certain 
understandings  but  also  a  vision  of  the  kind  of  understanding  that  is  possible  and 
appropriate  in  the  study  of  fractions  and  perhaps  in  mathematics  in  general.  The  present 
study  highligths  that  relying  on  what  prospective  teachers  have  learned  in  their 
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precollege  mathematics  classess  is  unlikely  to  provide  a  sound  teacher  preparation. 
Mathematics  courses  must  be  refocussed  in  order  to  facilitate  the  making  of  connections 
much  more  than  the  imparting  of  additional  information. 
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ATTENDING  TO  UNCONSCIOUS  ELEMENTS 

David  Pimm 
The  Open  University 


Psychoanalysis  is  part  of  psychology.  It  is  not  medical  psychology  in  its  traditional  sense, 
nor  the  psychology  of  pathological  processes.  It  is  psychology  proper;  certainly  not  all  of 
psychology,  but  its  substratum,  possibly  its  very  foundation. 
(Sigmund  Freud) 

Mathenuitical  science ...  is  the  language  of  unseen  relations  between  things.  But  to  use  and 
apply  that  language,  we  must  be  able  fully  to  appreciate,  to  feel,  to  seize,  the  unseen,  the 
unconscious. 
(Ada  Lovelace) 

Mathematics  is  a  disembodied  version  of  the  human  personality. 
(Donald  Winnicott) 

This  paper  is  about  exploring  some  of  the  implications  of  these  quotations. 

For  much  of  this  century  (from  at  least  the  time  of  Piaget  and  Thorndike),  the  development  of 
mathematical  concepts,  particularly  early  mathematical  concepts,  has  apparently  held  a  fascination 
for  psychologists.  Increasingly,  this  preoccupation  has  grown  to  the  point  where  some 
psychologists  seem  to  consider  this  to  be  their  natural  domain.  Moreover,  it  is  on  occasion 
rationality  itself  that  is  apparently  to  be  studied  by  means  of  an  examination  of  thinking  and  the  use 
of  mathematical  concepts  (see,  for  example,  Sutherland,  1992).  Walkerdine  (1988,  1990),  a 
psychologist  herself  by  training,  has  in  some  sense  both  continued  this  tradition  while  sharply 
criticising  its  presumptions. 

Relatively  recent  developments  in  social  aspects  of  cognition,  in  particular  following  the 
rehabilitation  in  the  West  of  the  work  of  Vygotsky,  have  led  outwards,  into  the  social  world,  into 
the  learning  community  (see,  for  instance,  Lave,  1988).  In  philosophy  of  mathematics  too, 
discussion  of  the  isolated,  supremely  rational,  individual,  idealised  mathematician  has  given  way 
to  a  consideration  of  communities  of  mathematicians  (see,  for  instance,  Kitcher  ( 1983)  or 
Rotman's  (1988)  fascinating  analysis  of  the  language  of  proof),  as  well  as  to  wider,  cultural 
embodiments  of  patterned  thought  (see,  for  example,  D'Ambrosio,  1991),  often  unhelpfully1 
termed  'ethnomathematics'. 

My  intention  here  is  relatively  straightforward.  I  choose  to  turn  my  attention  in  the  opposite 
direction  -  inwards,  not  outwards  -  not  because  I  think  the  social  to  be  misplaced  as  a  locus  of 
exploration,  but  because  I  firmly  believe  it  is  not  the  only  one  of  interest.  An  indication  of  this 
change  of  direction  has  been  given  in  Blanchard-Laville  (1991, 1992).  In  an  enticing  passage, 
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George  Spencer  Brown  (1977,  p.  xix)  writes  of  his  sense  of  congruence  between  mathematical 
and  psychoanalytical  activity. 

In  arriving  at  proofs,  I  have  often  been  struck  by  the  apparent  alignment  of  mathematics 
with  psycho-analytic  theory.  In  each  discipline  we  attempt  to  find  out,  by  a  mixture  of 
contemplation,  symbolic  representation,  communion,  and  communication,  what  it  is  we 
already  know.  In  mathematics,  as  in  other  forms  of  self-analysis,  we  do  not  have  to  go 
exploring  the  physical  world  to  find  what  we  are  looking  for. 

So,  for  now,  1  turn  away  from  both  the  social  and  rationality  and  towards  a  brief  exploration  of 
individual  'irrationality'  in  the  context  of  mathematics  -  and  1  use  that  term  deliberately,  with  both 
its  mathematical  and  illogical  connotations  resonating.  My  focus  for  this  topic  for  discussion  will 
be  language.  Paul  Ricoeur  (1970,  p.  4)  reminds  us:  "1  contend  that  the  psychoanalyst  is  a  leading 
participant  in  any  general  discussion  about  language".  In  particular,  psychoanalysis  may  prove 
insightfully  relevant  in  that  important  subset  of  language,  the  interplay  of  symbols  and  meanings. 
This  is  probably  the  richest  arena  we  have  for  particular  discussion  about  the  teaching  and  learning 
of  mathematics. 

One  of  the  most  often  cited  but  seldom  explored  quotations  in  mathematics  education  is  the 
following  from  the  mathematician  Rene  Thorn  ( 1 973,  p.  202),  offered  at  ICME  2. 

The  real  problem  which  confronts  mathematics  is  not  that  of  rigour,  but  the  problem  of  the 
development  of  'meaning',  of  the  'existence'  of  mathematical  objects. 

His  belief  that  meaning  and  existence  comprise  mathematics  education's  central  problem  is 
reflected  in  the  fact  that  this  is  the  only  one  of  two  italicised  sentences  in  his  entire  talk.2  What  is 
seldom  pointed  out  is  that  the  central  part  of  his  talk,  the  one  which  culminates  in  the  above 
summary  sentence,  concerns  the  role  of  'unconscious  activity'3  in  mathematics,  while  the 
etymology  of  the  word  'existence'  invokes  something  standing  (or  being  placed?)  outside. 

Meaning  is,  on  occasion,  primarily  about  reference  alone;  but  can  also  be  about  much  more. 
Meaning  is  often  also  be  about  associations  of  all  sorts  (including  verbal  similarities).  Young 
children  seem  particularly  open  to  the  playful  aspects  of  the  sound  similarities  of  language,  and  the 
surprising  connections  that  can  sometimes  be  made  through  this  version  of  'moving  along  the 
metonymic  chain'.  In  particular,  1  believe  meaning  is  partly  about  unaware  associations,  about 
subterranean  roots  than  are  no  longer  visible  even  to  oneself,  but  are  nonetheless  active  and 
functioning. 

Michel  Serrcs  (1982,  p.  97),  writing  of  the  origins  of  mathematics,  claims: 

The  history  of  mathematical  sciences,  in  its  global  continuity  or  its  sudden  fits  and  starts, 
slowly  resolves  the  question  of  origin  without  ever  exhausting  it.  It  is  constantly  providing 
an  answer  to  and  frcci  ■  itself  from  this  question.  The  tale  of  inauguration  is  that 
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interminable  discourse  that  we  have  untiringly  repeated  since  our  own  dawn.  What  is,  in 
fact,  an  interminable  discourse?  That  which  speaks  of  an  absent  object,  of  an  object  that 
absents  itself,  inaccessibly. 


How  are  we  implicated  in  making  ourselves  (and  others)  unaware  of  certain  connections?  Are  our 
referential  meanings  in  mathematics  absenting  themselves,  with  or  without  our  express 
permission?  What  processes  may  be  at  work? 

What  is  on  the  list  of  'windows  into  the  unconscious'  that  Freud  came  up  with?  It  includes:  slips 
of  the  tongue,  dreams  (see  Early,  1992  in  relation  to  mathematics),  things  you  know  well  but 
forget  or  are  unable  to  recall  (e.g.  names  of  people),  and  "faulty  achievements'  (where  I  achieve 
something  faultlessly,  but  it  wasn't  'really'  what  I  intended  to  do).  Are  there  any  particularly 
mathematical  ones?  Sherry  Turkic  (1981,  p.  247),  at  the  end  of  her  book  on  psychoanalyst 
Jacques  Lacan  ('The  French  Freud'),  writes: 

For  Lacan,  mathematics  is  not  disembodied  knowledge.  It  is  constantly  in  touch  with  its 
roots  in  the  unconscious.  This  contact  has  two  consequences:  first,  that  mathematical 
creativity  draws  on  the  unconscious,  and  second,  that  mathematics  repays  its  debt  by 
giving  us  a  window  back  to  the  unconscious.  [...]  so  that  doing  mathematics,  like 
dreaming,  can,  if  properly  understood,  give  us  access  to  what  is  normally  hidden  from  us. 

One  possibility  for  such  direct  access  may  be  through  working  with  geometric  forms  themselves, 
those  strange  self-referentialities  for  which  the  symbol  and  the  referent  are  one:  'the  symbol  for  a 
circle  is  a  circle'.  In  a  book  with  the  evocative  title  "The  presence  of  the  past',  Rupert  Sheldrake 
(1989)  talks  of  'morphic  resonance',  an  expression  which  captures  exactly  what  I  am  concerned 
with.  The  power  of  forms  to  evoke  has  been  long  exploited  by  sculptors.  For  instance,  sculptor 
Barbara  Hepworth  has  recalled  "All  my  early  memories  are  of  forms  and  shapes  and  textures"  and 
her  sometime  fellow  art-school  student  Henry  Moore  observed:  'There  are  universal  shapes  to 
which  everyone  is  subconsciously  conditioned  and  to  which  they  can  respond". 

Mathematical  analysis:  fidelity 

And  how  reliable  can  any  truth  be  that  is  got 

By  observing  oneself  and  then  just  inserting  a  Not? 

(W.  H.  Auden) 

One  general  difficulty  1  have  encountered  in  writing  this  article  is  offering  convincing  descriptions 
of  (let  alone  accounts/or)  purportedly  unconsciously-influenced  phenomena:  another  is  the 
intensely  personal  nature  of  much  of  this  material.  However,  having  acknowledged  such 
reservations,  I  offer  an  attempted  description  and  attendant  discussion  arising  from  videotaped 
classroom  discourse  from  a  lesson  which  I  witnessed. 
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A  secondary  teacher  (T)  started  a  lesson  with  a  class  of  thirteen-year-olds  on  addition  and 
subtraction  of  negative  numbers  by  invoking  the  assistance  of  an  image  of  'The  Linesman'. 


T:  I  want  to  remind  you  of  a  little  cartoon  character  that  we've  been  looking  at  over  the  last 
few  weeks  -  the  Linesman  -  our  little  stick  man.  And  he's  been  helping  us  do  some 
calculations  using  positive  numbers  and  the  new  ones  we've  been  looking  at  -  the  negative 
numbers.  Let  me  show  you  a  picture  of  the  Linesman  -  here  he  is. 
[He  puts  up  an  overhead  projector  slide.  ] 

There,  right,  remember  him?  And  we've  drawn  various  pictures  of  him.  I  want  to  remind 
you  of  how  he  was  able  to  help  us  do  some  calculations  about  positive  and  negative 
numbers. 

Can  anyone  remember  where  his  number  line  came  from?  Where  did  he  get  his  number 
line? 

P:  His  suitcase. 

T:  In  his  suitcase,  yes.  How  long  was  it?  How  long  was  his  suitcase?  Lorna? 
L:  Fidel  [stumbles},  fidelity. 
T:  Fidelity?  Fidelity? 

[He  speaks  with  rising  tones  of  surprise  and  disbelief.] 
L:No 

[She  laughs,  very  embarras.iedly,  completely  hiding  her  face.] 
T:  How  long  was  the  Linesman's  number  line?  David? 
D:- As  long  as  you  want  it  to  be. 

T:  As  long  as  you  want  it  to  be.  OK.  We  do  decide  just  to  take  a  piece  of  it,  don't  we.  But 
if  we  wanted  to  take  all  of  his  number  line,  how  long  would  it  be.  Gary? 
G:  Infinity. 

T:  Infinity.  [To  Lorna]  Is  that  the  word  you're  looking  for?  What  does  that  mean, 
'infinity'? 

Pupil:  It  never  ends. 

T:  It  never  ends,  it  never  ends.  Right,  let's  have  a  look  ... 

For  me,  this  brief  classroom  excerpt  offers  a  plausible  example  of  unconscious  processes 
interfering  with  conscious  language.  The  sexual  double  entendres  of  the  whole  dialogue  are 
rampant,  as  is  the  wishful  thinking:  the  'going  on  forever",  the  'being  as  long  as  you  want'.4 
Although  the  words  'infinity'  and  'fidelity'  both  have  four  syllables  and  the  last  two  of  both  are 
the  same,  why  did  Lorna  did  not  say  'infidelity',  surely  a  far  more  direct  metonymic  association 
with  'infinity'? 

Freud  writes: 

The  subject  matter  of  a  repressed  image  or  thought  can  make  its  way  into  consciousness  on 
condition  that  it  is  denied.  Negation  is  a  way  of  taking  account  of  what  is  repressed;  indeed 


it  is  actually  a  removal  of  the  repression,  though  not,  of  course,  an  acceptance  of  what  is 
repressed.  It  is  to  be  seen  how  the  intellectual  function  is  here  distinct  from  the  affective 
process.  The  result  is  a  kind  of  intellectual  acceptance  of  what  is  repressed,  though  in  all 
essentials  the  repression  persists.  (1955,  p.  235) 

Lemaire  (1986,  p.  75)  glosses  this  as:  "The  repressed  signifier  is  always  present  in  the  negation, 
but,  in  another  sense,  it  retains  the  repression  though  the  'not'."5 

My  account  for  this  incident  must  obviously  remain  highly  speculative,  partly  because  so  little  is 
above  ground.  I  remain  struck  by  the  fact  that  she  did  not  offer  'infidelity*.  Assuming  part  of  her 
attention  (unawarely  I  expect)  was  taken  by  the  sexual  interpretation  of  the  above  dialogue,  and 
also  perhaps  that  the  charged  term  •infidelity'  was  playing  a  role  in  her  home  life  (even  suitcases, 
perhaps),  then  the  above  described  process  of  negation  could  have  turned  'infidelity'  into  the  more 
acceptable  'fidelity'  (two  negatives  making  a  positive  here  at  least),  even  though  I  doubt  she  has 
ever  heard  the  parallel  neologism  'finity'.  Her  stumbling  over  the  first  uttering  of  'fidelity'  could 
indicate  either  the  emotional  force  of  what  was  at  work,  or  some  half-aware  realisation  that  this 
was  not  quite  right. 

Dick  Tahta  has  offered  me  an  alternative  account.  It  concerns  the  fact  that  there  arc  strong 
resonances  and  connections  between  a  meaning  invested  in  'infinity'  and  that  of  'fidelity',  through 
the  notion  of  'going  on  forever'.  He  offers  the  thought  that  there  is  a  strong  adolescent  investment 
in  fidelity  and  a  corresponding  unease  about  infidelity.  Teenage  magazines  are  filled  with  storied 
discussions  and  explorations  of  this  idea. 

It  is  clearly  impossible  to  ascertain  what  was  the  case  here.  But  the  two  accounts  given  illustrate 
two  general  routes  for  accounting  for  such  occurrences.  The  first  posits  a  preoccupation  that  is 
being  kept  down,  but  a  connection  is  made  between  this  concern  and  the  mathematical  topic  at 
hand.  The  preoccupation  finds  a  way  to  return  to  consciousness,  but  is  only  allowed  to  do  so  in  a 
negated  form.  The  links  are  primarily  metonymic:  from  'infinity'  to  'infidelity'  to  'fidelity',  which 
is  what  finally  surfaces.  In  the  second  account,  the  links  are  primarily  semantic,  metaphoric.  She 
cannot  produce  the  word  'infinity'  for  some  reason,  but  the  closest  word  with  a  strongly  related 
meaning  she  can  get  is  'fidelity'. 

But  unlike  with  mathematics'  excluding,  exclusive  use  of  'or',  the  one  account  need  not  exclude 
the  other.  Metaphor  and  metonymy  are  offered  as  axes  rather  than  categories  by  linguist  Roman 
Jakobson,  and  hence  elements  of  both  can  be  present  at  the  same  time. 
Ths  resonance  of  words 

There  seems  to  be  no  mathematical  idea  of  any  importance  or  profundity  that  is  not 
mirrored,  with  an  almost  uncanny  accuracy,  in  the  common  use  of  words. 
(George  Spencer  Brown) 


Mathematicians  'borrow'  many  everyday  words  to  describe  mathematical  phenomenaof  interest. 
They  also  use  the  same  words  over  and  over  in  order  to  reflect  perceived  structural  or  functional 


'multiplication',  'number'.  Curiously,  they  seem  to  expect  a  conscious,  overt  denial  of  links  to  be 
sufficient  so  that  such  connections  are  no  longer  heard.  (I  recall  asking  in  a  graduate  theoretical 
course  on  tensor  analysis  what  the  curvature  tensor  has  to  do  with  curvature  and  receiving  the 
answer  "Nothing".) 

But  such  words  can  and  do  evoke  connections  and  links,  particularly  I  believe  in  cases  where  the 
mathematical  content  does  not  generate  powerful  images  and  feelings  of  its  own.  The  looseness 
and  gap  between  symbol  and  referent,  regularly  exploited  fo;  mathematical  ends,  also  permits  such 
slippage  to  a  far  greater  extent  than  in  other  disciplines.  'Circumscribed'  is  very  'close'  to 
'circumcised'  and  the  connection  is  not  arbitrary.  Teenage  girls  working  on  the  period  of  a 
function  can  and  do  make  overt  connections  with  menstrual  periods.  Adolescents  can  become 
preoccupied  with  freedom  and  constraints  upon  themselves,  and  geometry  can  offer  them  the 
possibility  of  working  with  the  same  material  as  well  as  the  same  terms. 

Tahta  (1993,  p.  48)  comments: 

Mathematics  teachers  do  not  normally  expect  to  make  connections  between  the  relations  of 
mathematics  and  the  relationships  of  family  life.  Indeed,  many  emphatically  deny  that  there 
is  any  connection  at  all;  for  them,  equality  of  algebraic  expressions  would  be  something 
quite  different  from,  say,  equality  of  esteem. 

What  do  these  allusive  stories  have  in  common?  The  first  is  the  resonant  quality  of  language,  both 
in  the  forms  of  words  and  in  the  topology  of  those  forms,  reflected  in  the  belief  that  nearby 
symbols  have  nearby  meanings.  Thus,  metonymic  links  or  'slips'  have  semantic  consequences  by 
presumed  association. 

The  second  commonality  raises  for  mc  the  whole  question  of  'meaning'  in  mathematics,  in 
particular  some  of  its  unaware  contributory  components.  One  reason  for  teaching  mathematics  may 
be  so  that  our  students  can  develop  this  n.jans  of  finding  out  about  themselves,  in  addition  to  our 
offering  them  access  to  a  shared  inheritance  of  mathematical  images  and  ideas,  language  and 
symbolism,  and  the  uses  for  mathematics  which  humans  have  so  far  developed.  To  the  extent  that 
students  are  enabled  to  think  like  mathematicians,  this  possibility  is  made  available  for  them.  I 
would  like  to  express  this  possibility  in  terms  of  mathematics  deriving  from  both  inner  and  outer 
experiences,  and  meaning  as  being  generated  in  the  overlapping,  transitional  space  between  these 
two  powerful  and  sometimes  competing  arenas. 
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'  Sec  Chevallard  (1990)  for  a  trenchant  and  penetrating  analysts  of  some  of  the  difficulties  inherent  in  the  notion  of 
'culture'  in  mathematics  education,  and  in  particular  his  distinction  between  'cthnomathematics'  and 
'protomathematics',  the  latter  offering  fertile  sources  for  mathcmatisalion  without  itself  feeing  mathematics. 

2  In  the  other,  he  criticises  the  assumption  (of  mathematical  'modernists')  that: 

By  making  the  implicit  mechanisms,  or  techniques,  of  thought  conscious  and  explicit,  one  makes  these 
techniques  easier  (p.  197). 

This  is  the  complete  reverse  of  my  belief  that  automation  of  functioning  and  the  liberation  that  this  can  bring 
results  from  the  making  unconscious  of  conscious  control  mechanisms.  Thorn  adds  (p.  199): 

Ccilainly,  this  detachment  [of  the  thinker  from  his  thought)  is  a  necessary  step  in  the  process  of 
mathematical  advancement:  but  the  inverse  operation,  which  is  the  reabsorption  of  the  explicit  into  the 
implicit,  is  no  less  important,  no  less  necessary. 

3  Hadamard  (1954)  too  devotes  two  chapters  to  general  issues  of  the  unconscious  in  the  context  of  mathematical 
creativity. 

4  I  have  no  doubt  this  occurred  completely  unawarely  on  the  teacher's  part,  and  certainly  was  on  mine  despite  being 
present  at  the  filming.  I  had  remembered  the  'fidelity'  remark  as  a  complete  singularity  -  and  my  memory  was  that 
she  had  said  'infidelity'. 

'  There  is  also  a  possible  link  hetween  proof  by  contradiction  and  the  psychological  process  of  negation  (sec  Pimm, 
1993b).  Both  produce  negative  statements  with  the  intent  of  the  opposite.  In  proof  by  contradiction,  the  same 
structure  holds.  The  assertion  is  made  that  nol-P  is  true,  but  the  underlying  reading  that  is  required  is  thSt  P  is  to  be 
believed. 
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MATHEMATICAL  UNDERSTANDING: 
ALWAYS  UNDER  CONSTRUCTION 

Thomas  Kieren  ft'*™  P'"e 

David  Reid  Oxford  University 

University  of  Alberta 
In  this  paper  we  trace  one  of  the  consequences  of  observing  a  person 's  mathematical 
understanding  as  a  groiving,  enfolding  phenomenon  rather  than  an  as  an  achieved  state.  Using  the 
dynamical  model  for  the  growth  of  mathematics  understanding  developed  by  Pirie  and  Kieren  over  the 
last  6  years,  we  contrast  the  patterns  of  growth  in  understanding  of  two  university  students  as  they 
work  in  two  number  pattern  situations,  illustrating  the  need  for  a  way  to  observe  such  growth  in 
process  terms.  In  one  situation  their  growing  understanding  can  be  characterised  as  growing  broadly 
in  a  connected  way  out  of  actions  in  the  situation,  while  in  the  second  situation,  although  they  had 
adequate  mathematical  knowledge,  their  pattern  of  growth  in  understanding  ivas  disjoint  and 
sporadic.  The  patterns  and  consequences  for  research  and  teaching  of  such  differences  in 
understanding  growth  are  discussed. 


Background 

"Charlene  really  has  a  very  good  understanding  of  mathematics!"  "I  want  my  class 
to  reach  an  understanding  of  decimals."  Statements  like  these,  which  might  be  made  by 
teachers,  are  indicative  of  a  view  of  mathematical  understanding  as  a  state  or  as  a  particular 
attainment.  Such  a  view  is  well  supported  in  the  theoretical  and  research  literature  (e.g. 
Skemp,  1987)  as  well  as  the  professional  literature  (e.g.  van  der  Walle,  1990)  which  discuss 
categories  of  states  and  traits  of  understanding  such  as  instrumental,  procedural, 
conceptual  and  relational;  or  even  complexes  of  such  states  (e.g.  Herscovics ,  1992;  Miller, 
Malone  and  Kandl,  1992).  Such  a  view  of  understanding  as  a  state  or  complex  of  states  is 
useful  in  that  it  allows  us  to  think  of  curriculum  materials  as  providing  opportunities  for 
students  hi  attain  such  states  or  of  such  states  as  providing  criteria  against  which  to  assess 
students'  mathematical  understanding. 

While  realising  the  value  of  thinking  of  understanding  as  a  state,  it  is  the  purpose  of 
this  paper  to  demonstrate  the  value  of  an  alternative  way  of  looking  at  mathematical 
understanding.  Rather  than  thinking  of  understanding  in  terms  of  possibly  achievable 
states,  wp  observe  m.ithpmatieal  tindprstandinp  for  a  person  as  nlwavs  being  under 
construction. 

Both  Sierpinska(1990)  and  Wittgenstein(1956)  see  mathematics  and  its 
understanding  in  an  active  sense.  Mathematical  understanding  for  them  is  a  multileveled 
activity  in  which  a  person  perceives  and  overcomes  epistemological  obstacles  and  moves  oi 
to  a  higher  level.  In  a  series  of  papers,  including  several  presented  at  PME  meetings  (Pirie 
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and  Kieren,  1989;  Kieren  and  Pirie,  1992  etc.),  we  have  tried  to  consider  mathematical 
understanding  as  an  on-going,  growing,  process  by  which  one  responds  to  the  problem  of 
re-organising  one's  knowledge  structures,  possibly  in  the  face  of  epistemological  obstacles, 
by  a  process  of  revisiting  one's  existing  understanding.  We  have  termed  this  process  'folding 
back'  (Kieren  and  Pirie,  1994).  We  have  developed  an  evolving  dynamical  theory  for  the 
growth  of  mathematical  understanding  of  a  person  with  respect  to  a  topic.  Our  theory 
entails  talking  about  understanding  in  terms  of  a  set  of  embedded  modes  of  knowledge- 
building  activity,  both  informal  and  formal.  These  modes  include  primitive  knowing,  image 
making,  image  having,  property  noticing,  formalising,  observing,  structuring  and 
inventising.  Modes  relevant  to  this  paper  will  be  described  as  needed  and  a  representation 
of  the  embedding  model  for  them  is  seen  in  use  in  Fig.  3  and  Fig.  4  below. 

It  is  not,  however,  the  modes  alone  which  define  and  detail  the  growth  of 
mathematical  understanding.  Rather  it  is  the  non-linear  pathways  of  students'  behaviours, 
which  can  be  tracked  through  the  modes,  which  illustrates  such  dynamical  growth  most 
clearly  seen  in  our  concept  of  'folding  back'.  At  any  point  in  one's  knowledge  building 
process  one  can  fold  back  to  a  less  formal  way  of  understanding  a  particular  topic  to  gain 
more  experience  or  to  elaborate  previous  images  in  order  to  broaden  one's  basis  of 
understanding  for  a  topic.  We  have  observed  that  such  folding  back  occurs  not  rarely  but 
frequently  in  the  process  of  understanding  and  gives  the  pathways  of  the  growth  of 
understanding,  for  a  person,  their  non-linear  forth  and  back  characteristic.  In  folding  back 
we  argue  that  one  is  not  experiencing  such  returned-to  actions  or  images  for  a  topic  as  if  for 
the  'first  time'.  On  the  contrary,  more  sophisticated  language,  and  concepts  that  have 
already  developed  with  respect  to  the  topic,  (demonstrated  by  the  previous  outward- 
moving  direction  of  the  pathway)  are  brought  to  work  in  the  less  formal,  less  sophisticated, 
more  local  contexts,  in  order  to  broaden  the  understanding  of  the  topic  and  create  a  coherent 
way  of  knowing.  This  revisiting  or  folding  back  to  inner  levels  is  thus  not  to  be  considered 
as  a  regression  to  an  earlier  state,  but  as  part  of  the  constantly  growing  understanding  which 
can  be  represented  by  the  connected  pathway  drawn  on  the  model  diagram  as  a  continuous 
line. 

Of  course  not  all  mathematical  understanding  of  all  topics  grows  for  a  person  in  this 
connected  manner.  In  other  work  we  have  shown  that  a  person's  understanding  of  a  topic 
can  be  disjoint  ( e.g.  Pirie  and  Kieren,  1992;  I'irie  and  Kieren,  1994)and  we  pursue  this  theme 
later  in  this  paper. 

Setting  the  scene 

It  is  the  purpose  of  the  rest  of  this  brief  paper  to  show  why  we  think  it  is  useful  to 
think  of  mathematical  understanding  not  as  an  achieved  state  but  as  a  dynamic,  changing 
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process.  To  do  this  we  will  consider  the  work  of  two  university  students  as  they  worked  on 
two  situations  which  involved  the  development  of  number  patterns  in  a  given  setting.  By 
using  concepts  from  our  model,  in  particular  the  ideas  of  image  having,  property  noticing, 
folding  back  and  disjoint  understanding,  we  will  highlight  the  pattern  of  growth  of 
understanding  in  each  situation  and  demonstrate  the  ways  in  which  mathematical 
understanding  is  always  under  construction. 

The  pair  of  students,  Stacey  and  Kerry,  worked  together  on  the  following  two 
situations  in  the  given  order  with  a  week  between,  spending  between  an  hour  and  one  and  a 
half  hours  of  class  time  on  each  : 

1 .  Arithmagons  (from  Mason,  Burton  and  Stacey, 
1984): 

A  secret  number  has  been  assigned  to  each  corner  of 
this  triangle. 

On  each  side  is  written  the  sum  of  the  secret 
numbers  at  its  ends.  Find  the  secret  numbers. 
Generalise  the  problem  and  its  solution. 

2.  The  fibonacci  sequence  begins: 

1,1,2,3,5,8,13,21,34,55,89  

If  you  are  familiar  with  the  recursive  rule  defining  the  sequence  write  k  down.  If  not, 

try  to  discover  the  rule. 

Use  the  notation  Fn  to  stand  for  the  nth  Fibonacci  number.  For  example,  F7  is  1 3  and  F ,  0 

is  55. 

Look  for  patterns  which  relate  the  index  n  to  the  Fibonacci  number  Fn  For  example,  is 
there  anything  special  about  Fn  when  n  is  a  multiple  of  3,  or  a  multiple  of  4.  or  prime? 
Understanding  Arithmagons 

Like  the  other  pairs  in  the  study  Stacey  and  Kerry  used  a  "guess  and  test"  strategy  to 
find  the  three  corner  numbers  in  the  original  problem  (Fig.  1).  The  following  dialogue 
occurred  during  their  exploring: 

Stacey:  /  just  want  lo  tiy  tawrthlHg>  '/.V«<  take  27,18  and  11.  J  .16.  Ri$hl?..,And  you  luwee...  So  you  add 
each  of  those  |corner  numbersl  f  icier,  right?-  ...Yeah,  you  do.  ...You  add  A.B.C.  Then  you  multiply  them  by 
2.  You  get  this  anstuer  |56]...  Do  you  know  H>fi«f  /  mean? 

Kerry:  Sorry.  So  you  add  this  and  multiply  by  2;  so  like  the  sum  of  this  is  28  ...times  2.  And  it's  56.  Good  one! 
Wlial's  il  mean?  Is  that  true  for  them  all? 
Stacey:  Yeah. 

1  The  convention  used  here  is  that represents  a  pause  in  the  speech 
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Kerry:  I  guess  so.  It  must  be.  It  can 't just  le  a  fluke.  ...OK  I  guess  we  could  solve  it  as  a  matrix  also- ... 

These  students  were  using  knowledge  that  they  already  had  to  explore  and  get  an 
idea  or  image  of  this  problem  space.  After  they  had  confirmed  their  "guess  and  test" 
solution,  they  turned  to  the  question  of  generalising  in  a  novel  way  (Fig  2) 


Figure  2 

Notice  that  in  going  from  2a  to  2b  these  students  were  developing  a  related  triangle,  one 
which  now  had  the  previous  solution  "vertices"  as  the  given  side  values.  Their  solution  of 
2b  included  a  discussion  of  whether  one  could  have  negative  vertex  values.  After  finding 
the  solution  set  for  2b  (-3, 4, 13)  using  processes  which  they  had  used  for  solving  the  original 
problem,  they  noticed  a  relationship  between  the  values  in  the  embedded  triangle,  namely 
that  the  vertices  were  the  related  side  number  less  14  (i.e.  27-14=13, 18-14=4,  ll-14=-3). 
Stacey:  (redrawing  the  -3,4.13  triangle  from  2b  in  a  smaller  version  and  omitt-ng  the  centre,  see  2c) 
Ooh-...  let 's  keep  going. 

Kerry:  Do  you  want  a  prediction?  This  [each  of  1, 10  and  17)  is  decreased  by  14. 

This  prediction  failed,  but  it  lead  the  pair  to  revisit  2b  and  see  14  as  (ll+18+27)/4 
and  they  made  a  more  general  prediction  about  4  as  a  key  divisor.  This  led  them  to  try 
unsuccessfully  to  use  letters  to  see  if  they  could  "derive  a  formula"  which  would  show  the 
pattern  even  more  generally.  As  part  of  this  activity  the  pair  made  some  conjectures  about 
what  happened  to  the  sums  of  the  sides  of  the  triangles  that 
Stacey:  They  get  smaller  and  you  can  have  fractions 

as  the  pattern  was  continued  "outward".  They  were  unable  to  see  why,  however. 
Stacey:  The  sum  goes  down  by  half  because  ? 

At  this  point  Stacey  suggested  they  try  a  new  problem  triangle  like  the  original  but 
with  different  numbers.  After  feverishly  working  on  several  new  triangles  they  concluded 
they  had  a  method  [see  Fig.  2d]  which  worked  for  all  such  problems  and  were  very  excited 
Kerry:  We've  figured  out  the  system! ..  now,  why  the  system? 

While  their  work  on  the  latter  question  was  never  successfully  resolved,  the 
understanding  process  did  not  end  there.  One  week  later  the  students  were  interviewed. 

—  52  — 

o 


1130 


Interviewer :  Did  you  Happen  to  ivark  on  anthmagons  any  more? 
Kerry:  Yeah!  We  bugged  any  one  we  knew  in  the  library  for  hours'. 

Not  only  had  they  continued  to  work  on  triangles,  they  had  also  worked 
productively  for  several  hours  on  finding  "the  magic  numbers"  (like  the  4  for  triangles)  for 
arithmagons  with  from  four  to  seven  sides  and  indeed  thought  that  such  numbers  must 
exist  for  any  arithmagon. 

Figure  3  is  a  plotting  of  the  pathway  of 
growth  of  understanding  for  Stacey  and  Kerry. 
They  were  seen  to  move  repeatedly  between 
working  with  specific  numerical  examples  - 
guessing,  testing,  predicting  and  recording 
(image  making  and  image  having)  (1)  -  and 
noticing  properties  (2)  related  to  the  'side'  and 
'vertex'  number  sums  of  particular  problems. 
They  constantly  folded  back  to  work 

numerically  on  particular  triangles  to  give 

themselves  insights  and  a  broad  foundation  of 

understanding.  This  eventually  led  them  to 

what  we  call  the  formalising  activity  of  applying 

a  method  which  they  conjectured  worked  for 

any  triangular  arithmagon  (3 ).  ( We've  figured  out  the  system.)  Interviews  revealed  that  this 
pattern  of  growth  in  understanding  of  arithmagons  continued  long  after  the  observed 
problem  solving  session.  They  continued  to  fold  back  and  added  to  their  experience  with 
numerical  examples  that  were  designed  for  a  specific  purpose.  Previous  experience 
provided  a  template  for  new  experiences;  results  from  previous  experiences  served  to 
generate  attempts  to  notice  patterns  or  formal  (even  if  not  algebraically  expressed)  methods. 
Less  formal  understandings  seemed  to  unfold  into  more  general  or  more  formal 
understanding  actions;  more  formal  understandings  appeared  to  enfold  and  indeed  access 
less  formal  ones.  Their  personal  commitment  to  the  problem  was  certainly  in  evidence! 


Figure  3 


Understanding  Fibonacci  Sequences 

One  week  after  working  on  arithmagons,  Stacey  and  Kerry  worked  on  the  Fibonacci 
problem  given  above.  At  the  start  of  their  work  Stacey  said: 
Stacey:  Oh.  I  know  this  one.  You  add  the  last  two  to  get  the  next  one.  55+89=344. 
Notice  that  this  'definition'  makes  no  reference  to  the  first  terms  in  the  sequence,  although 
the  problem  states  "The  fibonacci  sequence  begins...".  Almost  immediately  Kerry  wrote 
down  Stacey's  'definition'  using  the  suggested  notation: 
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Kerry:  F„  +  F„„  =  F„.2 ,  so  F„  =  F„.>  -  (■„,., .  Nraf  eh! 

When  Kerry  used  this  to  derive  that  F0=  1-1=0,  one  of  the  observers  questioned  whether 
there  could  be  an  F0.  Because  Stacey's  original  definition  had  not  taken  into  account  the  role 
of  initial  terms,  the  pair  saw  no  problems  with  extending  the  Fibonacci  sequence  in  either 
'direction': "  ...-8,5,-3,2,-1,1,0,1,1,2,3,5,... "  Here  Stacey  and  Kerry  develop  and  use  a 
formalised  definition  (given  above)  with  interesting  consequences.  They  do  not  try,  even 
when  challenged,  to  test  the  assumptions  underlying  their  definition. 

Following  this  formal  work  the  pair  seemed  stuck  as  to  what  to  do  next.  They  spent 
the  rest  of  the  hour  considering  the  suggestions  in  the  last  question  posed  on  the  problem 
sheet  and  then  requested  suggestions  from  one  of  the  observers.  In  each  case  they  very 
briefly  considered  the  given  set  of  numbers  and  made  one  observation  such  as: 
Kerry:  Prime  numbers  [terms  with  such  subscripts)  are  all  odd. 

and  then  looked  at  another  question.  The  one  exception  to  this  was  Stacey  observing  that 
Stacey:  The  multiples  of  3  [terms  with  such  subscripts]  arc  even 
and  Kerry  formalising  this  as 
Kerry:  Fm  is  even 

and  offering  a  convincing  argument  for  it.  They  did  not  try  to  consider  the  challenges  in  the 
light  of  the  extent  of  the  Fibonacci  sequence  nor  did  they  'play'  with  the  sequence  or  its 
elements  in  the  way  that  they  had  played  with  examples  of  the  arithmagons. 

The  pathway  of  growth  of  understanding  (Fig.  4)  for  Kerry  and  Stacey  in  this  second 
problem  session  is  strikingly  different.  We  no 
longer  see  the  same  enfolded  pattern  of 
understanding  growth.  Instead  the 
understanding  activities  and  episodes  for  the 
most  part  seemed  almost  divorced  from  one 
another.  Stacey  opened  the  problem  by  saying 
that  she  knew  this  sequence  (1)  and  Kerry 
immediately  stated  it  in  formal  terms(2). 
This  led  to  them  folding  back(3)  to  numerical 
work  on  the  sequence  to  illustrate  the 
consequence  of  their  formalising.  The  rest  of  the 
understanding  activities  engaged  in  by  this  pair 
in  this  setting  can  be  characterised  as  a  series  of 
disjoint  lines  (4)  where  the  pair  would  look  at  the 
sequence  in  the  light  of  some  query  (brief  image 
making  and  image  having  activities)  and  then  make  some  observation  about  the  sequence 
(property  noticing)  but  make  no  attempt  to  link  this  observation  with  previous  images.  One 
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exception  in  this  pattern  (5)  is  when  the  pair  stated  and  justified  a  generalisation  relating  to 
the  terms  whose  subscripts  were  multiples  of  three.  Even  here  the  work  and  the  argument 
were  not  related  to  other  previous  activities  but  had  an  isolated  character. 

Concluding  Comments 

If  mathematical  understanding  is  not  thought  of  as  a  state  or  an  achievement  but  as  a 
dynamic  process,  it  is  still  tempting  to  assume  that  the  mathematical  understanding  process 
would  show  a  pattern  of  growth  that  will  be  roughly  the  same  in  all  situations.  As  the 
foregoing  examples  show,  such  an  assumption  would  be  problematic.  In  the  arithmagon 
setting  the  understanding  activity  could  at  any  moment  be  observed  as  related  to  previous 
activity  in  the  domain.  Although  there  were  'dead  ends'  and  although  not  all  previously 
noticed  images  or  properties  were  accessed  in  later  work,  our  dynamical  theory  allows  us  to 
characterise  the  growing  understanding  of  the  pair  in  this  setting  as  not  outwardly  uni- 
directional, but  as  a  continually  broadening  connected  phenomenon  always  grounded  on 
specific  numerical  activity  (image  making).  Any  property  or  formal  method  was  seen  in 
relationship  both  to  numerical  image  making  activity  and  to  other  previously  constructed 
images  or  properties.  The  pair  also  sensed  this  connected  growth  and  attempted  to  keep  it 
going  in  an  unprompted  manner. 

Such  a  sense  of  connected  understanding  did  not  carry  over  into  the  Fibonacci 
setting.  Perhaps  because  the  pair  had  a  formalised  definition  for  the  sequence  from  the  start 
and  the  problem  sheet  suggested  areas  of  exploration,  they  appeared  not  to  connect  each 
new  set  of  image  making  activities  with  previous  understanding  or  work  on  the  problem. 
Thus  they  did  not  generate  the  numerical  experience  which  might  have  better  allowed  them 
to  see  their  activities  as  inter-related.  There  was  little  drive  to  elaborate  or  extend  any 
observation  they  made.  The  growth  (or  lack  of  it)  in  understanding  could  be  observed  as 
disjoint.  They  saw  their  task  as  simply  to  observe  the  setting  in  particular  suggested  areas 
or  directions  and  did  not  build  up  their  own  image  for  the  setting  as  they  clearly  had  for 
arithmagons. 

We  do  not,  at  this  stage,  wish  to  make  a  value  judgement  on  their  two  ways  of 
working  at  the  problems,  merely  to  draw  attention  to  the  ability  of  the  model  to  highlight 
the  different  pathways  in  a  fashion  that  would  not  be  possible  if  one  were  simply  to 
consider  understanding  as  an  acquired  state.  Although  the  pair  made  many  mathematically 
correct,  and  some  incorrect,  statements  in  the  face  of  both  settings,  such  results  or 
achievements  do  not  well  characterise  their  understanding  or  its  growth  in  either  setting. 
The  findings  discussed  here  suggest  the  necessity  of  teachers  and  researchers  listening 
carefully  to  the  on-going  mathematical  activity  of  students  as  a  key  source  of  knowledge  of 
student  understanding.  These  findings  also  illustrate  the  power  of  the  l'irie-Kieren  theory  of 


the  growth  of  mathematical  understanding  as  a  tool  for  observing  the  phenomenon  of 
personal  understanding  as  always  under  construction. 
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ACTIVE  GRAPHING  IN  A  COMPUTER-RICH  ENVIRONMENT 

Dave  Pratt 
Mathematics  Education  Research  Centre 
University  of  Warwick 

Abstract 

This  paper  reports  on  recent  results  from  the  primary  Laptop  Project  in  the  UK.  This 
project  is  studying  the  effects  on  young  children's  mathematical  learning  when  they 
have  constant  and  immediate  access  to  portable  computers.  The  children,  aged  8  and 
9,  have  been  using  graphs  and  charts  to  support  their  classroom  experiments.  The 
paper  suggests  that  the  computer  can  support  children's  active  graphing  ,  a  process  in 
which  children  use  graphs  interactively  during  (rather  than  at  the  completion  of)  an 
activity  and  that  active  graphing  can  develop  children' s  interpretative  skills. 
However,  the  paper  also  acknowledges  the  important  part  played  by  other  factors  in 
the  environment. 

Introduction 

The  Primary  Laptop  Project 

This  paper  reports  on  some  recent  results  from  The  Primary  Laptop  Project  in  the  UK.  This  project  is 
studying  the  effects  on  young  children's  mathematical  learning  when  they  have  constant  and  immediate 
access  to  portable  computers.  The  first  two  preparatory  phases  introduced  the  project  teachers  to  the 
technology  and  served  as  a  pilot  study,  allowing  tht  researchers  to  gain  a  clearer  focus  on  specific 
issues. 

Pseudo-mathematical  use  of  graphs 

The  children's  use  of  graphs  became 
one  focus  during  Phase  2.  We  soon  saw 
children  of  age  1 1  working  on  an 
historical  theme  related  to  a  local  ruined 
castle.  One  group  of  children  were 
collecting  data  from  Domesday  records. 
Sharon  had  decided  to  put  the  data  into  a 
spreadsheet.  She  included,  for  example, 
the  area  of  woodland,  the  value  of  the 
land  and  the  number  of  ploughs.  Sharon 
deckled  to  used  the  computer  to  generate 

q  Fig  I  :  Sharon's  bar  chart 

ERIC  "57tl35 


a  bar-chart.  The  bars,  being  of  various  units,  were  not  comparable.  However,  Sharon  was  pleased 
with  her  graph  and  used  it  to  illustrate  her  subsequent  work. 

Children  were  generating  graphs  very  quickly  and  reacting  to  them  excitedly.  Their  reactions  seemed 
to  be  based  on  the  visual  impact  that  the  picture  made  rather  than  its  relevance  to  the  data  on  which  they 
were  working.  It  was  clear  to  us,  even  at  this  early  stage  of  the  project,  that  the  facility  to  draw  graphs 
and  charts  easily  on  the  computer  carried  certain  pedagogical  difficulties.  It  was  proving  problematical 
for  the  non-specialist  teachers  to  distinguish  between  genuine  mathematical  use  of  this  graphing  facility 
and  the  sorts  of  examples  above,  which  we  now  term  pseudo-mathematical . 

Real  use  of  graphing 


Later  in  this  phase  we  observed  younger  children 
having  some  success  with  graphs.  The  Y5  (age  9) 
children  were  working  on  a  topic  called  Wheels  . 
As  part  of  this  topic,  they  were  investigating  how 
far  cars  of  varying  weights  would  roll.  Rory  was  a 
boy  with  considerable  interest  in  the  computer  but 
who  also  had  a  lot  of  language  difficulties.  Rory 
was  encouraged  to  draw  scatter-graphs  as  his 
experiment  progressed.  Finally,  he  wrote  a  report 
by  cutting  and  pasting  his  graph  onto  a  word- 
processing  document.  His  brief  conclusion  shows 
his  understanding  of  both  the  graph  and  his 
experiment  in  general. 

The  classroom  environment  (Phase  3) 

Thus,  we  now  recognised  that  children's  use  of  graphs  would  be  one  important  aspect  of  our  research. 
The  project,  now  one  term  into  its  third  phase,  has  been  making  a  detailed  study  of  two  primary  school 
classes  of  age  8  ( Y4)  and  9  ( Y5). 

The  effect  on  the  children's  learning  during  this  phase  is,  we  believe,  greatly  influenced  by  the 
environment  within  which  these  children  are  working.  The  children  were  being  encouraged  by  their 
normal  class  teachers  to  work  in  an  increasingly  independent  way.  Two  researchers  worked  as  a 
teacher/  researcher  pair  for  the  mathematics  and  science  work,  with  one  taking  a  teaching  role  whilst 
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Fig  2  :  Rory's  scatter  graph 
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the  other  observed  and  took  field  notes.  Both  the  teachers  and  the  researchers  encouraged  the  children 
to  see  the  computers  as  one  resource  amongst  many  and  the  children  quickly  developed  a  healthy 
disrespect  for  the  computers.  They  were  encouraged  to  use  the  machine*  tor  all  of  their  curriculum 
work.  The  children  have  maintained  their  eagerness  to  use  the  compi  «■!  -  hath  in  class  and  at  home 
over  the  whole  term.  In  most  cases  two  children  share  one  compiu-   though  a  few  children  work  in 
groups  of  three. 

The  researchers  have  worked  alongside  the  teachers  to  develop  teaching  plans  which  were  based  on  a 
topic  approach.  During  this  stage  of  the  Primary  Laptop  Project,  the  Y5  children  studied  a  topic  on 
Outer  Space  whilst  the  Y4  children  worked  on  a  topic  called  Growing  and  Slu  iitkiiiH  .  In  both  classes, 
the  mathematical  ideas  were  developed  alongside  the  rest  of  the  curriculum  within  the  framework  of 
the  general  topic.  For  example,  the  Y4  children  studied  their  own  growth  using  their  baby  records  and 
artefacts;  they  used  Logo  to  draw  families  of  people  of  varying  heights;  they  planted  and  observed  the 
growth  of  bean  plants;  they  grew  mathematical  objects  such  as  squares  and  sequences  and  they  studied 
the  growth  of  numbers  in  multiplication  tables.  Meanwhile  the  Y5  children  developed  their  own 
projects  on  outer  space;  they  used  Logo  to  write  computer-based  space  adventure  games;  they  studied 
the  phases  of  the  moon;  they  used  orreries  to  observe  the  motion  of  the  planets  and  they  carried  out 
gravity  experiments. 

For  their  Logo  work,  the  children  in  both  classes  used  LogoWriter.  For  much  of  their  other  work  they 
used  ClarisWorks.  an  integrated  package  which  allowed  the  children  to  use  graphical,  word- 
processing  and  data  handling  facilities. 


We  had  observed  in  Phase  2  children  using  the  computer  to  generate  graphs  and  charts  which,  though 
nonsensical  in  meaning,  had  been  accepted  by  the  children  as  having  value.  In  Phase  3.  we  gained 
more  evidence  which  led  to  a  greater  insight  into  this  phenomenon. 

Emma  (Y5)  had  been  experimenting  with  the  length  of  a  pendulum  to  find  out  how  the  time  of  one 
swing  was  affected.  She  had  collected  the  data  into  a  spreadsheet  and  was  quickly  generating  various 
graphs  before  choosing  a  pic  chart. 

When  interviewed  she  stated  that  she  had  chosen  this  picture  because  it  looked  nice. 


Children's  Difficulties  In  The  Interpretation  Of  Graphs 
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Fig  3  :  Emma's  data  and  pic  chan 

The  tendency  for  children  to  interpret  given  graphs  as  a  picture  is  a  phenomenon  which  is  recognised 
as  a  common  misconception  and  has  been  reported  elsewhere  (see,  for  example,  Kerslake  (1981), 
Swatton  (1994)).  However,  on  many  occasions  we  were  led  to  believe  that  our  children  were 
choosing  a  graph  for  its  pictorial  value  rather  than  for  its  quality  as  an  interpretative  instrument.  It 
would  appear  that  these  children  were  using  different  criteria  from  ours  in  judging  the  relevance  of 
these  graphs.  Such  examples  seemed  to  suggest  that  these  children  had  not  yet  gained  access  to  the 
criteria  which  mathematicians  would  use  to  assess  the  value  of  a  graph.  The  pedagogic  question 
becomes  one  of  how  to  introduce  these  children  to  such  criteria. 

This  is  slightly  different  from  the  more  conventional  viewpoint.  For  example,  Bell  ( 1 985)  has 
proposed  that  children  need  to  be  made  aware  of  their  misconceptions  about  graphs  through  a  range  of 
teaching  strategics  which  bring  the  children  into  conflict  with  their  own  ideas.  It  may  be  that,  for  some 
of  our  children,  it  was  not  yet  an  issue  of  misconception  but  one  of  perspective  or  purpose.  The 
teacher's  purpose  for  encouraging  the  children  to  use  graphs  was  at  variance  with  that  of  the  children. 
Nevertheless,  some  of  the  children  were  experiencing  success  and  we  were  led  to  ask  whether  there 
were  aspects  of  these  children's  work  which  was  allowing  them  to  assimilate  criteria  similar  to  those 
of  the  teacher. 

Children's  Successes  -  Active  Graphing 


Rory's  surprisingly  successful  interpretation  described  earlier  gave  us  hope  that  we  would  observe 
some  children  giving  proper  meaning  to  their  graphs.  One  as/wct  of  Rory's  work  was  the  way  in 
which  he  had  been  encouraged  to  draw  scatter  graphs  during  his  experiment.  Rory  examined  his 
emerging  graph  for  patterns  which  might  give  him  useful  information.  He  was  able  to  pick  out 
dubious  results  and  check  on  their  validity.  He  was  able  to  look  for  gaps  in  his  data  and  make 
predictions.  Rory's  graphing  was  imbued  with  a  sense  of  purpose,  which  went  beyond  the  illustrative, 
in  contrast  to  that  of  the  children  earlier  whose  graphs  we  termed  pseudo-mathematical . 
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Indeed  Rory's  understanding  had  proved  to  be  long  term.  Six  months  after  Rory  had  done  his  work 
with  the  toy  cars  during  which  time  he  had  very  little  exposure  to  the  use  of  computers,  we  decided  to 
carry  out  a  thought  experiment  with  Rory  and  some  of  his  colleagues.  We  explained  that  we  wanted  to 
carry  out  an  investigation  with  another  class  into  how  the  size  of  craters  on  planets  such  as  the  moon 
was  affected  by  the  speed  and  size  of  the  asteroids  which  hit  the  planet's  surface.  There  was  some 
discussion  about  how  an  experiment  could  be  carried  out  until  the  group  agreed  that  heavy  balls  could 
be  dropped  from  various  heights  into  a  bucket  of  sand.  The  group  were  able  to  describe  how  to  set  up 
a  spreadsheet  and  get  a  scattergraph  (Rory's  fingers  could  be  seen  to  be  moving  as  he  imagined  going 

through  this  process).  The  group  were  then 
asked  to  draw  out  with  pencil  what  the  graph 
would  look  like. 

Our  conjecture  was  that  by  using  graphing  in 
an  interactive  way  as  part  of  an  experiment  (a 
process  we  now  term  active  graphing),  the 
graphing  was  given  a  sense  of  purpose, 
which  was  helping  some  children  to  gain 
access  to  a  more  sophisticated  understanding 
of  graphs.  We  now  have  more  evidence  to 
support  this  conjecture. 


James  and  his  friends  had  been  collecting  data  on  how  the  distance  travelled  by  a  toy  car  was  affected 

by  the  height  of  the  ramp  down  which  it  rolled.  The 
researcher  encouraged  him  to  draw  a  scatter-graph  of 
his  five  results  so  far  and  recorded  the  following  field 
notes: 


/  got  them  to  try  to  identify  a  few  points  with  their 
experiments,  which  they  all  seemed  to  be  able  to  do. 
James  seemed  to  have  an  idea  that  there  was  a  clear 
relationship  "the  higher  it  is  the  further  it  goes" ,  but 
then  said  'Oh  no  when  he  saw  that  one  point  didn'  tfit. 
They  agreed  to  do  it  again,  though  James  was 
concerned  that  they  should  do  it  back  in  the  old  place 
down  the  corridor  to  make  the  test  fair. 


Fig  5  :  James's  first  graph 
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Fig  6  :  James's  second  graph 


James  seemed  to  be  moving  towards  a  fuller 
interpretation  of  the  graph.  His  group  went  ori  to 
collect  more  data  and  another  graph.  James  was  able 
to  explain  that,  when  the  ramp  was  very  steep,  the  car 
had  hit  the  ground  and  slowed  up.  He  was  happy  that 
the  other  results  in  his  scatter  graph  formed  a 
consistent  pattern.  It  is  quite  possible  that  James  was 
basing  his  conclusions  on  his  first  hand  experience 
with  the  toy  cars  raiher  than  on  the  graph.  For  him, 
the  two  experiences  were  not  separate  but 
coincidental,  an  approach  which  may  help  James  gain 
access  to  a  more  analytical  appreciation  of  such 
graphs  in  the  future. 


Fig  7  :  Joanna's  scatter  graph 


Joanna  and  her  friends  had  been  working  on  a 
pendulum  experiment  looking  at  how  the  weight  of 
the  bob  might  affect  the  time  for  one  swing.  She 
generated  the  following  scatter  graph.  Joanna  was 
able  to  observe  that  some  of  the  crosses  did  not  fit 
into  the  general  pattern.  She  went  on  to  explain  that 
her  first  few  results  had  been  measured  wrongly  - 
they  had  timed  only  half  the  swing.  Indeed  the 
dubious  data  occupied  the  first  few  rows  of  her 
spreadsheet.  She  went  on  to  express  very  succinctly 
how  the  graph  showed  that  the  time  was  the  same 
whatever  the  weight  of  the  pendulum.  This  full 
interpretation  seemed  to  be  all  the  more  sophisticated 
given  how  difficult  it  would  have  been  to  make  this 
observation  directly  from  the  experiment  without  the 
aid  of  the  graph. 


The  success  of  these  children  was  in  direct  contrast  to  other  research  on  children's  ability  to  interpret 
graphs.  Padilla,  McKenzie  &  Shaw  (1986)  observed  that,  when  children  of  grades  7  to  12  were  given 
graphs  to  interpret  in  pencil  and  paper  tests,  only  49%  were  able  to  describe  the  relationship  and  26% 
use  a  best  line  of  fit.  Swatton  and  Taylor  (1994)  provided  even  more  depressing  results: 
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The  description  of  a  relationship  proved  to  be  by  far  the  most  difficult  demand.  Not 
only  could  very  few  pupils  give  a  full  'pattern'  statement,  but  almost  all  pupils  stated  in 
response  to  a  short  questionnaire  attached  to  each  package  that  they  found  this  aspect  to 
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be  the  most  difficult  The  difficulties  which  pupils  encounter  appear  to  stem  from 

the  fact  that  variable  relationships  presented  symbolically  in  this  way  are  too  abstract 
for  the  vast  majority  of  pupils  at  both  1 1  and  13. 

Indeed,  they  conclude  that  a  mere  6<7r  of  children  at  age  1 1  were  able  to  make  a  statement  which  gave  a 
proper  link  between  the  two  variables  in  question.  We  might  expect  our  younger  children  to  perfonn 
even  worse  than  these  figures  if  the  environment's  had  been  similar.  It  is  important  therefore  to  draw 
together  the  argument  by  considering  how  this  environment  might  have  led  to  some  of  the  children 
having  unexpected  levels  of  success  in  their  efforts  to  interpret  graphs. 

Conclusions 

We  have  been  struck  by  two  conflicting  general  observations: 

0  children  will  use  the  facility  available  on  the  computer  to  generate  graphs  but  many  of  these 
will  be  nonsensical.  Nevertheless  this  can  be  of  benefit  if  children  are  brought  into  conflict 
with  their  own  criteria  forjudging  these  graphs. 

0  some  very  young  children  have  been  able  to  make  accurate  and  complete  interpretations  of 
their  graphs.  Such  events  might  not  have  been  predicted  from  previous  research  except  that 
these  children  were  working  in  a  very  different  environment. 

There  are  perhaps  three  main  features  in  the  environment  which  have  enabled  some  children  to  be 
successful: 

°        These  children  were  working  in  a  classroom  where  the  teacher  was  a  mathematics  specialist. 
This  had  considerable  influence  on  the  curriculum  planning  but  also  on  recognising  instances 
of  pseudo-mathematics;  a  first  step  towards  forming  a  pedagogic  strategy  which  would  enable 
those  children  to  be  brought  into  conflict  with  their  own  understanding  when  appropriate. 

°        Swatton  (1994)  found  that  analysis  of  different  questions,  though  designed  to  test  the  same 
aspect  of  graphical  understanding,  yielded  no  correlation  in  their  results  and  concluded: 

Such  findings  indicate  that  in  order  to  make  an  accurate  assessment  of  process  skill 
performance  on  the  strength  of  just  one  assessment  item  or  one  context  is  impossible, 
since  each  item  brings  with  it  its  own  unique  set  of  'demands' ,  which  are  inherent  in 
the  very  nature  of  the  question  itself  and  the  way  in  which  it  is  presented. 
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Tall  (1989)  has  argued  that  learners  have  a  concept  image  which  develops  as  the  result  of  a 
whole  range  of  experiences  and  that  every  individual  brings  to  bear  a  unique  way  of 
understanding  a  concept.  Our  children  were  encouraged  to  develop  strong  concept  images  by 
studying  related  concepts  in  a  variety  of  contexts  and  from  different  angles.  We  would  contend 
that  the  nature  of  the  curriculum  planning  and  the  encouragement  to  explore  independently 
were  crucial  factors  in  their  success.  Similarly,  when  the  children  were  interpreting  the  graphs, 
they  were  doing  so  in  a  context  where  they  themselves  had  carried  out  the  experiment.  They 
had  observed  first  hand  the  phenomenon  on  which  they  were  reporting;  they  had  entered  the 
data  into  a  spreadsheet  and  seen  the  phenomenon  represented  numerically.  It  is  our  conjecture 
that  such  experiences  were  influential  in  helping  them  to  interpret  their  graphs. 

The  computer  itself  was  an  important  part  of  the  environment.  We  would  conjecture  that  the 
process  of  active  graphing  was  instrumental  in  enabling  some  children  to  come  to  a  fuller 
understanding  of  their  experiment,  their  data  and  their  graph.  The  graphs  that  the  children 
generated  were  judged  according  to  new  criteria.  Instead  of  being  aesthetically  pleasing 
drawings  or  pictures,  they  were  imbued  with  a  sense  of  purpose;  the  graph  could  tell  them 
how  to  proceed  with  their  experiment.  Children  could  discover  points  which  did  not  seem  to 
make  sense  according  to  the  trend  in  the  rest  of  their  data.  They  could  see  gaps  in  their  data 
which  ought  perhaps  to  be  filled  by  further  experimentation  and  they  could  predict  results  from 
outside  their  current  range  of  data  in  preparation  for  the  next  experiment.  This  meaningful 
interaction  with  the  graph  and  the  data  seemed  to  enable  some  children  to  develop  a  better 
understanding  of  their  graphs  and  so  eventually  be  able  to  give  a  fuller  interpretation  of  its 
meaning. 
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CULTURAL  MATHEMATICS  EDUCATION  RESOURCES 


IN  A  GRADUATE  COURSE 


Norma  C.  Presmeg 
The  Florida  State  University 


This  paper  describes  the  positive  psychological  implications 
for  multicultural  education  of  an  experimental  graduate 
course,  Mathematics  Education  and  Culture,  in  which  the 
position  was  taken  that  multiculture  in  a  mathematics  class- 
room is  not  a  liability  but  a  rich  resource  to  be  celebrated 
and  shared.  21  students  of  diverse  cultural  backgrounds 
showed  how  this  can  be  done,  in  projects  that  included  the 
mathematics  of  the  South  Korean  flag,  stick  charts  of 
Micronesia,  mathematics  of  American  marching  bands, 
baseball,  German  folk  songs,  counting  in  sign  language,  and 
diverse  cultural  games. 

With  an  increasing  concern  in  several  countries  that  educa- 
tion should  be  fair  and  equitable  for  all  children  (Mathematical 
Sciences  Education  Board,  1990),  the  position  has  sometimes  been 
adopted  by  teachers  that  they  are  "color  blind"  in  the  classroom, 
i.e.,  that  their  teaching  is  not  influenced  by  the  racial  or 
cultural  backgrounds  of  their  students.  Often  this  position  is 
held  in  good  conscience,  even  by  whole  school  districts,  as  the 
one  most  likely  to  result  in  equity  for  learners.  But  as  Nieto 
(1992,  p.  109)  points  out  eloquently,  "Equal  is  not  the  same".  A 
far  more  equitable  position  is  to  affirm  the  diversity  of  stu- 
dents in  multicultural  classrooms,  and  to  look  on  this  diversity 
as  a  potential  resource  for  learning.  Otherwise,  what  happens  is 
that  the  dominant  culture  is  looked  on  as  the  only  culture  -  and 
hence  all  others  are  disadvantaged.  For  several  years  I  have 
believed  that  diversity  Is  an  assett  rather  than  a  liability  in 
the  classroom,  but  I  recently  had  the  opportunity  to  explore  some 
of  the  implications  of  this  philosophy  for  educational  practice. 


The  Course 

The  3  semester-hour  graduate  course,  Mathematics  Education 
and  Culture,  which  I  taught  in  Fall,  1993,  was  an  experiment.  I 
did  not  know  in  advance  which  students  would  be  taking  the 
course,  but  I  intended  to  give  these  students  autonomy  to  build 
the  course  for  themselves  using  the  resources  of  their  own  cul- 
tural backgrounds,  based  on  the  premise  that  every  student  has 
rich  cultural  resources  to  draw  upon.  21  students  enrolled  in  the 
course.  Cultures  were  diverse;  "foreign"  students  came  from 
Tenerife  (Spain)  and  South  Korea,  but  even  among  American  stu- 
dents, cultures  ranged  from  "a  Minnesota  Jew  who  is  trying  to 
become  a  Southerner"  (as  Jenny  categorized  herself),  to  Dierdre 
who  wrote, 

"My  cultural  background  is  a  mixture  of  ethnicities,  a 
'masala'.  I  think  it  makes  me  unique.  I  have  African, 
French,  Spanish  and  Indian  in  my  ethnic  background.  Not  only 
am  I  a  mix,  but  the  customs  and  traditions  that  my  family 
practises  is  a  mixture  of  the  four.  When  I  look  in  the 
mirror  I  see  the  characteristics  that  are  an  amalgamation  of 
the  four.  I  hear  in  my  talk,  I  see  it  in  my  beliefs.  New 
Orleans  is  where  I  am  from  -  the  city  of  mixed  up  people. 
My  family  comes  in  all  shades  of  brown.  My  race  is  African 
American,  but  my  culture  is  Creole." 

A  strong  theoretical  framework  for  the  course  was  provided 
by  Bishop  (1988),  which  was  the  only  required  book,  although  many 
other  relevant  readings  were  brought  in  by  individual  students  as 
well  as  the  instructor.  The  theme  of  the  course  was,  'Mathematics 
is  a  cultural  product'.  The  course  had  theoretical  and  practical 
goals,  as  well  as  the  potential  for  research  in  classrooms. 

Theoretical  component:  this  included  exploration  of  the  meanings 
of  terms  such  as  culture,  ethnomathematics,  enculturation,  accul- 
turation and  related  constructs  as  these  have  been  developed  in 
the  literature;  mathematics  of  'exotic'  cultures  as  well  as  local 
ones;  levels  of  scale;  environmental  activities;  values. 
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Practical  component:  each   session   the   class    participated   in  at 

least  one  'cultural'  activity  and  explored  the  mathematics  of 
that  activity  as  well  as  its  potential  for  developing  mathemati- 
cal understanding  in  schoolchildren. 

Research  component:  participants  were  required  to  investigate  a 
theoretical  or  pedagogical  aspect  of  their  choice,  which  relates 
to  mathematics  as  a  cultural  product,  to  write  a  paper  on  their 
topic,  and  to  organize  classroom  discussion  or  an  activity  relat- 
ing to  this  topic.  Those  students  who  had  the  opportunity  to  try 
out  their  activities  with  schoolchildren  were  encouraged  to  do 
so,  and  to  report  on  the  results. 

Assessment  was  based  on  two  aspects  of  original  research 
(theoretical  paper  and  an  activity  or  presentation),  a  journal 
which  students  kept  each  week,  and  a  take-home  final  which  in- 
cluded an  analysis  of  the  individual  student's  research  paper  and 
presentation  in  terms  of  Bishop's  (1988)  theoretical  framework. 

Issues  and  questions  for  discussion  arose  naturally  in  our 
reading  and  activities.  For  instance,  after  we  read  Gerdes  (1988) 
paper  and  practised  some  of  the  sand  drawings  of  the  Tchokwe, 
their  was  lively  discussion  of  the  question,  "Whose  mathematics 
is  this?"  After  being  introduced  to  Wendy  Millroy's  Cape  Town 
carpenters  and  their  mathematics,  we  found  it  natural  r-  debate, 
"If  you  don't  know  you're  doing  mathematics  and  you  don't  ca:  it 
mathematics,  is  it  still  mathematics?"  We  agre-d  that  a  broadened 
definition  of  mathematics  is  necessary:  Steen's  definition  of 
mathematics  as  "the  science  of  pattern  and  order"  was  considered 
to  be  broad  enough  (National  Research  Council,  1989). 


Theoretical  Papers  and  Activities  or  Presentations 

The  students  who  experienced  the  most  difficulty  in  deciding 
on  a  topic  for  their  individual  research  were  the  three  African 
Americans    in    the    class.    All    three    of    them    manifested    "race  con- 
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seriousness"  (Hall  and  Allen,  1989)  in  the  sense  that  they  wanted 
to  choose  topics  that  related  to  and  would  help  African  Ameri- 
cans. But  the  mistaken  but  still  prevalent  belief  that  they  lost 
their  culture  when  they  left  Africa  (Holloway,  1990)  caused  them 
some  agonizing  in  their  choice  of  topics.  Compromises  were  made. 
For  instance,  Vanessa  wrote  her  theoretical  paper  on  the  mathe- 
matics of  a  sharecropper  in  the  United  States,  but  her  practical 
activity  was  "Egyptian  mathematics:  multiplication  by  doubling"  - 
reflecting  an  African  interest.  Dierdre  reversed  the  order, 
writing  her  theoretical  paper  on  Africa  but  leading  an  activity 
in  which  students  arranged  furniture  in  an  (American)  entertain- 
ment center.  For  most  students,  the  theoretical  paper  and  the 
activity  were  not  separated  but  were  different  facets  of  the  same 
(chosen)  topic. 

What  was  striking  in  the  projects  was  the  degree  of  owner- 
ship and  involvement  manifested  by  the  students.  The  papers  and 
activities  were  as  diverse  as  their  creative  authors.  Three  of 
the  four  doctoral  students  in  the  course  (Phillip,  Jenny  and  In- 
Gee)  all  became  so  involved  that  they  wanted  to  continue  their 
projects  in  dissertation  research.  What  follows  is  a  sampling  of 
topics. 

Jenny's  theoretical  paper  and  activity  both  involved  mathe- 
matics education  and  the  various  cultures  of  deaf  learners.  Her 
ability  to  sign  fluently  at  the  same  time  as  she  spoke  gave  force 
to  her  presentation  of  the  history  of  signing  in  France  and 
America.  Later,  we  were  asked  to  work  in  groups  to  find  a  way  to 
represent  all  the  numbers  from  1  to  999  using  only  one  hand. 
After  whole-class  sharing  Jenny  showed  us  the  "official"  way 
using  American  Sign  Language.  A  valuable  aspect  of  the  group  work 
was  that  it  stimulated  discussion  of  the  properties  of  our  system 
of  numeration,  in  addition  to  highlighting  the  manifold  ways  In 
which  it  was  possible  to  accomplish  the  task. 

Nancy,  an  experienced  Middle  School  Teacher,  investigated 
gender   bias   in   various  mathematics  programs   in  her   school,    on  the 
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basis  of  the  position  that  stereotyping  girls  and  boys  in  this 
way  is  a  cultural  phenomenon.  Her  research  revealed  several 
inequities.  She  presented  her  findings,  and  also  gave  us  a  bonus 
activity.  Nancy's  cultural  heritage  is  German,  and  after  she 
taught  us  to  sing  "0  Tannenbaum",  we  worked  in  groups  to  try  to 
represent  the  song  mathematically.  This  was  accomplished  in 
various  ways  -  spatially  or  numerically  or  both  -  including  an 
ingenious  likeness  of  a  fir  tree  in  which  the  branches  were  lines 
of  the  song  interspersed  with  a  contrasting  theme  represented  by 
decorations  which  twined  up  the  tree  to  start  again  at  the  top. 

Denise,  who  taught  English  in  Micronesia  during  two  years 
with  the  Peace  Corps,  wrote  a  fascinating  paper  on  the  mathemat- 
ics inherent  in  traditional  navigation  between  those  islands.  She 
had  sent  away  to  Pohnpei  for  a  Stick  Chart  made  of  bamboo  and 
depicting  swells  and  interference  patterns  of  swells  in  the 
Pacific  around  the  Marshall  Islands.  Her  Stick  Chart  arrived,  to 
her  delight,  just  the  day  before  her  presentation.  After  learning 
how  island  .navigators  use  their  own  bodies  to  determine  'nodes' 
in  the  swells,  star  constellations  (taking  the  viewpoint  that  the 
boat  is  stationary  and  everything  else  moves),  birds  and  phospho- 
rescence, to  determine  their  location  and  route,  we  tried  to  plot 
a  course  for  ourselves,  using  these  principles,  to  get  from  one 
given  island  to  another. 

A  mathematical  basis  was  interwoven  with  cultural  elements 
and  their  histories,  in  numerous  other  activities  including 
Halloween  cats  made  with  the  tangram  puzzle,  the  quipu  of  the 
Incas,  the  Stomachian  puzzle  which  is  more  that  2000  years  old 
(attributed  to  Archimedes),  the  Chinese  abacus,  architecture  of 
various  cultures,  gambling  and  games  of  chance  and  numerous  other 
games.  In  addition  to  these  the  instructor  introduced  activities 
relating  to  mathematics  in  Scandinavian  Yule-baskets,  Ndebele 
house  decorations,  and  various  Japanese  origami  projects. 
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Outcomes  and  Implications 


In  retrospect,  the  class  was  successful  beyond  my  expecta- 
tions. It  nevertheless  seemed  that  we  had  barely  got  started, 
merely  scraped  the  surface  of  something  much  larger.  It  is  not 
that  'multicultural  mathematics'  can  be  introduced  in  a  Middle 
School  classroom  once  a  week,  for  instance.  It  is  rather  a  state 
of  mind,  a  pedagogical  world -view  which  constantly  looks  to  the 
students  for  ways  to  celebrate  their  cultural  uniqueness  -  as 
Dierdre  felt  unique  with  her  four  cultures  -  in  the  context  of 
learning  mathematics.  It  needs  to  be  done  with  empathy  and  sensi- 
tivity (Nieto,  1992),  and  only  to  the  extent  that  students  feel 
comfortable  in  sharing,  since  there  Is  an  aspect  of  vulnerability 
in  opening  up  what  might  be  misunderstood  or  misrepresented  by 
outsiders.  For  instance,  in  his  discussion  of  the  mathematics  of 
the  South  Korean  flag,  In-Gee  introduced  a  swastika,  describing 
it  as  an  ancient  Buddhist  emblem.  He  became  very  upset,  in  fact 
spent  a  sleepless  night,  when  it  was  brought  to  his  attention 
that  this  emblem  may  have  very  negative  connotations  for  people 
like  his  good  friend  Jenny,  who  is  Jewish.  His  fears  proved  to  be 
unfounded,  and  Jenny  and  In-Gee  are  still  good  friends.  But  the 
point  is  that  teachers  need  to  be  sensitive  to  the  use  of  cultur- 
al artifacts  which  may  be  on  the  one  hand  anathema,  or  on  the 
other,  holy  objects,  to  insiders.  For  instance,  mandalas  are  not 
just  fascinating  circular  mathematical  drawings,  they  are  holy 
objects  of  meditation  with  deep  layers  of  significance,  and 
teachers  need  to  be  aware  of  these  connotations.  Thus  it  is  the 
people  who  belong  to  a  culture  who  should  do  the  sharing. 

The  theoretical  readings,  discussions  and  analyses  were 
essential  elements  in  our  forging  of  a  common  classroom  culture 
which  was  hospitable  to  multicultural  elements.  Our  constructs 
changed  as  we  went  through  the  course,  since  we  were  not  looking 
for  'final'  definitions.  For  Instance,  In  the  beginning  Peter  was 
of  the  opinion  that  it  Is  possible  to  have  a  culture  of  one, 
since  each  person  is  unique.  (Other  students  did  not  agree.)  By 
the    end    of    the    course    there    was    a    consensus    that    the  sharing 
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aspects  of  culture  are  paramount,  resonating  with  Stenhouse's 
(1967,  p.  16)  definition,  "a  complex  of  shared 
understandings 

Perhaps  influenced  by  Jenny's  work  on  deaf  cultures,  a  different 
change  was  expressed  by  Dierdre  in  her  final  journal  entry,  as 
follows. 

"As  a  student  of  this  class,  my  definition  of  culture  has 
been  broadened,  from  being  ethnic  based  to  being  a  way  of 
living  and  being.  I  have  played  many  cultural  games  and 
have  discussed  the  relevancy  of  games  in  math  class.  Games 
are  universal  to  every  social  group.  Many  times  the  rules 
are  simple  and  the  games  are  fun.  I  have  learned  about 
different  number  systems,  and  today,  about  Egyptian  mult./ 
div.  I  think  that  it  is  amazing  how  they  used  doubling/ 
halving  instead  of  multiplication  tables.  This  could  be  an 
alternative  way  of  teaching  multiplication  and  division.  In 
fact,  it  shows  the  relationship  of  addition/subtraction  to 
multiplication  and  division.  Besides  that,  I  feel  that  many 
African  American  students  would  feel  some  sense  of  pride 
knowing  that  this  is  an  African  way  of  calculation." 

Peter,  of  Hispanic  background,  concluded  as  follows. 

"The  class  has  made  me  aware  of  how  much  students  can  bring 
in  from  their  community,  environment  and  way  of  living. 
Classrooms  need  to  make  more  connections  with  the  student's 
life  and  make  it  part  of  their  real  world." 

In  the  sense  expressed  by  Peter,  using  the  cultures  of  students 
in  the  mathematics  classroom  is  a  very  natural  thing  to  do,  in 
fact  it  is  just  one  aspect  of  good  pedagogy,  practised  intuitive- 
ly and  spontaneously  by  many  teachers.  However,  for  this  use  to 
be  practised  more  widely  and  deliberately,  the  research  started 
in  this  course  nosds  to  be  extended  to  case  studies  of  implemen- 
tation in  schools.  I  hope  to  start  such  research  in  1994. 
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Moving  through  Systems  nf  Mathematical  Knowledge:  from  algebra  with  a  single 
unknown  to  algebra  with  two  unknowns. 


In  the  following  text,  we  will  concentrate  on  the  didactical  problem  of  going  from  algebra  witha 
single  unknown  to  algebra  with  two  unknowns.  Inspired  from  epistemology  and  in  genetic 
psychology,  we  will  develop  the  concept  of  system  of  mathematical  knowledge  which  serves  as  a 
tool  of  analysis  for  the  experiential  data  collected  from  students  in  the  process  of  learning  algebra. 
Our  data  is  preceded  by  an  historical  analysis  which  sheds  some  light  on  the  understanding  of  the 
noted  difficulties  experienced  by  our  students. 

§  1      Introduction:  the  system  of  mathematical  knowledge 

The  difficulties  of  students  learning  algebra  have  produced  quite  a  number  of  studies.  Kieran  (1991) 
and  Arzarello  (1991)  approached  the  problem  in  terms  of  a  dialectic  between  procedural  and  relational 
thought.  Fischbein  and  Barash  (1993),  Clement  (1982),  centered  their  attention  on  the  significance  of 
the  errors  made  by  the  students  learning  algebra.  Some  other  studies  approached  the  problem  in  terms 
of  the  emergence  and  development  of  algebraic  thought  and  its  relationship  with  arithmetical  thought 
(Filloy  and  Rojano  1894;  Herscovics  and  Linchevski,  1992;  Bedharz  et  al.,  1992).  Herscovics  and 
Linchevski  gave  special  attention  to  the  students'  procedures  of  solving  equations  prior  to  a  formal 
instruction  in  algebra.  Filloy  and  Rojano  emphasized  the  importance  of  the  acquisition  of  algebraic 
language  and  symbolism.  Bednarz  et  al.  centered  their  attention  on  the  type  of  representation  that 
students  use  when  solvin-  -  ■vikI  problem  and  on  the  processing  of  the  relationships  contained  in  the 
word  problem.  Siding  wish  (he  research  on  the  development  of  algebraic  thought,  we  intend  to 
examine  certain  difficulties  experienced  by  students  when  going  from  algebra  with  a  single  unknown 
to  algebra  with  two  v  knowns  in  solving  word  problems.  In  order  to  do  so,  we  will  introduce,  first 
of  all,  what  we  mean  by  a  mathematical  knowledge  system. 

General  genetic  psychology  considers  that  when  an  individual  is  placed  in  a  problem-solving 
situation,  s/he  will  use  some  concepts  and  procedures  (or  methods  of  resolution)  previously  acquired, 
which,  through  assimilation  and  adaption  become  refined,  modified,  and  enriched.  These  concepts 
and  procedures  can  further  lead  to  the  emergence  of  newly  structured  understandings  in  more 
complex  networks.  The  construction  of  a  set  of  procedures,  which  we  will  call  Z,  depends  upon  the 
set  of  concepts,  which  we  will  call  CI.  In  the  same  way,  the  individual's  construction  of  the  set  CI 
depends  upon  the  set  Z.  However,  the  construction  of  the  concepts  and  the  procedures  depends  upon 
the  set  of  problems,  which  we  will  call  II,  that  one  poses  and  tries  to  solve  (Bednarz  et  al.  1992).  In 
turn,  the  set  of  problems  n  that  provoked  the  construction  of  knowledge  sees  itself  enriched  by  the 
possibilities  offered  by  the  enlargement  of  the  concepts  and  r/ocedures:  it  is  thus,  that  new  problems 
can  be  envisioned. 

From  a  didactical  perspective  centered  in  the  cognitive  phenomena,  the  learning  of  a  certain  content  or 
mathematical  theory  t,  can  be  seen  through  the  cognitive  construction  (of  a  Dialectic  nature)  of  the  CI, 
Z  and  n  sets1  .  Those  sets  could  be  considered  as  the  elemental  components  of  the  knowledge 
associated  to  the  mathematical  theory  t.  We  will  refer  to  them  as  a  mathematical  knowledge  system, 
and  we  will  represent  them  by  St. 

Let  f !  be  the  pan  of  algebra  that  we  teach  in  our  schools  today  (based  on  concepts  and  methods  of 
solving  word  problems  using  a  single  unknown),  and  let  l2     ,hc  algebra  of  n  unknowns  (nS2),  the 


1  An  enamplc  of  this  interaction  can  be  seen  when  Ugrangc  races  the  problem  u  e  tl  of  the  solution  of  the  equation  of 
the  fifth  degree,  using  the  methods  I  of  the  18th  century  (based  essentially  on  the  elementary  operations  of  algebra).  He 
is  obliged  10  introduce  some  new  concepts,  like  the  one  of  similar  functions  or  the  one  of  reduced  equation  (cf  Radford, 
1 990).  These  concepts  open  up  a  whole  reflection  that  runs  into  the  theory  of  substitutions  (cf.vg.  Cauchy  (1815)) 
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problem  that  interests  us  here  is  that  of  moving  through  the  knowledge  system  St,  to  the  knowledge 
system  St2. 

§2      Some  historical  remarks 

Historically,  the  emergence  of  concepts  and  methods  using  two  unknowns  in  the  calculations  came 
about  very  slowly1.  For  a  very  long  time,  problem  statements  of  the  p(q,,  q2,  ...  qk)  type,  with 
l<k<4,  were  solved  with  the  help  of  the  simple  or  double  false  position  (cf.  Spicsser,  1982)  or 
algebra  with  one  unknown.  The  difficulty  to  conceive  two  algebraic  unknowns  on  the  same  level  in 
the  calculations  can  also  be  detected  in  certain  problem  statements  of  the  p(q,,  q2)  type:  facing 
problems  of  this  type,  Viete  solves  the  problem  by  taking,  as  an  unknown,  one  of  the  sought  after 
quantities  qj,  and  once  the  problem  is  solved,  solves  it  agaia-  This  ,ime  taking  as  the  unknown  the 
other  sought  after  quantity  (cf.  Viete:  Les  cinq  livres  des  Zetitiqucs.  Livre  1,  Zctetiquc  Vll,  for 
example).  One  work  (probably  the  first)  which  gives  a  treatment  of  problems  using  two  unknowns  is 
that  of  the  Italian  mathematician,  Antonio  de'Mazzinghi,  born  circa  1353  (Franci,  1988).  where  the 
unknowns  are  represented  by  la  cosa  (the  thing)  and  la  quantita  (the  quantity).  The  historical 
analysis  suggests  that  the  emergence  of  algebra  with  two  unknowns  is  related  to  the  resolution  of 
certain  problem  statements  of  the  p(q,,  q2)  type,  where  one  of  the  givens  is  the  product  or  the  sum  of 
the  squares  of  the  sought  after  quantities  (one  will  find  examples  in  Franci,  1988).  However,  the 
introduction  of  two  unknowns  did  not  have  as  its  goal  the  translation  of  the  problem  statement  in  a 
new  symbolic  system,  as  in  present  day  elementary  algebra;  the  two  unknowns  were  introduced  as  an 
heuristic  artifice  facilitating  the  resolution  of  the  problem.  (In  fact,  Mazzinghi  chose  to  express  the 
sought  after  quantities,  qj,  as  one  cosa  (thing)  plus  or  minus  some  quantita  (quantity),  i.e.,  qj  =  x  ± 
y,  or  again  qj  =  x  +  Vy).  Therefore,  the  emergence  of  algebra  of  two  unknowns  seems  connected  to 
the  necessity  of  solving  problems  for  which  the  calculations  of  a  single  unknown  would  prove  too 
difficult. 

These  comments  suggest  that,  from  a  didactical  point  of  view,  the  study  of  the  transition  between 
single  unknown  algebra,  t,,  to  two-unknowns  algebra,  t2,  could  be  done  through  the  study  of  certain 
problems  of  the  p(q,,  q2)  type  of  which  the  resolution  could  prove  more  "appropriate"  in  t2.  Of  the 
more  simple  problems,  those  of  the  p(qi,  q2)  type  that  our  actual  notation  allows  us  to  write  under  the 
form  of  the  linear  equations  system:  x  +  y  =  d,  ax  +  by  =  c,  seem  to  be  the  most  appropriate  for  this 
study.  This  type  of  problem  has  been  historically  solved  with  the  help  of  the  simple  false  position 
method2,  but  also  with  the  help  of  a  single  unknown  and  two  unknowns  algebraic  methods  (one  will 
find  a  "modem"  treatment  in  t]  and  in  x2  in  Euler's  Elements  of  Algebra ). 

In  his  Trattato  d'Abaco,  the  XV  century  Italian  painter  and  mathematician,  Piero  Delia  Francesca, 
presents  a  type  of  problem  which  interests  us,  in  the  following  terms: 

«Thcre  are  two  types  of  cloth,  one  costs  15  pounds  per  rod,  the  other  costs  12  pounds  per  rod.  One 
wants  to  spend  100  pounds  in  all  and  have  7  rods  of  cloth  in  all.  1  ask  how  many  there  will  be  of 
each  type."  (Arrighi  (Fd.),  1970,  p.  63;  the  cnglish  translation  is  our  own.) 
The  problem  is  solved  by  a  false  position  method  (called  the  double  false  position)  and  which  consists 
of  giving  two  values  x0and  x,  to  one  of  the  quantities  that  one's  looking  for.  Then,  one  calculates  the 
differences  e„  and  ej  between  the  answer  that  one's  expecting  and  the  answer  that's  derived  from  the 
value  produced  by  xD  and  x,,  respectively,  according  to  the  given  conditions  in  the  problem 


1  In  what  follows,  we  will  distinguish  between  unknowns  of  the  problem  staiement  and  the  unknowns  in  the  algebraic 
sense.  Thus,  the  firsi  three  refer  to  the  quantities  or  sizes  i|,a2, ...  ak  that  one  asks  to  find  in  the  problem  statements, 
the  others  refer  to  the  quantities  x,  y,  z, ...  upon  which  the  algebraic  reasoning  and  calculation  arc  constructed.  If  p  is  a 
problem  where  it  is  a  question  of  finding  a  certain  number  k  of  quantities,  we  will  represent  the  problem  by  p(a| ,  a2, ... 
ak).  The  term  unknown  will  be  used  throughout  this  work  for  the  algebraic  unknowns  and  the  term  quantities  for  the 
unknowns  of  the  problem  statement  In  this  work  we  will  not  deal  with  the  concept  of  variable. 

2  There  is  a  problem  of  this  type  in  the  Babylonian  tablet  VAT  8391 ,  a  tablet  that  goes  back  to  the  first  Babylonian 
dynasty  (c.  1900  A.D.):  the  problem  is  solved  by  the  simple  false  position  method  (cf.  Radford,  1993). 
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statement  A  simple  calculation  on  the  four  numerical  values  obtained  allows  us  to  find  the jrtta of 
fi?s auantUv K  sought,  and  to  deduce  the  value  of  the  second  quantity.  In  ater  pages,  the 
OTb^nSKKd  b ^an  algebraic  fashion.  Let  us  first  look  at  the  double  false  position  method: 
P  one  ha"  TJs  which  cos,  15  pounds,  these  4  are  worth  •^.'^  «* 

cost  «  worth  36  pounds.  Add  this  to  60.  that  comes  Out  to  96.  but  you  arc  missing  4  to  equal  100  Sa>. 
for  4  thTtTwriteA)wn  .  I  am  missing  4.  Do  the  problem  once  again  and  say  that  you  had  5  rods  o 
5  which  5  by  15  cqua  s  75;  therefore  there  are  2  rods  which  cost  12.  so  that  2  by  12  equals  24;  all 
toget r  it  equals  99  but  you  want  100  so  you  are  still  missing  1 .  Say;  for  5  that  write  down  r am 
miss  ng 1  Now  multiply  crosswise.  5  by  4  equals  20  and  1  by  4  equals  4;  subtract  the  latter  from  20 
2d  you  have  16.  Subtract  1  from  4.  you  have  3.  which  is  the  divisor.  Divide  16  by  3,  you  get  5  £  5 
Iflrods  is  the  cloth  of  15  pounds  per  rod  and  1  2/3  rods  is  the  cloth  of  12  pounds  per  rod,.  (Amghi, 

Fven't'houth'the  problem  is  staled  with  two  unknowns,  as  we  can  see  in  Delia  Frances's  solution, 
fhe  reasonfng * ffiSSy  derived  from  one  of  the  unknowns:  the  choice  of  the  numencal  value  for 
the  first  unknown  enables  us  to  deduce  the  value  of  the  other  unknown. 

Nnw  let's  look  at  the  algebraic  solution  of  Delia  Francesca.  u™ 
The  unknown  i  called I  "the  thing"  (la  c^);  Jhe  number  of  things  a  repres ented  by  p « 
above  the  numbers  of  things:  thus,  1  or  15,  for  example,  represents  1  thing  or  15  things, 

respectively.  In  our  english  translation,  we  have  respected  this  symbol  c  code 

respect^eiy.      u     b  ^  ^  ^  ^  ?  mjnus  T  Multiply  1  by  15  pounds  he 

cost  of  he  rod.  which  equals  15  and  that  is  one  part;  multiply  7  minus  1  by  12.  the  cost  of  the  other 
rod  that  equa Is  84  minus  T2.  Restore  the  parts,  because  you  want  100.  add i  R  to  84  mmus  12.  hat 
equals  Subtract  15  from  ft  and  5  remain.  You  have!  and  84  is  equal  to  100.  subtract 84  from  100 
^  remain  divide  16  bv  the  things  which  are  3.  you  get  5  1/3:  there  .s  the  value  of  the  thmg  and 
we  have  put  o™  par,  t  therefore  i,  was  5  1/3.  Thus,  there  were  5  1/3  rods  of  the  15  pounds  per  rod 
tvrjc  Ud  to  7  there  is  1  2/3  rods  of  which  the  price  is  12  pounds  per  rod.  (p.  98) 
In  Delfa  Francesco's  algebraic  solution,  the  second  quantity  sought  .s  expressed  m  the  terms  of  the 
nm  quamhj S i  thSL  relationship:  "7  rods  of  cloths  in  all",  so  here  aga.n  the  reasonmg  is 
essentially  based  on  one  unknown. 

Our  goaHs  tf  XtiTy^nd'Smderstand  some  of  the  difficulties  that  students  encounter  in  moving 
through  the  systems  of  mathematical  knowledge  Sx,  to  Sx2  when  solving  problems  algebra^ 
Here  we  will  examine  the  results  of  a  test  that  was  given  to  38  students,  1 5- 16  yrs  old,  in  the  3rd 
vr  of  a^ub lie  secondary  school  in  Guatemala  City.  These  students  had  learned  algebra  according  to 
fhe  foma" ; mPth™°" ■  approach,  i.e.,  the  approach  in  which  one  introduces  symbols  as  representations 
o numbin Tb™.^  quickly  stops  on  the  aspect  of  formal  manipulation  of  algebraic  express,ons_ 
These  smSntf had  see?  algebra  with  one  unknown  in  the  8th  grade,  and  with  two  unknowns  in  the 

The ^slwas  comprised  of  five  problems.  There  was  an  "easy"  introductory  problem  which  was  to 
live  Ee^CTdSce  during  the  test.  There  were  three  problems  (of  wh.ch  one  problem  -number 
3-  was  of  the  same  type  as  the  one  we  analyzed  in  §2)  which  could  have  been  solved,  a  prion,  in  STa 
(which,  here,  designates  the  system  of  elementary  arithmetic  knowledge),  St,  or  St2. 
These  are  the  problems: 

Maria  to  five  years  older  than  Juan  and  the  sum  of  their  ages  equals  25.  What  are  their  ages? 

j^Stt^times  older  than  luan  and  the  difference  of  their  ages  Is  20.  What  are  their  ages? 

So^SS^de  up  of  nickels  and  dimes.  If  he  has  a  total  of  47  coins,  how  many  of  each  denomination 
does  he  have? 

The  three  problems  (PI),  (P2),  and  (P3)  were  preceded  by  an  "arithmetic"  or  a  "connected  problem" 
3edna£  aPn"  ier  1993)  that  we  designated  as  problem  P3a,  which  is,  in  a  way,  the  an.hmet.c 
version  of  problem  (P3).  Here's  its  statement: 
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Arithmetic  Problem  3  (Pga); 

Rosa  purchased  S  stamps  of  it  each  and  12  stamps  of  7f  each.  How  much  did  she  spend? 

Before  going  further,  it's  best  to  recall  that  Bednurz  et  al  (1992)  suggested  that  a  given  problem  p(a,, 

a2, ...  ak),  can  be  seen  as  a  composition  of  relations  p,,  p2  pn.  For  example,  in  problem  PI, 

there  are  two  relations:  one  relation  called  the  "sum  relation"  (which  corresponds  to  "the  sum  of  the 
ages  is  25")  and  one  relation  called  the  "generative  relation"  ("Maria  is  five  yrs.  older  than  Juan").  In 
problem  P3  (this  applies  also  to  Delia  Francesca's  problem),  there  are  4  relations:  two  "sum  relations" 
(which  correspond  to  "the  number  of  coins"  and  "amount  of  money",  which  we  will  designate  as  p, 
and  p4,  respectively)  and  two  relations  called  "ratio  relations"  (the  first  relation  being  one  that 
calculates  the  total  money  from  the  number  of  nickels  and  the  value  of  the  nickels,  a  relation  that  we 
will  designate  as  p2.  The  second  relation  being  the  one  that  calculates  the  total  money  from  the 
number  of  dimes  and  the  value  of  the  dimes,  a  relation  that  we  will  designate  as  p3).  One  can 
associate  a  graph  with  the  relations  p;  called  the  semantic  or  relational  structure  diagram  (Bednarz  et 
al.,  1992).  In  the  case  of  the  proceeding  problems,  we  have  the  following  graphs: 
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In  presenting  these  problems,  we  want  to  see  in  particular  if  the  students  who  succeeded  (PI)  and 
(P2)  in  Stj  perceived  problem  (P3)  as  a  problem  arising  from  St,  or  St2. 

For  a  student  who  succeeds  (PI)  and  (P2),  what  could  the  difficulties  be  in  solving  (P3)  in  St,?  The 
last  question  addresses  the  fact  that  many  secondary  school  mathematics  manuals  concentrate  most  of 
their  introductory  chapter  algebra  problems  with  the  same  type  of  (PI)  and  (P2)  problems  (cf 
Bednarz  and  Janvier,  1993;  problems  that  they  identified  as  problems  of  the  "1  sum  relation  +  1 
generative  relation"  type,  according  to  their  relational  structure),  so  that,  often,  the  success  of  these 
problems  becomes,  in  practice,  the  minimal  condition  for  which  an  individual  has  developed  St,  to  a 
satisfactory  degree. 

§4     The  Results 

4J  The  Outcome  of  the  given  problems: 

The  students  had  an  hour  at  their  disposal  to  complete  the  test  but  the  required  average  duration  was 
40  mmutes.The  following  table  represents  the  outcome  of  the  questions: 

Problem  P3a  p]  p2  p3 

Correct  Answers  32(84%)         26(68%)         23(61%)  11(29%) 

The  problems  PI,  P2  and  P3  are  of  the  p(q,,  q2)  type,  in  keeping  with  the  notations  introduced  in  §2. 
However,  problem  P3  is  much  more  difficult  than  the  others.  There  are  several  reasons  for  this-  on 
one  hand,  we  can  see  tn  the  relational  structure  diagram  that  this  problem  calls  upon  the  concept  of 
ratio  or  unit  cost  (the  price  of  each  stamp);  furthermore,  it  consists  of  more  relations  than  the  other 
problems,  so  that  the  organization  of  the  data  and  of  the  relations  is  harder  to  establish.  Among  the  1 1 
correct  responses  of  this  problem,  7  of  the  students  used  two  unknowns,  3  of  the  students  used  one 
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unknown  and  1  student  solved  the  problem  via  an  arithmetic  procedure.  It  seems,  therefore,  that 
problem  P3  is  a  difficult  problem  in  S^,  as  the  hypothesis  we  established  in  §2  suggests. 
4.2     The  Distribution  of  the  Sample  in  Algebraic  Tendencies 

Let  ECStj)  be  the  set  of  students  that  succeeded  on  questions  PI  and  P2  using  algebra  with  one 
unknown  (t ,),  and  that  did  not  try  problem  P3,  or  did,  but  not  using  T2  procedures.  Let  E(St2)  be  the 
set  of  students  that  succeeded  PI  and  P2  using  algebraic  procedures,  and  who  tried  P3  (without 
necessarily  succeeding)  using  algebraic  procedures  with  two  unknowns  (t2).  Let  ECStg)  be  the  set  of 
students  that  correctly  answered  P3a  and  at  least  one  of  the  questions  PI,  P2.  Finally,  let  E(Sx*,)  be 
the  subset  of  students  of  E(Sx,)  that  correctly  answered  PI ,  P2  and  P3,  and  let  E(St*2)  be  the  subset 
of  students  of  E(Sx2)  who  correctly  answered  PI,  P2  and  P3.  [The  set  E(Sx0)  can  be  considered  the 
"frontier"  of  E(Sx,);  in  this  way,  E(Sx*,)  can  be  considered  the  "kernel"  of  E(Sx,)  and  E(Sx*2)  the 
"kernel"  of  E(Sx2)].  Here  is  the  breakdown: 

Group  E(Sx0)  E(St,)  E(St.,)  E(St2)  E(St«2)  Other 

Size  12(32%)  15(39%)  3  7(18%)  6  4(11%) 

We  see  then,  that  the  group  of  students  tend  to  place  themselves  in  the  St,  system,  even  if  the  student 
often  realizes  that  his/her  procedure  of  solving  problem  P3  has  failed  (cf.  examples  No.  1, 2  and  3 
below). 

To  better  understand  this  "resistance"  to  change  over  to  Sx2  and  to  better  understand  the  difficulties  in 

the  transition  from  the  system  of  mathematical  knowledge  St,  to  Sx2,  we  will  present,  within  the 

limitations  of  this  article,  an  analysis  of  the  resolution  procedures  of  problem  P3,  focusing  special 

attention  on  the  students  of         and  B.Sx^)  that  failed  P3: 

4.3     Analysis  of  the  Procedures 

Example  No.  1 :  (student  belonging  to  the  E(St])  group): 

"0.05x  =  3.40;  0.1  Ox  =  3.40 

0.05x  +  O.lOx  =  3.40,         0.15x  =  3.40,  x  =  3.40/0.15,  x  =" 

Example  No.  2:  (student  belonging  to  the  E(Sx,)  group)1: 

"x  nickels  (II)  2x  =  dimes  ill)  0.05x  +  0.  lOx  =  3.40  (ID  0.15x  =  3.40  (II)  2x  +  x  =  47  (//)  3x  =  47  (//) 
x=47/3(//)x=" 

Example  No.  3:  (student  belonging  to  the  E^T])  group): 

"x  nickels  (ID  2x  dimes  (ID  100  (x/47  +  2x/47)  =  340 

100  (x  +  2x>  =  340  (II)  100  (2X)  =  340  ill)  100  (3x)  =  340  *  47 

47  47  3 

100(x)=53.26(//)x=0.53(//)x=53  nickels  (//)2x  =  53*2  =  106. 

(Afterwards,  the  student  calculates  the  value  of  53  nickels  and  the  value  of  106  dimes;  he  finds  $2.65 
and  $1.06  respectively.  He  calculates  the  total:  he  finds  $3.65). 
Example  No.  4:  (student  belonging  to  the  E(Sx,)  group): 
"x=number  of  nickels,  47-x=number  of  dimes 

total  of  nickels  +  total  of  dimes  =  3.40  (//)0.05x  +  0.1(47-x)=  3.40  (II)  0.05x  +  (0.1)(47)-0.1x  = 
340     [...]"  (The  student  answers  (he  problem  correctly.) 

Example  No.  5:  (student  belonging  to  the  E(Sx2)  group):  "nickels=x.  dimes=z.  5x+10z=47" 
Example  No.  6:  (student  belonging  to  the  E(St2>  group) 
nickels  =  x 

dimes  =  y  3.40/x  +  3.40/v  =  47 

3.40/x  =  47  -  3.40/y 


1  Wc  will  use  the  symbol  "(II)"  to  indicate  a  change  of  line  in  the  student's  manuscript. 
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(Afterwards,  the  students  replaces  y  by  0.10  and  making  correct  calculations,  arrives  at  x  =  3.40/13, 

an  answer  which  he  recognizes  as  being  incorrect;  he  then  crosses  out  the  calculations  made  starting 

from  the  substitution  of  y  by  0.10.) 

Example  No,  7:  (student  belonging  to  the  E(St2)  group): 

"x  =  nickels,  y  =  dimes 

x+y  =  47  -5x-5y  =  -235 

5x  +  1  Oy  =  340  5x  +  lOy  =  340 

5y  =  105  (...]•' 

(The  student  has  correctly  answered  the  problem.) 

Example  No.  8:  (student  belonging  to  the  E(St2)  group): 

"x  =  nickels,  y  =  dimes  (//)     (1)  x(0.05)  +  y(O.IO)  =  3.40 

(II)  x    +  y  =47 

From  (11)  one  has  y  =  47  -  x.  One  substitutes  it  into  (1)  and  then  one  has:  x(0.05)  +  (47-x)(0.10)  = 
3.40  ur 

(The  student  continues  the  calculations  and  finds  the  value  of  x,  then,  working  from  (11)  he  obtains 

the  value  of  y.) 

Comments: 

Our  results  suggest  that  the  students  who  work  from  within  the  mathematical  knowledge  system  St, 

(ic.  the  E(Stj)  group  students)  will  concentrate  their  attention  particularly  on  the  sum  p4  relation 
"amount  of  moncy»  (that's  the  case  of  the  students  in  examples  1  and  2),  and  often  they  will  be 
incapable  to  take  into  account  all  the  Pj  relations.  On  the  other  hand,  those  that  work  in  St2  seem  to 

have  a  more  global  view,  and  in  turn  often  take  into  consideration  all  the  pt  relations  (even  if  the 
procedure  does  not  end  up  solving  the  problem). 

Another  difference  between  the  groups  E(St])  and  E(St2),  is  the  way  in  which  the  quantities  of  q, 
(number  of  nickels)  and  q2  (number  of  dimes)  arc  associated.  In  fact,  as  far  as  the  group  E(St,)  is 
concerned,  the  association  of  the  quantities  is  made  by  expressing  one  of  the  quantities  in  terms  of  the 
other  quantity,  by  a  reasoning  that  keeps  track  of  the  significance  of  the  quantities,  be  it  through  the  p, 
relations  or  other  relations.  Thus,  in  the  examples  2  and  3,  the  association  of  the  qj  quantities  is  made 
on  the  basis  of  the  values  of  the  coins,  that  which  allows  the  construction  of  the  symbolic  expressions 
q,  and  q2  in  St,,  ic.  the  construction  of  the  terms  «x»  and  «2x»:  because  10  is  5  doubled,  and  x  is  the 

number  of  nickels,  then  2x  must  be  the  number  of  dimes.  In  example  4,  solved  also  in  St,,  he 
expresses  one  of  the  quantities  in  terms  of  the  other,  but,  contrary  to  the  case  in  examples  2  and  3,  the 
association  between  the  qj  is  done  in  terms  of  the  p]  sum  relation  «number  of  coins*,  which  permits 
to  deduce  the  expression  «47  -  x»  starting  from  the  expression  «x».  The  student  from  example  1 
(who  belongs  to  the  E(Stj)  group),  shows  a  less  complicated  process  than  the  students  of  the  forc- 
mcntioncd  examples  in  that  he  docs  not  try  to  establish  a  semantic  link  between  the  qj  quantities:  the 
use  of  the  same  symbolic  representation  for  the  two  quantities  qj  and  qj'  suffices  to  come  across  the 
equation  0.05x  +  0.10x=  3.40. 

On  the  other  hand,  in  the  E(SX2>  group,  the  two  sought-after  quantities  of  q  ]  and  q2  arc  introduced  by 
semnntically  independent  symbolic  representations  (one  is  represented  by  x,  the  other  by  y  or  z):  they 
no  longer  have  to  be  deduced  one  from  the  other,  by  a  reasoning  on  the  pj  relations  given  in  the 
problem  statement  or  eventually  from  another  relation  (see  examples  5, 6,  7  and  8),  as  is  the  case  in 
St,. 

In  St2,  it  is  the  translation  of  the  p,  relations  given  in  the  problem  that  prevails.  The  p,  relation 

allows  to  arrive  at  the  symbolic  expression  «x  +  y  =  47».  The  p2,  pj  end  p4  relations  allow  us  to 
arrive  at  the  symbolic  expression  x(0.05)  +  y(0. 10)  =  3.40.  The  attention  therefore,  is  not  centered  on 
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the  way  that  one  will  express  q2  in  tenns  of  q  j,  as  in  the  case  of  St,  ,  but  rather  on  the  translation  of 
the  problem  statement  into  a  system  of  equations. 

We  can  sec  then,  that  in  St2,  the  processing  of  the  relations  is  not  the  same  as  in  St,.  The  expression 
«y  =  47  -  x»  deduced  in  St2,  starting  from  the  symbolic  representation  «x  +  y  =  47»  of  the  p, 
relation,  is  not  usually  made  by  semantic  deduction  (ic.  by  a  reasoning  of  the  significance  of  the  p, 
relations  within  the  context  of  the  problem)  but  by  a  symbolic  deduction  (this  being,  rightly  so,  one  of 
the  strengths  of  the  symbol!).  One  E(St2)  student,  for  example,  expresses  y  in  terms  of  x,  in  writing 
the  equation:  y  =  (3.40  -  0.05x)/0.10;  this  equation  would  be  difficult  to  justify  in  a  semantic  light.  It 
could  also  happen  that  in  St2  one  would  do  without  expressing  y  in  terms  of  x  throughout  the 
problem,  as  example  7  shows! 

However,  to  better  define  the  difference  between  the  knowledge  systems  St,  and  St2,  it  is  necessary 
to  reflect  a  moment  on  this  semantic  deduction  that  ensues  from  a  reasoning  on  the  p;  relations 
connecting  the  qk  quantities  and  that,  in  St,,  allowing  the  expression  of  q2  in  terms  of  q,.  In  taking  a 
closer  look,  we  notice  that  in  St,  the  student  must  transform  the  p,  relation.  He  must  change  this 
«suni  relation»  into  a  relation  of  a  completely  different  nature,  that  is,  a  «gcnerativc  rclation»  (fig.  1 
below)  so  that  the  semantic  or  relational  structure  of  the  problem  is  itself  also  completely  transformed 
(fig.  2  below).  It's  exactly  this  impossibility  to  realize  the  transformation  of  relations  that  often  leads 
certain  students  (cf.  examples  2  and  3)  to  look  for  other  relations  that  render  it  possible  to  symbolize 
q,  andq2. 


problime  initial       problimc  transfomii 
Fig.  1  Fig.  2 

We  see  then,  that  there  exists  a  fundamental  difference  between  St,  and  St2  at  the  level  of 
transformation  to  which  the  p,  relation  must  be  submitted.  This  ansformation  allows  the  sum 
relation  «nutnber  of  coins»,  to  change  into  a  generative  type  relation.  In  St2,  on  the  other  hand,  we 
do  not  transform  the  relation,  in  such  a  way  that  problem  P3  stays  the  same. 
If  we  come  back  to  our  historic  analysis  now,  we  realize  that  the  transformation  of  the  «sum  relation" 
into  a  «generative  relation*  is  used  in  the  algebraic  process  of  Piero  Delia  Francesca;  but  what  is  even 
more  remarkable  is  that  this  transformation  is  already  present,  on  the  arithmetical  level,  in  the  double 
false  position  method.  In  fact,  in  giving  an  arbitrary  value  to  one  of  the  quantities,  say  qj,  the  sum 
relation  is  transformed  into  a  generative  relation.  (In  fact,  in  giving  the  value  4  to  qj ,  Delia  Francesca 
deduces  that  q2  is  equal  to  7  -  4  =  3:  the  «sum  relation"  becomes  the  «generativc  relation"). 
§5     Final  Remarks: 

We  have  tried  to  raise  certain  difficulties  experienced  by  the  students  in  the  transition  from  the 
mathematical  knowledge  system  St,  to  the  St2  system.  We  have  seen  that  there  is,  in  our  group  of 
students,  a  certain  "resistance"  to  change  over  to  St2.  Our  experimental  data  suggest  that  working 
efficiently  within  St,  could  require  some  specific  skills  in  the  processing  of  relations  in  problems 
such  as  problem  P3,  that  is,  in  problems  where  a  semantical  transformation  of  relations  is  required  in 
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order  to  be  able  to  express  one  of  the  quantities  in  terms  of  the  other  quantity.  The  problems  PI  and 
P2  did  not  require  any  transformation  of  relations,  which  explains  their  rate  of  success  in  SXj.  The 
history  of  mathematics,  in  turn,  enables  us  to  see  that  the  emergence  of  the  algebraic  concepts  and 
methods  of  problem  solving  using  two  unknowns  in  the  calculations  came  about  very  slowly.  A 
closer  look  at  the  history  of  algebra  allows  us  to  see  that  the  possibility  of  transforming  relations  made 
possible  the  solving  of  a  wide  family  of  problems  of  p(qj,  q2)  type.  On  the  other  hand,  we  saw  that 

in  St2,  the  nature  of  the  semantically  independent  representations  for  the  q\  quantities  avoids  the 
transformation  of  relations,  but  requires,  in  return,  a  conceptualization  of  the  second  quantity  q2,  as 
an  autonomous  algebraic  unknown  vis-a-vis  the  first  unknown.  (Example  5  suggests  that  this 
conceptualization  has  its  problems:  in  fact,  it  seems  that  in  this  student's  eyes,  x  and  z  have  to 
consolidate  their  identity  while  remaining  attached  to  50  and  100). 

In  short,  the  scope  of  the  concepts  in  Qj  and  the  methods  in  £j  of  Stj  requires,  in  order  to  succeed  a 
wide  range  of  problems,  some  transformation  of  relations  given  in  the  text  of  the  problem.  This  can 
be  avoided  in  St2,  by  extending  Qj  into  Q2  by.  including  the  second-unknown  algebraic  concept, 
which  will  modify  the  set  Zj  into  a  new  set  £2.  This  transition  between  systems  of  mathematical 

knowledge  creates  new  difficulties:  in  St2,  a  second  equation  becomes  necessary.  Example  6  shows 
the  case  of  a  student  who  has  difficulties  obtaining  a  second  equation:  so  he  replaces  y  by  0.10, 
which  brings  the  problem  from  S1^  back  into  SXy 

Our  results  raise  some  questions:  Is  there  didactical  work  to  be  done  in  arithmetic,  to  facilitate  the 
success  of  problems  like  our  problem  P3  when  students  will  work  in  St]?  What  is  the  didactical  work 
to  be  done  within  Stj  to  prepare  the  transition  to  St2?  Specifically,  what  are  the  problems  that  will 

demand  the  student  to  place  him/herself  in  St2?  How  can  the  emergence  of  the  modern  second- 
unknown  algebraic  concept  be  provoked? 
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RESULTS  FROM  PORTUGUESE  PARTICIPATION  IN  THE  "SECOND  INTERNATIONAL 
ASSESSMENT  OF  EDUCATIONAL  PROGRESS"  -  MATHEMATICS 


Gloria  Ramalho,  Instituto  Superior  de  Psicologia  Aplicada,  Lisboa 
Abstract 

1AEP  international  study  took  place  between  1989  and  1992.  During  1990/199 1  a  total 
of  20  countries  surveyed  Mathematics  and  Science  performatKe  of  13-year-old  students 
and  14  of  them  also  assessed  nine-year-olds  in  the  same  areas.  This  presentation 
addresses  the  results  in  mathematics  of  Portuguese  students  in  the  context  of  this  study. 
Results  show  a  low  performance  of  both  populations,  although  there  are  differences 
between  them,  favorable  to  13-year-old  students.  Disparities  in  achievement  are  also 
found  in  schools  in  different  administrative  regions  and  types  of  community.  Public  and 
private  schools  show  distinct  outcomes  favorable  to  private  ones  in  both  populations. 
Children's  altitudes  toward  math  appear  to  be  related  to  their  achievement. 

Introduction 

International  comparisons  about  students'  performance  in  any  subject  must  be  cautiously  achieved, 
since  there  are  distinct  sorts  of  differences  among  countries  which  may  contribute  to  explain 
differential  outcomes.  There  are,  most  likely,  dissimilarities  on  educational  systems,  on  implemented 
curricula,  on  emphasis  given  to  specific  topics,  on  student  habituation  to  the  testing  format,  and, 
generally  speaking,  there  are  important  cultural  differences.  In  this  study,  one  other  source  of  disparity 
among  participants  had  to  do  with  the  way  target  populations  were  defined  in  each  case.  For  cultural 
reasons  and  due  to  differences  in  educational  systems  there  were  restrictions  to  the  language  spoken 
and  to  the  grades  included.  And  the  very  fact  that  all  participants  had  limited  their  assessment  to 
children  who  were  in  school,  had  differential  effects  on  the  characteristics  of  the  collected  samples, 
since  in  some  countries  this  meant  a  low  participation  of  many  age-eligible  children.  (IAEP,  1992). 

It  is,  however,  worth  saying  that  one  major  concern  during  this  survey's  preparation,  elaboration  and 
application  was  to  ensure  the  best  uniformity  and  quality  to  the  project,  given  the  complex 
characteristics  of  the  international  context.  Nonetheless,  the  results  have  to  be  interpreted  taking  into 
consideration  the  educational  and  cultural  background  in  each  country. 

The  purpose  of  the  analysis  done  over  the  students'  outcomes  was  threefold:  1)  to  disclose  the  relative 
position  of  both  Portuguese  populations  (nine-  and  13-year-old  students)  in  this  general  assessment 
process,  in  spite  of  all  its  limitations;  2)  to  scrutinize  some  of  the  possible  relationships  between 
students'  performance  and  some  characteristics  of  their  personal  background,  their  home  and  school 
environment;  and  lastly  3)  to  examine  possible  disparities  in  the  achievement  of  nine-  and  13-year-old 
Portuguese  children.  This  presentation  will  have  to  be  confined  to  what  we  thought  were  the  most 
relevant  aspects  of  the  scrutiny  that  was  completed. 

ERIC  t'159 


The  Survey 


The  survey  was  constructed  by  Educational  Testing  Service  (ETS)  with  the  cooperation  of  specialists 
from  participating  countries,  translated  and  adjusted  by  technical  teams  from  those  countries,  and 
finally  administered  in  selected  schools  during  the  school  year  of  1990/199!.  In  Portugal  the  project 
was  sponsered  by  the  Ministry  of  Education  (G.E.P.)  and  coordinated  by  a  national  representative, 
who  was  assisted  by  a  national  scientific  commitee. 

This  assessment  comprised  three  kinds  of  instruments:  1)  a  four-section  paper  and  pencil  test 
addressing  five  topics  (Numbers  and  operations.  Measurement,  Geometry,  Data  analysis,  statistics  and 
probability,  and  Algebra  and  functions)  and  implicating  three  categories  of  cognitive  processing 
(Conceptual  understanding.  Procedural  knowledge,  and  Problem  solving);  2)  a  student  questionnaire 
inquiring  about  both  their  background,  home  environment  and  classroom  experiences;  3)  a  school 
questionnaire  to  be  answered  by  school  administrators  delving  on  the  characteristics  of  the  sampled 
schools. 

The  structure  of  the  analysis  performed  on  the  results  obtained  by  the  Portuguese  sample  relied  on  a 
set  of  research  questions  which  were  grounded  on  the  objectives  that  were  listed  above.  Student 
achievement  is  represented,  here,  by  the  percentage  of  correct  answers,  either  in  the  test  all  together, 
or  by  topic,  or  by  cognitive  process  assumedly  involved.  In  the  computation  of  mean  scores  weights 
were  used  in  order  to  adjust  the  sample  to  the  target  population.  The  results  of  students  who  omitted 
questions  at  the  end  part  of  each  section,  presumably  because  they  did  not  reach  them,  were  excluded 
from  the  calculations  for  those  questions. 

Portuguese  students'  achievement  in  Mathematics  in  the  context  of  1AEP  international  survey 

The  mean  percentage  of  correct  answers  across  all  countries  was  63,  with  a  range  of  20  points. 
Portuguese  nine-year-old  children's  average  was  55%,  lower  than  the  international  mean  and  the 
lowest  among  the  14  participating  countries  (1AEP,  1992).. 

With  regard  to  thirteen-year-old  students  the  overall  average  score  was  58%,  and  the  total  range 
among  countries  52  percentual  points.  Portuguese  students  at  this  age  answered  correctly  to  a  mean  of 
49%  of  the  questions,  being  fifth  from  the  bottom  in  terms  of  relative  placement  among  participating 
countries. 

When  students'  performance  is  disci  iminated  by  cognitive  process  and  by  topic  we  can  detect  some 
discrepancies.  Figure  1  and  Figure  2  illustrate  these  performances  for  both  nine-  and  13-year-old 
children. 


—  82 


iifin 


Figure  1  -  Average  percent  correct  scores  in  the      Figure  2  -  Average  percent  correct  scores  in  the 
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Figure  1  shows  us  that  Portuguese  children  performance  depended  on  the  cognitive  process  involved, 
although  in  a  different  way  for  each  population.  Nevertheless,  problem  solving  appeared  to  present 
more  difficulties  in  both  cases. 

As  can  be  seen  in  Figure  2,  there  is  also  a  differential  achievement  according  to  the  topic  addressed. 
Younger  children  seem  to  display  some  homogeneity  in  their  results,  contrary  to  the  eldest  whose 
average  scores  vary  from  33°/.  (measurement)  to  69%  (data  analysis). 

In  order  to  scrutinize  the  disparities  in  the  performance  of  "high"  and  "low"  achievers,  two  groups  of 
students  were  devised:  the  ones  between  the  1st  and  the  10th  percentile  ("low  achievers")  and  the 
students  above  the  90th  percentile  ("high  achievers").  Figures  3  and  4  illustrate  these  groups'  outcomes 
in  both  age  populations. 

Figure  3  -  Average  percent  correct  scores  in  the  test  all  together  and  by  cogn:tive  process  -  "high"  and 
"low"  achievers  -  9-  and  13-year-old  students 
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One  striking  finding  is  the  range  between  "high"  and  "low"  achievers'  average  outcomes  in  the  oldest 
population.  Nine-year-old  "low"  achievers  seem  to  be  less  distant  from  "high"  achievers  group  of  the 
same  age.  One  other  aspect  refers  to  the  difficulties  found  in  the  first  group  of  c'  Idren,  in  both 
populations,  more  apparent  in  questions  that  implicate  either  procedural  knowledge  or  problem  solving 
kind  of  processes.  On  the  contrary,  9-year-old  "high"  achievers  appear  to  be  stronger  in  procedural 
knowledge  and  his  older  peers  perform  also  well  in  this  sort  of  questions. 

Figure  4  -  Average  percent  correct  scores  in  the  test  all  together  and  by  topic  -  "high"  and  "low" 
achievers  -  9-  and  13-year-old  students 
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With  respect  to  the  topics  addressed  in  the  study  we  can  identify  some  difficulties  in  "numbers  and 
operations"  in  the  less  successful  nine-year-olds,  although  they  may  be  partially  due  to  the 
predominance  of  questions  relative  to  this  content  in  the  test.  "Measurement"  appears  to  be  a 
problematic  area  for  both  "high"  and  "low"  group  within  the  oldest  population;  "algebra  and  functions" 
is  one  other  area  of  concern  for  the  weaker  13-year-old  group. 


Portugal  being  a  small  country,  we  considered  to  examine  whether  or  not  there  were  dissimilarities 
among  distinct  geographical/administrative  regions,  and  also  among  different  types  of  community 
(urban,  semi-urban,  rural).  Results  are  sketched  in  Figure  S  and  6. 
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Figure  5  -  Average  percent  correct  scores  in  the 
test  all  together  by  adrninistre  ive  region  -  9-  and 
13  year-old  students 

;  CD  M»n»J»23  Al8lrv«Z3  CMlro  M  Ulbol  VT 


Figure  6  -  Average  percent  correct  scores  in  the 
test  by  type  of  community  -  9-  and  13-year 
old  students 
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The  administrative  region  where  the  school  is  located  is  found  to  be  related  to  the  students' 
performance  in  both  age  groups.  The  pattern  of  this  relationship  is  also  pretty  much  the  same  across 
cognitive  processes  and  content  areas.  We  can,  therefore,  speak  about  some  heterogeneity  within  the 
country  in  terms  of  the  average  performance  in  math. 

The  country's  partition  in  terms  of  kinds  of  community  (rural,  semi-urban  and  urban)  also  exhibits 
some  disparities  in  the  outcomes.  Considering  either  the  test  all  together,  or  by  cognitive  processes,  or 
even  by  content  areas,  the  pattern  just  repeats  itself  in  both  populations:  semi-urban  schools  appear  to 
have  better  average  results,  shortly  followed  by  urban  schools'  and  lastly,  by  rural  ones. 

The  contrast  between  public  and  private  schools  is  displayed  in  Figure  7. 

Figure  7  -  Average  percent  correct  scores  in  the  test  all  together  in  public  and  private  schools  -  9-  and 
1 3-  year-old  students         :_.  ^  icMtfl       „„.„  ,axn 
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Although  the  number  of  children  attending  private  schools  is  much  smaller  than  the  number  of 
youngsters  in  public  ones,  the  results  illustrate  a  somewhat  better  achievement  of  the  students  in  the 
first  kind  of  schools. 

One  of  the  research  questions  that  wis  thought  to  be  very  important  had  to  do  with  the  repetit.on  of 
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grade  tint  was  allowed  within  the  Portuguese  school  system  at  the  time  of  the  study.  Therefore,  the 
performance  of  both  populations  was  studied  once  they  were  discriminated  by  grade.  The  outcomes  of 
this  scrutiny  are  shown  in  Figure  8. 


Figure  8  -  Average  percent  correct  scores  in  the  test  all  together  by  grade  -  9-  and  13-year-old 
students 
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One  interesting  finding  that  results  from  the  observation  of  the  previous  figure  is  that  the  lower  are  the 
grades,  (and  the  age  is  constant  within  each  population),  the  worse  the  outcomes  become.  And  this 
rule  is  also  true  across  cognitive  processes  and  topics,  and  for  both  age  groups,  though  the  differences 
seem  to  be  magnified  in  the  older  students.  In  summary,  students  who  are  kept  at  lower  grades  have 
results  far  apart  from  their  more  advanced  peers  and,  more  importantly,  reach,  in  average,  very  low 
levels  of  achievement.  It  must  be  noted,  however,  that  the  effect  of  repeating  the  grade  is  here, 
confounded  with  the  fact  that  the  students  were  exposed  to  less  advanced  curriculum,  and  the  test 
included  issues  demanding  a  deeper  and  wider  elaboration,  which  is  not  available  for  children  held  in 
the  same  grade  for  multiple  years. 

Figure  9  -  Average  percent  correct  scores  in  the  test  according  to  the  attitude  towards  the  statement 
"My  parents  want  me  to  be  good  in  math"  -9-13-  year-old  students 
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The  observation  of  Figure  9  above  indicates  that  nine-year-olds,  as  well  as  13-year-olds  seem  to 
correspond  to  the  perceived  expectations  of  their  parents  with  respect  to  their  achievement  in 
mathematics. 

Figure  10  -  Average  percent  correct  scores  in  the  test  according  to  the  attitude  towards  the  statement 
"I  am  good  at  math"  -9-13-  year-old  students    
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Figure  10  illustrates  a  strong  relationship  between  students'  perceived  competence  in  mathematics  and 
actual  achievement  in  this  domain.  This  relationship  apears  to  be  present  both  in  the  youngest  and  m 
the  oldest  population 

Two  home  activities  were  selected  to  be  examined  in  this  presentation,  with  respect  to  their  potential 
relationship  with  student  performance  in  math:  Time  spent  daily  watching  TV  and  time  in  a  week  spent 
doing  math  homework. 


Figure  1 1  -  Average  percent  correct  scores  in 
old  students 
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Figure  12  -  Average  percent  correct  scores  in  the  test  and  time  spent  during  a  week  doing  math 
homework  -9-13-  year-old  students 
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For  both  age  groups  there  seems  to  be  very  uneven  distributions  of  answers  regarding  these  types  of 
activities,  and  a  nonlinear  relationship  between  the  regular  duration  of  these  activities  and  the 
youngsters'  outcomes. 


Conclusions 

Portuguese  students  displayed  a  low  achievement  in  average  when  compared  to  the  students  in  most 
of  the  other  participating  countries. 

Although  the  country  occupies  a  small  area,  there  appears  to  be  a  somewhart  large  heterogeneity 
among  regions  and  kinds  of  community. 

Private  schools  show  results  that  are  better  than  public  shools',  though  the  propor-'ion  in  students 
attendance  to  them  is  very  unbalanced. 

The  fact  that  a  student  can  repeat  a  grade  does  not  seem  to  bring  much  improvement  to  his/her  degree 
of  success:  in  both  populations,  the  average  scores  are  worse  as  the  number  of  (presumed)  repetitions 
increases. 

Student  attitudes  and  expectations  towards  math  appear  to  be  related  to  their  performance  in  this  area. 
With  respect  to  time  watching  TV  and  time  spent  doing  math  homework,  there  seems  to  exist  a  non- 
linear type  of  relationship  between  each  of  these  children's  home  activities  and  their  performance  in 
mathematics. 
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Abstract 


Some  recent  discussion  at  PME  and  elsewhere  has  focused  on  the  transition  from  arithmetic 
thinking  to  algebraic  thinking  among  school  children.  This  paper  uses  data  from  children  s 
descriptions  of  number  patterns,  together  with  the  theoretical  framework  of  the  SOLO  taxonomy 
to  suggest  that  there  is  possibly  a  number  of  pathways  for  children's  thinking  to  take  as  they 
make  the  transition.  A  model  is  described  that  may  assist  in  the  mapping  of  these  pathways. 

Introduction 

In  recent  years  there  has  been  considerable  focus  on  the  developmental  patterns  that 
represent  the  transition  from  arithmetic  thinking  to  algebraic  thinking.  (Lins,  1992; 
Redden,  1993;  Sutherland,  1992;  Mason,  1992;  Wagner  and  Kieran,  1989).  In  her  report  to 
the  PME  Working  Group  on  Algebraic  Processes  and  Structures,  Sutherland  posed  the 
questions: 

What  shifts  in  the  structure  and  focus  of  attention  characterise  movement 
from  arithmetical  to  algebraic  thinking?  What  mathematical  situations  are 
likely  to  lead  students  to  encounter  the  possibility  and  desirabilities  of  these 
shifts? 

(Sutherland,  1993) 

Mason  (1985, 1992)  popularised  an  approach  to  developing  algebraic  thinking  through  the 
expression  of  generality  in  contexts  that  involve  some  form  of  number  pattern.  This 
approach  has  been  adopted  and  developed  by  others  (Pegg  and  Redden,  1990a;  Pegg and 
Redden,  1990b;  NSW  Syllabus,  1989;  Romburg,  1989;  Australian  Education  Council,  1991). 
While  the  approach  has  had  considerable  support,  the  research  evidence  (Pegg  and 
Redden,  1990;  Arzarello,  1991;  Redden,  1993;  MacGregor  and  Stacey,  1993)  that  has  been 
reported  on  this  approach  has  focused  on  classification  of  children's  responses  rather  than 
the  dynamics  of  child  development.  This  paper  asks  can  a  developmental  hierarchy  be 
postulated  from  an  analysis  of  children's  responses  to  questions  involving  interpretation 
of  number  patterns? 

Method 

To  investigate  this  question  1435  children  aged  10  to  13  were  presented  with  4  number 
pattern  stimulus  items  and  were  asked  four  questions  about  each  item.  The  questions 
were: 

(a)  What  is  the  next  term  in  the  pattern? 

(b)  Describe  a  general  rule  for  the  pattern  in  natural  language. 

(c)  Calculate  the  value  of  an  uncountable  term  (eg.  n=80). 

(d)  Write  their  rule  in  the  symbolic  notation  of  mathematics. 

The  discussion  in  this  paper  focuses  on  the  children's  natural  language  description  of 
question  (b).  Responses  to  the  other  questions  were  at  times  used  to  clarify  children's 
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intended  meaning  in  question  (b).  The  four  stimulus  items  varied  in  the  complexity  of 
their  data  and  in  the  context  of  the  number  pattern.  In  figure  1  it  can  be  seen  that  stimulus 
item  1  has  a  simple  data  structure  that  involves  only  one  arithmetic  operation  in  the 
function.  The  other  items  involve  two  arithmetic  operations.  The  data  for  stimulus  item 
1,2  and  4  are  presented  in  a  "real  world"  context  while  stimulus  item  3  provides  the  data 
in  the  context  of  a  function  table. 


Stimulus  Item  1 

A  tricycle  manufacturer  needs  to  know 
how  many  wheels  he  needs  for  different 
sized  orders. 

order  for 

1  tricycle 

order  for 

2  tricycles 

order  for 

3  tricycles 


Stimulus  Item  2 
The  same  tricycle  manufacturer  decided  to 
make  trailers  for  his  tricycles  so  that  yu 
could  make  bike  trains  to  carry  lots  of 
people. 


1  person 
bike  train 

2  person 
bike  train 

3  person 
bike  train 

Stimulus  Item  3 

I  have  a  computer  that  turns  the  number  in 
the  top  row  into  the  number  in  the  bottom 
row. 


□ 

1 

2 

/5k 

2 

5 

Stimulus  Item  4 

Here  are  some  chains  of  squares  built  using 
matches. 


Figure  B.l 
Stimulus  Items 

The  SOLO  taxonomy  (Biggs  and  Collis,  1991)  was  used  as  theoretical  framework  for 
interpreting  the  data,  since  it  provided  a  method  of  looking  across  item  types  and  a 
method  of  hypothesising  hierarchies  of  development.  The  taxonomy  suggests  there  are 
five  modes  of  representation  each  consisting  of  three  levels  of  development.  The  mode  of 
relevance  here  is  the  concrete  symbolic  mode  since  the  children  are  being  asked  to  use  a 
symbol  system  to  describe  a  pattern  that  has  a  concrete  referent.  The  child  may  be  using 
the  imagery  of  the  ikonic  mode  as  support  in  the  formulation  of  their  responses,  however 
the  target  mode,  in  the  terms  of  Biggs  and  Collis  (1991),  is  the  concrete  symbolic  mode. 
The  three  levels  in  the  target  mode  are  unistructural,  multisrructural  and  relational.  A 
unistructural  response  (U)  involves  the  child  focusing  on  one  relevant  aspect  or  one  piece 
of  data  of  the  stimulus  item.  Multistructural  responses  (M)  focuses  on  more  than  one 
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relevant  aspect  or  data  element  but  fails  to  integrate  then.  The  sequential  nature  of  these 
responses  differentiate  them  from  a  relational  response  (R)  in  which  an  integrated 
understanding  of  the  relationships  between  the  data  is  evident. 

Results 

In  interpreting  the  results  in  terms  of  the  SOLO  taxonomy,  there  appear  to  be  two 
hierarchies  of  growth.  One  concerns  the  use  of  data  from  the  question,  and  the  other 
concerns  the  sense  of  an  overview  of  the  data  that  can  be  provided  in  the  form  of  an 
expression  of  generality  in  their  pattern  description.  It  would  appear  that  these  two 
concepts  are  not  necessarily  developed  in  parallel.  But  a  child  may  in  fact  develop  in  one 
or  the  other  independently. 

Consider  the  two  dimensions  alluded  to  above.  The  first  dimension  has  been  called  the 
data  processing  dimension  (D).  It  refers  to  the  number.of  data  elements  from  the  stimulus 
item  that  the  child  can  hold  in  short  term  memory  and  successfully  process.  The  second 
has  been  called  the  generality  dimension  (G)  and  refers  to  the  child's  ability  to  describe  a 
general  relationship  that  provides  an  overview  of  the  information  that  is  provided  in  the 
stimulus  item.  In  the  following,  a  developmental  hierarchy  is  postulated  for  each 
dimension  and  then  their  possible  interaction  is  discussed. 

1.  Data  processing  dimension. 

Children  exhibited  the  ability  to  deal  with  differing  number  of  data  elements.  By  data 
elements  it  is  meant  the  number  facts  provided  by  the  stimulus  item.  For  example  in  the 
first  stimulus  item,  there  is  one  element  of  data  and  it  is  that  each  tricycle  has  three 
wheels.  In  the  second  and  subsequent  stimulus  items,  there  are  two  data  elements.  The 
data  elements  are  similar  in  structure  for  stimulus  items  2  and  4  and  consist  of  the  value  of 
the  first  term  of  the  sequence  and  the  incrementing  value.  It  is  argued  that  a 
multistructural  response  is  adequate  to  present  the  data.  In  contrast,  the  data  for  stimulus 
item  3  requires  two  arithmetic  operations  to  be  identified  for  one  ordered  pair  and  then 
tested  across  the  other  ordered  pairs.  This  is  viewed  as  requiring  a  relational 
understanding  of  the  data. 

Some  children  showed  that  they  can  respond  to  stimulus  items  that  have  only  one  piece  of 
data,  but  were  unable  to  provide  accurate  descriptions  when  more  than  one  piece  of  data 
needed  to  be  processed.  Other  children  seized  on  one  piece  of  data  from  situations  when 
more  than  one  piece  of  data  was  supplied  and  attempted  to  generalise  from  this  restricted 
data  set.  eg 

A  chain  of  80  squares  needs  320  matches. 

This  group  of  responses  could  be  described,  in  SOLO  terms,  as  lying  in  the  concrete 
symbolic  mode  at  the  unistructural  level  (Ud).  They  have  been  classified  as  unistructural 
responses  since  they  use  only  one  piece  of  data  at  a  time. 

The  second  group  are  classified  at  a  higher  level  than  Ud  since  they  were  able  to  process 
more  than  one  piece  of  data  successfully.  Hence  they  should  be  classified  at  concrete 
symbolic  multistructural  (Md)  or  concrete  symbolic  relational  (Rd).  The  nature  of  the 
stimulus  items  placed  an  upper  limit  on  the  quality  of  the  response  that  the  children  could 
produce.  In  stimulus  items  2  and  4  the  data  was  presented  in  such  a  way  as  to  allow  an 
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adequate  data  set  to  be  able  to  be  produced  by  a  multistructural  analysis  of  the  items.  Just 
what  these  elements  of  data  were  depended  on  the  child's  perception  of  the  question.  In 
stimulus  item  2  some  children  saw  that  three  wheels  were  needed  for  the  first  person  and 
then  two  wheels  were  needed  for  each  remaining  person.  Others  perceived  the  data  as 
two  wheels  are  needed  for  each  person  with  one  extra  wheel  needed  for  the  tricycle.  As 
with  stimulus  item  2,  the  squares  constructed  from  match  sticks  in  stimulus  item  4  were 
perceived  in  two  different  ways..  Some  children  see  the  pattern  as  one  match  stick  with 
successive  additions  of  three  match  sticks. 


Others  see  the  pattern  as  four  match  sticks  with  successive  additions  of  three  match  sticks. 


These  views  of  the  data  are  analogous  with  Biggs  and  Collis'  description  of 
multistructural  responses  as  a  set  of  unrelated  elements.  Children  who  can  adequately 
describe  this  data  are  capable  of  responding  at  a  multistructural  level,  of  higher,  in  the 
concrete  symbolic  mode.  The  child  is  not  forced  to  describe  relationships  between  parts  of 
the  data  to  identify  an  adequate  data  set. 

On  the  other  hand,  in  stimulus  item  3,  such  a  multistructural  view  of  the  data  does  not 
lead  to  an  adequate  data  set.  The  children  who  described  the  data  as  "the  top  line  goes  up 
by  one  and  the  bottom  line  goes  up  by  three"  do  not  have  the  necessary  overview  of  the 
data  to  describe  the  relationship  between  the  top  line  and  the  bottom  line.  The  data  that 
has  to  be  identified  is  a  set  of  arithmetical  operations  that  has  to  be  performed  on  the  top 
line  (independent  variable)  to  give  the  values  in  the  bottom  line  (dependent  variable). 
Because  a  common  set  of  elements  to  describe  the  relationship  has  to  be  found,  the 
identification  of  an  adequate  data  set  for  stimulus  item  three  is  classified  as  concrete 
symbolic  relational  (Rd). 

2.  Expressing  Generality  Dimension. 

On  coding  responses  to  component  (b)  of  the  stimulus  items  four  categories  were 
identified.  The  first  was  called  Pre-structural  and  reflect  the  child's 
inability/unwillingness  to  successfully  engage  the  stimulus  items.  The  term  pre-structural 
is  borrowed  from  the  first  version  of  the  SOLO  taxonomy  (Biggs  and  Collis,  1982).  It  is 
possible  that  these  children  are  operating  in  the  ikonic  mode  and  are  relying  on  imagery 
and  intuition  but  are  unable  to  express  their  thoughts  in  the  concrete  symbolic  mode  as 
required  by  the  question.  This  group  have  not  been  included  in  this  analysis. 

The  first  group  that  experienced  some  success  in  responding  to  component  B  of  the 
stimulus  items  were  those  students  who  were  able  to  give  a  specific  example  rather  than  a 
general  partem  description.  Some  examples  of  these  response  are: 

Fine  tricycles  need  15  wheels 
Eight  squares  need  25  matches. 
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Since  they  focus  on  one  example  these  responses  are  classified  as  concrete  symbolic 
unistructural  (Ug)- 

The  next  group  identified  were  described  as  successive.  The  tendency  in  this  group  is  to 
focus  on  outcomes  only  and  to  describe  how  to  move  from  one  term  in  a  sequence  to  the 
next  term.  Some  examples  are: 

You  start  with  four  and  ust  keep  on  adding  three. 
You  add  one  to  the  top  line  and  three  to  the  bottom. 

This  group  has  been  classified  as  concrete  symbolic  multistructural  (MG)-  Under  some 
circumstances  there  is  a  tendency  to  see  successive  descriptions  as  a  relatively 
sophisticated  iterative  function.  Such  a  function,  however,  implies  the  existence  of  a 
feedback  loop  to  enable  the  calculation  of  the  next  term  as  in; 

Yn+l=Yn+3 

Such  strategies  have  relevance  in  many  mathematical  situations  such  as  Newton's  Method 
for  approximating  the  roots  of  a  function.  In  many  computer  settings  similar  strategies  are 
used  for  incrementing  variable  values.  Some  example  are  the  For-To-Next  loop  in  BASIC 
programming,  recursion  in  the  LOGO  environment  and  spreadsheets.  However,  these 
iterative  functions  are  not  the  focus  of  the  successive  category  found  in  this  study.  The 
predominant  feature  of  the  successive  description  was  the  "keep  on  adding"  focus.  No 
description  that  implied  a  sophisticated  iterative  process  was  identified. 

The  final  group  are  classified  as  concrete  symbolic  relational  (Rg)  since  they  have 
presented  an  overview  of  the  data  by  describing  a  functional  relationship  between  a 
dependent  variable  and  an  independent  variable.  Some  of  responses  in  this  category  were: 

You  times  the  number  of  tricycles  by  three  to  get  the  number  of  wheels. 
The  number  of  squares  is  multiplied  by  three  and  then  add  one. 

Three  categories  in  each  if  the  data  processing  dimension  and  the  expressing  generality 
dimension  have  been  identified.  The  following  section  synthesises  these  dimensions  into  a 
developmental  model. 

Toward*  a  Model  of  Development 

Using  the  above  classification  of  the  children's  responses  into  SOLO  levels  we  are  in  a 
position  to  hypothesise  a  hierarchical  model  of  development  for  pattern  descriptions. 
Figure  2  is  a  diagrammatic  representation  of  the  model.  The  model  represents  children 
who  are  capable  of  responding  in  the  concrete  symbolic  mode  and  their  earliest  entry 
point  to  the  model  is  in  the  top  left  hand  cell  (UdUG)  which  represents  the  unistructural 
level  of  both  the  data  processing  dimension  (Ud)  and  the  expressing  generality  dimension 
(UG). 
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Hypothesised  Development  Model 

In  general  the  desired  development  path  would  be  represented  by  the  diagonal  line  in 
figure  2  This  line  represents  a  transition  from  being  unistructural  in  both  dimensions 
(UdUg)  to  being  able  to  respond  at  the  relational  level  in  both  dimensions  (RdRG)- 
However  it  is  clear  from  the  survey  data  that  the  progress  exhibited  by  children  is 
probably  not  linear,  nor  restricted  to  the  diagonal  cells.  It  can  be  seen  that  there  is  a 
possibility  of  a  large  number  of  paths  from  UdUg  to  RdRG-  Let  us  consider  some  of  the 
development  paths  that  are  evident  in  the  survey  data.  It  is  not  the  researchers  intension 
to  quantify  the  likelihood  of  a  student  following  any  of  these  paths,  but  rather  to  provide 
evidence  for  their  existence.  A  little  later  in  the  discussion  some  possible  reasons  for  the 
variability  in  the  paths  will  be  discussed. 

1.  The  path  from  UdUg  to  RdUg.  These  children  demonstrated  an  ability  to  identify  the 
appropriate  data  elements.  While  their  pattern  description  was  low  on  the  generality 
dimension  they  were  able  to  provide  the  correct  answer  to  an  uncountable  example  in 
component  C.  Thus  they  had  correctly  identified  the  necessary  data  set  to  provide  a 
general  description  but  their  response  to  component  B  indicated  that  the  concept  of 
expressing  generality  had  not  yet  developed. 
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2.  Path  from  UdUg  to  UdRG-  These  children  demonstrated  an  ability  to  express 
generality  for  patterns  that  had  one  data  element  such  as  stimulus  item  1.  They  were  able 
to  write  succinct  sentences  that  relate  the  number  of  wheels  (dependent  variable)  to  the 
number  of  triangles  (independent  variable),  but  were  unable  to  write  such  relationships 
for  the  more  complex  data  sets  of  stimulus  items  two,  three  and  four. 

Another  set  of  responses  that  provided  evidence  for  the  existence  of  this  path  were  those 
that  chose  one  piece  of  data  from  a  more  complex  data  set  and  based  all  the  answers  to  the 
components  of  that  stimulus  item  on  this  restricted  view  of  the  data.  An  example  of  this 
type  of  response  is  the  group  of  students  who  focus  on  the  fact  that  a  square  has  four  sides 
in  stimulus  item  4  and  then  went  on  to  describe  the  rule  as: 

Multiply  the  number  of  squares  by  four  to  gel  the  number  of  matches. 

and  then  answered  component  C  with: 


thus  ignoring  the  fact  that  only  three  matches  were  required  for  each  additional  square. 

3.  Interaction  Paths.  Thus  far  in  the  discussion  the  two  dimensions  of  growth  have  been 
treated  as  independent  of  each  other.  However,  there  was  some  evidence  of  an  interaction 
effect  between  the  two  dimensions.  This  interaction  effect  was  made  evident  by  the 
variability  in  response  structure  across  different  stimulus  items.  One  common  difference 
was  for  children  to  provide  a  relational  description  (Rg)  to  stimulus  item  1  and  a 
successive  response  (MG)  to  the  more  complex  data  sets  of  stimulus  items  2,  3  and  4.  In 
terms  of  the  model  in  figure  2  this  represents  a  shift  from  UdRG  to  MdMg-  Of  course  this 
is  not  a  movement  over  time  since  both  responses  were  collected  on  the  same  day.  A 
plausible  explanation  is  that  the  reduction  in  the  level  of  expression  of  generality  is  a 
consequence  of  the  additional  cognitive  load  brought  about  by  the  need  to  process  a  more 
complex  data  set. 

Conclusion 

This  paper  has  provided  a  description  of  a  cognitive  map  of  changes  in  students  responses 
to  number  pattern  stimulus  items.  It  provides  a  methodology  for  explaining  the  variability 
in  these  responses,  both  between  students  and  between  item  type. 

The  SOLO  taxonomy  has  been  used  as  a  framework  to  order  the  set  of  responses  on  both 
dimensions  of  the  model.  The  model  has  been  used  to  predict  item  difficulty  among  a 
number  of  number  partem  questions.  These  predictions  correlated  well  (rho>0.9)  with  the 
hierarchy  of  actual  responses  produced  by  a  Rasch  analysis  of  the  data.  While  this  support 
for  the  model  was  encouraging,  further  confirmatory  investigation  has  taken  place. 

Data  from  a  two  year  longitudinal  study  of  student  responses  has  been  collected.  This 
data  will  be  used  to  further  investigate  the  validity  of  the  model. 
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GENERALIZATION  AS  A  BASIS  FOR  ALGEBRAIC  THINKING: 
OBSERVATIONS  WITH  11-12  YEAR  OLD  PUPILS 
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Department  of  Mathematics  -  University  of  Pavia  (Italy) 


Generalization,  intended  as  the  ability  to  pass  from  the  particular  to  the  general  or  also  the 
ability  to  see  the  general  in  the  particular,  represents  a  fundamental  element  of  algebraic  thinking 
that  would  otherwise  be  simply  working  with  symbols.  Moreover  it  is  a  common  experience  that 
often  the  pure  technical  aspect  prevails  in  didactic  practice  and  the  operative  ability  sometimes 
hides  the  not  understanding  of  the  general  significance  of  that  which  is  being  done.  The  bases  of 
algebraic  thinking  are  laid  when  the  properties  of  the  operations  between  numbers  are  leamt  and 
one  starts  to  work  with  symbols  in  various  contexts  (arithmetical,  geometrical,  data  processing), 
but  the  acquisitions  in  this  field  must  be  considered  as  a  gradual  achievement  and  must  be 
continually  consolidated.  Our  research  study  proposes  to  determine  the  moments  of  origin  of 
some  of  the  difficulties  that  consequently  cause  errors  and  misunderstandings  in  working 
algebraically.  This  report  refers  to  the  level  of  generalization  in  11-12  year  old  pupils,  showing 
how  the  ability  to  grasp  the  generality  of  the  result  may  be  apparent  and  trying  to  understand 
when  it  corresponds  to  real  awareness  of  general  relationships. 


INTRODUCTION 

As  is  well  known,  it  is  customarv  with  the  term  algebra  to  indicate  a  part  of  mathematics  in  which 
various  components  cohabit,  from  the  theories  on  the  solvability  of  equations  to  which  the  name  is 
historically  connected,  to  the  manipulation  of  the  symbols  in  literal  expressions,  to  the  study  of 
relations  and  of  structures.  ,.     .     .u  . 

Generalization,  intended  here  in  the  current  sense  of  the  term  used  in  the  field  of  mathematics,  that 
is  being  able  to  pass  from  the  particular  to  the  general  or  being  able  to  see  the  general  in  the 
particular,  represents  in  even  case  the  preliminary  and  constituent  aspects  of  algebraic  thinking  that 
would  otherwise  be  reduced  to  a  set  of  rules  or  to  a  series  of  formal  steps  that  are  carried  out 

mechanically.  ,  .    .  .   . 

Numerous  studies,  as  is  well  known,  both  theoretical  and  empirical  have  examined  the  different 
components  of  algebraic  thinking,  they  have  determined  the  obstacles  in  relation  to  the  different  age 
groups  and  to  the  contexts  in  which  the  algebraic  thinking  is  proposed.  In  this  report  we  will  limit 
ourselves  to  quoting  those  that  we  intend  to  refer  to. 

In  recent  years  there  have  been  several  very  interesting  research  studies  that  have  studied  the 
relations  between  the  algebraical  language  and  programming  languages,  underlining  some 
contributions  that  the  use  of  particular  programming  environments  can  lead  to  the  correct  use  of  the 
variable  and  more  generally  to  the  training  of  working  algebraically  (Capporu-Balacheff  89, 
Chiappini-Lcmut  91,  Rojano-Sutherla*  i  93,  Ursini  91,...).  Some  of  our  research  studies  on  the 
learning  of  a  programming  language  with  1 1-14  year  old  pupils  have  highlighted  the  coexistence  of 
specific  difficulties  connected  to  the  programming  environment  with  the  difficulty  conrtected  to  the 
requirement  of  formalization,  that  could  be  revealed  in  the  use  of  any  formal  language  (therefore 
also  the  algebraical  language),  and  with  more  profound  difficulties  connected  to  me 
conceptualization  of  the  structures  involved.  These  last  difficulties  could  be  connected  with  that  ot 
generalization.  We  refer  in  particular  to  the  difficulties  in  the  use  of  the  variable  (Reggiani  92)and 
to  those  in  the  use  of  the  conditional  structure,  where  it  has  been  noted  that  the  pupils  did  not  know 
how  to  detach  themselves  from  the  real  case  in  which  the  alternatives  arc  obviously  given  one  at  a 
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time:  therefore  they  did  not  manage  to  consider  the  alternatives  abstractly  and  therefore  as  coexistent 
(Rcggiani  91) 

Following  these  observations  the  attention  of  our  research  group  moved  towards  the  determination 
of  similar  difficulties  in  the  arithmetical-algebraical  area.  A  particular  objective  was  to  try  and 
determine  some  of  the  stages  of  awareness  of  algebraic  thinking,  considering  among  the  various 
aspects  in  particular  that  of  "thinking  in  general".  It  has  been  noted  that  in  didactic  practice  it  is 
often  observed  that  the  acquisition  of  mechanical  procedures  is  prevalent  on  the  awareness  of  the 
formal  rules  to  which  they  correspond  and  that  the  ability  to  solve  a  problem  translating  it  into  a 
formula  or  the  mastery  of  the  syntactical  rules  not  always  corresponds  to  the  awareness  of  the 
generality  of  w  hat  is  being  done. 

In  this  report  we  intend  to  propose  some  observations  made  in  the  scholastic  environment  regarding 
11-12  year  old  pupils,  we  tried  to  make  them  take  the  first  step  towards  the  gradual  achievement  of 
generalization  with  an  activity  that  takes  into  consideration,  as  a  particular  example  of  the  problem, 
only  the  search  for  a  regularity  and  its  motivation.  The  observations  were  made  by  means  of 
analysis  of  the  protocols  and  class  discussions. 

THEORETICAL  OUTLINE 

It  is  known  that  the  term  generalization  is  used  in  Psycology  and  in  Philosophy  with  various 
meanings. 

They  can  be  connected  to  two  fundamental  activities  of  the  knowing  subject'. 

a)  to  express  regularities  or  general  properties  that  are  considered  included  in  the  "particular", 

b)  to  recognise  and  to  carry  out  the  possibility  to  pass  from  a  particular  to  another  new  object,  said 
to  be  "general",  able  to  represent  the  particulars. 

In  experimental  Psycology  the  question  is  studied  as  an  "ability"  of  the  subject  or  also  as  the 
development  of  such  ability:  sensory  elements  or  mental  processes  with  which  the  generalization 
activity  is  performed  arc  determined. 

A  brief  glance  at  the  history  of  thought  shows  us  that  the  problem  has  been  posed  since  ancient 
times.  Simplifying,  one  can  say  that  there  seems  to  be  the  following  alternative:  is  that  which 
generalization  attains  something  which  must  be  discovered  or  something  that  must  be  produced  or 
even  invented?  Docs  it  have  its  own  p reconstituted  objectivity,  or  is  it  a  construction  given  by  us. 
in  which  case  it  is  receiving  objectivity  from  us? 

In  the  first  case  (Plato,  and  to  a  lesser  extent  Aristotle  in  ancient  times,  Frcgc  in  the  contemporary 
age)  it  must  be  recognised  by  us,  in  the  second  case  (the  Stoics  and  recently  J.Stuart  Mill,  B. 
Russell)  it  will  be  elaborated  as  an  image  corresponding  to  particular  or  "individual"  objects. 
The  point  of  view  of  this  research  study  docs  not  exclude  the  validity  of  any  of  the  above  mentioned 
meanings,  but  somehow  sets  them  aside:  if  one  of  them  were  chosen  it  would  arbitrarily  impoverish 
the  teaching-learning  of  algebra,  which  can  not  be  identified  with  the  possible  philosophical  or 
psycological  interpretations  of  its  objects. 

The  term  generalization  in  algebra  has  a  very  specific  meaning.  It  coincides  with  the  construction  of 
"variables"  that  have  two  complementary  aspects:  a)  expression  of  a  cognitive  activity  of  the 
subject,  b)  part  of  the  objective  knowledge  (Dorflcr  91.  p. 84). 

In  the  CiHitcxt  of  algebra,  generalization  reveals  itself  with  the  introduction  of  a  symbolic  term 
(algebraical  symbol)  able  to  take  on  numerical  expressions  or  other  symbolic  expressions  of  an 
inferior  level. 

There  arc  present  in  literature  different  possible  models  to  describe  such  process  (let  us  remember 
for  example  those  of  Dorflcr,  concerning  not  only  algebra,  and  Mason). 
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A  phase  that  is  recognised  as  central  is  the  construction  of  schematizations  of  various  types 
(schcmas)  that  can  be  interpreted  as  a  point  of  support  for  the  construction  of  "schemes"  in  the 

Vergnaud sense.  ...  .  _  ,  ... 

The  research  study  described  in  this  report  is  limited  to  studying  in  an  experimental  way  toe 
"spontaneous"  abilities  to  pass  from  "particular"  to  "general"  in  1 1-12  year  old  pupils,  stimulated  by 
a  guided  procedure,  step  by  step  on  single  concrete  examples.  It  is  believed  that  the  possibility  to 
generalize,  in  this  learning  phase  and  at  this  age,  can  for  many  pupils  be  placed  in  the  proximal 
development  zone"  (Vigotskij),  that  requires  stimulation  from  an  external  intervention  to  be 
activated  Let  us  make  clear  that  with  the  term  "spontaneous"  here  we  intend  to  refer  exclusively  to 
the  fact  that  the  pupils  have  not  been  taught  algebra,  but  we  could  say  that  they  are  in  a 
"prealgebraical"  phase. 

It  is  thought  that  generalization  is  a  gradual  process,  a  non  continuous  acquisition,  connected  to  the 
knowledge  of  algebra  but  not  coinciding  with  it.  Also  when  the  pupil  shows  good  mastery  of  the  use 
of  the  letters  the  process  can  not  be  considered  concluded.  In  effect  it  could  be  a  mechanical 
acquisition  as  is  often  shown  by  class  observations  also  with  14-16  year  old  pupils,  an  age  in  which 
the  Italian  scholastic  system  gives  most  space  to  algebra.  It  is  not  said  that  being  able  to  solve  a 
problem  by  setting  out  an  equation  indicates  sufficient  awareness  of  algebraic  thinking.  In  the  same 
way  indicating  confidently  an  even  number  with  2n  or  an  uneven  one  with  2n+ 1 ,  does  not  guarantee 
that  it  does  not  mean  a  repetition  of  formulae  that  have  nothing  to  do  with  a  real  generality. 
The  pupils  that  were  taken  into  consideration,  as  we  will  see,  arc  only  partially  able  to  see  the 
problem  in  general,  even  though  they  certainly  have  good  mastery  of  the  formulae  of  the  areas  of 
geometrical  figure  planes,  formulae  that  represent  one  of  the  pupils  first  contact!  with 
generalization  but  arc  not  acknowledged  as  such.    Also  the  correct  use  of  the  variable  in  a 
programming  area  is  not,  in  our  opinion,  a  guarantee  of  acquisition  of  its  meaning  in  *  ™<*J*' 
can  simplv  be  seen  as  the  assigning  of  a  name  to  a  memory  space  to  be  used  and  therefore  present 
itself  as  a  concrete  and  particular  element,  not  abstract  and  general. 

The  algebraic  game  is  instead  a  continual  interaction  between  syntax,  that  operates  at  the  level  ot 
general  expression,  internal  semantics,  intended  as  the  comprehension  of  the  meaning  of  the  rules 
independently  from  the  context  and  external  semantics,  that  is  reference  to  a  specific  <™««* 
therefore  "reparticularization".  These  aspects  of  algebraic  thinking  and  of  its  learning  tave  been 
studied  in  great  depth  by  Arzarcllo  et  alii,  in  which  the  semantics  of  Fregc  is  integrated  with  the 
contribution  of  linguistics. 

RESEARCH  METHODOLOGY 

The  research  study  is  part  of  a  vaster  one  concerning  the  formation  of  the  bases  for  algebraic 
thinking  carried  out  in  some  first  year  classes  of  lower  secondary  school  (1 1-12  year  old  pupils), 
which  aims  at  focusing  on  the  fundamental  points  of  the  introduction  to  algebra,  that  have  been 
determined  in  the  mastery  of  conventions  and  in  the  ability  to  distinguish  them  from  the  formal 
properties  of  the  operations,  in  the  ability  to  pass  from  verbal  writing  to  symbolic  writing  and  vice 
vena  and  in  the  ability  to  generalize.  In  the  frame  of  this  research  study  a  simple  problem  was 
given  to  the  pupils  the  solution  of  which  did  not  depend  on  the  data  introduced  and  we  «ned  to  guide 
Ae  pupils  to  a  point  where  they  could  free  themselves  of  particular  cases  and  try  and  find  a 
gLr^l  explanation  The  text  of  the  problem  was  taken  from  unpubhshed 1  material  V<*»^J« 
didactic  research  group  of  Geneva,  with  which  in  that  period  we  exchanged  matenal  awl  compared 
results,  in  that  w*rk  the  problem  was  presented  with  the  same  text  but  with  diffi 
in  a  completely  different  context.  This  text  was  chosen  and  it  was  decided  not  to  modify  it  in  as 
much  as  it  appeared  significant  for  reasons  that  will  be  listed  in  the  a  prion  analysis^Thc  ongina 
«?p«t"f  ouTwork  consists  of,  in  our  opinion,  the  subdmsion  of  the  questions  and  the  consequent 
analysis  of  the  results. 

Er|c  "5177 


Therefore  it  was  not  believed  important  to  carry  out  a  comparison  with  protocols  relative  to  the 
exercise  which  inspired  us. 

Tht  exercise  was  a  written  exercise  and  done  individually.  The  class  discussion  was  conducted  by 

the  teacher  after  having  examined  the  protocols,  which  provided  useful  information. 

The  analysis  of  the  protocols  was  carried  out  in  part  collectively  (  discussion  within  the  group 

concerning  the  significant  protocols  or  the  difficulty  of  attributing  them  to  the  established 

typologies). 

After  analysing  the  results  guided  activities  were  done  in  the  classes  aimed  at  widening  the  number 
of  pupils  able  to  grasp  the  generality  in  situations  of  this  type  and  to  code  in  a  symbolic  way  or 
verbally  their  acquisitions.  The  vcrbalization-symbolization  aspect  assumed  a  fundamental  role  in 
the  research  study,  as  did  the  use  of  representations,  arrow  schemes,  tables.  It  must  be  remembered 
that  some  of  the  pupils  had  carried  out  specific  activities  on  representation  proposed  by  a  work 
group  coordinated  by  A.  Pcsci  (Pesci  93). 

THE  PROPOSED  TEST 

Consider  the  following  game. 

Think  of  a  number,  double  it,  add  5,  subtract  the  number  you  thought  of,  add  2,  now  subtract  the 
number  you  thought  of  again  and  then  multiply  the  total  by  3. 

Your  friend  says  that  whatever  number  you  think  of,  the  result  will  always  be  2 1 . 
Try  and  sec  if  he  is  right: 

a)  Start  with  number  7  and  do  the  necessary  calculations.  Write  the  calculations. 

b)  Now  start  with  number  20  and  then,  100  and  do  the  same  thing.  Write  the  calculations. 

c)  Try  to  understand  why  you  have  always  got  21  and  write  your  observations  (you  can  use 
schemes,  letters  or  other  symbols  to  help  you). 

d)  Was  your  friend  right?  Why? 
A  PRIORI  ANALYSIS 

The  simple  game  that  was  given  to  the  pupils  as  an  exercise  is  one  of  a  typology  of  problem  games 
often  used  by  the  pupils  spontaneously.  The  first  problem  in  activities  of  this  type  is  that  of 
decoding  the  verbal  language  that  at  this  age  can  be  done  in  various  ways.  The  simplest  and  most 
spontaneous  is  the  subdivision  in  steps  and  then  performing  the  operations  one  by  one  as  they  are 
requested.  If  this  is  done  orally  or  mentally  and  on  concrete  cases,  there  is  no  trace  of  the  operations 
performed  and  therefore  it  is  very  difficult  to  give  an  explanation  of  the  result  obtained  even  if  it  is 
or  is  not  dependent  on  the  initial  value.  This  is  why  it  was  suggested  the  pupils  start  with  single 
examples  and  that  they  write  the  calculations. 

In  the  specific  case  the  result  is  independent  from  the  initial  number  in  as  much  as  at  first  it  is 
doubled  and  then  the  initial  number  is  subtracted  twice  without  any  other  multiplications  or 
divisions  being  carried  out  in  the  meantime.  The  explanation  is  not  easy  and  requires  adequate 
formalization  or  however  good  ability  to  generalize. 

Point*  a)  and  b)  were  aimed  at  making  the  pupils  carry  out  what  is  required  in  particular  cases. 
Point  c)  wanted  to  make  the  pupil  reflect  on  the  result  obtained  and  then  to  try  and  give  an 
explanation.  The  use  of  schemes  was  suggested  thinking  of  the  work  previously  done  in  this  field  in 
tome  classes  (see  research  methodology),  or  that  of  letters  or  symbols  in  order  to  help  the  pupils 
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leave  aside  the  particular  cases,  for  example  by  means  of  the  writing  of  an  e^«sion  °' ^™ 
sVteme  or  a  sequence  in  the  form  of  a  flow  chart  (some  pup>ls  were  learning  a  programrmng 

5  dfwas  inserted  after  a  long  discussion  within  the  group.  Some  group  members  feared  that  it 
S  hfi  fate much as,  fa  their  opinions,  it  did  not  add  anything  new  compared  to  the  previous 
qtes^td^^ Eefore  upse,  toe  pupils  that  having  already  answered  m  general  terms  pom. 

would  think  that  further  explanations  should  be  given.  ... 
NeveSs  it  was  faserted  with  the  aim  of  taking  the  pupils  back  to  the  onginal  question  "Your 
S»v^t  WHATEVER  number  you  think  of,  the  result  will  always  be  21  Try  and  see  if  he 
7SP  ItTs  in  the  "whatever"  that  the  generality  of  the  statement  l.es  and  therefore,  after  *e 
fSntat  on  that  is  typical  of  this  tvpe  of  activity,  it  is  our  opimon  that  it  .s  necessary  tobrmg the 
SbS^eSon  the  "whatever",  so  as  to  discover  first  of  all,  if  someone  does  no.  believe 
tafi  intali tl  ofTLul,,  bu,  is  anchored  to  .he  concreteness  of  his  pabular  cases  and  to,  to 
TeadXL  satisfied  with  a  general  observation  (we  will  see  that  most  behave  m  tins  way)  to  find  the 
causes. 

ANALYSIS  OF  THE  ANSWERS 

The  exercise  was  given  to  105  pupils  belonging  to  five  first  year  group  classes  of  lower  secondary 

c)  and  d)  that  were  considered  collectively:  , btoi  ^ 

0  cmect  answer  v.ith  complete  and  general  reasoning  explana.onof  *e type  I  always  obtain  the 
same  result  because  I  multiply  the  initial  number  by  2  and  then  1  subtract  .t  tw.ce 
mConert  arewer  with  a  justification  that  did  not  exactly  grasp  the  reason  why  the  result  was 

w  *e  it,  fa  as  much  as  it  was,  at  least  in  part,  an  interpretation. 
■  attain  21  because  I  multiply  by  2,  then  I  add  5  to  I  subtract  the  number,  I  add  2,  then  I 
subtract  the  number  again  and  get  7  that  I  then  multiply  by  3. 

^5i*SSS55  — — 

numbers  always  the  same  numbers  the  result  does  not  change^ 
u  "ava  certain  point  you  get  a  number  similar  to  the  initial  number. 

V)  Correct  answer  without  any  justification.  ,,..„„.  ^  if  i      always  get 

VODo^btedordidr^be^ 

it", "  I  always  get  it  with  whole  numbers  but  I  do  not  know  ir  i  win  wiui  «. 
VII)  No  answer  to  points  c)  and  d). 


o 
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The  classification  proposed  here  does  not  intend  to  list  the  answers  according  to  merit  alse  because 
in  our  opinion  a  list  in  order  of  merit  would  be  restrictive  compared  to  the  complexity  of  S 
involved  man  activity  of  this  type.  Moreover  the  answer  typologies  mentioned  above  do  ncTtake 
into  consideration  the  use  of  representations  or  of  symbols  that  also  nave  an  important  role  in 
constructing  the  answer.  Nevertheless  at  least  at  certain  points  (for  example  among  types  I  II  in) 
it  is  believed  that  they  correspond  to  levels  of  awareness  that  can  be  pc^m  the  san*  order  ' 
It  appears  more  difficult  to  us,  tq.compare  for  example  the  answers  of  type  VI  with  the  others  that 
could  be  due  to  an  inability  to  detach  oneself  from  the  example  or,  on  the  contrary,  to  an  awareness 
of  the  caution  necessary  with  generalization.  The  same  applies  for  the  pupils  who  did  not  answer 
to  these  cases  the  class  discussion  ^fundamental,  although  the  results  of  the  discussion  can  not 
alter  this  analysis  in  as  much  as  the  situation  in  which  the  pupil  is  placed  in  the  discission  is 
different. 

Points  c)  and  d)  have  been  considered  here  as  a  whole. 

With  a  more  detailed  analysis  it  can  be  observed  that  in  most  cases  the  answer  is  given  in  poi.it  c) 
At  point  d)  about  half  of  the  pupils  say  that  they  have  already  replied,  a  part  repeat  what  has 
already  been  said  generally  more  completely,  some,  who  previously  only  used  symbols  take 
advantage  of  the  occasion  to  verbalize,  a  small  part  (about  10  pupils  in  all)  pass  from  an  answer 
that  could  be  classified  as  type  II  or  III  to  one  of  type  I. 

Our  investigation  is  of  a  qualitative  type,  nevertheless  it  is  interesting  the  quantitative  subdivision  of 

the  answer  typologies: 

I     II    III    IV   V    VI  VII 

23   15    33     15    7     9  3 

The  numeric  data  show  that  the  majority  of  pupils  tried  to  supply  a  reason  which  in  most  cases  is 
apparently  correct  (I  -  II  -  III). 

In  reality  though,  the  case  indicated  with  III  was  not  an  explanation  but  only  ,  as  previously 
mentioned,  a  statement  and  did  not  necessarily  indicate  awareness  of  generalization 
It  can  be  thought  that  some  pupils  placed  in  II  understood  that  there  must  be  a  connection,  of  a 
general  type,  between  the  initial  number,  the  operations  and  the  result  even  if  they  did  not  know  how 
to  use  the  instruments  that  they  possessed  (from  symbols,  to  graphs,  to  properties  of  operations,  to 
anguagc)  to  try  to  identify  this  connection  by  means  of  common  language  signs  or  formalized 
language.  They  were,  however,  in  a  phase  very  close  to  phase  I. 

For  what  regards  points  a)  and  b)  the  correctness  of  the  sequence  of  the  operations,  that  is  a  correct 
decoding  of  the  text,  was  obtained  in  more  than  90%  of  cases.  At  least  40%  of  the  pupils  used 
equal  in  a  procedural  way  (about  the  pupils'  difficulties  in  the  correct  use  of  equal  sign  see  for 
example  Sfard  9 1 ,92  ),  as  follows : 
7-2=14+5=19-7=12+2=  

This  obviously  being  incorrect,  it  was  also  observed  that  a  good  number  of  pupils  that  used  the 
equal  sign  in  this  way  managed  to  supply  correct  explanations.  This  can  be  interpreted  observing 
that  this  use  allows  the  sequence  of  operations  to  be  visualized  and  to  grasp  therefore  such  sequence 
or  procedure  as  a  general  fact,  that  is  utilizablc  in  any  case  not  yet  considered. 

Finally  we  examined  and  classified  the  possible  symbolic  and  representative  aids  used  in  the  answer 
at  point  c).  In  particular  we  studied  the  use  of  arrow  schemes,  the  use  of  representations 
comparable  to  algorithm  codings  (flow  charts  or  other),  the  use  of  numerical  expressions. 
It  was  noted,  as  expected,  the  wide  use  of  schematizations  in  the  classes  where  this  had  already  been 
used  mother  contexts.  Flow  charts  favoured  the  production  of  the  correct  answer.  In  some  cases 
though,  they  were  given  as  an  explanation  without  being  decoded  and  this  highlighted  that  their 
meaning,  for  the  students,  was  purely  instrumental. 

As  clarified  in  the  discussion  after,  they  thought  that  the  scheme,  communicable  with  the  computer 
and  that  always  supplies  the  same  result,  was  a  sufficient  explanation.  Not  always  then,  does 
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mastery  of  a  programming  language  mean  having  understood  the  prevalence,  from  the  point  of  view 
of  the  concepts  of  construction  of  algorithms  in  comparison  with  their  calculation. 
The  students  that  worked  with  arrow  schemes  used  them  in  as  much  as  they  had  been  indirectly 
invited  to  do  so  by  point  c). 

Instruments  in  general  favoured  the  visualization  of  the  procedure;  in  some  cases  though,  this  did 
not  help  with  generalization,  in  as  much  as  here  it  was  not  asked  for  example  to  use  a  scheme  as  an 
instrument  to  set  out  correctly  an  inverse  problem,  but  to  observe  it  and  study  it  so  as  to  discover 
the  regularities  in  its  construction. 

THE  SUBSEQUENT  STEPS  OF  THE  RESEARCH  STUDY 

The  analysis  of  the  protocols  and  the  clarifications  obtained  during  the  class  discussion  regarding 

certain  points,  led  us  to  continue  the  work  with  the  same  pupils  trying  to  act  in  the  margin  that 

separated  them  from  generalization  and  that  seemed  very  limited  in  many  pupils. 

Analysing  some  of  the  difficulties  that  emerged  from  the  analysis  of  the  protocols  and  in  particular 

starting  from  the  advantage  many  had  from  the  previously  mentioned  use  of  the  "equal"  sign,  we 

thought  of  supplying  them  with  the  "table"  instrument  to  visualize  the  sequence  of  operations  done 

and  so  to  favour  the  passage  to  general. 

One  of  the  exercises  proposed  is  the  following: 

Consider  the  following  game: 

Think  of  a  number,  multiply  it  by  3,  add  7,  subtract  the  number  you  thought  of,  add  4,  subtract  11. 

a)  Show  in  a  table  the  single  orders  and  find  the  results  for  at  least  three  different  numbers  of  your 
choice. 

b)  Examine  the  final  results  obtained. 
What  did  you  notice? 

c)  Is  it  right  to  say  that  by  knowing  the  final  result  it  is  always  possible  to  discover  the  initial 
number?  Why? 

The  construction  of  the  table  can  be  done  in  various  steps  passing  through  a  phase  where  the  verbal 
form  of  the  text  is  subdivided  into  stages  before  its  symbolization. 

The  problem  here  is  more  difficult  in  as  much  as  it  involves  establishing  a  relation  between  the  final 
result  and  the  initial  value.  We  will  not  examine  this  test  in  detail  here  but  we  will  limit  ourselves  to 
making  some  observations  regarding  the  comparison  between  the  results  obtained  in  this  test  and 
that  which  is  the  object  of  this  report  both  done  by  the  same  pupils. 

Almost  all  the  pupils  that  supplied  an  explanation  of  type  I  in  the  test  examined  in  the  previous 
paragraphs,  confirmed  the  result,  while  the  others  did  not  know  how  to  establish  the  relation  or  they 
explained  it  incorrectly  or  only  partially.  Some  of  those  who  had  supplied  explanations  of  type  II  or 
III  passed  to  level  I,  while  the  others  did  not  know  how  to  establish  the  relation  or  how  to  explain  it. 
Classification  variations  were  noted  for  all  the  other  typologies  even  if  an  overall  improvement  was 
observed. 

Some  considerations  can  be  made  regarding  these  results: 

-  the  table  instrument,  as  observed  in  other  research  studies  regarding  for  example  the  spread  sheet, 
for  reasons  already  mentioned,  aids  in  passing  from  the  particular  case  to  the  general. 

•  the  achievement  of  generalization  can  not  be  considered  a  stable  acquisition.  It  is  possible  to 
hypothesize  that  for  some  pupils  generalization  comes  and  goes  alternately. 

•  it  can  be  difficult  to  find  the  relations  required  by  exercises  of  this  type  if  the  formal  rules  have 
not  been  mastered,  and  on  the  other  hand,  mastery  of  these  does  not  guarantee  awareness. 
Therefore  the  roles  of  written  verbalization  and  class  discussion  are  of  fundamental  importance. 


CONCLUSIONS 


From  the  work  examined  in  our  opinion  the  following  observations  emerge: 

-  11-12  year  old  pupils  not  educated  to  think  algebraically,  nor  trained  to  use  formal  properties, 
are  able  to  "sense  the  general"  starting  from  particular  cases. 

-  some  are  able  to  attempt  an  explanation  by  means  of  above  all  naive  verbalization  and 
symbolization  and  not  always,  as  has  been  seen,  formally  correct. 

-  a  part  of  this  latter  group  arc  able  to  reach  a  spontaneous  awareness  of  the  generality  discovered 
even  if  the  level  of  generalization  reached  can  not  be  considered  a  stable  achievement. 

Moreover  it  is  known  that  the  complicating  of  requirements  and  the  mechanization  of  procedures 
often  casts  a  shadow  on  the  achievements  concerning  meanings  previously  acquired.  A  possible 
development  for  this  research  study  is  that  of  studying  the  obstacles  found  on  the  path  towards 
mastering  algebraic  thinking  in  the  moments  in  which  the  use  of  formalism  is  most  massive  and 
therciore  the  risk  of  fractures  on  the  syntax-semantics  axis  is  strongest. 
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This  paper  reports  on  the  further  development  of  an  instrument  designed  to  measure  self-concept  in 
mathematics  and  the  attitude  of  pre-service  teachers  toward  the  teaching  of  mathematics  which  was 
presented  at  PME 1 7.  It  presents  the  results  of  the  questionnaire's  application  to  teacher  education 
students  across  various  programs  at  the  University  of  Western  Sydney,  Nepean.  The  findings  of  the 
study  revealed  that  the  students'  attitude  towards  teaching  mathematics  improved  as  they  progressed 
through  the  programs,  but  that  their  self-concept  in  mathematics  remained  unchanged  by  the 
experience.  In  addition  there  were  clear  and  significant  differences  in  attitude  to  teaching 
mathematics  and  self-concept  in  mathematics  based  on  gender  and  program  of  study.  Males 
compared  to  females  were  found  to  display  consistently  higher  levels  of  self-concept  and  more 
positive  attitudes.  Secondary  students  also  displayed  significantly  higher  scores  on  both  constructs 
than  did  primary  students  who  in  turn  scored  consistently  higher  than  early  childhood  students. 

Attitudes  and  Pre-service  Teachers 

"An  important  aim  of  mathematics  education  is  to  develop  in  students  positive 

attitudes  towards  mathematics  and  their  involvement  in  it  The  notion  of  having  a 

positive  attitude  towards  mathematics  encompasses  both  liking  mathematics  and  feeling 
good  about  one's  own  capacity  to  deal  with  situations  in  which  mathematics  is  involved." 
(Australian  Education  Council,  1991,  p.31) 

This  extract  from  A  National  Statement  on  Mathematics  for  Australian  Schools  reflects  the 
widespread  belief  among  educators  in  the  importance  of  the  development  of  positive  attitudes  in  the 
teaching  and  learning  of  mathematics. 

Although  definitions  of  attitude  vary,  they  generally  include  the  ideas  that  attitudes  are  leamt, 
manifest  themselves  in  one's  response  to  the  object  or  situation  concerned,  and  can  be  evaluated  as 
being  either  positive  or  negative  (Leder,  1992).  One  such  definition  states...."  Attitude  is  a  mental 
and  neural  state  of  readiness,  organised  through  experience,  exerting  a  directive  or  dynamic  influence 
upon  the  individual's  response  to  all  objects  and  situations  with  which  it  is  related "  (AUport  in 
Kulm,  1980,  p.356).  When  exploring  the  attitudes  of  pre-service  teachers  toward  mathematics  it  is 
necessary  to  not  only  to  consider  their  attitude  towards  the  subject  itself,  but  also  their  attitude 
regarding  the  teaching  of  mathematics. 
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The  attitudes  of  pre-service  teachers  are  of  particular  importance  because  of  their  potential 
influence  on  pupils.  Although  the  research  evidence  is  certainly  not  conclusive  it  has  been  sufficient 
to  suggest  that  positive  teacher  attitudes  contribute  to  the  formation  of  positive  pupil  attitudes 
(Aiken,  1976;  Sullivan,  1987).  There  is  an  additional  concern  that  female  teachers,  who  constitute 
the  majority  of  primary  school  teachers,  may  be  perpetuating  negative  attitudes  with  the  girls  in  their 
classes  (Kelly  &  Tomhave,  1985;  Relich,  Conroy,  &  Webber,  1991).  Some  studies  have  indicated 
that  teacher  attitudes  towards  a  subject  and  the  teaching  of  that  subject  influence  the  instructional 
techniques  they  employ  and  that  these,  in  turn,  may  have  an  effect  on  pupil  attitudes  (Carpenter  & 
Lubinski,  1990). 

One  argument  presented  in  support  of  the  need  for  positive  attitudes  is  that  such  attitudes  can 
enhance  achievement  in  mathematics  at  primary,  secondary  and  tertiary  level  (Dungan  &  Thurlow, 
1989).  Most  studies  on  the  relationship  between  attitude  and  achievement  have  revealed  a  low  but 
significant  correlation  (Aiken,  1976;  Kulm,  1980).  However,  the  nature  and  direction  of  this 
relationship  is  yet  to  be  unravelled  (Kulm,  1980;  Suydam,  1984). 

Unfortunately  large  proportions  of  pre-service  teachers  have  been  found  to  hold  negative 
attitudes  towards  mathematics  and  mathematics  teaching  (Becker,  1986;  Sullivan,  1987).  Some 
studies  have  revealed  links  between  attitude  to  mathematics,  the  choice  or  avoidance  of  mathematical 
studies,  self  concept  and  attitudes  towards  the  teaching  of  mathematics.  It  appears  that  students 
(both  male  and  female)  with  low  self-concepts  in  mathematics  are  less  likely  to  pursue  mathematical 
studies.  Not  surprisingly  then,  research  has  shown  that  most  pre-service  teachers  who  exhibit 
negative  attitude  towards  mathematics  have  not  chosen  to  study  mathematics  in  their  final  years  of 
high  school  (Aiken,  1976;  Relich,  Conroy,  &  Webber,  1991;  Sullivan,  1987). 

The  potential  of  teacher  training  courses  to  change  the  negative  attitudes  of  pre-service  teachers 
towards  mathematics  must  also  be  considered.  Sullivan  (1987)  found  that  almost  half  of  the  students 
entering  a  teacher  training  course  possessed  negative  attitudes  towards  mathematics.  He 
states..."The  course  improved  their  attitudes  overall,  but  those  who  started  with  negative  attitudes 
still  had  the  most  negative  attitudes  at  the  end."  (Sullivan,  1987,  p.l).  He  concluded  that  if  these 
initial  attitudes  are  so  significant,  teacher  education  courses  may  need  to  establish  entry  criteria  based 
on  the  mathematics  background  of  the  applicants. 

Several  studies  suggest  that  beginning  teachers  are  especially  concerned  about  methodology  as 
well  as  content  and  therefore  training  courses  should  cater  for  this  (Aiken,  1976;  Blunden  &  De  La 
Rue,  1990;  Mansfield,  1981;  SovchikclaL,  1981;  Watson,  1987).  Relatively  high  correlations  have 
been  found  between  mathematical  achievement,  the  enjoyment  of  mathematics  and  the  perception  of 
mathematics  being  useful,  which  also  carries  implications  for  the  design  of  teacher  education  courses 
(Watson,  1987).  If  the  attitudes  of  pre-service  teachers  are  to  be  improved,  there  first  needs  to  be  a 
reliable  instrument  with  which  to  measure  levels  of  attitudes  and  perhaps  to  identify  groups  of 
students  with  special  needs  (Aiken,  1976;  Nisbet,  1991;  Watson,  1987). 
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Measuring  Attitudes 

In  recent  years,  researchers  of  •attitude1  have  acknowledged  that  attitude  appears  to  be  a  multi 
dimensional  construct  and  therefore  requires  a  multi  dimensional  measure  (Leder,  1992).  However, 
there  is  some  dispute  as  to  which  components  of  attitude,  such  as  anxiety,  enjoyment,  self-concept 
and  belief  in  the  usefulness  or  value  of  mathematics,  provide  the  best  indicators  of  attitude. 
One  component  that  has  received  much  attention  is  that  of  •mathematics  anxiety'.  There  is  little 
doubt  as  to  the  existence  of  •mathematics  anxiety'  and  a  number  of  instruments  for  measuring  levels 
of  anxiety  have  been  developed  and  implemented  (Richard  &  Suinn,  1972).  However,  Sovchik, 
Meconi  and  Steiner  (1981)  suggest  that  the  construct  •mathematics  anxiety"  is  not  as  well  defined 
and  measurable  as  assumed  by  some  mathematics  researchers.  There  is  some  doubt  as  to  whether 
anxiety  is  in  fact  a  separate  construct.  It  may  just  be  a  reflection  of  some  deeper  attitude  (Wood, 
1988).  For  example.  Bandura  (1982)  points  out  a  person  may  judge  that  a  particular  action  will 
result  in  a  particular  outcome  (expectancy  judgement),  but  may  doubt  his/her  ability  to  successfully 
perform  the  action  (efficacy  judgement),  which  in  turn  may  be  related  to  existing  anxiety  or  the 
production  of  anxiety.  Anxiety's  relationships  to  factors  such  as  enjoyment,  general  attitude  towards 
mathematics  and  performance  are  unclear.  Wigfield  and  Meece  (1988)  concluded  that  mathematics 
anxiety  and  perception  of  mathematics  ability  are  conceptually  distinct,  though  related,  constructs. 
Others  argue  that  self-concept  is  a  better  measure  of  how  people  feel  about  themselves  as 
mathemaUcians  and  as  teachers  of  mathematics,  and  that  self-concept  has  an  influence  on  the 
formation  of  attitudes  (Relich.  Conroy.  &  Webber,  1991;  Relich  &  Way.  1992).  Studies  have  also 
found  a  consistently  high  positive  relationship  between  self-concept  and  mathematics  achievement 

(Hackett  &  Benz,  1989). 

Instruments  designed  for  determining  the  attitudes  of  pre-service  teachers  towards  mathematics 
and  the  teaching  of  mathematics  have  been  scarce.  Nisbefs  (1991)  instrument  consisted  of  the 
Fennema  and  Sherman  (1976)  'Mathematics  Attitude  Scales'  plus  his  own  parallel  scales  constructed 
to  cover  the  'Attitudes  to  Teaching  Mathematics'  aspect.  Neither  of  these  scales  included  items 
regarding  self-concept.  Relich  and  Way  (1992)  supplemented  Nisbefs  instrument  with  self^oncept 
items  developed  by  Marsh  (1988)  to  form  a  large  composite  questionnaire,  referred  to  as  the 
"Teaching  Mathematics  Questionnaire".  The  results  of  this  study  (Relich  &  Way,  1992)  supported 
the  contention  that  attitude  towards  mathematics  and  the  teaching  of  mathematics  can  best  be  defined 
through  feelings  about  the  teaching  of  mathematics  and  through  self-concept  of  one's  abilities  to  cope 
with  mathematical  tasks.  Anxiety  did  not  emerge  as  a  separate  variable,  but  was  highly  correlated 
with  attitude  and  therefore  subsumed  into  the  attitudinal  profiles. 

The  major  purpose  of  this  research  was  to  further  validate  the  relevance  of  this  questionnaire  in 
accurately  gauging  attitude  towards  mathematics  among  pre-service  teachers,  and  to  determine  how 
attitude  differs  based  on  characteristics  such  as  program  of  study,  year  of  study,  level  of  previous 
study  of  mathematics  in  high  school  and  tertiary  institutions,  age  and  gender.  The  questionnaire 
focuses  on  "attitude  to  teaching  mathematics"  as  measured  by  a  composite  scale  (see  Relich  &  Way, 
1992)  and  "self-concept  in  mathematics".  Through  a  cross-sectional  analysis  of  student  data  at 
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various  levels  of  study,  we  can  determine  whether  attitude  and  self-concept  change  as  pre-service 
teachers  progress  through  their  course  and  whether  changes  in  attitude  are  concomitant  with  changes 
in  self-concept. 


METHOD 


Subjects 


The  questionnaire  "Teaching  Mathematics"  developed  by  Relich  and  Way  (1992)  was  used  to 
gather  information  from  all  students  in  Education  at  a  NSW  university.  A  total  of  564  students 
participated  across  a  variety  of  programs  with  a  substantial  majority  (85%)  being  female.  The 
subjects  represented  all  the  years  of  study  within  the  programs  and  were  asked  to  participate  on  a 
voluntary  basis  in  completing  the  forms.  They  represent  approximately  70.5%  of  the  population  of 
students  within  the  Faculty  enrolled  in  these  programs.  Over  81%  studied  mathematics  in  high 
school  at  the  2  unit  level  or  less.  Those  who  undertook  study  at  the  three  or  four  unit  level  were 
represented  in  all  the  programs  but  constituted  the  majority  (67%)  of  secondary  students. 

Instrumentation 

The  "Teaching  Mathematics  Questionnaire"  consists  of  20  items,  1 1  related  to  specific  attitudes 
on  the  teaching  of  mathematics  and  nine  mathematical  self-concept  items.  The  former  scale  is  more  a 
measure  of  "feelings"  about  the  act  of  teaching  and  or  performing  mathematical  tasks  whereas  the 
latter  relates  to  personal  perspective  of  oneself  as  a  mathematician.  The  development  of  this 
instrument,  an  adaptation  and  amalgamation  of  various  currently  available  instruments,  is  discussed 
in  detail  in  Relich  and  Way  (1992, 1993).  The  20  items  required  Likert  scale  responses  on  an  eight 
point  continuum  from  definitely  false  to  definitely  true.  For  those  statements  which  referred  to 
practice  teaching  experiences,  participants  had  an  option  of  indicating  that  the  question  was  not 
applicable.  The  purpose  of  this  category  was  twofold.  First  to  cater  for  students  in  their  first  year 
who  may  not  have  had  such  an  experience  and  second  to  gauge  what  proportion  of  students  may  not 
view  themselves  as  teachers  of  mathematics. 

A  test  of  reliability  using  Cronbach  alpha  suggests  that  the  two  sub-scales  are  highly  reliable 
with  coefficients  of  .92  for  the  attiimfc  scale  and  .88  for  the  self-concept  scale. 


The  administration  of  the  questionnaire  took  place  during  normal  lecture  periods  when  a  majority 
of  students  within  •  particular  year  and  program  were  all  expected  to  attend  at  the  same  time. 
Students  were  briefly  instructed  about  the  purpose  of  the  questionnaire  and  given  information  about 
how  to  complete  it  on  a  voluntary  basis.  They  were  however  encouraged  to  participate  because  the 
researchers  wish  to  conduct  a  longitudinal  study.  While  no  student  can  be  directly  identified  in  order 


Procedure 
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to  ensure  anonymity,  each  student  was  able  to  provide  an  identification  number  known  only  to  the 
participant  No  more  than  ten  to  fifteen  minutes  of  class  time  were  required  to  complete  the  task. 

Regression  analysis  was  used  to  examine  the  results  and  to  determine  what  set  of  independent 
variables  were  the  best  predictors  of  attitude  to  the  teaching  of  mathematics  and  self-concept  in 
mathematics.  We  also  used  t-tests  and  oneway  analysis  of  variance  to  determine  if  there  were 
significant  differences  in  response  patterns  based  on  gender,  program  and  year  of  study  variables. 
These  techniques  were  used  in  preference  to  factorial  analysis  of  variance  because  the  "not  applicable 
to  me"  response  reduced  much  of  the  available  data  from  the  early  childhood  and  first  year  students 
across  all  programs  resulting  in  either  empty  cells  or  cells  with  very  small  numbers. 

RESULTS 

An  initial  correlation  analysis  indicates  that  there  are  some  significant  relationships  among 
attitude,  self-concept  and  the  set  of  independent  variables.  In  particular  attitude  and  self-concept  are 
significantly  (r=.62,  p<.001)  correlated  and  share  over  36%  variance.  Attitude  (r=.12,  p<.005)  and 
self-concept  (r=.10,  p<05)  are  significantly  related  to  gender,  indicating  that  males  are  significantly 
more  likely  to  display  positive  attitudes  to  teaching  mathematics  and  register  higher  self-concept  in 
mathematics  than  females.  There  is  a  similar  positive  and  significant  relationship  between  level  of 
study  of  high  school  mathematics  and  attitude  (r=.15,  p<.001)  and  self-concept  (r=.32,  p<.001) 
suggesting  that  higher  levels  of  study  at  this  level  are  associated  with  more  positive  attitudes  and 
higher  self-concepts.  Interestingly,  it  is  significantly  more  likely  that  males  study  high  school 
mathematics  at  a  higher  level  than  females  (r=.09,  p<.05).  There  is  also  an  interesting  relationship 
between  age  and  the  two  dependent  variables.  While  older  students  are  significantly  (r=.15,  p< 
.001)  more  likely  to  have  positive  attitudes,  younger  students  display  significantly  (r=-.  10,  p<.05) 
higher  levels  of  self-concept.  On  an  encouraging  note,  there  is  a  positive  and  significant  (r=.35. 
p<001)  relationship  between  the  year  of  study  and  attitude,  with  those  in  the  latter  years  of  study 
exhibiting  more  positive  attitudes.  For  self-concept,  however,  no  such  relationship  exists  suggesting 
little  change  on  this  construct  as  students  progress  through  their  programs  of  study. 

Stepwise  regression  analysis  was  used  to  determine  which  set  of  independent  variables  were  the 
best  predictors  of  attitude  and  self-concept  Gender,  level  of  study  of  high  school  mathematics  and 
year  of  study  all  contributed  significantly  (multiple  R«.30,  p<.001)  to  the  prediction  of  attitude  to 
teaching  mathematics.  For  self-concept,  however,  level  of  study  of  high  school  mathematics 
provided  the  most  significant  (r-.34,  p<.001)  relationship  which  was  not  significantly  improved  by 
the  inclusion  of  any  other  variable. 

Significant  gender  differences  in  attitude  (t-3.94,  pcOOl)  and  self-concept  (t-3.68,  p<.001) 
were  verified  through  the  use  of  nests.  In  addition  significantly  (rx.05)  more  positive  attitudes  and 
higher  self-concepu  were  found  among  tecondary  (m-77.8.  s.d.«8.5;  m-43.5.  s.d.«8.2)  students 
when  compared  to  primary  (m-69.2.  s.d.«13.0;  m-36.7,  sA-9.8)  students  who  in  turn  had 
significantly  (p<.05)  more  positive  attitudes  than  early  childhood  (m-59.1 ,  s.d.«  10.3;  m»33.4, 
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s.d=8.2)  students.  A  further  oneway  analysis  based  on  the  year  of  study  confirmed  the  significant 
(p<05)  attitudinal  changes  from  the  second  (m=67.0,  s.d.=13.9)  year  of  study  to  the  third  (m=70.4, 
s.d.=l  1.3)  year  of  study.  No  similar  changes  occurred  for  self-concept  profiles. 

These  results  strongly  suggest  that  while  attitude  to  the  teaching  of  mathematics  may  be 
ameliorated  through  participation  in  a  teacher  training  programs  which  focus  on  the  affective  state  of 
the  student,  self-concept  seems  far  more  resistant  to  change.  Those  who  enrol  in  teacher  training 
programs  with  high  levels  of  study  in  mathematics  at  the  high  school  level,  generally  tend  to  have 
more  positive  attitudes  and  better  self-concepts.  This  type  of  student  profile  is  also  much  more  likely 
to  be  exhibited  by  the  males  compared  to  females. 


The  application  of  this  questionnaire  to  such  a  large  sample  and  the  consequent  findings  further 
validates  its  relevance  for  teacher  trainers  in  mathematics.  It  was  clear  from  the  results  that  attitude 
and  self-concept  while  highly  related  are  separate  constructs.  Although  there  were  clear  attitudinal 
changes  towards  the  teaching  of  mathematics  occurring  in  the  latter  years  of  study,  it  is  clear  that 
self-concept  is  stable  and  not  easily  malleable.  The  evidence  suggests  that  pre-service  teachers  do 
change  their  attitudes  about  their  ability  to  teach  mathematics  but  unfortunately  do  not  perceive 
themselves  as  better  mathematicians  as  a  consequence.  This  raises  the  question  as  to  whether  such 
changes  are  enduring  and  even  whether  such  changes  are  superficial  and  inconsequential  to  their 
overall  ability  to  deal  effectively  with  mathematics  lessons.  Perhaps  the  other  side  of  the  argument  is 
that  as  educators  we  should  be  grateful  for  any  positive  changes  that  we  can  engender  and  that 
expecting  to  change  self-concept  is  not  a  realistic  goal.  Nevertheless,  there  is  something  inherently 
attractive  to  a  teacher  in  attempting  to  change  deeply  entrenched  views  about  personal  ability  and  the 
possible  consequent  positive  effect  that  this  may  have  on  the  enthusiasm  of  a  future  teacher  for 
mathematics. 

All  the  evidence  continues  to  point  to  differences  in  attitude  and  self-perceptions  in  mathematical 
ability  between  males  and  females.  Our  evidence  is  clear  that  these  differences  are  the  baggage  that 
students  bring  with  them  from  their  study  at  the  high  school  level.  Those  who  studied  mathematics 
at  higher  levels  are  more  likely  to  be  advantaged  and  invariably  such  students  are  more  likely  to  be 
male  than  female.  Given  the  high  proportion  of  females  to  males,  especially  at  the  primary  and  early 
childhood  levels,  we  need  to  continue  to  seek  ways  in  which  to  encourage  girls  to  attempt  higher 
levels  of  study  in  mathematics.  This  of  course  assumes  that  the  level  of  study  has  an  effect  on 
subsequent  levels  of  self-concept  but  this  is  not  entirely  clear.  It  is  also  possible  that  those  with 
greater  self-concept  seek  out  the  more  challenging  mathematics  subjects.  Whatever  the  explanation 
may  be,  these  are  issues  which  we  need  to  continue  to  study  and  address  if  we  hope  to  deliver 
quality  programs  which  will  result  in  teachers  at  all  levels  who  are  positive  not  only  about  their 
ability  teach  mathematics  but  also  about  their  own  levels  of  skill  and  ability  as  mathematicians. 


DISCUSSION 
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Abstract 

This  paper  reports  on  fourth/fifth  grade  students  use  of  paper,  pencils  and  other 
materials  as  they  constructed  mathematical  relationships  and  solved  various  non-routine 
tasks.  Participants  in  the  study  used  these  materials  to  aid  them  in  symbolizing  their 
mathematical  constructions  and  in  reformulating  their  schemes  through  reflection.  It  is 
suggested  that  students  benefit  from  the  opportunity  to  externalize  and  elaborate  their  own 
meaningful  constructions  in  this  way.  rather  than  have  the  symbolizations  of  others 
imposed  on  them. 

Background 

Reynolds  (1993)  found  that  students  made  rich  use  of  imaging  in  constructing  meaning  for 
mathematical  tasks  (see  also  Reynolds  and  Wheatley,  1992).  In  contrast  to  what  frequently  happens  in 
mathematics  classrooms,  where  students  are  routinely  required  to  symbolize  mathematical  relationships  in 
a  teacher  prescribed  manner,  these  students  developed  and  elaborated  their  own  meaningful  ways  of 
symbolizing  their  mathematical  constructions.  Dorfler  (1991)  suggests  that  an  important  component  of 
mathematics  education  is  for  the  learner  to  be  encouraged  to  make  external  her/his  internal  images. 
Wheatley  (1992)  argues  that  learning  occurs  when  the  action  is  accompanied  by  reflection  and  suggests 
that  reflection  is  encouraged  when  the  learner  is  confronted  with  the  need  to  take  her/his  own 
mathematical  actions  as  an  object  of  thought. 

This  paper  reports  on  children's  use  of  paper,  pencils  and  other  materials,  in  symbolizing  their 
thoughts  and  in  reformulating  their  schemes  through  reflection.  It  will  be  argued  that  these  materials 
helped  students  to  symbolize  their  mathematical  constructions.  Further,  as  these  children  used  their 
symbolizations  reflexively  they  elaborated  their  schemes. 

Research  setting 

The  research  investigated  children's  mathematical  activity  in  solving  various  tasks.  Four 
fourth/fifth  grade  students.  Kristin.  Elaine.  Tracy  and  Neal,  participated  in  this  one  year  study.  Bi- 


weekly  individual  problem  solving  sessions  lasting  approximately  one  hour  (which  were  video-recorded 
for  further  analysis)  together  with  field  notes  taken  in  the  participants'  classrooms  constituted  the  data. 
Tasks  which  were  potentially  problematic  (Wheatley,  1991)  were  presented  in  these  sessions. 
Participants  "  ere  encouraged  to  describe  the  ways  in  which  they  were  constructing  meaning  for  the 
various  tasks.  Because  it  often  happened  that  when  a  participant  was  struggling  to  make  sense  of  a  task 
s/he  was  "in  the  action"  and  not  necessarily  able  to  reflect  on  her/his  actions  (Schon,  1983).  each 
participant  also  watched  the  videotape  of  the  problem  solving  session  immediately  afterwards  so  that  s/he 
could  further  explain  and  clarify  her/his  thinking.  This  segment  was  also  video-recorded  for  further 
analysis  by  the  researchers. 


During  the  sessions  paper,  pencils,  rulers,  a  calculator  and  other  materials  as  appropriate  were 
available.  Participants  were  encouraged  to  use  pencil  and  paper  in  particular  only  if  they  needed  them. 
This  was  somewhat  different  from  the  classroom  setting  where  pencil  and  paper  are  the  normal  tools  by 
which  a  student  records  her/his  work  with  a  task.  Because  the  researchers  wanted  to  focus  on  the 
participants'  mental  activity,  the  interviewer  made  it  clear  from  the  beginning  that  the  camcorder  was 
recording  their  words  and  so  we  did  not  need  to  have  a  written  record  of  how  they  had  dealt  with  a  task. 
This  was  further  demonstrated  as  participants  sat  and  watched  the  tape  of  the  various  problem  solving 
episodes  during  the  session. 

It  must  be  remembered  that  a  participant's  'normal'  (classroom)  way  of  doing  mathematics  was 
with  pencil  and  paper.  Thus  there  may  have  been  times  when  they  used  them  in  this  research  setting 
simply  because  that  was  something  to  which  they  had  grown  accustomed.  However  there  were  numerous 
occasions  when  a  participant  did  not  use  these  materials  to  record  their  activity  or  did  indicate  their 
deliberate  choice  of  them.  It  appeared  that  each  participant  constructed  this  research  setting  as  one 
where  their  use  was  bv  choice  rather  than  because  that  was  what  was  expected  of  them.  Thus,  it  is 
important  to  examine  the  ways  in  which  such  materials  were  used  by  a  participant.  They  seemed  to 


Analysis  of  participants'  use  of  materials 
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serve  a  particular  purpose. 

In  analyzing  participants'  use  of  paper,  pencils  and  other  materials  we  formulated  two  assertions- 

•  participant  used  paper,  pencils  and  other  material-:  to  symbolize  and  explain  the  patterns 
and  relationships  they  had  constructed; 

•  as  they  used  these  symlmlizalions  rejlexively  they  elaborated  their  schemes. 

Each  of  these  assertions  will  be  discussed  in  the  following  sections.  Tasks  referred  to  are  shown  in  the 
Appendix. 

Participants  used  paper,  pern  lis  and  oilier  materials  to  symbolize  and  explain  the  patterns  and 

n-latwtnhips  the)  had  constructed  Kr,M,n  expressed  .1m  idea  many  times  during  the  svssions  She 

frequently  reached  for  pencil  and  paper  in  order  to  record  her  thoughts,  explaining    "It  helps  "  The 

figure  she  drew  was.  as  she  said  on  sever..!  occasions,  what  was  in  her  mind    It  was  not  always  possible 

for  Kristin  to  focus  on  all  the  various  aspects  of  her  thinking  without  the  aid  of  pencil  and  paper,  they 

were  like  tools,  an  extension  of  her  mind.  On  several  occasions  she  expressed  frustration  at  how  her 

thoughts  were  "crowding  up"  in  her  mind  saying:  "It's  too  much  again."  She  described  a  process  of 

attempting  to  keep  various  activities  going  on  simultaneously  as  she  sought  a  solution  to  the  task.  This 

was  most  poignantly  explained  when  Kristin  reflected  on  her  imaging  of  a  6x6x6  cube- 

1  tried  very  hard  but  it  wouldn't  fit  in.  It's  six  by  six!  1  had  so  many.  well.  1  don't  know  I 
couldn't  fit  it  'cause  1  had  to  look  at  the  insides  too.  1  had  to  have  one  picture  of  the  whole 
thing  here  (indicating  the  right  side  of  her  head),  and  there,  urn.  the  inside  of  it  (indicating  the 
left  side  of  her  head),  and  there  the  face  of  it  (indicating  the  base  of  her  head),  and  1  couldn  t  tit 
it  all  in.  1  couldn't  think  about  all  of  it  at  the  same  time. 

Thus  it  was  that  she  described  an  activity  in  which  she  had  developed  three  somewhat  independent 

though  related  components,  each  expressing  an  idea  that  was  important  in  her  construction  of  a  solution 

The  problem  for  Kristin  was  that  all  these  components  needed  to  be  kept  in  her  mind  at  the  same  time  so 

that  she  could  somehow  integrate  them  into  one  image  and  devise  a  solution.  Pencil  and  paper  were  thus 

useful  tools  by  which  she  could  record  her  mental  activity  and  thus  have  room  in  her  mind. 

These  symbolizations  flowed  from  Kristin's  mental  activity  as  she  indicated  on  many  occasions  in 
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words  such  as:  "It  helps,  because  it  is  what  1  was  thinking  about  in  my  head."  She  expressed  her 
frustration  with  being  unable  to  mentally  ■  sec"  the  bottom  of  the  Rubik's  cube  in  the  following  way:  "I 
can't  set  them  very  well,  that  was  the  problem  and  I  can't  draw  them  any  better  than  I  could  see  them!" 
Kristin  expressed  clearly  the  idea  that  what  counted  was  her  mental  activity.  She  must  mentally 
construct  meaning  for  a  task;  only  then  could  she  express  those  constructions  using  diagrams. 

In  the  session  involving  the  Tigers  and  Cages  task  Tracy  explained  her  pencil  and  paper  activity 
in  the  following  way:  "Sometimes  when  I'm  thinking  in  my  head  1  get  mixed  up  so  1  just  have  to  write 
it  on  paper."  She  was  expressing  a  need  to  record  her  thoughts.  She  drew  rectangles  for  the  four  cages 
and  placed  the  various  numbers  in  these  rectangles  as  she  attempted  to  find  a  solution.  This  was  a 
particularly  difficult  task  for  Tracy.  At  the  end  of  a  considerable  period  of  time  she  had  just  one 
solution.  Her  drawing  enabled  her  to  hold  first  the  number  5  and  then  the  number  1  constant  in  the  first 
two  cages  so  that  she  could  concentrate  on  constructing  combinations  of  other  numbers  that  together  with 
S  and  1  would  add  to  15. 

In  the  next  session  Tracy  k!i  more  at  case  with  the  given  task.  She  had  several  metonymies 
(Lakoff,  1987)  to  draw  on  in  devising  a  solution.  Initially  she  decided:  "1  don't  have  to  write  anything 
down,"  indicative  of  the  broader  imaging  base  she  felt  comfortable  about  manipulating  mentally. 
However,  she  began  to  construct  greater  complexity  in  the  task  as  she  elaborated  her  solution  for  she 
subsequently  said:  "1  can  draw  it."  She  decided  she  needed  to  augment  her  mental  activity  in  this  way. 

An  actual  Rubik's  cube  was  available  on  a  number  of  occasions  as  participants  solved  the  various 
cubes  tasks.  When  the  Rubik's  cube  task  was  first  introduced  to  each  participant  this  Rubik's  cube  was 
not  in  view.  Each  participant  was  encouraged  to  construct  a  solution  based  on  their  prior  experiences 
with  a  Rubik's  cube  and.  whci.  pessary,  the  interviewer's  descriptions  of  it  as  being  made  from  smaller 
cubes  with  three  such  cubes  on  an  edge.  Each  participant  did  this  with  the  aid  of  drawings.  However 
each  participant's  drawing  was  quite  different  from  the  others. 

Neal  attempted  to  draw  each  small  cube  in  3-D.  Tracy  drew  three  columns  of  three  squares,  one 
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beside  the  other.  Both  Elaine  and  Kristin  constructed  an  image  of  the  cube  without  drawing  anything. 
Thev  began  to  use  pencil  and  paper  when  they  attempted  to  identify  the  number  of  cubes  with  just  two 
sides  showing.  Both  had  identified  the  relevant  cubes  to  be  counted  as  the  middle  cube  on  an  edge. 
Kristin  drew  a  3x3  grid  to  symbolize  her  construction.  She  had  decided  that  all  she  needed  to  do  was  to 
determine  the  relevant  number  of  cubes  on  one  face  of  the  Rubins  cube  and  multiply  that  number  by  six 
(because  a  cube  had  six  faces).  Her  drawing  clearly  symbolized  her  construction  at  that  stage.  Elaine  on 
the  other  hand  drew  six  squares  connected  end  to  end,  a  different  symbolization. 

Something  interesting  happened  when  the  Rubik's  cube  was  given  to  Tracy,  Kristin  and  Elaine  to 
aid  them  in  thinking  about  the  task.  Tracy  was  given  the  cube  early  on  because  it  became  apparent  that 
she  was  giving  little  meaning  to  the  question  about  the  cubes  with  just  two  sides  showing.  When  given 
the  cube  she  struggled  for  a  short  time  but  soon  identified  the  appropriate  cubes  to  count  by  focusing  on 
the  "colors"  of  the  small  cubes.  Thus  she  determined  that  she  needed  to  cour.  the  middle  cube  on  each 
edge:  "You'd  get  them  from  this  part  right  here  (touching  the  middle  cute  on  an  edge)."  She 
anticipated  that  there  might  be  a  problem  in  organizing  her  counting  scheme  to  account  for  all  these 
cubes:  "It's  going  to  be  hard  for  I  may  overcount."  Though  she  tried  several  different  ways  of 
organizing  this  counting  activity,  she  was  not  able  to  .mage  the  cube  in  a  viable  way  that  allowed  her  to 
systematically  count  the  relevant  cubes.  The  Rubins  cube  had  helped  to  organize  her  thinking  such  that 
she  could  identify  the  appropriate  cubes  to  count.  However,  even  with  the  cube  in  front  of  her  she  was 
unable  to  devise  ?ri  effective  system  for  counting  the  cubes. 

Kristin  was  given  the  Rubik's  cube  after  she  had  determined  the  solution  to  be  24  cubes  (4x6). 
She  was  not  able,  even  when  given  the  Rubik's  cube,  to  solve  the  problem  of  coordinating  her  counting 
activity  to  allow  for  the  problem  of  the  middle  cube  on  an  edge  being  shared  with  an  adjacent  face.  Her 
imaging  of  the  cube  did  not  aid  her  in  sectioning  the  actual  Rubins  cube  in  some  way  such  that  she 
could  develop  a  viable  system. 

Elaine  did  not  see  the  problem  of  double  counting  of  cubes  shared  by  adjacent  faces  when  she 
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drew  her  symbolization  of  six  squares.  She  calculated  24  small  cubes  with  two  faces  showing  (4  on  each 
face  and  6  faces  in  all).  When  she  was  given  the  Rubik's  cube  she  immediately  identif.ed  her  difficulty 
and  very  quickly  sectioned  the  cube  into  three  layers,  thus  organizing  her  count  of  these  cubes  v.ch  two 
sides  showing.  She  counted  four  such  cubes  in  each  layer  of  nine  cubes  (twelve  cubes).  She  re- 
examined her  initial  drawing  and  immediately  identif.ed  how  it  had  been  used  inappropri?'rly:  she  was 
able  to  reconceptualize  her  drawing  to  see  the  way  faces  were  being  shared. 

Elaine  quickly  and  efficiently  developed  a  procedure  for  counting  the  cubes  with  two  sides 
showing  because  she  imaged  the  Rubik's  cube  as  being  in  layers.  Kristin  and  Tracy  were  not  able  to  do 
so.  even  though  they  had  the  Rubiks  cube  there  to  aid  them.  What  counted  were  their  mental 
constructions.  Without  a  method  for  counting  the  cubes  both  their  pencil  and  paper  activity  and  the 
availability  of  the  cube  itself  were  not  helpful.  Cobb,  Yackel  and  Wood  (1992)  have  stressed  that  there 
is  no  mathematics  in  the  materials  as  such;  mathematics  is  a  human  activity.  They  have  underscored  the 
need  for  students  to  build  their  own  mental  models  as  means  of  constructing  meaning  for  mathematical 
ideas.  This  was  an  idea  that  was  expressed  by  Kristin  on  several  occasions  when  referring  to  her 
drawings:  "It  helps,  because  it  was  what  I  was  thinking  about  in  my  mind."  These  materials  did  do. 
help  when  participants  had  not  constructed  the  relationships  mentally.  They  were  meaningful  only  when 
participants  had  clearly  elaborated  their  constructions  of  the  various  relationships.  Imagery  is  personal  to 
the  learner  as  s/he  attempts  to  make  sense  of  her/his  world  in  mathematical  terms  (Bishop,  1989). 

As  they  used  these  symbolizations  reflexively  they  elaborated  their  schemes:  On  occasion  Neal 
explained  that  he  did  no.  have  a  well  developed  image  in  his  mind.  His  images  were  often  constructed 
as  he  refleced  on  his  ac.ivi.y.  Pencil  and  paper  were  .ools  .ha.  he  used  .o  help  him  record  and  ref.ne 
his  .houghls.  One  powerful  example  of  .his  was  in  his  solution  of  the  Fence  Posts  task.  Initially  he 
drew  a  square  with  two  fence  posts  on  each  corner  (one  for  each  side).  Upon  reflection,  he  realized  that 
he  would  only  need  one  post  in  each  corner  ("One  will  do  for  both").  Thus  he  erased  one  fence  post 
from  each  corner.  His  diagrams  helped  him  elaborate  his  constructions. 
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On  many  occasions  Tracy  initially  constructed  little  meaning  for  a  task.  Meaning  was  elaborated 
as  she  recorded  her  ideas  on  paper  and  then  reflected  on  them  ("Sometimes  when  I'm  thinking  in  my 
head  1  get  mixed  up  so  I  just  have  to  write  it  on  paper").  In  the  Mapping  task  she  initially  used 
seventeen  sheets  of  paper  to  draw  the  route  from  home  to  school.  At  the  end  of  the  session  she 
examined  her  work:  "It's  long!"  and  decided:  "I'll  just  have  to  make  the  roads  shorter."  In  the 
following  session  she  did  just  that  and  reduced  her  nap  to  three  sheets  of  paper.  A  month  later  she 
indicated  "I'm  going  to  see  if  1  can  get  it  on  one  sheet,"  which  she  did.  By  first  drawing  and  then 
reflecting  on  her  drawing  Tracy  was  able  to  identify  the  more  salient  features  of  her  image  and  modify 
that  image.  She  did  not  just  make  the  routes  shorter.  Tracy  needed  to  express  her  constructions  through 
her  drawings  so  that  she  could  reflect  on  those  constructions  and  further  elaborate  them. 

Elaine  frequently  drew  sketchy  diagrams  that  expressed  relationships  as  she  was  thinking  of 
them.  When  she  began  the  3  by  5  Card  task,  she  initially  drew  a  rectangle  of  no  particular  size  saying: 
"This  isn't  exactly  twelve  by  thirty,  but  this  is  the  twelve  side,  this  is  the  thirty  side."  Upon  reflection 
she  decided:  "Oh,  I'd  better  make  it  exact,"  and  she  proceeded  to  use  a  ruler  to  h.-lp  her  draw  a 
rectangle  12  cm  by  30  cm.  She  adjusted  her  drawings  as  necessary  to  reflect  her  interpretation  of  the 
task.  In  our  final  session  together  Elaine  expressed  what  each  participant  had  alluded  to  on  many 
occasions: 

Well,  instead  of  like  having  a  picture  in  your  head  because,  you  know,  it's  not  like  you  can  turn 
around  and  look  at  your  brain  or  something;  turn  your  eyes  around  or  something;  but  1  mean, 
you  fjn  picture  things  in  your  head  and,  but  it's  easier  to  look  at  things  when  they're  on  paper. 

Participants'  diagrams  were  symbolizations  that  aided  them  in  reflecting  on  their  constructions  and 

elaborating  their  schemes. 


It  has  been  argued  in  this  paper  that  participants  found  pencil  and  paper  and  other  materials 
useful  as  they  attempted  to  construct  meaning  for  mathematical  tasks.  They  used  these  materials  in  a 
twofold  manner:  to  symbolize  their  constructions  and  as  they  reflexively  elaborated  their  schemes. 


Conclusion 


These  symbolizations  were  different  for  each  participant.  The  data  suggests  that  it  is  important  that 
students  be  encouraged  to  express  mathematical  relationships  in  their  own  meaningful  ways  rather  than 
have  particular  symbolizations  imposed  on  them. 
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Appendix 

1 .  There  are  15  tigers  and  4  cages.  How  many  ways  can  the  tigers  be  put  in  the  cages  so  that  no 
two  cages  have  the  same  number  of  tigers?  (Tigers  and  Cages  task) 

2.  I  want  to  fence  in  a  square.  How  many  fence  posts  will  I  need?  (Fence  Posts  task) 

3.  In  a  Rubik's  Cube,  how  many  small  cubes  have  just  two  sides  showing?  (Rubik's  Cube  task) 

4.  There  are  216  small  cubes  arranged  in  a  6  by  6  by  6  large  cube.  One  layer  of  small  cubes  is 
removed  from  each  face  of  the  large  cube.  How  many  cubes  are  removed?  (6X6X6  Cube  task) 

5.  How  many  3  by  5  cards  are  needed  to  cover  a  sheet  of  paper  12  by  15?  (3  by  5  Card  task) 

6.  Draw  a  map  that  could  be  used  by  someone  to  get  from  your  house  to  the  school.  (Mapping 
task) 


The  research  in  this  paper  was  supported  in  part  by  the  National  Science  Foundation  under  grant  No. 
MDR  885-0560.  The  opinions  expressed  do  not  necessarily  reflect  the  views  of  the  funding  agency. 
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Men.  Luis.  Departamenin  de  Didactica  de  la  Matemdtica. 

Castro  ,  Enrique.  Departamento  de  Didactica  de  la  Matemdtica. 

Gonzalez,  Evaristo.  Departamento  de  Pedagogia. 

Castro,  Encarnacion.  Departamento  de  Didactica  de  la  Matemdtica, 

Vniversidad  de  Granada.  SPAIN 

ABSTRACT:  This  paper  reports  on  a  study  made  of  540  schoolchildren 
between  9  and  I I  years  old.  engaged  in  two-stage  addition  problem  solving 
tasks.  Of  the  64  different  types  of  two-stage  addition  problems  which  can  be 
identified  by  taking  all  possible  pairs  from  semantic  categories  and  crossing 
them  with  pairs  of  arithmetical  operations,  lb  problems  were  chosen  for  this 
study:  those  in  which  the  semantic  structure  is  the  same  in  both  stages  of  the 
solution.  A  multivariate  analysis  with  repeated  measurements  (MANOVA)  wa.\ 
used  in  two  intersubject  factors  and  the  interactions  shown  were  analysed. 
Furthermore,  the  indices  of  difficulty  and  discrimination  for  each  of  the  problems 
were  determined. 

I,  INTRODUCTION. 

At  the  end  of  the  70s  and  beginning  of  the  80s.  researchers  working  on  simple 
arithmetic  word  problems  witli  addition  structures  obtained  similar  semantic  categories,  among 
them  Vergnaud.  Greeno  and  Heller.  Carpenter  and  Moser.  and  Nesher.  It  is  at  this  time  when 
research  into  arithmetic  problems  divided  into  t  f/o  large  fields:  addition  structure  problems  and 
multiplication  stracture  problems. 

The  semantic  categories  for  addition  pr  jblcms.  which  represent  alternative  structures  ot 
quantitative  information,  were  initially  established  by  Heller  and  Greeno  (1979)  and.  with 
successive  improvements,  are  still  with  us  today. 

Fuson  (1992-b)  lists  22  structurally  different  addition  problems,  for  which  she  bears  in  mind 
the  four  alternative  semantic  structures:  Combine.  Change.  Compare  and  Equalize;  two  types 
of  relation  -  increase  or  decrease  -  for  the  last  three  categories,  or  static  and  dynamic  for  the 
first  category;  and  three  possibilities  for  the  unknown  element  in  the  structure  of  relations 
which  the  problem's  statement  establishes  (only  two  in  the  Change  structure). 

A  considerable  number  of  research  projects  have  tried  to  establish  the  level  of  difficult) 
of  the  addition  structure  problems  in  terms  of  the  semantic  categories  and  of  the  position  of  the 
unknown  element  in  the  framework  of  implied  relations.  The  establishing  of  the  knowledge 
structures  employed  to  solve  different  types  of  problems  according  to  the  aforementioned 
classification  still  leaves  a  number  of  unanswered  questions  today  (Fuson.  l'Wl  and  1992). 
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Our  project  is  placed  within  the  general  framework  described  previously:  we  study 
arithmetic  problems  of  addition,  classified  according  to  the  semantic  structure  four  categories 
mentioned  above.  The  studies  into  addition  problems  have  centered  on  problems  whose 
solution  requires  a  single  operation;  these  problems  are  called  one-step  problems  and  constitute 
the  simplest  category  of  addition  problems. 

Interest  in  the  study  of  two-step  arithmetic  problems,  which  are  those  whose  solution 
requires  two  consecutive  arithmetic  operations,  has  appeared  recently  (Shallin,  1985;  Nesher. 
1991).  Two-step  arithmetic  problems  of  addition  are  those  problems  whose  solutions  involve 
only  addition  and  subtraction  and,  in  all  cases,  two  of  these  operations  are  necessary.  The 
study  of  arithmetic  problems  of  addition  is  the  aim  of  this  research  project. 

We  are  going  to  consider  problems  in  which  two  elements  appear  first  and  with  which 
we  must  operate  to  obtain  another  number.  This  new  number  must  be  used  in  an  operation  with 
the  third  element  to  achieve  the  solution: 


This  study  concentrates  on  those  problems  in  which  the  semantic  structure  of  the  two 
operations  is  the  same,  thus  obtaining  16  possible  cases  that  we  name  two-step  problems 
with  duplicated  semantic  structure 

1.1.  Research  Goals. 

The  following  goals  were  proposed: 

1.  To  compare  the  performance  of  schoolchildren  in  the  4th,  5th  and  6th  year  of  primary- 
education  (9-1 1  year  olds)  in  relation  to  two-stage  addition  problems  of  arithmetic. 

2.  To  determine  if  there  are  any  differences  of  difficulty  between  the  pairs  of  semantic 
structures  and  the  operation  sequences,  as  well  as  to  study  the  interactions  between  these 
two  factors. 

1.2.  Hypotheses  to  be  Verified. 

H0 1 .  There  are  no  significant  differences  due  to  the  "course"  factor.. 
H02 .  There  are  no  significant  differences  due  to  the  "semantic  structure"  factor. 
H03.  There  are  no  significant  differences  due  to  the  "operation  type" factor. 
H04.  There  is  no  significant  interactive  effect  between  the  variables  "course"  x 
"semantic  structure". 

H05.   There  is  no  significant  interactive  effect  between  the  variables  "course"  x 


ordered  elements  of  the  problem:  a.  b,  c 
order  of  operations  to  reach  the  solution: 

a*b  >  d 

c*d  >  solution 


'operation  type". 


122  — 


Ho*.  There  is  no  significant  interactive  effect  between  the  variables  "semantic  structure" 
X  "operation  type". 

H07.  There  is  no  triple  interaction  effect  betwen  the  variables  "course"  x  "operation 
type"x  "semantic  structure". 

II.  METHOD. 

ILL  Characteristics  of  the  Sample. 

The  sample  consists  of  a  total  of  540  pupils  from  six  primary  schools  in  the  Province  of 
Granada  (Spain),  five  of  which  lie  in  the  city  itself  and  its  surrounding  districts,  while  the  other 
is  in  a  rural  area.  Three  of  the  schools  are  state-run.  while  the  other  three  are  state-approved 
private  institutions. 

In  each  school  three  groups  were  chosen,  from  the  4th.  5th  and  6th  year  respectively. 
The  number  of  pupils  in  each  group  was  as  follows: 


Teachers  were  not  previously  made  aware  of  the  contents  of  the  tests,  nor  did  the 
children  receive  any  type  of  specific  instruction  beforehand  regarding  the  tasks  proposed  for 
the  research  project. 

11.2.  Instruments  Used. 

The  16  possible  cases  were  classified  into  two  groups  of  eight  problems  each. 
The  characteristics  of  these  two  tests  were  as  follows: 

Test  A.  This  test  included  those  problems  in  which  the  semantic  structure  of  the  two 
operations  is  the  same,  that  is.  the  pairs  (Ch,  Ch);  (Co,  Co);  (Cp.  Cp);  (Eq.  Eq).  and  the  two 
operations  are  also  identical:  (+.  +)  and  (-.  -).  The  resulting  8  problems  were  determined  as 
being  of  duplicated  structure. 

Test  B.  As  with  the  previous  group,  the  problems  in  this  test  also  have  the  same  semantic 
structure  in  the  two  operations,  but  here  the  second  operation  is  different  from  the  first:  (+,  -) 
and  (-,  +).  8  solutions  also  result  from  this  group,  forming  symmetrical  pairs  with  respect  to 
the  operations. 

Since  the  items  are  dichotomyc,  the  reliability  as  internal  consistency  of  the  test  was 
calculated  with  vhc  Kudcr-Richardson's  Kr-20  coefficient.  The  resultant  reliability  index  was 
0.86. 


164.  4th  year  pupils. 
175,  5th  year  pupils. 
201,  6th  year  pupils. 
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C»Ma*r*-c»mp«f« 

6  a  walif  •  £  a, 

ftterha*  17  wmtr  weocm 
martin  Inaide  ■  box. » red 
weodrn  mart  tea  end  23  Jtaws 
marble* .  Hw  nunv  mutiSci  h«* 
Fnert,et  inaidc  the  be*" 

[Co-Co  t+.+il 

Pcicr  had  23  vio«»)Wtitn.  On  h«* 
mrthaav  he  bought  a  nrd  hK 
tritnd  Joe  fm*t  him  1  Mo  Iicm 
many  vifieo-flwnts  ha>  Peier  rw 
now"- 

|Ch-Ch 

Thu  year.  Peter  nad  watched 
33  litm*.  Joe  had  warned  It1 
mart  lilma  than  Peter  and  Maryti 
dims  inan  Jot-  How  T.*r.v  Mm* 
has  Mary  waicheC.' 

ICp-Cp 

Peter  h*ft  fa*  2ft  peoeun  and  nctd-> 
9  peNctJw  mere  io  hat*  mm  much 
money  a>  Joe.  For  Marv  io  natc 
a.*  muih  money  m5  Joe  srw  neec- 
17  pexeuw  mare,  How  much 
money  ha*  Mary" 

IhS-K»»  (*.*!] 

Kathy  has  *»  martiles  Irwidc  * 
bet  23  of  them  are  x'<cm  marbtei 
and  the  rtai  we  wooden  mart*c» 
OfthcH-MdtnmiftokaBm  ml 
and  the  rt»i  white.  How  many 
white  tnart>k«  ate  tnitde  me  boav 

(Co-Cn  |...>| 

Kwhy  hud  46  vidco-ramc*  And  11 
brake  1  Northern.  Of  the  one*  ahe 
ha*,  left  ^hc  f>i«  ft  io  SuHun  Ho* 
many  videogame  ■  doe*  Kathy 
have  ncu  ' 

ICh-th  f.-ii 

Tht*  year.  Sunn  bus  WHichcd  «W* 
film*.  Marvhajwmienedttle** 
lilnw  than  Sumvi  and  Kathy  ll< 
)«■•  nimr>  than  Mary.  How  many 
lilmc  ha*  Knthy  watched'' 

fc>Cp  t-..|| 

Marv  ha*  got  SI  pnnaa  and  ii 
ahe  apends  t7  piaa.  ahe  *tl 
hM«e  the  wune  amount  :i 
money     Suaan.  U  Suaan 
vpcmU  9  pucuw  *he  will  hut* 
the  aarae  «mount  u  Kith* 
How-  much  money  hm  Katr» 

II.3.  Application  Procedures. 

The  tests  were  given  to  the  children  by  members  of  the  research  team  in  two  sessions, 
w  ith  a  maximum  interval  of  one  w  eek  between  sessions,  approximately  half-wav  through  the 
first  term  of  the  1993-94  academic  year.  The  tests  were  all  given  on  different  days,  leaving  at 
least  one  day  between  tests,  and  also  avoiding  a  weekend  break  falling  between  tests. 

The  tasks  were  carried  out  in  the  children's  usual  classrooms,  using  existing 
groups/classes.  The  tests  were  applied  in  a  large  group  format,  the  pupils  having  a  maximum 
time  of  30  minutes  per  session  in  whiv.h  to  solve  their  problems  in  silence. 

Before  the' tests  began  each  of  the  groups  was  given  a  series  of  verbal  instructions  to 
orient  the  problem-solving  tasks.  These  included: 

*  Solve  the  problems  in  the  order  they  are  on  the  question  paper.  When  you  finish 
one  problem  go  on  to  the  next,  and  so  on.  until  you  finish. 

*  Make  all  your  notes  and  calculations  in  the  space  underneath  each  question.  Don't 
just  write  in  the  answers. 

*  Don't  look  at  anyone  else's  work  and  keep  silent  so  that  everybody  has  a  chance  to 
do  their  best  and  solve  the  problems  properly. 

The  tests  were  marked  by  members  of  the  research  team,  once  agreement  had  been 
reached  over  the  marking  criteria  to  be  followed.  1'he  missing  subjets  of  the  sample  was  under 
1%  of  the  total  number  of  pupils,  this  corresponding  to  those  pupils  who  only  completed  one 
of  the  tests  as  a  result  of  their  absence  for  one  of  the  two  sessions.  Each  of  the  answers  to  the 
problems  was  given  a  value  of  I  or  0.  according  to  whether  its  solution  was  correct  or 
incorrect.  Solutions  were  considered  correct  when  tb"y  showed  that  the  pupil  had  opted  for  the 
appropriate  operations  in  order  to  arrive  at  a  successful  solution  to  the  task.  Calculation  errors 
were  ignored.  In  this  paper  only  the  correct  solutions  are  analysed;  research  currently 
underway  concentrates  on  an  in-depth  study  of  of  the  typology  of  errors  according  to 
empirically  denned  category  frameworks. 
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A  statistical  design  of  repeated  measurements  has  been  applied  to  the  matrix  of  data 
obtained  from  the  540  pupils'  scores,  with  the  year  factor  as  an  intersubject  factor,  considered 
as  an  independent  variable  with  three  levels  of  definition:  4th,  5th  and  6«h;  and  two  intersubject 
factors,  i.e.  the  operation  type  factor  and  the  duplicated  semantic  structure  factor,  with  four 
levels  of  definition,  respectively:  (+,  +).  (-,  -),  (+,  -).  (-.+)  and  Ca-Ca,  Cp-Cp.  Ig-Ig.  Co-Co. 

The  statistical  technique  used  for  analysis  of  the  data  was  a  maultivariant  analysis  with 
repeated  measurements  in  the  two  intrasubject  factors  (MANOVA). 

The  performance  of  each  course,  and  the  indices  of  difficulty  for  each  problem 
according  to  the  operation  type  and  semantic  structure  variables  appear  in  the  following  tables: 


Structure 
Operations 


Ch-Ch 


(+.+) 
(-.-) 
(+.-) 
(-.+) 


Total 


Eq-Eq 


.890 
.524 
.811 
.805 


.76 


.726 
.598 
.659 
.634 


.65  .66 


Co-Co 


Cp-Cp  Total 


.927 
.591 
.610 
.524 


.750 
.732 
.707 
.659 


.71 


TaMc  I.  Mean  punctuation  by  course  4th 


.82 
.61 
.70 
.66 


Structure 
Operations 


Ch-Ch 


(+.+) 
(-.-) 
(+.-) 
(-.+) 


Total 


.937 
.691 
.903 
.920 


Eq-Eq 


.880 
.789 
.834 
.840 


.86     .84  .83 


Co-Co 


Cp-Cp  Total 


.977 
.789 
.789 
.771 


.863 
.886 
.834 
.851 


.86 


TaMc  2.  Mean  punctuation  by  course  5th 


.74 
.84 
.85 


Structure 
Optfahons 


Ch-Ch 


(+.+) 
(-.-) 
(+.-) 
(-.+) 


Total 


.965 
.826 
.955 
.955 


.93  .91 


Eq-Eq 


.915 
.920 
.886 
.896 


Co-Co  Cp-Cp  Total 


.990 
.881 
.896 
.876 


.91  .94 


.945 
.965 
.910 
.945 


.95 
.90 
.91 
.92 


TaMc  3.  Mean  punctuation  by  course  6th 


Structure 
Operations 


Ch-Ch 


(+.+) 
(-.-) 
(+,-) 
(-.+) 


Total 


.993 
.691 
.894 
.898 


Eq-Eq 


.846 
.780 
.800 
.798 


Co-Co 


Cp-Cp  Total 


.967 
.763 
.774 
.735 


.859 
.869 
.824 
.828 


XI      .81      .81  1.85 


.90 
78 
,82 
.81 


TaMe  4.Global  Mean  punctuation  by  4th.  Sth  &  nth 


Results  of  the  contrast  of  hypotheses  according  to  the  variables  considered  arc  given  in 
the  following  table: 
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F 

p  (a=0.01) 

Level  of  signification 

Hi  ■ 

55.96 

pcO.Ol 

Differences  by  course 

H*2 

14.49 

pcO.Ol 

Differences  by  semantic  structure 

H*3 

53.95 

pcO.Ol 

Differences  by  operations 

H*4 

3.26 

pcO.Ol 

Differences  by  course  x  semantic  structure 

H*5 

7.42 

pcO.Ol 

Differences  by  course  x  operacion 

H»* 

31.17 

pcO.Ol 

Differences  by  opera)  ios  x  semantic  structure 

H*7 

2.14 

pcO.Ol 

Differences  by  course  x  operations  x  structure 

Table  5.  Hypothesis  &  Levels  of  signification  by  course,  semantic  structure  and  operations 

The  global  interaction  between  operation  type  and  semantic  structure  variables  appear  in  the 
following  figure: 


Interaction  of  Semantic  Structure  x  Operation  Type 


1.0 


0  9 


I    0  3 
v 

I 

0.7  - 


0  .6  Y- 


Operati  in  Type 


<♦.♦> 
(-.-) 
<♦.-) 
<-.♦) 


Ck-Ch      Eq-Eq       C*-Co  Cp-Cp 
Semtntie  Structure 
Figure  1.  Percentages  of  appropiate  solution  for  different 
operations  types  for  de  four  semantics  structures. 


IV.  CONCLUSIONS. 


Globally,  following  analysis  of  the  variance  of  the  total  mark  for  the  16  items  of  the 
two  two-stage,  duplicated  semantic  structure  addition  tests,  significant  differences  between 
school  years  were  found  (F=57.8I3;  p=0.0).  Subsequently  multiple  comparisons  between  year 
pairs  were  carried  out  according  to  Scheffe's  method  at  5%  significance  level,  and  significant 
differences  between  the  school  years  were  found:  between  4th  and  5th,  4th  and  6th.  and  Sth 


o 
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and  6th. 

Analysis  of  the  variance  in  the  two  intrasubject  factors  (semantic  structure  and  operation 
type)  showed  significant  differences  in  the  following  cases:  due  to  the  "semantic  structure" 
factor  (F=14.49,  p=O.OO0),  due  to  the  "operation  type"  fcator  (F=53.95,  p=0.000)  and  due  to 
the  mutual  interaction  between  both  factors  (F=3.26,  p=0.000).  Finally,  significant  differences 
were  also  found  due  to  the  triple  interaction  of  the  factors  "year"  x  "semantic  structure"  x 
"operation  type"  (F=2.14,  p-  0.003). 

Global  comparr  ms  made  for  the  variable  "semantic  structure"  showed  the  existence  of 
significant  diffemeces  c  y  between  the  following  pairs:  Ch-Ch  with  Eq-Eq,  and  Ch-Ch  with 
Co-Co. 

For  the  variable  "operation  type",  significant  differences  were  obtained  for  with  the 
following  pairs,  by  year: 

4th  year:  (+.+)  with  (-.-);  (+.+)  with  (+.-)  and  (+,+)  with  (-.+). 
5th  year:  (+,+)  with  (-,-)  and  (+,+)  with  (+,-). 
6th  year:  (+,+)  with  (-.-). 
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This  study  investigates  seventh-grade  teachers'  awareness  of,  and  teaching  approaches 
to,  a  well-documented  cognitive  obstacle  in  learning  algebra,  namely,  the  incomplete 
nature  of  algebraic  expressions.  Two  novice  and  two  experienced  teachers  participated 
in  this  study.  Three  types' of  data  were  collected:  I)  lesson  plans,  2)  observations,  and  3) 
post-lesson  interviews.  The  analysis  showed  that  while  experienced  teachers  were  aware 
of  the  existence  of  the  difficulty  and  its  possible  sources,  novice  teachers  attributed 
difficulties  to  other  sources,  such  as  notations.  The  teachers  differed  in  their  approach  to 
this  difficulty.  One  experienced  teacher  used  a  metacognitive  approach  and  suggested 
using  various  ways,  while  the  others  used  technical  methods.  In  conclusion  we  raise 
issues  for  further  research,  including  the  stability  of  the  incompleteness  difficulty  across 
various  approaches  to  teaching  algebra. 

Every  teacher  encounters  situations  in  which  s/he  has  to  decide  about  the  presentation  of  the 
subject  matter  to  his/her  students  either  through  his/her  initiative  or  as  a  response  to  a  student's 
comment.  In  making  such  decisions,  obviously  the  teacher's  own  knowledge  of  the  subject  matter 
plays  a  major  part  Not  less  important  is  his/her  acquaintance  and  understanding  of  students'  ways  of 


This  last  component  of  teachers'  knowledge  necessitates  a  body  of  knowledge  of  common 
student  conceptions.  In  addition  to  teachers'  own  experiences,  such  knowledge  has  been  generated 
mainly  in  the  last  two  decades  of  extensive  cognitive  research  on  student  learning,  which  has  yielded 
much  useful  data  on  student  conceptions  and  thinking  in  mathematics.  It  has  been  shown,  especially 
with  reference  to  algebra,  that  students  often  make  sense  of  the  subject  matter  in  their  own  way  which 
is  not  always  isomorphic  with  the  structure  of  the  subject  matter  or  the  instruction. 

One  of  the  well  documented  cognitive  obstacles  in  learning  algebra  has  to  do  with  the 
"incomplete  nature"  of  algebraic  expressions.  It  was  found  that  many  students  tend  to  "simplify" 
expressions  such  as  3m+4  to  7m  or  7.  Researchers  have  suggested  several  possible  sources  for  this 
behavior,  most  of  which  are  related  to  the  fact  that  while  the  result  of  any  real  numerical  expression 
can  be  a  number  without  any  operational  signs  (e.g.,  15+4-2  is  17),  a  possible  "result"  of  simplifying 
an  algebraic  expression  could  still  include  operational  signs  (e.g.,  15+4- 2a  is  19-2a).  Booth  (1988), 
Kieran  (1992),  KUchemann  (1981)  and  Matz  (1980)  suggest  that  the  tendency  to  over-simplify 
algebraic  expressions  has  to  do  with  students'  expectations  that  the  "behavior"  of  algebraic 
expressions  be  similar  to  that  of  arithmetic  expressions  (e.g.,  15+4-2a«19-2a=17a).  That  is,  they 
somehow  believe,  that  the  final  answer  should  be  "well  formed  single-termed".  Similarly,  Collis 
(1975)  suggests  that  students  face  cognitive  difficulty  in  "accepting  lack  of  closure."  Davis  (1975) 
and  Kieran  (1991)  illuminate  another  possible  source  for  this  difficulty.  These  researchers  noted  that 
in  arithmetic,  symbols  such  as  +  and  »  are  typically  interpreted  only  in  terms  of  actions  to  be 
performed,  so  that  +  means  to  actually  perform  the  addition  operation  and  «  means  to  write  down  the 


thinking. 
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answer.  Thus,  an  expression  such  as  Jn+2m  is  often  interpreted  as  an  instructional  (or  procedural) 
statement,  which  states  that  3n  is  to  be  added  to  2m.  Students  often  tend  to  "add"  such  expressions 
getting  answers  such  as  Snm. 

In  this  paper  we  examine  teachers'  awareness  of  the  possibility  that  their  students  hold  a 
conception  of  algebraic  expressions  as  incomplete.  We  also  analyze  their  teaching  from  this  point  of 
view  and  hypothesize  about  their  students'  learning. 


This  study  is  part  of  a  larger  project  that  examines  various  differences  between  experienced  and 
novice  teachers  with  respect  to  teaching  equivalent  algebraic  expressions.  In  this  paper  we  refer  to 
four  seventh-grade  teachers  who  participated  in  this  study,  two  were  novices  with  one  or  two  years 
experience,  and  the  other  two  had  more  than  10  years  of  experience,  and  a  reputation  of  being 
excellent  teachers.  All  four  subjects  used  a  traditional  approach  to  the  teaching  of  algebra  with  an 
emphasis  on  formal  language,  procedures  and  algorithms.  Their  lessons  were  teacher-centered  with 
no  emphasis  on  students'  investigations. 


The  collected  data  are  related  to  the  three  or  four  initial  lessons  on  the  same  teaching  segment: 
equivalent  algebraic  expressions  (open-phrases).  Three  types  of  data  were  collected:  1)  lesson  plans- 
-each  teacher  was  asked  to  submit  a  lesson  plan  before  each  lesson,  either  in  writing  or  in  audio- 
recording;  2)  observations-all  lessons  were  observed  by  one  of  the  researchers;  field  notes  were 
taken  during  observations  and  were  supplemented  by  audio-taped  records,  and  3)  post-lesson 
interviews-semi-structured  interviews  after  each  lesson.  All  interviews  were  audio-taped  and 
transcribed. 


In  this  section  we  analyze  excerpts  taken  from  the  four  teachers'  lessons  that  illustrate  these 
teachers'  awareness  of  possible  student  conceptions  of  algebraic  expressions  as  incomplete.  These 
episodes  illuminate  different  approaches  to  dealing  with  this  topic.  Also  included  are  hypothesized 


Batia  is  an  experienced  teacher.  In  the  ways  she  plans  and  teaches  her  lessons  and  from  her 
interviews  it  is  obvious  that  she  is  aware  of  the  common  difficulty  students  have  regarding  the 
incomplete  nature  of  algebraic  expressions.  For  example,  in  her  written  lesson  plan  she  wrote:  "I 
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The  Incomplete  Nature  of  Algebraic  Expressions: 
Teacher  Awareness  and  Approaches 


views  of  students  who  tend  to  "complete"  algebraic  expressions,  about  the  experiences  they 
encountered  during  the  lessons. 
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expect  difficulties  in  problematic  cases  [such  as]  2x+3=5x."  Also,  in  an  interview,  when  asked  about 
difficulties  that  students  commonly  encounter  when  studying  algebraic  expressions,  she  mentioned, 
among  others,  the  tendency  to  add  2a+3  and  get  5a.  When  the  interviewer  probed  her  for  the  reasons 
for  this  difficulty,  she  stated:  "They  need  to  get  an  answer,  it  does  not  seem  finished  to  them." 

Being  aware  of  this  student  difficulty,  she  includes  in  her  lessons  various  activities  and  several 
strategies  to  expose  students'  thinking  about  this  issue,  to  help  them  reflect  on  their  solutions,  and 
develop  a  view  of  an  algebraic  expression  as  a  possible  complete  answer.  The  following  episodes 
illustrate  her  approach. 

Episodes 

Episodil.  The  teacher  writes  3+4x  on  the  board  and  asks  the  class  what  can  be  done  with  this 
expression.  One  student  says:  "It  should  remain  as  it  is".  Although  this  was  a  correct  answer, 
probably  the  one  that  most  teachers  would  expect  at  this  point,  the  teacher  continues  to  probe  for  other 
reactions  that  students  may  come  up  with.  Another  student  says:  "No,  this  is  not  true,  3+4x  is  equal 
to  (3+4)x."  The  teacher  then  suggests  one  way  to  check  this  by  substituting  x=5,  i.e., 
3+4*5*(3+4)*5.  She  continues  to  present  similar  expressions  for  students  to  work  with. 

Episode  2.  In  another  lesson,  the  expression  3+4x  was  mentioned  again.  The  teacher  asks: 
"What  is  3+4x?"  One  student  claims:  "7x".  The  teacher,  aware  of  the  problematic  incomplete  nature 
of  algebraic  expressions,  purposely  asks:  "How  about  7?" 

Student:  Maybe?! 

Teacher:  Well,  let's  see  again.  3+4x.  What  is  the  operation  between  4andx. 
Student:  Multiplication. 

Teacher:  So,  first  we  have  to  determine  what  4*x  could  be.  Can  we  know  that? 
Student:  No! 

Teacher:  So,  can  I  first  add  the  numbers? 

Student:  No!  OK,  I  got  it. 
In  this  episode,  the  teacher  tackles  this  issue  differently.  This  time  she  does  not  use  substitution  but 
builds  on  students'  knowledge  of  the  order  of  operations. 

F.pisode  3.  In  another  lesson  the  class  discusses  the  expression  x2  +  3x.  One  student  asks  if 
this  could  be  4x2.  The  tCacher  repeats  the  question:  "Could  it  be  4x2?"  in  a  neutral  tone,  not  implying 
the  correct  answer.  Another  student  correctly  replies:  "No".  The  teacher  then  asks  a  "reverse- 
question-  "In  order  to  get  4x2,  what  should  be  there?"  One  student  answers:  "There  should  have  been 
3x2  and  not  3x",  The  first  student  further  insists:  "Why  can't  I  add  them?  I  still  don't  understand," 
The  teacher  repeats  the  question.  The  second  student  continues  to  explain:  "We  don't  know  what  3x 
and  3x  are.  Therefore,  one  cannot  add  them.  We- should  first  multiply."  The  first  student  seems 
satisfied  with  the  explanation. 


A  student's  virw 


A  student  in  Batia's  class  who  believes  that  an  expression  such  as  3x+4  is  incomplete,  can  by 
said  to  experience  the  following: 

-  The  teacher  understands  what  the  studenfs  difficulty  is  and  in  her  response  to  the  student  focuses 
on  his/her  way  of  thinking. 

-  The  teacher  offers  the  student  opportunities  to  express  his/her  ways  of  thinking  about  the  issue  even 
when  it's  wrong,  and  discusses  them  respectfully. 

-  The  teacher  provides  various  presentations  of  the  subject  matter  that  highlight  different  aspects  of 
and  angles  on  the  issue  (e.g.,  substitution,  order  of  operation,  reversibility). 

-  The  teacher  frequently  returns  to  this  issue  on  different  occasions,  with  relation  to  different  types  of 
expressions  (e.g.,  linear,  quadratic). 

Gilat^ 

Gilah  is  also  an  experienced  teacher.  She  is  aware  of  students'  tendency  to  "simplify" 
expressions  such  as  3x+4  to  7x  as  a  result  of  their  conception  of  the  "incomplete  nature"  of  algebraic 
expressions.  She  explains:  "Students  tend  to  do  it  as  simple  as  possible.  They  tend  to  'finish'  it  [the 
expression]."  In  her  opinion,  the  incomplete  nature  of  algebraic  expressions  is  the  main  obstacle  in 
teaching  how  to  simplify  algebraic  expressions.  Therefore,  she  planned  a  comprehensive 
introductory  activity,  devoted  to  getting  the  students  acquainted  with  the  notions  of  like  and  unlike 
terms.  She  keeps  referring  to  these  notions  during  instruction.  The  following  episode  is  a  typical 
example  of  her  approach.  It  took  place  after  the  students  had  worked  for  an  extensive  period  on  like 
and  unlike  terms. 

Episode, 

During  a  lesson  the  class  arrives  at  the  expression  4x+6.  One  student  suggests  that  this  equals 
lOx.  Another  student  objects:  "4x  and  6  are  unlike  terms  because  4x  is  a  number  with  an  x  and  6  is 
only  a  number."  The  teacher  pushes  further:  "So  what?"  The  student  replies  confidently:  "The 
answer  stays  4x+6." 

A  student's  viftw 

A  student  in  Gilah's  class,  who  believes  that  an  expression  such  as  3x+4  is  incomplete 
experiences  the  following: 

-  The  teacher  understands  what  the  student's  difficulty  is  and  considers  it  important  and  worth  taking 
care  of. 

-  The  teacher  offers  the  student  opportunities  to  express  his/her  way  of  thinking  about  the  issue  even 
when  it's  wrong,  and  to  discuss  them  with  respect. 

-  The  teacher  spends  time  and  effort  on  teaching  and  directing  the  student  towards  the  use  of  one 
specific  method:  like  terms. 
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-  The  teacher  frequently  returns  to  this  issue  on  different  occasions,  with  relation  to  different  types  of 
expressions  (e.g.,  linear,  quadratic). 

prora 

Drora  is  a  novice  teacher  in  her  second  year  of  teaching.  From  the  ways  she  plans  and  teaches 
her  lessons  and  from  her  interviews  it  seems  that  she  is  aware  of  various  difficulties  related  to 
working  with  algebraic  expressions  such  as  lx=x,  x*5«5x,  -lx-x.  Yet  she  does  not  mention  the 
difficulty  of  the  incomplete  nature  of  algebraic  expressions.  Drora,  like  Gilah,  uses  the  notion  of  like 
terms.  However,  she  uses  this  notion  without  helping  the  students  in  getting  the  feeling  of  what  it 
means.  Therefore,  when  she  mentions  "like  terms",  the  students  do  not  seem  to  have  the  same 
understanding  of  the  meaning  of  this  as  she  does.  The  following  episodes  demonstrate  her  way  of 
teaching. 

Episodes 

Episode  L  The  class  discusses  the  simplification  of  the  expression  7x-5-x+12.  The  teacher 
asks:  "What  are  the  like  terms  that  we  can  add?"  One  student  answers:  "7x  and  5."  (Apparently,  the' 
student's  conception  of  like  terms  is  different  from.that  of  the  teacher.)  The  teacher  replies  by  stating 
that:  "7x  and  -x,  isn't  it?  5  does  not  have  an  x  nor  does  12."  She  immediately  writes  the  expression 
7x-x-5+12  on  the  board  and  continues  with  the  idea  of  like  terms,  even  though  this  notion  was  shown 
to  be  unclear  and  problematic  for  the  students.  She  asks:  "What  are  the  like  terms?  What  can  I  use 
here?"  and  immediately  answers  her  own  question:  "I  have  7x  and  -x."  Later,  when  a  student  asks 
why  do  we  add  7x  and  -x,  meaning,  why  did  we  leave  5  out  (although  the  teacher  keeps  using  the 
notion  of  like  terms,  several  students  do  not  seem  to  understand  it),  Drora  explains:  "Because  I  add 
only  numbers  that  have  an  x,  don't  I?  I  add  only  like  terms,  terms  that  have  an  x,  and  5  doesn't  have 
one."  (Notice  that  7x  and  5x2,  for  example,  are  "numbers  that  have  an  x"  and,  therefore,  are  like 
terms  according  to  Drora's  explanations.) 

Fpknde  2.  While  simplifying  the  expression  16m-9m+2m+3-ll  the  class  reaches  the 
expression:  m*8-8.  The  teacher,  attempting  to  get  to  the  conventional  way  of  writing  expressions: 
8m-8,  asks:  "And  what  is  this?"  A  student,  apparently  feeling  that  the  expression  is  incomplete, 
answers:  "Zero."  The  teacher,  probably  thinking  that  the  problem  is  rooted  in  not  remembering  the 
order  of  operations,  asks:  "Can  we  do  m  times  8  minus  8?"  The  student  replies:  "Yes".  The  teacher 
goes  back  to  the  idea  of  like  terms  and  states:  "No,  because  one  has  a  variable  and  one  does  not." 
(again,  not  covering  cases  such  as  x  and  x2,  or  a  and  ab). 

Fpkorie  3.  A  student,  while  working  at  the  board,  writes:  5t-3t+t+2  -lit.  The  teacher, 
ignoring  his  answer,  uses  the  distributive  property  to  get  3t  from  5t-3t+t.  Then  asks:  "an  we  add  3t 
and  2?  Can  we  add  a  numeral  with  an  algebraic  expression?"  She  immediately  answers  her  own 
question:  "No!  3t+2  is  the  final  expression."  She  continues,  attempting  to  use  everyday  life 
situations  to  demonstrate  the  idea  of  like  terms: 
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What  is  3t?  3  times  t.  Is  it  a  wmber?  No!  Us  an  algebraic  expression.  And  what  is  2?  2  is  a 
constant  number.  We  can  add  3t  only  to  the  same  thing.  If  I  have  3  pears  and  2  apples,  can 
one  say  that  I  have  5  pears?  We  are  left  with  3  pears  and  2  apples.  3tisan  expression  and  2  is 
a  number.  So  we  cannot  add  tliem. 
In  this  episode  the  teacher  makes  an  inappropriate  analogy  between  3t  and  3  pears,  using  letters  as 
objects.  For  further  discussion  on  the  problematics  of  this  approach  see  Kiichamann  (1981)  and 
Pimm  (1987). 

A  student's  view 

A  student  in  Drora's  class,  who  believes  that  an  expression  such  as  3x+4  is  incomplete,  is  thus 
likely  to  experience  the  following: 

-  The  teacher  attributes  the  student's  difficulty  to  reasons  such  as  not  understanding  the  meaning  of 
coefficients  of  variables,  difficulties  in  the  correct  order  of  operations,  and  obstacles  related  to  the  use 
of  the  distributive  property.  As  a  result  the  teacher  does  not  focus  in  her  response  on  the  student's 
way  of  thinking. 

-  The  teacher  does  not  give  students  opportunities  to  express  and  explain  their  ways  of  thinking, 
When  an  incorrect  response  is  given,  the  teacher  often  states  that  this  is  wrong,  and  provides  the 
correct  answer . 

-  Most  of  the  teacher's  presentations  of  the  subject  matter  concentrates  on  showing  the  "correct  way 
of  doing  things"  by  using  only  one  method  of  like  terms.  Although  she  keeps  using  the  notion  of  like 
terms,  the  teacher  neither  defines  nor  practices  what  is  meant  by  that 

Benny 

Benny  is  a  novice  teacher  in  his  first  year  of  teaching.  In  his  lesson  plans  and  during  his 
interviews  he  did  not  explicitly  mention  the  difficulty  associated  with  the  incomplete  nature  of 
algebraic  expressions.  Yet,  he  mentioned  that  adding  numbers  and  algebraic  expressions  needs  to  be 
addressed  in  teaching  and  stated  the  need  to  provide  students  with  a  rule  of  "adding  numbers 
separately  and  adding  letters  separately".  This  rule  is  problematic  because  according  to  it  5m+2  can 
be  equal  to  7+m  or  7m  or  another  variation.  The  following  episode  shows  what  happens  in  his  class 
when  he  tries  to  apply  his  plan. 

Episode 

Benny  writes  the  expression  3m+2+2m  on  the  board  and  asks:  'To  what  is  this  equal?".  He 
immediately  states  the  previously  mentioned  rule:  "Add  the  numbers  separately  and  add  the  letters 
separately".  Then  he  suggests  to  color  the  "numbers":  3m+2+2m,  and  writes  5m+2.  A  student 
asks:  "And  what  now?"  Another  student  suggests:  "7m".  The  teacher  (a  bit  surprised  by  this 
answer)  states:  "No!  5m+2*7m."  And  he  repeats  the  rule  again:  "The  rule  is:  add  the  numbers 
separately  and  add  the  letters  separately."  Then  he  gives  the  students  another  example  and  colors  the 
[free]  numbers:  4a+5-2a+7.  The  teacher  emphasizes  the  rule  by  dictating  it  to  the  students  and 
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asking  them  to  repeat  it  loudly.  The  rest  of  the  lesson  is  devoted  to  further  work  on  similar  exercises. 
The  students  continue  to  experience  difficulties.  For  example,  towards  the  end  of  the  lesson,  a 
student  asks:  "Why  does  not  10+2b  equal  12b?"  The  teacher  realizes  at  this  point  of  the  lesson  that 
even  though  he  gave  the  students  a  seemingly  clear  rule,  they  still  don't  know  how  to  work  with  it. 
He  chooses  not  to  address  the  question. 

In  his  reflection  on  the  lesson  Benny  expresses  his  dissatisfaction  and  frustration  from  his  way 
of  teaching  this  material.  He  explains  that  he  felt  that  there  is  a  difficulty  but  he  does  not  understand 
its  sources.  He  adds  that  giving  a  rule  without  explanation  was  problematic  and  starts  to  construct 
alternative  explanations. 

A  student's  view 

A  student  in  Benny's  class,  who  believes  that  an  expression  such  as  3x+4  is  incomplete,  may 
well  experience  the  following: 

-  The  teacher  feels  that  the  student  experiences  difficulties  but  does  not  understand  their  sources  and 
therefore  does  not  focus  on  the  student's  ways  of  thinking. 

-  The  teacher  keeps  repeating  a  rule  which  fits  the  student's  way  of  thinking  about  the  incomplete 
nature  of  algebraic  expressions,  but  the  use  of  this  rule  leads  to  inappropriate  answers. 

-  The  teacher  is  attentive  to  students'  difficulties  and  is  looking  for  alternative  ways  of  presenting  the 
material.  It  seems  likely  that  the  teacher  will  come  up  with  more  helpful  ways  of  teaching. 

-  The  teacher  provides  opportunities  for  the  students  to  express  their  ways  of  thinking  even  when  they 
are  wrong.  Yet,  when  an  incorrect  response  is  given,  the  teacher  often  states  that  this  is  wrong,  and 
provides  the  correct  answer. 


The  incomplete  nature  of  algebraic  expressions  is  considered  one  of  the  main  cognitive 
obstacles  in  learning  to  simplify  algebraic  expressions.  Initial  investigations  show  that  this  difficulty 
is  not  limited  to  the  first  stages  of  learning  algebra  only.  At  higher  grade  levels  students  show  a 
similar  tendency,  e.g.,  they  feel  reluctant  to  accept  3+2i  as  a  "complete"  number.  Therefore,  it  is 
important  for  teachers  to  be  aware  of  this  cognitive  obstacle  and  to  address  it  throughout  the  years  of 
teaching  algebra. 

Our  study  shows  differences  between  novice  and  experienced  teachers  in  terms  of  awareness 
and  approaches  to  dealing  with  the  "incomplete  nature"  of  algebraic  expressions.  The  experienced 
teachers  were  aware  of  both  the  existence  of  the  difficulty  and  its  possible  sources.  The  novice 
teachers,  however,  felt  that  there  are  difficulties  associated  with  work  with  numbers  and  variables  but 
attributed  them  to  other  sources,  such  as  notations. 

The  teachers  largely  differed  in  their  ways  of  approaching  this  difficulty.  Batia,  one  of  the 
experienced  teachers,  used  a  meta-cognitive  approach  and  suggested  the  use  of  various  ways.  The 
other  experienced  teacher,  Gilah,  based  her  teaching  on  one,  rather  technical  method,  which  proved  to 
eliminate  a  great  deal  of  the  students'  difficulty.  Drora,  a  novice  teacher,  used  the  same  approach  but 


Conclusion 


without  preparing  a  common  ground  for  communication  with  her  students.  Benny,  who  used  a  rule- 
based  approach,  had  the  same  problem  of  communication  with  his  students. 
These  initial  findings  raise  several  issues  for  further  research. 

-  Is  awareness  of  students'  difficulties  related  to  the  incomplete  nature  of  algebraic  expressions  a 
natural  consequence  of  teaching  algebraic  expressions? 

-  Can  we  make  shortcuts  to  this  "practical  wisdom"  by  teaching  preservice  teachers  about  the 
existence  and  sources  of  students'  tendency  to  "complete"  algebraic  expressions? 

-  To  what  extent  is  the  incompleteness  difficulty  embedded  in  the  traditional  approach  to  teaching 
algebra?  Will  other  approaches,  such  as  the  function-based  approach,  eliminate  this  obstacle? 
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THE  TEACHING  OF  LINEAR  ALGEBRA  IN  FIRST  YEAR 
OF  FRENCH  SCIENCE  UNIVERSITY  : 
EPISTEMOLOGICAL  DIFFICULTIES, 
USE  OF  THE  "META  LEVER",  LONG-TERM  ORGANIZATION. 

Jean-Luc  Dorier  (DidaTech,  Grenoble),  Aline  Robert,  Jacqueline  Robinet  (Didirem, 
Paris),  Mare  Rogalski  (Didirem,  Paris  -  Lille) 

Abstract :  We  present  an  epistemological  and  didactical  analysis  of  students'  difficulties  tn  linear 
algebra  as  taught  in  first  year  of  French  science  university.  We  deduce  from  it  hypotheses  for 
research  work.  We  present  an  engineering  for  this  teaching  based  on  these  hypotheses.  This 
engineering  takes  the  form  of  a  long-term  project  (over  one  year)  and  uses,  to  a  great  extent,  the 
"meta  lever"  and  the  changes  of  setting  and  points  of  view.  The  evaluation  currently  in  progress  of 
the  project  draws  out  certain  methodological  difficulties  encountered  in  the  validation  of  the  type  of 
hypotheses  which  have  been  made.  ,  .,. 

Resume.  Nous  faisons  une  analyse  ipistimologique  et  didactique  des  difficultis  des  tmdiams  avec 
I'algebre  liniaire  enseignie  en  premiere  annie  d'universitt.  Nous  en  diduisons  des  hypotheses  de 
recherche.  Nous  prisentons  une  inginierie  pour  cet  enseignement,  qui  prend  en  compte  ces 
hypotheses.  Cette  inginierie  se  prtsente  sous  la  forme  d'un  projet  long  (une  annie),  et  utilise  de 
facon  importante  le  levier  du  "m(ta"  et  la  pratique  des  changements  de  cadres  et  de  points  de  vue. 
L'ivaluation  en  cowrs  du  projet  met  en  evidence  certaines  des  difficultis  mithodologiques  pour 
valider  le  type  d'hypotheses  que  nous  avonsfaites. 

A  worrying  state  of  affairs 

It  is  quite  a  well-established  fact  that  the  teaching  of  linear  algebra  in  first  year  of  French  science 
university  docs  not  work  well.  Students'  learning  of  concepts  and  methods  of  linear  algebra  are  poor. 
Yet  the  results  of  final  exams  may  very  well  hide  this  fact,  as  students  are  often  only  asked  to  use 
techniques,  and  do  not  really  have  to  bring  the  concepts  themselves  into  play  (Dorier  1990).  Thus 
traditional  teaching  remains  mainly  "bourbakist". 

However,  a  number  of  attempts  to  transform  the  teaching  of  linear  algebra  have  taken  place  in  the 
past  ten  years  or  more  recently,  at  the  CNAM1  or  at  Lille  university,  as  well  as  in  other  countries 
(Harel  1986,  1989). 

It  is  only  since  1985  that  a  more  profound  reflection  or  a  didactical  analysis  has  started  on  the 
teaching  and  learning  of  linear  algebra  (Robinet  1986,  Robert  &  Robinet  1989,  Rogalski  1990,  Dorier 
1990,1991,1992,  Dorier  &  al.  1993). 

A  didactical  analysis  :  locating  the  central  question 

This  state  of  affairs  gives  rise  to  didactical  interrogations:  where  do  these  difficulties  originate  in: 
the  teaching,  the  concepts  themselves,  the  students  ?  In  which  way  can  the  teaching  of  the  concepts  of 
linear  algebra  improve  ?  We  have  drawn  out  several  hypotheses  on  the  causes  of  these  difficulties, 
and  presented  some  proposals  for  modification  of  the  teaching.  Some  of  these  hypotheses  are 
admitted  (and  already  partially  supported),  others  are,  on  the  contrary,  objects  of  our  research  work, 
and  may  be  of  a  more  general  type. 

♦First  hypothesis  (admitted):  one  of  the  reason  for  students'  difficulties  comes  from  the 
specific  epistemolof  ical  nature  of  the  concepts  of  linear  algebra,  this  should  be  taken  into  account  in 
the  teaching. 


1  University-type  establishment  specializing  in  adult  education. 
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The  analyses  of  J.  Robinet  and  then  of  J-L  Doner  underline  the  specific  nature  of  the  elementary 
concepts  of  linear  algebra  (vector-space,  linear  operators,  image,  kernel,  basis,  dependence, 
dimension,  rank,  etc.).  The  historical  study  shows  that  these  concepts  took  their  formal  shape  only 
after  numerous  uses  of  linear  methods  in  specific  contexts  without  much  unification.  These  concepts, 
in  their  present  form,  are  the  cause  and  results  of  unification  and  generalization.  Their  relevance  only 
appears  a  posteriori,  as  they  first  renewed  in  an  economical  manner  the  solving  of  old  problems  and 
only  afterwards  allowed  new  approaches. 

We  think  that  this  epistemological  dimension  plays  a  part  in  the  difficulties  encountered  by 
students,  mainly  because  they  only  have  access  to  the  final  phase  of  the  historical  process  :  definition 
of  the  concept  and  systematic  use  in  the  solving  of  problems.  Yet  the  problems  they  are  asked  to 
solve  may  often  be  solved  with  specific  tools  and  methods,  more  familiar,  which  do  not  necessarily 
imply  the  use  of  the  new  concepts.  In  this  case,  the  simplification  and  improvement  induced,  in  the 
solving  of  the  problems,  by  a  change  of  point  of  view  (for  what  we  will  call  the  algebraist  point  of 
view)  cannot  be  foreseen  by  the  students.  They  may  only  do  this  because  they  are  asked  to;  this  is  an 
effect  of  the  teaching  contract. 

On  a  more  theoretical  basis,  this  implies  that  these  problems,  which  can  be  solved  in  various 
setiings,  cannot  yet  be  chosen  as  "good"  problems  in  the  perspective  of  the  tool/object  dialectic  as 
defined  by  Douady  (1986),  as  the  concepts  to  be  taught  are  not  indispensable  for  the  solving.  The 
only  problems  which  would  necessitate  an  absolute  use  of  the  formal  concepts  of  linear  algebra  are  all 
too  complicated  for  our  students  (they  involve  non  countable  infinite  dimension  vector-space). . . 

In  other  words,  for  the  students,  the  concepts  of  linear  algebra  are  above  all  objects  before  they 
can  be  used  as  tools;  students  are  therefore  deprived  of  the  long  progression,  which  brought 
mathematicians  to  express  these  concepts,  step  by  step.  Consequently,  as  a  first  hypothesis,  we  state 
the  necessity  of  the  awareness  of  this  epistemological  specificity  and  the  difficulties  it  implies  as  well 
its  explicit  taking  into  account  in  the  building  of  teaching  sequences. 

♦Second  hypothesis  (admitted,  supported  by  several,  even  quite  old,  works):  the  lack  of  too 
many  previous  elements  of  knowledge  may  be  an  insuperable  handicap. 

More  precisely,  in  Doner  (1990),  following  Robert  (1985),  the  authors  have  pointed  out  the 
difficulties  in  the  learning  of  algebra,  of  students  having  elements  of  knowledge  which  initially  are 
not  well  enough  distributed  in  different  settings  (geometrical,  analytical,  logical,  formal  settings 
mainly).  These  analyses  of  students'  practice  also  revealed  the  lack  of  ability  to  change  settings  and 
points  of  view. 

One  of  the  consequences  we  drew  from  this,  is  that  a  preliminary  work  to  the  introduction  of  the 
concepts  of  linear  algebra  is  necessary,  to  give  the  students  sufficient  previous  knowledge  in  various 
settings. 

•Third  hypothesis:  considering  the  two  first  hypotheses,  the  teaching  of  linear  algebra  need* 
to  be  built  on  several  interwoven  and  long-term  strategies,  using  the  "meU  lever"  as  well  as  the 
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change  of  settings  (including  within  mathematics)  and  of  points  of  view,  in  older  to  obtain  substantial 
modifications  for  a  sufficient  number  of  students. 

By  tnnf -hfm  strategy  (Robert  1992),  we  mean  a  type  of  teaching  which  cannot  be  divided  up.  The 
long-term  is  vital  because  the  mathematical  preparation  and  the  changes  in  the  didactical  contracts 
have  to  operate  over  a  long  enough  period  to  be  efficient  for  the  students,  in  particular  regarding  the 
evaluation.  Finally  the  long-term  is  necessary  to  take  into  account  the  non  linearity  of  the  teaching  due 
to  the  use  of  change  of  points  of  view,  which  implies  working  on  a  subject  more  than  once. 

By  "meta  lever"  (Robert  1993),  we  mean  that  the  teacher  will  use  information  on:  the  knowledge 
of  the  students  about  their  own  knowledge  in  mathematics  or  about  their  way  of  learning;  or  about 
mathematics  (organization,  different  uses  in  other  fields,  differentiation  between  general  and 
particular  fields,  etc.);  or  about  mathematics  as  they  are  taught  (for  instance  the  use  of  methods,  the 
different  types  of  questioning  in  mathematics,  how  to  organize  a  reflection  on  concepts,  etc.). 
Moreover,  we  claim  that  this  type  of  information  given  by  the  teacher  must  be  followed  or 
accompanied  by  activities  involving  its  pertinent  use  by  the  students. 

By  rh.nr  of  setting  nr  points  of  view  (Douady  1986),  we  mean  that  the  teaching  is  organized  in 
such  a  way  that  the  course  and  the  exercises  use  translations  of  the  same  concept  or  question  from 
one  setting  into  another  (from  formal  to  numerical,  from  numerical  to  geometrical,  etc.)  or  lead  the 
students  to  a  change  of  point  of  view  on  a  notion  (for  instance  seeing  the  linear  equation  a,,x,  + 

a12x2  +  ...  +  a,„x„  =  0  as  the  n-tuple  (a,„  a,2  a,„),  in  order  to  go  from  the  use  of  linear 

combinations  of  equations  to  the  notion  of  rank  of  a  set  of  n-tuples.  etc.). 

Thic  hypothesis  is  th*  main  coal  of  our  wprk:  it  led  M.  Rogalski  to  the  building  of  a  complete 
teaching  project  (Rogalski  1991).  which  has  been  tested  in  Lille  with  several  colleagues,  and  the 
evaluation  of  which  is  being  carried  out  by  us.  This  is  completed  by  more  general  research  we  are 
working  on:  the  use  of  the  "meta  lever"  in  the  teaching,  the  long-term  projects  and  the  role  of 
meiacognitive  representations  of  the  students  concerning  their  own  learning. 

A  teaching  project  on  which  we  want  to  try  this  hypothesis 

1)  Choices  of  strategy  as  they  result  from  our  didactical  analysis 
(a)  One  way  of  taking  into  account  the  specific  epistemological  nature  of  the  concepts  is  to 
introduce,  at  a  favorable  and  precise  time  of  the  teaching,  some  activities  which  induce  •  reflection  on 
a  "meta"  level.  This  should  ri„rifv  the  specificity  of  the  cniitcmnlnrkil  nature  of  ihciic  conccpti 
(what  is,  in  general,  a  linear  equation  ?  What  is  the  relation  between  the  rank  of  vectors  and  the  rank 
of  equations  ?  etc.).  On  the  other  hand,  it  should  create  jclivitici  in  which  ttlfr  itmkflU  IttlWt  QD 
rrnain  maihgmflikfl]  concents  (role  of  the  axioms  of  vector-space,  the  two  points  of  view  used  to 
represent  a  subspace  of  R>> :  equations  and  parameters,  etc.).  Finally,  it  should  give  them  iodicaioD 
oirnejhali  which  can  help  to  solve  problems  (which  methods  can  I  use  to  show  the  identity  between 
two  subspaces  ?  to  determine  the  image  and  the  kernel  of  an  operator  ?  etc.). 
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(b)  As  a  complement,  it  would  be  useful  to  set  up  a  fairly  long  preliminary  phase  preceding  the 
actual  teaching  of  elementary  concepts  of  linear  algebra,  which  would  prepare  the  students  in  order  to 
understand,  through  "meta"  activities  and  presentations,  the  unifying  role  of  these  concepts.  This 
means  that  various  problems  should  be  solved  at  a  preliminary  stage  and  then  unified  with  use  of 
vector-space  theory,  in  a  way  that  points  out  the  simplification  provided  by  the  above  solving. 

(c)  As  far  as  possible,  the  changes  of  settings  and  points  of  view  are  put  forward,  even  if  it  is  not 
along  with  a  tool/object  dialectic.  This  is  especially  the  case  in  the  beginning  with  geometrical  and 
algebraical  settings  which  allow  the  extension  of  the  double  point  of  view  equation/parameters  to  Rn, 
and  also  with  algebraic  and  other  settings  to  put  forward  the  "intra-mathematical  modeling",  when 
formal  linear  algebra  is  introduced. 

(d)  Finally,  we  chose  to  give  the  concept  of  rank  a  central  position  in  our  teaching.  Indeed 
historical  and  epistemological  works  showed  the  importance  of  this  concept  as  well  as  the  difficulties 
encountered  by  students  with  this  concept.  This  led  us  to  give  the  theory  of  linear  equations  a 
privileged  situation  in  the  preliminary  phase,  as  rank  can  be  introduced  quite  naturally  in  this  field. 

It  is  important  to  see  that  our  project  does  not  induce  a  "smooth  progression"  :  R2,  r3(  Rnt 
general  linear  algebra.  Even  if  the  didactical  difficulty  increases,  certainly,  with  the  dimension  and  the 
abstraction,  we  think  that  the  main  difficulty  is  qualitative  rather  than  quantitative.  Therefore, 
although  the  organization  we  chose  aims  at  putting  forward  similarities  and  changes  of  settings  and 
points  of  view,  it  also  aims  at  provoking  a  reflection  on  what  is  at  stake  in  the  new  theories  and  at 
giving  access  to  methodological  processes  which  allow  a  better  understanding  of  the  concepts.  Thus  a 
paradox  might  arise  :  to  obtain  better  understanding,  we  develop  more  demanding  strategies,  which  is 
likely  to  induce,  at  least  temporarily  and  apparently,  worse  scores  during  the  evaluation. 

2)  the  overall  organization  of  the  teaching 

(a)  First  step.  The  development  of  preliminary  phases  along  with  the  beginning  of  the  teaching 
of  linear  algebra,  and  organization  of  the  changes  of  settings  in  order  to  make  different  points  of  view 
converge. 

At  the  beginning  of  the  course,  we  set  up  the  "circuit  e"lectrique"  activity  (Legrand  1990),  which 
aims  at  the  understanding  by  the  students  of  the  rules  of  mathematical  reasoning.  We  also  givethe 
basic  language  of  set-theory,  and  some  complements  about  space  geometry. 

Concerning  linear  algebra,  we  introduce  during  the  first  course  Gauss'  method  for  elimination  in 
the  solving  of  systems  of  m  linear  equations  with  n  unknowns,  by  using  Rn  and  its  linear  structure, 
as  the  set  of  reference  in  which  the  solutions  must  be  found.  This  straight  away  gives  a  powerful  tool 
for  solving  problems  in  algebra  as  well  as  in  plane  or  space  geometry.  Moreover,  this  introduces 
what  will  be,  for  us,  one  of  the  central  questions  in  linear  algebra:  the  solving  of  s ystems  of  linear 
equations,  from  which  the  concepts  of  subspaces  of  Rn,  of  rank,  of  double  point  of  view 
equations/parameters  will  be  drawn.  The  basic  questions,  which  we  try  to  induce  in  the  reflection  of 
our  students  and  which  will  justify  the  introduction  of  the  concepts  of  linear  algebra  are: 


*  do  I  have  too  many,  just  the  right  number,  not  enough  equations  ? 

*  How  many  parameters  do  I  need  to  describe  the  set  of  solutions  of  a  system  of  linear  equations  ? 
We  continue  the  teaching  with  Cartesian  geometry  in  R3,  with  this  double  aspect 

equations/parameters  as  a  central  question. 

(b)  Second  step.  This  starts  by  an  explicit  presentation  to  the  students  of  all  the  common 
questions  that  can  be  asked  about  the  preceding  phase.  This  also  implies  the  change  of  point  of  view 
consisting  in  seeing  an  equation  as  a  n-tuple.  Then  we  define  linear  independence  and  rank  and  we 
show  the  invariance  of  rank  using  the  reversibility  of  certain  linear  combinations  (as  done  in  the 
exchange  theorem).  This  is  followed  by  the  description,  with  parameters,  of  subspaces  of  Rn, 
initially  defined  by  their  equations,  and  vice  versa.  Then,  we  explore  the  notions  of  dimension  and 
bases  of  subspaces.  In  this  phase,  some  results  on  the  systems  of  linear  equations,  which  were  only 
conjectures  in  the  first  phase,  are  proved.  The  fact  that  the  ranks  of  the  lines  and  the  columns  of  an 
array  are  the  same  is  also  proved. 

The  proofs  of  fundamental  results  are  made  with  use  of  abstract  formulation,  avoiding  the  use  of 
coordinates.  This  is  justified  to  the  students  by  a  systematic  use  of  algebraic  thinking  (on  which  we 
make  our  students  reflect  during  preliminary  activities  involving  elements  of  group  theory  illustrated 
on  some  concrete  finite  groups).  Another  justification  we  use  is  the  search  for  generality  in  order  to 
make  the  transition  with  further  developments  in  abstract  linear  algebra  easier. 

Finally,  we  give  some  elements  of  methodology  concerning  the  solving  of  problems  about 
subspaces  in  Rn  :  inclusion,  equality,  intersection,  parameters  and  equations  of  subspaces. 

During  this  phase  we  also  apply  linear  methods  in  other  fields  :  polynomials,  linear  recurrent 
series,  linear  differential  equations. 

(c)  Third  step.  Here  we  teach  abstract  linear  algebra  (axiomatic  theory  of  finite  dimensional 
vector-spaces,  linear  operators)  and  its  application  as  a  modeling  setting  within  mathematics.  At  the 
same  time,  we  draw  out  several  methods  and  point  out  types  of  problems  as  references.  These 
problems  were  solved  during  the  previous  phases,  but  they  are  now  solved  again  in  the  setting  of 
formal  algebra.  These  problems  have  to  be  rich  enough  so  that  their  generalization  make  the  use  of  the 
formal  concepts  almost  compulsory  (one  can  give  15  conditions  for  an  interpolation,  instead  of  the 
usual  3  or  4,  for  instance),  the  contract  is  to  model  the  problem  in  linear  algebra  terms.  One  of  our 
most  favored  problem  is  the  search  of  a  modeling  by  the  general  linear  equation  T(u)  -  v".  The 
interaction  with  the  rest  of  the  course  of  mathematics  is  quite  important  in  this  phase.  This  creates  a 
constraint  which  specific  to  long-term  projects. 

(4)  Fourth  step.  This  phase  is  more  technical  and  also  shorter.  It  presents  the  matrices,  the 
techniques  associated  with  the  change  of  bases  and  the  inversion  of  square  matrices.  Of  course,  the 
tool  "matrix",  introduced  in  relation  to  linear  operator,  is  then  used  in  several  problems  in  relation  to 
various  other  fields  of  mathematics.  But  matrix  calculus  is  not  an  important  goal  for  us. 


How  can  we  use  this  experimental  teaching  in  order  to  validate  our 
hypothesis  ? 

What  must  be  validated  can  be  listed  as  follows  : 

1)  Evaluations  of  the  results 

Essentially,  we  have  to  know  whether  the  engineering  is  viable,  in  other  words  if  the  fact  that  we 
demand  more  from  the  students  does  not  induce  an  unbearable  number  of  failures. 

2)  Our  specific  hypothesis 

(a)  The  role  of  the  "meta  lever" 

We  have  to  find  some  indicators  that  students  use  "meta"  themselves:  What  is  the  students- 
understanding  of  the  nature  of  the  concepts  introduced .?  What  kii.d  of  questioning  can  they  have 
about  a  given  mathematical  situation  ?  More  precisely,  do  they  use  geometrical  representations,  or  do 
they  check  the  coherence  between  the  number  of  parameters  and  the  number  of  equations,  or  between 
the  dimension  and  the  maximum  number  of  independent  vectors,  etc.  ?  This  led  us  to  give  the 
students  situations  in  which  the  first  goal  is  a  form  of  questioning  or  checking. 

(b)  The  changes  of  settings  and  points  of  view. 

We  must  know  if  the  notion  itself  of  "change  of  setting"  has  been  understood,  in  which  way  it  is 
available  or  even  just  summonable?  Is  it  used  in  problems  involving  a  modeling  in  terms  of  linear 
algebra,  and  how  ?  Are  the  changes  of  points  of  view  helpful  to  obtain  better  understanding  ?  Do  they 
not  induce  complications,  at  least  for  a  certain  time  ? 

(c)  The  teaching  of  methods 

We  must  evaluate  its  impact,  especially  by  giving  problems  which  have  to  be  preceded  by  a 
reflection  on  the  different  types  of  methods  than  can  be  used.  We  also  have  to  find  ways  of  making 
students  write  or  speak  about  this  preliminary  reflection. 

Difficulties  encountered  in  this  type  of  evaluation,  temporary  results 

For  a  precise  report  of  the  difficulties,  we  refer  to  Dorier  and  al.  (1993),  her.  we  will  just  give  a 
short  overview,  listed  in  three  points: 

1)  For  an  engineering  concerning  long-term  teaching,  it  is  difficult  to  choose  the  time  suitable  for 
.ts  evaluation,  as  many  interferences  may  occur  due  to  students'  own  organization  of  their  time  and 
work,  in  a  way  that  cannot  be  kept  under  control.  Thus,  phenomena  of  maturing,  depending  on 
students1  level  of  implication  (variable  along  ,he  year)  are  difficult  to  take  into  account  in  the 
evaluation  of  the  engineering. 

2)  It  is  quite  difficult  to  trace  indicators  of  students1  reflection  at  a  "meta"  level,  especially  in  their 
wnung:  .ndeed  in  the  usual  teaching,  the  contract  is  to  give  the  answer,  never  the  mean,  which  led  to 
it. 

3)  Several  background  disturbances  often  hide  the  phenomena  we  want  to  stucy.  These 
disturbances  are  mainly: 


er|c  1320 


-  142  — 


unmmmtoi-M 


*  the  fact  that  students  have  or  not  already  worked  on  a  problem  of  the  type  used  in  the  evaluation; 

*  the  variability  in  what  is  done  during  the  tutoring; 

*  the  sudden  change  in  the  type  of  students  in  France,  due  to  a  recent  democratization  of  university 
teaching  and  changes  in  secondary  teaching;  these  two  phenomena  make  the  sociological  implications 
sometimes  more  relevant  than  any  didactical  explanation. 

Therefore,  our  next  goal  is  to  find  a  better  means  of  access  to  the  didactical  variables  we  want  to 
study,  as  it  is  difficult  in  the  present  state  to  come  to  entirely  reliable  conclusions. 
Let  us  give  a  few  partial  results  anyhow: 

-  the  overall  experiment  is  satisfactory:  the  engineering  does  not  induce  massive  failures  at  the  final 
exam:  but  although  this  result  reassure  us,  it  is  of  little  didactical  significance. 

-  it  seems  that  there  is  an  appropriation  by  a  majority  of  students  of  the  double  point  of  view 
equations/parameters  on  the  subspaces  of  Rn; 

-  the  notion  of  rank  of  a  set  of  vectors  and  the  methods  of  finding  it  also  seem  to  have  been 
understood; 

-  for  the  moment,  the  chances  of  autonomous  questioning  from  the  students  are  poor, 

-  the  capacity  for  spontaneous  modeling  of  a  problem  in  the  setting  of  linear  algebra  also  seems 
adequate  only  for  a  minority; 

-  as  anticipated,  some  confusions  between  equations  and  vectors  occur  for  a  while  for  about  half 
of  the  students; 

-  finally,  it  also  seems  that  it  is  possible  to  make  the  students  involve  themselves  in  situations  on  a 
"mcta"  level,  in  which  the  main  goal  is  epistemological  as  much  as  mathematical  (Dorier  1992). 

Perhaps  the  key  to  a  better  engineering  is  in  a  more  extensive  use  of  this  type  of  activity. 
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INSTITUTIONALIZATION   AS    A  KEY 
FUNCTION  IN  THE  TEACHING  OF 
MATHEMATICS 
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In  the  course  of  this  presentation  we  will  examine  some  of  the 
difficulties  that  arise  through  the  relationships  between  teaching 
and  learning  mathematics.  There  is  a  fundamental  tension 
between  these  two  poles,  each  of  them  should  be,  in  a  certain 
sense ,  antagonistic  of  the  other.  Difficulties  from  the  pupil's  point  of 
view,  difficulties  from  the  teacher's  point  of  view.  Extending  the 
scope  of  analysis  should  be  made  through  two  complementary 
theoretical  approaches,  the  classical  theory  of  situations  form  one 
part,  the  anthropological  approach  form  the  other  to  focus  on  the 
main  process,  institutionalization. 


It  is  not  necessary  to  insist  about  the  "reality"  of  the  fundamental  tension  between 
teaching  and  learning  in  the  field  of  mathematical  thinking,  knowlegde  and  practice. 
From  the  "naive"  point  of  view  of  the  teacher  :  "I  teached  them  this  point  and  the  didn't 
understand,  they  didn't  learn  at  all  !"  to  more  organised  analysis  that  underline  the  basic 
fact  of  no-symetrical  position  of  the  teacher  and  the  learner.  The  first  has  to  teach  and 
dont  have  significative  means  to  be  sure  about  what  "they"  are  learning.  The  second 
has  to  learn  and  try  to  look  for  what  is  asked  through  various  indices  that  are  not 
completely  in  the  terms  of  knowledge.  For  instance  some  of  these  indices  can  be  related 
with  the  didactical  contract.  Our  purpose  in  this  paper  is  to  develop  a  theoretical  model 
of  the  relations  between  the  two  faces  of  teaching,  the  cognitive  one  for  one  side  which 
is  deeply  related  to  mathematic  as  a  knowledge,  the  social  one  for  the  other  for  which 
this  knowlegde  exist  and  is  "knowable"  through  special  social  configurations, 
institutions.  In  the  first  two  parts  we  will  present  briefly  the  two  main  theories  in  this  field, 
before  developing  our  proper  approach  about  facts  and  phenomenas  linked  with 
institutionalization  in  mathematical  teaching. 
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^.Institutionalization,  in  the.scope.of  the  theory  oLsiluatians: 

The  first  elements  of  the  theory  of  didactical  situations  were  proposed  by  G. 
Brousseau  in  the  middle  of  the  sixties  through  various  oral  interventions  and 
conferences.  It  is  up  to  this  moment  the  more  profound  attempt  to  grasp  and  describe  an 
intellectual  system  of  analysis  and  setting  up  the  inscription  in  action  of  the  teaching 
•intentionality  with  all  its  consequences.  Farther  on  the  idea  of  process  of  abstraction 
proposed  by  Dienes,  it  is  the  totality  of  the  interactions  with  an  organized  environment 
(including  or  not  effective  human  partnership)  to  product  (to  give  rise  to)  mathematical 
knowledge.  Dimensions  of  action,  formulation  and  validation  are  identified  and  their 
specific  models  described  in  terms  of  systems.  The  production  of  mathematical 
knowledge  is  not  posible  out  of  particular  conditions,  cultural  and  institution  nal  ones  as 
we  will  see  later.  Is  is  not  posible  out  of  situational  conditions  in  terms  of  mathematics 
(problems)  and  in  terms  of  interactions  (personal  and  social)  with  the  other  actors  of 
the  teaching  system.  It  is  well  known  that  these  interactions  are  to  be  taken  as  a  whole 
between  three  sub-systems  that  cannot  be  taken  into  account  each  of  them  for  itself: 
teacher,  student  and  knowledge.  The  variety  of  situations  in  which  the  student  has  to 
take  by  himself  the  responsibilty  of  developing  the  specific  knowledge  required  without 
any  direct  help  from  the  teacher  are  of  great  theoretical  and  practical  interest,  they  are 
called  a -didactical  situations.  Through  paradigmatics  exemples  extremely  fruitful  for 
research  and  significative  for  teaching  a  very  rich  know-how  of  conduction  and  analysis 
of  such  situations  was  developed  in  the  course  of  the  late  twenty  years.  The 
mathematical  game  "Qui  dira  vingt  ?"  (Brousseau,  19781  is  one  of  them,  other  ones, 
among  a  great  number,  are  presented  and  analysed  in  Arsac,  Balacheff,  Mante  (1992). 

The  dimension  of  effective  teaching  which  is  a  process  fundamentaly  intentional, 
purposeful  and  goal-directed  cannot  be  reached  without  a  modification  of  the  relations 
with  the  knowlegde,  tying  together  the  utilitarist  face  of  mathematical  knowlegde  and  the 
social  and  cultural  one.  Knowing  involve  two  aspects,  knowing  for  oneself  from  one  part, 
a-didactical  through  a  direct  confrontation  to  the  problem,  knowing  in  the  same  way 
other  people  do.  The  institutional  dimension  of  mathematical  knowledge  which  is  in  the 
scope  of  the  curriculum,  the  program  and  the  classroom  prescriptions  is  to  be 
introduced  in  the  model  at  this  level  as  another  moment  in  the  process  of 
mathematization:  institutionalization. 

The  theory  of  situations  was  at  the  beginning  of  the  main  stream  of  the  french 
research  during  the  late  twenty  years  as  it  was  expressed  in  Laborde  (1989).  We  quoted 
yet  the  setting  up  of  situations  as  a  fundamental  tool  for  research  under  the  term  of 
didactical  engineering.  At  the  same  time,  the  study  of  the  conditions  by  which  a  student 
enters  in  a  situation  and  the  problem  it  carries  on  (devolution  of  the  problem)  gave  rise 
to  the  identification  of  the  didactical  contract  (Brousseau,  1980),  "funnel  effect"  in  the 
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terms  of  Bauersfeld  (1980)  when  he  worked  on  "the  hidden  dimension  of  th  so-called 
reality  of  the  class-room".  The  difference  between  the  constraints  of  working  on  a 
theorisation  of  didactical  phenomenas  and  a  naturalistic  point  of  view  can  be 
particularly  underlined  in  the  case  of  these  two  concepts. 


2-  Anthropological  models  of  didactical  systems: 

This  kind  of  model  was  particularly  developed  by  Yves  Chevallard  (Chevallard 
Yves  1992).  As  for  the  other  models  and  theories,  the  purpose  was  to  give  elements  for 
description  and  analysis  of  facts  and  phenomenas  related  to  didactical  events.  As  a 
such  a  project  of  this  kind  is  not  completely  new.  A  great  part  of  our  work,  m  the  field  of 
research  is  devoted  to  identify,  describe  and  analyse  phenomenas.  Nevertheless  the 
setting  up  of  good  models  or  fruitful  theories  is  not  a  trivial  task.  We  had  previously  to 
deal  with  another  theory,  theory  of  situations,  which  not  so  elementary. 

The  point  of  view  of  anthropological  approach  tries  to  be  at  the  same  time  broader 
and  more  formal.  When  I  want  to  propose  a  model.  I  have,  as  a  first  stage,  to  consider 
and  define  primitive  terms  and  relations  in  which  what  I  want  to  explain  has  to  be 
projected.  In  the  case  of  anthropological  theory,  we  dispose  of  three  bricks:  objects, 
persons,  institutions.  Objects  are  the  very  basic  material,  in  the  sense  that  persons  and 
institutions  can  also  be  considered  as  objects,  they  can  be  in  position  of  being  obiects. 
In  fact  an  object  cannot  exist  "per  se".  by  itself,  separately  of  the  fundamental  relation 
that  constitute  it  as  an  object:  the  relation  "to  be  known  as  an  object  (O)"  by  a  person  or 
by  an  institution.  This  is  the  fundamental  and  very  fruitful  point.  It  corresponds  to  an 
enlargement  of  the  classical  theoretical  schemas  about  cognitive  facts,  especially  in 
mathematical  education.  Mathematical  objects,  that  are  in  the  very  core  of  our  interest, 
are  objects  among  other  objects  such  as  "teacher",  "school",  "knowledge",  etc..  with 
which  we  be  obliged  to  deal  with  in  an  unified  approach.  As  the  same  time  this 
approach  offers  the  opportunity  of  specifying,  in  the  sense  that  we  should  have  the 
need,  inside  the  model,  to  clear  the  relations  between  different  categories  of  objects  (in 
the  naive  sense  of  the  terme.l  mean,  out  of  the  theory  itself)  that  intervene  in  the 
definition  and  the  structuration  of  didactical  systems.  In  fact  the  frame  is  more  general  in 
the  sense  that  it  permits  to  work  with  systems  in  which  the  basic  relation  is  of  the  kind:  X 
knows  O.  O  is  an  object  of  knowledge  for  X  (X  being  a  person  or  an  institution).  So  the 
power  of  the  theory  lies  in  two  main  facts.  The  first  one  is  the  following.  Considering  a 
given  institution  X.  we  can  distinguish  the  objects  that  exist  for  X.  these  are  objects  for 
which  exist  an  institutionnal  relation  R|(0).  Briefly  speaking.mathematical  obiects 
appear  in  various  institutions  in  which  can  be  defined  institutional  relations  (institutional 
ways  of  knowing  these  objects),  mainly  three  families  of  institutions:  Institutions  in  which 
mathematics  are  produced,  institutions  in  which  they  are  used  and  institutions  in  which 
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they  are  teached.  So  mathemetical  objects  don't  exist  "per  se"  independently  of  the 
various  institutionnal  relations  by  which  they  are  tied.  The  second  important  fact  is 
connected  to  the  relations  between  persons  and  institutions.  Institutions  being  the 
places  of  knowledge  about  subject  one  have  to  be  a  "subject  of  the  institution"  to  be  in 
relation  with  the  object .  i.e.  to  know  O  from  the  point  of  view  of  R|(0)  Al  least  the  person, 
to  become  such  a  subject  has  to  modify  his  relation  R(x,0).  has  to  learn.  Amongst  the 
institutions  through  which  O  can  be  known  some  of  them  have  the  special  property  of 
carrying  an  intention  of  modification  of  R(x,0).  With  this  purpose  they  define  (it  can  be 
define)  a  generic  position,  the  position  of  being  a  student  in  I  for  O.  and  a  relation 
Rl(s.O).  institutionnal  relation  to  O  for  a  student.  These  institutions  are  didactial 
institutions  with  respect  to  O. 

This  short  "apereif  is  too  brief  to  have  a  deep  insight  into  this  theory  and  I 
suggest  for  those  who  are  interested  in  to  consult  Chevallard  (1992)  for  further  reading. 
Nevertheless  from  the  point  of  view  which  is  ours  in  this  communication  it  permits  to 
justify  the  interest  to  the  process  of  institutionalization  as  a  such.  The  passage  from 
R(x.O)  (eventualy  void)  to  R|(s.O)  for  aperson  x  or  the  emergence  of  a  R(x.O)  conform  to 
the  former  is  governed  by  the  institution  in  which  it  takes  place.  Functionaly  to  know  O  in 
the  way  is  has  to  be  in  I  is  the  product  of  an  institutionalization  process. 


^-Institutionalization.  Cognition,  and  .  Knowledge  Transposition: 

Entering  institutionnalisation  in  the  scope  of  research  on  mathematics  education 
and  didactics  of  mathematics  seems  to  be  a  subject  of  great  interest,  we  are  going  to 
see  that  institutionalization  has  a  crucial  role  in  teaching  ans  learning  being  at  the  same 
time  an  "invisible"  function,  naturalised  and  incorporated  in  the  everyday  school 
activities.  This  particular  invisibility  is  an  obstacle  in  the  study  of  the  kind  of  phenomenas 
that  seem  to  be  in  the  scope  of  institutionalization.  During  a  long  time,  in  spite  of  early 
questionings  coming  from  some  sociologists,  the  student  was  the  only  "character"  in 
charge  of  learning. 

One  can  use  two  modalities  in  the  analysis  of  the  didactical  system.  Following  the 
first  one  consist  in  examining  and  defining  "a  priori"  its  functions  to  traduce  them  in 
terms  of  constraints  and  necessity.  The  second  one  should  be  a  naturalist  one,  looking 
for,  by  observation  of  class-ioom  situations,  categories  of  events  that  can  be  linked  to 
institutionalization.  We  don't  adopt  this  approach  for  the  moment. 

Two  basic  facts  are  to  be  at  the  principle  of  an  "a  priori"  questioning: 
accomodation  of  the  subject  to  the  situations  and  the  knowledge  necessary  to  treat 
them,  accommodation  of  the  subject  to  the  forms  of  knowledge  required  by  the 
institution,  the  one  that  define  the  knowledge  to  be  teached  and  to  be  learnt.  These  two 
components  will  be  permanently  interrelated  through  complex  mechanisms  in  which 
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what  is  directed  by  the  situation  and  the  subject  (a-didactical)  and  what  is  directed  by 
the  knwoledge  and  the  teacher  (didactical)  intersect.  For  the  student,  the  passage  from 
the  a-didactical  side  where  he  is  in  charge  of  his  relation  with  the  proposed  knowledge 
to  the  didactical  side  where  he  is  under  the  control  of  the  teacher,  is  the  central  part  of 
what  we  name  institutionalization.  In  its  plain  generality  this  function  consists  in  allowing 
the  student  to  establish  with  the  knowledge  a  quasi-direct  relation,  out  of  the  mediation 
of  another  person,  namely  the  teacher.  It  seems  necessary  to  study  systems  and 
didactical  organisations  through  which  this  function  is  realised.  In  the  realization  of  this 
function,  cognitive  aspects  are  involved  but  they  are  not  only  purely  cognitive.  In  fact, 
effects  of  social  constraints  are  to  be  taken  into  account.  Labelling  some  of  them 
didactical  contract  or  funnel  effect  underlines  the  deep  relation  they  have  with  the 
intentionality  to  teach  and  to  learn,  at  least  to  satisfy  certain  aspects  of  the  teacher's 
demand. 

The  first  research  on  this  domain  was  done  on  the  basis  of  the  theory  of  situation. 
This  choice  had  two  main  consequences.  The  first  one  was  put  the  emphasis  on  the  a- 
didactical,  didactical  axis.  It  was  also,  with  the  help  of  a  new  material  for  analysis,  the 
didactical  biography,  the  way  followed  by  Mercier  (1992).  The  second  one  was  to  focus 
our  attention  on  the  realisation  of  situations  for  institutionalization.  In  other  terms:  What 
should  be  the  caracteristics  of  these  situations?  Are  there  environments  for 
institutionalization  ?  What  are  the  roles  that  have  to  be  taken  by  the  student  and  the 
teacher  along  the  process?  These  questions  are  very  complex.  The  fact  is  that 
institutionalization  can  take  place  in  varions  general  settings.  Puting  apart,  for  the 
moment,  that  setting  in  which  the  knowlegde-aim  is  directly  communicated  to  the 
student,  we  are  going  to  try  to  develop  another  model; 

In  this  modal  we  need  to  take  into  account  the  interplay  between  two  situations. 
We  don't  forget  anyway  that  these  situations  have  at  the  same  time  two  caracteristics: 
mathematical  problem  are  under  study  and  there  are  social  exchanges.  The  first 
situation  is  the  basic  a-didactical  situation,  Sa,  in  which  a  certain  variety  of  problem  was 
to  be  solved.  Solving  this  problem  a  new  kind  of  knowledge  or  new  properties  of  a 
previously  learned  one.  The  second  situation  is  an  instituting  situation,  S|.  Its  purpose  is 
to  act  upon  the  previous  one  to  let  the  "actors"  identify  the  elements  of  the  cognitive 
experience  in  Sa  that  are  fundamental  to  constitute  the  knowledge-aim.  What  is  done  in 
S|  has  to  give  a  signification,  related  to  the  knowledge,  to  the  events  in  Sa-  In  this  later 
situation,  the  students  and  the  teacher  have  to  take  into  account  two  kinds  of 
necessities:  an  intrinsic  necessity  which  lies  in  the  (mathematical)  situation  in  the  sense 
that  it  does  fit  the  aim,  in  terms  of  knowledge,  an  intentionnal  necessity  which  is  tied  to 
the  didactical  purpose.  The  first  is  the  epistemological  caracteristic  of  the  situation.  The 
second  prepares  the  cultural  side  of  the  knowledge.  In  fact  Sa  presents  some 
caracteristics  of  an  a-didactical  situation  but,  in  general,  is  not  completely  a-didactical.  In 
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particular  students  know,  from  their  previous  experience  that  they  are  working  to  learn 
something  so  that  they  try  to  identify  what  is  asked  in  the  didactical  contract  and  not 
through  their  propoer  activity. 

In  terms  of  institutions,  that  can  be  seen  in  our  pragmatic  model,  as  a  group  of 
persons  involved  in  the  resolution  of  a  certain  variety  of  problems  and  the  use  of  certain 
kinds  of  solutions  (social  practices' ),  the  two  situations  Sa  and  S|  refer  to  institutions  of 
two  levels.  The  first  level  is  more  or  less  connected  with  action  and  with  pragmatic 
knowledge;  knowing  how  to  do  without  having  the  obligation  to  know  how  it  works.  The 
second  level  is  connected  with  other  kind  of  practices,  concerned  in  the  reasons  of  the 
success  of  the  methods  of  the  preceding  level.  Let  us  quote  there  an  historical  example: 
the  difference  of  practices  between  the  egyptian  architect  to  measure  right  angles  and 
the  theorem  of  Pythagore  and  its  demonstration;  they  refer  to  our  two  levels. 
Institutionalization  is  a  change  of  institution  (problems,  methods  or  set  of  practices, 
knowledge)  and  the  inscription  of  one's  practice  in  a  new  kind  of  relation,  defined  by 
the  practices  shared  by  the  members  of  the  institution.  S|  is  a  place  for  social  practices 
of  the  second  level  and  it  appears  at  least  for  the  observer  as  a  kind  of  institution.  In  fact 
S|  is  a  place  in  which  the  teacher  and  the  student  have  to  negociate  about  Sa  and  the 
knowledge-aim.  The  student  had  a  special  relation  to  Sa,  a  certain  kind  of  knowledge 
which  is  not  well  known  by  the  teacher.  On  the  contrary,  the  later  has  a  clear  relation  to 
the  knowledge-aim  but  a  relatively  poor  information  about  the  student  experience  of  Sa. 
Their  common  problem  is  a  problem  of  coincidence  in  their  relation  to  the  knowledge. 

This  model,  in  spite  of  being  relatively  abstract,  is  supported  by  some 
considerations  among  which  we  can  identify  the  following  ones.  The  classical  socratic 
method  is  an  extreme  form  of  institutionalization,  directly  connected  with  a  theory  of 
knowledge,  already  inscribed  in  the  world  of  ideas,  already  present  in  each  of  us  so  that 
its  actualization  is  possible  through  the  way  of  reminiscence.  With  the  perspective  of 
transformation  of  one's  experience,  the  general  process  is  reflexivity,  directly  if  it  is 
asked  to  the  student  as  a  product,  indirectly  if  the  student  is  invited  to  compare  his 
solution  to  others  solutions.  With  a  more  active  teacher's  participation  which  is  the  case 
in  most  of  the  didactical  situations,  he  can  be  involved  in  a  reformulation  of  the  student's 
past,  in  the  translation  of  a  social  practice  to  another  social  practice,  in  the  disclosure  of 
elements  of  his  didactical  intentionnality. 


Let  us  name  practicc(namcly  mathematical  practice)  every  actualization  made  b> 
somebody  in  the  course  of  the  resolution  of  a  mathematical  problem  or  a  problem  the 
solution  of  which  requires  some  manifestation  of  a  mathematical  knowledge.  This  kind 
of  practices  arc  concerned  by  algorithms,  methods,  formulations,  validations  In  other 
words,  a  mathematical  practice  is  certified  by  behaviors  that  arc  socialy  certified  to  be 
those  of  the  practice  in  rcfering  to  a  cultural  universe  of  conformity. 
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Concluding  .remarks: 

We  cannot  pretend  that  it  is  completely  original  to  consider  "mathematical 
learning  ...  as  both  a  process  of  individual  construction  and  as  a  process  of  acculturation 
into  the  mathematical  meanings  and  practices  of  wider  society"  (Cobb  P.  and  all,  1992; 
Eisenhart,  1988).  Nevertheless  our  main  problem  now,  from  a  theoretical  point  of  view 
as  well  as  from  a  practical  one,  is  to  describe  operational  approaches  of  this  problem 
from  the  point  of  view  of  teaching  and  teaching  devices.  Our  general  problematics  try  to 
ccodinate  the  two  major  settings  in  which  the  mathematical  activity  of  the  student  takes 
place  as  well  as  its  mathematical  practice  takes  its  meaning.  From  one  side,  each 
mathematical  situation  and  problem  requires  understanding,  previous  knowledge  and  a 
recourse  to  other  kinds  of  knowlegde  which  are  not  exactly  inscribed  in  what  he  know. 
In  general  cases  these  late  requirements  are  not  very  important.  On  the  contrary 
learning  new  mathematical  objects  involve  new  ways  of  knowing  and  new  mathematical 
contents.  On  the  other  side,  mathematical  object  are  complex  and  are  to  be  known 
through  a  rather  long  process,  didactical  process,  goal  oriented,  that  can  be  analysed  in 
the  way  the  general  process  of  entering  in  an  institution  is  analysed.  This  kind  of 
analysis  is  not  on  the  student's  side  but  more  on  the  teacher's  side  and  the  special, 
setting  of  knowledge  which  is  required  to  make  this  knowlegde  teachable. 
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SUMMARY. 


The  concept  of function  is  one  of  the  most  important  mathematical  concepts,  due  to  its  unifying  and 
modeliiing  nature  and  since  it  appears  on  all  school  curricula  from  the  Primary-  school  years  up  till  the  Secon- 
dary school.  However,  it  is  a  complex  concept  since  it  contain*  a  multiplicity  of  representative  registers  and  it 
generates  very  different  levels  of  abstraction.  Due  to  these  characteristics,  in  our  research  work,  we  have  con- 
centrated on  differentiating  between  the  different  conceptions  that  the  pupils  may  associate  with  it.  This  paper 
is  part  of  further  research  into  the  concept  of  function,  in  which  we  present  an  analysis  of  the  matron  to  N 
questions  regarding  the  discrimination  of functions  based  on  algebraic  expressions  and  graphic  representations. 
Using  a  multivariate  analysis  of  the  group  of  answers,  we  deduce  factors  which  indicate  the  influence  of  the 
task  variables  in  the  items  regarding  the  pupils'  arguments.  Consequently  we  characterize  different  local  con- 
ceptions about  the  concept  of  functions. 

INTRODUCTION. 

Over  the  last  fen'  years  research  in  the  field  of  Didactics  of  Mathematics  has  been  marked  by  the 
efforts  niafie  to  identify  pupils'  conceptions,  through  the  regularity  to  be  found  in  their  different  work,  to  dis- 
tinguish those  that  may  constitute  obstacles  for  acquiring  other  knowledge  and  to  clarify  the  conditions  in 
which  these  conceptions,  which  are  sometimes  highly  resilient,  may  be  modified.  In  a  great  number  of  recent 
papers,  such  as  those  by  Confrey  (1990),  Bednarz  and  Garnicr  (1989),  Brousscau  (1983),  Vergnaud  (1990), 
Artigue  (1990),  Viennot,  Joshua,  eti  there  is  one  fundameo  tal  idea:  analyzing  the  development  of  the  pupils' 
conceptions  and  the  factors  whicl  determine  that  development 

"The  term  conception  b  used  in  Didactics  of  mathematics  for  the  purpose  of  establishing  a  distinction 
between  the  mathematical  object  which  is  unique  and  the  varied  meanings  which  may  be  associated 

therewith  by  our  pupils.       The  uniformity  of  the  definitions  and  exercises  proposed  in  mathematics 

text  books  hides  the  wealth  and  complexity  of  the  conceptions  which  may  be  associated  therewith" 
(Artigue,  1984,  p.77). 

In  reference  to  the  notion  of  function  the  first  papers  to  be  found  are  those  by  Piagtt,  Grize,  Sze- 
alnska  (IMS)  in  the  framework  of  genetic  episteraology.  Later  we  find  those  by  Thomas  (1975)  and  Mar- 
yaaskli  (1979)  which,  although  they  do  not  deal  directly  with  pupils'  conceptions,  they  implicitly  refer  to 
tome  aspects  relating  thereto.  Following  these,  varkws  papers  have  been  written,  aatcngM  which  we  would 
highlight  those  by  Janvier  (1981),  Dreyfus  and  Eisemberg  (1982),  Vinner,  Tall  and  Dreyfus  (1983,  1989), 
Markovits,  Eyloe  and  ■ntckeaaer  (19SS),  Sfard  (1989,  1991,  1992),  Sierpinska  (1989,  1992),  Dvbinsky, 
Hawks  and  Nichols  (1989),  Dubinsky  and  Harel  (1992),  Tall  and  Bakar  (1992).  This  diversity  of  research 


into  the  notion  of  function  it  described  in  the  survey  made  by  Leinhardt  and  colls.  (1991);  amongst  the  con- 
clusions which  he  gives  us  we  highlight  those  which  characterize  the  learning  stated  by  the  pupils:  a  wish  for 
regularity  in  the  function's  behaviour  (a  strong  tendency  towards  linearity),  an  excessively  precise  vision  of 
the  function  (as  against  the  problem  as  a  whole)  and  an  incorrect  interpretation  of  the  properties  which  may 
be  abstracted  from  the  graphic  displays  of  functions. 

In  this  paper  we  study  the  arguments  that  the  secondary  school  pupils  use  (aged  between  16  and  18) 
when  discriminating  functions  based  on  algebraic  expressions  or  graphic  displays.  Starting  from  a  multiva- 
riate analysis  of  the  group  of  answers  to  the  different  items,  we  deduce  factors  which  indicate  the  influence 
of  the  task  variables  in  the  items  on  the  pupils'  arguments.  Consequently  wc  characterize  local  conceptions 
about  the  concept  of  function. 

EXPERIMENTAL  STUDY. 

The  work  «  hich  wc  present  is  pari  of  a  larger  study  regarding  the  concept  of  function,  which  inclu- 
des an  epistemological  study,  an  analysis  of  the  teaching  and  a  study  about  conceptions,  using  a  questionnaire 
made  up  of  25  items  which  was  given  to  323  pupils  (Ruiz  Uigueras,  1993).  The  full  questionnaire  included 
three  sections:  a)  study  of  the  definitions  which,  about  the  concept  of  function,  the  pupils  supply  and  of  the 
examples  they  propose;  b)  discrimination  of  functions  based  on  their  graphic  and  algebraic  displays;  and  c) 
use  of  functions  in  solving  problems  about  modelling. 

The  results  which  wc  present  in  this  paper  correspond  to  the  analysis  of  the  answers  to  the  14  ques- 
tions about  the  discrimination  of  functions,  which  appear  as  an  Annex.  When  drawing  them  up  wc  chose  to 
use  open  questions  instead  of  multiple  choice  questions,  so  as  to  study  the  range  of  possible  arguments  that 
the  pupils  are  capable  of  expressing  when  justifying  their  answers.  By  means  of  these  arguments  the  pupils 
will  reveal  different  conceptions  about  the  notion  of  function. 

The  task  variables  included  in  thest  4uestions  were  as  follows: 

-VI:  Presentation  setting  for  the  item;  which  could  be  graphic  or  algebraic. 

-  V2:  Type  of  correspondence  presented:  application/non-application. 

-  V3:  Continuity:  Continuous/discontinuous  in  the  whole  domain. 

-  V4:  Derivability:  Derivable/non-derivable  in  the  whole  domain. 

-  VS:  Unique  algebraic  expression  or  different  in  parti  of  the  domain. 

In  each  one  of  the  questions  we  have  considered  two  dependent  variables:  the  answer  to  the  item 
(correct  or  incorrect)  and  the  argument  used  as  a  justlficatkm.  We  have  used  the  following  categories  for 
these  arguments: 

(a)  Application  (coded  as  APLIC  in  Table  2):  There  are  pupils  who  justify  whether  a  given  graph  rep  reseats 
or  not  a  function  by  considering  the  latter  as  a  single  valued  correspondence.  ("It  does  aot  involve  a  function 
since  at  one  given  moment  it  is  in  several  places  at  the  sum  tin*"  (graph  GA  in  the  Aaaex).  When  trying  to 
justify  whether  a*  algebraic  expression  is  a  function  or  not,  some  pupils  also  use  the  criterion  of  it  being 
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univoca]  ("If  it  is  »  function,  for  each  value  we  give  for  x,  it  would  correspond  to  a  value  of  y"  (expression 
AE). 

(b)  Iconic-ideogram  elements  (ICON):  we  have  assigned  this  category  when  the  pupil  bases  his  recognition  of 
the  function,  not  on  an  analysis  of  its  characteristics,  but  because  it  is  a  prototype  example,  used  frequently 
in  the  teaching  he  has  received.  Lacasta  (1992)  states  that  "on  numerous  occasions,  both  the  school  books 
and  the  teachers  in  their  classes  treat  graphs  of  functions  as  ideograms:  a  conventional  symbol  for  recogni- 
zing shapes  in  an  oitensive  manner"  (p.8).  One  example  would  be  the  following:  "If  it  is  a  function,  it  is  a  cir- 
cumference" -  graph  GF).  For  the  algebraic  expressions  the  pupils  also  base  their  arguments  solely  on  the 
"shape"  they  have,  i.e.,  they  recognize  or  do  not  recognize  it  as  a  model  familiar  to  them  ("If  it  is  a  function 
by  parts"  (expression  AA). 

(c)  Algebraic  expression  (EALG):  In  this  section  we  include  those  arguments  which  justify  that  a  given  graph 
represents  or  not  a  function,  based  exclusively  on  the  fact  that  it  is  possible  to  give  an  algebraic  expression 
for  it.  ("If  it  is  a  function,  it  is  the  function  y  »  8"  (graph  GA). 

In  the  case  of  algebraic  expression,  solely  the  fact  of  its  existence  may  be  enough  to  Justify  it  in  order 
to  determine  whether  or  not  it  is  a  function  ("If  it  is  a  function,  there  is  a  mathematical  formula"  (expression 
AC). 

(d)  Domain-Image  (DOMINIO):  There  are  some  pupils  who  consider  the  graph  of  a  function  as  a  kind  of 
abacus,  they  can  give  values  to  the  x  and,  therefore,  by  means  of  the  graph,  they  can  obtain  the  correspon- 
ding value  of  y.  ("Yes,  it  is  a  function,  because  we  can  take  points  from  the  x  and  find  others  for  the  y,  and  so 
we  would  achieve  this  graph"  (graph  GC). 

In  this  category  we  also  classify  those  answers  that,  when  referring  to  the  algebraic  expressions,  the  pupils 
justify  the  existence  of  a  function  by  the  possibility  of  giving  values  to  the  x  and  obtaining  values  of  the  y;  i.e., 
they  see  in  the  algebraic  expression  a  certain  algorithmic  procedure.  ("It  is  not  a  function,  because  I  don't 
know  where  I'm  going  to  give  the  values  to  the  x"  (expression  AB). 

(c)  Continuity-Discontinuity  (CONT):  Justifications  based  on  the  characteristics  of  continuity  or  disconti- 
nuity. ("It  is  not  a  function,  a  function  cannot  have  sudden  jerks"  (graph  GE). 

(f)  Increase-decrease  (CREQ:  Arguments  based  on  the  increase  or  decrease  in  the  curve  shown.  ("It  is  not  a 
function  because  it  increase  and  decreases  in  an  Irregular  manner,  it  looks  more  like  an  earthquake  rea- 
ding" (graph  GG). 

(g)  Others  (OTROS):  We  include  in  this  section  those  sporadic  and  strange  answers  which  it  is  not  possible 
to  classify  in  any  of  the  previous  sections. 


RESULTS  AND  DISCUSSION. 


Answers  to  the  items. 

Table  I:  Percentages  of  correct  answers,  according  to  the  pupil's  age. 


ITEMS 

AGE. 

AA 

AB 

AC 

AD 

AE 

AF 

AG  GA 

GB 

GC 

GD 

GE 

GF 

GG 

16 

87.1 

47.5 

41.7 

51.1 

54.7 

71.2 

66.9  20.1 

87.8 

40.3 

67.6 

86.3 

18.7 

25.2 

17 

88.4 

44.2 

29.1 

34.9 

53.5 

72.1 

73.3  15.1 

90.7 

37.2 

52.3 

89.5 

48.8 

39.5 

18 

92.9 

60.2 

62.2 

53.1 

46.9 

79.6 

72.4  18.4 

98.0 

43.9 

84.7 

100 

52.0 

38.8 

As  may  he  seen  on  the  Tabic,  generally  speaking,  age  docs  not  influence  the  pupils'  answers.  We 
may  say  that  the  education  received  by  the  pupils  does  not  determine  significant  changes  as  regards  the  Iden- 
tification of  functions. 

Analysis  of  the  arguments. 

Once  the  arguments  were  classified,  we  carried  out  an  analysis  of  correspondence  (Grccnacrc,  1984) 
in  table  2,  which  crosses  the  different  arguments  used  by  the  pupils  in  each  of  the  14  questions  presented  in 
order  to  recognize  whether  or  not  they  arc  functions. 


Table  2:  Frequencies  of  arguments  in  the  different  questions. 


ITEMS 

ARGUMENTS 

AA 

AB 

AC 

AD 

AE 

AF 

AG 

GA 

GB 

GC 

GD 

GE 

GF 

GG 

TOTAL 

APLIC 

11 

5 

4 

4 

6 

5 

7 

30 

4 

3 

1 

0 

9 

5 

94 

ICON 

13S 

163 

161 

141 

45 

77 

38 

98 

112 

86 

90 

130 

118 

64 

1461 

EALG 

0 

0 

0 

0 

0 

0 

0 

4 

91 

15 

26 

36 

15 

8 

195 

DOMINIO 

33 

5 

16 

13 

39 

45 

66 

13 

15 

8 

13 

8 

7 

8 

289 

CONT 

8 

3 

0 

0 

3 

0 

1 

0 

9 

2 

5 

32 

3 

6 

72 

CRECI 

0 

0 

0 

0 

0 

0 

0 

2 

7 

16 

9 

9 

3 

14 

60 

GRAF I CO 

36 

35 

17 

22 

14 

20 

10 

0 

0 

0 

0 

0 

0 

0 

154 

OTROS 

6 

25 

3 

4 

9 

9 

7 

0 

5 

1 

2 

0 

0 

6 

77 

TOTAL 

232 

236 

201 

184 

116 

156 

129 

147 

243 

131 

146 

215  155 

111 

2402 

A  highly  significant  Cbi-square  value  was  achieved  (1413.722;  91  d.f.  (degree  of  freedom)  and  three 
main  factors  were  observed,  amongst  which  they  explain  (0.40%  of  th :  inertia.  All  the  arguments  and  items 
used  presented  a  good  quality  of  representation  on  the  axes  of  projetion  obtained.  We  shall  interpret  these 
factors  below. 


o 
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FIRST  FACTOR  (47.25%  of  the  inertia):  "Presentation  chart  for  the  Item". 

On  this  first  axis  clear  opposition  was  shown  as  regards  the  coordinates  on  the  axis  between  the 
items  expressed  in  algebraic  form  and  those  in  a  graphic  form,  due  to  the  fact  that  the  arguments,  used  by 
the  pupils  to  determine  in  each  one  of  them  whether  it  involves  or  not  a  mathematical  function,  are  clearly 
opposed.  So  the  "graph"  argument  ("it  is  a  function  because  we  can  display  it  on  a  graph")  is  used  exclusi- 
vely when  algebraic  expressions  are  referred  to;  the  "domain"  argument  ("it  is  a  function  because  we  can  gi- 
ve values  to  the  x  and  we  obtain  the  value  of  the  y"  or  "it  is  not  a  function  because  since  we  don't  have  x  we 
cannot  give  it  any  values")  is  used  much  more  abundantly  to  refer  to  algebraic  expressions.  On  the  contrary, 
the  "algebraic  expression"  argument  is  used  by  the  pupils  exclusively  when  referring  to  the  functions  expres- 
sed graphically  ("it  is  a  function  because  its  equation  is  y  =  1/x");  the  same  may  be  said  about  the  arguments 
of  "increase"  and  "continuity",  they  are  only  used  if  there  arc  graphs. 

Consequently,  we  interpret  that  the  importance  of  this  factor  is  indicative  of  the  existence,  amongst 
a  large  part  of  the  pupils  of  a  prc-conccived  conception  due  to  the  strong  association  between  formula  and 
graph:  "Ever)'  formula  may  be  displayed  on  a  graph",  reciprocally,  "Every'  graph  comes  from  the  values  gi- 
ven to  a  formula".  Evidently  this  conception  would  have  a  very'  limited  Held  of  validity,  even  in  this  same 
test,  since  in  expression;  like  AE  or  GG  it  would  not  work. 

The  arguments  about  "increasing"  (CRECI)  or  "continuity"  (CONT)  arc  only  included  in  argu- 
ments which  involve  trying  to  justify  the  existence  of  a  function  by  means  of  describing  its  graph,  however, 
they  are  not  used  for  algebraic  expressions  such  as  AA,  AD,  AE  or  AF.  This  would  indktte  that  these  pro- 
perties arc  considered  to  be  graphic  characteristics  and  not  analytical  ones.  We  intcpret  that  the  origin  of 
this  could  be  due  to  the  fact  that  the  pupils'  education  reflects  the  influence  of  the  "ostensive"  nature  whe- 
reby the  teachers  use  graphs  in  their  teaching  to  present  highly  formalized  concepts  such  as  lateral  limits, 
continuity,  growth,  derivability,  etc.  The  pupils  do  not  respond  to  the  question  of  whether  or  not  a  function  is 
involved,  but  rather  they  limit  themselves  to  "classifying"  the  graph. 

SECOND  FACTOR:  (21.1%  of  tht-  inertia)  "Comparison  of  arguments  relating  to  the  domain  and  ideogra- 
phic arguments  on  the  algebraic  chart". 

This  factor  separates  the  algebraic  items  into  two  groups  and  it  hardly  has  any  influence  from  the  graphic 
items:  on  the  one  hand,  items  AG  and  AE  appear;  on  the  other  hand  items  AD,  AC  and  AB  do  so.  The  first 
group  of  items  appears  to  be  associated  to  the  domain  argument  and  the  second  one  to  the  ideographic  argu- 
ment, which  are  opposed  to  each  other.  In  fact,  items  AG  and  AE  present  a  percentage  of  items  relating  to 
the  domain  which  is  quite  higher  than  the  average  and  a  percentage  of  ideographic  arpweats  quite  lower 
than  the  average;  the  opposite  happens  with  items  AD,  AC  and  AB.  This  ei plains  to  us  that  there  are  alge- 
braic expressions  which  the  pupils  identify  or  not  as  a  function  simply  bearing  in  mind  the  "shape"  they  ha- 
ve: they  are  prototype  examples  that  are  easily  recognizee  by  the  pupils. 

Tfib  kind  of  Ideographic  argument  it  for  us  indicative  of  aaother  highly  restricted  conception  of  the 
function,  since  u  algebraic  expression  shall  be  considered  as  a  function  only  under  certain  "syntactic"  con- 
ditio** and  a  trap*  only  under  strict  limitations  regarding  its  configuration.  Its  domain  of  validity  Is  also 
very  limited  since  functions  such  as  AB,  AD,  AE,  GC,  GD  or  GG  would  be  excluded.  We  believe  that  its  ori- 
gin Is  niso  in  the  teaching  habits,  due  to  the  usual  repertoire  of  graphs  and  functions  that  appear  in  mathe- 
matics teaching.  The  presentation  that  both  the  maths  books  and  the  teachers  make  of  the  notion  of  function 
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in  all  their  generality  contrasts  with  the  limitations  of  the  field  in  which  the  examples  and  exercises  arc  nor- 
mally chosen. 

As  we  described  above,  the  arguments  which  we  have  called  DOMAIN  indicate  that  only  the  alge- 
braic expressions  which  make  it  possible  to  give  values  to  the  x  and  to  obtain  the  corresponding  values  for  y 
may  be  considered  to  be  functions.  For  us,  they  indicate  a  conception  of  the  function  as  a  certain  procedure 
of  algorithmic  calculus  (Input-output).  Its  domain  of  validity  is  also  very'  limited  since  it  excludes  functions  li- 
ke AB  or  AE.  The  pupils  show  this  when  referring  to  the  functions  expressed  algebraically.  We  may  say  that 
they  arc  induced  by  a  deeply  rooted  practice  in  teaching,  as  is  the  drawing  of  "tables"  based  on  algebraic 
expressions. 

THIRD  FACTOR:  (12.1%  of  the  inertia)  "Idea  of  application" 

This  factor  is  marked  almost  exclusively  by  the  idea  of  application  and  it  opposes  item  GA  to  the 
rest.  In  this  item,  the  argument  of  application  was  used  very'  frequently,  which,  in  general,  was  not  used  in 
the  others.  The  lesser  weight  of  the  third  factor  shows  that  the  pupils  first  looked  for  other  arguments 
(ideographs,  algebraic  expression,  graphs,  etc..)  before  checking  whether  or  not  it  involved  an  application. 
For  them,  the  function  had  to  meet  other  prior  requisites  before  this  one  in  order  to  be  considered  as  such. 
We  may  also  point  out  that  the  GA  graph  is  very  peculiar  and  strange,  due  to  its  shape  (it  docs  not  usually 
appear  in  text  books)  and  for  the  pupils  it  was  very  effective  and  economical  to  use  the  "application"  argu- 
ment. Nevertheless,  item  GF  would  also  be  included  in  these  very  same  circumstances,  but  because  it  invol- 
ved a  circumference,  a  very'  familiar  curve  for  them,  they  do  not  use  this  argument,  but  rather  the  ideograph 
argument  ("it  is  a  circumference,  therefore  it  is  a  function")  and  this  is  sufficient  for  them  to  consider  it  to 
be  a  function,  they  do  not  need  to  prove  whether  or  not  it  is  an  application. 

This  application  argument  is  also  indicative  of  a  conception  of  the  function  as  an  application,  al- 
though generally  this  was  observed  very  little  in  our  sample,  in  spite  of  the  fact  that  this  is  the  definition  of  a 
function  which  appears  in  the  text  books  which  these  pupils  used. 

Although  the  variable  of  the  academic  year  involved  has  been  included  as  a  supplementary  variable, 
no  influence  therefrom  was  obtained  in  any  of  the  a'ws.  Consequently  wc  observe  a  permanence  of  the  argu- 
ments used  throughout  the  different  academic  years,  which  might  be  i  sign  of  the  permanence  of  concep- 
tions, independently  of  the  teaching  received. 
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PUPILS'  VIEWS  OF  CALCULATORS  AND  CALCULATION 


University  of  Cambridge 


Abstract:  This  questionnaire  study  examines  pupils'  representations  of 
number  work,  calculators  and  calculation,  and  their  dispositions  towards 
them,  as  they  transfer  from  primary  to  secondary  education.  Two  distinct 
dimensions  of  attitude  and  belief  emerge,  associated  with  pupils'  preference 
for  not  using  or  using  a  calculator:  first,  their  degree  of  enjoyment  of  number 
work  and  of  confidence  In  alternative  modes  of  calculation;  second,  their 
degree  of  scepticism  about  the  legitimacy  and  beneficence  of  the  calculator 
and  of  confidence  in  the  calculator  mode  of  calculation.  Marked  gender  and 
school  differences  are  found  on  the  second  dimension. 

Introduction 

The  focus  of  this  paper  is  on  pupils'  attitudes  to.  and  beliefs  about,  number 
work,  calculators  and  calculation  at  an  important  transition  point  in  their 
education:  between  primary  and  secondary  school.  The  concepts  of  attitude 
and  belief  are  diffuse,  and  this  has  provoked  some  criticism  of  them  as 
theoretical  constructs.  Nonetheless,  their  persistence  reflects  their  resonance 
with  our  commonsense  construction  of  human  thought  and  behaviour:  in 
particular,  the  way  in  which  representation  of  experience  and  disposition 
towards  it  appear  to  combine  in  our  mental  activity. 

Equally,  attitude  and  belief  can  be  said  to  have  both  individual  and  social 
facets:  in  particular,  individuation  of  attitude  and  belief  within  a  community 
can  be  thought  of  as  differential  positioning  within  some  shared  template.  The 
particular  focus  of  this  study  was  on  developing  a  simple  model  of  such  a 
template.  For  this  purpose,  a  standard  questionnaire  methodology  was 
adopted,  involving  a  substantial  pupil  cohort. 

The  design  and  implementation  of  the  study 

The  pupils  taking  part  in  the  study  had  Just  entered  their  first  year  of 
secondary  education  in  two  11-16  comprehensive  schools  serving  village 
communities  in  the  Cambridge  area.  In  most  cases,  the  pupils  had  previously 
attended  local  primary  schools  from  which  the  normal  pattern  of  transfer  was 
to  these  secondary  schools. 

The  questionnaire  consisted  of  items  in  Likert  format  presenting  pupils 
with  a  sequence  of  statements  to  which  they  were  asked  to  respond  on  the 
following  five-point  scale:  /  /.  described  as  meaning  '"yes!":  you  strongly  agree' 
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(and  scored  as  2):  /.  descnoed  as  '"yes..ish":  you  agree  but  not  strongly' 
(scored  1):  -.  described  as  '"er..um..?":  you  are  undecided  or  neutral'  (scored 
0):  x.  described  as  '"no.,ish":  you  disagree,  but  not  strongly'  (scored  -1):  and  >f, 
described  as  "no!":  you  strongly  disagree'  (scored  -2).  The  items  fell  into  two 
groups.  The  first  focused  on  comparative  Judgements  of  three  modes  of 
calculation:  mental,  written  and  calculator.  The  second  was  concerned  with 
more  general  judgements  about  working  with  numbers  and  calculators.  Items 
from  the  two  groups  were  alternated  in  the  questionnaire:  within  each  group, 
similar  items  were  distanced  to  avoid  sequencing  effects;  and  two  potentially 
emotive  items  were  placed  at  the  end  of  the  questionnaire. 

Pupils  completed  the  questionnaire  in  September  1993.  within  the  first 
fortnight  of  joining  their  secondary  school.  They  did  so  in  class  under  the 
supervision  of  their  mathematics  teachers.  Some  teachers  reported  instances 
of  pupils  requiring  help  in  identifying  which  response  to  choose  when  they 
disagreed  with  a  statement  that  could  be  construed  as  a  negative.  Of  the  340 
pupils  on  roll  in  the  two  schools,  questionnaires  were  received  from  327.  a 
response  rate  in  excess  of  96%. 

Comparison  of  calculation  mode* 

The  first  group  of  items  was  designed  to  elicit  comparative  ratings  of  the 
modes  of  calculation  in  terms  of  three  criteria:  difficulty,  incidence  of 
mistakes,  and  time  taken.  The  items  and  the  patterns  of  response  to  them  are 
shown  in  Table  1.  There  is  a  consistent  pattern  in  which  pupils  rate  the 
calculator  mode  relatively  favourably  on  each  criterion  and  the  mental  mode 
relatively  unfavourably,  with  the  written  mode  rated  intermediate  on  difficulty 
and  unreliability.  Statistically,  all  these  comparisons  are  highly  significant 
(beyond  the  .000  level  on  a  one-tailed  Wilcoxon  test).  In  the  only  exception  to 

Table  1:  Items  comparing  modes  of  calculation 


Itt m  Response  percentages 


// 

/ 

f 

ff 

It  is  more  difficult  to  do  number  problems  with  a  calculator 

4 

10 

19 

30 

37 

It  is  more  difficult  to  do  number  problems  by  a  written  method 

6 

19 

30 

29 

16 

It  is  more  difficult  to  do  number  problems  In  your  head 

23 

34 

20 

18 

6 

When  you  do  number  problems  with  a  calculator,  you  make  more  mistakes 

5 

12 

25 

30 

29 

When  you  do  number  problems  by  a  written  method,  you  make  more  mistakes 

4 

16 

34 

27 

19 

When  you  do  number  problems  in  your  head,  you  mike  more  mistakes 

11 

37 

22 

23 

7 

Doing  number  problems  with  a  calculator  takes  more  time 

6 

12 

14 

35 

34 

Doing  number  problems  by  a  written  method  takes  more  time 

23 

38 

23 

13 

4 

Doing  number  problems  In  your  head  takes  more  time 

23 

39 

20 

11 

7 
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this  pattern,  the  written  mode  was  rated  close  to  the  mental  mode  in  terms  of 
time  demand. 

Equally,  the  patterns  of  response  to  a  particular  mode  are  similar  across 
different  criteria,  suggesting  that  relatively  undifferentiated  judgements  are 
being  made.  For  each  mode,  the  statistical  association  between  ratings  on 
different  criteria  Is  sufficiently  high  (correlation  typically  around  0.3. 
significant  beyond  the  .000  level  on  a  one-tailed  Spearman  test)  to  make  It 
reasonable  to  aggregate  ratings  for  further  analysis  by  averaging  scores  for 
difficulty,  unreliability  and  time  demands  to  form  the  compound  constructs 
CaiculatorHasDrawbacks,  WrittenHasDrawbacks  and  MentalHasDrclwbacks. 

Views  of  number  work  and  number  problems 

The  second  group  of  items  was  intended  to  elicit  judgements  about  more 
general  aspects  of  working  with  numbers  and  calculators.  The  majority  were 
designed  as  paired  Items  of  opposite  polarity.  The  Items  and  the  patterns  of 
response  to  them  are  shown  In  Table  2.  Analysis  suggests  a  degree  of 
acquiescence,  although  some  pupils  may  reasonably  have  interpreted 
statements  as  not  wholly  opposed,  or  encountered  the  difficulties  mentioned 
earlier  over  disagreement  with  negative  statements.  Nonetheless,  with  the 
exception  of  one  pair  which  has  been  excluded  from  this  analysis,  statistical 
association  is  sufficiently  high  (correlation  typically  around  -0.25.  significant 
beyond  the  .000  level  on  a  one-tailed  Spearman  test)  to  justify  the  formation  of 
compound  constructs  by  averaging  scores  over  the  pair,  after  reversing  those 
Table  2:  Items  on  number  work  and  calculators 

Rt»poni«  !Krc»ntage» 

Item  //    /  X  V* 

I  enjoy  experimenting  with  numbers  3?     *     J*      '  7 

1  dislike  working  with  numbers  '  _____  ...  J_ 

There  arc  several  different  ways  of  doing  every  number  problem                  :i     31     12      5  1 
There  is  one  proper  way  of  doing  every  number  problem  '5     »     "     "  ^ 

I  prefer  number  problems  when  I  have  to  think  them  out  19  34  24  M  10 
I  prefer  number  problems  when  I  have  already  been  shown  what  to  do  36     31     14     n  ^ 

You  have  to  understand  a  number  problem  to  do  it  with  a  calculator  22  34  22  14  9 
You  can  do  a  number  problem  using  a  calculator  without  understanding  it  22     33     13     iy  i« 


16  16  30  22  17 
19     24     25     17  16 


You  can  Icam  new  things  about  numbers  from  using » calculator  16  26  28  17  13 
If  you  use  a  calculator  you  Icam  less  about  numbers  29     32     lb  13  

I  prefer  not  to  use  a  calculator  to  do  number  problems 
Using  a  calculator  to  do  number  problems  is  a  kind  of  cheating 
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on  the  negative  item.  Indeed,  interpretation  of  the  tabulated  data  will  be 
supported  in  the  text  by  reporting  of  the  proportion  of  pupils  responding 
consistently  positively  or  negatively  over  a  pair  of  items. 

For  the  first  pair  of  items,  corresponding  to  the  compound  construct 
LikeNumbefWbrk,  such  information  confirms  the  indication  of  the  tabulated 
responses  that  the  majority  of  pupils  have  a  positive  attitude  to  number  work: 
60%  agreed  with  the  positive  statement  and  disagreed  with  the  negative: 
whereas  only  5%  showed  the  reverse  pattern. 

The  results  from  the  next  two  pairs  of  items  suggest  some  qualifications  to 
Schoenfeld's  (1992,  p.359)  general  characterisation  of  pupils'  beliefs  about 
mathematics:  that  there  is  only  one  correct  way  to  solve  any  problem,  usually 
the  rule  that  the  teacher  has  most  recently  demonstrated;  that  pupils  cannot 
expect  to  understand  mathematics,  but  must  memorise  it  and  apply  what  they 
have  learned  mechanically.  Responses  to  the  pair  of  items  corresponding  to 
the  construct  SeveralWaysToDo  suggest  that  many  pupils  take  a  flexible  view  of 
method.  The  strongly  supported  positive  statement  that  there  are  several 
different  ways  of  doing  every  number  problem  was  the  first  on  the 
questionnaire,  appearing  prior  to  any  mention  of  different  modes  of 
calculation.  Even  on  the  more  pointed  negative  statement  that  there  is  one 
proper  way  to  do  every  number  problem,  disagreement  outstrips  agreement. 
Combined.  38%  of  pupils  agreed  with  the  positive  statement  and  disagreed 
with  the  negative;  only  3%  showed  the  reverse  pattern.  On  the  pair  of  items 
corresponding  to  the  construct  LikeToThinkOut  the  evidence  is  less  clear 
cut:  29%  of  pupils  agreed  that  tbty  prefer  problems  both  when  they  have  to 
think  them  out  and  when  they  have  already  been  shown  how  to  do  them.  The 
combination  of  these  two  positions  is  not  necessarily  inconsistent;  it  could  be 
Interpreted  as  expressing  approval  for  structured  intellectual  challenge. 
Overall,  15%  took  the  rather  stronger  position  of  agreeing  with  the  first  item 
and  disagreeing  with  the  second,  with  19%  showing  the  reverse  pattern. 
Nonetheless,  even  these  findings  should  serve  to  qualify  the  &lereotype  of  the 
Intellectually  passive  pupil. 

View*  of  the  calculator 

The  last  two  item  pairs  focus  more  specifically  on  use  of  the  calculator.  A  study 
by  the  APU  (Foxman  et  al„  1991,  p.  3-17)  found  that  nearly  30%  of  ll-year- 
olds  considered  that  use  of  calculators  was  harmful  because  "they  stop  you 
using  your  brains"  or  "prevent  you  learning  all  sorts  of  sums".  The  present 
study  distinguished  between  the  constructs  UnderstandWithCalculator  and 
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LearnFromCalculator  (and  this  differentiation  is  vindicated  by  the  relatively 
weak  correlations  observed  between  their  respective  items).  Overall,  there  is 
more  scepticism  about  the  position  that  use  of  the  calculator  promotes 
learning  about  numbers  (with  only  14%  taking  a  consistently  positive  position. 
22%  consistently  negative)  compared  to  the  view  that  using  a  calculator  to  do 
a  number  problem  requires  understanding  (where  24-%  took  a  consistently 
positive  position.  15%  consistently  negative).  In  effect,  this  indicates  greater 
acceptance  of  the  calculator  as  a  procedural  tool  than  as  a  learning  aid.  In  this 
respect,  pupils'  views  coincide  with  the  practice  of  teachers  as  observed  by 
HM1  (1991.  p.  18:  1992.  p.  15)  who  found  little  recognition  of  the  role  of 
calculators  in  promoting  the  development  of  number  concepts  and  skills. 

The  final  single  entries  in  Table  2  are  the  two  potentially  emotive  items 
already  referred  to.  The  more  neutral  statement,  expressing  a  preference  for 
not  using  a  calculator,  was  supported  by  one  third  of  pupils.  This  is  similar  to 
the  proportion  of  11 -year -olds  reported  in  the  APU  study  as  disapproving  the 
•  use  of  calculators  or  preferring  not  to  use  them.  The  more  impassioned 
statement  (concluding  the  questionnaire)  which  labelled  use  of  the  calculator 
as  a  kind  of  cheating  was  supported  by  over  40%  of  the  pupils,  whereas  such  a 
view  was  expressed  more  spontaneously  by  less  than  10%  in  the  APU  study. 
This  can  be  interpreted  either  as  an  expression  of  simple  disapproval  or  as 
one  of  intellectual  fastidiousness:  a  valuation  of  mental  competence  and  mental 
activity.  Hedren  (1985.  p.  176)  has  noted  that  many  mathematically  confident 
pupils  enjoy  mastering  calculations  themselves  instead  of  being  dependent  on 
a  machine:  similarly.  Ruthven  (1992.  pp.  92-93)  found  pupils  reluctant  to  use 
a  calculator  on  the  grounds  that  by  doing  so  they  'lost  control'  of  their 
mathematics.  In  view  of  the  broad  and  even  spread  of  responses  to  these  two 
items,  they  were  retained  as  separate  constructs  for  further  analysis  as 
PreferNoCalculator  and  CalculatorlsCheating. 

The  influence  of  gender  end  primary  school 

Gender  differences  in  attitude  to  both  mathematics  and  technology  have  been 
widely  reported.  Consequently,  this  is  an  area  which  merits  particular 
examination.  School  differences  also  need  to  be  considered  as  they  may  be 
acting  as  an  otherwise  hidden  influence  on  gender  differences.  Although 
school  differences  are  also  of  interest  in  their  own  right,  in  this  study  there  is 
no  way  of  distinguishing  between  an  effect  which  is  due  to  differences  in  the 
communities  from  which  schools  draw  their  pupils,  and  one  due  to  pupils- 
experience  within  the  school.  School  effects,  then,  must  be  interpreted  with 
corresponding  caution,  as  indicating  plausible  conjectures  about  the  influence 
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of  schools  rather  than  firm  conclusions.  Possible  gender  and  school 
differences  were  explored  through  a  two-way  analysis  of  variance  on  each  of 
the  constructs  (with  small  primary  schools  transferring  low  numbers  of  pupils 
being  consolidated  into  a  single  category).  In  fact,  no  gender-school 
interactions  approaching  significance  were  found  in  the  analysis.  The  findings 
are  summarised  in  Table  3. 

Although  the  APU  (Foxman  et  al..  1991.  p.5.2)  reports  that,  at  age  11.  boys 
as  a  group  are  more  favourably  disposed  towards  mathematics  than  girls,  such 
an  effect  was  not  found  here.  The  focus  of  LlkeNumberWork  is.  of  course,  more 
narrowly  specific,  and  the  same  APU  study  (p.2.3)  reports  number  as  an  area 
in  which  there  are  minimal  gender  differences  in  attainment  at  age  11.  On  the 
two  constructs  relating  to  views  of  number  problems,  the  stronger  and  mildly 
significant  gender  difference  is  on  the  construct  LlkeToThlnkOut  although 
the  trend  on  SeveralWaysToDo  is  in  the  same  direction.  These  differences  are 
consistent  with  those  suggested  by  other  work  on  gender  differences  in 
attitudes  to  autonomy  and  independence  (McLeod.  1992.  p. 586). 

On  the  constructs  relating  to  modes  of  calculation,  the  only  evidence  of  a 
gender  effect  is  in  relation  to  use  of  the  calculator.  Boys'  and  girls'  ratings  of 
both  the  written  and  mental  modes  are  extremely  close.  But  while  boys  and 
girls  both  rate  the  drawbacks  of  the  calculator  mode  as  markedly  lower  than 
either  of  the  other  modes,  the  boys'  rating  is  significantly  more  favourable.  On 
the  four  remaining  constructs  relating  to  the  calculator,  there  are  no 
significant  gender  differences,  although  the  trends  are  all  towards  more 
positive  ratings  of  the  calculator  by  boys.  Here,  however,  there  is  strong 
evidence  of  a  school  effect,  with  three  of  the  four  items  revealing  some  degree 
of  significance  in  the  differences  by  primary  school. 


Table  3:  Construct  ratings:  overall,  and  by  gender  and  school 


Construct 

Overall 

by  Gender 

by  School 

Significance 

statistics 

Female 

Male 

Lowell  Hlgheit 

Gender  School 

mun 

•t-dev 

mean 

mean 

mean 

mean 

effect  effect 

CalculatorHasDrawbacks 

-0.78 

0.85 

-0.66 

-0.86 

-1.14 

-0.40 

.055 

WrittcnHasDrawbacks 

-0.01 

0.79 

-0.02 

-0.01 

-0.44 

0.18 

McntalHasDrawbacks 

0.47 

0.83 

0.45 

0.48 

0.20 

0.86 

LikcNumbcrWork 

0.91 

1.00 

0.92 

0.90 

0.54 

1.26 

SeveralWaysToDo 

0.62 

0.83 

0.58 

0.66 

0.38 

0.75 

LikeToThinkOut 

-0.17 

1.00 

-0.28 

-0.07 

-0.57 

0.15 

.085  .048 

UndcrstandWtthCalculator 

0.09 

1.03 

0.08 

0.10 

-0.32 

0.41 

LcarnFromCalculator 

-0.22 

1.02 

-0.29 

-0.15 

-0.70 

0.21 

.048 

PreforNoCalcuIator 

-0.09 

1.30 

-0.05 

-0.12 

-0.75 

0.50 

.088 

CalculatorlsCheating 

0.13 

1.33 

0.17 

0.09 

-0.57 

0.83 

.031 

o 
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A  structural  analysis  of  views 

The  goal  of  this  study  was  to  model  a  simple  framework  within  which 
individual  differentiation  of  attitude  and  belief  can  be  understood  as  taking 
place.  This  was  pursued  through  a  factor  analysis  of  the  constructs  with  the 
results  reported  in  Table  4.  This  two-factor  model  captures  a  good  proportion 
of  variation;  beyond  this  point,  the  increased  explanatory  power  of  adding 
further  factors  drops  markedly.  One  way  of  making  sense  of  the  structure  is  to 
see  it  as  offering  two  independent  dimensions  relating  to  pupils'  preference 
for  using  a  calculator  or  not  doing  so. 

The  first  dimension  links  preference  for  not  using  a  calculator  to  a  liking  for 
number  work  and  thinking  out  number  problems,  to  relative  confidence  in  the 
alternative  written  and  mental  modes  of  calculation,  and  to  a  view  that  number 
problems  can  be  tackled  in  different  ways.  Correspondingly,  preference  for 
using  a  calculator  is  linked  to  a  lack  of  enjoyment  of  number  work  and 
thinking  number  problems  out.  to  lack  of  confidence  in  alternative  modes  of 
calculation,  and  to  a  view  that  there  is  one  proper  way  to  tackle  each  number 
problem.  At  heart,  then,  this  dimension  relates  to  pupils'  general  enjoyment 
and  confidence  in  the  different  elements  of  number  work:  the  more  so.  the 
stronger  the  preference  to  dispense  with  the  calculator  (thus  increasing  the 
challenge  of  the  work);  the  less  so.  the  stronger  the  preference  for  using  the 
calculator  (thus  making  the  work  achievable).  This  suggests  how  decisions 
about  use  of  the  calculator  enable  pupils  to  control  the  challenge  posed  by 
number  work,  and  match  it  to  their  degree  of  enjoyment  and  confidence  in 
such  work.  This  is  consistent  with  the  report  by  Shuard  et  al.  (1991.  p.  24) 
that  most  children  decide  for  themselves  that  they  do  not  need  or  want  to  be 
dependent  on  their  calculators  for  all  calculation. 

Table  4:  Factorial  structure  of  views 

Loading!  accounting  fat  man  than  10%  af  construct  variance 


Contact  Factor 


LlkeTbThinkOut 

.66 

LikeNumbcrWork 

.66 

MenttlHasDrawbacks 

-.63 

WrittenHasDrawbacks 

-.47 

ScveralWaysToDo 

.45 

.72 

CalculatorlsCheatlng 

LmrnFromCalculator 

-.69 

PreferNoCalculator 

.49 

.53 

CalculatorHasDrawbacks 

.42 

Understand  VVIthCalcuUtor 

-.33 

Percentage  of  total  variance  explained 

20.6 
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The  second  dimension  links  preference  for  not  using  a  calculator  to  doubts 
about  its  legitimacy  and  about  the  facility,  reliability  and  speed  of  the  calculator 
mode  of  calculation,  and  to  beliefs  about  the  negative  influence  of  the 
calculator  on  understanding  and  learning  number.  Correspondingly,  preference 
for  using  the  calculator  is  linked  to  acceptance  of  its  legitimacy  and  of  its 
facility,  reliability  and  speed.  This  dimension,  then,  is  one  of  general  attitude 
to  the  calculator:  the  more  positive  the  score,  the  greater  the  degree  of 
scepticism  about  the  the  calculator  and  the  preference  against  use;  the  more 
negative  the  score,  the  greater  the  acceptance  and  preference  for  use. 

No  gender  or  school  difference  emerges  on  the  first  factor:  in  particular,  the 
means  for  boys  and  girls  are  extremely  close.  On  the  second  factor,  however, 
both  gender  and  school  effects  are  significant  (at  the  .051  and  .023  levels 
respectively).  In  particular,  the  male  mean  is  markedly  lower  (0.23  of  a 
standard  deviation)  than  the  female.  This  seems  to  be  a  consolidation  of  the 
consistent  trends  for  boys  to  be  more  favourably  disposed  towards  the 
calculator  on  individual  constructs.  In  sum.  then,  important  gender  and  school 
differences  arise  in  attitudes  and  beliefs  about  the  calculator. 
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Abstract:  This  paper  describes  our  collaborative  efforts  with  five  teachers  to  rethink 
mathematics  instruction  in  elementary  schools  during  a  summer  math  camp.  Our  activities 
included  the  analysis  of  videotaped  mathematics  lessons,  working  in  the  solution  of 
arithmetical  tasks,  and  reflecting  on  our  role  as  teachers.  Throughout  the  camp,  teachers 
changed  the  focus  of  their  attention  and  reflection  from  the  teaching-learning  activities 
documented  in  the  videotapes  to  a  retrospective  analysis  of  their  own  teaching  practice. 

CONCEPTUAL  FRAMEWORK 

Calls  to  reform  mathematics  education  in  the  United  States  (Mathematics  Framework  for 
California  Public  Schorls         Everybody  Counts,  1989;  NCTM  Standards,  1991;  MAA 
Call  for  Change,  1991)  have  brought  increasing  attention  to  the  issue  of  teacher  preparation 
and  professional  development.  On  the  one  hand,  teachers  are  seen  as  key  elements  in 
transforming  mathematics  education.  On  the  other  hand,  it  is  recognized  that  teachers  are  the 
product  of  the  very  system  they  are  expected  to  change  (Schifter,  1993;  Bauersfeld,  1980; 
Ball,  1989;  Lampert,  1991 ;  Simon,  1993).  The  NCTM  Standards  for  Teaching  Mathematics 
(1991)  certainly  acknowledges  the  complexity  of  the  task  ahead: 

The  kind  of  teaching  envisioned  in  these  standards  is  significantly  different  from 
what  many  teachers  themselves  have  experienced  as  students  in  mathematics 
classes.  Because  teachers  need  to  develop  this  kin  1  of  teaching  practice, 
appropriate  and  ongoing  professional  development  is  crucial.  Good  instructional 
and  assessment  materials  and  the  latitude  to  use  them  flexibly  are  also  keys  to 
the  process  of  change,  (p.  3) 

This  suggests  the  need  for  teacher  professional  development  programs  that  take  a  holistic 
approach  to  the  teaching  and  learning  of  mathematics  within  the  classroom  (Bauersfeld, 
1980). 

The  process  of  teaching  and  learning  mathematics  can  be  viewed  most  aptly  as  a 
highly  complex  human  interaction  in  an  institutionalized  setting  (Bauersfeld, 
1980;  p.  35). 


Thus,  among  other  things  teachers  need  opportunities  to 

-  become  actively  involved  in  doing  mathematics  individually  and  in  cooperation 
with  others  while  reflecting  on  their  knowledge; 

-  reflect  on  pedagogical  and  cognitive  implications  of  mathematical  tasks  posed  to 
children; 

-  reflect  on  children's  interpretation  of  mathematical  tasks  and  their  mathematical 
activity; 

-  develop  instructional  materials  that  facilitate  children's  formation  of  mathematical 
concepts  while  developing  their  thinking  strategies; 

-  develop  adequate  forms  of  assessing  children's  understanding  and  progress; 

-  reflect  on  their  own  teaching  practices  as  interactively  related  to  students'  learning. 
Few  opportunities,  however,  arise  for  teachers  to  distance  themselves  from  their  own 
teaching  practice  in  order  to  engage  in  the  solution  of  mathematical  tasks,  the  observation  of 
children's  mathematical  activity,  and  the  reflection  on  their  own  practice. 

The  work  here  described  was  an  exploratory  approach  to  teacher  professional 
development  in  which  we  attempted  to  incorporate  as  many  elements  of  classroom  life  as 
possible  so  we  could  come  a  little  bit  closer  to  the  teachers'  world.  Our  basic  assumption  is 
that  teachers  and  researchers  view  classroom  life  through  the  lenses  of  their  experiences  that 
are  ultimately  shaped  by  their  domain  of  activity.  Thus,  as  Bauersfeld  (1988)  puts  it,  "in 
comparison  with  teachers,  perhaps  researchers  do  have  'other'  knowledge  about  classroom 
realities,  rather  than  'better'  knowledge."  Hence,  our  common  desire  to  improve  children's 
mathematical  learning  can  constitute  the  basis  for  our  collaboration  and  team  work.  In  this 
paper  we  describe  our  joint  activity  with  teachers  during  a  summer  math  camp  in  which  we 
shared  pedagogical  concerns  regarding  elementary  school  mathematics,  explored 
instructional  tasks  intended  for  elementary  school  children,  analyzed  unedited  videotaped 
lessons,  reflected  on  children's  and  teachers'  solutions,  participated  in  small-group  and  whole- 
group  discussion,  and  reflected  on  the  importance  of  social  interaction  and  the  role  of 
mathematical  argumentation  in  the  development  of  mathematical  concepts.  We  also 
experienced,  first  hand,  classroom  life  as  a  community  of  discourse,  and  discussed  the  need 
to  reflect  on  our  own  teaching  practice,  individually  and  in  collaboration  with  our  colleagues. 

PURPOSES,  METHODS,  AND  PROCEDURES 

The  intent  of  the  study  was  two-fold.  On  the  one  hand,  we  wanted  to  investigate  how 
children's  solutions  of  mathematical  tasks  could  influence  teachers'  awareness  of  their  own 


mathematical  activity  and  that  of  the  children.  On  the  other  hand,  it  was  intended  to  share  and 
analyze  a  teaching  practice  that  supported  children's  inquiry.  To  this  effect,  a  math  camp  was 
designed  and  conducted  during  the  Summer  1993.  The  main  feature  of  this  camp  was  that  it 
provided  the  participant  teachers  and  students  the  opportunity  to  solve  non-standard 
mathematical  tasks  individually  and  in  collaboration  with  others.  These  tasks  had  the 
potential  to  support  strategic  thinking,  mental  calculations,  counting,  conceptualization  of 
units,  place  value,  and  number  sense  as  some  of  the  interwoven  strands  essential  in  the 
development  of  quantitative  reasoning. 

The  camp  was  conducted  with  6  children  and  5  teachers  who  participated  on  a  voluntary 
basis.  Neither  the  children  nor  the  teachers,  up  to  this  point,  had  been  exposed  to  a 
constructivist  approach  to  teaching  and  learning.  The  teachers  had  between  eighteen  and 
twenty-three  years  of  teaching  experience  each  and  were  searching  for  alternative  ways  of 
teaching  mathematics  to  their  students. 

The  camp  included  two  consecutive  sessions:  the  first  one  was  conducted  with  students 
and  the  second  with  teachers.  The  children's  camp  lasted  4  weeks,  and  we  met  2  hours  a  day. 
Teachers'  camp  lasted  1 2  days  over  a  4-week  period.  We  met  with  teachers  4  hours  per  day. 
We  were  the  instructors  and  gave  both  groups  the  same  set  of  tasks  to  provide  teachers  with 
opportunities  to  compare  and  reflect  on  their  own  solutions  and  mathematical  activity  as  well 
as  those  of  the  children.  Children  were  divided  into  two  small  groups  and  emphasis  was 
placed  on  justification  and  explanation  of  solutions  to  mathematical  tasks.  With  teachers,  we 
used  two  instructional  strategies:  small-group  interaction  followed  by  instructor-led  whole- 
group  discussion.  Each  of  the  teachers'  sessions  was  broken  into  two  2-hour  periods.  After 
teachers'  solutions  were  discussed,  a  videotape  of  the  children's  solutions  to  corresponding 
tasks  were  discussed  and  analyzed.  Teachers  were  requested  to  keep  journals  of  their 
reflections  on  students'  and  their  own  solutions;  on  children's  collaborative  efforts  to 
communicate  their  solutions;  on  children's  mathematical  thinking  and  reasoning  power;  and 
on  other  issues  the  teachers  deemed  important. 

Children's  sessions  were  videotaped  and  we  kept  field-notes  of  teachers'  solutions  and  the 
issues  discussed  with  them. 

ANALYSIS 

In  the  course  of  the  summer  camp,  the  participating  teachers  changed  the  object  of  their 
reflections  At  first,  they  focused  their  attention  on  the  teaching  and  learning  activities 
presented  in  the  videotapes.  Then,  they  reflected  on  their  own  mathematical  activity  and 
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their  interactive  participation  with  other  members  of  the  group.  Finally,  they  made  their  own 
practice  the  focus  of  their  reflections.  In  what  follows  we  present  excerpts  from  teachers' 
journals  to  illustrate  their  reactions  to  the  videotaped  lessons. 

Throughout  the  first  week,  the  group  conversation  evolved  from  issues  concerning  the 
teacher's  actions  to  children's  thinking  strategies  to  the  nature  of  the  instructional  tasks.  That 
week,  the  teachers  decided  to  write  about  the  interaction  and  mathematical  activity  of  the 
observed  group  of  children. 

While  viewing  the  video  I  noticed  the  teacher's  role  as  being  a  facilitator  rather 
than  instructor.  Hie  teacher  did  not  "teach"  a  lesson  so  that  the  group  could 
restate  answers  as  in  traditional  lessons.  The  teacher  posed  a  problem  for  the 
group  to  work  on,  then  encouraged  different  ways  to  solve  it.. ..Children  shared 
their  solutions  and  the  teacher  encouraged  discussion  by  asking  questions  or 
restating  their  explanations  to  make  sure  that  they  were  communicated  (Lynn, 
July  7). 

In  the  video,  a  problem  was  selected  which  could  challenge  the  students  to  think 
about  numbers  in  a  variety  of  ways....  You  did  not  take  on  the  "traditional  role" 
as  the  lecturer,  leader,  or  instructor.  Instead,  you  helped  the/Sujdents  generate 
number  relationships.  I  noticed  that  your  role  included  ph/sical,  emotional,  and 
cognitive  ways  (Megan,  July  7).  I 

The  value  of  the  activity  in  the  video  was  that  it  presented  a  problem  (not  an 
exercise)  for  the  students  to  solve  using  the  understanding  that  they  currently 
had  about  numbers.  It  also  provided  the  opportunity  for  the  students  to  verbalize 
their  thinking.  In  doing  so,  the  students  helped  each  other  because  they  used 
language  that  made  sense  to  them. ...The  students  referred  to  other  students' 
strategies  and  used  them  later  in  solving  problems.  The  verbalization  brought 
the  students  a  sense  of  accomplishment  (Mary,  July  8). 

While  teachers  centered  their  reflections  and  discussions  on  the  changes  they  perceived  in 
the  children's  activity,  we  observed  the  teachers'  interaction  and  noticed  gradual  changes.  For 
instance,  at  first,  teachers  did  not  feel  comfortable  sharing  their  thinking  and  solutions  with 
others  in  small-group  or  whole-group  discussions.  By  the  end  of  that  week  the  teachers 
seemed  more  relaxed  and  willing  to  share  their  ideas.  At  that  point  we  suggested  that  they 
reflect  on  their  interaction.  The  following  is  a  sample  of  their  views. 

This  class  has  been  changing  ever  since  the  first  meeting.. ..We  have  a  variety  of 
experiences  that  we  bring  to  the  classroom.  This  helps  to  enrich  all  of  us.. ..The 
more  we  interact  the  easier  it  is  to  interact.  This  is  facilitated  by  the  instructor 
who  allows  free  interaction.  Each  of  us  feel  that  we  can  contribute  something 
valuable  to  the  class.  No  one  feels  like  they  are  being  judged  when  expressing 


o 

ERIC 


—  172- 


1250 


concerns  or  idcas....The  mathematical  activities  have  been  stimulating  and  eye 
opening  (Helen,  July  14). 


On  the  first  day  of  our  class,  you  had  us  do  some  mental  calculations  to  get  us 
started.  I  can  remember  feeling  very  nervous  and  reluctant  to  share  because  I 
only  knew  one  person  in  our  group.  After  four  days  of  working  together  as  a 
group,  1  can  see  changes  in  our  group.  I  feel  more  comfortable  sharing  answers 
and  methods.  1  even  feel  that  1  can  risk  making  mistakes....All  of  the  members 
seem  to  be  sharing,  verbalizing,  and  asking  questions  freely  (Megan,  July  1 4). 

The  social  interaction  of  our  group  has  beeoine  more  relaxed  and  questioning  of 
others'  solutions.  These  changes  may  be  a  result  of  a  mutual  respect  of  each 
learner's  thoughts  and  explanations,  combined  with  a  safety  factor  that  no  one 
will  be  negative  about  somebody  else's  explanations  or  thoughts  (Lynn,  July 


These  excerpts  reveal  how  the  teachers  themselves  experienced  the  constitution  of  a  new 
set  of  expectations  for  classroom  participation.  As  instructors  we  supported  a  risk-free 
environment  where  the  participating  teachers  could  interact  with  others  and  collaborate  in  the 
solution  of  problems.  Our  interventions  and  interaction  with  them  were  similar  to  those  with 
the  children.  As  we  pointed  out  earlier  neither  the  teacher  nor  the  students  had  previously 
experienced  solving  problems  in  collaboration  with  others.  As  we  observed  the  videotaped 
lessons  and  the  teachers'  interaction,  we  noticed  a  parallel  between  the  evolution  of  the 
interaction  within  each  of  the  groups.  In  both  cases  there  was  a  need  to  establish  an 
atmosphere  of  mutual  respect  and  trust  in  order  to  have  a  productive  activity.  The  videotaped 
episodes  provided  the  context  for  a  discussion  of  some  of  the  difficulties  one  might  encounter 
while  attempting  to  establish  an  inquiry  approach  to  mathematics  instruction. 

With  regard  to  the  teachers'  mathematical  activity  it  should  be  noted  that,  from  the 
beginning,  the  teachers  did  not  hesitate  to  use  materials,  make  graphic  representations,  or  use 
what  they  thought  to  be  more  elementary  solutions.  However,  they  were  at  first  unaware  of 
the  variety  of  solutions  and  strategies  that  one  could  use  to  solve  simple  arithmetic  tasks.  By 
the  second  week,  we  incorporated  ourselves  to  the  small  groups  and  actively  participated  in 
the  solutions  and  discussions.  As  our  interaction  evolved,  teachers  began  looking  for 
alternative  solutions  and  attempted  to  make  sense  and  use  of  each  other's  strategies. 

As  we  strive  to  understand  each  other's  thoughts  while  sharing,  we  attempt  to 
see  how  and  when  we  can  try  the  processes  to  see  if  they  will  work  for  us 
(Lynn,  July  14). 
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[Today]  each  of  us  had  one  (occasionally  more  than  one)  process  we  used  to 
solve  the  problems.  More  solution  ideas  were  learned  as  we  shared  our 
processes  in  our  small  group,  and  even  more  in  our  large  group  discussion. 
Some  processes  by  others  made  sense  and  could  be  used  to  solve  problems  in 
the  future,  however,  other  processes  did  not  make  sense  (yet)  and  could  not  be 
used.  During  our  large  group  discussion  I  also  found  comparisons  between 
problems  (Mary.  July  8). 

Another  interesting  thing  is  happening  in  our  group,  and  that  is,  one  of  the 
instructors  takes  on  the  role  of  one  of  the  students  in  the  video.  This  creates  a 
"problem  situation"  for  our  group  and  the  instructor.  This  is  very  valuable 
because  the  instructor  can  model  for  us  how  to  handle  those  situations.  This  is  a 
better  way  to  learn  about  class  management  rather  than  discussing  fictional 
situations.  (Helen,  July  14) 

So  far,  we  have  illustrated  the  evolution  of  our  dialogue  with  teachers  with  regard  to 
children's  activity  and  interaction,  and  those  of  the  teachers  themselves.  We  must  point  out 
that  although  we  wanted  to  provide  teachers  with  an  opportunity  to  reflect  on  their  own 
practice,  we  did  not  expect  them  to  do  it  overtly.  However,  during  our  conversations  they 
began  sharing  with  the  group  what  they  considered  to  be  limitations  in  their  teaching 
approach. 

The  summer  camp  has  been  interesting.  I  have  found  many  "gaps"  in  my 
teaching  method.  Although  I  provided  a  lot  of  hands-on  experiences  in  my 
classes,  I  did  not  provide  students  enough  time  to  think  on  their  own  and  to 
discuss  their  strategies  for  solving  problems.  I  had  the  children  verbalize  my 
[emphasis  added]  strategies  for  addition  and  subtraction  and  did  not  provide 
opportunity  for  the  students  to  construct  their  own.  I  also  underestimated  what 
children  can  do  when  given  challenging  problems  (Megan,  July  22). 

This  camp  has  helped  to  encourage  me  in  what  I  have  half-heartedly  begun  in 
my  classroom.  We  are  doing  a  lot  more  of  the  concrete  experiences  and  hands 
on  activities  but  I  see  that  one  of  the  key  elements  that  has  been  missing  in  my 
class  has  been  taking  the  time  to  listen.  Listening  to  their  explanations  and 
allowing  them  to  actually  teach  others  their  own  methods  will  enhance  what  I 
am  trying  to  do  (Helen,  July  22). 

Solving,  explaining,  and  discussing  arithmetical  tasks  was  a  type  of  activity  that  teachers 
had  not  experienced  either  as  students  or  teachers.  Generating,  individually  or  collec.ively. 


different  solutions  for  arithmetical  tasks  provided  teachers  with  a  context  to  reflect  on  their 
own  mathematical  activity  and,  with  it,  that  of  their  students.  Likewise,  reflecting  on  the 
interaction  between  the  instructor  and  the  children  seems  to  have  facilitated  the  emergence  of 
teachers'  introspective  analysis  of  their  teaching. 

CONCLUSIONS 

The  analysis  of  the  teachers'  reflections  suggests  that  they  became  aware  of  the  dynamic 
and  evolving  nature  of  classroom  social  interaction  and  its  influence  on  the  development  of 
arithmetical  concepts.  As  children  anticipated  solutions,  verbalized  explanations,  interpreted 
and  acknowledged  the  solution  of  others,  teachers  realized  the  generative  and  constructive 
power  of  their  intelligence. 

In  a  way,  the  children's  sessions  modeled  an  interaction  that  served  us  well  to  initiate  our 
interaction  with  the  teachers.  This  interaction  evolved  as  we  established  a  new  set  of 
expectations  based  on  mutual  respect  for  our  different  kinds  of  knowledge  of  classroom 
realities.  Teachers  brought  with  them  a  wealth  of  practical  knowledge,  the  product  of  their 
years  of  classroom  experience.  We  brought  insights  into  ways  of  approaching  teaching  from 
a  socio-constructivist  perspective.  From  this  viewpoint,  social  interaction  supports 
communication  that  enhances  reflection  on  one's  own  activity  to  facilitate  abstraction  and 
thus  cognition.  The  consensual  interaction  between  teachers  and  researchers  generated  an 
environment  where  non-traditional  tasks  were  solved,  argued  and  defended;  children's 
videotaped  sessions  analyzed;  and  reflection  encouraged  and  expected. 

The  summer  camp  provided  researchers  and  teachers  with  an  opportunity  to  work  in 
collaboration  and  to  experience  the  initial.  <n  of  a  socio-cognitive  approach  to  teacher 
professional  development.  This  is  not  to  say  that  the  summer  camp  experiences  were  enough 
for  teachers  to  transform  their  practice.  We  are  fully  aware  that,  at  most,  the  camp 
represented  the  beginning  of  a  long-term  process  of  cooperation  with  teachers  to  support  the 
evolution  of  their  classroom  practice.  We  concur  with  Gattegno  (1970)  that  "it  is  not  the  duty 
of  the  teachers  to  convince  themselves  of  the  particular  advantages  of  any  given  new 
approach"  but  that  of  the  advocates  of  new  proposals  and  researchers  to  bridge  the  gap 
"between  themselves  and  an  audience  that  in  fact  come  to  exist  because  teachers  seek 
progress  and  are  prepared  to  look  for  anything  the  promises  improvement"  (p.  5 1). 
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In  this  work  the  answers  of  students  aged  16-22  years  given 
to  questions  concerning  the  idea  of  conditional  probability  are 
analysed.  The  general  performance  they  showed  to  support  their 
answers  depended  on  the  instructional  environment  to  which  they 
were  exposed.  It  was  confirmed  also  that  it  is  more  difficult  to 
answer  questions  in  which  the  conditioning  event  is  supposed  to 
happen  later  than  the  conditioned  event,  than  when  the 
conditioning  event  happens  either  simultaneously  or  before  the 
conditioned  event.  Additionally,  there  was  a  confusion  between 
conjunction  of  events  and  conditioned  events. 

This  paper  is  concerned  with  a  part  of  a  wider  research  on 
pupils  and  students'  understanding  of  fundamental  ideas  of 
probability  before  the  university  level  (see  Ojeda,  1990).  One  of 
the  ideas  the  study  dealt  with  was  conditional  probability,  which 
was  investigated  with  Mexican  preparatory  students  aged  16-22  who 
underwent  two  instructional  conditions. 

Prior  research  about  understanding  of  conditional  probability 
has  emphasized  the  difficulty  subjects  have  to  assess  conditional 
probabilities  for  which  Bayes'  theorem  is  required  for  a  formal 
approach.  That  is,  when  for  the  expression  of  conditional 
probability 


at  least  the  term  P(B)  and  often  also  P(A  fl  B)  cannot  be  computed 
directly,  but  they  have  to  be  expressed  by  means  of  the 
probabilities  of  other  events,  and  the  property  of  the  addition  of 
probabilities  and  the  multiplication  rule  (i.e.  P(A  n  B)  = 
P(A)P(B|A))  have  to  be  used. 

To  make  explicit  what  follows,  we  will  refer  to  B  in  the 
expression  above  as  the  conditioning  event  and  to  A  as  the 
conditioned  event. 

Kahneman  &  Tversky's  work  (1982)  highlighted  the  issue  of  the 
bigger  difficulty  subjects  have  to  assess  conditional  probability 
when  the  conditioning  event  is  perceived  as  a  possible  effect  of 


P(A  n  B) 


P(A|B)  = 


(P(B)  *  0), 


P(B) 


the  conditioned  event  (perceived  as  a  possible  cause),  than  when 
the  conditioning  event  is  perceived  as  a  possible  cause  of  the 
conditioned  event  (perceived  as  a  possible  effect) .  Using  these 
authors  terminology,  diagnostic  reasoning  is  required  in  the  first 
case,  and  causal  reasoning  is  needed  in  the  second. 

The  difficulty  that  Bayes'  theorem  entails  has  been 
investigated  by  Shafer  (1982)  .  He  has  pointed  out  that  whereas  in 
traditional  instruction  distinction  is  not  made  between 
simultaneous  events  and  timed  events  when  applying  the  expression 
of  conditional  probability,  Bayes  used  his  nowadays,  well  known 
theorem  for  subsequent  events  (see  Proposition  5,  p.  1077,  in 
Shafer 's  paper)  .  That  is,  the  main  idea  in  Bayes'  theorem  is  that 
of  using  information  to  assess  the  likelihood  of  past  events,  i.e. 
the  idea  of  inverse  probability. 

For  the  case  of  subsequent  events,  an  explanation  of  failure 
when  subjects  have  to  assess  conditional  probabilities  when  the 
conditioning  event  is  posterior  to  the  conditioned  event  was  given 
by  Bentz  &  Borovcnick  (1985).  According  to  these  authors,  when  the 
conditioned  event  is  supposed  to  have  occurred  before  the 
conditioning  event,  the  former  is  not  considered  as  a  possible 
cause  of  the  latter  and  the  condition  is  not  recognized.  As  a 
consequence,  the  most  frequent  answer  given  corresponds  to 
unconditional  probabilities  instead  of  conditional  probabilities. 

Fa lk,  in  her  works  on  insights,  difficulties,  uncertainty  and 
conditional  probability  (1986,  1989)  ,  points  out  that  one's 
understanding  of  a  situation  depends  on  how  one  considers  that  the 
information  has  been  obtained,  and  calls  attention  to  what  one 
considers  as  relevant  in  the  information  given.  In  particular,  Falk 
highlights  the  ambiguity  often  present  in  real  life  problems,  where 
the  randomness  is  not  clearly  stated  and  the  conditioning  event  can 
be  either  considered  as  irrelevant  or  difficult  to  identify. 

Parzysz  (1990)  has  highlighted  the  richness  that  tree  diagrams 
offer  to  the  instruction  on  conditional  probability.  According  to 
his  proposition,  the  mathematical  entities  involved  in  the 
situation  to  be  modelled  (sample  space,  events,  probabilities  and 
conditional  probabilities,  partitions,  the  total  probability 
theorem,  the  multiplication  rule)  are  linked  to  the  notational 
system  through  the  tree  diagram. 

These   kinds   of    representations   could   play    the    role   of  the 


"material  forms"  needed  to  generate  mathematical  knowledge,  as 
Kaput  (1991)  claims.  Moreover,  according  to  this  author,  to  the 
extent  to  which  the  operant  features  of  two  particular  notations 
are  perceptual  and  cognitively  available  to  a  subject,  their 
physical  representation  is  also  available  to  him  or  her  (in  the 
present  case,  the  identification  of  events,  their  probabilities  and 
their  relations  among  them  on  the  tree  diagram) . 

Most  of  the  instructional  environments  to  which  students  are 
exposed,  what  is  called  here  traditional  environments,  work  as  if 
knowledge  could  be  transmitted  by  the  teacher  (who  exposes  the 
theory  and  solves  problems  in  front  of  the  class)  to  the  students 
(who  take  notes  of  what  the  teacher  says  or  writes  on  the 
blackboard).  Students'  beliefs  and  representations,  are  among  the 
elements  often  neglected  in  this  kind  of  environment,  the  same  as 
some  aspects  which  were  important  in  the  emergence  of  the  concepts 
that  they  have  to  learn. 

This  work  was  interested  in  knowing  if  a  traditional 
instructional  environment  enable  preparatory  students  to  overcome 
the  bigger  difficulty  to  answer  questions  which  require  diagnostic 
reasoning  than  to  answer  questions  for  which  causal  reasoning  is 
needed,  as  reported  by  prior  research.  In  addition,  we  were 
interested  in  investigating  students'  understanding  of  conditional 
probability  after  they  were  exposed  to  another  instructional 
environment  where  their  activity  and  opinions  were  important,  and  a 
specially  designed  didactical  guide  was  used.  Among  other  elements, 
in  that  guide  Parzysz'  proposition  was  used  and  the  information 
about  errors  and  strategies  that  students  in  a  traditional 
instructional  environment  make  when  answering  questions  about 
conditional  probability  was  taken  into  account.. 

The  questions.  Four  problems  were  posed  to  the  students:  two 
involving  asymmetrically  distributed  populations,  and  two  involving 
symmetrically  distributed  populations.  In  the  last  case,  one  of  the 
problems  was  posed  through  a  random  variable. 

For  each  problem,  four  questions  were  asked,  each 
corresponding  to  the  items  specified  in  the  former  section:  for 
item  a)  diagnostic  reasoning  was  needed;  for  item  b)  causal 
reasoning  was  required;  item  c)  asked  about  the  intersection  of  the 
events  involved  in  items  a)  and  b)  ;  item  d)  concerned  with  the 
conditioning  event   in   item  a).   As  an  example,    we  quote  next  the 
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first  problem  (referred  to  an  asymmetrical  distributed  population) 
and  the  fourth  problem  (symmetrical  population,  random  variable) . 
1.    A    cloth    bag    holds    two    equally    sized    counters.    One    of  the 
counters  has  its  two  faces  red  and  the  other  has  one  red  face 
<ind  the  other  is  blue.  Without  looking,  a  man  draws  one  counter 
and  shows  only  one  of  its  faces. 

a)  The  face  shown  is  red.  Which  of  the  two  counters  is  more 
probable  to  have  been  the  one  drawn? 

b)  If  the  different  coloured  faces  counter  was  drawn,  which  colour 
do  you  think  is  more  probable  to  be  the  one  shown? 

c)  what  is  more  probable,  drawing  the  different  coloured  faces 
counter  and  that  the  red  face  be  shown,  or  drawing  the  different 
coloured  faces  counter  and  that  the  blue  face  be  shown? 

d)  What  is  more  probable,  having  a  red  face  shown  or  having  a  blue 
face  shown? 

4.  After  a  raffle,  the  winner  has  the  chance  of  getting  a  reward  as 
follows:  he/she  randomly  chooses  two  cards,  one  after  the  other, 
from  four  numbered  cards,  1,  2,  3,  4.  The  number  of  the  chosen 
cards  are  added  and,  if  the  sum  is  even,  the  winner  is  given 
that  sum  in  million  of  pesos. 

a)  If  the  second  card  chosen  is  even,  what  is  more  probable,  that  a 
reward  is  given  or  that  it  is  not? 

b)  If  the  first  card  chosen  is  odd,  what  is  more  probable,  that  the 
sum  is  given  or  that  it  is  not? 

c)  What  is  more  probable,  that  one  even  card  is  chosen  and  the  sum 
be  given  to  the  winner,  or  that  one  even  card  is  chosen  and  the 
sum  be  not  given? 

d)  What  is  more  probable,   the  winner  being  given  the  sum  or  being 


The  population  and  the  methodology  used.  A  questionnaire  was 
designed  (in  four  forms)  to  gather  the  information.  As  shown  above, 
open  questions  were  posed  and  a  mathematical  justification  was 
required  for  each  answer.  To  answer  the  questionnaire,  only  pencil 
and  paper  work  was  required,  and  a  maximum  of  ll  hours  was  allowed 
for  the  answering. 

The  information  was  obtained  fron  two  samples  of  preparatory 
students  aged  16-22  years  from  two  standard  Mexican  schools  at  this 
level.  These  subjects  were  introduced  to  Probability  (which  was 
compulsory  for  them  according  to  the  usual  mathematics  programme  of 


not? 


study)  for  the  first  time.  The  programme  of  study  used  for  this 
instruction  is  also  the  usual  standard  programme  at  this  level 
(e.g.,  see  Garfield  i  Ahlgren,  1988).  The  instructors  of  the 
students  were  three  experienced  mathematics  lecturers  at  this  level 
who  voluntarily  accepted  to  participate  in  this  study. 

The  first  sample  of  students,  with  149  subjects,  were 
presented  the  idea  of  conditional  probability  in  a  traditional 
instructional  environment.  For  this  part  of  the  research,  the 
lecturers  were  just  asked  to  give  the  questionnaires  to  their 
students  once  the  instruction  on  this  idea  had  finished. 

The  lecturers  were  asked  to  use  the  didactical  guide  with  a 
second  sample  which  had  106  students,  who  were  introduced  to  the 
idea  of  conditional  probability  in  an  activity  based  instructional 
environment.  At  the  end  of  the  instruction,  the  students  were  given 
the  questionnaire.  As  quoted  above,  the  tree  diagram  played  an 
important  role  in  the  guide. 

Results.  Table  1  below  shows  the  percentages  of  correct 
answers  given  by  each  sample  of  students. 

Table  1. 

Percentages  of  success  


Sample        1st    2nd  1st    2nd        ■   1st    2nd  1st  2nd 


Item  a 
Problem 


b  c 


d 


1 

26 

31 

48 

50 

13 

10 

44 

41 

2 

26 

25 

36 

42 

13 

25 

11 

17 

3 

46 

35 

59 

56 

15 

13 

54 

60 

4 

38 

39 

46 

42 

10 

5 

26 

28 

1st  sample:  149  students;  2nd  sample:   106  students 

In  general,  the  scores  from  the  students  in  the  second  sample 
were  similar  to  the  scores  from  the  first  sample  students.  The 
difference  between  the  numbers  of  students  who  answered  correctly 
all  items  a)  (diagnostic  reasoning)  and  of  subjects  who  gave  a 
correct  answ,t  to  all  items  b)  (causal  reasoning),  obtained  from 
each  sample,  was  significant  <*Z«  3.03  for  the  first  sample,  x  ~ 
5.99  for  the  second,  a  -  .05,  one-tailed  test).  That  is,  questions 
requiring  diagnostic  reasoning  Were  more  difficult  to  answer  for 
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the  two  samples  than  the  questions  requiring  causal  reasoning.  This 
means  that  the  bigger  difficulty  students  had  in  answering  the 
questions  requiring  diagnostic  reasoning  than  the  questions 
requiring  causal  reasoning  could  not  be  overcome  with  the  use  of 
the  didactical  guide  in  the  circumstances  described.  Nor  could  the 
difficulty  of  answering  the  questions  concerning  intersection  of 
events  be  overcome.  In  particular,  these  questions  had  the  lowest 
scores  of  success  in  the  two  samples. 

Generally,  problem  3  (asymmetrical  population)  was  the  one  for 
which  the  best  results  were  obtained.  Problem  2,  which  concerned  a 
symmetrical  population,  was  the  most  difficult.  It  should  be  noted 
that,  although  problem  4  was  problem  2  posed  using  random  variable 
(which  could  be  thought  of  to  involve  an  additional  difficulty  for 
students),  the  former  had  better  scores  of  success  than  problem  2. 

An  important  difference  between  the  two  samples  of  students 
arose  in  the  form  of  the  justifications  they  gave.  Most  of  the 
students  in  the  traditional  instructional  environment  (73.8%,  no 
learners)  gave  justifications  for  the  answers  they  advanced  using 
daily  language,  without  applying  the  formulae  which  describe  the 
concept  of  conditional  probability  or  Bayes'  theorem.  On  the 
contrary,  in  the  second  sample,  about  70*  (76  learners)  of  the 
students  did  mathematize  the  problems  (in  the  sense  that 
mathematization  is  explained  by  Lange  (1987,  p.  43);  that  is, 
students    interpreted    the    problems    into    mathematical  terms. 

The  difference  between  the  numbers  of  the  students  exhibiting 
mathematizations  in  each  sample  is  highly  significant: 

Mathematization 


Yes 

No 

1st 

sample 

39 

110. 

149 

2nd 

sample 

76 

30 

106 

115 

140 

|  255 

The  value  of  *2  obtained  is  50.02  (a  <  .001).  The  second  sample 
students  used  the  formulae  and  the  methods  taught  in  instruction. 
Even  six  students  explicitly  applied  Bayes'  theoram.  Tree  diagrams 
and  Venn  diagrams  were  among  the  representations  that  the  second 
sample  students  more  used.  That  is,  since  the  lecturers  for  the  two 
samples  were  the  same,  giving  the  same  course  in  the  same  schools, 
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to  students  of  the  same  ages  regularly  registered  in  the 
preparatory  third  year,  that  difference  in  performance  is 
attributed  to  the  different  instructional  environment,  in  which 
the  guide  had  a  part.  Therefore,  the  use  of  the  didactical  guide  in 
the  second  environment  seems  to  have  resulted  in  the  difference  in 
performance  with  regard  to  the  students'  performance  in  the  first 
sample  (with  traditional  instruction). 

There  was  a  decrease  in  the  recurrence  of  arguments  appealing 
■just  to  chance  in  the  second  sample  with  respect  to  the  first 
sample  students:  18.8%  and  6.6%,  respectively. 

Among  the  students  in  both  samples  who  used  daily  language  in 
their  justifications  for  their  answers  *:o  items  a)  (diagnostic 
reasoning),  changing  the  sense  of  the  conditioning  was  a  common 
procedure  to  justify  a  correct  answer  to  item  a).  That  is,  the 
order  of  the  two  events  in  the  expression  for  conditional 
probability  above  is  inverted:  B  is  considered  as  the  conditioned 
event  and  A  as  the  conditioning  event  and  students  argued  about  the 
conditional  probability  for  this  case  (that  is,  using  causal 
reasoning) . 

Problem  4  (which  involved  a  random  variable)  promoted  the  most 
the  listing  of  the  sample  space. 

The  major  drawback  the  students  of  the  two  samples  had  was 
item  c)  ,  as  the  Table  1  above  shows.  This  question  asked  about 
intersection  of  events.  Most  of  the  subjects  interpreted  the 
question  as  referred  to  conditioned  events. 

The  difference  in  the  performances  shown  by  the  two  groups  of 
preparatory  students  in  this  study  points  to  the  need  for  further 
research  on  the  role  that  the  representation  of  mathematical 
entities  plays  in  students'  understanding  of  the  concepts 
represented. 

The  provision  of  some  means  of  organization  would  lead  to 
filling  the  gap  between  having  a  first  approach  to  fundamental 
ideas,  and  mastering  those  ideas.  This  kind  of  means,  as  extra 
linguistics  representations,  would  be  the  agents  allowing  students 
the  "transition"  to  higher  levels  in  mathematics.  Those 
representations  would  provide  them  with  the  opportunity  to  ass. 
mathematical  notation,  and  to  relate  it  to  the  mathematical 
entities  involved  in  problems.  Later  on,  teaching  success  will 
imply    the    detachment    of    intermediate    resources,     such    as  tree 
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diagrams.  However,  time  is  needed  to  attain  this  aim. 
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Abstract 

This  paper  deals  with  some  aspects  of  the  aenuisitii  f  I  ho  notion  of  similarity  of 

plane  figures  by  students  between  11  ami  16  years  of  age  from  I  hire  schools  located  in  Sao 
I'aulu,  The  paper  uses  const  ruct  hist  assumptions  ami  emphasizes  the  teaching/learning 
relations,  the  development  of  cognitive  structures  mid  the  learning  of  specific  contents. 
The  results  describe  the  following  construction  processes  :  a.  operations  with  numbers, 

fr<  Multiplication  to  ratios;  1).  special  relations  from  the  syncretic  view  to  the  distinction 

of  variables  and  their  interdependence;  c.  the  logic  of  the  classification  vis-a-vis  the 
ciassificatory  criteria;  d.  the  logic  of  the  propositions  from  acknowledgment  of  the  true 
valuta  to  the'implicalional  relations  ami  determination  of  the  necessary  and  sufficient 
conditions.  CJivcn  the  psychopcdiigogical  implications,  the  paper  discusses  applications 
aimed  at  optimizing  the  function  school  plays  in  proniotimg  learning  and  developing 
cognitive  structures. 

This  study  is  about  Itow  students  of  ages  11  to  Hi  use  their  knowledge  of  numbers,  geometry 
ami  propositions  in  solving  problems  related  to  enlarging  and  reducing  geometric  figures  ami 
how  they  use  tlioir  logical  structure  in  solving  such  problems.  More  specifically,  our  objective 
was  to  investigate  the  following  questions:  a)  What  numerical  operation  do  they  use?  When 
and  1k>w  do  the  notions  of  multiplicative  compensation  and  of  proportion  evolve?  b)  How  do 
they  use  geometric  knowledge  and  properties  within  the  coneeptionnel  field  of  similarity  and 
how  dn  tlicy  relate  spatial  variables?  c)  How  do  they  use  the  logical  operations  of  classifica- 
tion as  well  as  the  logic  of  propositions  ami  implicatioas? 

Tlie  tlieoretical  basis  of  this  pa|M>r  derives  from  research's  of  Piaget  and  the  School  of  Geneva 
relating  to  classifications,  multiplicative  structures,  proportionality  and  logical  implications. 
Tlie  clioico  of  this  study  is  due  to:  a)  the  confluence  of  the  numerical,  geometrical  and  logical 


1-263 


kuinrii'iljy':  li)  thr  rliiiirelical  ami  practical  complexity;  c)  the  pedagogical  implications  ami 
p>Vcliopcdiigi>gical  applications. 

Wo  decided  to  conduct  a  classical  type  of  interactive  clinical  interview  with  2(i  selected  s- 
tudents  from  5th  to  9th  grade  coming  from  three  different  schools  in  Sao  Paulo,  including 
public  ami  private,  as  well  as  experimental  and  traditional  schools.  The  research  material 
consisted  of  a  set  of  eleven  signboards,  each  slmwing  a  different  drawing  mi  graph  paper  made 
of  an  isosceles  triangle  and  a  rectangle  forming  the  familiar  pic  ture  of  "a  little  house''  (see 
ilimensiim  of  each  one  in  the  table  below). 


classes 

CS  x  AB  x  MN 

NP  x  MN  x  CS  j| 

A 

;ixtix  i.r> 

3  x  1.5  x  3  |j 

fi  x  12  x  3 

<i  x  3  x  <>  1 

4x8x2 

4x2x4  1 

2x4x1 

2x1x2  1 

B 

8  x  12  x  4 

fi  x  4  x  8  ! 

4  x  (i  x  2 

3x2x4 

12  x  18  x  0 

<i  x  <j  x  12  j 

C 

7.5  x  10  x  3 ' 

6  x  3  x  7.5  ] 

5  x  0.5  x  2 

4x2x5  j 

2.5  x  3.5  x  1 

2  x  1  x  2.5  | 

10  x  13.5  x  4 

8  x  4  x  10  | 

The  interviews  were  focused  on  three  major  tasks:  l.To  identify  .similar  "houses".  2.To  clas- 
sify "liouses"  putting  together  those  that  are  equivalent.  3.T<>  draw  new  "houses"  belonging 
to  those  categories. 

Analysis  and  categorization  of  the  student's  answers 

The  following  factors  were  considered  in  analysing  tlie  answers:  l.The  notion  of  similarity: 

2.  The  use  of  the  scale  factor  or  equality  of  ratio  between  homologous  sides  (internal  ratio)  ; 

3.  Tlie  use  of  the  ratio  between  distances  (external  ratio);  4.  Dissociation,  combination  and 
interdependence  of  spatial  variables:  5.  Formation  and  characterization  of  tlie  equivalence 
classes. 

Factor  1  -  The  notion  of  similarity 

TIm'  first,  question  asked  in  tlie  interview  was:  What,  do  you  mean  by  enlargement  or  reduc- 
tion? Tlie  answers  wore  catagorized  as  follows: 

A  -  The  student  says  that  to  enlarge  is  to  increase  all  sides,  all  distances,  the  length,  the 
width,  etc. 

P  -  Tlie  student  uses  tlie  word  "proportion",  "proportional"  or  "proportionality". 


o 

ERIC 


1264 


186  — 


R  -  Tin-  student  uses  tin'  word  "reproduction". 

F  -  Tlio  student  makes  an  associatum  with  the  idea  nf  the  shape  lieing  maintained. 

M  -  Tho  student  uses  a  scale  multiplying  factor  to  characterize  tin-  enlargement  or  reduction. 

L  -  T1h-  student  uses  tin-  expressions  "equal'"  or  "the  same'' 


Tabl. 

•  1 

studonts 

grade 

A 

P 

F 

M 
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4 

5th 

1 

l| 
 1 

— i 
o  i 

1 

0 

2  I 

7 

(ith 

0 

1 

 1 

4 

2 

4 

7th 

2- 

1 

1 

1 

0 

i  s 

Kth 

0 

2 

0 

6 

: 

\  > 

9th 

1 

1  1 

1 

tl 

li  28 

t; 

4 

6 

2 

12 

4 

Factor  2  -  The  use  of  the  scale  factor  (internal  ratio) 

Most  of  tin-  student!,  interviewed  used  the  seale  factor  K  to  identify  similar  figures.  Those 
who  did  not  us.-  the  scale  factor  correctly  Rave  two  types  of  replies: 

Ad  -  Additive  Compensation:  the  student  adds  (or  subtracts)  the  same  measure  to  (or  from) 
all  dimensions  to  enlarge  (or  reduce). 

Oc  -  Other  Compensations:  noticing  that  tin-  figure  becomes  deformed  ..{I hat  is.  it  be- 
comes "sliorter"  or  "taller")  after  adding  (or  subtracting)  the  same  measure  to  (or  from)  all 
or  some  dimensions,  the  student  concludes  that  to  larger  (or  smaller)  distances,  larger  (or 
lesser)  distances  sliould  be  added  (or  subtracted),  yet  does  not  know  wluc.h  operation  must 
be  performed,  and  consequently  makes  approximate  calculations  ami  notices  tl»e  resulting 
deformation. 

Those  who  used  the  internal  ratio  correctly  are  of  five  types: 
MI  -  When  K  is  a  whole  number. 

MF  -  When  K  is  a  fraction  anil  the  multiplication  appears  in  tlio  form  of  a  fraction  of  a 
fraction. 

Af  -  When  K  is  a  fractional  number  and  the  student  does  what  we  call  an  addition  or  a 
subtraction  of  the  fractional  part.  For  example,  if  y  =  §.r,  the  student  concludes:  y  =  x  +  *.r; 


or  if  y  =  I,  the  student  concludes:  y  -  .r  -  ;.r. 

ios  witli  equal  i 
tios. 

5  and  cross  multiplication  «  •  it  =*  hi  c  for  calculating  one  of  tho 


S  -  The  student  makes  rat  ios  witli  equal  sides  of  the  figures  and  uses  simplification  to  ascer- 
tain the  equality  of  the  ratios. 
P  -  Tlio  student  uses  ; 
elements  of  the  proportion. 
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Table  2 

students 

grade 

Ad 

Oc 

MI 

MF 

Af 

S 

P 

4 

5th 

0 

0 

2 

1 

1 

0 

0 

7 

6th 

0 

3 

5 

2 

2 

0 

0 

4 

7th 

1 

1 

3 

0 

1 

0 

0 

8 

8th 

1 

0 

6 

3 

3 

1 

1 

3 

9th 

0 

0 

2 

0 

1 

1 

0 

26 

r 

2 

4 

18 

6 

8 

2 

1 

Factor  3  -  The  use  of  the  ratio  between  distances  in  the  same  figure  (external 
ratio) 

Each  class  of  "little  houses"  can  be  characterized  by  two  ratios:  class  A  by  ratios  ^  —  2  and 

||  =  1,  class  B  by  ratios       =  5  and  |f£  =  1  and  class  C  by  ratios       =  2  and  £|  =  \ . 

We  found  five  types  of  replies  among  students  wlio  made  use  of  the  external  ratio: 

N  -  Tlie  student  just  begins  to  perceive  that  an  external  ratio  has  to  be  maintained. 

Rdl  »  Tlie  student  uses  the  external  ratio  as  a  support. 

Rd2  -  The  student  uses  the  external  ratio  in  addition  to  the  scale  factor. 

Rd3  -  The  student  uses  tlie  external  ratio  as  a  fundamental  factor  (sometimes  with  the 

addition  of  a  scale  coefficient). 

RA  -  The  student  relates  the  angle  with  the  ratio  between  sides  of  the  right-angle  triangle 
(trigonometric  ratios). 


Table  3 

students 

grade 

N 

Rdl 

Rd2 

Rd3 

RA 

4 

5th 

1 

2 

0 

0 

0 

7 

6th 

1 

0 

0 

0 

0 

4 

7th 

1 

0 

1 

0 

0 

8 

8th 

0 

0 

0 

2 

1 

3 

9th 

0 

0 

1 

1 

1 

26 

r 

3 

2 

2 

3 

2 

Factor  4  -  Dissociation,combination  and  interdependence  of  spatial  variables 

To  solve  the  problem  of  identifying  similar  figures,  the  students  need  to  dissociate  the  dis- 
tances and  angles,  and  establish  an  interdependence  among  them.  We  identified  three  stages 
in  this  process. 

Stage  I  -  Use  of  intuition  to  maintain  the  form 

This  stage  is  characterized  by  syncretism.  Here  the  students  use  insufficient  variables  and 
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complement,  the  lacking  data  by  intuiting  the  shape. 

Substage  la  -  The  student  uses  intuition  to  maintain  the  shape  of  the  triangle:  "more 
tilted",  "more  bent",  "more  upright"  and  the  shape  of  the  rectangle:  "taller",  "wider",  etc. 


intuitively  the  shape  of  the  rectangle:  "liigher",  "narrower",  "longer",  etc. 
Substage  Ic  -  Tlie  student  uses  the  internal  or  tlie  external  ratio  between  the  base  and  the 
height  of  the  rectangle  and  supplements  the  solution  with  tlie  shape  of  the  triangle:  "higlier", 
"more  tilted",  etc. 

Stage  II  -  Use  of  the  necessary  data 

This  stage  is  characterized  by  analysis.  Here  tlie  students  randomly  take  into  account  two, 
tlu-co  and  sometimes  four  variables  needed  to  identify  similar  figures  and  do  it  through  direct 
observation.  We  found  students  who  established  causal  relations  through  correspondence 
rather  than  by  implication.  Tliey  neither  introduced  necessary  relations  nor  inferred  any  new 
relations. 

Substage  I  la  -  Wlienever  the  variables  chosen  were  NP,  MN  and  a.  some  students  replaced 

tlie  opening  of  n  by  the  height  CS  or  by  the  distance  AN,  thus  recognizing,  in  practice,  the 

interdependence  between  the  angle  n  and  the  measurements  of  CS  or  AN. 

Substage  lib  -  Tlie  variables  cliosen  were  NP,  MN  and  AC  (or  CS  or  even  AN),  with  no 

apparent  relation  among  them.  Whenever  tlie  variable  used  was  AC,  tlie  student  resorted  to 

CU  or  CS,  recognizing,  in  practice,  a  correspondence  between  these  variables. 

Substage  He  -  The  variables  chosen  were  NP,  MN  and  AN  (or  CS  or  AB),  establishing 

some  interdependence  among  them. 

Stage  III  -  Establishing  necessary  and  sufficient  conditions 

The  caracteristics  of  students  in  stage  III  is  tlieir  ability  to  combine  variables  and  make  con- 
nections between  them  using  implications  and  identifying  necessary  and  sufficient  conditions. 
Substage  Ilia  -  Tlie  student  deals  with  tin1  possibilities  of  combining  variables  and 
establishes  implicational  relations  among  them. 

Substage  Illb  -  Tlie  student  uses  tlie  range  of  possibilities  for  clioosing  variables,  and  es- 
tablishes some  necessary  and  sufficient  conditions.  Tlicrefore  tin'  student  selects  variables, 
est.ablislies  equivalences  and  implications,  and  excludes  tin'  variables  in  excess.  It  is  neces- 
sary to  make  a  distinction  between  tliose  who  establish  necessary  conditions  taken  from  their 
immediate  experience  and  those  wlio  do  it  by  deductive  hypotlietical  reasoning,  although  in 
relation  with  a  practical  conformation. 

Substage  IIIc  -  Tin1  student  selects  the  necessary  and  sufficient  variables,  justifies  that 
choice  and  explains  why  other  variables  wore  excluded,  foregoing  tin1  confirmation  of  tlie 
findings  based  on  practice.  Such  a  student  develops  a  deductive  hypothetical  reasoning. 


Substage  lb  -  The  student  uses  only  the  angle  ACB  and  sometimes  by  also  maintaining 
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Table  4 


students 
1 
7 

i 

N 

2ts 


Kraile  I  lii 


5i  b  1  o  r~2~Ti 

tail 
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lll> 


lie 


Ilia  !  llli 


i  T  o  Fit  f  ii  ] 
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Tin'  lesiilts  show  thai  tlic  apparent  simplicity  of  the  definitions  lm.Mil  on  necessary  and  suffi- 
cient conditions  sin  mill  not  deceive  ns.  The  line  of  reasoning  tised,  starting  from  tlie  students 
understanding  of  the  mneejit  of  correspondence  and  their  establishing  of  an  interdependence 
anion!'  variables  to  their  introducing  the  neeessary  and  sufficient  coii<litions  is  a  long 
[ciiitiinioiis  and  complex  unite. 

Factor  5  -  Formation  and  characterization  of  the  equivalence  classes 

A  very  important  aspect  examined  was  what  criteria  were  used  for  classifying  the  "houses" 

anil  how  these  criteria  evolved  to  logical  and  concrete  structures. 

Ill  our  research  we  found  11  and  12  year  old  students  who  could  not  classify  the  figures  be- 
cause they  did  nof  recognise  similarity  as  an  equivalence  relation.  In  this  case  we  identified 
three  stages: 

Stage  SI  -  The  student  establishes  relationships  by  successive  approximations,  with  no 
operational  criteria. 

Stage  S2  -  By  means  of  successive  approximations,  the  student  progresses  .towards  forming 
classes,  however,  with  no  notion  of  grouping.  He  succeeds,  by  means  of  succosive  and 
retroactive  correct  ions,  in  reorganizing  previous  positions  and  using  the  entire  classification, 
However,  he  is  not  really  making  a  class  extension,  since  lie  advances  from  one  element  to  the 
next  without  taking  the  whole  into  account.  Driven  by  yet  crude  anticipations  and  retractions, 
tlie  student  at  this  stage  follows  three  paths:  a)  he  forms  pairs  of  three-element  groupings, 
ami  using  yet  other  means,  such  as  transitivity,  combines  small  groupings  into  larger  sets, 
b)  he  chooses  n  representative  and  adds  elements  to  it  by  successive  approximations,  c)  he 
starts  with  large  groups  using  anticipatory  ami  generic  criteria  without  characterizing  the 
classes  and  then  improves  and  subdivides  tlie  groups. 

Stage  S3  -  Tlie  operational  classification  is  typical  of  this  stage.  The  subject,  only  starts 
act  iug  based  on  anticipatory  frameworks  and  shows  eagerness  to  modify  his  criteria  or  add  his 
initial  groupings  to  broader  ones.  The  simplest,  forms  of  generaliznt.ion  consist,  in  associating 
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the  old  with  the  new.  The  higher  forms  (if  generalization  consist  of  a  retroactive  jirtici".-  by 
which  new  elements  lead  to  a  reorganisation  of  tin-  whole.  modifying  even  previous  concept.* 
and  knowledge.  The  most  balanced  type  of  reorganization  consists  in  not  destroying  the 
previous  structure  but  adding  as  much  of  it  as  possible  to  the  new  structure. 
We  identified  sewn  criteria  nscul  in  forming  the  pairs  and  the  cla->e>. 
Discoursive  Criteria: 

F  -  The  student  maintains  the  shape  to  approximate  elements  or  characterize  classes. 
P  -  The  student  uses  proportionality  to  integrate  new  elements  or  characterize  classes. 
T  -  The  student  applies  transitivity  after  making  successive  approximations  between  pairs 
using  tlic  scale  factor  or  maintaining  tlie  angle. 

R  -  The  student  chooses  one  of  the  figures  as  representative  and  then  adds  others  by  succes- 
sive approximations. 
Operational  Criteria: 

A  -  Tl>e  student  uses  the  angle  ACB  of  the  "roof  or  o  of  the  inclination. 
K  -  TIk-  student  uses  the  scale  factor  K  to  approximate  similar  figures.  The  scale  factor 
does  not  characterize  the  class,  it  only  makes  it  possible  to  approximate  two  figures.  By 
using  successive  approximations  and  other  logical  recourses  such  as  transitivity,  the  student 
manages  to  make  tlie  classification. 

Rd  -  Tlie  student  .elects  to  maintain  the  ratio  between  distances  to  recognise  similar  figures, 
and  succeeds  in  finding  general  characterization  for  each  class. 
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12 
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5 

Conclusion  and  discussion 

We  were  able  to  s«>e  liow  local  solutions  precede  general  and  canonical  solutions.  This 
finding  indicates  that  it  is  possible  to  work  with  students  in  this  age  bracket  in  exploring 
specific  properties  related  to  the  study  of  similarity.  This,  liowevcr.  implies  a  new  thenrptiral- 
meth(idok)gical  concept  bawd  on  const  met  ivist  presuppositions. 

We  would  like  to  stress  two  types  of  learning:  cultural  (or  spontaneous)  and  scientific  (or 
monitored)  which  result  in  the  development  of  cognitive  structures. 

ERIC  "l91r269 

ummmmmi-M 


.7 


The  first  one  is  based  on  concrete  experiences.  The  second  one  is  necessary  when  the  stu- 
dent lacks  experience-based  knowledge.  The  two  types  are  not  contradictory.  Quite  to  the 
contrary,  they  are  compfcmentary. 

A  careful  look  into  the  solution-generating  processes  is  required  in  examining  the  teaching 
methodology  further,  concentrated  on: 

a)  tlie  relations  between  learning  and  development,  contents  and  structures,  as  well  their 
discontinuity  and  apparent  contradictions; 

b)  the  dynamics  of  the  pedagogical  interferences  whicli  involve  the  relation  between  sponta- 
neous and  scientific  contents; 

c)  the  formalization  and  their  complex  construction  process; 

d)  the  necessity  of  integrating  the  learning  of  geometry  to  the  learning  of  other  subjects. 
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STUDENTS*  APPROACHES  TO  SOLVE  THREE  PROBLEMS  THAT 
INVOLVE  VARIOUS  METHODS  OF  SOLUTION 


Manuel  Santos  T 
CINVESTAV,  Mexico 


Students  deal  with  different  types  of  mathematical  problems  during 
instruction.  Although  getting  the  solutions  of  problems  could  be  seen 
as  the  ultimate  goal  while  interacting  with  problems,  it  is  also 
important  to  examine  the  quality  of  the  diverse  strategies  or  methods 
that  students  use  when  they  are  asked  to  work  on  some  problems.  This 
paper  analyses  the  work  shown  by  some  secondary  school  students  who 
worked  on  task-based  interviews  that  included  three  problems  with 
various  forms  of  solutions.  Results  show  that  students  experience 
difficulties  in  thinking  of  more  than  one  way  to  solve  the  problems.  As 
a  consequence,  teachers  should  encourage  their  students  to  deal  with 
this  type  of  problems  during  the  learning  of  mathematics. 

Introduction 

Problem  solving  plays  an  important  role  in  the  learning  of  mathematics. 
Indeed,  the  interest  in  problem  solving  has  made  significant  contributions  to 
the  understanding  of  how  people  solve  problems.  For  example,  Schoenfeld 
(1988)  pointed  out  that  mathematical  resources,  cognitive  and  metacognitive 
strategies,  and  beliefs  are  aspects  that  characterize  the  problem  solving 
process.  Schoenfeld  indicated  that  in  order  to  engage  the  students  in  problem 
solving  activities,  they  should  be  encouraged  to  think  mathematically.  That 
is,  problem  solving  is  a  way  of  thinking  in  which  students  have  the 
opportunity  to  behave  as  an  actual  mathematician  while  dealing  with 
mathematical  tasks  or  problems.  For  example,  students  could  make 
conjectures,  design  their  own  problems,  discuss  and  defend  their  ideas  or 
solutions.  An  important  issue  here  is  the  type  of  tasks  or  problems  that  could 
help  students  develop  this  way  of  thinking.  Schoenfeld  uses,  what  he  calls, 
nonroutine  problems  to  explore  and  categorize  the  students  mathematical 
process.  Here,  it  is  important  to  study  to  what  extent  the  students  are  able  to 
use  different  metnods  to  solve  problems.  Therefore,  the  purpose  of  this  study 
is  to  examine  the  work  shown  by  students  of  grade  10  when  they  were  asked 
to  work  on  problems  that  involve  various  methods  of  solution. 
Conceptual  Framework 

If  one  accepts  that  the  process  of  developing  mathematics  is  related  to  the 
process  of  learning  this  discipline,  then  it  becomes  important  to  examine 
what  mathematical  aspects  are  present  in  the  students  interaction  with  some 


mathematical  tasks.  Lampert  (1990)  indicated  that  "Choosing  and  using  'good 
problems'  and  instituing  appropriate  means  of  classroom  communication 
can  be  thought  of  as  two  of  the  tasks  that  teachers  need  to  do  to  teach 
mathematics"  (p.  125).  That  is,  the  problems  should  have  the  potential  to 
lead  the  students  to  make  connections  with  other  mathematical  ideas  and  to 
evaluate  or  discuss  the  quality  of  the  strategies  that  appear  during  the 
solution  process.  In  this  context,  it  was  important  to  select  problems  in  which 
the  students  have  the  opportunity  to  deal  with  various  methods  of  solution. 
The  problems  were  analysed  in  detail  before  that  they  were  given  to  the 
students.  Here,  there  was  interest  to  identify  some  anticipated  solutions  to 
each  problem  and  the  content  involved  to  solve  them.  This  work  provided 
grounds  to  suggest  a  frame  of  analysis  of  the  students  work.  The  components 
of  the  frame  include  aspects  related  to  the  understanding  of  the  problem,  and 
the  presence  of  both  cognitive  and  metacognitive  strategies.  Here 
metacognition  involves  information  about  the  students  own  process,  that  is 
to  what  extent  they  are  able  to  express  their  own  thinking;  the  students 
monitoring  or  self-regulation  process;  and  the  students  ideas  about 
mathematics  that  influence  their  problem  solving  process. 
Methods  and  Procedures 

Thirty-five  grade  ten  students  from  two  secondary  schools  were 
interviewed.  All  the  students  were  volunteers.  The  interviews  lasted  from 
20  to  45  minutes.  The  students  were  asked  to  think  aloud  while  solving  the 
problems.  The  interviews  were  audiotaped.  The  interviewer  occasionally 
asked  the  students  some  clarification  questions  or  provided  some  hints  that 
could  be  useful  in  solving  the  problems.  Using  a  record  sheet,  the 
interviewer  also  took  notes  on  main  steps  that  the  students  followed  during 
the  interviews.  The  problems  used  for  the  interviews  were: 

1.  A  farmer  has  some  pigs  and  some  chickens.  He  finds  that  together  these 
animals  have  19  heads  and  60  legs.  How  many  pigs  and  how  many  chickens 
does  he  have?  (farmer  problem). 

2.  Could  you  find  two  whole  numbers  a  and  b  whose  product  is  one  million 
and  neither  a  nor  b  includes  a  zero  in  its  representation?  Are  there  any  other 
such  pairs?  Why  or  why  not?  (one  million  problem). 

3  A  textbook  is  opened  at  random.  The  product  of  the  numbers  of  the  facing 
pages  is  3,192.  To  what  pages  is  the  book  opened?  (pages  problem). 
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Working  with  the  Problems 

The  analysis  of  particular  solutions  was  very  important  when 
categorizing  the  work  done  by  the  students.  Ideas  associated  with  the 
different  qualities  of  the  solutions  were  identified  while  discussing  the 
possible  solutions.  These  ideas  were  contrasted  with  the  work  shown  by  the 
students.  That  is,  the  work  done  to  the  problems  before  the  interviews 
helped  clarify  the  potential  of  the  problems  and  organize  the  process  used  by 


the  students. 


Problems 

Methods  of 
possible  Solution 

Strategies 

Content 

The  farmer 
problem 

•Pictorial 
•Guess  nnd  Test 
•Correspondence 
•Algebraic 

Use  of  diagrams 
or  actual  pictures, 
trial  and  error, 
organized  list  or 
table,  comparing, 
and  equations 

Basic  operation 
with  integers. 
Equation  of  first 
degree  or  system 
of  two  equations. 

The  one  million 
problem 

•Trial  divisors 
•Prime  factor 
•Simpler 
problem 

use  of  a  list  or 
table,  thinking  of 
a  simpler 
problem  (10, 100, 
or  1000). 

multiplication 
and  division  of 
integers, 
factoring, 
exponents,  and  • 
prime  numbers 

The  page  problem 

•Guess  and  test 
•Factorisation 
•Square  root 
•Algebraic 

Estimation,  trial 
and  error, 
symbolic 
representation, 
and  equation. 

Consecutive 
numbers, 
multiplication  of 
integers, 
factorisation, 
meaning  of 
square  root, 
quadratic 
equation 

Results  from  the  Interviews 


For  the  farmer  problem  the  most  common  approach  used  by  the 
students  was  to  represent  the  problem  algebraically.  It  was  observed  that  the 
students  spent  almost  no  time  attempting  to  make  sense  of  the  information 
given  in  the  problem  and  immediately  began  to  write  down  the  data.  Some 
students  introduced  different  variables  for  representing  the  chickens,  pigs, 
heads,  and  legs.  This  type  of  representation  was  confusing  for  the  students, 
but  after  they  reexamined  the  problem,  in  general,  they  were  able  to  solve  it. 
The  interviewer  then  asked  the  students  whether  or  not  there  was  another 
way  to  solve  this  problem.  They  recognized  that  there  was  another  way,  "the 


long  way"  in  which  they  could  use  guessing  and  testing  When  the  students 
were  asked  to  try  this  method,  it  was  observed  that  they  were  not  systematic, 
and  often  they  even  tried  extreme  cases,  such  as  19  chickens  or  10  pigs.  Not 
one  of  the  students  used  a  table  or  a  diagram  for  solving  this  problem  and 
they  relied  on  the  use  of  a  calculator  to  check  even  small  numbers.  One 
student  added  19  and  60  and  divided  the  result  by  2  and  4  obtaining  34.5  and 
17.2,  respectively;  then  the  student  claimed  that  there  were  34.5  chickens  and 
17  pigs. 

It  was  observed  that  the  students  did  not  spend  time  trying  to 
understand  the  problem.  They  read  the  problem  and  immediately  started  to 
work  on  some  calculations  without  identifying  the  main  data  of  the  problem 
and  their  relationships.  The  difficulties  that  they  experienced  while  trying  to 
use  the  information  often  pushed  them  to  re-read  the  problem  and  to  think 
of  a  more  organized  strategy.  It  was  clear  that  the  students  associated  the 
information  of  the  problems  with  some  operations  but  they  lacked  the  basis 
to  select  a  plan.  The  metacognitive  aspect  related  to  the  use  of  the  operations 
was  not  present  at  the  students  work.  That  is,  the  students  were  fluently 
while  operating  with  the  numbers  but  they  did  not  relate  the  meaning  of  the 
operation  to  the  information  naturally.  It  was  also  observed  that  it  was 
difficult  for  the  students  to  realize  that  some  of  their  work  did  not  match  the 
information  or  conditions  of  the  problem.  That  is,  they  have  not  developed 
some  sort  of  strategies  that  could  help  them  to  challenge  their  own  work. 
An  example  of  the  students'  work  on  the  farmer  problem  is  presented  next: 

She  started  to  read  it.  She  immediately         The  interviewer  asked  her  to 
divided  60  by  4  and  19  by  2  and  wrote  15       explain  the  answer. 


She  mentioned  that  there  were  15  pigs  and    suggested  that  she  could  check 


and  9 


Here,  the  interviewer 


9  chickens 


the  information  of  the 
problem  and  the  results. 
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The  student  then  realized  that  she  was  not    At  this  time  she  felt  confident 

taking  into  account  the  information.  She      and  started  to  work  very 

then  said  that  there  were  only  19  animals  quickly. 

and  perhaps  she  could  have  10  chickens 

and  9  pigs.  However,  when  she  counted 

the  number  of  legs  she  found  that  this 

answer  did  not  fit  the  conditions.  Here  she 

then  worked  using  trial  and  error  by 

subtracting  and  adding  a  unit  but  she  took 

19  as  fixed  number. 

For  the  one  million  problem,  the  students  experienced  difficulty  accepting  the 
existence  of  such  factors.  They  represented  the  problem  algebraically  as  a  x  b  = 
1,000,000  and  then  they  isolated  a  =  1,000,000/  b  .  They  assigned  several  values 
to  b  and  with  the  use  of  a  calculator  they  found  values  for  a.  After  several 
trials,  some  mentioned  that  such  factors  did  not  exist.  None  of  the  students 
was  able  to  make  progress  in  this  problem  alone.  When  the  interviewer 
suggested  trying  smaller  numbers  than  1,000,000,  then  some  of  the  students 
were  able  to  find  the  pattern  by  trying  10  =  2  x  5, 100  =  4  x  25  and  so  on.  Only 
one  student  decided  to  factor  1,000,000  and  found  that  there  were  sequences  of 
twos  and  fives;  however,  he  was  not  able  to  see  on  his  own  that  he  had  found 
the  desired  factors.  For  the  second  part  of  the  problem,  no  one  (on  his  or  her 
own)  was  able  to  explain  why  there  were  no  other  pairs.  Two  students 
mentioned  that  because  for  10  and  100  it  was  not  possible  to  find  other  such 
representations,  then  the  same  could  be  applied  to  1,000,000.  When  the 
interviewer  asked  them  how  they  were  sure  that  for  100  there  were  no  other 
pairs,  they  listed  all  the  pairs  whose  products  give  100  instead  of  checking  the 
prime  factors.  It  was  observed  that  the  students  tried  to  solve  this  problem  by 
selecting  some  concrete  numbers.  These  numbers  did  not  work  and  they 
thought  that  the  problem  did  not  have  a  solution.  This  showed  that  the 
students  experienced  serious  difficulty  for  recognizing  the  consistency  of 
plausibility  of  the  information  of  the  problem.  That  is,  it  was  not  clear  for  the 
students  that  checking  for  three  or  four  examples  does  not  mean  that  the 
numbers  could  not  exist. 

Some  samples  of  the  students'  work  with  comments  is  presented  next: 


Rob  read  the  one  million  problem  and  Rob  mentioned  that  it  was 

started  to  try  some  numbers  with  the  use  of  going  to  be  difficult  to  get  the 

the  calculator.  He  try  963  x  56  =  53928;  99987  number  by  this  method  but 

x  89  =  9799804;  9999  x  89  =  889911;  and  99999  that  at  that  moment  he  could 

x  89  =  89991 1 .  not  think  of  something  else. 

Rob  then  suggested  to  work  with  10  and  he  The  interviewer  then 

wrote:  10  =  5  x  2;  Although  he  hesitated  to  suggested  to  consider  smaller 

continue  he  then  wrote  100  =  25  x  4;  1000  =  number  than  one  million. 
125  x  8;  10000  =  625  x  16.  Rob  at  this  point 
mentioned  that  the  number  of  zeros  was 
the  exponent  of  5  and  2.  Hence,  he  wrote  1, 


000,  000  =  5A  x  2A 


Rob  using  a  hand  calculator  found  the  two    The  interviewer  then  asked  to 
numbers.  He  mentioned  that  the  problem    explain  why  those  numbers 
was  not  easy  until  he  found  the  pattern.        did  not  involve  zeros  in  their 

representations. 

Rob  was  asked  about  the  next 

part  of  the  problem 
Rob  mentioned  that  he  was  sure  that  there    His  response  to  this  part  was 
was  not  other  pair  because  other  based  on  observing  that  the 

representation  involves  zeros.  numbers  10, 100,  ...,had  only  2 

and  5  as  factors. 
For  the  pages  problem,  the  students  represented  the  problem 
algebraically;  however,  they  experienced  difficulty  solving  the  quadratic 
equation2  involved  in  the  representation.  It  was  interesting  to  observe  that 
some  students  wanted  to  isolate  the  variable  by  dividing  the  two  sides  of  the 
equation  by  the  variable,  that  is,  from  x2  +  x  =  3,192  to  x  +  1  =  3,192/x  without 
realizing  that  they  were  dealing  with  a  quadratic  equation.  When  the 
interviewer  asked  the  students  it  they  could  use  other  methods,  they 
responded  "probably  by  using  the  long  way"  (guess  and  test).  When  they  were 
trying  this  guess  and  test  approach,  some  of  the  students  were  using  guesses 
in  which  the  numbers  were  not  consecutive  even  when  originally  they  had 
represented  the  problem  correctly.  None  of  the  students  used  the  square  root 
of  3  192  as  the  approximation  of  the  page  numbers.  In  general,  they  found 
products  of  consecutive  numbers  larger  and  smaller  than  3  192  and  explored 
all  the  possibilities  between  these  numbers.  It  seemed  that  it  was  difficult  for 
the  students  to  think  of  another  method  of  solution  even  when  they  had  not 
shown  much  progress.  They  stuck  to  one  approach  for  some  time  and  gave 


2  Although  the  students  were  familiar  with  quadratic  equation,  the  grade  ten  curriculum 
only  includes  particular  ways  of  finding  the  roots  such  as  factoring. 
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up  easily.  Santos-Trigo  (1990)  showed  that  students  often  expect  to  be  told 
what  method  to  use  to  solve  problems 
Discussion  of  the  Results  and  Recommendations 

There  was  indication  that  some  students  experienced  difficulties  in 
identifying  the  key  information  of  the  problems  and  they  were  not  organized 
in  presenting  the  information  that  could  be  used  to  solve  the  problem.  They 
believed  that  the  most  efficient  way  for  solving  the  problems  was  the 
algebraic  approach  even  when  they  often  struggled  in  representing  the 
information.  They  used  guess  and  test  as  the  last  resort  and  failed  to  use 
simpler  problems  as  a  means  to  solve  the  problems. 

The  students  failed  to  monitor  their  processes  while  working  on  the 
problems;  they  often  used  information  that  was  not  consistent  with  ideas  that 
they  had  used  previously.  For  example,  for  the  pages  problem  they 
recognized  that  the  numbers  had  to  be  consecutive,  but  when  they  were 
searching  for  the  numbers,  they  often  tried  any  number. 

The  results  showed  that  the  use  of  these  type  of  problems  could 
provide  information  about  the  difficulties  that  students  experience  while 
trying  to  solve  the  problems.  It  may  be  suggested  that  asking  these  problems 
to  the  students  could  be  an  important  activity  to  implement  regularly  in  the 
classroom.  The  students  must  engage  in  open  discussion  with  their 
classmates  (small  groups,  pairs)  and  have  the  opportunity  to  explain  what 
they  do  while  solving  the  problems.  Schoenfeld  (1988)  suggested  that  a 
microcosm  of  mathematical  practice  in  which  the  students  have  the 
opportunity  to  express  and  defend  their  ideas,  to  speculate,  to  guess,  and  to 
reflect  on  possible  approaches  for  understanding  mathematical  ideas  or 
solving  mathematical  problems  could  be  the  initial  point  for  attaining  this 
goal.  The  students  engaged  in  such  practice  will  be  exposed  to  an 
intellectually  demanding  environment  that  should  eventually  improve  their 
ways  of  understanding  mathematics. 
Conclusions 

The  results  of  the  present  study  may  have  direct  implications  for 
mathematical  instruction.  For  example,  the  difficulties  shown  by  the 
students  while  trying  to  understand  the  statement  of  the  problems  suggest 
that  teachers  should  encourage  their  students  to  discuss  the  main  ideas  of  the 
problem.  That  is,  class  activities  should  include  examples  in  which  students 
realize  the  importance  of  understanding  the  sense  of  the  problem  before 
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going  further.  Another  aspect  that  teachers  should  pay  attention  during 
instruction  is  to  emphasize  the  need  to  explore  various  ways  to  solve 
problems.  As  well,  the  need  to  characterize  the  qualities  of  different  methods 
of  solution.  For  example,  it  is  important  that  students  recognize  that  a 
problem  often  could  be  solved  using  trial  and  error  (for  example)  in  a  better 
way  than  using  algebra.  In  addition,  teachers  should  discuss  during  their 
instruction  problems  which  can  be  solve  by  different  methods  (geometrical, 
algebraic,  or  numerical  ones).  The  idea  here  is  that  teachers  use  these 
problems  to  explore  the  processes  used  by  the  students  while  trying  to  solve 
them.   As  Easly  (1977)  stated  "teachers  would  have  to  understand  rather  well 
the  process  of  cognitive  development  and  listen  to  and  observe  children 
carefully  so  to  grasp  with  reasonable  accuracy  what  kind  of  mental  operations 
they  are  bringing  to  bear  on  a  given  task"  (p.  21). 

Students  were  consistent  in  trying  to  find  a  rule  of  formula  that  they 
could  use  to  solve  the  problem.  This  suggest  that  teachers  should  discuss 
regularly  examples  in  which  these  means  could  not  be  useful  to  get  the 
solution  of  the  problem.  That  is,  to  show  the  students  that  applying  a 
formula  or  algorithm  is  not  the  only  way  to  find  the  solution  of  a  problem. 

Finally,  this  study  illustrates  the  importance  of  discussing  the  problems 
among  colleagues.  As  a  result,  diverse  methods  or  strategies  could  be 
identified.  This  discussion  should  also  be  promoted  among  students  as  a  part 
of  instruction.  As  well,  students  should  select  or  design  their  own  problems 
to  be  discussed  during  the  development  of  the  class.  They  may  contribute  to 
develop  a  view  of  mathematics  that  reflects  the  proper  activities  of  the 
discipline. 
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AN  ANALYSIS  OF  TEACHER  CANDIDATES'  REFLECTIONS  ABOUT  THEIR 

UNDERSTANDING  OF  RATIONAL  NUMBERS 
Vinia  Maris  Ptrtira  do5  Santos 
Unlversldadc  Federal  do  Rio  d«  Jantlro 

Abstract 

This  paper  addresses  the  insights  of  observing  and  interviewing  teacher  candidates  enrolled  in  a  newly 
developed  mathematics  content  course  at  Indiana  University.  The  display  of  some  excerpts  of  the 
narratives  of  two  respondents  show  the  contrasting  views  of  mathematics  and  rational  numbers  that 
these  students' acquired  throughout  the  semester  of  the  course.  Some  implications  lor  mathematics 
teacher  education  arc  discussed. 

The  goal  of  this  paper  is  to  discuss  the  insights  of  examining  two  teacher  candidates'  reasoning 
and  arguments  about  mathematics  and  rational  numbers.  Two  reasons  motivated  this  work  First,  the 
Tact  that  elementary  school  teachers  arc  responsible  lor  introducing  and  exploring  fraction  ideas  with 
children.  Secondly,  the  awareness  that  mathematics  educators  can  learn  about  teacher  candidates' 
thinking  processes  when  analyzing  their  reasoning  in  both  written  and  verbal  form.  There  is  evidence 
that  school  children  have  difficulty  in  understanding  the  basic  ideas  of  fraction,  and  that  many  times 
they  arc  able  to  perform  computations  with  fractions  w  ithout  real  meaning  (Bchr,  Lcsh,  Post  &  SiHcr, 
1983;  Hart,  1981 ;  Hascmann,  1981 ).  Studies  have  show  n  that  many  misconceptions  about  fractions 
held  by  students  arc  also  prevalent  among  intermediate  school  teachers  (Post,  Hard,  Bchr  &  Lcsh, 
1988).  Related  studies  with  prospective  teachers  (Ball,  1988;  Bczuk,  1989;  Civil,  1989;  Santos,  1991) 
confirmed  the  need  of  further  investigation. 

This  study  is  part  of  a  research  project  which  was  designed  to  investigate  teacher  candidates' 
mctacogriitivc  awareness  of  their  knowledge  of  mathematics  (in  particular  fractions),  their  implicit 
theories  of  learning  and  teaching  of  mathematics,  and  tlicir  beliefs  about  mathematics  and  its  pedagogy 
in  the  context  of  a  newly  mathematics  course  specially  designed  for  them.  Information  from  studies  of 
the  learning  of  mathematics  and  research  on  teaching  as  well  as  documents  arguing  for  changes  in 
mathematics  education  which  are  consonant  with  constructivist  principles  helped  to  develop  this 
innovative  course  for  prcscrvicc  teachers  (Connolly  &  Vilardi,  1989;  Davis,  Mahcr  &  Noddings,  1990; 
Lester,  1988;  National  Research  Council  [NRC],  1989;  National  Council  of  Teachers  of  Mathematics 
[NCTM],  1989,  1991;  Novak  &  Gowin,  1984;  Santos,  1991  ;  Schrocdcr  &  Lester,  1989).  This 
course  is  entitled  Mathematics  For  Elementary  Teachers  Via  Problem  Solving  (T 104)  and  has  as  its 
main  emphases:  a)  the  use  of  a  problem-solving  approach  to  Icam  mathematics;  b)  the  frequent  use  of 
small  group  work;  c)  the  use  of  written  activities;  d)  the  use  of  concept  mapping;  and  c)  the  use  of 
alternative  methods  of  assessment  (For  a  complete  discussion  about  the  conceptual  framcwor k  that 
guided  the  course  development  and  its  emphases  sec  Santos  &  Kroll,  1992;  Santos,  1993). 

Data  Source 

The  research  project  involved  class  observations  of  26  prcscrvicc  teachers  (PSTs)  (24  females  and 
2  males)  during  the  Spring  semester  of  1991  while  exploring  mathematics  in  a  context  of  group 
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problem  solving.  The  bulk  orartifacis  examined  in  this  study  was  classroom  observations,  interviews 
with  16  PSTs  ( 14  females  and  2  males),  and  document  analysis.  From  January  to  May  1991 ,  this 
T104  class  was  observed  for  fifteen  weeks  (three  days  a  week  for  two  hours  each  day).  Only  eight 
respondents  from  the  16  PSTs  who  were  interviewed  completed  four  interviews  (semi-structured 
interviews  of  one  hour).  Document  analysis  of  students'  work,  written  reflections,  questionnaires, 
interviews  and  member  checking  with  respondents  were  used  to  compose  respondents'  narratives  about 
mathematics,  teaching  and  rational  numbers.  In  this  research  project,  I  followed  the  principles  to 
establish  and  maintain  trustworthiness  outlined  by  qualitative  studies  (Lincoln  &  Guba,  1985)  as  well 
as  engaged  in  a  simultaneous  process  of  collecting  and  analyzing  data  through  coding  and  categorizing. 

In  this  paper,  1  examine  some  excerpts  from  the  narrative  of  two  PSTs  concerning  their  views  of 
mathematics  and  their  understanding  of  rational  numbers.  The  information  to  weave  the  stones  was 
provided  from  the  questionnaires,  interviews,  written  reflections  and  member  checking  with  the 
respondents. 1 

Investigating  Teacher  Candidates'  View  of  Mathematics 
and  Rational  Numbers 

In  an  attempt  to  capture  the  richness  of  data,  the  respondents'  stories  were  told  in  multiple  voices 
(i.e.,  respondents  tell  what  they  shared  with  me  during  the  study.  Sec  Van  Maancn,  1988). 
MaryAnne's  Thoughts  About  Mathematics 

1  think  my  reflections  were  "more  reflective"  toward  the  end  of  the  semester.  At  that  point,  1  was 
really  writing  about  how  I  felt  regarding  math,  and  I  was  doing  this  more  than  I  did  at  the  beginning.  I 
think  that  written  reflections  helped  a  little  bit  because  they  can  give  you  a  chance  to  sit  and  think  about 
what  you've  been  doing  in  mathematics.  Often,  I'll  start  writing  about  something  and  then  I'll  discover 
something  while  I'm  writing.  I'll  discover  that  I've  been  doing  something  wrong  or  that  there  is  a 
better  way  of  doing  it.  To  me  math  is  just  a  subject  in  school.  1  feel  like  a  lot  of  the  basics  arc  used  in 
everyday  life,  but  not  too  much  beyond  that.  I  guess  I  don't  look  at  things  in  a  very  mathematical  way. 
1  feel  like  am  able  to  learn  mat,  but  it  might  take  me  a  little  bit  longer  than  others.  I  think  it's  important 
for  me  as  an  elementary  teacher  to  ha\e  knowledge  of  basic  mathematics  but  beyond  that  it  doesn't 
matter  to  me.  I  have  no  interest  in  complex  and  complicated  mathematics  beyond  10th  grade. 

In  all  of  my  previous  math  classes,  1  had  to  work  individually.  The  group  work  is  something  new 
that  I'm  experiencing  in  T 104.  The  type  of  problems  wc  do  in  T104arc  also  different  from  my 
previous  math  classes.  In  my  other  math  classes,  wc  got  problems  after  problems  and  the  goal  was  to 

•The  Tint  questionnaire  addressed  questions  about  students'  family  and  school  backgrounds,  and  previous  experience  with 
mathematics.  At  the  end  of  the  semester,  students  filled  a  second  questionnaire  that  focused  on  their  reactions  to  the  1104 
instructional  approach  and  my  dissertation  study.  The  first  two  interviews  concentrated  on  students'  school  background, 
decision  to  become  an  elementary  teacher,  previous  leaching  experience,  good  and  had  school  memories,  good  and  bad 
mathematics  memories,  reactions  to  tbc TI04  instructional  approach,  self -image  as  mathematics  learners,  and  self- 
confidence  as  mathematics  learners.  The  third  interview  addressed  fraction  ideas  such  as  fraction  estimation  sense  and 
mental  computation  with  fractions,  fraction  concepts  while  solving  nutlieinalics  problems  that  dealt  with  iIk  four  basic 
operations  («■■•.  x,  +),  and  explanation  of  problem  solutions  via  concept  maps.  Respondents  checked  rough  drafts  of  their 
stories  with  me. 
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find  the  answer.  In  T104  it's  more  important  how  do  you  go  about  to  get  an  answer,  than  just  getting 
the  answer.  The  assessment  is  also  different.  In  other  math  classes  I  had  only  to  mark  an  answer  in  a 
multiple  choice  test  and  all  by  myself.  Here  in  T104,  the  instructor  also  looks  at  the  work  and  not  only 
at  the  answer.  And  in  T104  we  have  tests  with  individual  and  group  parts.  T 104  is  very  different  from 
my  other  math  classes.  Before  the  teacher  would  stand  in  front  of  the  class  and  give  definitions  and 
then  we  would  work.  Here  in  T104,  it's  more  hands  on  the  entire  time,  we  arc  the  ones  who  have  to 
figure  things  out.  My  ability  to  do  mathematics  is  improving  aftcrT104.  I  would  say  that  along  a 
continuum  line  that  my  ability  is  close  to  neutral  coming  toward  strong,  almost  60%  of  the  way.  In 
T104, 1  feel  more  confident  that  I  can  solve  problems  and  do  math  activities. 
MaryAnne's  Understanding  or  Rational  Numbers 

I  think  I  can  understand  rational  numbers  better  now.  We  have  to  do  a  lot  of  things  ourselves, 
like  finding  out  the  fractions  with  Cuiscnairc  rods,  solving  the  Condominium  Problem  (married  men 
and  women),  comparing  fractions  without  using  the  rules  of  finding  common  denominator,  ctc.^ 
Before  T104.  fractions  were  always  portions  of  a  whole.  I'm  learning  more  now.  1  think  I'm  well 
prepared  for  the  final  exam,  I  feci  very  confident  that  I'll  do  well.  Now.  I  can  solve  different  problems 
with  fractions,  and  1  learned  how  to  think  in  different  ways  to  solve  a  problem.  When  you  asked  me  to 
prove  that  the  sum  of  the  angles  of  a  right  triangle  was  180°,  I  didn't  prove  it  for  you,  but  I  think  I  can 
handle  these  problems  about  fraction  you  are  asking  me  to  do.  Let's  sec,  I  have  3  pizzas  to  share 
among  5  people,  and  you  want  to  know  how  much  of  the  pizzas  each  person  will  receive.  I  can  divide 
each  pizza  in  five  equal  pieces  and  I  can  give  1/5  from  each  pizza  to  each  person.  Then  each  person 
will  receive  3/5  of  a  whole  pizza  at  the  end  of  this  sharing  (sec  figure  1). 

•5 

Figure  1.  MaryAnne's  solution. 
Well,  you  want  that  I  think  if  there  arc  other  ways  of  solving  the  same  problem.  I  guess  1  can 
think  about  giving  half  of  a  pizza  to  each  person  like  this.  Now,  I  still  have  this  half  of  a  pizza  that  1 
can  divide  again  in  fifths.  But  1/5  of  1/2  is  1/10  (sec  figure  2  with  this  solution). 

3  p,a*«*       V  ?  9  ?  4       1  f  JL 
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Figure  2.  MaryAnne's  second  solution 


2FI«d  ill  the  fractions:  Prove  using  Cuiscnairc  Rods,  that  the  yellow  rod  is  half  «s  long  as  the  orange.  This 
relationship  can  be  written  m  l/2o  =  y.  Find  other  pairs  of  halves  and  record  thcin.  Then  do  Ihc  same  for  Ihirdi.  fourths, 
fifths,  and  so  on,  up  to  tenths.  Record  your  nndings.  Then  write  the  expressions  in  the  other  way.  for  instance  2y  =  lo. 
Find  at  least  4  pairs  for  each  fractional  relationship. 

Condominium  Problem  In  an  adult  condominium  complex.  2/3  of  the  men  are  mamed  to  3/5  of  the  women.  What 
part  of  the  residents  are  married? 
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Thus,  each  person  receives  at  the  end  1/2  of  a  pizza  and  l/10of  a  pizza. 

And  1/2+  1/10  =  5/10+  1/10  =  6/10.  That's  the  same  6/10  =  3/5.  Of  course,  but  I'm  surprised  that  1 
could  do  it.  Speaking  with  you  has  made  me  more  confident  in  my  math  abilities.  1  also  have 
discovered  many  things  that  I  wasn't  aware  of  while  talking.  I  think  I've  gotten  many  ideas  for 
teaching  from  this  experience  with  the  T104  class  and  the  interviews. 
Alexis  Helga's  Thoughts  About  Mathematics 

As  long  as  1  can  remember,  1  have  always  wanted  to  be  a  teacher.  1  love  kids  and  really  enjoy 
giving  students  something  to  better  their  education.  I  see  myself  teaching  in  the  future  with  a  lot  of 
hands  on  work  and  using  manipulativcs  to  help  kids  figure  out  what  they  arc  doing.  1  like  to  use  the 
idea  of  group  work.  But  I  will  instruct  my  students,  because  I  don't  like  the  idea  of  having  to  figure 
out  everything  on  my  own.  I  think  the  teacher  is  in  the  class  to  instruct  us,  to  show  us  ways  to  solve 
problems.  This  current  semester,  I'm  enrolled  in  T104,  in  E343,  the  math  methods  class,  and  in 
M201,  the  corresponding  field  experience  class.  Two  weeks  ago,  I  taught  fractions  to  4th  grade  kids 
as  part  of  my  early  field  experience  M201 .  I  was  surprised  that  students  did  not  understand  the  work 
with  fractions,  and  they  were  still  working  on  some  problems  when  I  left  after  the  45  minutes  that  1 
was  there  guiding  their  work.  For  me,  we  have  just  to  know  what  arc  the  procedures  to  operate  with 
fractions  and  to  use  the  procedures. 

In  my  previous  math  classes,  students  had  to  work  periodically  al  ter  the  instructor  presented  a 
lecture.  Here  in  T104, 1  have  to  figure  things  out  my  own,  there  is  no  guidance  before  we  start  the 
work.  I  don't  know  what  to  do  most  of  the  time,  and  I  think  it's  a  waste  of  time  to  have  students 
struggling  to  learn  alone.  Why  doesn't  the  instructor  instruct  and  explain  things  first?  I'd  much  rather 
have  lectures.  The  only  thing  I  enjoy  from  T104  is  the  group  work.  Maybe  in  my  future  teaching,  I 
would  use  small  groups  in  my  class  but  after  I  instruct  kids. 

I  think  that  the  best  way  for  me  to  learn  is  applying  the  knowledge  I  am  taught.  I  need  someone  to 
discover  the  knowledge  and  show  it  to  me  first.  If  I  understood  what  the  teacher  showed  and  if  I  can 
check  why  it  works  then  I  can  move  on  to  applying  this  knowledge  in  exercises.  But  first,  1  need  to 
understand  what  1  have  to  do.  The  best  thing  for  me  is  to  have  the  teacher  really  instructing  us.  1  think 
T 104  docs  not  fit  with  my  personal  learning  style.  1  feel  lost  in  this  class.  1  need  more  lectures  first, 
and  maybe  someday  I  can  discover  something  on  my  own.  I  really  don't  think  that  writing  reflections 
or  doing  concept  maps  help  much.  These  things  did  not  help  me.  They  arc  just  more  work.  I  don't 
like  all  these  new  things  we're  doing  here.  I  only  enjoy  the  group  effort.  This  was  really  a  plus. 
Alexis  Helga's  Understanding  or  Rational  Numbers 

This  last  unit  in  T 104  was  more  like  a  review  to  me.  Operations  with  fractions  arc  more  clear,  and 
I  discover  that  when  you  multiply  some  fractions  you  get  smaller  numbers.  Our  conversation  about  the 
concept  of  fraction  is  interesting  ,  but  I  have  to  keep  track  oT  so  many  details  when  working  with 
fractions.  It's  kind  of  hard.  If  I  had  to  share  3  chocolate  bars  between  5  persons,  I  guess  I'll  divide 
the  chocolate  bars  in  fifths,  and  each  person  would  receive  3/15  or  1/5  of  the  total  1 5  pieces  of 
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chocolate  [She  was  confused  here  wilh  the  meaning  of  3/ 1 5  and  3/5,  and  1  had  to  keep  probing  her  to 
explain  her  ideas.) 

When  I  think  in  chocolate  bars  or  pizzas,  after  I  divide  each  pizza  in  fifths,  I  discover  lhal  1  haw 
15  pieces  of  pizza,  so  to  share  these  pieces  among  5  persons,  1  would  give  1/5  of  15  pieces  to  each 
one.  And  this  means  that  each  person  receives  3  pieces  of  pizza.  It's  hard  for  me  to  sec  that  1  can  say 
3/5  of  a  pizza  and  that  this  is  the  same  as  these  3  pieces  of  proa  out  of  fifteen  pieces  of  pizza.  I  don't 
know  if  1  can  think  about  other  ways  to  share  3  pizzas  among  5  persons.  I'm  so  used  to  think  in 
div  iding  the  whole  by  the  number  that  1  think  is  the  denominator  (i.e.,  in  this  problem  1  think  about 
dividing  in  five  pieces  each  pizza)  that  I  don't  know  other  ways  (see  figure  3). 

lol'Wlel'-J 

Figure  3.  Alc\is  Hclga's  solution  to  the  problem  ol  3  pizzas. 

Oh,  maybe  this  am  be  an  idea  to  start  dividing  each  pizza  in  half  and  sec  how  I  can  share  the  pizzas 
among  the  live  persons  ]l  probed  her  asking  to  justify  if  it's  possible  or  not  to  divide  each  pi/za  in 
halves  to  solve  this  problem.].  Your  idea  works  at  the  beginning  but  now  I  had  to  figure  out  how  to 
share  this  last  half  of  the  pi/za  among  the  fivc.pcrsons.  1  guess  I'll  have  to  divide  this  last  hall  in  five 
pieces  again.  And  this  is  l/5of  1/2,  it's  2/7.  No,  it's  not,  wait  a  minute,  1  have  to  do  1/5  x  2/1  =  2/5. 
No,  it's  wrong.  I  don't  know,  it's  too  confusing  (sec  figure  4). 
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Figure  4.  Alexis  Hclga's  second  solution  to  the  problem  of  3  pizzas. 


From  the  time  I  began  offering  her  ideas  of  different  ways  to  share  the  3  pizzas  among  the  5 
persons,  the  interview  really  stopped  and  I  began  trying  all  possible  ways  to  help  Alexis  Hclga  reach 
some  conclusions.  I  had  already  perceived  that  she  was  not  knowledgeable  in  fractions  and  other 
mathematics  topics,  but  she  was  reluctant  to  admit  her  lack  of  knowledge.  At  least  in  this  interview 
context,  she  began  asking  for  help  because  she  could  finally  realize  that  she  didn't  know  how  to 
compute  1/5  of  1/2. 

Alexis  Hclga  tried  to  add  numerators  and  denominators,  she  tried  to  work  out  as  if  it  was  a 
division  of  fractions,  and  after  a  long  discussion,  while  modeling  with  paper  folding  she  could  sec  that 
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1/5  of  1/2  was  1/10.  Wc  discussed  again  (he  pizza  problem,  and  when  she  tried  to  discover  the  final 
amount  of  pizza  that  each  of  the  5  persons  would  receive,  she  said  "Each  person  receives  1/2  of  a  piz/j 
plus  1/10.  Oh,  this  is  1/2  +  1/10  =  2/12  =  1/6  of  a  pizza."  She  perceived  she  was  wrong  because  in 
her  first  solution  she  discovered  (after  our  conversation)  that  the  answer  was  3/5  of  a  pizza  or  3/15  of 
15  pieces  of  pizza  or  1/5  of  15  pieces  of  pizza.  Then,  I  probed  her  last  answer 

( 1/2  +  1/10  =  2/12  =  1/6  of  a  pizza),  and  she  said  "I  forgot  that  I  had  to  find  equivalent  fractions  to  add. 
Well,  1/2  is  the  same  as  5/10,  so  1/2+  1/10  =  5/10+  1/10  =  6/10,  and  6/10  =  3/5."  (Sec  her 
compulations  on  figure  5.) 


These  two  respondents  had  contrasting  attitudes  toward  the  novelties  implemented  in  T104.  It 
seemed  to  me  that  their  motivation,  interest,  and  willingness  to  do  well  in  mathematics  classes  had  a  lot 
to  do  with  how  their  expectations  of  teaching  and  learning  matched  with  their  instructor's  conceptions 
of  teaching  and  learning.  MaryAnnc  experienced  situations  of  change  in  her  attitudes  toward  the  class 
throughout  the  semester,  but  she  was  more  open  to  the  pedagogical  innovations  of  T 1 04.  Alexis 
Hclga's  expectations  about  mathematics  teaching  and  learning  did  not  match  with  the  instructor's 
conceptions  of  teaching  and  learning  and  since  the  beginning  she  had  a  hard  time  in  the  class. 

Even  though  not  all  of  IhcTKM  students  ended  the  course  with  a  complete  understanding  of  why 
certain  principles  work  or  were  able  to  explain  w  hat  is  behind  the  rule  (as  it  happens  in  the  case  of 
dividing  fractions,  that  you  repeat  the  first  fraction  and  multiply  by  the  inverse  of  the  second  fraction), 
many  acquired  a  more  mature  vision  and  were  aware  of  what  they  understood  and  knew  in 
mathematics.  This  new  v  ision  of  themselves  and  the  dev  elopment  of  this  mctacogmtivc  knowledge  as 
learners  of  mathematics  is  very  important  for  their  future  teaching  practices. 

Teachers  need  to  become  aw  arc  of  what  they  arc  leaching,  what  they  know,  what  they  do  not 
know,  and  become  aware  that  there  arc  places  to  search  for  explanations.  The  real  benefit  of  T104  for 
MaryAnnc  and  many  others  in  the  class  was  to  expose  them  to  basic  mathematics  concepts  in  a 
problem-solving  context  in  which  they  were  allowed  to  question  their  understanding  and  started  to 
think  more  critically  about  proccduics  used  in  mathematics  and  the  reasons  why  certain  procedures 
work.  Before  this  T 104  class,  MaryAnnc  and  others  could  not  articulate  their  uncertainty  or  discover  if 
they  really  knew  or  not  the  mathematics  concepts.  This  was  because  they  learned  these  concepts  in 
traditional  mathematics  courses  where  students  only  have  to  solve  problems,  use  procedures,  and  find  a 
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final  answer  to  show  they  can  perform.  Very  rarely  arc  students  asked  to  think  about  or  discuss  their 
ideas  or  verbalize  their  mathematics  understanding  or  lack  of  it  in  verbal,  written  or  pictorial  forms 
(e.g.,  concept  maps). 

From  our  first  interview  and  our  other  interactions,  Alexis  Hclga  always  commented  about  how 
unhappy  she  was  with  this  class,  "f  met  her  again  during  the  Fall  1991  (August  to  December  1991)  as  a 
math  tutor.  I  had  offered  to  tutor  all  of  the  16  PSTs  who  have  participated  in  the  research  project  in  a 
few  interviews  or  during  the  entire  study.  When  Alexis  Hclga  was  enrolled  in  M 1 18-  Finite 
Mathematics  during  the  Fall  1991,  she  asked  if  would  tutor  her  because  she  was  having  a  lot  of  trouble 
in  that  class.  We  met  a  couple  of  times  to  go  over  homework  assignments  and  to  help  her  dc\  clop 
study  habits  so  that  she  could  work  on  her  own  later.  It  was  only  in  the  middle  of  our  tutoring 
sessions,  that  Alexis  Hclga  realized  that  she  would  need  to  understand  the  concepts  behind  addition, 
multiplication,  and  division  of  fractions.  One  day,  she  told  me  "OK,  I  think  you've  convinced  me  that 
1  have  to  understand  how  to  operate  with  fractions  because  I'm  always  getting  confused  on  what  rule  I 
should  use.  Let's  make  a  deal,  you  help  me  do  these  homework  assignments  with  matrices  involving 
all  these  strange  numbers,  and  I'll  let  you  discuss  with  me  the  ideas  behind  these  operations." 

It  seems  to  cm  that  teacher  candidates  like  Alexis  Hclga,  who  do  not  possess  a  strong  mathematics 
background  and  who  arc  not  willing  to  engage  in  the  challenges  and  novelties  proposed  by  a  course 
such  as  T 104  need  to  be  considered  when  we  propose  changes  in  teacher  education.  Unfortunately,  the 
only  thing  1  can  ascertain  is  that  wc  still  let  many  Alexis  Hclgas  go  out  with  a  teaching  license  without 
the  minimum  mathematical  knowledge  they  need  to  teach  and  this  is  a  huge  and  complex  problem  for  all 
of  us  interested  in  mathematics  teacher  education.  I  learned  from  Alexis  Hclga  that  our  innovations  in 
T 104  work  only  if  the  student  is  willing  to  change.  Students  need  more  time  to  rethink  their  views 
about  learning  and  teaching  before  changes  can  take  place.  1  believe  that  students  similar  to  Alexis 
Hclga  need  to  bring  their  weaknesses  at  a  conscious  level.  They  need  to  experience  classr<x>m 
environments  that  model  this  kind  of  strengths  and  weaknesses  in  mathematics.  They  need  to  become 
aware  of  what  they  do  not  know  and  they  need  to  receive  help  to  overcome  their  difficulties.  In 
conclusion,  wc  (mathematics  educators)  need  to  conduct  other  studies  and  analyze  in  more  depth  how 
and  when  change  takes  place  in  prcservicc  teachers'  conceptions  and  understanding  of  mathematics. 
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SCHOOL  CHILDREN  VERSUS  STREET  SELLERS'  USE  OF  THE  COMMUTATIVE  LAW 
FOR  SOLVING  MULTIPLICATION  PROBLEMS 


Analucia  Schliemann,  Claudia  Araajo,  Maria  Angela  Castunde,  Suzana  Macedc  &  Lenice  Nice**1 


We  analyze  whether  or  not  use  of  the  commutative  law  for  solving  multiplication  problems  of  the 
isomorphism  of  measures  type  requires  school  instruction  or  if  this  mathematical  property  can 
also  be  understood  by  children  with  little  schooling  who  use  repeated  additions  instead  of 
multiplication  when  they  solve  problems  as  street  sellers.  Subjects  were  first-  to  third-grade 
school  children  and  street  vendors  with  irregular  school  attendance  who  had  received  none  or 
very  little  school  instruction  on  multiplication.  Results  of  the  two  studies  described  suggest  that 
understanding  of  the  commutative  law  seems  to  be  closely  related  to  school  instruction  on 
multiplication,  while  use  of  repeated  additions  to  solve  isomorphism  of  measures  problems  seems 
to  postpone  this  understanding. 

There  is  nowadays  agreement  upon  the  fact  that  mathematical  knowledge  can  be  developed  outside  of  school 
classrooms  and  independently  of  school  instruction.  The  prevalent  view  is  that  mathematical  knowledge  may 
develop  in  social  contexts,  through  cultural  practices.  This  docs  not  mean  that  nothing  is  left  for  school  to 
teach.  Schools,  as  an  important  cultural  setting  in  children's  lives,  play  an  important  role  in  developing  sound 
mathematical  knowledge  through  the  variety  of  situations  that  can  be  set  up  to  provide  opportunity  of  learning 
new  and  more  powerful  procedures  and  of  understanding  new  aspects  of  mathematical  contents  which  does 
not  easily  appear  in  other  contexts.  Understanding  of  properties  and  principles  involved  in  multiplication, 
such  as  commutativity.  may  be  one  of  the  areas  where  school  instruction  may  play  an  important  role  while  out 
of  school  experience  tends  o  postpone  its  appearance. 

We  have  documented  in  our  previous  studies  (T.  Carraher,  D.  Carrahcr  &  Schliemann,  1982,  1985,  1987; 
Nuncs,  Schliemann  &  D.  Carrahcr,  1993;  Schliemann  &  Acioly,  1989;  Schliemann  &  D.  Carraher,  1992; 
Schliemann  &  Magalhiies,  1990)  that  children  and  adults  with  low  levels  of  schooling  usually  solve 
multiplication  problems  through  repeated  additions,  instead  of  using  multiplication.  A  common  mathematical 
problem  young  street  sellers  solve  at  work  consists  in,  given  the  price  of  one  item,  calculate  the  price  of  a 
certain  amount  of  the  items.  Street  sellers  with  little  school  experience  work  out  solutions  to  this  type  of 
problem  through  the  successive  addition  of  the  price  of  one  item,  as  many  times  as  the  number  of  items  to  be 
sold.  This  strategy  preserves  throughout  the  necessary  computations  clear  reference  to  physical  quantities,  a 
typical  feature  of  computation  procedures  in  real  life  situations  where  number  is  rareiy  conceived  without 
referents.  In  this  case,  when  computing  the  price  of  many  items,  given  the  price  of  one  item,  what  makes 
sense  is  to  add  the  number  that  refer  to  price  as  many  times  as  the  number  denoting  how  many  items  arc  to  be 
sold.  It  may  seem  inappropriate  for  a  child  to  consider  such  operation  on  quantities  as  commutative  and  to  add 
the  number  of  items  as  many  times  as  the  price  of  each  one  to  find  the  total  price. 

As  pointed  out  by  Vcrgnaud  (1988),  even  when  multiplication  is  used,  it  may  be  not  obvious  for  young 
children  that  problems  of  the  isomorphism  of  measures  type  such  as  "John  wants  to  buy  5  balls;  each  ball  costs 
3  dollars;  how  much  he  will  have  to  pay?"  can  be  solved  cither  by  multiplying  3  times  5  or  by  multiplying  5 
times  3.  At  a  purely  numerical  level,  multiplicand  and  multiplier  can  be  inverscd  without  consequences  on  the 
results.  At  the  level  of  the  measures  being  dealt  with  by  the  subject  who  solves  a  problem,  commutativity  may 
not  seem  obvious  and  "certain  pedagogical  precautions  arc  needed  to  make  the  child  accept  this 
commutativity"  (Vergnaud,  1981, p.  122).  Empirical  work  by  Nuncs  &  Bryant  ( 1 992)  shows  that  9  to  lOycar 
old  schooled  children  do  not  easily  accept  commutativity  when  they  try  to  solve  multiplication  problems  of 
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this  type.  One  of  the  few  studies  focusing  on  use  of  commutativity  among  non-schooled  subjects  (Pctitto  & 
Ginsburg.  1982)  demonstrates  that  illiterate  adults  do  not  use  the  commutative  law  to  solve  multiplication 
problems:  After  solving  through  repeated  additions  a  problem  like  1 00  times  6.  their  illiterate  African  subjects 
did  not  use  the  previous  result  for  solving  the  problem  6  times  100.  Instead  they  tried  to  work  out  an  answer 
by  successively  adding  6  one  hundred  of  times. 

It  is  mainly  in  schools  that  children  learn  to  operate  on  numbers  devoid  of  referents.  In  schools,  when 
multiplication  tables  are  taught  children  have  many  opportunities  to  realize  that  the  same  result  is  obtained  if 
\ou  multiply  5  times  3  or  3  times  5.'  Moreover,  they  are  explicitly  taught  that  commutativity  is  one  of  the 
properties  of  the  multiplication  operation  and  receive  intensive  training  on  algorithms  entailing  multiplicative 
relationships.  This  training  is  often  decontcxtualizcd,  with  emphasis  on  numerical  computation  rather  than  on 
quantities,  with  numbers  being  used  without  any  reference  to  physical  quantities.  Despite  the  well 
documented  lack  of  sense  of  many  procedures  learned  by  students  in  schools,  this  type  of  training  may  help 
school  children  to  deal  with  a  broader  range  of  principles  than  street  vendors  with  low  levels  of  schooling  arc 
accustomed  to.  This  may  accelerate  understanding  of  commutativity  among  school  subjects  while  street 
vendors  with  less  school  experience  would  not  discover  and  use  commutativity  even  when  this  property  would 
provide  easier  solutions  for  some  problems,  specially  when  they  arc  using  repeated  additions. 

How  and  when  an  understanding  of  commutativity  in  multiplication  emerges?  Is  :t  the  result  of  school 
instruction  on  multiplication?  Would  procedures  such  as  use  of  repeated  additions  to  solve  multiplication 
problems  postpone  children's  understanding  of  commutativity  in  multiplication?  Or  do  they  recognize 
commutativity  between  the  number  that  is  repeatedly  added  and  the  number  of  times  an  addend  is  taken  to 
solve  a  problem?  In  the  two  studies  reported  below  we  analyze  the  emergence  of  use  of  the  commutative  law 
to  solve  multiplication  problems  among  school  children  and  among  street,  sellers  in  Brazil.  Our  analysis  aims 
at  determining  whether  or  not  understanding  of  the  commutative  law  for  multiplication  requires  school 
instruction  or  if  this  mathematical  property  can  also  be  understood  by  children  with  little  schooling  who  use 
repeated  additions  instead  of  multiplication  to  solve  problems  as  street  sellers. 

STUDY  1 

Subjects  were  72  first-  to  third-grade  Brazilian  children,  in  the  age  range  from  6  to  9,  and  44  Brazilian  street 
vendors,  aged  9  to  i3,  with  irregular  school  attendance  and  who  had  received  none  or  very  little  school 
instruction  on  multiplication.  We  had  to  opt  for  two  samples  with  wide  differences  in  their  age  range  because, 
while  middle  class  children  in  Brazil  start  receiving  school  instruction  on  how  to  solve  multiplication 
problems  when  they  are  eight  years  old,  street  sellers,  who  belong  to  the  poorest  sectors  of  the  population, 
enter  school  much  later  and  are  usually  not  working  before  the  age  of  nine.  Despite  the  fact  that  street  sellers 
in  the  sample  had  attended  school  for  one  to  four  years,  they  did  not  receive  regular  instruction  on 
multiplication  due  to  the  poor  level  of  instruction  in  most  Brazilian  public  schools. 

Subjects  were  individually  interviewed  and  asked  to  solve,  talking  aloud,  the  following  scries  of  verbal 
problems  where,  given  the  price  of  one  chocolate,  in  terms  of  number  of 'cruzeiros',  the  Brazilian  monetary 
currency,  they  have  to  compute  the  price  of  a  certain  amount  of  chocolates  stated  in  the  problem  as  follows: 

(a)  A  boy  wants  to  buy  chocolates.  Each  chocolate  costs  5  cruzeiros.  He  wants  to  buy  3.  How  much 
money  does  he  need  to  buy  3  chocolates? 

(b)  Another  boy  wants  to  buy  a  type  of  chocolate  that  costs  3  cruzeiros  each.   He  wants  to  buy  5 
chocolates.  How  much  money  docs  he  need  to  buy  5  chocolates? 

(c)  Still  another  boy  wanted  to  buy  4  chocolates.  The  chocolates  he  wanted  costs  6  cruzeiros  each.  How 

much  he  will  have  to  pay? 

(d)  And  another  boy  wanted  6  chocolates.  Each  chocolate  costs  4  cruzeiros.  How  much  he  will  have  to 
pay? 
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After  attempting  to  solve  each  one  of  the  four  problems  subjects  were  asked  to  explain  their  procedures  if 
these  were  not  made  clear  during  solution.  Before  solving  problems  b  and  d  subjects  were  asked  to  tr>  to 
answer  these  without  doing  any  computation.  If  failure  to  provide  a  response  based  on  the  previous  answer 
occurred,  they  were  asked  to  proceed  with  computations  to  find  out  an  answer. 

In  problems  a  and  c,  the  numbers  denoting  the  price  of  each  item  is  larger  than  the  one  denoting  the  quantit\ 
of  items  1o  be  bought.  For  problems  b  and  d  the  inverse  occurs.  In  order  to  control  for  effects  due  to  the  order 
numbers  appear  in  the  problems,  for  the  pair  of  problems  a  and  b.  in  problem  « the  larger  number  is  the  first 
number  given  while  in  problem  b  the  opposite  occurs;  for  the  pair  c  and  d.  it  is  in  problem  d  that  the  larger 
number  is  stated  first,  while  in  problem  c  the  reverse  occurs.  Because  problems  were  given  in  the  above  fixed 
order,  a  direct  way  of  demonstrating  understanding  of  commutativity  would  be  to  find  the  result  for  problems 
h  and  d  by  mere  repetition  of  the  results  of  problems  a  and  c,  respectively,  without  any  further  computation, 
since  the  answers  for  the  two  problems  in  a  pair  is  the  product  of  the  same  two.  numbers.  On  the  basis  of 
results  obtained  by  Nunes  &  Bryant  (1992),  among  schooled  subjects,  we  did  not  expect  such  an  explicit  use 
of  commutativity  to  occur  very  often.  There  is,  however,  an  indirect  way  to  access  understanding  of  the 
commutativity  law  as,  in  Vcrgnaud's  (1981)  terms,  a  theorem  in  action:  A  child  who  considers  multiplication 
problems  of  this  sort  as  non-commutative  or  asymmetrical  should  always  chose  the  number  denoting  the  price 
of  items  as  multiplicand  or,  if  repeated  additions  is  the  procedure  chosen,  as  the  addend  to  be  repeated.  A 
child  who  conceives  multiplication  as  commutative,  should  always  choose  the  larger  number  as  multiplicand 
or  as  the  addend  in  the  repeated  addition  procedure,  since  this  order  represents  a  more  economical  procedure. 

Results 

Table  1  shows  the  percentage  of  correct  answers  for  each  group  in  each  problem.  Problem  a  was  the  easiest  of 
all  for  all  groups  and  only  first  graders  in  the  school  children  group  had  some  difficult  in  finding  the  correct 
answer  for  it.  Problem  e  presented  the  same  trend  for  schooled  children  but  proved  to  be  fairly  difficult  for 
street  vendors.  Problems  b  and  d  were  solved  by  nearly  all  schooled  subjects  in  third  grade,  presented  some 
difficulties  for  second  graders,  and  were  very  difficult  for  first  graders.  The  majority  of  younger  street  sellers 
failed  to  solve  problem  b  while  the  majority  of  the  older  ones  could  solve  it.  In  problem  d,  however,  even 
older  street  sellers  failed  in  most  cases  in  finding  a  solution  for  it. 


Table  I :  Percentage  of  correct  answers  for  each  problem  in  Study  I 


Group 

Problem  a 

Problem  b 

Problem  c 

Problem  d 

School  subjects: 

First  graders  (N=24) 

.58 

.33 

25 

37 

Second  graders  (N=24) 

.96 

.79 

.96 

.67 

Third  graders  (N=24) 

.96 

.88 

.96 

.88 

Street  vendors: 

First  and  second  graders  (N=22) 

.91 

.32 

.50 

.27 

Third  and  fourth  graders  (N=22) 

.95 

.68 

.59 

.36 

The  procedures  or  justifications  for  solving  each  problem  were  classified  in  terms  of  type  of  arithmetical 
operation  used  to  achieve  or  to  explain  a  result.  For  problems  b  and  d,  a  fifth  category  was  added  to  include 
cases  in  which  the  subject  did  not  computed  an  answer  but,  instead,  explicitly  appealed  to  the  commutative 
law  stating  that  results  for  problems  b  or  d  must  be  the  same  as  the  result  obtained  for  the  corresponding 
previous  problems.  Correct  or  wrong  answers  given  through  non-identified  operations  or  procedures  were 
included  the  "others"  category.  Tables  2  and  3  show  the  distribution  of  subjects  in  each  grade  group, 
according  to  type  of  answers  given  for  problems  <;  and  c  (where  price  is  the  referent  for  the  larger  number)  and 
for  problems  b  and  d (where  price  is  the  referent  for  the  smaller  number). 
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Tabic  2:  Frequency  of  each  type  of  procedure  for  school  subjects  in  each  type  of  problem 


Grade 

Problem 

Explicit 

Operation  performed  to  solve  problems 

Non- 
identifi- 
ed & 
others 

use  of 

Multiplication  of 

Additions  of 

commu- 
tativity 

larger  x 
smaller 

smaller 
x  larger 

larger 
number 

smaller 
number 

1st 

Larger  number  denotes 
price  {o  and  c) 
Smaller  number  denotes 
price  (b  and  d) 

1 

0  0 
0  0 

20  0 
0  24 

28 
23 

2nd 

l-arger  number  denotes 
price  (a  and  c) 
Smaller  number  denotes 
price  (b  and  d) 

7 

II  11 

9  7 

20  4 
5  IS 

2 
5 

3rd 

Larger  number  denotes 
price  (a  and  c) 
Smaller  number  denotes 
price  (b  and  d) 

16 

19  20 
6  20 

7  0 
2  2 

2 
2 

Table  3:  Frequency  of  each  type  of  procedure  for  street  vendors  in  each  type  of  prob 

lem 

Grade 

Problem 

Explicit 
use  of 

commu- 
tativity 

Operation  performed  to  solve  problems 

Non- 
identifi- 

~A  Br 

cu  ot 
.  others 

Multiplication  of 

Additions  of 

larger  x 
smaller 

smaller 
x  larger 

larger 
number 

smaller 
number 

1st* 
2nd 

Larger  number  denotes 
price  (a  and  c) 
Smaller  number  denotes 
price  (b  and  d) 

0 

0  1 
0  0 

30  1 
1  32 

12 
11 

3rd& 
4th 

Larger  number  denotes 
price  (a  and  c) 
Smaller  number  denotes 
price  (6  and  d) 

6 

3  8 
5  2 

24  1 
2  17 

8 
12 

Explicit  reference  to  commutativity.  or  use  of  the  results  for  one  problem  as  the  answer  for  the  following 
problem  on  the  basis  of  the  commutative  law  occi'-cd  for  nine  school  children  and  three  street  sellers  in 
problem'*,  and  for  1 5  school  children  and  three  street  sellers  in  problem  d.  For  children  who  did  not  explicitly 
'  refer  to  commutativity.  understanding  of  this  property  was  inferred  through  use.  for  each  pair  of  problems  (a/b 
and  c/d).  of  cither  number  as  multiplicand,  when  multiplication  was  used,  or  as  addend,  when  addition  was  the 
operation  chosen  by  the  subject. 

Three  interesting  clear  developmental  trends  appear  in  the  results  for  school  children.  Firstly  number  of 
errors  "don't  know"  answers,  or  unidentified  strategics  decreases  and  nearly  disappears  for  all  problems  when 
children  reach  third  grade.  Second,  successive  addition,  which  is  the  exclusive  computational  procedure  used 
by  first  graders  gives  place  to  multiplication  procedures  among  the  older  children.  Finally,  while  children  who 
use  successive  addition  to  solve  the  problems  clearly  prefer  to  take  as  addend  the  number  denoting  the  amount 
of  cruzeiros  those  using  multiplication  use  either  number  in  the  problem  as  multiplicand,  denoting  an  implicit 
understanding  of  commutativity  in  multiplication.  Data  for  street  sellers  also  show  a  developmental  trend, 
switching  from  the  exclusive  use  of  succlssivc  additions  to  the  use  of  multiplication  to  solve  the  problems 
This  trend  however  occurs  at  a  later  age  and  is  less  accentuated,  with  a  majority  of  older  street  sellers  still 
exclusively  using  repeated  additions.    The  general  tendency  concerning  an  implicit  understanding  ot 
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commutativity  when  multiplication  is  used  is  also  observed  while,  when  successive  addition  was  performed 
spellers,  as  was  the  case  for  school  children,  only  aecepted  to  use  as  an  addend  the  number  denoting  the 
quantity  of 'cruzeiros'  stated  in  the  problem. 

The  association  between  type  of  arithmetical  operation  used  to  solve  the  problems  and  presence  or  absence  of 
understanding  of  the  commutativity  law.  either  explicit  or  implicit,  can  be  better  appreciated  by  rela  ing .the 
strategies  used  for  each  pair  of  problems.  When  multiplication  was  used  to  solve  problems  a  or  c,  in  59  A  of 
the  c£es  for  schooled  rubjects  and  in  67  %  of  the  cases  for  street  sellers,  the  answer  to  problem  b  or  was 
achieved  though  explicit  or  implicit  use  of  the  commutative  law.  The  same  occurred  in  only  25/.  and  7  /.  of 
the  cases,  respectively,  when  addition  was  the  operation  used  to  solve  the  problems. 

Discussion 

The  above  results  suggest  that  when  children  learn  about  multiplication  in  schools  they  also  learn  about  the 
commutative  law.   Street  seller's  experience  on  solving  problems  about  Pr«=eS  of  vanous ,  items  through 
repeated  additions  does  not  seem  to  be  enough  to  promote  the  emergence  of  understanding  of  the  commute!  ve 
law  It  is  possible,  however,  that  street  vendors  did  not  demonstrate  an  understanding  of  commutatjvity  m  the 
solution  of  the  problems  they  were  given  in  this  study,  choosing  to  perform  successive  additions  in  the :  least 
economical  way.  because  the  difference  between  the  two  numbers  in  the  Problem  was  not  large  enough  to 
really  matter.  Therefore,  the  choice  of  the  largest  number  as  the  successive  addend  did  not  represent a  g  eat 
economy  in  the  steps  towards  solution.  With  larger  differences,  such  as  that  between  the  numbers  in  the  study 
bv  Petitto  &  Ginsburg  (1982),  different  results  may  appear.   Another  aspect  that  remains  to  be  analyzed 
Icem  school  children  use  of  the  commutative  law:  Oo  these  children  use  of  commutativity  as  the  result  of 
understanding  a  logical  rule,  or  is  it  just  an  cmp-.ical  finding  for  specfic  number  pairs  they  have  been 
p  act  c  ng  well  a,  school?    Memorization  of  Multiplication  tables  provide  them  with  a  «  ^ 
opportunities  to  match  the  results  of  the  multiplication  of  the  same  pair  of  numbers  ,n  different  orders_  .tt  this 
hZ  case,  even  school  children  who  use  multiplication  to  solve  the  problems  may  refuse  to  profit from the 
commutative  law  when  they  have  to  solve  problems  involving  pa.rs  of  larger  numbers,  for  which  they  hate 
not  memorized  the  results  of  multiplication.  In  order  to  better  analyze  these  issues,  a  second  study,  where 
numbers  in  the  problems  differ  by  a  larger  margin  was  designed  and  run  with  similar  groups  of  school  ch.ldren 
and  street  sellers. 

STUDY  2 

A  total  of  72  first-  to  third-grade  children,  aged  from  6  to  9.  and  43  street  vendors,  aged  9  tc ,13, with  irregular 
school  attendance,  who  had  received  none  or  very  little  school  instruction  on  multiplication  participated  in 
study  2. 

As  in  study  I.  each  subject  was  asked  to  solve,  talking  aloud,  four  verbal  problems  where,  given  the  price  of 
one  chocolate,  in  terms  of  number  of  'cruzeiros',  they  have  to  compute  the  price  of  a  certain  amount  of 
chocolates.  Each  one  of  the  problems  now  included  one  large  number,  as  follows: 

(c)  A  boy  wants  to  buy  chocolates.  Each  chocolate  costs  50  cruzeiros.  He  wants  to  buy  3.  How  much 

money  docs  he  need  to  buy  3  chocolates? 
(0  Another  boy  wants  to  buy  a  type  of  chocolate  that  costs  3  cru/.c.ros  each.  He  wants  to  bu>  50 
chocolates.  How  much  money  does  he  need  to  buy  50  chocolates? 

(g)  Still  another  boy  wanted  to  buy  4  chocolates.  The  chocolates  he  wanted  costs  60  cruzeiros  each. 

1  low  much  he  will  have  to  pay?  .  ,   ,.,s.t  u,„„  t„ 

(h)  And  another  boy  wanted  60  chocolates.  Each  chocolate  costs  4  cruzeiros.  How  much  he  will  have  to 

pay? 

Problems  were  given  in  the  above  fixed  order  and  subjects  were  asked  to  explain  their  procedures.  As  in  study 
1 ,  before  solving  problems /and  h,  they  were  asked  to  try  to  answer  these  without  doing  any  computat.on. 
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Results 


Percentage  of  correct  responses  for  each  problem,  in  eacfi  group  is  shown  in  table  4.  For  problem  <?  the  results 
closely  follow  the  pattern  obtained  for  problem  a  in  study  I .  The  other  problems  however,  were  more  difficult 
than  the  corresponding  problems  used  before,  especially  for  the  younger  children. 


Table  4:  Percentage  of  correct  answers  in  Study  2 


Group 

Problem 

Problem 

Problem 

Problem 

e 

/ 

K 

h 

School  subjects: 

First  graders  (N=24) 

.58 

0 

.08 

0 

Second  graders  (N=24) 

.92 

.46 

.33 

.17 

Third  graders  (N=24) 

.96 

.79 

.63 

.58 

Street  vendors: 

First  and  second  graders  (N=23) 

.96 

0 

.52 

.04 

Third  and  fourth  graders  (N=20) 

.85 

.60 

.65 

.50 

Tables  5  and  6  show  the  procedures  used  by  school  children  and  by  street  sellers,  respectively. 

Table  5:  Frequency  of  each  type  of  procedure  for  school  subjects  in  each  type  of  problem 


Grade 

Problem 

Explicit 
use  of 
commu- 
tativity 

Operation  performed  to  solve  problems 

Non- 
idcnl  hi- 
ed* 
others 

Multiplication  of 

Additions  of 

larger  x  smaller 
smaller     x  larger 

larger  smaller 
number  number 

1st 

Larger  number  denotes 
price  (e  and  g) 
Smaller  number  denotes 
price  (f  and  h) 

0 

0  0 
0  1 

30  0 
1  15 

18 
31 

2nd 

Larger  number  denotes 
price  (e  and  g) 
Smaller  number  denotes 
price  (/and  h) 

4 

6  9 
II  7 

28  0 
4  7 

5 

15 

3rd 

Larger  number  denotes 
price  (e  and  g) 
Smaller  number  denotes 
price  (f  and  h) 

7 

20  21 
15  23 

6  0 
0  1 

1 

2 

Table  6:  Frequency  of  eaeh  type  of  procedure  for  street  sellers  in  each  type  of  problem 


Grade 

Problem 

Explicit 
use  of 
commu- 
tativity 

Operation  performed  to  solve  problems 

Non- 
identifi- 
ed & 
others 

Multiplication  of 

Additions  of 

larger  x 
smaller 

smaller 
x  larger 

larger 
number 

smaller 
number 

1st* 
2nd 

Larger  number  denotes 
price  (e  and  g) 
Smaller  number  denotes 
price  (f  and  h) 

0 

0  1 

1  2 

32  0 
3  4 

13 
36 

3rd* 
4th 

Larger  number  denotes 
price  (<r  and  g) 
Smaller  number  denotes 
price  (/and  h) 

3 

7  7 
II  8 

18  3 
4  5 

6 
9 
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Explicit  reference  to  the  commutative  law  was  even  rarer  in  this  second  study  than  in  the  first:  three  school 
children  and  two  street  sellers  explicitly  referred  to  the  commutative  law  or  used  the  result  obtained  for  the 
previous  problem  as  the  result  for  problem /and  eight  school  children  and  one  street  seller  did  the  same  when 
solving  problem  h. 

As  before,  the  number  of  errors,  "don't  know"  answers,  or  unidentified  strategies  decreases  with  age  among 
schooled  subjects  and  nearly  disappears  for  all  problems  when  they  reach  third  grade.  Successive  addition 
was,  with  one  exception,  the  only  computational  procedure  used  by  first  graders.  As  before,  successi\e 
additions  gives  place  to  multiplication  among  the  older  children.  Again,  children  who  use  successive  addition 
to  solve  the  problems  prefer  to  take  as  addend  the  number  denoting  the  amount  of  cruzeiros  while  those 
solving  the  problems  through  multiplication  use  cither  number  as  multiplicand. 

Data  for  street  sellers  also  show  a  developmental  trend,  switching  from  the  nearly  exclusive  use  of  successive 
additions  to  use  of  multiplication.  A  large  proportion  of  older  street  sellers,  however,  still  prefer  to  use 
repeated  additions.  When  the  larger  number  denoted  the  amount  of  cruzeiros  the  preferred  strategy  among 
street  sellers  was  the  repeated  addition  of  this  amount.  When  the  amount  of  cruzeiros  was  represented  by  the 
smaller  number,  a  sharp  increase  in  non-identified  strategies  occurred  among  younger  street  sellers  in  this 
second  study.  Only  a  few  subjects  tried  to  reach  a  result  via  successive  additions  of  the  smaller  number  (in  all 
cases,  giving  up  after  a  few  steps).  Most  subjects  seemed  completely  lost  when  faced  with  such  problems  and 
tried,  instead,  to  reach  solutions  through  non-sense  computations. 

The  association  between  arithmetical  operation  used  to  solve  a  problem  and  explicit  or  implicit  use  of  the 
commutativity  law  can  also  be  seen  in  the  following  data:  For  schooled  subjects,  when  multiplication  was 
used  for  solving  the  first  problem  in  a  pair  (e  or  g).  explicit  or  implicit  use  of  the  commutative  law  was  present 
in  71%  of  the  solutions  to  the  second  problem  if  or  h).  This  percentage  dropped  to  1 7%  when  addition  was  the 
operation  used  to  solve  the  problems.  For  street  sellers  the  corresponding  percentages  were  60%  and  26  %. 

Discussion 

In  this  second  study,  for  both  samples,  there  was  a  slight  increase  in  the  number  of  responses  denoting,  cither 
implicitly  or  explicitly,  an  understanding  of  the  commutative  law.  However,  in  the  case  of  street  sellers, 
problems/and  h  pose  real  difficulty  for  the  children  who  only  use  repeated  additions.  Instead  of  using  the 
commutative  law,  these  children  seemed  to  be  at  a  complete  loss  when  faced  with  problems  where,  according 
to  their  usual  strategy,  they  should  add  the  amount  of  cruzeiros  stated  in  the  problem  for  an  unusual  large 
number  of  times.  A  similar  phenomenon  has  been  documented  before  by  Schlicmann  &  Carrahcr  (1992)  in 
their  analysis  of  street  scllcs  strategics  for  solving  proportionality  problems  with  unusual  quantities.  School 
children  use  the  commutat'.vc  law  to  solve  the  problems,  even  when  the  numbers  they  deal  with  arc  not  part  of 
the  multiplication  table  i  they  so  often  rehearse  at  school.  It  seems  therefore  that,  when  they  use 
commutativity  they  arc  i.u  just  repeating  memorized  facts  but  they  arc  demonstrating  a  real  understanding  ol 
a  mathematical  property. 

CONCLUSIONS 

Do  failure  to  use  commutativity  for  solving  problems  about  price  of  items  indicates  a  general  lack  of 
understanding  of  the  commutative  law  or  can  children  who  refuse  to  use  commutativity  in  this  context  apply  it 
to  other  contexts?  Vergnaud  (1988)  suggests  that  failure  to  accept  commutativity  would  not  apply  for  product 
of  measures  problems  and  Nuncs  &  Bryant  (1992)  show  for  schooled  subjects  that  product  of  measures 
problems  are  more  easily  seen  as  commutative  than  are  isomorphism  of  measures  problems.  Whether  or  not 
this  would  also  hold  for  street  sellers  or  school  children  who  have  not  yet  learned  about  multiplication  and 
work  with  repeated  additions  remains  a  question  to  be  answered  by  further  research. 

As  suggested  by  the  data  described  above,  understanding  of  the  commutative  law  for  solving  isomorphism  of 
measures  problems  seems  to  be  closely  related  to  school  instruction  on  multiplication  while  use  of  repeated 
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additions  to  solve  multiplication  problems  tends  to  postpone  this  understanding.  The  everyday  practice  as 
street  seller  where  numbers  most  often  are  used  to  refer  to  physical  quantities  has  the  advantage  of  preserving 
the  meaning  of  the  operations  performed  throughout  the  seruts  of  computational  steps  until  a  final  answer  is 
reached.  This,  as  stressed  by  Nunes,  Schliemann  &  Carrahcr  (1993),  is  one  of  the  strengths  of  mathematical 
procedures  used  to  solve  real  life  problems.  And  in  the  street  sc!lers  practice  a  clear  reference  to  physical 
quantities  really  matters  in  order  to  ensure  correct  computations  of  prices  to  be  paid.  However,  if  we  want 
children  to  further  advance  in  exploring  the  properties  of  the  number  system  and  operations,  explicit 
instruction  and  carefully  designed  situations  seems  to  be  necessary  if  schools  want  to  play  their  role  in 
widening  children's  understanding  of  mathematics. 
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A  TASK-BASED  INTERVIEW  ASSESSMENT  OF  PROBLEM  SOLVING, 
MATHEMATICAL  REASONING,  COMMUNICATION,  AND  CONNECTIONS 

Thomas  L.  Schroeder,  State  University  of  New  York  at  Buffalo,  USA 

The  original  purpose  of  this  study  was  to  provide  a  qualitative  assessment  of  students' 
problem  solving  focusing  on  the  nature  of  their  thinking,  their  problem-solving 
strategies  and  heuristics,  tlte  mathematical  approaches  they  selected,  and  the  ways  tltey 
monitored  their  progress.  However,  the  interview  task  discussed  here  also  has 
potential  for  the  assessment  of  students'  communication,  reasoning,  and  connections, 
themes  from  the  NCTM  Standards.  Data  include  interviewers' field  notes  and 
students'  written  responses  to  a  non-routine  problem  presented  orally  in  15  interviews 
with  Grade  10  students .  Die  problem  can  be  and  was  solved  using  several  different 
strategies.  The  students '  selection  and  use  of  strategies  is  related  to  the  notion  of 
mathematical  connections;  their  successes  and  difficulties  explaining  why  the  solution 
they  had found  is  unique  is  related  to  mathematical  communication  and  reasoning. 

In  the  NCTM  Curriculum  Standards  (1989)  four  themes,  mathematics  as  problem  solving, 
mathematics  as  communication,  mathematics  as  reasoning,  and  mathematical  connections,  are 
highlighted,  appearing  as  the  first  four  standards  in  each  grade  level  section  of  the  document.  The 
work  presented  and  discussed  here  is  part  of  a  small-scale  qualitative  evaluation  of  students' 
mathematical  problem  solving  (Schroeder,  1992).  However,  mathematical  communication, 
mathematical  reasoning,  and  mathematical  connections  were  quite  prominent  in  the  students' 
performances,  and  they  are  the  focus  of  the  analysis  in  this  paper.  The  two  main  goals  of  the  study 
were  (1)  to  develop  a  series  of  non-routine  problems  that  would  be  challenging  yet  accessible,  that 
would  demand  planning  and  reflection,  that  would  permit  a  number  of  different  methods  of  solution, 
and  that  would  embody  a  variety  of  familiar  mathematical  processes  and  operations,  but  not  in 
obvious,  routine  ways;  and  (2)  to  use  those  problems  in  interviews  with  individuals  and  pairs  of 
students  to  describe  and  assess  the  mathematical  processes  and  operations  they  apply  and  the  problem 
solving  plans  and  strategies  they  adopt. 
Interview  Task 

One  of  the  study's  seven  problems  developed  for  Grade  10  students  was  the  following:  "Can 
you  find  two  whole  numbers  a  and  b  whose  product  is  one  million  and  neither  a  nor  b  includes  a  zero 
in  its  representation?"  To  students  who  found  the  required  pair  of  numbers,  a  follow-up  task  was 
posed:  "Are  there  any  other  such  pairs?  Why  or  why  not?"  Although  it  docs  not  say  so  in  the 
statement  of  the  problem,  this  problem  is  essentially  about  factorization  and  about  the  roles  of  prime 
numbers  in  a  factorization.  A  fact  that  can  be  applied  to  advantage  in  this  problem  is  the  fact  that  every 
number  that  is  a  multiple  of  10  ends  with  a  zero,  as  well  as  the  converse  of  this  principle,  that  every 
whole  number  that  ends  with  a  zero  is  a  multiple  of  10.  For  students  in  Grade  10,  these  mathematical 
ideas  should  be  quite  familiar,  even  though  the  problem  as  stated  is  an  unfamiliar,  non-routine  one. 
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In  preparing  to  use  this  problem  in  interviews  with  students,  consideration  was  given  to  the 
variety  of  ways  in  which  students  might  approach  and  solve  the  problem.  Indeed,  an  important  reason 
for  selecting  the  problem  was  that  it  could  be  solved  in  a  number  of  different  ways.  One  way  of 
beginning  to  work  on  this  problem  is  with  a  trial  divisors  approach.  To  find  two  whole  numbers 
whose  product  is  1  000000,  one  might  try  dividing  1  000  000  by  various  numbers  hoping  that  the 
divisor  and  the  quotient  would  both  be  whole  numbers  not  containing  a  zero.  The  table  below  shows 
some  possibilities.  Notice  that  even  though  the  guesses  have  been  made  systematically  with  the 
factors  of  1  000  000  in  order  of  increasing  size,  it  does  not  look  as  if  a  solution  is  on  the  horizon. 


Divisor 

2 

4 

5 

8 

10 

20 

25 

Quotient 

500  000 

250  000 

200  000 

125  000 

100000 

50000 

40000 

Zeros? 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Another  systematic  way  of  looking  for  the  two  whole  numbers  is  with  prime  factorization.  If 
instead  of  taking  each  factor  in  order,  the  problem  solver  takes  out  prime  factors,  each  prime  being 
divided  out  as  many  times  as  possible  before  moving  on  to  the  next,  prime,  a  solution  is  reached  in  just 
six  steps.  The  figure  below  shows  two  ways  of  presenting  prime  factorization,  one  using  repeated 
division,  the  other  a  factor  tree.  In  both  cases,  twos  have  been  divided  out  as  many  times  as  possible, 
but  the  on  the  right  hand  side  1 5  625  remains  to  be  decomposed.  Both  show  that  six  factors  of  two 
can  be  divided  out,  giving  64  x  15  625  as  the  two  required  numbers. 


2UO0O00O 
2^  500000 
2^  250000 
2^  125000 
2  )  62500 
2^31250 
5  >  15625 
511125 
5X625 
5L125 
5125 
5 


1  000  000 

/  \ 

2  500  000 

/  \ 

2  250  000 

/  \ 

2  125  000 

/  \ 

2  62  500 

/  \ 
2  31  250 

2x2x2x2x2x2  =  64  /  \ 

64x15  625  =  1000  000  2  15625 


Another  variation  on  the  prime  factorization  theme  would  be  to  factor  1  000000  into  tens, 
and  then  try  to  rearrange  and  collect  factors  to  make  two  factors  each  containing  no  zeros  This  might 


o 
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look  like  the  work  shown  below.  The  numbcis  within  brackets  in  the  top  line  all  end  in  zero,  and  any 
product  formed  with  them  will  also  end  in  at  least  one  zero.  This  means  that  twos  and  fives  cannot  be 
in  the  same  factor,  so  the  twos  have  to  be  put  into  one  factor  and  the  fives  into  the  other.  as  the  bottom 
line  shows.  This  reasoning  also  answers  the  second  question  of  the  problem  by  showing  that  any 
rearrangement  of  the  prime  factors  that  puts  both  a  two  and  a  five  into  the  same  factor  will  not  work, 
since  that  factor  will  end  with  a  zero. 


1  000  000  =  (2  x  5)  x  (2  x  5)  x  (2  x  5)  x  (2  x  5)  x  (2  x  5)  x  (2  x  5) 


1  000 000  =  (6 4)  x  (15  625) 


A  different  approach  to  the  problem,  and  one  that  seems  appropriate  in  view  of  the  very  large 
number  involved,  is  to  solve  a  simpler  problem.  To  avoid  the  difficult;es  of  working  with  a  number 
composed  of  so  many  zeros,  the  student  may  take  a  simpler  case,  say  100,  and  try  to  see  if  there  are 
two  numbers  neither  containing  a  zero  that  have  a  product  of  100.  It  is  not  too  difficult  to  find  the  two 
numbers  in  this  case,  4  and  25.  To  see  how  this  solution  might  help  in  finding  the  solution  to  the 
original  problem,  the  problem  solver  can  solve  a  series  of  simpler  cases,  such  as  the  ones  given  in  the 
table  below,  and  try  to  detect  a  pattern  in  the  solutions. 


Product 

10 

L  100 

1000 

10000 

Factors 
containing  no 
zeros 

2x5 

4x25 

8  x  125 

16  x  625 

In  each  case,  one  of  the  two  numbers  is  a  power  of  two  (which  is  fairly  obvious),  and  the 
other  is  a  power  of  5  (which  is  somewhat  less  obvious).  Extending  the  pattern  suggests  that  the  way 
to  get  one  million  as  the  product  of  two  whole  numbers  containing  no  zeros  is  to  use  26  x  56,  or 
64  x  15  625. 

Earlier,  when  we  discussed  factoring  1  000  000  into  powers  of  10  and  rearranging  the  twos 
and  fives  in  those  factors,  we  showed  why  the  solution  64  x  15  625  is  the  only  one  possible.  That 
reasoning,  using  the  fact  that  having  both  a  two  and  a  five  in  either  one  of  the  factors  would  cause  that 
factor  to  end  in  at  least  one  zero,  gives  a  reason  why  this  can  be  the  only  answer.  Of  course,  some 
students  may  want  to  or  attempt  to  use  brute  force  to  show  that  all  other  pairs  of  numbers  whose 
product  is  one  million  have  a  zero  somewhere  in  their  representation.  Unfortunately,  there  are  49 
different  factors  of  one  million  (25  pairs  having  a  product  of  one  million)  and  13  of  the  49  individual 
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factors  do  not  contain  a  zero.  Howcver,  only  in  the  case  of  64  x  15  625  do  both  factors  contain  no 
zero.  These  facts  suggest  that  a  student  will  not  be  able  to  be  sure  that  all  possibilities  have  been 
accounted  for,  unless  the  logic  involving  prime  factorization  and  rearrangement  of  the  prime  factors  is 
used. 

Procedures 

Sixteen  volunteers  (8  females  and  8  males)  took  part  in  interviews  based  on  this  problem;  14  were 
interviewed  individually,  the  other  two  (both  males)  were  interviewed  together.  The  students  were 
provided  with  calculators  (scientific  or  5-function)  to  use  if  they  wished.  In  the  introduction  to  the 
interviews  students  were  informed  that  the  activity  was  not  a  test  and  that  their  performance  would  not 
affect  their  standing  in  their  school  mathematics  course.  They  were  told  that  the  interviewer  vas  more 
interested  in  how  they  went  about  solving  the  piolilcm  than  in  whether  they  got  the  correct  answer, 
and  that  they  could  ask  questions  of  the  interviewer  at  any  time.  Students  were  urged  to  think  aloud  as 
they  solved  the  problem  so  that  the  interviewer  could  understand  how  they  worked  on  the  problem, 
and  they  were  told  that  the  interviewer  might  ask  them  questions  for  clarification  or  give  them  hints  or 
help  if  they  wished. 

As  the  students  worked  on  the  problem,  the  interviewer  observed  them  closely  and  made  field 
notes.  At  the  conclusion  of  each  interview  the  interviewer  completed  a  record  sheet  designed  to  be  a 
convenient  and  standardized  way  of  summarizing  and  reporting  students'  work  on  the  problem.  The 
sections  of  the  record  sheet  headed  "Understanding,"  "Strategy  Selection,"  and  "Monitoring"  reflect 
Polya's  (1945)  description  of  the  phases  of  problem  solving  and  the  importance  of  mctacognitive 
activity  in  problem  solving;  they  list  a  number  of  anticipated  features  of  students'  work  which  can  be 
checked  off  as  appropriate,  and  they  provide  spaces  in  which  to  describe  students'  work.  In  the  final 
section  headed  "Overview"  the  interviewer  is  to  indicate  whether  student(s)  solved  the  problem 
essentially  on  their  own,  or  solved  the  problem  with  needed  help  from  the  interviewer,  or  did  not 
solve  the  problem  even  with  help  from  the  interviewer.  The  amounts  of  time  spent  reaching  a  solution 
to  each  part  of  the  problem,  finding  different  methods  of  solving  the  problem,  extending  it  or  looking 
back,  and  are  also  to  be  noted. 
Results 

In  the  discussion  which  follows,  the  unit  of  analysis  is  the  interview,  of  which  there  were  IS. 
Because  of  the  small  numbers,  results  are  not  reported  separately  for  males  and  females  nor  for 
students  interviewed  individually  or  in  pairs.  The  overall  results  showed  that  in  five  interviews  (33%) 
the  students  solved  the  problem  on  their  own,  and  that  in  nine  interviews  (60%)  the  students  solved 
the  problem  with  help  from  the  interviewer;  in  only  one  interview  did  the  student  fail  to  solve  the 
problem,  because  of  lack  of  time  to  complete  the  interview.  The  total  length  of  time  spent  in  each 
completed  interview  varied  from  8  to  40  minutes  with  a  median  of  23  and  a  mean  of  24,  and  the  time 
taken  to  reach  a  solution  for  the  first  part  of  the  problem  ranged  from  8  to  34  minutes  with  a  median  of 
17  and  a  mean  of  19.  Interviews  in  which  the  students  solved  the  problem  on  their  own  averaged 
about  the  same  in  overall  length  as  interviews  in  which  students  solved  the  problem  with  help,  but  the 
students  who  solved  the  problem  on  their  own  tended  to  spend  less  time  reaching  a  solution  than 
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those  who  received  help.  The  additional  ti™.e  spent  by  the  students  who  solved  the  first  part  of  the 
problem  on  their  own  was  spent  mainly  on  the  second  part  of  the  problem  and  on  discussing  other 
methods  of  solving  the  first  part.  The  median  time  spent  finding  a  solution  to  the  first  part  of  the 
problem  for  students  who  solved  it  on  their  own  was  16  minutes,  as  opposed  to  21  minutes  for 
students  who  received  help;  the  means  were  14  minutes  and  21  minutes  respectively.  All  these  time 
measures  include  about  three  minutes  spent  exchanging  introductions,  recording  facts  such  as  names 
and  birthdates,  summarizing  interview  procedures,  and  obtaining  students'  consent  to  participate. 
Although  these  gross  measures  give  a  sense  of  the  extent  of  the  interviews  and  an  idea  of  how  well 
the  students  performed,  they  were  not  the  focus  of  the  analysis;  qualities  of  the  students'  work  were 
the  main  concerns. 

In  most  of  the  interviews  the  students  seemed  to  comprehend  the  problem  readily,  but  in  four 
cases  (27%)  the  students  initially  confused  the  term  "product"  with  "sum."  In  one  of  these  cases  the 
student  almost  immediately  caught  his  error;  having  written  a  +  b  =  1  000  000,  he  quickly  said  "No, 
product ..."  and  changed  it  to  a  x  b  =  1  000  000.  In  the  other  three  cases  the  students  also  wrote 
a  +  b  =  1  000  000,  and  the  interviewer  intervened  only  after  allowing  them  to  work  for  some  time 
with  that  equation  (up  to  three  minutes).  The  questions  "What  is  the  problem  asking  you  to  findT'  and 
"Why  are  you  adding?"  were  sufficient  to  cause  the  students  to  recognize  that  multiplication  is 


In  the  majority  of  the  interviews  the  students'  initial  approach  to  the  problem  involved  some 
sort  of  trial  and  error  behavior.  Most  often  a  calculator  was  used,  and  in  only  a  few  cases  were  some 
of  the  guesses  recorded  on  paper.  In  some  instances  students  guessed  both  factors  and  tested  to  see 
whether  their  product  was  the  desired  number,  one  million.  In  other  cases  the  students  guessed  only 
one  factor  and  divided  one  million  by  that  number  to  see  whether  the  other  factor  was  also  a  whole 
number  containing  no  zeros.  In  most  cases  the  students  realized  that  guessing  was  unlikely  to  lead 
them  to  a  solution,  and  they  abandoned  it  after  a  short  while,  but  a  handful  of  students  persisted  with 
guessing  for  several  minutes,  up  to  8  minutes  in  the  longest  case.  Not  all  of  the  guessing  was  "wild 
guessing."  One  student  made  a  9  x  9  table  showing  the  last  digit  (i.e.  the  ones'  digit)  of  the  product 
for  all  the  possible  choices  of  last  digit  for  the  factors  (excluding  0).  Noticing  in  the  table  that  numbers 
ending  in  5  multiplied  by  numbers  ending  in  8  yield  products  ending  in  0,  the  student  guessed 
numbers  such  as  898  x  565  and  found  their  products  using  a  calculator.  This  student  recorded  only  a 
few  of  his  guesses  on  paper;  none  of  them  involved  factors  ending  in  2, 4,  or  6,  which  also  give 
products  ending  in  0.  Another  student  tried  to  use  other  patterns  she  had  recalled  from  prior 
experiences  playing  with  numbers.  Her  guesses  (e.g.,  99  998  x  89, 99  999  x  89,  etc.)  are  reminiscent 
of  other  interesting  patterns  containing  products  with  repeated  digits  such  as  12  345  679  x  9  =  1 1 1 
U111I.  Other  students  were  noticed  making  guesses  using  multi-digit  numbers  containing  repeated 
fives  (e.g.,  1  000  000  +  555,  etc.). 

In  the  five  interviews  (33%)  where  the  students  solved  the  first  part  of  the  problem  without 
help  from  the  interviewer,  the  students  used  either  factorization  to  primes  or  solving  a  simpler 
problem.  All  three  students  who  used  factorization  to  primes  carried  out  repeated  division  by  twos 
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then  by  fives  in  a  format  similar  to  the  one  shown  at  the  left  in  the  earlier  diagram,  and  all  three 
completed  the  factorization  as  shown  on  the  left,  rather  than  stopping  when  the  quotient  no  longer 
contained  a  zero,  as  shown  on  the  right.  In  two  of  these  three  interviews  the  students  reviewed  their 
work  and  noticed  that  1 S  625  was  the  first  quotient  that  did  not  contain  a  zero.  Taking  the  product  of 
the  divisors  used  up  to  that  point  led  them  quite  easily  to  the  other  factor,  64,  which  also  did  not 
contain  a  zero.  In  the  third  interview,  which  incidentally  involved  the  pair  of  students  working 
together,  the  students  took  the  six  twos  and  six  fives  they  had  found  in  the  prime  factorization  and 
explored  various  ways  of  rearranging  these  12  numbers  to  form  two  factors  of  one  million.  They  used 
a  calculator,  but  they  were  not  systematic  and  made  no  written  records,  trying  many  combinations  and 
seeming  not  to  realize  that  if  they  put  a  two  and  a  five  together  in  the  same  factor  that  factor  would  end 
in  zero.  Eventually,  almost  20  minutes  into  the  interview,  they  found  the  correct  way  to  group  the  12 
prime  factors;  one  might  say  they  stumbled  upon  the  answer  which  was  there  all  the  time. 

The  other  two  students  who  solved  the  problem  on  their  own  did  so  using  the  heuristic  of 
solving  a  simpler  problem,  in  fact  a  series  of  simpler  problems.  The  problems  they  solved  were  to 
find  pairs  factors  containing  no  zeros  for  10,  for  100,  and  for  1000,  but  they  did  not  necessarily 
tackle  them  in  that  order.  However,  when  they  did  consider  their  solutions  in  order,  they  noticed  that 
one  of  the  factors  kept  on  doubling  while  the  other  was  repeatedly  multiplied  by  five.  Extending  that 
pattern  led  them  with  little  difficulty  to  64  and  15  625. 

The  students  who  solved  the  problem  with  help  from  the  interviewer  were  given  hints  in  the 
form  of  questions.  In  one  case  the  interviewer  asked,  "Would  the  idea  of  prime  numbers  be  helpful  in 
this  problem?"  Interestingly,  in  this  instance  the  student  was  not  able  to  make  use  of  the  suggestion, 
even  though  it  can  be  considered  to  be  a  very  broad  hint,  almost  a  "giveaway."  In  the  other  interviews 
the  interviewer  asked,  "Why  don't  you  try  using  [or  working  with]  some  smaller  numbers?"  This 
hint,  although  somewhat  directive,  is  much  less  specific.  It  was  given  with  the  expectation  that 
students  might  think  of  factors  of  one  million,  perhaps  even  prime  factors,  as  the  "smaller  numbers." 
Alternatively,  they  might  think  of  products  like  one  million  but  smaller  than  it,  since  one  million  was 
the  number  given  in  the  problem.  If  this  were  the  case,  the  question  might  serve  as  a  hint  to  use  the 
heuristic  of  solving  a  simpler  problem.  In  actuality,  the  students  who  were  given  the  hint  to  try 
smaller  numbers  all  interpreted  it  to  mean  that  they  should  try  to  solve  the  problem  for  numbers 
smaller  than  one  million,  and  they  all  did  so  using  10  or  100  at  first.  A  few  of  the  students  had 
relatively  little  difficulty  taking  this  hint  and  running  with  it,  but  the  majority  of  them  were  guided  or 
prompted  with  further  questions,  such  as  "Do  you  sec  any  relationships  between  the  problems  you 
have  solved?" 

Detecting  and  applying  patterns  seemed  to  be  a  source  of  difficulty  for  several  of  the  nine 
students  (60%  of  the  interviews)  who  used  the  heuristic  of  solving  a  simpler  problem  with  help  from 
the  interviewer.  In  two  interviews  the  students  had  solved  the  problem  for  10  and  for  100,  and  then 
tried  to  extend  the  pattern  on  the  basis  that  10  squared  was  100,  and  likewise  for  each  factor  of  10  and 
100.  This  led  from  2  x  5  and  4  x  25  to  16  x  625,  and  from  there  to  256  x  390625,  which  has  a 
product  greater  than  a  million  and  a  factor  containing  a  zero.  Thus,  the  strategy  of  solving  a  simpler 
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problem  did  not  lead  these  students  to  a  soiution  for  the  given  problem,  because  the  pattern  they  saw- 
in  the  two  problems  they  had  solved,  when  extended,  did  not  include  the  given  problem.  A  few  other 
students  were  tempted  to  sec  additive  patterns  in  the  scries  of  problems,  rather  than  multiplicative 
ones,  and  this,  too,  led  to  difficulties. 

The  second  part  of  the  problem  asked  whether  or  not  there  exist  any  other  pairs  of  factors 
containing  no  zeros,  and  also  for  a  reason  why  or  why  not.  None  of  the  students  seemed  interested  in 
tackling  this  part,  and  almost  half  of  them  (40%)  responded  "I  don't  know"  when  the  interviewer 
asked  these  questions  directly.  In  another  33<7r  of  the  interviews  the  students  replied  that  they  didn't 
think  there  were  any  other  solutions.  All  of  these  students  had  found  their  solution  to  the  first  part  of 
the  problem  by  solving  simpler  problems  and  looking  for  patterns  in  those  solutions,  so  they  tended 
to  look  for  additional  solutions  among  their  solutions  to  the  simpler  problems,  as  well.  Typical  of  the 
responses  of  these  students  was  the  statement  "1  can't  find  any  [others]  of  those  numbers  that  would 
make  100, ...  so  I'm  guessing  that  [because]  for  lOyou  can't  and  [for]  100 you  can't  and  you  can't 
[have  another  pair]  for  a  million."  The  pair  of  students  who  were  interviewed  together  and  who  in  the 
first  part  of  the  problem  used  prime  factorization  and  extensive  trial  and  error  to  allocate  the  prime 
factors  to  form  two  factors  of  one  million,  were  more  successful  than  any  other  students  in  explaining 
why  there  is  only  one  solution  to  the  problem.  Although  they  had  not  previously  recognized  or  used 
the  fact  that  a  two  and  a  five  cannot  be  found  in  the  same  factor  because  that  factor  would  then  end  in 
a  zero,  when  they  addressed  the  second  part  of  the  problem  they  explained  that  if  you  put  a  two  and  a 
five  together  you  would  have  10,  and  when  you  multiply  by  10  you  get  a  zero  on  the  end.  Two  other 
students  who  thought  that  there  were  no  additional  solutions  but  could  not  explain  why  there  were 
not,  asked  the  interviewer  to  tell  them  why.  In  these  interviews  the  interviewer  conducted  a  Socratic 
dialogue  leading  the  students  to  produce  the  prime  factorization  of  one  million,  pointing  out  that  the 
solution  was  essentially  (26)  x  (56).  and  asking  what  would  happen  if  one  of  the  twos  was  moved 
over  to  the  factor  containing  all  the  fives.  Although  these  students  could  not  produce  the  reasoning 
needed  for  the  second  part  of  the  problem,  they  did  not  sccrn  to  have  any  difficulty  following  the 
argument  that  they  were  contributing  to  by  their  inswcrs  to  the  interviewer's  questions.  To  see  how 
well  these  students  had  appropriated  the  reasoning  for  the  second  part,  it  would  have  been  useful  to 
ask  them  to  explain  it  orally  or  in  writing  to  another  student.  Unfortunately,  this  additional  procedure 
had  not  been  planned  in  advance,  and  there  might  not  be  enough  time  available  in  the  interviews  for  it. 
Discussion 

One  important  finding  of  this  study  is  the  amount  of  time  that  the  students  spent  working  on 
the  problem.  By  comparison  with  multiple-choice  test  items,  which  students  arc  expected  to  answer  at 
the  rate  of  about  one  (or  more)  per  minute,  or  constmctcd-rcsponse  items,  which  take  on  the  order  of 
about  five  minutes,  this  task  was  quite  time  consuming,  and  there  is  a  question  whether  the  time 
required  is  justified  by  the  information  obtained.  The  amount  of  time  that  the  students  spent  reflects 
not  only  the  fact  that  the  problem  was  a  difficult  and  unfamiliar  one  for  them:  it  is  also  a  measure  of 
their  perseverance  with  the  task  and  their  willingness  to  try  different  approaches  and  reflect  on  their 
work  and  monitor  their  progress. 
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Students  solved  the  first  part  of  this  problem  without  help  from  the  interviewer  in  only  33%  of 
the  interviews.  One  way  of  interpreting  this  result  is  to  say  that  the  problem  was  rather  difficult  for 
them,  but  an  analysis  of  the  students'  performance,  including  their  reactions  to  the  hints  and  questions 
provided  by  the  interviewers,  suggests  that  for  the  most  part  they  were  not  lacking  in  the  conceptual 
or  procedural  mathematics  background  required  by  the  problem,  for  example  understanding  of 
relationships  between  multiplication,  division,  and  factorization  and  skills  needed  to  carry  out  these 
processes;  knowledge  of  the  fact  that  multiples  of  10  end  in  zero;  etc.  The  obstacles  they  encountered 
had  to  do  with  difficulties  marshaling  these  resources  and  failing  to  monitor  their  progress.  Moreover, 
most  of  the  students  seemed  unfamiliar  with  the  problem-solving  strategy  of  solving  a  simpler 
problem,  although  when  this  was  suggested  to  them  by  a  quite  indirect  hint  they  were  able  to  identify 
and  solve  at  least  two  relevant  and  useful  simpler  problems  (i.e.  finding  pairs  of  factors  containing  no 
zeros  for  10  and  for  100).  Some  of  the  students  experienced  difficulties  detecting  and  exploiting 
patterns  in  the  simpler  problems  that  they  solved. 

The  students'  performance  on  this  problem  illustrates  once  again  the  point  that  mathematical 
connections  are  relatively  difficult  for  students.  "It  seems  safe  to  say  that  many  mathematical 
connections  arc  not  obvious  to  most  students.  Substantial  amounts  of  time  arc  required  for  students  to 
ponder  about  them.  Even  when  fairly  broad  hints  are  given,  students  may  not  catch  on  quickly" 
(Schroeder,  1993,  p.  1 1).  The  general  idea  of  mathematical  connections  is  probably  valued  by  most 
mathematics  teachers  and  researchers,  but  it  often  seems  to  be  taken  for  granted.  This  research  shows 
that  the  notion  of  mathematical  connects  should  remain  problematic  for  both  researchers  and  teachers. 

The  results  of  the  interviews  with  students  suggest  that  this  problem  is  a  very  appropriate  one 
for  students  in  Grade  10,  and  probably  also  for  younger  students  since  its  mathematics  content 
demands  are  typically  met  several  grades  earlier.  Either  as  an  assessment  tool  or  as  a  learning  activity 
this  problem  provides  rich  opportunities  for  students  to  demonstrate  and/or  develop  their  abilities  to 
reason  mathematically  and  communicate  mathematically  using  arguments  concerning  mathematical 
necessity  and  the  consequences  of  various  hypothetical  choices.  For  these  reasons,  this  problem 
should  be  considered  a  worthwhile  mathematical  task.  However,  as  I  have  argued  elsewhere, 
"Further  work  to  develop  additional  appropriate  tasks  for  assessment  and  for  instruction  [concerning 
mathematical  connections  and  reasoning]  would  [still!]  be  warranted"  (Schroeder,  1993,  p.  1 1). 
References 

National  Council  of  Teachers  of  Mathematics.  (1989).  Curriculum  and  evaluation  standards  for 
school  mathematics.  Reston,  VA:  Author. 

Polya,  G.  (1945).  How  to  solve  it.  Princeton,  NJ:  Princeton  University  Press. 

Schroeder,  T.  L.  (1992).  Qualities  of  problem-solving:  The  report  of  an  assessment  project. 
Unpublished  report.  British  Columbia  Ministry  of  Education,  Victoria,  BC. 

Schroeder,  T.  L.  (1993,  March).  Mathematical  connections:  Two  cases  from  an  evaluation  of 
students '  mathematical  problem  solving.  Paper  presented  at  the  NCTM/SIG/RME  Research 
Prcscssion,  Seattle,  WA. 


—  224  — 


GLOBAL  THINKING  "BETWEEN  AND  WITHIN"  FUNCTION 
REPRESENTATIONS  IN  A  DYNAMIC  INTERACTIVE  MEDIUM. 


Zipporeh  Resnick 

Science  Teaching  Department 

Weizmann  Institute 

Rehovot,  Israel 


BarucK  B.  Schwaiz 


Rina  Hershlcowitz 


Hebrew  University 
Jerusalem,  Israel 


School  of  Education 


Science  Teaching  Department 
Weizmann  Institute 


Rehovot,  Israel 


This  paper  describes  some  cognitive  development  of  students  exposed  to  dynamic 
interactive  media  about  functions.  After  a  few  sessions,  ninth  grade  students  worked 
in  groups  of  four  on  a  problem  (the  Fence  Problem  Situation).  One  week  later, 
individuals  were  asked  to  reflect  upon  their  problem  solving  process  by  answering 
questions  pertaining  to  the  Fence  Problem  Situation  (in  a  worksheet  format).  We 
analyze  the  actions  undertaken  by  the  groups  especially  the  conditions  under  which 
students  decided  to  turn  to  another  representation,  and  to  keep  on  working  within  a 
particular  representation.  The  answers  produced  by  the  individuals  served  to  analyze 
the  mental  representations  formed  through  the  problem  solving  sessions.  Finally  we 
attempt  to  study  links  between  those  mental  representations  and  the  particular  actions 
undertaken  during  the  problem  solving  session. 

1.  Introduction 

In  the  following  wc  describe  some  cognitive  aspects  of  the  process  of  learning  the  function 
topic  in  a  dynamic  interactive  medium.  This  work  is  part  of  a  project  whose  main  goal  is  to  develop 
and  implement  a  multi-media  based  mathematics  curriculum.  The  project  has  three  components: 
i)  the  development  of  a  set  of  activities  in  different  mathematical  topics;  ii)  research  on  learning 
processes  and  on  the  role  of  the  teacher  and  students  within  a  dynamic  media  environment; 
iii)  implementation  at  different  levels. 

At  present,  three  pilot  schools  participate  in  the  project;  the  members  of  the  research  team,  some  of 
whom  are  teachers,  negotiate  and  redefine  the  curriculum  and  implement  it  in  the  classroom. 

One  of  the  main  topics  is  functions.  Various  kinds  of  activities  are  integrated  and  embodied 
in  different  media:  work  with  graphical  calculators,  with  software  about  functions,  worksheets,  and 
verbal  interactions  (between  teacher  and  students,  and  in  small  groups).  Most  of  the  activities  are 
open-ended  problem  situations  in  which  the  student  is  encouraged  to  make  his/her  own  decision 
about  which  representation/s  to  use,  when  and  how  to  link  them  together  and  in  which  medium  (e.g. 
paper  and  pencil,  graphical  calculator,  combinations  of  both  of  them,  discussion  in  teams,  etc....). 

The  computer  tools  enable  dynamic  linkage  between  the  three  representations  (algebraic, 
graphical,  and  numerical),  and  actions  within  each  of  them  (e.g.,  drawing,  scaling,  plotting, 
numerical  and  algebraic  computing).  The  linkage  between  the  different  representation  systems  is 
asymetric,  in  the  sense  that  in  order  to  draw  a  graph,  one  must  pass  through  the  algebraic 
representation  whereas  an  algebraic  rule  cannot  be  defined  by  a  graph  (except  for  linear  functions). 
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The  general  approach  in  the  design  of  the  activities  is  to  reduce  to  a  minimum  the  formal 
introduction  of  new  topics.  Students  are  exposed  to  problem  situations,  and  encouraged  to  use  their 
own  intuition.  Most  teacher  interventions  are  aimed  to  foster  their  function  sense  through  the 
integration  of  information  from  different  media. 

In  the  following  we  describe  several  kinds  of  reasoning  around  a  problem  situation  (called 
the  Fence  Problem  described  below)  given  to  ninth  grade  girls  (n=36)  in  one  of  the  pilot  schools. 

2.  Methodology 

The  Fence  Problem  was  given  after  four  sessions  of  activities  about  functions  with  graphical 
calculators  (TI-81).  The  girls  worked  in  nine  groups  of  four,  with  the  graphical  calculators  available. 
We  observed  the  work  in  the  classroom  and  then  collected  written  group  reports  and  analyzed  them, 
taking  into  consideration  the  group's  computer  actions.  In  the  second  stage,  the  girls  worked 
individually  at  home  without  graphical  calculators  on  a  worksheet  also  based  on  the  Fence  Problem. 
Its  design  was  subsequent  to  the  analysis  of  the  group  reports  and  invited  each  individual  to  reflect 
upon  her  own  mental  model  constructed  during  the  first  stage.  We  collected  these  individual  report 
and  they  were  also  analyzed.  In  the  following  we  analyze  samples  of  cognitive  activity  from  both 
the  team  and  the  individual  reports. 

This  methodology  is  a  variant  of  the  recall  technique  used  to  evaluate  comprehension  in 
discourse  processing  (Kintsch,  1986)  and  in  arithmetical  word-problems  (e.g.,  Mayer,  1982; 
Cummins,  Kintsch,  Reusser,  &  Weimer,  1988;  Schwarz  &  Nathan,  1993).  It  is  based  on  the 
assumption  that  when  solving  a  problem  (or  reading  a  text),  the  solver  constructs  a  representation  of 
all  the  events,  objects,  or  components  of  the  problem  (or  of  the  text).  Kintsch  calls  this  mental 
construction  the  problem  model..  When  recalling  a  text  or  a  problem  long  enough  after  reading  or 
solving  it,  text  based  representations  (in  reading)  and  computations  (in  problem  solving)  are 
generally  erased  from  the  memory  and  readers  or  solvers  tend  to  recall  or  reconstruct  the  problem 
model  (see  Kintsch,  1983).  Consequently,  researchers  can  analyze  the  problem  model  by  using  a 
recall  technique,  and  infer  the  understanding  of  the  problem  (or  of  the  text). 

The  homework  we  gave  one  week  after  the  problem-solving  session  required  the  students  to  reflect 
upon  the  whole  solution  process  and  to  continue  this  process. 

The  Fence  Problem  Situation 
Oranim  School  bought  a  30  m.  long  wire  fence  with 
which  to  enclose  a  rectangular  garden  vegetable  lot. 

The  lot  is  bounded  on  one  side  by  the  school  wall,  so  V/////////////W///, 
thai  the  fence  is  required  for  three  sides  only . 

a.  Find  four  possible  dimensions  for  the  lot,  and  the  corresponding  areas. 

b.  What  are  the  dimensions  of  the  lot  with  the  biggest  area? 

c.  One  of  the  dimensions  is  Urn.  W'utt  is  the  area  of  the  lot?  Can  you  find  another  lot 

with  the  same  area?  If  yes  find  its  dimensions;  if  not,  explain. 

d.  How  many  lots  are  there  with  the  following  areas:  80n?,  150m*? 
t.  What  is  the  domain  appropriate  to  the  problem  situation? 
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3.  The  Problem-Solving  Session 

The  justifications  in  the  group  reports  included  evidence  of  actions  undertaken  within 
representations  and  about  decisions  which  led  to  linkages  between  representations,  as  illustrated  by 
the  following  three  examples. 

A.  From  past  experience  with  the  activities,  it  was  clear  to  all  groups  that: 

i)  In  order  to  find  the  dimensions  of  the  lot  with  the  biggest  area  (question  b  above),  they  needed  to 
draw  the  graph  of  the  area  function. 

ii)  In  order  to  draw  the  graph  with  their  graphical  calculators,  they  had  first  to  enter  an  algebraic 
formula. 

Many  groups  organized  their  numerical  examples  in  response  to  question  a  as  a  table  with 
three  entries:  one  side,  second  side.  area.  Then,  they  generalized  the  numerical  values  in  algebraic 
form:  X.  30-2X.  X(30-2X).  In  a  few  groups  they  explained  very  carefully  how  they 
proceeded  from  numbers  to  algebra,  step  by  step. 

Three  groups  were  "in  a  hurry"  to  find  a  formula  (the  key  for  drawing  a  graph),  and  inserted 
30- 2X  or  (30-X)/2  (the  formula  for  the  second  side)  whichever  was  the  first  to  "appear",  and  were 
surprised  by  the  result.  For  example: 

We  drew  the  graph  on  the  graphical  calculator,  using  the 
formula  30-2x,  with  a  range  of  0-15  forx,  and  a  range  of 
0-150  for  y.  It  did  not  seem  OK  because  we  had  to  find  the 
area  and  the  formula  fitted  the  second  side. 


So  we  understood  that  the  formula  was  wrong  and  we 
decided  to  replace  it  by  (30-2x)x  [there  were  two  arrows 
pointing  to  x  and  to  30-2x  and  labeled  first  side  and  second 
side]  because  this  is  the  area  formula.  We  are  looking  for 
the  "highest"  [the  girls  meant  the  highest  on  the  graph] 
area. 

We  got  graph  that  seems  to  us  a  more  correct  one. 
Note:  we  did  not  change  the  range  only  the  formula. 

The  first  graph  the  girls  got  did  not  make  sense  because  it  did  not  fit  the  model  they  had 
constructed  in  the  numerical  representation  (question  a).  So  they  went  back  to  the  algebraic 
representation,  corrected  it  and  got  what  they  called  later  "the  correct  graph". 

B.  The  area  graph  in  the  graphic  calculator  seems  to  have  a  "flat  top".  So  in  order  to  find  the 
largest  area,  girls  did  some  actions  on  the  graphical  presentation  -  they  changed  the  scales  in 
order  to  magnify  the  relevant  part  of  the  graph,  and/or  moved  between  the  representations  in  order  to 
attune  the  information  between  them.  For  example: 
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When  we  drew  the  right  graph,  we  got  a  straight  line  on  its 
top,  so  we  "reduced"  [zoom  on  the  neighborhood  of  the 
maximum]  the  graph  ( the  space  of  the  y-values)  in  order  to 
find  the  maximal  area  of  the  lot. 

We  went  up  on  the  graph,  and  we  reached  the  highest  point 
on  it.  We  read  7.49  on  the  x-axis  and  we  substituted  this 
value  for  x,  in  the  equation,  so  we  got: 
(30-2*7. 49)*7. 49  =  112.49. 

We  tried  this  also  on  the  graph  and  we  reduced  the  x-axis, 
and  then  the  y-axis,  so  we  reached  the  highest  point,  and  it 
yielded  exactly  the  same  as  with  the  formula. 

C.  In  question  d,  some  groups  gave  global  reports  lacking  accuracy,  within  the  graphical 
representation: 


In  order  to  avoid  an  impasse  (their  inability  to  solve  the  equation),  the  girls  moved  from  one 
representation  to  the  other. 

We  can  conclude  that  the  passage  from  one  representation  to  another  was  induced  by  three 
needs:  i)  to  make  sense  of  the  problem  to  be  solved  (first  example);  ii)  to  attune  the  information 
between  representations  (second  example);  iii)  to  avoid  an  impasse  within  a  particular 
representation  (third  example). 

4.  Reconstruction  of  the  problem  model  with  the  homework  activities 

In  this  second  stage  the  girls  were  given  a  worksheet  to  be  solved  individually  at  home,  and 
were  asked  to  justify  their  answers.  Their  justifications  were  based  on  their  problem  model,  which 
could  be  characterized  by  the  mental  representations  students  evoked  to  answer  the  questions  in  the 
worksheet.  We  found  some  properties  of  those  representations  by  analyzing  their  written 
justifications,  as  illustrated  by  the  discussion  of  their  responses  to  the  following  two  questions: 


As  mentioned  above  three  groups  drew  this  graph  on  their  way  to  the  right  graph.  In  this  question 
we  wanted  to  learn  more  about  "the  place"  of  this  graph  in  the  individual  problem  model. 


Because  the  graph  goes  up  and  then  down  it  is 

obvious  that  there  are  lots  with  the  same  area,     [and  they  drew 


Some  were  more  specific,  and  tried  to  tackle  this  problem  with  algebraic  tools: 


We  tried  to  solve  (30-2x)*x=80,  but  we  couldn't  do  it, 
so  we  turned  to  the  graph.  When  the  area  is  80m2, 
then  the  side  can  be  11 526  and  can  be  also  3.4736. 
There  are  two  lots  whose  area  is  80m2.    [and  they  drew 


Question  1.  Some  students  drew  the  straight  line  as 
the  area  graph.  Most  of  these  students  said  that  this 
graph  does  not  fit  the  area  .  Explain  why.  Give  as 
many  reasons  as  you  can. 
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Question  2.  Some  students  chose  x  as  the  length 
of  the  side  perpendicular  to  the  wall. The  formula 

for  the  area  is  then  (30-2x)*x  and  the  graph  looks  y)/////y//////M 
like  this: 


Other  students  chose  xfor  the  length  of  the  side 
parallel  to  the  wall.  The  formula  for  the  area  is 
then  (30-x)12*x  and  the  graph  looks  like  this: 

If  we  draw  the  two  graphs  in  the  same  coordinate 
system,  do  they  overlap?  Give  as  many  reasons  as 
possible. 
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One  of  the  justifications  given  by  girls  was  discrete  in  nature.  For  example: 

In  the  area  graph  when  x=0,  then  the  area  is  0  and 
in  the  linear  graph,  when  x=0.the  area  is  not  0. 

Such  an  approach  is  natural  and  simple.  However,  only  few  students  used  it,  and  among  those 
that  did,  more  often  than  else,  it  was  intended  as  a  check  that  an  assumption  was  correct,  rather  than 
to  construct  a  justification  on  it.  For  example,  in  response  to  the  first  question: 

From  the  graph  .the  largest  area  can  be  30m2  and 
this  we  can  show  to  be  nonsense.  For  example:  we 
found  that  when  one  side  is  7,  the  area  is  112, 
meaning  that  there  is  an  area  bigger  than  30  m2- 

In  general,  students  almost  always  relied  on  the  work  they  did  one  week  before  to  articulate  their 
answers  (a  phenomenon  which  justified  our  methodology). 

The  second  kind  of  justification  was  very  global.  It  uncovered  a  constraints  and 
affordance  aspect1.  It  was  diagnosed  on  the  graphical  representation,  because  the.  two  questions 
we  asked  were  graph-centered.  In  such  justifications,  the  graph  is  obtained  as  a  series  of  constraints 
dictated  by  the  problem  data  .  These  constraints  limit  the  general  form  of  the  graph,  delineate  (or 
attune)  through  which  points  the  graph  must  pass,  or  where  it  increases.  For  example, 
for  the  first  question: 

We  know  that  if  a  side  is  zero,  there  is  no  area 
(that  is,  it's  not  included  in  the  domain);  also  if  the 
aide  is  IS,  there  is  no  area  (it's  not  included  in  the 
domain).  So  I  know  that  between  0  and  IS,  there 
must  be  an  arc  OnlS.  Because  for  I  the  area 
increases,  and  so  on  2,  it  increases  until  it  must  go 
down  in  order  to  get  to  IS  (where  there  is  no 
area).  And  on  this  graph,  it  always  goes  down. 


'This  component  was  recognized  by  Grccno,  Engle,  Kerr,  and  Moore  (1993). 
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down  in  order  to  get  to  15  (where  there  is  no 
area).  And  on  this  graph,  it  always  goes  down. 


In  another  kind  of  justification,  the  dynamic-variational  aspect  of  functions  was  present. 
'  Here,  a  function  is  grasped  as  describing  a  continuous  phenomenon  whose  change  for  each  value  is 
considered  relatively  to  the  change  obtained  for  contiguous  values.  The  student  compares  these 
changes  using  various  tools,  such  as  rate  of  change,  or  infinitesimal  modification  of  the  pre-image  in 
the  algebraic  or  "real  world"  representation.  An  example  of  this  kind  of  explanation  for  the  first 
question  is: 

According  to  the  table,  the  formula  and  previous 
examples,  we  can  tell  that  this  is  not  the  correct 
graph  because  the  y-axis  is  used  to  represent  the 
area  and  1  already  know  that  it  is  not  reasonable 
that  a  straight  line  goes  down,  1  mean,  that  the 
differences  between  the  areas  go  down  at  a 
constant  rate. 


Another  more  sophisticated  example  is: 
The  graph  does  not  seem  to  me  very  reasonable, 
because  the  results  do  not  seem  reasonable.  The 
graph  cannot  be  a  diagonal  line  but  a  curved  one 
because  there  is  one  side  and  another  one,  and  as  a 
result  the  area  increases  and  drops;  for  example,  1 
28,  5  20-here  the  jumps  are  substantial-  145  1- 
here  the  decrease  is  very  slow. 

[Here,  the  student  notices  that  the  rate  of  change  itself  is  not  constant] 


The  following  justification  for  the  second  question  shows  the  same  dynamic- variational  aspect. 


[the  student  shows  a  table  with  the  values  of  the  first  and  the  second  side]. 

In  another  kind  of  justification  (very  common  in  the  problem  solving),  students  made  up 
their  mind  about  the  problem  by  intcgraling  information  from  different  representations.  The 
following  excerpt  shows  this  integration  aspect  for  the  answer  to  the  first  problem. 


The  graph  for  the  second  side  is  in  fact  the  same, 
the  jumps  on  thex-axis  being  of  two  . 


Yes.  The  graph  is  the  same.  The  second  side  is 
with  jumps  of  two,  whereas  the  jumps  for  the  first 
side  are  of  one.  So  the  graph  of  the  side  1  is  like 
that. 
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According  to  the  given  graph,  the  longer  the  length  of  the  side,  the 
smaller  the  area,  and  that  can't  be.  According  to  the  table,  first  the  area 
increases,  until  one  reaches  the  maximal  area,  witen  the  one  side  is  75 
and  the  other  is  15  and  this  is  half  the  total  length  of  the  fence;  from 
there,  the  second  side  decreases  as  the  first  side  increases  and  then  the 
area  begins  to  go  down  until  it  reaches  zero 

Of  course,  more  then  one  of  the  aspects  reviewed  above  is  often  present  in  a  student's  explanation. 
For  example,  in  the  second  discrete  example  there  is  also  a  constraint  and  affordance  aspect  (when 
the  student  asserts  that  there  is  an  area  greater  than  30m2)  in  addition  to  the  discrete  aspect. 
Again,  a  student  might  use  global  considerations  to  decide  that  the  two  graphs  have  the  same  general 
form  (constraint-affordance  aspect),  and  discrete  considerations  to  decide  that  the  (same)  maximum 
is  obtained  for  different  x-values.  Thus  for  example: 

No.  The  graplis  will  not  fall  one  on  the  other  because  for  each  set,  the 
position  of  the  x  is  different.  For  example,  when  we  use  the  formula 
(30-x)l2  and  we  put  15,  we  obtain  75,  but  because  the  second  formula 
is  30-2x,  the  pre-imagexis  in  a  different  place. 

Students'  justifications  reveal  different  global  aspects  of  functions  which  were  used  during  the 
problem-solving  sessions  and  made  visible  by  the  homework  reports.  These  aspects  indicate  that  the 
students  developed  rich  mental  representations  for  solving  problems  about  functions. 

5.  Conclusion:  some  considerations  about  learning  processes  with  dynamic 
interactive  media 

Dynamic  interactive  media  for  the  learning  the  function  concept  differ  from  other 
environments  in  the  new  status  they  confer  to  their  external  representations.  Graphical  and  tabular 
representations  are  traditionally  display  representations  in  which  it  is  possible  to  discover  properties 
by  solely  interpreting  them.  In  dynamic  interactive  media,  they  become  action  representations, 
similar  to  the  algebraic  representation  (Kaput,  1992).  The  fact  that  it  is  possible  to  make  links 
between  representations,  and  to  follow  up  the  parallelism  of  actions  within  representations  is  at  the 
root  of  student  learning  (Kaput,  1992;  Schwarz  &  Dreyfus,  in  press).  Our  research  indicates  that 
students  acquire  rich  and  varied  kinds  of  mental  representations  of  functions  in  a  very  short  period 
of  time. 

A  very  general  aspect  of  functions  which  students  evidenced  when  solving  the  Fence  problem 
and  during  their  homework,  is  that  information  collected  from  several  representations  signify  the 
same  entity  -  the  function.  For  this  reason  passage  to  another  representation  is  often  intended  to 
refine  (attune)  information  which  is  not  accurate  enough  or  available  in  a  particular  representation.  It 
addition  it  is  clear  to  them  that  in  this  passage  the  entity  properties  will  remain,  because  properties  of 
functions  are  invariant  across  representations.  For  example,  when  they  can't  solve  (30-2x)x  =  80 
they  turned  to  the  graphical  representation  to  look  for  the  unknown  x  value. 
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Another  aspect  students  used  in  their  work  is  that  functions  are  quickly  grasped  as  dynamic- 
variational  processes.  As  seen  in  one  of  the  examples  above,  students  considered  rate  of  change  in  a 
global  way,  in  contrast  to  the  "en  bloc"  static  view  of  graphs  or  formulae. 

Functions  were  also  perceived  as  entities  which  satisfy  global  constraints  according  to  the  problem  to 
which  they  refer.  The  student's  problem  model  of  a  problem-situation  is  partly  built  as  a  system  of 
constraints  (for  example,  the  fact  that  the  dimensions  of  the  lot  are  between  0  and  15),  and 
affordance  (for  example,  the  fact  that  the  area  function  will  first  increase  from  zero,  then  decrease, 
until  it  reaches  zero  for  y=15). 

The  analysis  of  the  problem  solving  session  gives  some  clues  about  the  origins  of  the 
formation  of  such  rich  mental  representations.  We  saw  that  moving  from  one  representation  to 
another  is  triggered  by  several  causes:  the  learner  seeks  to  make  sense  of  the  problem,  to  attune  the 
information,  and  to  circumvernt  impasses.  We  believe  that,  for  example,  "moving  to  another 
representation  to  make  sense  of  a  problem"  causes,  in  turn,  students  to  integrate  representational 
information.  Similarly,  it  seems  reasonable  that  grasping  the  dynamic-variational  aspect  of  function 
may  stem  in  part  from  the  fact  that  "searching  for  a  maximum  by  algebraic  computation  often  leads  to 
an  impasse".  The  program  of  the  current  research  is  to  better  characterize  the  links  between  the 
acquisition  of  these  mental  representations  and  the  decisions  of  the  learner  during  problem  solving. 
From  the  preliminary  results  reported  here,  it  is  clear  that  the  learner  constructs  very  rich 
representations  by  interacting  with  dynamic  media,  and  that  their  use  is  highly  flexible  in  problem- 
solving  activities. 
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MATHEMATICAL  PROOF  AS  A  NEW  DISCOURSE: 
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auide  leaning  of  writing  prooi,  as  wen  as  msiruwonw  imint/wn&u  ~v~™ 
proof,  and  problematic  aspects  ol  •scaffolding-  practice  in  the  classroom  are  discussed. 


Mathematical  proof  has  taken  important  part  in  mathematics  curriculum,  and  many  efforts  have 
been  done  on  its  teaching  and  learning.  Though  the  concepts  of  proof  underlying  those  efforts  were  often 
that  of  formal  proof,  students  need  more  experience  in  which  they  reason  in  less  formal  mathematical 
systems  as  recent  van  Hiele  theory  indicates  (van  Hiele,  1986).  Furthermore,  a  stress  on  formal  proof  may 
distort  the  dynamic  processes  of  mathematical  inquiry  (Hanna,  1 983).  Recent  studies  in  the  philosophy  and 
history  of  mathematics  have  proposed  a  sociological  approach  to  mathematics  (Bloor,  1 976:  Lakatos.  1 976; 
Tymoczko,  1985;  Wittgenstein,  1978).  They  stress  the  importance  of  informal  mathematics  in  mathematical 
inquiry  in  socially  interactive  situations. 

In  addition,  though  many  studies  on  learning  of  proof  were  conducted  in  the  past,  they  were  not 
necessarily  sensitive  to  the  actual  classroom  contexts.  Only  few  studies  (e.g..  Balacheff,  1991;  Lampert, 
1988;  Moore,  1991 ;  Schoenfekf,  1988;  Tinto,  1990)  have  been  conducted  in  the  actual  classroom.  The 
present  study  was  an  exploratory  attempt  to  understand  the  practice  of  teaching  and  learning  of  proof  in  the 
actual  classroom,  focusing  on  its  informal  and  social  nature. 

The  author  conducted  an  ethnographic  study  on  mathematical  proof  in  1989-1990  in  the  United 
States  and  reported  in  Sekiguchi  (1991 , 1992).  The  present  paper  is  based  on  a  new  study  that  took  place 
m  a  culturally  different  setting,  in  Japanese  junior  high  school  classroom,  during  1 992-1 993,  in  order  to 
further  understanding  of  the  processes  underlying  the  instruction  of  proof. 


The  study  used  an  ethnographic  approach,  ft  enabled  the  investigator  to  access  data  on  the  actual 
practice  of  proof  in  the  dassroom,  the  cM^ 

perspectives.  Because  proof  Is  first  Introduced  to  the  students  in  the  eighth  grade  (the  second  year  of  junior 
high  school)  in  Japan,  I  selected  one  eighth-grade  mathematics  class  at  a  junior  high  school  in  southwest  of 
Ibaraw  prefecture  in  Japan.  The  particlpantt  were  the  teacher  and  the  students  (36  students)  in  the  class. 
The  ctast  was  observed  throughout  the  second  half  of  the  school  year  (October  1992-March  1993). 
Interviews  of  the  participants  and  collection  of  the*  writings  were  often  conducted  to  supplement  the 
observational  data.  The  lessons  were  audk>  and  video-recorded  The  Interviews  were  usually  audk> 
recorded.  During  the  period  of  data  cottectton  those  records  were  used  to  write  field  notes,  perform  informal 
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analyses  of  the  data,  and  choose  a  focus  for  the  next  data  collection.  The  records  of  lessons  were  also 
occasionally  used  in  an  interview  to  help  an  interviewee  recall  an  incident  that  had  occurred  in  class.  After 
the  data  collection  ended,  the  records  were  partially  transcribed  and  used  for  qualitative  analysis  (LeCompte 
&  Preisste,  1993).  The  analysis  has  not  yet  been  fuly  completed.  The  present  paper  is  written  based  on 
the  prelminary  analysis  of  the  data  taken  mainly  from  introductory  lessons  on  proof. 

Results 

The  concept  of  proof  is  first  introduced  to  the  students  in  the  geometry  lessons  of  second  year 
mathematics  of  junior  high  school  in  Japan.  Though  the  students  did  certain  kinds  of  justification  and 
explanation  in  previous  mathematics  lessons,  proof  is  not  discussed  there. 
Explaining  Why? 

After  finishing  the  chapter  on  application  of  linear  functions  in  12  October  1992.  the  teacher  began 
to  deal  with  geometry.  The  class  discussed  the  basic  properties  of  vertical  angles,  parallel  lines,  angles  of 
polygons,  the  conditions  for  congruence  of  triangles  nearly  two  months.  During  that  period,  the  terms 
"proof,"  "definition,"  "theorem"  were  not  used  (the  terms  "axiom"  or  "postulate"  were  never  used  throughout 
the  year).  The  basic  properties  of  figures  were  introduced  to  the  class  after  working  on  examples.  The 
teacher  encouraged  the  students'  discovery  of  those  properties.  At  the  same  time,  he  encouraged  them  to 
"explain"  properties  of  figures  using  what  the  students  had  already  learned.  Inductive  and  empirical 
reasoning  using  ruler  and  protractor  came  to  be  discouraged  in  explaining.  He  frequently  asked  the 
students  "why?"  and  requested  to  give  "a  reason." 

For  example,  the  first  topic  was  vertical  angle.  The  teacher  drew  two  intersecting  lines  on  the  board, 
and  asked  the  students  how  many  angles  there  were  around  the  intersection  (Figure  1). 


BguteJ. 

Students  pointed  out  the  13  angles:  a,  b,  c,  d,  a+b.  b+c,  c+d.  d+a,  a+b+c,  b+c+d,  c+d+a.  d+a+b,  a+b+c+d. 
The  teacher  asked  them  which  angles  were  equal  each  other.  A  student  suggested  that  angles  a  and  c,  and 
angles  band  dare  equal  respectively.  Another  student  pointed  out  that  a+b  and  b+c  were  equal.  After 
noting  a+b  and  b+c  both  were  equal  to  180  degrees,  the  teacher  asked  the  students  to  work  on  a  problem: 

Using  L»*  Z.b=Z.b+  Z.c,  let's  explain  why  Z.a=  Lc. 
Students  found  mat  by  subtracting  t_  D  from  both  sides  they  got  Z_a=  Lc.  Trie  teacher  then  concluded 
that  "when  two  linei  intersect,  the  ungtes  lacing  each  other  at  the  intersection  are  equal,"  He  told  that  those 
angles  were  caned  vertical  angles,  and  reformulated  the  above  conclusion,  "Vertical  angles  are  equal." 
imrorirtiQ  'Prop1* 

In  9  December  1992,  the  term  "proof"  was  introduced  to  the  class.  The  topic  of  the  lesson  was  how 
to  use  the  conditions  for  congruence  of  triangles.  The  teacher  first  presented  the  problem  (see  Figure  2): 
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■In  the  figure,  when  AM  =  CM  and  BM  =  DM,  explain  that  AB  =  CD"  (the  point  M  is  at  the  intersection  ol 
segments  AD  and  BC).  He  asked  the  students  to  solve  it  using  conditions  for  congruence  of  triangles. 


After  the  teacher  connected  AB  and  CD  by  segments,  students  noted  that  -LAMB  and  Z.CMD  were  equal 
because  they  were  vertical  angles.  The  class  then  found  that  A  ABM  and  A  CDM  were  congruent  because 
"two  pairs  of  sides  and  their  included  angles  are  respectively  equal,"  concluding  that  AB  =  CD. 

After  that  discussion  the  teacher  wrote  an  explanation  on  the  board  and  asked  the  students  to  copy 
it  and  f*  in  the  blank  by  themselves: 
In  A  ABM  and  A  CDM 
AM=CM...(1) 
BM  =  DM  . . .  (2) 
Since  vertical  angles  are  equal, 
Z.AMB=  LCUO...  (3) 

From  (1).  (2),  and  (3),  because  are  respectively  equal, 

A  ABM  «  A  CDM 
Since  corresponding  sides  of  congruent  triangles  are  equal.  AB  »  CD. 
T  (the  teacher):  "Later,  we're  going  to  study  'proof .'  I  want  you  to  remember  the  writing  style  like  this." 
He  then  presented  another  problem  that  asked  to  explain  using  conditions  for  congruence  of  triangles 
(Figure  3):  "In  the  figure,  when  AB  =  DB  and  AC  =  DC,  explain  that  A  ABC  =  L  DBC." 


Students  were  stuck  after  writing  down  "AB  =  DB . . .  (1)"  and  "AC  =  DC  . . .  (2)."  The  teacher  went  to  the 
board  and  asked  the  class  what  other  parts  are  equal  in  the  figure. 
SI:  "Lh  =  LD." 

T:  "This  and  this  are  equal.  Wei,  they  appear  to  be  equal.  Uh,  what  wouW  you  do  if  you're  asked  why  so? 
They  are  equal,  equal,  but.  K  you're  asked  wry  they're  equal,  uhm.  S2,  what  do  you  think?" 
S2:  "BC." 

T:  "Okay?  BC  and  BC  are  equal,  arenl  they?  Obvious,  Isnl  It?  Because  they  are  common.  They  are 
sticking  together.  Uh,  we  write  it  like  this." 


Bgure_2. 
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Since  they  are  common,  BC  =  BC. 
Using  three  pairs  of  sides  are  respectively  equal,"  the  class  finished  the  problem. 
The  teacher  then  introduced  to  the  class  the  term  "proof  as  arguing  orderly  the  reasons  why  a  statement  is 
true  by  relying  on  what  have  already  been  accepted  as  true,  pointing  out  that  the  explanations  they  got  in 
the  above  problems  were  proofs  (Note'.  Proof  in  8th  grade  mathematics  is  written  in  paragraph  form  in 
Japan).  The  teacher  further  introduced  the  terms  "Assumption  (or  Hypothesis)"  and  "Conclusion,"  and 
reformulated  proof  as  deducing  a  conclusion  from  assumptions. 

The  above  lesson  indicates  several  important  themes  of  learning  proof,  which  were  recurring  in  later 
lessons.  Rrst,  proof  is  considered  "explanation."  Second,  statements  mentioned  in  proof  must  be  backed 
by  "reasons"  even  if  the  statements  are  actually  true.  Appearance  is  not  enough  to  support  a  statement. 
Third,  writing  style  is  important.  The  statements  used  in  a  proof  should  be  written  down  (and  numbered) 
whether  they  are  "obvious"  or  not. 


identifying  Assumptions  and  Conclusion  from  a  given  statement.  The  teacher  often  stressed  in  class  the 
importance  of  correct  understanding  of  Assumptions  and  Conclusion  in  proof:  "Being  able  to  solve  a  proof 
problem  depends  on  whether  you  have  solid  understanding  of  the  Assumptions  and  Conclusion.  Basing  on 
what,  and  what  to  prove?  If  you're  confusing  them,  the  proof  win  make  no  sense  to  you  at  an."  When  a 
statement  is  written  in  "if-then"  form,  the  students  did  not  have  much  troubles.  But,  when  it  is  not  in  "if-then" 
form,  they  became  uncertain.  Viewing  a  mathematical  statement  as  conditional  seemed  not  to  be  trivial  for 
the  students.  For  example,  consider  a  statement  the  areas  of  two  congruent  triangles  are  equal."  Students 
tended  to  identify  the  Assumptions  with  the  subject  (e.g. .  the  areas  of  two  congruent  triangles"),  and  the 
Conclusion  with  the  predicate  (e  g  ,  "(are]  equal")  (They  conceived  that  Assumptions  should  be  phrased 
using  words  contained  in  the  statement,  and  the  assumptions  and  the  conclusion  should  be  taken  from 
drherent  parts  of  the  statement.)  ASo,  they  sometimes  took  Assumptions  as  "reason"  for  Conclusion  For 
instance,  when  asked  to  write  Assumptions  and  Conclusion  of  a  statement  "an  angle  of  equilateral  triangle  is 
60°."  some  students  wrote  the  sum  of  the  angles  of  equilateral  triangle  is  180°*  as  Assumption,  and  "one  of 
the  angles  is  60°"  as  Conclusion.  They  added  to  Assumptions  new  information  (the  sum  of  the  angles  of 
triangle  is  1 80°")  used  to  prove  the  statement. 

In  addition,  when  proof  was  involved  in.  finding  of  Assumptions  and  Conclusion  got  another 
complication.  When  proving  a  general  statement  Ike  the  bate  angles  of  isosceles  triangle  are  equal,"  it 
needed  to  be  reformulated  in  terms  of  the  symbols  labeling  the  given  figure  To  make  the  reformulation, 
definitions  of  main  terms  used  in  the  statement  needed  to  be  reeled.  For  example,  in  the  above  statement, 
the  definition  of  isosceles  triangle  was  needed  in  order  to  state  "AB  --•  AC"  (in  the  given  isosceles  triangle 
ABC)  in  Assumptions.  But  some  students  did  not  memorize  definitions  wed.  Also,  when  a  proof  was  using 
an  auxiliary  tine,  students  tended  to  put  a  property  of  the  tine  Mo  Assumptions  because  it  was  used  as 
reason  m  proof. 


The  class  began  to  work  on  more  proof  problems.  The  students  experienced  serious  difficulties  in 
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Using  and  Writing  Reasons 

The  problems  the  students  had  worked  this  year  before  geometry  were  mostly  of  algebraic  nature 
They  were  "problems  to  find"  (Polya.  1973)  and  involved  computation  mostly.  In  algebraic  problems  the 
students  just  needed  to  show  their  calculations.  In  geometry,  they  suddenly  faced  "problems  to  explain"  and 
"problems  to  prove."  and  required  to  tell  and  write  "reasons"  with  words.  When  they  could  not  find 
appropriate  "reasons"  for  a  statement,  the  teacher  told  them,  "We  can't  say  that."  and  did  not  accept  it  into  a 
proof.  The  students  had  to  learn  a  new  way  of  discussing  and  writing  mathematics,  a  new  discourse  of 
mathematics. 

They  needed  to  know  the  kinds  of  "reasons"  and  ways  to  phase  them  that  were  allowed  in  proof 
The  students  came  to  learn  that  the  appearance  of  figures  and  the  measuring  results  were  not  acceptable  in 
explanation,  and  get  accustomed  to  using  "properties  of  figures"  in  explanation.  When  proof  was 
introduced,  the  students  first  learned  to  use  Assumptions  and  then  the  conditions  for  congruence  of  triangles 
as  reasons.  Later,  some  proof  required  to  draw  an  auxiliary  line.  The  students  had  to  learn  where  to  write 
about  the  auxiliary  line  and  how  to  phrase  a  property  of  the  line  as  reason  in  proof.  As  they  learned  several 
theorems,  they  had  often  troubles  not  only  on  how  to  apply  them  but  also  how  to  write  them  in  proof.  They 
also  seem  not  to  be  accustomed  to  remembering  precise  wordings  of  theorems,  rather  different  from 
remembering  algebraic  formulas. 
Boding  aiKLWjitjng.£rc<!t 

There  were  two  major  goals  when  dealing  with  a  proof  problem:  Finding  and  writing  a  proof.  When 
presenting  a  proof  problem,  the  teacher  usually  explained  it  drawing  figures  at  the  beginning.  If  the  problem 
had  been  assigned  as  homework,  he  sometimes  asked  one  student  to  put  his  or  her  proof  on  the  board  and 
the  teacher  explained  it.  In  other  cases,  the  teacher  had  discussion  with  the  students  about  how  to  prove 
the  problem,  using  figures  and  jotting  down  informal  memos  on  the  board.  The  discussion  may  stop  when 
they  got  strategies  to  find  a  proof,  or  may  continue  until  finding  an  outline  of  proof.  Then,  the  teacher  asked 
the  students  to  write  a  proof  by  themselves  on  their  notebooks,  and  helping  them  individually.  After  a  while, 
he  put  "Wl-in-the-blanks  proof"  (see  Figure  4)  on  the  board  as  a  hint  or  guide  of  writing  a  proof,  saying  often 
"your  proof  doesn't  have  to  be  exactly  like  this."  After  seeing  many  students  finishing,  the  teacher  filled  in 
the  blanks  together  with  the  students,  and  ended  the  problem. 

"RH-in-the-Wanks  proof  (let  me  abbreviate  it  as  FBP),  a  well-known  pedagogical  device,  is  a  form 
constructed  based  on  a  complete  proof,  simply  by  replacing  several  parts  of  the  proof  with  blanks.  It  was 
used  frequently  in  teaching  of  proof,  appearing  in  the  textbook,  lessons,  "minitests"  (5-minute  review  test 
before  lesson),  and  term  exams.  The  teacher's  uses  of  FBP  m  lesson  seemed  to  be  contingent  on  his 
perception  of  students'  difficulties.  In  the  beginning  of  teaching  proof,  the  teacher  put  FBP  on  the  board 
soon  after  the  etas*  finished  discussing  how  to  find  a  proof,  and  asked  the  students  to  Ml  H  m  by  themselves 
But,  later  lessons,  he  tended  not  to  put  FBP  until  students  made  substantial  efforts  to  write  proofs  by 
themselves.  Then,  sometimes  the  teacher  asked  the  students  to  write  a  whole  proof  by  themselves:  "You 
should  be  able  to  do  now  without  hH-ln-the-Manks  proof." 
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In  the  figure,  when  I  //  m  and  NB  -  WB,  prove  NA  -  WC. 


<Assumptions> , 
<Conclusion> 

<Proof>  In  A  NBA  and  . 

From  the  assumptions.     ■  ■  ■(1) 


From  the  assumptions.  I  //  m.  and  because  of  of  parallel  lines. 

LBNA  -  ...  (2) 

And.  because  are  equal.  L  NBA  =  . . .  (3) 

From  (1),  (2),  and  (3).  since  are  respectively  equal. 


A  NBA  ■  

Since  the  corresponding  sides  of  congruent  triangles  are  equal.  NA  =  WC. 
(11  December  1992) 


Figure  4.  Fill-in-the-blanks  proof 


However,  students'  difficulty  was  not  the  only  factor  fdr  the  use  of  FBP.  Time  constraint  of  lesson 
was  also  important  one.  After  explaining  a  problem  and  discussing  Assumptions  and  Conclusion,  the 
teacher  sometimes  told  the  class:  "Since  we  don't  have  much  time,  we've  got  to  use  'fill-in-the-blanks'." 
Then  he  put  a  FBP  cm  the  board,  and  asked  the  students  to  write  a  proof  using  it.  The  teacher  seemed  to 
feel  a  tension  between  giving  the  students  ample  opportunity  of  writing  a  proof  by  themselves  and  "getting 
through"  the  lesson. 

In  proof  problems  in  minKests  and  term  exams,  FBP  were  pervasively  used.  The  teacher  believed 
that  writing  a  complete  proof  by  themselves  would  be  too  difficult  for  the  students,  especially,  in  limited  time 
like  in  test.  Actually,  filling  out  FBP  was  much  easier  for  the  students.  They  toW  me  in  interviews,  "Rll-in- 
the-Wanks  is  easy, . . .  because  it  helps  me  to  go  to  a  [right]  direction.*  In  addition,  the  use  of  FBP  in  proof 
problems  reduced  a  great  burden  of  grading  from  the  teacher  because  it  limited  proof  writing  uniquely  and 
the  teacher  needed  to  check  only  the  answers  tn  the  blanks. 


This  study  is  an  attempt  to  analyze  the  current  practices  of  teaching  and  learning  mathematical 
proof  and  identify  Us  underlying  processes.  The  data  was  collected  in  geometry  lessons  of  an  eighth  grade 
mathematics  class  in  Japan,  using  ethnographic  methods.  Analysis  indicated  that  basic  processes 
underlying  the  instruction  of  mathematical  proof  is  an  introduction  of  a  whole  new  mathematical  discourse. 
As  pedagogical  device,  fM-in-the-blanks"  proof  was  found  to  be  frequently  used  by  the  teacher.  It  seemed 
to  be  functioning  as  a  supporting  tool  to  guide  leaning  of  writing  proof,  at  we*  as  instructional  management 
device. 

The  metaphor  "mathematics  as  language"  has  come  to  be  recently  used  in  mathematics  education 
community.  Viewing  learning  mathematics  as  acquisition  of  language  or  developing  c^mmunicatkxi  ability 
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seems  to  provide  useful  implications  to  mathematics  education  (NCTM ,  1 989;  Pimm,  1 987).  The  present 
study  indicated  that  learning  of  proof  involves  an  introduction  of  a  new  mathematical  language  system, 
qualitatively  different  from  previous  systems:  It  required  for  the  students  to  follow  and  internalize  new  ways 
of  interpreting,  arguing,  and  writing  mathematics.  The  difficulties  that  the  students  experienced  seemed  to 


new  system  and  follow  new  rules  of  communicating  mathematics  in  the  classroom.  Further  classroom 
research  is  necessary  to  understand  these  social  processes  In  learning  of  proof. 

The  FBP  found  in  this  study  seemed  to  be  used  as  "scaffolding"  device  by  the  teacher  to  aid  the 
students'  learning  of  writing  proof.  The  "scaffold"  is  a  metaphor,  first  used  by  Bruner  and  his  colleagues,  in 
order  to  capture  the  adult's  (or  teacher's)  supporting  role  in  child's  learning.  In  that  model,  the  teacher 
"provides  a  supportive  tool  fa  the  learner,  which  extends  his  a  her  skills,  thereby  allowing  the  learner 
success tutty  to  accomplish  a  task  not  otherwise  possible"  (Greenfield,  1984,  p.  1 18).  And,  as  the  learner 
masters  the  task,  the  teacher  gradually  withdraws  the  intervention,  and  release  the  full  responsibility  to  the 
learner  (Wood,  1980,  p.  282). 

But,  the  teacher's  use  of  FBP  seemed  to  indicate  problematic  aspects  of  "scaffold"  in  the  classroom 
instruction  also.  Ideally  speaking,  the  scaffold  should  be  constructed  and  used  contingent  on  individual 
student.  However,  the  teacher  in  this  study  had  to  handle  36  students,  with  varying  abilities,  at  the  same 
time  in  limited  period  (This  situation  is  normal  in  Japan).  Though  he  tried  to  help  the  students  individually 
when  circling  among  them ,  some  of  them  often  had  difficulties  in  filling  out  FBP.  Also,  the  teacher  appeared 
to  have  overused  FBP  because  of  instructional  management  purposes.  This  seemed  tc  have  led  some 
students  to  rely  on  FBP  too  much,  and  fail  to  develop  the  ability  of  writing  a  full  proof.  We  ne'jd  to  further 
explore  effective  ways  of  "scaffolding"  of  learning  of  proof  in  the  classroom  (cf.  Cazden,  1988,  pp.  107-110). 
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RESPONSES  TO  VIDEO  IN  INITIAL  TEACHER  EDUCATION 

Michelle-  Selinger,  The  Open  University,  UK 

The  different  reactions  to  video  of  two  lesson  extracts  illustrating  the  practice  of  two 
experienced  mathematics  teachers  was  collected  from  three  distinct  groups,  tutors 
from  initial  teacher  education  institutions,  students  in  initial  training  and  recently 
qualified  practising  teachers.  There  were  substantive  differences  in  the  responses 
from  the  practising  teachers  compared  to  the  other  two  groups    The  implications 
this  has  for  the  current  movement  in  the  UK  towards  a  greater  emphasis  on  school- 
based  teacher  training  reinforce  many  of  the  current  concerns  held  by  those 
involved  in  teacher  education. 

BACKGROUND 

There  is  currently  a  strong  government-initiated  push  to  school-based  teacher 
training  in  the  UK  in  which  practising  teachers  will  take  a  lead  role  in  training 
students  to  teach  their  specialist  subject  (CATE  1992).  Although  moves  towards 
more  direct  involvement  of  schools  in  initial  training  are  welcomed  by  many 
involved  in  teacher  education,  there  is  concern  that  students'  experience  will  be 
limited  by  the  localised  experience  they  will  receive  from  working  closely  with  one 
teacher.  The  advantages  of  a  higher  education-based  traditional  teacher  education 
course  in  which  students  spend  more  time  reviewing  a  wide  range  of  practice  and 
discussing  the  relative  merits  of  different  ways  of  working  will  be  lost  (e.g.  NAHT 
1993,  SCETT  1992).  There  is  also  concern  that  experienced  teachers  will  be  drawn 
away  from  teaching  pupils  to  teaching  students.  However  many  mentors  in  school 
are  often  teachers  with  limited  teaching  experience  although  they  are  often 
supported  by  more  senior  members  of  staff.  It  is  this  use  of  recently  qualified 
teachers  in  initial  teacher  education  to  which  this  discussion  is  addressed.  The 
comparative  responses  to  video  of  the  classroom  practice  of  two  experienced 
mathematics  teachers  between  representative  groups  of  recently  qualified  teachers, 
tutors  in  initial  teacher  education  and  a  group  of  students  in  initial  training  was 
analysed. 

VIDEO  IN  THE  OPEN  UNIVERSITY  PGCE 

Within  the  framework  of  increased  emphasis  on  school-based  work,  the  Open 
University  has  launched  a  part-time,  distance  taught  Postgraduate  Certificate  of 
Education  (PGCE)  funded  by  the  Department  for  Education  (DFE) .  The  first  1300 
students  started  this  18  month  course  in  February  1994;  of  these  approximately  180 
are  secondary  mathematics  students  and  450  are  primary  students.  In  line  with 
new  teacher  training  criteria  (DFE  1992)  students  spend  a  total  of  18  weeks  in 
school.  This  is  less  than  is  required  at  present  for  students  on  full-time  one-year 


o 

ERIC 


—  241  — 

1319 


courses  in  which  the  minimum  requirement  of  24  weeks  in  school  represents  two- 
thirds  of  the  PGCE  course. 

The  Open  University  course  is  multimedia  using  print  bused  material,  audio  and 
video  tape,  computer  disk  based  materials  and  computer  conferencing.  In  addition 
students  attend  tutorials  and  day  schools  at  regular  intervals  throughout  the 
course.  The  video  element  comprises  three  video  cassettes  each  linked  to  the  three 
stages  of  the  course  and  they  contain  some  generic  as  well  as  subject  specific 
materials.  The  subject  specific  element  was  filmed  according  to  broad  criteria  so 
that  students  from  different  curriculum  areas  would  be  working  on  similar  aspects 
of  teaching.  In  the  second  stage  video  each  subject  domain  looks  at  the  development 
of  one  or  two  lessons.  Each  video  extract  is  accompanied  by  print-based  tasks  which 
invite  the  reader  to  analyse  some  part  of  the  lesson  they  are  viewing  and  perhaps  to 
look  at  related  material  like  the  teacher's  lesson  plan,  examples  of  pupils'  work  or 
extracts  from  the  departmental  schemes  of  work.  Viglietta  (1992)  highlights  the 
importance  of  written  material  to  support  the  video  extracts  and  found  that  'where 
teachers  were  exposed  only  to  the  video  this  had  little  effect  on  teacher's  attitudes 
and  behaviour'. 

In  the  second  stage  video  for  the  secondary  mathematics  students  two  lessons  are 
shown  each  giving  extracts  from  the  beginning,  middle  and  end  of  each  lesson. 
Students  have  access  to  a  lesson  plan  for  each  extract.  The  first  teacher  is  working 
on  the  'function  game'  (see  Hewitt,  1990)  with  a  year  8  class  (12-13  year  old  pupils)  in 
a  top  set.  The  pupils  and  teacher  are  working  in  silence  and  all  the  action  is 
indicated  by  the  teacher  or  a  child  passing  a  pen  to  another  and  encouraging  them 
to  write  the  answer  that  fits  the  function  as  shown  below. 

2.4 

3>9 

4         -  16 

10        •  100 

n  •« 

Pupils  then  work  in  fours  making  up  their  own  functions,  each  pair  in  a  four  is 
setting  enough  mappings  for  the  other  pair  to  find  the  function.  The  teacher  walks 
around  the  class  and  we  see  her  talking  to  two  different  pairs  of  pupils  about  their 
work. 

In  the  second  video  a  mixed  ability  class  in  year  8  are  describing  to  their  teacher 
what  they  know  about  angle.  This  lesson  is  very  unusual  in  style,  employing  a 
strong  constructivist  approach  and  working  from  the  pupils  and  what  they  can  say 
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about  what  they  know  and  understand  by  the  word  'angle'.  The  teacher  is  trying  to 
find  out  if  these  pupils  perceive  angle  as  static  or  as  a  measure  of  turn  and  he  does 
this  by  prolonged  questioning  of  one  individual,  then  another  avoiding  any  verbal  or 
facial  clues  as  to  their  correctness.  He  asks  each  pupil,  "What  does  the  word  'angle' 
mean  to  you?" 

In  making  the  selection  of  teachers  and  lessons  to  film,  consideration  was  taken  of 
the  limited  amount  of  video  time  available.  I  wanted  to  show  what  I  considered  to  be 
good  practice  even  though  many  aspects  of  the  lessons  could  possibly  appear 
unattainable  to  students  or  newly  qualified  teachers;  in  both  extracts  the  teachers 
required  their  pupils  to  be  very  quiet  in  order  to  teach  to  their  plan.  Yet  at  the  same 
time  I  wanted  to  show  what  they  might  aspire  to,  and  to  illustrate  several  aspects  of 
teaching  I  considered  to  be  important.  I  was  showing  teachers  attempting  to  gain 
the  best  possible  idea  about  what  pupils  know  rather  than  making  assumptions 
about  their  knowledge,  as  well  as  highlighting  questioning  techniques  that 
displayed  an  understanding  of  the  time  necessary  for  pupils  to  construct 
verbalisations  of  their  thoughts. 

THE  RESPONSE  OF  PGCE  STUDENTS 

In  order  to  test  out  the  extent  to  which  I  had  achieved  this  I  showed  the  video  to  a 
group  of  students  in  their  first  term  of  a  conventional  one  year  PGCE  course.  They 
were  asked  to  discuss  what  they  thought  video  ought  to  show  if  it  was  going  to  be 
useful  to  them  and  then,  secondly,  to  respond  to  the  two  video  extracts  described 
above.  One  of  their  responses  to  what  they  wanted  video  to  show  was: 

I'd  be  quite  interested  to  see  their  lesson  plan.  It  would  make  it  easier  to 
have  a  framework  from  which  we  can  judge  what  they  are  trying  to 
achieve  and  if  they're  achieving  it. 

This  confirmed  the  view  that  related  print  materials  were  important.  Other 
responses  indicated  concerns  about  general  teacher/pupil  relationships  rather  than 
teaching  of  content: 

It  would  be  useful  to  see  how  the  same  class  reacted  to  different  teachers. 

I'd  like  to  see  a  teacher  follow  a  class  to  see  what  happens.  Do  they  have 
different  styles  when  they  get  to  know  a  class? 

That  first  lesson  with  children  when  they  come  in,  perhaps  in  year  7  or 
the  first  encounter  with  a  teacher,  how  docs  the  teacher  carry  out  the 
lesson? 


The  Centre  for  Mathematics  Education  at  the  Open  University  have  developed  a 
style  for  working  with  video  (Jaworski,  undated)  Observers  are  asked  to  watch  an 
extract ;  at  the  end  of  the  viewing  they  are  asked  to  replay  the  video  in  their  minds 
for  a  minute  or  so  without  speaking.  They  are  then  invited  to  reconstruct  what  they 
saw  with  another  person  and  to  come  to  some  shared  agreement  of  the  scenario. 
The  emphasis  is  placed  on  an  'account  of  the  action  rather  than  'accounting  for'  it. 
It  has  been  found  that  by  giving  an  account  of  the  extract,  the  temptation  to  judge 
the  teacher's  actions  is  reduced  and  attention  is  focused  on  other  aspects  of  the 
sequence.  In  the  'accounting  for'  judgements  are  made  but  with  a  shared  picture  of 
the  sequence  which  can  provide  additional  insights  into  why  the  teacher  might  have 
responded  in  a  particular  way. 

After  following  this  rubric,  the  students'  reactions  to  the  the  first  sequence  revealed 
much  of  their  experience  of  schools  as  well  as  giving  them  some  new  approaches  to 
teaching.  Many  of  their  responses  also  moved  focus,  from  general  areas  of 
teacher/pupils  relationships  to  concerns  about  the  way  in  which  the  teacher  worked 
with  individual  pupils  on  their  learning: 

She  didn't  really  give  her  much  time  you  know,  one  question  after 
another.  It  takes  time  to  remember. 

She  didn't  say,  "Does  everyone  understand?",  so  you  didn't  know  if  there 
were  any  pupils  who  didn't  understand. 

Although  general  issues  still  concerned  some: 

You  just  see  this  thing  where  you  see  the  children  sitting  in  their  seats 
and  quiet.  How  did  she  initiate  that? 

When  asked  to  describe  one  aspect  of  teaching  that  had  emerged  from  the  video  that 
the  students  might  use  in  their  own  teaching,  they  showed  the  hoped  for  concern 
about  questioning  techniques: 

Don't  ask  a  question  if  you  aren't  prepared  to  wait  for  an  answer. 

Not  to  ask  totally  leading  questions  but  give  the  pupil  a  chance  to  think 
things  through  for  themselves. 

They  also  focused  on  certain  teaching  points: 

I  picked  up  the  idea  of  letting  the  class  set  each  other's  homework. 

Getting  children  to  explain  concepts  and  patterns  in  words  instead  of 
going  straight  to  symbols. 
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A  maths  lesson  can  bo  very  practical,  it.  doesn't  have  to  be  based  on  a  text 
book. 

Others  noticed  aspects  of  classroom  organisation: 

A  good  reminder  of  how  effective  group  work  can  be  in  motivating  pupils 
and  making  lessons  more  interesting. 

The  second  video  extract  produced  more  diverse  and  fierce  reaction: 

I  felt  so  uncomfortable  watching  that  lesson.  If  I'd  been  there  I  would 
have  thought,  "Please  don't  pick  on  me".  -  not  that  I  didn't  know  about  the 
angles. 

I  did  think  that  it  »;'as  a  good  technique  and  it  was  really  successful 
because  it  gets  all  the  pupils  thinking  all  the  time. 

Some  were  also  concerned  about  the  lack  of  reassurance  the  teacher  gave  pupils  and 
asked  questions  like: 

I  would  like  to  see  the  same  teacher  deal  with  a  pupil  who  obviously  didn't 
have  anything  to  add.  What  does  he  do? 

As  in  the  previous  extracts  there  were  comments  about  pupil  learning: 

I  think  the  lesson  provoked  more  thought  outside  the  lesson  as  well. 

It's  good  that  he  didn't  get  them  to  draw  on  the  board  They  actually 
articulated.  He  kept  pushing  until  they  had  a  firmer  understanding. 

When  asked  for  one  thing  they  had  learnt  from  the  second  extract  some  focused  on 
the  way  pupils  learnt  concepts: 

Rather  than  just  have  a  definition  of  what  angle  is,  have  a  real  concept  of 
what  it  is.  This  concept  is  personal  because  they  come  to  it  themselves 
rather  than  just  being  given  it  by  the  teacher. 

Finding  out  pupils  understanding  of  something  before  they  start  looking  at 
a  topic  on  it. 

Others  focused  on  aspects  of  teaching: 

Pupils  can  be  given  opportunity  to  express  their  own  understanding  of  the 
subject  and  to  clarify  their  explanation. 

Effective  teaching  is  thoughtful  and  probing  questions  -  allowing  the 
children  to  dictate  and  shape  the  lesson. 

I've  learned  how  it  can  be  necessary  to  give  no  feedback  in  order  to  allow 
pupils  to  be  totally  honest  about  what  they  know. 
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RESPONSE  TO  VIDEO  OF  TUTORS  AND  TEACHERS 

In  order  to  test  the  findings  against  the  responses  of  those  who  are  most  closely 
involved  with  teacher  education,  tutors  in  higher  education  institutions  and 
teacher-mentors  in  schools,  the  same  video  extracts  were  shown  and  the  same 
questions  were  asked  of  two  representative  groups.  The  tutors  taught  a  range  of 
initial  training  courses,  not  just  PGCE  and  not  all  taught  predominantly  secondary 
students.  The  teacher  group,  with  the  exception  of  one,  were  in  the  first  two  years  of 
teaching  but  they  were  all  expecting  to  work  with  students  in  initial  training. 

The  tutors  wanted  to  use  video  to  show  what  they  considered  to  be  excellent  teaching 
and  also  practice  that  they  were  keen  to  promote  but  which  they  rarely  saw  in 
schools.  They  wanted  video  to  illustrate  a  range  of  practice  since  students  often 
gained  experience  of  only  two  schools  during  their  training.  Their  responses  to  the 
video  extracts  appeared  to  identify  the  same  issues  as  the  students,  the  very  short 
time  the  teacher  in  the  First  video  gave  for  pupils  to  answer  questions,  the  style  of  the 
lesson,  and  the  attempt  to  develop  an  open  questioning  style.  In  the  second  video 
extract,  the  tutors  also  reacted  strongly.  They  emphasised  the  role  of  questioning  to 
elicit  what  children  knew  and  understood  through  articulation.  One  tutor  saw  the 
sequence  as  'highlighting  the  difference  between  teaching  mathematics  and 
children  learning  mathematics'.  As  expected,  their  responses  were  more 
analytical  but  the  issues  were  mainly  the  same  issues  identified  by  the  students 
themselves. 

The  teachers'  responses  however  were  more  varied.  The  most  experienced  teacher 
being  the  only  one  to  respond  in  a  similar  way  as  the  tutors.  The  other  teachers 
wanted  video  to  highlight  the  complexity  of  teaching  and  to  show  the  end  of  the  day, 
starts  of  lessons  as  well  as  'good  teaching'.  The  video  extracts  were  rejected  because 
they  'appeared  too  sanitised'.  They  were  concerned  about  the  context  of  the  lesson  in 
terms  of  the  school  and  the  catchment  area  and  whether  their  own  year  8  pupils 
were  able  to  respond  in  the  same  ways  as  illustrated  in  the  video  extracts.  They  also 
felt  the  classes  were  'unreal'  because  the  pupils  were  very  well  behaved  and  they 
considered  this  might  put  off  students  who  were  unlikely  to  be  able  to  teach  in  this 
way  immediately  and  who  might  set  their  expectations  too  high  as  a  result  of 
watching  the  video.  They  thought  it  was  very  difficult  for  pupils  to  'deconstruct 
their  ideas'  although  some  agreed  that  working  on  thought  processes  was  'a  really 
good  idea'.  The  main  concerns  of  this  group  of  teachers  were  rooted  Firmly  in  their 
current  practice  and  they  were  unable  to  see  the  merits  of  the  video  in  illustrating 
practice  one  might  aspire  to  or  practice  in  which  they  might  Find  an  alternative 
approach  they  could  use  in  their  own  teaching.  They  appeared  to  see  the  extracts 


—  246  — 


as  an  entirety  and  were  unable  to  unpick  some  of  the  teaching  points  that  both 
students  and  tutors  picked  up  on. 


DISCUSSION 

Berliner  (1994)  identified  5  stages  of  teacher  expertise  moving  from  novice  to  expert. 
Tutors  in  higher  education  institutions  are  often  experienced  teachers  who  have 
moved  into  initial  training  and  can  therefore  be  classed  as  expert.  However  in 
Berliner's  classification  experts  are  arational  in  that  they  have  'an  intuitive  grasp  of 
the  situation  and  a  nonanalytic  and  nondeliberative  sense  of  the  appropriate 
response  to  be  made'  (pi  10).  However  they  are  able  to  bring  'deliberate  analytic 
processes'  to  bear  when  things  do  not  seemingly  work  as  planned.  In  obsei-ving 
other  teachers  or  students  working  with  pupils,  these  analytical  frameworks  can  be 
brought  into  play;  they  are  able  to  analyse  and  reflect  on  the  practice  they  observe. 
However  teachers  in  the  early  stages  of  their  careers  are  developing  through  the 
stages  and  according  to  Berliner's  classification  are  most  likely  at  the  stage  of 
advanced  beginner  in  which  they  are  unable  to  accept  'personal  responsibility  for 
classroom  instruction'  since  they  are  still  unable  to  wilfully  make  the  results  of 
their  actions  take  place.  This  explains  their  responses  to  the  video  as  unrealistic' 
and  'unattainable'.  Hoyle's  distinction  of  restricted  and  extended  professionals  also 
supports  this  view  (Protherough  and  Atkinson,  1991): 

Restricted  professionals  are  those  who  see  their  task  as  bounded  by  the 
classroom  walls;  they  describe  themselves  as  working  at  the  sharp  end  of 
the  chalk  face  and  make  a  hard  distinction  between  practice  and  theory. 
Extended  professionals,  without  devaluing  the  work  of  the  classroom, 
realize  that  it  cannot  be  separated  from  wider  ideological  issues  (p.  48) 

Tutors  and  experienced  teachers  acting  as  extended  professionals  will  point  to  the 
view  that  training  to  teach  should  involve  a  combination  of  theory  and  practice, 
whereas  recently  qualified  teachers  are  still  in  need  of  ideas  that  will  'work'  in  their 
particular  situation  and  are  not  yet  in  a  position  to  be  ready  to  consider  the  more 
theoretical  aspects  of  teaching. 

The  students  in  this  study  did  not  respond  as  novice  teachers  as  they  had  not  yet  had 
an  opportunity  to  teach  and  were  still  unaware  of  the  complexity  of  the  task;  they 
were  still  open  to  a  range  of  views  of  teaching  and  the  basis  of  their  experience  was 
mainly  from  the  viewpoint  of  a  pupil  remembering  lessons  that  ran  smoothly. 
Weinstein  (1989)  reports  on  students'  'unrealistic  optimism'  or  'idealism'  at  the 
start  of  their  training  course.  Their  reaction  to  the  video  therefore  could  be  based  on 
their  own  experience  as  pupils  as  well  as  their  early  perceptions  of  themselves  as 
teachers. 
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The  implications  of  the  evidence  presented  here  for  moving  to  a  greater  emphasis  on 
school-based  teacher  training  confirm  some  of  the  concerns,  particularly  where 
inexperienced  teachers  are  used  as  mentors.  Experienced  teachers  have  mastered 
many  of  the  concerns  of  their  recently  qualified  colleagues  and  are  able  to  work  on 
aspects  of  their  practice  which  rely  on  an  understanding  of  the  way  pupils  respond 
in  various  situations.  They  have  absorbed  the  ethos  of  the  school  and  know  what  to 
expect  from  different  groups  of  pupils  and  they  have  attained  a  higher  stage  of 
teacher  expertise  than  recently  qualified  staff.  They  are  more  able  to  reflect  on  their 
own  practice  and  the  practice  of  students  and  are  better  placed  to  advise  them  on 
developing  practice.  The  use  of  video  between  students  and  tutors  or  students  and 
experienced  teacher  mentors  can  possibly  enhance  student  understanding  of 
aspects  of  teaching,  and,  because  it  is  detached  from  any  shared  experience  of  all 
parties  involved,  it  can  view  the  teaching  process  critically  and  analytically  without 
the  fear  of  personal  criticism. 
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AllSTRACr.  This  paper  refers  to  a  fractal  geometry  l^go  micrmorld  tested  m  two  case-studies 
involving  seventeen  year-old  students  in  a  Ixmdon  comprehensive  school.  Data  <m:lysis  has  provided 
insight  into  the  wttys  in  which  the  interdependence  between  symbolic  and  visual  modes  created  by  the 
l  ogo  microcoria !  and  the  strategic  planned  mediation  of  the  teacher  can  generate  a  context  that 
stimulates  understanding  Itaw  randomness  creates  deterministic  shapes  (Sierpmski  gaskets). 


AIISTRAKT.  Dinner  Essay  sprtcht  von  ewer  "Fractal"  Geometric  Logo  Mikrovielt,  die  in  zwei  Studien 
als  llsispiele  gestet  wurden,  mil  siebzehnjdhrigen  Studenten  in  einem  London  Gymnasium.  Data 
Analyse  hat  eme  Anschauung  iiber  die  wechselseitige  Abltangigkeit  zmschen  Symbolischen  und 
sichlbaren  Arten  von  der  Logo  Microwelt  und  von  der  Stralegischen.  geplanten  Vermittlung  des 
Lehrers  uns  gegehen.  Die  betden  Arten  konnen  einem  V.usammenshang  scltaffen,  urn  :u  verstehen.  me 
y.ufalligkeit  kann  heslimmle  Gestalte  ersclmffen  (Sierpinsiki  Geslaltel 


A  New  1  .anguage 

Iractal  geometry  is  considered  "first  and  foremost  as  a  new  'language'  used  to  describe  the 
complex  forms  found  in  nature  (Peitgen  U-O,  Jurgens  II.,  Saupc  !>.,  Maletsky  K,  Perciante 
T.,  Yunker  1.J992)".  These  authors  argue  that  the  elements  of  this  language,  instead  of  the 
basic  visible  forms  such  as  lines,  circles  and  spheres  of  the  'traditional  language'  that  is  used 
in  the  Huchdean  and  non-Kuclidean  geometries,  are  "primitive  transformations,  and  its 
words  arc  primitive  algorithms  (Peitgen  &als,l992,vol.l-p.256)".  Moreover,  Mandelbrot 
(1992)  strongly  advocates  that  whenever  computer  graphics  arc  available  we  should  make 
them,  "not  a  tool  to  be  called  only  if  needed,  but  a  constant  and  integral  part  of  |thc| 
process  of  thinking".  And  this  process  of  thinking  started  around  the  mid-seventies,  with 
the  beginnings  of  the  computer  era,  although  a  number  of  shapes  now  counted  as  fractals, 
as  the  Sicrpinski  gasket  for  example,  have  been  known  for  a  long  time. 

It  was  around  the  mid-cightics  that  appeared  increasing  claims  that  programming 
should  be  seen  as  a  mathematical  activity  like  other  branches  of  applied  mathematics  in 
physics  and  engineering.  One  of  them  came  from  CA  R.  Iloarc,  from  the  Oxford 
University  Computing  laboratory,  who  argued  that  as  a  general  philosophical  and  moral 
principle  computer  programs  should  be  seen  "as  mathematical  expressions,  describing  with 
unprecedented  precision  and  in  the  most  minute  detail,  the  behaviour,  intended  or 
unintended,  of  the  computer  on  which  they  are  executed",  furthermore,  programming 
would  require  "the  determined  and  meticulous  application  of  traditional  methods  of 
mathematical  understanding,  calculation  and  proof,  |and|  not  recognising  the  absolute 
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need  to  use  mathematics  as  the  basis  for  a  programming  discipline  could  have  a  number  of 
notorious  consequences  (I  loarc  CAR,  1986)". 

About  the  same  time  Donald  It,  Knuth,  from  the  University  of  California  at  Stanford, 
presented  a  different  perspective,  lie  claimed  thai  computer  programs  should  be  "fun  to 
write",  well-written  computer  programs  should  be  fun  to  read,  and  they  could  also  do  a 
useful  work,  one  of  the  life's  greatest  sources  of  satisfaction.  Moreover,  it  will  be  also 
relishing  to  know  that  a  program  will  be  a  pleasure  for  othei  people  to  read,  as  for  oneself 
Programming,  argues  Professor  Knuth,  is  best  regarded  as  a  process  of  creating  'works  of 
literature',  which  are  meant  to  be  read.  Additionally,  all  major  problems  associated  with 
computer  programming,  issues  of  reliability,  portability,  lcarnability,  maintainability,  and 
efficiency  could  be  ameliorated  when  programs  and  their  dialogues  with  users  become 
more  literate  (Knuth  Dli.  1984,1992,p.ix). 

The  issue  of  programming  in  the  school  mathematics  curriculum  began  to  be  raised 
in  the  beginnings  of  the  eighties  as  the  constructivist  perspective  to  mathematical  learning 
was  gaining  more  acceptance  as  "a  reorganising  activity,  where  activity  is  interpreted 
broadly  to  include  conceptual  activity  or  thought,  or  when  children  arc  piven  the 
opportunity  to  interact  with  each  other  and  the  teacher,  or  they  can  verbalize  their  thinking, 
explain  or  justify  their  solutions,  and  ask  for  clarifications  (Koehlcr  MS,  Grouws 
DA,1992,p.l  18*119)".  These  researchers  share  a  belief  that  (1)  "new  mathematics  is 
brought  about  through  "a  process  of  'conscious  guessing'  about  relationships  among 
quantities  and  shapes,  with  proof  following  a  'zig-zag'  path  starting  from  conjectures  and 
moving  to  the  examination  of  premises  through  the  use  of  counter  examples  or 
'refutations'",  (2)  "mathematics  knowledge  is  constructed  as  a  joint  venture  from  teacher  to 
student  (  Kochler  MS,  Cirouws  DA.1992,  p  122;  Lampert  M.,1990)". 

Seymour  Papert,  who  proposed  the  word  'mathetics'  to  mean  the  'art  of  learning',  is 
proposing  more  recently  the  word  'constructionism'  for  a  concept  of  education  that  he 
claims  must  be  built  on  the  assumption  that  (1)  "children  will  do  best  by  finding  ("fishing") 
for  themselves  the  specific  knowledge  they  need",  (2)  "organized  or  informal  education  can 
help  most  by  making  sure  (children)  arc  supported  morally,  psychologically,  materially  and 
intellectually  in  their  efforts",  liricalage,  another  neologism  he  proposes  in  the  educational 
field,  comes  from  his  criticism  to  the  tendency  of  our  intellectual  culture  being  traditionally 
"so  dominated  by  the  identification  of  good  thinking  with  abstract  thinking",  by  the  belief 
that  "the  achievement  of  balance  requires  constantly  being  on  the  lookout  for  ways  to  re- 
evaluate the  concrete",  by  the  warning  that  'the  right  way'  of  programming,  for  example, 
"may  express  and  insidious  form  of  abstractness  that  may  not  be  recognized  as  such  by 
those  who  use  it".  Our  traditional  epistemology,  according  to  I'apcrt,  is  based  on  the 
chaining  of  propositions  therefore  closed  linked  to  the  medium  of  'text',  and  he  suggests 
that  this  linking  may  change  and  become  more  closely  bound  to  bricolage  and  concrete 
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thinking,  which  always  have  existed  but  were  more  marginalized  until  the  emergence  of 
more  dynamic  media  as  we  moved  into  the  computer  age  (Papcrt,  I992.p.  139,146,156)" 

The  following  is  my  attempt  to  summarise  these  perspectives.  To  the  new  '/radars 
language'  view  programs  and  the  computer  can  enable  students  to  achieve  'general 
representations"  in  a  subject  mater  that  Cantor,  Pcano  and  Poincare  were  sometimes 
reluctant.  In  the  perspective  of  some  applied  mathematicians,  e.g.  lloare  and  Knuth,  who 
for  the  first  time  recognized  how  problems  raised  by  programming  could  lead  to  a  so  great 
complexity,  there  was  a  need  to  devise  structured  approaches  and  computcr-aided- 
software-cngineering  environments,  and  they  claimed  cither  for  more  mathematical  or 
more  literary  methods  for  the  software  job.  The  construtivists,  and/or  the  constructionists, 
(and/or  the  sociological  or  the  epistemologicat)  adepts  suggested  cither  that  the  teacher 
should  adjust  activities  to  the  student,  or  that  the  student  style  of  organizing  his  work 
should  be  bncolage.  -ncgotial'  rather  than  planned  in  advance,  "hctcrarchial',  as  McCulloch 
called,  rather  than  hicrarchial. 

In  the  next  section  I  revisit  part  of  a  LOGO  microworld  for  fractal  geometry  that  1 
developed  in  1991,  at  the  London  Institute  of  Education,  as  a  pari  of  a  MSc  thesis  under  the 
supervision  of  Richard  Noss,  and  suggest  a  role  I  sec  for  computer  technology  that  is  in 
connection  with  all  these  perspectives  outlined  above 

Ail  ttpisudc  Taken  from  The  Chaos  Game'  Case-Study 

The  design  process  of  the  "chaos  game"  activity  has  benefited  from  the  extensive  research 
on  Logo  mathematics  conducted  by  Celia  Hoylcs  and  Richard  Noss  (Hoylcs  C&  Noss 
R.1992).  Others  alternative  approaches  using  the  programmable  graphing  calculator, 
instead  of  the  computer,  were  at  the  same  time  being  published  in  USA  by  Evan  Malctsky 
&  als..  and  lleinz-Otto  Peitgen  &  als  (Peitgen&als.,  1991). 

The  chaos  game'  activity  was  tested  in  a  London  comprehensive  school  that  followed 
the  SMILE  (School  Mathematics  Independent  Learning  Experience)  curriculum,  where  the 
students  were  used  to  work  at  their  own  individual  level  and  to  perform  tasks  arranged  in 
topics  and  levels  of  difficulty.  Two  A-lcvcl  students,  17  ycars-of-agc,  strongly  motivated  to 
computing,  were  participants  in  an  experiment  involving  magnetic  record  of  the  student- 
tcachcr-computer  interactions,  and  data  analysis.  This  activity  was  the  last  one  of  a  package 
of  a  total  of  seven  activities  designed  for  the  fractal  geometry  microworld.  Its  pedagogical 
component-!  comprised  also  the  teacher's  agenda  and  a  semi-structured  inquiry  to  guide 
how  to  facilitate  student*  extending  the  range  of  the  abstractions  situated  in  the  randomness 
of  the  process  and  the  creation  of  a  deterministic  Sierpinski  shape.  The  technical 
components  of  this  microworld  comprised  an  Apple  Macintosh  computer,  the  Paradigm 
Object  Logo  programming  language,  a  set  of  prc-built  tools,  and  a  graphical  user  interface 
composed  of  three  object-windows,  for  graphics,  data/listener  and  editing  (Scrcno  F,1993). 
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In  this  activity  the  student  was  asked  to  discover  what  would  happen  to  the  space 
between  three  points  A  and  B  and  C  supposing  that:  (I)  a  turtle  (starting  equidistantly  from 
these  points),  chooses  to  look  at  one  point,  A,  B  or  C,  according  to  the  result  of  tossing  a 
die,  (2)  the  turtle  goes  forward  one  half  of  the  distance  between  the  present  position  and  the 
chosen  point,  and  it  plots  a  big  dot  (3)  this  process  continues  over  and  over. 

The  way  a  student  may  think  about  randomness,  experiment  with  three  prc-built 
tools,  which  constitute  a  very  simple  translation  to  Object-Logo  of  the  Barristers  chaos 
game  algorithm  (Barnslcy  M.F,l9883artonR,1990,Peitgen&als,1992),  change  and  write 
procedures  can  be  illustrated  by  the  following  excerpt. 

a  recorded  dialogue;  I?  -  typing;  S3  -  displayed  at  the  computer  screen) 

OD 

JAMES;     I  wonder  if  it  will  fill  up  the  all  triangle? 
FERNANDO:  ...Do  you  think  it  will? 

J:  ...  we  can  still  never  reach  the  point  B.  Yeah,  in  a  triangle  I  can't 
reach  the  point  B  from  going  halfway  from  there  to  there.  I  can 
never  reach  B.  So...  you  can't  reach  the  point  B,  and  you  can't  reach 
the  point  A,  and  you  can't  reach  the  point  C. 

F:     |pointing  to  the  vertices  A,  B  and  C|  Don't  think  in  these  points 
but  about  the  space  inside. 

J:  Yes,  1  will  imagine  then  ...  Mow  would  you  get  the  edge  of  the  line 
|the  side  of  the  triangle  |.  So  you  can  do  all  the  edges  of  the  line, 
that's  no  problem.  1  would  imagine  you  could  probably  fill  up.  Yes, 
I  would  imagine  you  could  probably  fill  up  the  triangle  with  points  . 
You  could  fill  up  the  edges  in  the  triangle  upon  the  points  A,  B,  C.  1 
would  imagine. 

V:  Why  don't  you  do  some  trials  ? 

J:  Itypingl 

?  Threel'omts 

'•>  LookAlThreel'oints  random  3 

[...  James  wanted  to  use  the  output  of 'random  3'  instead  of  the  built-in  input  a, 

b  or  c The  procedure  was  edited  in  the  computer 
H  (Sec  figure  1  a) 
To  hiokATThreePoints  :  input 

if  Or  .input  "A  .input  "a  llookAtOnellalf  -70  100 / 
if  Or -.input  "li  .input  "b  llookAtOnellalf  103  0/ 
if  Or:  input  "C  .input  "c  llookAtOnellalf  -70  -lOOJ 
end 

tf  and  changed  to  this 

To  I.ookAtThreePotnts : input 

if -input    0    llookAtOnellalf  -70  I00J 

if  .input     I  llookAtOnellalf  103  0/ 

if  input     .?  llookAtOnellalf  -70  -100/ 

end 
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■>  LOOK  A  VTHREEPOINTS  redefined. 
(» 

1'.  !  think  you  understand  this  procedure... 

J:  It's  fine  ...  Is  it  possible  to  run  this  program  many  times  ? 

F:  lfyou  can  write  a  procedure  to  do  it. 

J:  ...  Ha.  probably  yes.  This  one  here.  Yeah,  it's  good,  [typing] 

To  Three : times  I -.count  0/ 
if :count> : times  /stop/ 
lookAt'ThreePoints  random .? 
(three  : times  :count  '■  I) 
end 

•>  THREE  defined. 
?  three  20 
'>  three  10 

1  wish  to  point  out  three  observations  about  this  excerpt  taken  from  my  dissertation 
(Sereno  l'\1991).  firstly,  my  mathematical  agenda  had  not  an  explicit  purpose  to  evaluate  if 
the  student  could  alone  change  Ihc  procedure  '/.ookATThreePoints'  to  allow  the  input 
Random  3,  but  1  was  only  interested  in  observing  if  he  would  raise  this  issue,  as  he  really 
did,  and  if  he  was  able  to  understand  the  effect  of  each  change  that  was  introduced. 
Secondly,  my  view  of  the  role  of  the  microworld  was  one  of  expecting  that  the  student 
would  be  able  to  construct  by  himself  either  the  procedure  LookAtOneHalf,  that  allows  the 
turtle  to  do  displacements  of  one  half  the  distance  between  two  points,  or  the  procedure 
LookAtThreePoints,  that  allows  random  displacements  toward  points  A,  B  or  ('. 
Nevertheless,  in  the  time  available  1  could  not  observe  conveniently  this  issue.  Coming  now 
to  the  last  observation,  the  criteria  1  used  to  design  the  microworld  tools  were:  (1)  they 
should  allow  the  student  to  do  the  task  without  a  need  to  be  guided  in  every  step,  (2)  the 
student-user  should  feel  encouragement  in  developing  his  own  paths  towards  the 
construction  of  orbits  of  a  single  point  under  iteration,  (3)  the  student-user  should  be 
stimulated  to  play  the  role  of  an  apprentice  of  the  art  of  microworlds  designing  and,  at  the 
same  time,  being  its  user.  Put  another  way,  the  microworld  should  act  as  an  attractor  for 
fostering  programming  and  induce  a  formalisation  of  mathematical  constructs  and  logico- 
mathcmatical  reasoning. 
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Concluding  Remarks 

From  the  analysis  of  the  data  in  two  case  studies  it  can  be  said  that  the  'microworld  for 
fractal  geometry'  can  help  mathematics  teachers: 

•  To  pose  problems  and  "ask  for  clarification  in  order  to  engage  students  in  mathematical 
discourse  (Koehlcr  M  S,  Grouws  D  A,1992;Lampert  M.1990)";  For  example,  why  the 
orbit  s(t)  of  the  turtle'  under  the  iteration  of  a  collection  of  three  different 
displacements,  in  a  random  order,  has  an  attract  or  ? 

•  To  illustrate  "the  unity  and  integrity  of  the  discipline  (MSEB  &  NCR,  1 990,p.48)",  or  to 
provide  topics  for  reasoning  which  can  interest  some  students,  or  "to  encourage  them  to 
pursue  a  study  more  in-depth  (DliS,1989,p.6)";  This  seems  to  be  of  potential  value  in 
the  terms  of  the  development  of  technological  interests,  software  engineering  at  the  first 
plqcc,  as  for  example,  if  we  want  to  know  ways  of  achieving  programs  better  explained 
and  therefore  better  programs. 

Additionally,  the  feedback  received  at  the  Oporto  School  of  Kducation  from  students  of  an 
Initial  Teachers  Training  course  who  used  a  MS-DOS  Logownler  version  of  the 
'microworld  for  fractal  geometry'  to  illustrate  an  algebra  and  geometry  course,  in  1993, 
makes  me  believe  that  it  had  an  important  role  in  order  "to  find  the  language  and  symbols 
that  students  and  teachers  can  use  to  enable  them  to  talk  about  the  same  mathematics 
content  (Koehlcr  M  S,  Grouws  D  A.1992;  Lampert  M.1990)".  For  example,  it  could  make 
sense  to  some  motivated  students  statements  like  the  following  that  were  taken  from 
(Barnslcy  M.1988,  Iidgar,1990):  "The  geometric  distribution  of  the  points  s(t)  in  the  plane 
is  a  proper  subset  S  of  R2  such  that  every  point  of  s(t)  is  close  to  some  point  of  S  for  t  large 
enough";  or  questions  like:  "How  can  be  proved  that  "inci  S  <  dim  .S"  (the  small  inductive 
dimension  of  S  is  smaller  than  the  Hausdorff  dimension  of  S),  and  therefore  the  set  S  is  a 
fractal?". 

The  interest  to  learn  geometry  in  a  computer  environment  and  do  research  by 
stressing  the  computer-student  interaction  to  create  learning  situations  that  facilitate  the 
acquisition  of  visual  skills,  specific  geometrical  concepts,  and  other  thinking  processes,  has 
improved  in  the  last  few  years.  Despite  this  common  interest  there  remain  two  very 
important  and  complex  questions.  The  first  one,  raised  by  Hcrshkowitz  R  (1990),  is  the 
problem  of  knowing  "what  the  effect  of  programming  in  a  "geometrical  language",  like 
l-ogo,  has  on  concept  formation  and  vice  versa",  has  illuminating  clues  in  the  Rfraim 
Fischbain  (1993)  'Theory  of  Figural  Concept?,  as  he  points  out  to  understand  how  images 
and  concepts  cooperate  or  sometimes  conflict  in  the  cognitive  activity  of  the  student.  The 
second  one,  raised  by  Philip  J.  Davis  (1993),  is  the  question  of  knowing  if  the  visual 
aspects  of  mathematical  intuition  and  reasoning,  'visual  theorems',  can  "be  considered  as 
really  mathematics",  which  seems  to  be  an  open  question  to  me 

The  aim  of  this  paper  is  to  present  a  perspective  about  the  connections  that  can  be 
created  between  the  discovery  pS  how  randomness  can  generate  textures  that  students  can 
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organize  coherently  in  a  certain  way  to  convey  high  information  content,  and  the  activity  of 
programming,  by  doing  literary  bricolagc',  or  producing  mathematical  theorems  in 
computers'  environments  that,  as  diSessa  (1993)  pointed  out,  satisfy  the  criteria  of  good 
learnability,  comprehensibility,  geneial  expressiveness,  usefulness  and  collaboration. 
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THE  TALE  OF  TWO  STUDENTS:  THE  INTERPRETER  AND  THE  DOER 


Anna  Sfard  and  Liora  Linchevski 
The  Hebrew  University 


While  carryirg  cut  an  e»periTent jl  study  in  which  several  sutn  gradeis  .ere  introj-ced  to 
algebra,  we  rc'.iced  J  Quite  stnong  aive-sity  not  only  in  fe  students'  urderstarmng  of  the 
subject,  b.t  a'so  in  lhe>*  attitudes  toward  the  issue  of  understanding  We  decided  tc  coserve 
c!cse'y  twc  cm'd'-en.  Snir  anti  Dana,  who  obviously  differed  'n  their  aims  and  e«pectat 'ons . 
Tim  d-.f*'ere"-"e  had  a  distinct  nr-pact  on  the  way  their  knowledge  developed  the  two  students 
displayed  disparate  learning  oe'Mv'ors  and  different  approacnes  to  the  issue  of  e*y'a-at:cn. 
and  trey  progressed  at  a  o'fferent  pace  Smr's  example  has  shown  that  a  constant  attenpt  to 
understand  has  its  price,  a  struggle  tor  meaning  may  mean  postponement  of  an  'ajt&Talic  mode' 
of  dealing  w-.'n  algebra  and  a  slow-down  >n  the  acquisition  of  skills 


The  story  we  are  going  to  tell  in  this  paper  is  a  story  with  a  moral.  The 
lesson  to  be  learned  concerns  the  impact  of  students'  attitudes  toward  the 
issue  of  understanding  mathematics  on  the  outcomes  of  instruction.  This  moral 
was  a  serendipitous  finding  of  an  experiment  in  teaching  beginning  algebra.  At 
the  following  pages  we  will  focus  on  this  special  by-product  of  our  algebra 
study  rather  than  on  its  principal  aims. 

Let  us  begin  with  just  a  few  indispensable  details  about  the  teaching 
experiment.  Teachers  and  researchers  often  complain  that  student's 
understanding  of  algebra  is  purely  instrumental:  the  children  can  "go  through 
the  motions"  but  they  cannot  explain  the  things  they  are  doing.  The  findings  of 
our  previous  studies  forcefully  confirmed  these  complaints  (see  [4],  [5])  and 
brought  some  insight  into  the  nature  and  the  sources  of  the  problem.  In  keeping 
with  the  implications  of  our  analysis,  we  designed  an  experimental  teaching 
sequence  which  was  expected  to  bring  the  beginners  at  a  deeper,  more  flexible 
understanding  of  algebra.  It  was  an  introductory  material  on  linear  equations 
aimed  at  seventh-grade  children  (age  12-13)  who,  by  the  time  we  met  them  for 
the  first  time,  were  already  acquainted  with  the  notion  of  algebraic  expression 
but  not  with  the  concept  of  equation.  Each  of  the  six  children  who  participated 
in  the  experiment  had  five  individual  one-hour  long  teaching  sessions  devoted 
to  the  basics  of  equations  solving.  After  a  month  another  meeting  took  place 
during  which  the  participant  of  the  experiment  was  asked  to  help  in  explaining 
the  subject  to  an  "uninitiated"  peer. 

To  shed  some  light  on  the  way  in  which  we  tried  to  foster  student's 
understanding  of  algebra  we  must  first  say  a  few  words  on  the  meaning  of  the 
term  "understanding"  in  this  particular  context.  The  simplest,  most  obvious  way 
to  define  the  word  is  to  say  that  to  understand  algebra  means  to  be  able  to 
justify  algebraic  procedures.  At  the  school  level,  the  only  method  to  provide 


ERIC 


257  — 


the  reasons  for  the  operations  performed  on  equations  is  to  ground  the  formal 
transformations  in  the  numerical  computations  which  they  symbolize  and 
generalize.  For  instance,  the  transition  from,  say,  3x+7  =  2x-5  to  3x  =  2x-12 
can  only  be  explained  by  saying  that  whatever  number  is  substituted  instead  of 
X,  the  first  equality  holds  if  and  only  if  the  other  holds,  and  this  means  that 
subtracting  7  from  both  sides  of  the  equation  does  not  alter  its  solution.  In 
other  words,  in  order  to  apply  algebraic  processes  in  a  meaningful  way,  one 
must  be  able  to  relate  them  to  the  properties  of  numbers. 

The  teaching  sequence  we  designed  and  used  in  our  experiment  aimed  at  raising 
student's  awareness  of  the  connections  between  algebraic  procedures  and 
numerical  calculations.  All  along  the  way  we  kept  interpreting  algebraic 
expressions  as  prescriptions  for  computational  processes  which  may  have 
infinitely  many  inputs  and  outputs.  In  the  semi-structured  dialogue  between  the 
teacher  and  the  learner,  requests  for  explanations  and  justifications 
accompanied  every  step  and  every  utterance  made  by  the  student.  In  this  way  we 
tired  to  prevent  the  children  from  becoming  addicts  of  an  automatic  algebraic 
mode  --  from  slipping  into  the  habit  of  performing  symbol  manipulations  without 
ever  thinking  about  their  meaning  or  justification.  We  wanted  the  children  to 
always  keep  their  eyes  on  the  links  with  the  underlying  arithmetical  roles,  or 
at  least  to  be  able  to  make  an  appropriate  reference  whenever  necessary. 

The  heroes  of  this  paper  are  a  boy  and  a  girl  whose  names  are  Snir  (S)  and  Dana 
(0).  In  what  follows,  we  present  a  number  of  snapshots  from  their  interactions 
with  the  teacher  (T).  It  is  not  our  aim  in  this  paper  to  give  a  full  account  of 
the  teaching  experiment  or  of  its  results.  We  shall  only  report  on  the  special 
phenomena  that  attracted  observers'  attention  and  stirred  their  curiosity.  Some 
telling  differences  in  the  behavior  of  the  two  children  have  been  spotted. 
These  differences  indicated  a  disparity  between  Snir's  and  Dana's  attitudes- 
toward  the  issue  of  understanding.  Obviously,  the  students  differed  in  their 
aims  and  expectations,  and  this  fact  had  a  considerable  impact  on  the  way  their 
knowledge  developed. 

Stage  1:  Grappling  in  the  dark 

During  the  first  session  of  our  experiment,  an  interview  was  conducted  the  aim 
of  which  was  to  examine  student's  knowledge  of  equations  prior  to  instruction. 
The  difference  between  Snir  and  Dana  started  to  show  up  already  at  this  early 
stage.  It  was  a  subtle  disparity  between  the  types  of  explanations  provided  by 
the  children  rather  than  a  difference  in  their  knowledge  of  the  subject  that 
attracted  our  attention. 
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Both  Snir  and  Dana  said  they  did  not  learn  equations  before.  So  far,  they  have 
never  seen  anything  like  7+x=23,  even  though  they  did  deal  in  the  past  with 
such  expressions  as  7+?=23.  In  spite  of  this,  and  in  full  accordance  with 
findings  by  other  researchers  ([1],  [2])  the  children  could  deal  with 
•arithmetical 'equations  (equations  of  the  form  ax+b=c)  in  an  intuitive  manner. 
They  solved  these  simple  problems  by  'undoing'  the  computational  process, 
namely  by  reversing  the  operations  in  the  formula  on  the  left  and  by  applying 
them  in  the  reverse  order  to  the  number  on  the  right.  This  is  the  way  Snir 
tackled  the  equation  7x+157=248: 

Here.  1  ha»e  to  f.r-d  a  number  so  that  7  lues  this  number  plus  157  .<  246.  First.  248  minus  157  .5  Si. 
No».  the  number  times  seven...  91  diviced  by  7  is  13.  The  number  is  13. 

The  difference  between  Oana  and  Snir  began  to  show  for  the  first  time  when  the 
children  were  asked  to  justify  their  solutions.  Snir,  when  requested  by  the 
teacher  to  'convince'  her  that  his  solution  of  the  equation  7x+157»248  was 
correct,  exclaimed  "Can't  you  see?  7  multiplied  by  13  is  91.  91  plus  157  equals 
248!".  This  response  was  clearly  based  on  a  spontaneous  interpretation  of  the 
expression  7x+157  as  a  computational  process  that,  if  applied  in  reverse  to  the 
number  on  the  right  (248)  would  produce  the  value  of  the  unknown  number  x. 

In  contrast,  Dana's  'irst  answer  to  the  question  why  she  acted  the  way  she  did 
was  "I  don't  know".  Her  next  responses  were  tautological:  she  claimed  that  she 
did  the  only  thing  that  could  be  done  ("I  think  this  is  the  way  and  there  is  no 
other")  or  she  simply  repeated  the  procedure.  Sometimes,  when  pressed  for  a 
more  informative  answer,  she  would  recite  the  rules:  "It  says  ttiat  3  times  x 
equals  141...  when  we  have  a  multiplication,  we  h.  ,r  to  divide".  These  rules  of 
reversal  were  obviously  taught  to  her  in  the  past,  ^en  the  class  dealt  with 
problems  of  the  type  7+?*23. 

Quite  predictably,  none  of  the  children  got  through  the  'didactic  cut'  (see 
[1]):  neither  Snir,  nor  Dana  could  cope  with  non-arithmetical  equation  in  which 
the  unknown  appeared  in  both  component  formulae  (ax+b-cx+d)  and  where  the 
technique  of  undoing  did  not  work  anymore.  There  was  much  to  learn  about  the 
children's  thinking  from  the  ways  they  handled  the  problem  they  could  not 
solve. 

When  Dana  was  faced  with  the  equation  15x+12-8x+47,  she  seemed  baffled  and  did 
not  know  what  to  do.  And  the,.,  after  a  few  moments  of  silence,  she  said: 

There  are  Mo  e.ercses  here  and  the,  are  equal  one  to  the  other    I  do  15.12-2/.  and  then  *»»8-».  K 
can  see  here  that  they  are  not  equal  .    1  don't  know  xhat  to  do 
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Dana,  who  just  a  moment  ago  successfully  coped  with  an  arithmetical  equation, 
was  now  confused  and  could  not  interpret  the  new  equation  or  even  to  grasp  the 
purpose  of  the  task.  A  strong  urge  to  do  something  forced  her  into  the  only 
type  of  calculation  she  could  perform  here:  adding  the  numbers  that  appeared  in 
the  formulae  while  ignoring  the  x.  In  fact,  we  had  doubts  whether  Dana  felt  a 
real  need  to  interpret  or  explain,  and  we  could  sense  that  her  principal  aim 
was  to  do  something. 

Snir's  behavior  was  quite  different.  Here  is  a  sample  from  the  dialogue  between 
him  and  the  teacher: 

S-  One  must  find  something  .  that  when  1  multiply  15  by  a  number  and  1  add  12  to  it,  it  will  be  equal 
to  eight  tif«s  a  number,  and  I  and  47  to  it.  Let's  start  with  something  simple.  Here,  times  3  and 
times  1  [writes  3  over  x  on  the  left-hand  side  and  1  over  x  on  the  right-hand  side].  No.  it's  not 
that .     I  don't  know 

T:  What  are  you  looking  for  when  you  arc  solving  the  equation: 

S-  We  must  find  two  things.  Sor-ethmg  that  when  1  multiply  it  or  divide  it  ..  doesn't  matter...  will 
be  equal  to  the  other  thing.  One  cust  find  the  way  of  making  tnem  equal. 


Obviously,  Snir  had  his  understanding  of  the  problem:  he  looked  for  the  inputs 
for  which  the  outputs  of  the  procedures  represented  by  the  two  sides  of  the 
equation  would  be  equal.  His  interpretation  was  not  entirely  correct  since  he 
did  not  require  the  'equalizing  inputs'  to  be  the  same.  In  addition,  he  had  no 
knowledge  of  solving  techniques,  the  fact  of  which  he  was  aware  ("The  only  way 
I  know  is  trying  the  numbers...  It's  a  mess  and  takes  time")  but  which 
nevertheless  did  not  stop  him  from  the  attempts  to  find  the  solution.  In  spite 
of  all  these  shortcomings,  Snir  did  act  in  a  meaningful  and  consistent  way.  The 
main  point  to  be  made  here  is  that,  unlike  in  Dana's  case,  Snir's  actions  were 
guided  by  his  interpretation  of  the  problem,  and  were  not  just  a  mere 
implementation  of  a  randomly  chosen  algorithm. 

Stage  2:  Finding  the  way 

During  the  following  three  sessions  the  students  learned  the  concept  of 
equation,  In  an  attempt  to  make  the  learning  as  meaningful  as  possible,  we 
decided  to  use  student's  spontaneous  knowledge  of  arithmetical  equations  as  a 
point  of  departure  and  to  gradually  generalize  it'in  such  a  way  that  it  would 
become  applicable  to  all  kinds  of  linear  equations.  Thus,  we  had  to  translate 
the  technique  of  undoing  used  by  the  students  in  the  case  of  arithmetical 
equations  into  the  algebraic  idea  of  'the  same  operation  on  both  sides  of  an 
equation' . 

At  the  first  stage,  only  arithmetical  equations  were  tackled.  The  students  had 
to  look  carefully  into  the  procedures  they  performed.  Gradually,  they 


were  encouraged  to  translate  their  verbal  description  of  the  solution  (like 
the  one  by  Snir,  quoted  above)  into  the  algebraical  representation.  The  next 
step  was  to  discuss  the  relationship  between  the  different  equations 
appearing  in  the  solution  sequence  and  to  justify  in  a  new  structural  way 
the  operations  that  led  from  one  of  them  to  another.  Our  last  move  was  an 
application  of  the  'permissible  operations'  to  non-arithmetical  equations. 
To  sustain  student's  awareness  of  symbol -numbers  connections,  the  concepts 
of  equivalence  of  equations  and  of  permissible  operations  was  recalled  and 
discussed  all  along  the  way. 

We  were  surprised  to  find  out  that  of  our  two  students,  Dana  was  much 
swifter  in  making  the  transition  to  the  algebraic  mode.  Indeed,  she  adopted 
the  new  method  without  hesitation:  after  just  one  experience"  with  algebraic 
solution  like  the  one  presented  above,  she  was  ready  to  apply  the  technique 
to  all  the  problems  with  which  she  was  presented  later.  She  never  went  back 
to  the  technique  of  undoing.  In  contrast,  Snir  clearly  gravitated  toward  the 
old  procedure.  During  the  first  session  he  had  to  be  constantly  prompted  to 
use  the  algebraic  method,  and  at  the  beginning  of  the  next  session  the  whole 
idea  had  to  be  re-discussed  before  he  agreed  to  use  it  (compare  our  findings 
with  those  in  [3]). 

As  far,  however,  as  student's  explanations  were  concerned,  Snir  was  still 
the  one  who  had  more  to  say.  Like  in  the  opening  interview,  he  had  no 
difficulty  with  justifying  his  solutions.  In  contrast,  Dana  had  to  be  given 
much  hints  in  order  to  say,  eventually,  that  the  correctness  of  the  result 
she  has  found  so  easily  could  be  proved  by  substitution  into  the  original 
equation. 

The  concept  of  the  equivalence  of  equations  seemed  to  be  quite  clear  to  Snir 
from  the  very  beginning.  For  example,  when  asked  whether  two  equations  that 
just  have  been  solved,  are  equivalent  he  said  "Yes,  they  have  the  same 
solution".  To  Dana,  all  this  did  not  seem  so  obvious.  She  had  no  answers  to 
our  questions.  When  asked  by  the  teacher  whether  the  equations  2x+l=ll  and 
3X-2-19  were  equivalent,  her  responsse  was  correct,  but  when  requested  to 
give  an  explanation,  she  had  a  difficulty:  "They  are  not  equivalent  ber  luse 
we  did  not  add,... we  did  not  multiply...".  We  guessed  she  was  trying  to  say 
that  there  was  no  operation  which  could  transform  one  equation  into  the 
other. 

It  seemed  to  us  that  Snir's  temporary  resistance  to  the  new  technique 
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stemmed  from  his  inability  *o  fully  justify  it.  As  long  as  the  undoing  was 
more  meaningful  to  him  than  the  algebraic  method,  he  would  rather  choose  the 
former.  By  the  same  token,  the  relative  easiness  with  which  Dana  'switched 
allegiance'  from  the  technique  of  undoing  to  the  algebraic  method  stemmed 
from  her  strong  wish  to  actually  do  something  on  one  hand,  and  from  her 
relative  indifference  to  the  issue  of  meaning  on  the  other  hand.  Or,  in  a 
slightly  different  language:  since  she  did  not  expect  her  understanding  to 
become  much  different  from  what  it  was  already  at  this  early  stage,  she 
could  see  no  reason  why  the  use  of  the  efficient  algorithm  should  be 
postponed. 

Stage  3:  Being  there  and  guiding  the  others 

The  fifth  session  was  devoted  to  a  review  of  the  whole  subject  of  solving 
equations.  This  time,  neither  Snir  nor  Dana  had  any  difficulties  with  the 
algebraic  technique.  Both  were  also  able  to  verify  their  solutions.  However, 
when  asked  why  7x+157=248  and  7x=91  were  equivalent,  they  did  not  give  the 
same  type  of  answer:  while  Snir  stressed  the  fact  that  the  two  equations  had 
the  same  solution  ("There  is  the  same  solution...  the  operation  that  was 
done  on  both  sides  did  not  change  it"),  Dana  concentrated  on  the  operation 
itself:  "They  are  equivalent  because  when  we  subtract  157  from  both  sides  we 
get  an  equivalent  equation."  When  asked  what  it  meant,  she  responded:  "The 
equations  are  equal". 

The  children  were  then  requested  to  justify  the  permissible  operations. 
This  question  left  Dana  speechless.  She  could  produce  no  answer  in  spite  of 
the  teacher's  insistence  and  encouragement.  Snir,  as  usual,  was  prepared  to 
give  an  exhaustive  explanation: 

These  operations  do  not  change  the  solution  1  oo  the  same  operation  on  Doth  sioes,  and  I  substitute 
the  same  number  on  both  sides  .  if  I  substitute  ana  compute  the  s'aes  of  the  [new]  equation,  I  get  a 
different  results  [than  in  the  old  equation),  but  it  is  still  the  same  structure.  .  the  same.,  how 
shall  1  put  it?  so  the  solution  is  the  sa-se  solution  [Snir  had  obviously  some  difficulty  with 
finding  the  right  words,  but  what  he  seemed  to  be  saying  was  that  the  permissible  operation  did  not 
change  the  equality  relation  between  the  sides  of  the  equation  ] 

Obviously,  Snir's  first  need  was  to  have  a  consistent  vision  of  the 
situation,  whereas  Dana  was  mainly  interested  in  doing  things.  This  message 
about  Dana's  attitude  was  brought  with  particular  force  in  an  exchange  she 
had  with  her  'uninitiated"  friend  Zohar  during  the  sixth  meeting.  The  later 
had  a  difficulty  with  the  equation  112-12x+28  and  was  told  by  the  teacher  to 
try  to  subtract  28  from  both  sides. 
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Z:  HO.  Muld  I  kno.  that  1  should  subtract  £„  and  not  W»' 
can  subtract  28. 

T:  Is  the  subtraction  of  12*  forbidden?  Is  it  against  the  rules? 
0:  It  is  forbidden:  we  wouldn't  get  the  result. 

These  utterances  by  Dana  came  to  us  as  a  surprise  since  by  that  time  she  was 
already   in   a   slightly  more  thoughtful   mode  and  was  able  to  give  more 
satisfactory  answers  to  the  questions  on  permissible  operations  ("We  are 
permitted  to  add,  subtract,  multiply  both  sides  of  an  equation...  because 
this  doesn't  change  the  solution").  Dana's  urge  to  do  things  and  obtain  a 
result  was  evidently  strong  enough  to  make  her  oblivious  to  all  the  previous 
explanations.    The    permissible    operation    was    one    thing    when  discussed 
theoretically,  and  something  quite  different  when  put  into  practice.  In  the 
latter    case,    the    only    criterion    that    counted    was    the    criterion  of 
effectiveness:  permissible  operation  was  an  operation  which  would  result  in  a 
simpler  formula. 

Discussion  and  the  morals 

From  our  brief  report  it  seems  quite  clear  that  Dana  and  Snir  came  to  our 
experiment  with  quite  different   aims   and  expectations   as   far   as  their 
learning   and  understanding  of  mathematics  was  concerned.    For  Dana,  the 
activity  of  equations  solving  had  initially  only  one  dimension:   that  of 
doing.    In  her  eyes,   the  means  were  also  the  ends  and  the  actions  she 
performed  were  undertaken  for  their  own  sake.  Often,  Dana  seemed  unable  to 
understand  the  meaning  of  the  request  'explain'  the  same  way  the  teacher  did. 
Her  single-minded  preoccupation  with  doing  and  manipulating  persisted  in 
spite   of   the    instructor's   constant   effort   to   entice   her    into   a  more 
reflective  mode.  It  was  only  toward  the  end  of  the  experiment  that  Dana's 
attitude  showed  first  signs  of  a  change. 

For  Snir,  in  contrast,  there  were  always  two  dimensions  in  the  problems  he 
tackled:  the  dimension  of  means,  namely  of  procedures  to  be  performed,  and 
the  dimension  of  ends  --  of  the  purpose  for  which  the  procedure  was  employed. 
The  purpose  was  something  that  had  to  be  defined  with  no  reference  to  the 
procedure.  Snir  recognized  the  Independent  existence  of  a  universe  of 
mathematical  entities,  such  as  numbers  and  algebraic  expressions,  and 
whatever  he  did  was  a  derivative  of  his  knowledge  of  these  entities.  From  the 
first  moment  he  seemed  to  be  In  a  pursuit  of  links  between  the  manipulations 
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and  the  properties  of  the  objects  on  which  these  manipulations  have  been 
performed.  Thus,  unlike  Dana  who,  having  nothing  to  lose,  switched  to 
mechanical  manipulations  without  qualms  the  moment  she  saw  the  algorithm, 
Snir  rejected  the  automatic  mode  as  long  as  the  reasons  for  the  'rules  of  the 
game'  did  not  seem  sufficiently  clear  to  him.  We  decided  to  call  Snir  an 
interpreter,  while  Dana  was  named  a  doer. 

Teachers  and  researchers  are  often  bitterly  disappointed  to  find  out  that 
even  most  reasonable  and  carefully  implemented  didactic  ideas  would  not  bring 
much  change.  In  particular,  they  are  frustrated  by  their  inability  to 
significantly  improve  students'  understanding  of  mathematics.  It  seems, 
however,  that  the  meaningfulness  (or  should  we  say  meaninglessness?)  of  the 
learning  is,  to  great  extent,  a  function  of  student's  expectations  and  aims: 
true  interpreters  will  struggle  for  meaning  whether  we  help  them  or  not, 
whereas  the  doers  will  always  rush  to  do  things  rather  than  to  think  about 
them.  The  problem  with  the  doers  stems  not  so  much  from  the  fact  that  they 
are  not  able  to  find  meaning,  as  from  their  lack  of  the  urge  to  look  for  it. 
In  a  sense,  they  do  not  even  bother  about  what  it  means  to  understand 
mathematics.  All  this  may  be  not  entirely  new  to  an  experienced  teacher,  but 
in  our  study  we  had  a  rare  opportunity  to  look  at  the  phenomenon  through  the 
magnifying  glass  of  8  fully  videotaped  individual  exchange  between  the 
student  and  the  teacher. 

To  sum  up,  the  main  moral  of  Snir  and  Dana's  story  seems  to  be  this:  whatever 
route  we  choose  while  teaching  a  certain  subject,  we  must  be  prepared  for  the 
possibility  that  some  students  will  not  be  able  to  benefit  from  our  efforts. 
Our  success  will  depend,  among  others,  on  our  ability  to  turn  doers  into 
interpreters. 
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IS  INFINITY  A  WHOLE  NUMBER? 

G1 1 1  i  Shama  £c  Nitsa  Movshovitz-Hadar 
Technion  -  Israel  Institute  of  Technology 
Haifa,  ISRAEL  32000 

Abatraet 

This  paper  presents  preliminary  results  from  a  naturalistic 
study  of  the  way  people  perceive  periodicity.  Periodic 
phenomena  are  infinite  but  they  are  presented  by  finite  means. 
The  results  point  that  there  is  a  close  tie  between  the 
infinite  extendibility  of  periodic  phenomena  and  its 
presentation  by  a  whole  number  of  periods.  This  may  indicate 
that  many  perceive  infinity  as  a  whole  number. 


The  Problem- 

iiiiodic  series  and  periodic  functions,  like  any  periodic  phenomenon1,  are 
defined  on  an  unbounded  domain.  Consequently,  their  values  occur  periodically, 
each  an  infinite  number  of  times.  However,  finite  and  bounded  means,  such  as 
time  and  space  available,  limit  the  actual  presentation  of  periodic  phenomenon. 
Obviously,  this  finite  nature  of  the  presentation  does  not  imply  necessarily  a 
presentation  by  a  whole  number  of  periods.  Is  it  indeed  that  obvious?  In  other 
words : 

•  Is  not  mental   representation  of   periodicity   also   limited  to  a  whole 
number  o£  periods? 

•  Do  many  perceive  infinity  as  a  whole  number? 

This  paper  describes  a  stu.ly  that  seeks  answers   for  these  two  questions. 
It  is  a  part  of  an  on-going  research  focusing  on  the  concept  of  periodicity. 


>A  series  Ui>  is  periodic  if  there  exists  an  integer  k  such  that  an=an+k  for 
all  n.  We  will  use  the  term  pmrlod  to  describe  any  set  of  k  consecutive  elements 
in  the  aeries. 

A  real  function  f  is  periodic  on  a  domain  D  if  f  isn't  constant  on  D  and  there 

exists  a  real  number  t  such  that  for  each  x  in  D  x+t  is  also  in  D  and 

f (x)=f <x+t> .  For  a  complete  definition  of  a  complex  periodic  function  see  Van 

ttostrand  Comp.  1977,  p.  654.  We  will  use  the  term  period  to  describe  a  half  open 

segment  with  length  t  in  the  domain,  t  is  the  length  ot  thm  period. 

Examples  for  periodic  phenomena  can  be  found  in  Berry,  Norcliffe,  and  Humble 

(1989) . 
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Background 


The  literature  includes  many  studies,  empirical  and  theoretical,  about 
teaching  the  concept  of  periodicity  {Dreyfus  &  Eisenberg,  1980,  1982,  1983; 
Eylon  &  Rosenfeld,  1990;  Fraser,  1968;  Hersberg  &  Talsma,  1990;  Hirsch  u  Novak, 
1987;  Hornsby,  1990;  Hughes  U  Freier,  1991;  Jacobs,  1975;  Lichtenberg,  1978; 
Lcvell,  1982;  McGinty  &  Mutch,  1982;  Olson  &  Olson,  1988;  Sconyers,  1986; 
Seybel,  1979;  Sherard,  1982;  Wagner,  1982).  However,  a  thorough  literature 
survey  did  not  yield  any  report  on  research  about  how  people  perceive  the 
concept  of  periodicity.  Related  studies  about  the  way  people  perceive  the 
concept  of  infinity  are  described  by  Tirosh  (1991). 


The  lack  of  background,  as  described  above,  yielded  a  need  for  an 
exploratory  approach  to  the  problem.  This  need  lead  ■  quite  naturally  to  the 
selection  of  qualitative  methods  (Glaser  &  Strauss,  1967;  Romberg,  1992).  'We 
employed  unobtrusive  classroom  observations,  personal  interviews  with  students 
of  various  ages  and  with  their  teachers,  as  well  as  an  analysis  of  existing 
teaching  materials.  This  paper  presents  protocol  analysis  o£  personal  interviews 
with  seven  11-graders  (4  females,  3  males),  all  taking  mathematics  as  an 
advanced  topic.  They  were  each  interviewed  right  after  their  class  started 
learning  Trigonometry. 

The  interview  was  semi-structured.  To  set-up  a  cooperative  and  orientated 
atmosphere,  the  interviewer  started  all  interviews  by  introducing  herself  and 
explaining  "softly"  the  goal  of  the  interview.  The  main  tasks  were  pre-planned, 
but  their  specific  order  and  the  exact  wording  varied.  Here  is  a  sample  of  the 
pre-planned  tasks: 

(1)  Give   me   a   few   examples   of   periodic   phenomena   or   periodic  functions 
that  you  are  familiar  with; 

(2)  Among  your  examples,    is  there  any  that  you  can  extend  as  much  as  you 
desire?  Extend  it; 
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(3)  Look  at  Figure  1.  Which  parts  o£  Figure  1  represent  a  periodic  series? 
Is  there  any  part  o£  Figure  1  that  you  can  extend  as  much  as  you 
desire?  Extend  it; 


Vigur*  Is      Periodic  series  presented  by  the  interviewer.  , 

(4)  Can  you  £ind  a  periodic  example  which  cannot  be  extended? 

(5)  Count    the   number    o£    periods    presented    in    each    o£    the    examples  we 
looked  at; 

(6)  Give  me  an  example  that  you  fill  might  be  difficult  tor  other  students 
to  determine  whether  it  is  periodic  or  not; 

(7)  Here  is  an  example  that  a  former  student  gave.  Determine  whether  it  is 
periodic  or  not . 

Each  interview  lasted  between  one  and  two  hours,  according  to  the  needs  that 
evolved.  Following  the  interviews  transcribed  protocols  were  segmented  into 
units  by  task  pertormar.ee.  Units  were  then  classified  into,  categories  by  type  o£ 
task.  Then  various  conceptions  about  periodicity  were  identified.  Finally, 
further  classification  of  the  same  units,  was  carried  out,  this  time  by  type  of 
conception  about  periodicity  that  the  unit  may  point  at. 

PTflUmtTiitrv  Raaulta 

Two  of  the  conceptions  resulted  by  the  process  described  above,  have 
special  relevance  to  the  problem  addressed  by  this  paper.  These  are: 

1.  Periodical  phenomenon  has  a  whole  number  cf  periods; 

2.  Periodical  phenomenon  extends  without  limit  by  a  whole  number  of  periods. 
In  the  rest  of  this  section  we  show  evidences  for  these  two  conceptions. 

1.  Periodical  phenom,pnnn  has  a  whole  nnmhtr  of  periods. 

The  total  number  of  examples  for  periodic  phenomena  given  by  students  was 
86.  Counting  of  periods  was  impossible  in  examples  like:  'The  months  of  the  year 
repeat  themselves'.  In  54  o£  the  examples  counting  the  number  of  periods  was 
possible.  The  students  presented  42  (78»)  of  those  examples  by  a  whole  number  of 
periods.  For  example,  two  periods  appeared  in:  'One,  two,  three,  one,  two, 
three." 
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In  12  (22*)  examples  the  number  of  periods  was  not  a  whole  number.  Five  of 
those  were  answers  to  task  6,  namely  examples  that  might  cause  difficulty  for 
other  students  if  asked  to  determine  whether  they  are  periodical  or  not.  Two  of 
these  examplej  appear  in  Figure  2.  Their  originators  stated  that  they  actually 
were  not  periodical  since  the  number  of  periods  was  not  a  whole  number  (The 
quotation  appears  below  each  example  in  Figure  2). 


a.     Anna's  example: 


Anna's  argument: 

"There  is  a  periodicity 
here,  but  truly  there  is 
not.  The  period  at  the  end 
is  incomplete.  I  don't  know 
if  it  is  periodic . " 


b.  Jane's  example: 


Jane's  argument: 

"In  my  opinion  it  is  not  a 
periodic  phenomena  because  a 
triangle  and  a  dot  are 
missing.  ■ 


rigur*  2:  wrong  identification  of  periodic  phenomena  as  non 
periodic,  since  the  number  of  presented  periods  isn't 
whole. 

The  students  did  not  hesitate,  nor  gave  any  wrong  answer  in  counting  the 
number  of  periods  in  each  example  wherever  the  number  of  periods  presented  was 
actually  a  whole  number.  However,  in  cases  where  the  number  of  periods  presented 
was  not  an  integer,  only  three  students  (Anna,  Rick  and  Tammy)  used  fractions. 
This  behavior  was  not  consistent  nor  exhibited  in  a  confident  way.  For  example, 
in  Figure  lb  Tammy  counteU,  "Three  and  a  quarter",  and  in  Figure  lc,  "Three  and 
a  half." 

Then  she  said:       "it  sounds  very  foolish,  these  numbers,  a  half,  a 

quarter . " 
Interviewer:  "Why?" 
[Pause  of  several  seconds]. 

Interviewer:  "Why  does  it  sounds  foolish?" 

Tammy:  "I  don't  know.  It  just  doesn't  fit." 

In  other  examples  Tammy,  like  all  other  students  except  Anna,  truncated  the 
number  of  periods  to  the  nearest  lower  integer,  as  shown  in  Figure  3. 
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a.  Tammy  counted,  'Three,'  in: 


b.  Bob  counted,  'Five  periods,"  in: 


c.  Ben  counted,  -Three,-  in: 


F=y=Li 


d.  Rick:  "But  here  it  is 

incomplete,  so,  with 
or  without  it?- 


lVVWV\A 


Interviewer:  "What  ever  you 
choose . " 

Rick:  'Then  without.  It  is 
 six.-  


Flgur*  3:      students    truncated    the    number    of    periods    to  the 
nearest  lower  integer. 


Ben  and  Rick  went  even  further  and  changed  the  examples  so  as  to  have  a 
whole  number  of  periods  in  them,  as  shown  in  Figure  4. 


a.  Ben  erased  the  right 
end,  and  counted, 
•Four,  without, 
this . • 


b.  Ben  erased  the  left 
end,  added  the 
right  end,  and 
counted,  -Five.- 


c.  Rick  crossed  the 
right  end,  and 
remarked,  'Four, 
this  is 
crossed . 


Flgur*  4:      students  changed  the  examples  so  as  to  have  a  whole 
number  of  periods  in  them. 


2.  Periodical  phenomenon  extends  without  limit-  by  a  whole  number  of  periods. 

When  asked  whether  an  example  was  extendible  (tasks  2,  3),  all  students 
approved  that  every  given  periodic  example  was  extendible  and  they  were  able  to 
actually  extend  it.  However,  many  students  mentioned  the  possibility  of 
constrains  to  the  extendibility .  E.g.,  -Till  death-;  "Till  the  end  of  the 
world";  "And  so  on,  till  I  get  tired-.  Those  were  the  only  reasons  for  non 
extendibility  of  examples  given  by  students  (as  a  reply  to  task  i) .  An 
interesting  constrain  (held  by  shira,  Anna  and  Jane)  had  to  do  with  completing 
the  presented  example  so  as  to  have  a  whole  number  of  periods,  before  extending 
it  further.  Figure  5  presents  this  constrain. 
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Anna : 

•That  single  one..."  [She  indicates  the  last  element  in  the 

series]   "Is  it  here  on  purpose?" 

Interviewer : 

"What  do  you  think?" 

Anna : 

"If  there  were  two  more  circles  here"   [pointing  at  the  right 

end)   "I  could  continue  it,  but  as  it  is,   I'm  not  sure." 

Figure  5 

Anna  completed  the  presented  example  to  have  a  whole 

number  of  periods,  prior  to  the  extension. 

In  Che  actual  continuation  (Tasks  2,  3)  all  students  showed  a  demand  for  a 
whole  number  of  periods,  by  stopping  their  constructions  at  the  end  of  a 
complete  period  (see  Figure  6). 


b  ••|a«*|a««|a««|a 


Figur*  «:      Tammy,    Anna  and  Ben  completed  the  presented  examples 
to  have  a  whole  number  of  periods. 


One  student  even  added  a  whole  period  to  the  examples  on  Fiyuie  1  b  and  c, 
so  that  the  extended  series  was  not  periodic  (see  Figure 


Figur*  7:      Rick    extended    the    example    by    a    whole    number  of 


periods . 
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Simmm-v  and  conclusions 


The  observations  obtained  through  the  interviews  of  seven  11-th  graders  in 
this  study  were  very  consistent.  They  indicate  that  a  whole  number  of  periods  is 
typical  for  one's  mental  representation  of  periodic  phenomena.  This  may  be 
either  well  acknowledged  or  go  unnoticed  by  the  beholder.  It  may  be  expressed 
explicitly  (seating  that  if  Che  number  of  periods  is  not  an  integer,  Che 
phenomena  cannot  be  periodic)  or  it  may  be  exhibited  implicitly  (counting  the 
number  of  periods  using  integers  oniy) . 

The  results  of  the  study  also  show  that  all  interviewees  maintain  that 
infinity  and  whole  numbers  go  together.  It  may  also  be  either  expressed 
explicitly  (stating  that  if  the  number  of  periods  is  not  an  integer  the 
phenomena  cannot  be  infinite)  or  exhibited  implicitly  (extending  examples  to  or 
by  a  whole  number  of  periods)  . 

These  results  suggest  that  many  perceive  infinity  as  a  whole  number.  A 
possible  way  to  explain  it  is  by  the  gap  between  the  physical,  actual 
presentation  of  periodic  phenomena,  which  often  uses  (finite)  integers  for  the 
number  of  periods,  and  the  abstract  notion  of  periodicity,  which  is  infinite. 
The  mental  representation  one  develops,  draws  from  both:  It  combines  the  integer 
from  the  former,  and  the  infinity  from  the  latter.  Thus  an  intuition  that 
•infinity  is  an  integer-  evolves,  such  a  process  of  the  developmenf  ot  an 
intuition  is  in  line  with  Fischbein's  theory  (Fischbein  1987>  .  What  can  be  done 
about  it  through  teaching,   is  remained  to  be  invest-  >g..ced. 


While  writing  this  paper  we  are  analyzing  similar  interviews  with  students  of 
three  other  age  groups:  \ird,  sixth,  and  ninth  grades.  Among  the  younger 
students    the    misconception    that    periodic    phenomena    have    a    whole    number  of 


Further  atudv 


periods  seems  to  be  even  stronger.  We  are  also  working  on  a  further  study,  using 
a  pen  and  paper  test  to  establish  the  generality  of  this  misconception. 
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Stimulating  Student  Elaboration  of 
Mathematical  Ideas  Through  Writing 


Mai  Shield  and  Kevan  Swinson,  Centre  for  Mathematics  and  Science  Education, 
Queensland  University  of  Technology. 

In  this  study,  students  wrote  about  the  mathematics  they  had  learnt  recently  in  class.  The 
protocols  were  analysed  to  identify  the  language  and  elaborations  used.  Classroom 
activities  were  introduced  in  an  attempt  to  stimulate  elaboration  in  later  writing 
episodes.  These  aimed  at  relating  the  mathematics  to  everyday  contexts.  Students 
continued  to  write  mostly  about  the  procedures  of  mathematics  with  little  elaboration. 


Understanding  in  mathematics  learning  involves  knowing  the  concepts  and  principles 
related  to  the  procedures  being  used  and  making  meaningful  connections  between  prior 
knowledge  and  the  knowledge  units  being  learned  (Baroody  &  Ginsburg.  1986).  Swing  and 
Peterson  (1988)  described  mathematical  knowledge  as  "characterised  by  logical  connections 
among  knowledge  units"  (p.54)  and  stated  that  "making  these  connections  is  an  integral  part  of 
learning  and  understanding  mathematical  knowledge"  (p.54). 

The  term  elaboration  has  been  used,  particularly  in  the  study  of  reading  processes,  to 
describe  the  linking  and  integration  of  information  being  learned.  For  example.  Hamilton 
(1989)  described  elaboration  as  follows. 

Elaboration  can  be  defined  as  any  enhancement  of  information  that  clarifies  the 
relationship  between  information  to  be  learned  and  related  information,  e.g..  a  learner's 
prior  knowledge  and  experience,  contiguously  presented  information,  (p.205) 

Investigations  into  the  effects  of  ieDiner  generated  elaborations  (Reder.  1980;  Anderson.  1990) 
have  demonstrated  improved  comprehension  and  retention  in  a  variety  of  contexts.  Elaborative 
processing  by  learners  appears  to  make  new  material  more  meaningful  and  allows  for  more 
effective  integration  of  the  ideas  with  existing  knowledge  structures.  Of  interest  to  mathematics 
educators  is  the  finding  in  a  number  of  studies  (e.g..  Mayer.  1980;  Hamilton,  1989.  1990)  that 
elaborative  processing  enhances  the  ability  of  learners  to  apply  the  new  knowledge  to  novel 
problem  situations.  Hamilton  (1990)  suggested  that  improved  problem  solving  performance 
may  be  "due  to  the  nature  of  the  generative  activity  and  its  similarity  to  problem  solving 
activity"  (p. 8). 


Introduction 


Writing  in  mathematics 


One  method  of  stimulating  elaboration  in  learning  mathematics  is  the  use  of  writing. 
Abel  and  Abel  (1988)  indicated  that  writing  activities  involve  a  way  of  thinking  that  requires 
students  to  organise  their  thoughts.  When  suitable  writing  activities  are  used  in  mathematics 
lessons.  Burns  (1988)  found  that  cognitive  development  was  enhanced  as  these  activities  helped 
students  to  reflect  on  their  reasoning.  Furthermore,  she  found  that  writing  in  mathematics 
enabled  students  to  explore,  clarify  and  extend  their  thinking.  While  student  writing  tasks  have 
been  used  to  identify  misconceptions  (e.g.,  Keith,  1988;  Miller,  1990)  and  to  ascertain  attitudes 
(e.g.,  Borasi  &  Rose,  1989),  there  appears  to  have  been  little  attempt  to  describe  the  qualities 
of  student  writing  in  a  systematic  way. 
Describing  the  writing 

The  description  of  the  qualities  of  student  writing  used  in  this  study  is  in  two  parts. 
Firstly,  the  various  parts  of  the  student  "texts"  are  described  using  textual  analysis  categories 
developed  by  van  Dormolen  (1985).  In  his  work,  van  Dormolen  was  describing  the 
presentations  in  school  mathematics  textbooks.  The  following  categories  have  been  adapted  for 
this  work. 

kernels    generalisations,  rules  and  definitions  which  have  to  be  learned 
aspects  of  mathematics    ways  in  which  mathematical  ideas  and  procedures  may  be 
presented  -  theoretical,  algorithmic,  logical,  methodological,  communicative 
levels  of  language    styles  of  language  -  exemplary  (demonstrative),  relative 
(generalised),  and  within  each,  procedural,  descriptive 

Secondly,  the  nature  of  the  elaborations  present  are  described  by  the  following  categories 

developed  for  this  study  by  surveying  the  representations  and  embellishments  used  in 

mathematics  textbooks  to  support  the  kernels.  Some  of  the  terminology  matches  that  used  by 

Kaput  (1989)  in  his  discussion  of  algebraic  representations. 

verbal    words  of  explanation  used  to  add  meaning 
graphical    any  type  of  mathematical  graph  (line,  bar,  etc.) 
pictorial    picture  (drawing  or  photograph)  of  a  real  object 
diagrammatic    line  figure  showing  features  of  a  concept 
worked  example    demonstration  of  a  procedure  or  algorithm 
exercise    practice  of  a  procedure  for  students  to  attempt 
data  set    set  of  data,  a  table,  related  to  the  concept 

Each  of  these  elaborations  are  further  characterised  as  being: 

everyday    set  in  a  recognisable  real  life  context,  or 
theoretical    symbolic  mathematics  not  related  to  a  context 

Any  given  text  unit  receives  a  number  of  codes.  For  example,  a  verbal  elaboration  may 
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express  an  algorithmic  aspect  of  mathematics  and  be  in  exemplary  language. 


The  experiment 

The  aim  of  this  experiment  was  to  use  writing  activities  to  help  students  to  elaborate  and 
integrate  their  mathematical  knowledge.  This  project  concerned  firstly  seeing  if  there  was  any 
evidence  of  this  type  of  thinking  in  student  writing  in  mathematics  and  secondly,  if  there  were 
ways  of  stimulating  such  thinking  through  writing. 

A  year  8  class  of  25  girls  at  a  private  girls  school  participated  in  the  experiment.  The 
teacher  was  already  making  regular  use  of  writing  activities  with  the  class.  The  four  activities 
described  below  took  place  at  approximately  monthly  intervals  when  the  two  researchers 
attended  the  class  with  the  regular  teacher. 
Individual  writing  without  pre-writine  activity 

The  students  were  asked  to  write  a  letter  to  a  classmate  who  wa'  absent  from  school. 
The  letter  was  to  provide  sufficient  information  for  the  absentee  to  enable  her  to  understand  and 
apply  the  concepts  of  highest  common  factor  and  lowest  common  multiple.  These  '-.ad  recently 
been  covered  in  class  time  and  familiarity  with  the  concepts  was  expected.  The  students  were 
given  about  20  minutes  to  complete  the  writing  task.  No  prompting  or  discussion  took  place. 
The  letters  were  collected  at  the  end  of  the  writing  session. 

This  set  of  protocols  showed  a  high  degree  of  similarity  across  the  class,  consisting  of  a 

numerical  worked  example  for  one  or  both  of  the  ideas  with  varying  amounts  of  verbal 

elaboration.  This  verbal  elaboration,  when  present,  consisted  of  exemplary  procedural  language 

describing  the  steps  needed  to  find  the  HCF  or  LCM.  The  mathematics  being  expressed  was 

algorithmic  in  nature  with  no  justification  of  why  any  of  the  steps  were  necessary.  The 

following  is  a  typical  example  of  the  style  of  writing. 

4  -  1,2.4 

16  -  /.  2.  4,  8,  16 

4  would  be  the  highest  common  factor.  You  have  to  start  by  putting  down  4  and  you 
write  its  factors  then  you  put  down  16  and  you  write  its  factors.  You  have  to  match  up 
the  two  highest  factors  and  that's  how  you  get  the  highest  common  factor. 

Only  four  of  the  students  attempted  to  write  a  kernel  in  the  form  of  a  definition  of  the 
terms  HCF  and  LCM.  Five  students  made  links  with  prior  knowledge  by  discussing  the 
meanings  of  terms  such  as  factor  and  multiple. 

The  elaborations  present  consisted  of  one  or  more  worked  examples  with  varying 
amounts  of  verbal  support.  These  were  theoretical  in  all  cases.  Kernels  were  inferred  rather 

o 
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than  stated  in  most  cases.  In  summary,  the  writing  in  these  protocols  was  categorised  as 
exemplary  procedural  discussion  of  an  algorithmic  aspect  of  mathematics. 
Group  elaborative  discussion  and  writing  activr , 

A  second  set  of  protocols  was  generated  using  the  same  letter  format,  the  topic  this  time 
being  the  addition  and  subtraction  of  directed  numbers.  This  occurred  shortly  after  class  work 
on  the  topic  and  immediately  followed  a  group  discussion  activity.  Students,  in  groups  of  three, 
discussed  the  following  questions  with  the  assistance  of  the  teacher. 

1 .  You  have  probably  heard  of  the  range  of  temperatures  that  James  Scott  had  to  endure 
while  lost  in  the  Himalayas.  What  temperatures  was  he  subjected  to?  Write  down  three 
examples  where  special  numbers  which  are  like  negative  numbers  are  used  in  everyday 
life. 

2.  Make  up  two  examples  from  everyday  life  in  which  subtraction  of  a  quantity  leads  to 
an  answer  like  a  negative  number. 

3.  Do  you  think  that  negative  numbers  are  important  in  everyday  life?  Why? 
Each  group  wrote  answers  to  the  questions  and  generated  examples  involving  temperature, 
money  transactions  and  lifts.  The  aim  of  the  exercise  was  to  provide  students  with  experience  of 
elaborations  linked  to  everyday  contexts.  The  teacher  had  used  money  examples  in  her 
expositions  and  had  also  made  use  of  a  model  involving  walking  on  a  number  line. 

This  set  of  protocols  was  again  consistent  across  the  class  and  very  similar  in  style  to  the 

previous  set.  All  but  one  of  the  students  used  a  diagrammatic  elaboration  of  a  number  line  as 

used  by  the  teacher  and  the  textbook,  as  well  as  at  least  one  numerical  worked  example  for 

addition  and,  where  they  were  able,  one  for  subtraction.  The  descriptions  again  expressed 

algorithmic  aspects  of  mathematics  in  exemplary  descriptive  language,  for  example: 

Say  if  you  were  at  +7  and  the  sum  said  +7  -  -3  =  ?  you  would  hop  back  three  spaces 
which  brings  us  to  +  4.  You  don  7  have  to  put  the  positive  sign  in  front  of  a  positive 
number. 

Many  of  the  students  were  incorrect  in  their  working  of  the  subtraction  operation,  as  in  the  case 
above.  Notice  that  the  second  sentence  expresses  a  communicative  aspect  of  mathematics  in 
relative  language.  Fifteen  of  the  students  produced  statements  in  relative  language  expressing 
aspects  of  mathematics  as  in  the  following  examples. 

theoretical  A  negative  number  is  below  zero. 

methodological        Wlien  doing  directed  number,  you  must  always  start  at  zero  on  the 


Twelve  of  the  students  attempted  to  link  with  prior  knowledge  by  providing  a  definition 

or  explanation  of  negative  numbers  in  relative  language  as  in  the  following  examples. 

A  negative  number  is  one  that  is  less  than  zero,  eg,  -I,  -2,  -3  etc. 

The  negative  numbers  (•?)  go  to  the  left  and  the  positive  numbers  go  to  the  right  (+  ?). 


number  line. 
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The  pre-writing  discussion  had  a  limited  impact  on  the  writing  of  these  students.  Three 
made  mention  of  money  in  their  explanations.  One  student  mentioned  a  time-line  which  had  not 
been  discussed  by  the  teacher  and  is  not  mentioned  in  the  textbook.  Another  discussed  the 
operations  on  a  calculator.-However,  no  one  made  any  mention  of  temperature  which  figured 
strongly  in  the  pre-writing  discussion.  This  was  surprising  because  of  the  proximity  of  the 
writing  exercise  to  the  discussion.  Six  of  the  students  made  use  of  words  such  as  "walk", 
"steps"  and  "turn  around"  in  reference  to  the  model  used  by  the  teacher  in  developing  the  ideas. 
Of  these,  only  two  actually  invited  the  reader  to  "think  of  a  person  on  a  number  line",  the 
others  simply  using  the  analogy  without  introduction. 

With  this  particular  topic,  elaborations  other  than  those  used  in  the  first  protocols  were 
possible.  Numerical  examples  could  be  related  to  the  everyday  contexts  of  money  and 
temperature.  However,  few  of  the  students  chose  to  include  such  elaborations  in  their 
explanations.  Seven  students  provided  from  one  to  six  practice  exercises  for  the  reader.  In 
general,  the  letters  were  similar  to  the  previous  set  with  their  emphasis  on  algorithmic 
mathematics. 

Comparison  of  two  written  presentations  of  a  mathematical  idea 

For  this  activity,  students  were  provided  with  two  written  presentations  of  an 
introduction  to  the  topic  matrices  and  the  addition  of  matrices.  This  topic  was  chosen  as  it  was 
something  unfamiliar.  The  "Method  1"  presentation  was  based  around  an  example  using  the 
deliveries  of  three  types  of  milk  to  four  houses.  The  terminology  and  operation  of  addition  wer 
developed  using  this  example.  The  "Method  2"  presentation  had  no  everyday  context,  merely  a 
scries  of  definitions  of  terms  and  a  statement  of  the  method  of  addition  using  letter  symbols. 

Each  student  was  provided  with  a  copy  of  both  methods  and  asked  to  read  them.  They 
then  had  to  select  which  one  they  preferred  and  to  state  their  likes  and  dislikes  of  each. 
Following  this,  the  students  compared  and  discussed  their  responses  in  groups.  Twenty-two 
stated  that  they  preferred  Method  I.  The  most  prevalent  comments  about  what  they  liked 
mentioned  the  real-life  example,  fuller  explanations,  easier,  the  diagram,  and  easier  wording. 
The  reasons  given  for  not  liking  Method  2  included  complicated,  boring,  confusing  letters,  anc 
hard  to  follow.  Three  students  indicated  that  they  preferred  Method  2.  The  reasons  given  wer 
that  it  went  straight  to  the  point,  it  was  more  precise  and  factual,  it  showed  with  letters  what 
you  have  to  do  and  it  was  quicker  to  write  down.  Reasons  given  for  not  liking  Method  1 
included  confusing  the  issue,  providing  unnecessary  information,  and  not  explaining  the  correi 


terms. 
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Small  groun  ai.d  large  group  discussion  of  written  mathematics  followed  bv  a  writing  activity 

In  this  session,  students  were  formed  into  groups  of  3  or  4  and  presented  with  the 
question: 

When  you  are  presented  with  something  that's  written  in  mathematics,  what  do  you  like 
to  see  to  make  it  more  meaningful  to  you? 

Each  group  discussed  the  question  for  several  minutes  before  reporting  their  conclusions  to  the 

whole  class.  A  discussion  of  the  suggestions  then  took  place  with  all  students  and  the 

researchers  involved.  In  this  discussion,  the  two  sample  pages  used  in  the  previous  activity  were 

again  presented  to  the  students.  At  the  conclusion  of  the  discussion,  students  were  asked  to 

individually  write  down  their  answer  to  the  question  about  what  they  like  in  written  mathematics 

presentations. 

Student  responses,  without  exception,  stated  that  a  worked  example  with  each  step 

clearly  explained  was  the  feature  that  made  the  written  mathematics  meaningful.  More  than  half 

also  suggested  that  the  use  of  real  life  examples  was  helpful.  A  few  suggested  the  use  of  a 

diagram  or  "change  the  words  to  numbers  and  symbols"  would  help  in  making  it  meaningful. 

Here  are  two  typical  answers. 

/  like  to  see  an  example  set  out  so  that  I  can  understand  the  work. 
When  1  look  at  a  maths  question  1  really  like  to  see  examples  which  use  familiar  things 
such  as  eggs,  lollies,  clothes,  books,  etc.  By  something  that  you  know  you  can  look  at 
the  question  and  make  a  picture  in  your  head. 

The  students  were  then  asked  to  write  in  the  same  letter  format  explaining  the 

multiplication  of  common  fractions,  making  the  letter  meaningful.  The  letters  and  the  written 

answers  to  the  previous  question  were  collected  at  the  end  of  the  session.  The  letters  were 

without  exception  presented  in  the  same  format,  namely,  a  numerical  worked  example.  In  this. 

the  letters  were  similar  to  those  written  in  the  previous  activities.  However,  these  letters  did 

have  more  verbal  elaboration  in  exemplary  procedural  language  accompanying  each  step  of  the 

worked  example.  Half  the  students  wrote  a  general  rule  or  kernel  in  relative  language,  mostly 

very  similar  to  the  example  that  follows. 

//  is  very  simple  you  just  multiply  the  numerator  by  the  numerator  and  the  denominator 
by  the  denominator. 

No  real  life  examples  or  other  elaborations  such  as  diagrams  were  used. 

Discussion 

In  this  experiment,  attempts  were  made  to  stimulate  students  to  elaborate  and  integrate 
their  mathematical  knowledge  through  writing  activities.  The  first  writing  showed  that  in  this 

ERiC  1356  -278- 

ummmmmim 


medium  the  students  expressed  their  mathematical  knowledge  as  algorithms  illustrated  with 
theoretical  examples.  In  spite  of  a  pre-writing  discussion  session  with  an  emphasis  on 
elaborating  the  ideas  just  learned,  the  second  writing  produced  similar  responses.  In  the  third 
session,  students  were  asked  to  compare  two  presentations.  There  was  general  agreement  that 
the  presentation  elaborated  with  a  real-life  example  was  more  meaningful  although  a  few 
students  preferred  the  more  "to  the  point",  unelaborated  version.  These  materials  were  again 
viewed  and  discussed  in  the  fourth  session  as  a  pre-writing  activity.  For  the  final  writing, 
students  were  asked  to  attempt  to  make  their  presentations  as  meaningful  as  possible  for  the 
reader,  after  discussion  of  ideas  about  what  makes  writing  meaningful.  The  resulting  protocols, 
while  displaying  a  wider  use  of  language  in  some  cases,  were  limited  in  the  range  of 
elaborations  presented. 

It  should  be  noted  that  the  students  involved  in  this  project  used  writing  in  mathematics 
classes  with  their  teacher  on  a  regular  basis.  The  teacher's  aim  was  to  improve  the  students' 
reflection  on  their  mathematics  knowledge  and  consequently  their  understanding  of  it.  Thus, 
writing  in  mathematics  was  not  unfamiliar  to  the  students. 

It  is  difficult  to  know  from  these  writing  activities  whether  students  are  using  elaborative 
thought  processes  while  learning  their  mathematics,  Even  if  such  processing  took  place  during 
learning  and  in  the  pre-writing  activities,  when  asked  to  provide  a  written  explanation  for 
another  learner,  it  is  clear  that  these  thoughts  are  not  expressed.  Other  published  examples  of 
expository  writing  by  students  in  mathematics  (e.g.  Miller,  1990:  Mcintosh,  1991)  appear  to  be 
mainly  procedural  as  well.  Either  students  find  it  difficult  to  elaborate  their  expression  of 
mathematical  ideas  or  they  don't  see  any  value  in  such  processes.  They  appear  to  value  the 
essential  "how  to  do  it"  information,  in  line  with  the  findings  of  Quilter  and  Harper  (1988). 

Conclusion 

The  case  for  writing  as  a  method  of  developing  students'  understanding  of  mathematics 
has  been  advanced  strongly  in  recent  years. 

Creating  an  original  piece  of  writing  requires  students  to  analyse  and  synthesize 

information,  focus  their  thoughts,  and  discover  new  relationships  between  bits  of 

information.  (Pearce  &  Davison,  1988,  p.  6) 
However,  the  examples  of  writing  generated  in  this  and  other  studies  do  not  appear  to 
demonstrate  deep  processing  of  information  by  students.  While  expository  writing  may  provide 
a  vehicle  for  some  reflection  by  the  students  about  what  they  know  and  a  window  for  the 
teacher  on  errant  procedures  used  by  students,  it  appears  that  this  type  of  writing  is  not 
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providing  the  intended  result.  Even  with  the  deliberate  pre-writing  activities  used  in  this  study, 
the  writing  remained  largely  procedural.  It  could  be  concluded  that  it  is  the  students'  view  of 
mathematics  and  what  it  means  to  learn  and  know  mathematics  that  is  having  an  over-riding 
effect.  This  is  the  result  of  seven  years'  exposure  to  school  mathematics  instruction  through 
teaching  and  textbooks.  Further  research,  needs  to  be  carried  out  to  examine  the  relationship 
between  teaching  style  and  students'  mathematical  writing. 
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THE  CONSTRUCTS  OF  A  NON-STANDARD  TRAINEE  TEACHER  OF  WHAT  IT 
IS  TO  BE  A  SECONDARY  MATHEMATICS  TEACHER. 


Pindar  Singh 
University  of  North  London 

This  paper  focusses  on  the  early  stages  of  a  study  of  non-standard-entry 
trainee  teachers.  The  research  is  concerned  with  the  shifts  in  their 
construction  of  a  what  it  is  to  be  a  teacher  in  an  inner  city  secondary  school. 
In  future  the  study  also  intends  to  explore  the  factors  that  cause  these  shifts. 


INTRODUCTION: 

Research  in  the  past  has  identified  a  definite  correlation  between  teachers' 
perceptions  and  belief  systems  and  in  the  learning  and  teaching  oof  mathematics 
(Silver(1 985),  Thompson(1 982)) .  An  attempt  has  been  made  by  several 
researchers  to  explain  the  contributory  factors  of  teachers'  existing  attitudes  and 
belief  systems.  The  perspective  of  the  teacher's  whole  life  is  recommended  by 
Woods,  P.(1984)  since  'self  in  his  opinion,  is  derived  from  several  elements  in 
personal  history.  The  influence  of  wider  society  has  been  emphasized  by  Stigler 
and  Perry(1987).  Moreira(1991)  claims  that  the  belief  profiles  of  teachers  from 
different  countries  would  be  different.  She  attributes  these  differences  to  their 
different  educational  and  social  situations. 

Hoyles(1992)  reported  on  the  extensive  research  highlighting  inconsistencies  to  be 
found  in  the  belief  systems  of  an  individual.  Woods(l984)  believes  that  apparent 
inconsistencies  are  acts  of  survival  whereby  teachers'  behaviour  changes 
constantly.  In  his  opinion  the  constant  change  is  like  a  pendulum  moving  between 
bi-modal  features  such  as  tolerance  and  intolerance;  it  is  a  result  of  interaction  with 
different  situations. 

Hoyles(1992)  expressed  a  concern  that  due  to  an  inconsistency  in  methodologies 
and  theories  related  to  research  in  teachers'  belief  systems,  it  was  often  difficult  to 
make  comparisons.  Qualitative  research  methods  had  been  shown  to  to  be  used 
extensively.  Chapman(1992)  uses  the  method  of  autobiography  which  enables 
teachers  to  explore  and  understand  their  belief  systems.  She  has  found  this 
method  effective  as  it  allows  the  teachers  to  make  relevant  changes  themselves. 
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BACKGROUND: 

The  trainee  teachers  on  a  two  year  B.Ed  course  in  Secondary  Mathematics(1 1-16 
years)  come  from  a  wide  variety  of  backgrounds  -  social,  cultural  and  educational. 
They  are  non-standard  mature  students,  many  of  whom  have  followed  other 
careers  in  the  past  and  have  not  studied  for  some  time.  The  entry  requirement  to 
the  course  specifies  equivalent  to  one  year  undergraduate  study  in  mathematics 
resulting  in  a  wide  range  of  mathematical  experience  in  the  group.  The  trainee 
teachers  on  the  course  learn  mathematics  through  an  investigative  approach  which 
is  unfamiliar  to  most  of  them.  They  are  being  trained  to  teach  in  inner  city  schools 
which  have  a  culture  quite  different  from  the  one  they  are  familiar  with.  They  are 
required  to  be  effective  mathematics  classroom  practitioners  by  the  end  of  the 
course,  they  need  to  be  able  to  survive  afterwards,  and  to  keep  developing. 

Before  they  start  the  course,  each  trainee  teacher  is  operating  with  a(not 
necessarily  explicit  or  articulated)  construct  of  what  it  is  to  be  'maths  teacher'.  It  is 
important  to  recognise  that  these  constructs  will  be  contigent,  and  not  necessarily 
stable  over  time.  Neither  consistency  nor  coherence  need  be  assumed.  Over  the 
two  years  of  an  intensive  period  of  training  -  both  at  Higher  Education  Institution 
and  in  schools  -  these  constructions  may  undergo  significant  shifts.  This  study 
illuminates  these  constructs  and  any  changes  they  undergo  over  this  period. 

The  theoretical  framing  for  this  study  draws  upon  the  work  of  psychologists  such  '■<■ 
as  Potter  andWetherall(1987)andBillig(1988)  who  have  suggested  that  the 
traditional  notion  of  an  'attitude'  may  not  do  justice  to  either  the  complexity  of  the 
belief  systems  of  individuals  or  the  social  nature  of  the  constuctions  themselves. 

METHODOLOGY: 

The  concern  of  this  work  is  with  teachers'  constructions  of  the  "teacher"  and 
"mathematics  teaching"  as  I  have  already  stated.  These  constructions  are  not 
ne^sarily  stable  over  time,  nor  are  they  always  well-articulated,  explicit  or  even 
conscious.  They  may  also  be  joint  constructs,  held  for  a  time  by  more  than  one 
trainee  teacher.  Therefore  I  have  utilized  several  strategies  including:  semi- 
structured  interviews,  trainee  teachers'  autobiographies,  structured  observations, 
documentation  e.g.  their  block  practice  files,  intervention  instruments  e.g.  game 
and  questionnaire  and  narratives  written  by  trainee  teachers  during  each  of  the  two 
block  practices. 
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The  changes  in  the  teachers'  constructions  are  monitored  and  linked  to  factors 
such  as  school/college  experiences,  personal  crises,  political  events,  professional 
demands  etc. 

COLLECTION  OF  DATA: 

A)  Each  trainee  teacher  was  interviewed  before  the  course  started.  Two  questions 
were  asked  at  semi-structured  interviews  which  were  audio-taped  and  later 
transcribed.  The  two  questions  asked  are  as  follows: 

(i)  You  have  recently  visited  two  secondary  schools  and  had  the  chance  to 
observe  mathematics  teachers.  How  do  these  differ  from  your  teachers 
when  you  were  at  school? 

(ii)  What  do  you  currently  believe  the  role  of  a  mathematics  teacher  to  be? 
What  skills/characteristics  are  important? 

Most  of  the  trainee  teachers  had  not  been  able  to  visit  a  secondary  school  due  to 
unavoidable  reasons.  Hence  they  discussed  about  their  own  teachers. 

B)  During  the  second  week  of  the  course  each  trainee  teacher  was  asked  to  write  a 
mathematical  autobiography. 

Data  from  the  semi-structured  interviews  and  from  their  mathematical 
autobiographies  was  sorted  into  three  main  categories.  These  are  as  follows: 

(i)  Reasons  why  they  enjoyed  mathematics. 

(ii)  Reasons  why  they  wanted  to  do  well  at  mathematics. 

(iii)  Reasons  why  they  felt  negative  feelings  about  learning 


A  profile  of  the  whole  group  emerged  from  this  data. 

C)  An  Intervention  Instrument  was  devised  in  the  form  of  a  Questionnaire 
consisting  of  twenty  statements.  A  sample  of  the  responses  from  each  of  the  three 
above-mentioned  broad  categories  constituted  statements  relating  to  what  a  good 
teacher  does.  Each  trainee  teacher  had  to  tick  only  one  of  the  four  options 
numbered  1-4. 

1  represented  'not  needed' 

4  represented  'essential' 

Data  from  this  questionnaire  was  collected  and  a  total  score  for  each  possible 
answer  was  tabulated.  This  was  then  represented  graphically. 
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D)  The  trainee  teachers  wrote  a  narrative  about  their  first  experience  in  an  inner 
city  school  during  a  serial  day  placement  visit.  This  took  place  seven  weeks  into 
their  course. 


RESULTS  AND  DISCUSSION: 

At  this  early  stage  in  the  three  year  research  study,  any  comparisons  and  findings 
have  inevitably  a  tentative  flavour.  However,  I  am  able  to  offer  a  snapshot  of  the 
teachers'  initial  constructions.  I  shall  start  by  providing  the  responses  made  by 
two  trainee  teachers. 

Tolay  is  a  male  student  from  a  different  cultural  and  educational  background  to  that 
of  an  inner  city  English  School.  Kay  is  a  female  student  from  UK  but  not  familiar 
with  inner  city  schools.  (Names  changed ). 

Snap  shot  one:  Tolay 
Mathematical  biography-  summary: 
He  enjoyed  the  subject- 
Mathematics  •  challenging,  interesting,  right  answers. 
Teacher  -  gave  different  examples,  involved  us,  made 
things  clear. 

Teacher's  enthusiasm  and  interest  in  the  subject. 

Negative  feelings: 

Although  Tolay  suggested  rote  learning,  reciting  tables  and 
the  fact  there  was  no  visual  representation,  he  did  not  view 
this  as  negative.  He  was  not  excited  about  it  either. 

He  wanted  to  do  well: 

praised  •  'a  clever  boy' 
rewarded  -  right  answers. 

The  construction  of  a  good  mathematics  teacher: 
Essential  that  a  good  teacher: 

-  encourages  and  rewards  those  that  get  right  answers 

•  makes  maths  visual 

•  makes  the  subject  Interesting. 
Relevant  that  a  good  teacher: 

-  explains  a  concept  in  more  than  one  way 

•  creates  a  disciplined  environment. 


Sometimes  a  good  teacher  may 

•  instruct  the  children  in  particular  procedures. 
A  good  teacher  does  not  need 

•  to  encourage  a  competetive  atmosphere. 

His  account  of  the  first  day in  a  school: 
Initial  shock 

Some  difficulty  in  relating  to  pupils 

Discipline  •  authority  of  teacher,  non-existent 

Difficult  to  understand  the  attitude  of  pupils  towards  learning 

Shock  and  confusion  •  in  relating  to  things 


All  the  above  data  is  given  using  the  trainee  teacher's  own  words. 

Snapshot  two:  Kay 

Mathematical  biography-  summary: 
She  enjoyed  the  subject: 

Teacher  •  enthusiastic,  stimulated  the  pupils 

Atmosphere  •  relaxed 

Mathematics  •  right  answers. 
She  had  negative  feelings: 

Teacher  •  sarcastic 

Mathematics  •  traditional  approach 


She  wanted  to  do  well: 

Competetiveness  •  challenge. 

Her  construction  of  a  good  mathematics  teacher: 
Essential  that  a  good  teacher 

•  creates  a  relaxing  environment 

•  creates  a  disciplined  environment 

•  makes  the  subject  interesting. 
Relevant  that  a  good  teacher 

-  recognises  the  emotive  nature  of  the  subject 

•  encourages  play  in  class. 
Sometimes  a  good  teacher  may 

•  need  to  encourage  competetive  atmosphere 

•  encourage  and  reward  those  that  get  the  right  answers. 


to  find  his  orientation. 


did  not  understand. 
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A  good  teacher  never  considers 

-  taking  children  outside  the  classroom  for  doing  maths. 


Her  account  of  the  first  day  in  school: 
Experience  likened  to  'Alien' 
No  blackboard  in  some  of  the  rooms 
Teacher  did  not  teach  the  class  as  a  whole 
His(teacher)  presence  should  be  stronger 
Not  used  to  movement  in  the  class.(trainee  teacher) 
Multicultural  nature  of  the  class  •  alien, 
e.g.  clusters  of  young  moslem  girls  with  their  heads  covered 
Noisy  -  paid  little  attention  to  teacher 
Pupils  not  as  timid  as  in  my  time 

SMILE  -  Individualised  scheme,  fragmented  with  no  continuity 


CONCLUSION: 

Both  of  the  trainee  teachers  have  been  shocked  by  their  initial  visit  to  schools.  Two 
specific  points  can  be  made. 

(1)  For  both  students  the  exposure  of  their  first  day  in  school  contrasts  sharply  with 
their  expectations  and  with  their  beliefs  about  what  good  maths  teaching  involves. 

(2)  Kay  has  an  idea  of  "presence  in  the  classroom*.  This  appears  to  be  absent 
from  Tolay's  construction.  This  idea  in  Kay's  construction  of  the  teacher  may  help 
to  formulate  what  strategies  she  will  need  to  employ.  Also,  it  provides  a  point  of 
contact  between  her  own  expectations  and  those  of  the  tutor's(  Singh,  1993). 

General  points: 

Overall  the  research  supports  the  tutor's  initial  experience  that  non-standard  entry 
trainee  teachers  find  great  difficulty  in  matching  their  own  experience  of 
mathematical  teaching  and  their  expectations  of  what  a  teacher  does  and  how  s/he 
behaves  with  the  "reality"  of  the  1990's  classroom  in  an  inner  city  school.  As  one 
of  the  college  tutors  put  it ,  "After  their  first  visit  to  school,  they  suffer  from  shell- 
shock!"  A  majority  view  at  this  point  in  time  would  be  that  very  little  learning  takes 
place  and  the  children  have  very  low  ability.  It  appears  to  these  trainee  teachers 
that  not  much  mathematical  work  is  going  on  at  all.  A  fair  summary  of  this  data 
confirms  the  impression  that  the  conflict  between  these  teachers'  own  educational 
experiences  and  their  classroom  visits  results  in  a  low  opinion  of  current 
mathematical  teaching  styles  and  pupils'  behaviour. 


felt  frustrated  and  confused. 
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After  varying  periods  of  time,  the  trainee  teachers  start  to  re-evaluate  these 
classrooms  which  they  visit.  Kay  commented  that  she  had  sat  down  to  help  a 
pupil  and  that  she  began  to  see  all  the  small  things  happening  which, "  I  had  failed 
to  see  the  first  time  I  visited  the  classroom.*  The  trainee  teachers  often  remark  on 
the  teacher's  casual  approach  and  their  acceptance  of  "stroppy  behaviour  from 
the  pupils*.  They  strongly  suggest  that  the  teacher  does  not  convey  the  right 
impression  to  the  pupils,  that  this  attitude  •  less  authoritarian  and  clear  cut  than 
that  which  they  expect  -  is  not  conducive  to  learning.  However,  as  they  progress 
they  begin  to  pin-point  the  skills  and  strategies  which  underlie  this  supposedly 
"laidback"  approach  .  *l  find  it  very  difficult  to  relate  to  the  pupils  -  but  the  teachers 
have  found  a  way  of  relating  to  the  pupils  that  works." 

Another  factor  which  has  arisen  in  majority  of  interviews  concerns  the  "low  ability" 
of  the  pupils  in  these  inner  city  schools  as  contrasted  by  the  trainee  teachers  with 
"how  things  used  to  be  for  them".  "The  level  of  maths  is  very  poor.  I  am  shocked  if 
I  compare  it  to  what  I  knew  at  this  age."  The  implication  here  is  strongly  that  this 
is  the  fault  of  the  teacher.  However,  as  the  trainee  teachers  continue  to  work  in 
the  classroom,  they  speak  of  the  possibility  of  other  factors  affecting  pupils' 
apparent  low  achievement.  The  materials  and  resources,  in  particular  SMILE, 
came  in  for  more  sustained  criticism  and  the  teacher's  approach  is  likely  to  be 
more  appreciated.  Sometimes  the  fact  that  the  classes  contain  pupils  working  at 
such  a  variety  of  levels  within  the  maths  curriculum  is  commented  upon.  "I  liked 
the  mixed-ablity  classes  but  I  find  it  easier  to  help  the  pupils  in  a  streamed  class 
where  all  the  pupils  are  at  a  similar  level". 


SUMMARY 

It  is  as  if.  over  a  period  of  time,  these  trainee  teachers  come  to  "see"  the 
classroom  in  which  they  are  located  through  different  spectacles.  The  distance 
between  their  own  personal  educational  experiences  as  articulated  in  their 
biographies,  and  their  views  of  what  a  good  mathematics  classroom  should  look 
like,  gets  appreciably  greater  as  time  progresses.  Other  factors  have  become 
much  more  important  such  as  the  presence  of  investigations  is  recognised  and  the 
extent  to  which  teachers  are  "on  the  children's  wave  length".  The  question  which 
remains  to  be  answered  is  whether  the  narrowing  of  this  gap  between  their  Initial 
impressions  of  the  "messlness"  or  even  "ineffectiveness"  of  the  1993  mathematics 
classroom  and  their  beliefs  about  what  good  teachers  abflllld  look  like  and 
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achieve,  is  actually  a  reflection  of  a  clearer  perception  of  what  is  going  on,  or  if  it 
is  rather  a  measure  of  the  extent  to  which,  as  one  of  the  tutors  put  it,  "we(the 
college)  have  corrupted  them  to  see  things  like  us". 
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ALGEBRAIC  SUMS  AND  PRODUCTS:  STUDENTS'  CONCEPTS  AND  SYMBOLISM 
Kaye  Stacev  &  Mollie  MacGregor1 
University  of  Melbourne,  Australia 

This  paper  presents  evidence  on  the  difficulties  that  students  have  in  symbolising  sums 
and  products  algebraically.  A  cluster  of  obstacles  related  to  the  conjoining  error  have  been 
identified  in  the  literature  and  are  seen  by  many  to  be  the  principal  causes  of  students 
notational  difficulties  in  elementary  algebra.  This  paper  reports  on  the  incidence  of  the 
conjoining  error  in  a  variety  of  new  situations.  The  incidence  of  the  error  was  found  to  be 
very  variable.  It  was  low  in  solving  linear  equations  and  did  not  arise  at  all  in  formulating 
an  equation.  Many  of  the  incorrect  responses  are  explained  not  by  the  published 
obstacles,  but  by  examining  the  non-mathematical  parallels  which  students  draw  on  to 
write  algebraic  expressions.  At  all  levels  there  were  students  who  did  not  make  clear 
distinctions  between  addition,  repeated  addition,  multiplication  and  exponentiation. 

It  is  well  known  that  the  algebraic  symbolism  for  algebraic  sums  and  products  is  puzzling  for 
beginners,  who  must  leam  that  the  sum  of  x  and  y  can  only  be  written  as  x+y  ory+x  whereas  the 
product  can  be  written  as  something  other  than  x  x  y.  A  textbook  popular  in  the  1950's,  for  example, 
warns  students  that  the  notation  for  algebraic  sums  is  their  "first  difficulty".  This  paper  explores  how 
students  represent  and  interpret  algebraic  sums  and  products  in  a  variety  of  situations  and  examines 
the  adequacy  of  current  explanations  for  students'  errors. 

Writing  conjoined  terms  for  sums 

Many  research  studies  have  documented  the  tendency  for  students  to  use  the  notation  for 
algebraic  product  for  the  algebraic  sum,  i.e.,  to  use  the  conjoined  expression  ab  where  a+b  is 
appropriate.  Kuchemann  (1981),  working  with  the  CSMS  project,  found  that  the  error  was 
extremely  prevalent,  and  Booth  (1984),  after  investigating  the  underlying  causes  of  the  errors  that  the 
project  had  exposed,  concluded  that  conjoining  in  algebraic  addition  was  a  serious  problem.  The 
prevalence  of  the  error  in  British  students  was  confirmed  by  the  monitoring  of  the  Assessment  of 
Performance  Unit  (1985).  Examples  of  the  items  used  in  these  British  studies,  showing  the  very  high 
rates  of  conjoining  errors  on  some  items,  are  given  in  Table  1 .  These  authors  see  the  conjoining  error 
as  a  significant  error  which  is  hard  to  remediate  and  with  an  important  cause,  as  discussed  below. 

As  with  other  common  errors  and  interpretations  in  mathematics,  there  are  several  different 
reasons  why  students  may  believe  that  a+b  should  be  written  as  ab.  Kuchemann  (1981)  noted  that 
students  who  made  errors  derived  from  this  misunderstanding  (e.g.,  writing  iab  as  a  simplification  of 
2a+5c  --a)  were  generally  at  the  lowest  level  of  understanding  on  the  CSMS  test.  He  saw  this  error  as 
an  important  indicator  of  "acceptance  of  lack  of  closure",  a  characteristic  which  Collis  had  identified 
as  developing  through  the  stages  of  cognitive  growth.  For  Collis,  an  individual  requires  different 
levels  of  closure  during  the  progression  from  concrete  to  formal  thinking.  In  the  early  stages, 

1Thi«  research  was  funded  by  a  grant  from  the  Australian  Research  Council  to 
Kaye  Stacey  for  the  project  "The  Cognitive  and  Linguistic  Aspects  of  Learning  to 
Use  Algebra*.  We  wish  to  thank  the  teachers  and  students  who  participated  in  the 
testing  for  their  valuable  assistance. 
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children  can  only  work  on  tasks  where  each  expression  can  be  evaluated.  In  Collis'  later  work 
(Coll is  &  Biggs,  1979)  acceptance  of  lack  of  closure  is  used  in  a  wider  sense,  noting  a  mature 
student's  tendency  not  to  restrict  an  answer,  but  to  generalise  from  the  given,  making  links  with  new 
data.  In  the  psychology  literature,  "closure"  refers  to  the  completion  of  a  Gsstalt  when  parts  of  the 
stimulus  are  missing,  in  order  to  make  sense  of  it 

Kuchemann  (1981)  and  Booth  (1986)  also  observed  that  many  students  may  write  In  as  the 
answer  to  the  question  "Add  4  onto  3n"  because  they  believe  the  expression  4n+3  is  not  acceptable  as 
an  answer.  In  the  terms  of  Sfard  (1991),  students  see  the  expression  as  representing  the  process  of 
adding,  not  the  object  that  results  from  the  adding.  Tall  and  Thomas  (1991)  have  summarised  these 
observations  by  identifying  a  cluster  of  obstacles  involved  with  the  conjoining  error  those  related  to 
parsing,  process/product  confusion,  lack  of  closure  and  the  nature  of  the  expected  answer. 

From  a  construct] vist  perspective,  it  is  noted  that  students  will  draw  on  previous  and 
concurrent  learning  from  other  areas  to  work  with  algebraic  symbols.  They  will  make  parallels  with 
other  notation  systems,  such  as  in  writing  fractions  where  conjoining  represents  addition  (e.g., 

3|  =  3+|),  in  chemistry  where  CO2  is  produced  by  adding  oxygen  to  carbon,  and  in  music  where 

lasts  for  one  and  a  half  beats.  Chalouh  and  Hcrscovics  (1988)  observed  Grade  6  and  7  students 
interpreting  algebraic  expressions  in  terms  of  other  frames  of  reference  (e.g.,  place  value  S3  = 


Booth  (1984)  and  others  use  the  words  "closed"  and  "  unclosed"  to  distinguish  answers  such 
as  In  and  3«+4.  However,  in  this  paper  we  refer  instead  to  "conjoined  terms"  (for  In,  etc.)  because 
"closed"  does  not  distinguish  between  observed  responses  and  proposed  causes. 

The  review  above  shows  that  many  researchers  believe  that  errors  based  on  conjoining  are 
particularly  significant  indicators  of  cognitive  growth.  There  is,  however,  some  disagreement. 
Sutherland  (1991)  has  found  that  children  working  with  Logo  and  spreadsheets  accept  "unclosed" 
expressions  such  as  x+7  without  difficulty  and  she  questions  the  claim  that  the  need  for  closure  is  a 
major  obstacle  in  learning  algebra.  Tall  and  Thomas  (1991),  also  working  in  a  computer 
environment,  noted  that  there  needs  to  be  "a  reassessment  of  fondly  held  beliefs  of  what  is  hard  and 
what  is  easy"  (p.  145). 

In  this  paper  we  present  data  which  extends  information  on  the  prevalence  of  conjoining 
errors.  Previous  studies  used  only  items  requiring  simplifying  or  formulating  algebraic  expressions. 
We  present  further  data  on  similar  items  but  we  also  look  for  evidence  of  the  conjoir  mg  error  in 
students'  attempts  to  formulate  and  solve  equations.  We  examine  the  data  to  see  to  what  extent 
students  use  conjoining  only  for  addition  and  we  examine  the  adequacy  of  the  published  cognitive 
obstacles  as  causes  of  students'  responses. 


This  paper  brings  together  data  from  a  number  of  separate  studies.  Tests  which  included  the 
items  used  in  this  paper  were  constructed  and  marked  by  the  authors  and  administered  by  volunteer 
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Method 
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teachers  in  24  Australian  secondary  schools  in  1991-93.  Although  the  participating  schools  were  not 
randomly  selected,  the  sample  includes  schools  from  two  steles,  from  all  socio-economic  areas  and  a 
mix  of  government  and  private  schools.  Almost  all  of  the  participating  schools  take  students  of  all 
abilities  from  the  local  area  and  teach  them  in  mixed-ability  mathematics  classes.  In  order  to  expose 
important  difficulties  that  are  widespread,  the  results  have  been  analysed  by  class  and  by  school  as 
well  as  by  individual  as  is  reported  in  this  paper  and  were  found  to  be  reasonably  consistent  across 
classes  In  this  way  we  hope  to  reduce  the  limitations  of  this  form  of  sampling  to  be  confident  that 
the  results  are  not  confined  to  any  particular  school,  category  of  school  or  textbook.  The  tests 
contained  items  testing  ordinary  reading  competence,  the  results  of  which  established  that  literacy  in 
English  was  a  limiting  factor  for  no  more  than  3%  of  the  students  involved. 

Table  1:  The  prevalence  of  the  conjoining  error  in  published  studies 


Source 

Item 

Percentage 

correct 

Percentege  who 

con|olned  for  addition 
and  ueed  exponents 

lor  multiplying 

Kuchemann  1981 

Simplify  2a+5i»a 

60%  (14  yr  olds) 

20%  (Sab) 

Item  13(Iv)  

Kuchemenn  1981 

Add  4  onto  3n 

36%  (UyroWa) 

31%  (7n) 

Hem4fli)  

AW  1986 
HemM 

Peter's  age  it  represented  by  x.  Alan  it  * 
yetra  older  than  Peter.  How  on  we 
represent  Alan's  toe?  

49%   (15  yr  olds) 

10%  (2x) 

APU  1985 

How  do  we  represent  the  number  which  » 
three  lest  then  n? 

45%  (15  yr  olds) 

3%  (-3n) 

HsmA5b  

API)  19*5 

How  do  we  represent  the  number  which  is 
twice  it?  

44%  (15yrokft) 

23%  (nz) 

Hem  ASc  . 

APU 1985 
Hem  AS 

1  have  x  pence  and  you  have  y  P»h=«- 
How  many  pence  do  we  have  altogether? 

48%  (15yroWs) 

34%  (xv) 

APU  1985 
ltemA7 

1  have  x  pence  and  you  have  3  pence. 
How  many  pence  do  we  have  altogether? 

46%.  (15yrokft) 

36%  <3x) 

APU  1985 
Item  AS 

A  bar  ol  chocolate  costs  x  pence  and  • 
packet  of  critpt  costs  y  pence.  What  ii 
the  cost  of  2  bars  of  chocolate  and  2 
packets  ol  crisps? 

59%  (15  yr  olds) 

9%  (5*y,2x3y) 

Results  and  Discussion 

The  items  used  are  shown  in  Figure  1.  The  number  of  students  for  each  item  and  the  number 
of  schools  from  which  they  came  is  given  in  Table  2  along  with  the  percentage  correct  and  makmg 
conjoining  errors.  The  final  column  also  records  the  percentage  of  students  who  used  exponential 
notation  to  represent  multiplication.  Because  of  space  limitations,  the  table  gives  results  for  students 
in  Years  7  and  10  only.  The  students  in  this  sample  have  performed  similarly  to  students  in  the  APU 
samples  on  some  items,  but  the  overall  rates  of  conjoining  are  markedly  lower. 
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Item  MSI.  Write  in  mathematical  symbols: 

(i)  Add  twelve  to  jr.   

(ii)  Multiply  x  by  three.   


Item  MS2.  Write  the  following  in  mathematical  symbols: 

"Add  5  to  an  unknown  number  n,  then  multiply  the  result  by  3". 

Item  MS3. 

(i)  David  is  10  cm  taller  than  Con.  Con  is  h  cm  tall.  What  can  you  write  for  David's  height? 

(ii)  Sue  weighs  1  kg  less  than  Chris.  Chris  weighs  y  kg.  What  can  you  write  for  Sue's 
weight? 

(iii)  Tina  has  twice  as  much  money  as  Dino.  Dino  has  $n.  What  can  you  write  for  the  amount 
of  money  Tina  has? 

Item  MS4.  Which  of  the  following  expressions  can  be  written  as  x  +  x-t  x  +  x"! 

(Circle  one  or  more  of  the  answers  below) 
jt  +  4  *x4  4x  x*  4* 

Item  MS5.  [Presented  following  table  in  vertical  format,  asked  students  to  calculate  three  values, 
describe  the  rule  in  words  and  then  asked  them  to  "Use  algebra  to  write  a  rule  connecting  x  and  y." 

*  12345  678.. 

y         5        6        7        8        9        10       11       12      ...  ^ 

Item  MS6.  Solve  the  following  equations  [sample  only]: 

4*-7  =  3,        16.4*  -  7.9  =  0.3,         34-8*=  10,        2  +  0.6*  =  2jc 

Item  MS7.  Given  H=3/25,  find/in  terms  of  the  other  letters.  [Then  similarly  find  g] 


Figure  1:  Items  used  in  testing 

•/.  Conjoining  in  translating  into  algebraic  expressions 

Item  MS  1  in  Figure  1  requires  students  to  translate  stater  .ents  in  words  directly  into  algebraic 
expressions.  Table  2  shows  that  these  items  were  correctly  answered  by  a  high  percentage  of 
students.  A  popular  response  for  part(i),  which  was  counted  as  correct  in  the  table,  was  "x  +  12  =  ". 
Explicit  use  of  the  multiplication  sign  (3  x  x  or  3  x  x  = )  was  the  most  common  correct  response  for 
part  (ii).  The  use  of  the  "equals"  sign  suggests  that  students  regard  the  expressions  as  incomplete  and 
needing  to  be  evaluated. 

The  very  low  incidence  of  conjoining  in  this  item  is  surprising  given  the  APU  and  CSMS 
results  for  Items  A6  and  4(ii)  shown  in  Table  1.  Possibly  Item  MSI  asked  more  directly  than  did  the 
British  items  that  the  procedure  "add  twelve",  rather  than  the  answer,  be  symbolised, . 

The  conjoined  term  was  written  for  addition  by  only  24  individuals  (3.5%  of  the  total 
sample),  but  it  was  not  confined  only  to  younger  students  and  it  occurred  in  17  of  the  21  classes. 
Three  of  these  students  used  conjoining  again  (now  correctly)  for  the  multiplication  in  part(ii)  and 
four  used  division.  However,  fourteen  used  the  multiplication  sign  explicitly  and  three  used 
exponents.  Thus  about  3%  (i.e..  14+3)  of  the  total  sample  showed  that  they  used  conjoining  for 
addition  but  not  for  multiplication. 
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Table  2:  Success  rates  on  items  and  incidence  of  conjoining 


Mem 

Sampla 

%  cornet 
Yr  7  -  Yr  10 

%  who  conjoined 
lor  +  or  • 
Yr  7  •  Yr  10 

%  who  used 
exponents  lor  x 

Yr  7  •  Yr  10 

ltemMSl(i) 
Add  12  to  x 

678  students 
(9  schools) 

68%  -  93% 

2%  -  2% 
(12x) 

ItemMSI(ii) 
Multiply  x  by  3 

678 
(9  schools) 

73%  -  91% 

2%  -  2% 
(x3) 

Item  MS2 

(«+5)x3 

1806 
(18  schools) 

14%  -  47% 

14%-  12% 

(15x,5xx3) 

about  1% 

ltemMS3(i) 
David  fi+10 

1463 
(16  schools) 

39%  -  74% 

14%  •  5% 

(10/0 

ttemMS3(ii) 
Suey-1 

1463 

(16  schools) 

36%  -  64% 

8%  -  3% 

dy) 
1%  -  1% 

Hv) 

ltemMS3(iii) 
Tina  In 

1463 
(16  schools) 

38%  -  65% 

2%  •  1% 

(nn) 

17%  -  14% 

(«2) 

Item  MS4 
x+x+x+x 

1034 
(12  schools) 

47%  -  60% 

40%  -  34% 
(x*or4*) 

ttemMS5 
y  =  x+4 

951  students 

(11  schools) 

29%  •  58% 

0%  -  0% 

KemMSS 

Solving  on*  variable 
aquations 

87 

(3  schools, 
Yr  10  only) 

3% 

(2+0.6x  =  2x 
=>  0.6x  =  x  ) 

Hem  MS7 

Transposing  aquation 

H  =  3/2* 

48 

(3  schools, 
Yr  10  only) 

16% 

(H-g  =  3/2) 

2.  Conjoining  In  a  multiple  sup  expression 

Item  MS2  had  the  same  stem  as  Item  MSI  but  required  students  to  use  two  operations.  The 
most  common  error  was  >he  omission  of  brackets  (1 1%  at  Year  10, 22%  at  Year  8).  Conjoining  was 
very  prevalent,  although  siill  not  as  prevalent  as  in  several  of  the  APU  or  Kuchemann  items  in  Table 
1.  Common  conjoined  answers  were  15n  (about  8%)  and  5nx3  (about  4%),  and  another  4%  were 
responses  such  as  3(5n),  5n3, 15n3, 8n,  18n.  In  another  test  this  item  had  been  replaced  by  an  item 
identical  to  MS2  except  that  5  was  replaced  by  14.  Although  there  was  a  sim«.ar  amount  of 
conjoining  overall,  the  relative  frequency  of  responses  was  very  different.  Only  3  of  the  517 
responses  were  42n  (down  from  8%)  but  14nx3  was  more  common.  Many  features  of  an  item 
determine  students'  responses,  one  being  the  size  of  the  numbers  and  the  ease  of  automatic  response. 

The  incidence  of  conjoining  for  "add  5  to  n"  here  was  markedly  higher  than  occurred  in  Item 
MSl(i),  which  was  identical  except  for  the  second  stage  of  multiplication  by  3.  Presumably  many 
students  felt  the  need  to  work  out  an  answer  before  proceeding  to  multiply  by  3.  The  higher 
incidence  of  conjoining  in  this  item  is  in  marked  contrast  to  the  conclusion  reported  in  the  APU 
survey.  On  the  basis  of  comparison  of  the  incidence  of  conjoining  in  Items  A6,  A7  and  A8  (see  Table 
1),  the  APU  report  concluded  that  "when  two  operations  are  involved  (multiplication  and  addition), 
fewer  pupils  represent  addition  by  juxtaposition  and  more  gst  such  items  right."  (p  33 1 ).  We  did  not 
find  this. 


—  293  — 

1371 


3.  Conjoining  in  formulating  expressions 

In  Item  MS3,  students  had  to  deduce  which  operation  was  required  and  write  the  answers 
algebraically.  In  the  three  parts  of  this  item,  results  for  our  sample  (especially  the  15  year  old  Year  10 
students)  were  similar  to  the  results  for  the  parallel  APU  items  A4,  A5b  and  A5c  (including  the 
number  of  omissions),  although  a  little  better.  The  incidences  of  conjoining  for  addition  and 
subtraction  were  similar,  and  in  both  cases  many  students  used  exponents  for  multiplication. 

However,  less  than  3%  overall  used  conjoining  only  for  addition.  We  consider  that  if 
students  had  clear  concepts  for  the  three  operations  involved  and  believed  that  conjoining  is  the 
convention  for  addition,  then  they  would  write  l(Wi  or  A10  or  IOC  for  DAVID,  l-y,y-l,  -ly  or 
similar  for  SUE  and  2  x  n  or  nJ  for  TINA.  There  were  28  students  (.2%)  who  did  this.  An  additional 
8  students  gave  the  answers  Wh,  ly  and  n2  indicating  that  they  wished  to  symbolise  multiplication 
differently  to  addition.  This  percentage  is  similar  to  the  estimate  of  consistent  students  from  MSI. 

Forty  students  (3%)  wrote  down  the  numbers  and  the  letters  without  concern  for  the 
operations  linking  them.  They  all  wrote  Wh,  ly  and  In.  Although  their  response  to  DAVID 
suggests  that  they  have  used  conjoining  for  addition,  the  other  two  responses  indicate  that  they  have 
used  it  for  subtraction  and  multiplication  as  well. 

The  variety  of  incorrect  responses  to  this  item  indicates  that  students  draw  on  different  ideas 
about  letters  and  abbreviations  to  construct  their  algebraic  expressions.  Year  10  students  in  the 
sample  used  in  their  algebraic  expressions  letters  as  abbreviations  for  words  (DA  =  A+10,  where  DA 
stands  for  David's  height,  h  =  D-10,  or  C+10  =  D);  letters  standing  for  procedures  (h  =  +10  or 
h  =  -10);  letters  as  objects  and  objects  as  letters  (h  =  David- 10,  h  =  Con- 10).  As  these  examples 
from  Year  10  show,  many  of  the  wrong  answers  were  expressed  as  equations  rather  than 
expressions.  The  students  who  wrote  x-10  =  h,  A-10  =  x,  and  h  =h+lO  show  the  need  students 
felt  to  have  a  second  variable. 

Item  MS4  is  included  to  investigate  further  the  confusion  between  addition,  repeated  addition 
and  multiplication  and  exponential  notation,  which  was  evident  in  MS3(iii)-TINA.  Adding  like  terms 
is  one  of  the  first  skills  taught  in  school  algebra,  so  the  low  success  rate  (see  Table  2)  is 
disappointing.  However,  the  choice  by  40%  of  Year  7  students  and  32-34%  of  Year  8,  9  and  10 
students  of  an  exponential  form  supports  the  result  of  MS3(iii)  and  the  APU  Item  ASc,  The 
improvement  from  Year  7  to  Year  10  was  minimal. 

4.    Conjoining  in  formulating  equations 

Item  MSS(iv)  required  students  to  write  the  equation  y  =  x+4  (or  equivalent)  to  describe  a 
relationship  evident  in  the  table  of  two  variables  (see  Figure  1).  Although  the  success  rate  (see  Table 
2)  was  very  low,  and  there  was  great  variety  in  the  answers,  there  was  no  conjoining.  No  student 
wrote  y  »  4*,  y=*4,  or  simply  4*.  One  wrote  4*+  and  another  wrote  x=4y.  The  absence  of  the 
conjoining  error  is  surprising  given  the  variety  of  answers  that  were  produced.  Examples  included 
\x=5y,  x=y,  xy,  x+y,  *+4y,  *=y+4,  *y+4,  x=ly,  x+5,  (*=l,y=4),  *=l+4y.  In  some  of  these 
examples,  students  are  simply  "connecting"  x  and  y  as  instructed  in  the  Item  (e.g.  xy,  x+y).  Some 


tell  a  story  in  abbreviated  form  (e.g.,  *=l+4y  may  say  that  "you  start  with  x  equal  to  1  and  add  4  to 
get  y\  and  x+4y  may  say  that  "you  take  *  and  add  4  to  get  y").  Many  of  these  responses  constructed 
by  students  themselves  are  far  from  the  syntactically  well-formed  expressions  and  equations  that 
could  demonstrate  a  conjoining  error. 

5.    Conjoining  in  solving  equations 

A  sample  of  97  Year  10  students  were  given  a  total  of  251  equation  solving  questions  (Item 
MS6  in  Figure  1)  as  part  of  another  study  and  its  pilot  (Bell,  MacGregor  &  Stacey,  1993).  Their 
solutions  were  examined  for  evidence  of  interpreting  conjoined  terms  as  sums.  Only  seven  such 
errors  were  made  (e.g.,  deducing  0.6*  =  x  from  2+0.6*  =  2x,  or  x  =  160  from  13*  =  173), 
each  by  only  one  student  and  each  in  only  one  equation.  Some  of  these  errors  are  what  Carry,  Lewis 
&  Bernard  (1980)  classify  as  the  very  common  deletion  errors.  We  conclude  that  conjoining  errors 
are  not  common  in  familiar  numerical  equation  solving  (by  Year  lOstudents ).  a  "microworld"  where 
addition  signs  are  common  and  routine  procedures  are  often  practised.  However,  in  transposing  the 
literal  equation  H  =  3/*s  (Hem  MS7),  the  conjoining  error  rate  was  high  (see  Table  2).  This  item 
was  less  familiar  (indicated  by  a  relatively  high  omission  rate)  and  more  abstract.  Presumably  these 
characteristics  prompted  the  conjoining  error. 

Conclusions 

Where  parallel  items  were  used,  the  results  of  this  testing  are  similar  to  but  a  little  better  than 
the  APU  testing  reported  in  Table  I.  However,  none  of  the  items  provoked  conjoining  to  the  same 
extent  as  the  items  reported  there.  There  was  substantial  variability  in  the  incidence  of  conjoining 
from  item  to  item.  The  greatest  incidence  of  conjoining  came  from  the  two  step  item  (MS2)  and  the 
difficult  transposing  of  an  equation  (Item  MS7).  In  formulating  an  equation,  there  were  no  instances 
of  conjoining  errors  at  all.  The  students  who  were  not  correct  very  often  wrote  ill-formed  equations 
(discussed  further  below). 

For  items  MSI  and  MS3,  it  was  estimated  that  about  3%  of  the  sample  used  conjoining  to 
represent  addition  and  only  addition.  About  half  of  the  students  who  used  conjoining  for  addition 
used  it  for  subtraction  and  multiplication  as  well.  These  students  are  simply  putting  together  the 
numbers  and  symbols  in  the  question  to  make  an  answer  that  looks  like  algebra.  They  are  not 
applying  consistent  laws  of  logic  to  well  distinguished  concepts,  but  are  probably  achieving  closure 
only  in  the  sense  of  completion  of  a  Gestalt. 

Items  MS3(iii)  and  MS4  revealed  a  substantial  percentage  of  students  using  exponential 
notation  for  ordinary  multiplication  or  repeated  addition,  and  little  improvement  from  Year  7  to  10. 
We  suspect  that  this  is  due  to  the  concepts  of  repeated  addition,  multiplication  and  repeated 
multiplication  (exponentiation)  not  being  sufficiently  distinguished  by  students.  This  it  a  very 
important  aspect  of  arithmetic  that  needs  considerable  emphasis  in  pre-algebra  courses. 

The  literature  reviewed  above  on  students'  use  of  algebraic  symbolism  has  listed  several 
obstacles  related  to  the  conjoining  error.  Students'  responses  to  this  testing  have  provided  examples 
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of  all  of  these.  However,  many  of  the  responses  which  students  have  constructed  (e.g.,  to  Items 
MS3  and  MS5)  are  not  explained  by  these  obstacles.  Instead,  they  seem  to  arise  from  students' 
drawing  parallels  with  notation  systems  other  than  algebra.  The  published  obstacles  seek  to  explain 
students'  errors  from  within  mathematical  systems  and  ways  of  thinking  and  symbolising  and  from 
an  assumption  that  operations  are  clearly  conceived,  but  students  seem  instead  to  often  use  a  personal 
shorthand  that  only  looks  on  the  surface  like  algebra.  For  example,  the  conjoining  error  results  in  a 
syntactically  well  formed  answer,  but  students'  answers  are  often  ill-formed.  The  personal 
shorthands  draw  on  principles  from  a  variety  of  other  (informal)  systems,  such  as  the  practice  of 
abbreviating  words  and  leaving  out  unimportant  words  when  writing  a  note.  Personal  shorthands  are 
not  used  consistently  from  question  to  question,  nor  is  one  symbol  (or  lack  of  symbol  as  in 
conjoining)  kept  for  one  meaning.  Students  often  achieve  closure  in  the  sense  of  completion  of  a 
Gestalt,  rather  than  applying  a  formal  rule.  Because  their  personal  shorthands  use  the  same  surface 
features  as  does  algebra,  it  is  difficult  for  teachers  to  explain  that  the  meaning  is  quite  different. 
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THE  INTUITIVE  RULE 
"THE  MORE  OF  A  -  THE  MORE  OF  B" 

Ruth  Staw  and  Dina  Tirosh 
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Abstract 


In  the  last  20  years,  researchers  have  studied  students'  mathematical  and  scientific  conceptions  and 
reasoning.  Most  of  this  research  is  content-specific.  It  was  found  that  students  hold  ideas  that  are 
often  not  in  line  with  accepted  scientific  notions.  In  our  joint  work  in  mathematics  and  science 
education,  it  became  apparent  that  many  of  these  alternative  conceptions  hail  from  thesarne  intuitive 
rules  We  have  so  far  identified  two  such  rules:  'The  more  of  A  -  the  more  ofB  ,  and,  Everything 
can  be  divided  by  two".  The  first  rule  is  reflected  in  students'  responses  to  many  tasks,  including  all 
classical  Piagetian  conservation  tasks,  in  all  tasks  related  to  intensive  quantities,  and  in  tasks 
related  to  infinite  quantities.  The  Second  rule  is  observed  in  responses  related  to  successive  division 
of  material  and  geometrical  objects  and  in  successive  dilution  tasks.  In  this  paper  we  describe  and 
discuss  the  first  rule  and  its  relevance  to  science  and  mathematics  education. 


Throughout  the  past  20  years,  researchers  have  studied  students'  conceptions  and  reasoning 
in  the  context  of  science  and  mathematics.  Many  have  pointed  out  the  prevalence  of  persistent 
alternative  conceptions  which  are  often  not  in  line  with  the  accepted  scientific  notions.  Such 
conceptions  covered  a  wide  range  of  subject  areas  in  physics  (astronomy,  mechanics,  electricity, 
heat,  light,  the  paniculate  nature  of  matter),  in  chemistry  (mole  concept,  concept  of  equilibrium),  in 
biology  (growth,  health,  photosynthesis,  heredity)  and  in  mathematics  (function,  infinity,  area). 
(For  surveys  of  students'  conceptions,  see  Driver,  Guesne,  &  Tiberghien,  1985;  Eylon  &  Lynn, 
1988;  Fischbein,  1987;  Hart,  1981;  Osborne  &  Freyberg,  1985;  Perkins  &  Simmons,  1988). 
Most  of  this  research  has  been  content-specific,  and  aimed  for  detailed  descriptions  of  particular 
altt .  :-iti  - .  concepts  (Thijs  &  Berg,  1993). 

U  our  work  in  mathematics  and  science  education,  it  has  become  apparent  that  many 
alternative  conceptions  are  based  on  common,  intuitive  rules.  We  have  so  far  identified  two  such 
rules:  "The  more  of  A,  the  more  of  B",  and  "Everything  can  be  divided  by  two".  In  this  paper  we 
describe  and  discuss  instances  of  the  first  rule. 


Conservation  Tasks 

Conservation  refers  to  the  understanding  that  quantitative  relationships  between  two  objects 
remain  invariant  (are  conserved)  in  the  face  of  irrelevant  changes  in  one  of  the  objects.  In  the 
standard  conservation  task,  the  subject  is  first  shown  two  objects  that,  in  addition  to  being 
perceptually  identical,  are  known  to  be  equivalent  with  respect  to  a  certain  quantitative  property.  The 
experimenter  then  proceeds  to  deform  one  of  the  objects  in  such  a  way  that  its  perceptual  identity  is 
lost  while  maintaining  the  quantitative  relationship.  Finally,  the  subject  is  asked  whether  the  objects 
are  still  quantitatively  equivalent. 

We  shall  now  consider  some  student  responses  to  scientific  and  mathematical  conservation 

tasks. 
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A.  Scientific  Tasks 

1.  Conservation  of  Quantity  of  Matter  -  Piaget  and  his  colleagues'  studies  on  the  development  of 
the  principle  of  conservation  of  quantity  of  matter  are  concerned  with  children's  dependence  on  shape 
or  form  when  asked  to  judge  the  relative  quantity  of  matter.  When  comparing  the  (equal)  amounts  of 
water  in  two  differently  shaped  cups,  children  up  to  about  age  five  or  six,  paid  attention  only  to  the 
relative  heights  of  the  water  in  the  two  cups,  arguing  that  "there  is  more  water  in  the  taller  cup" 
(Piaget,  1965/1952).  In  a  similar  experiment  involving  the  conservation  of  clay,  responses  were 
split.  Some  children  argued  that  the  thicker  slice  had  more  clay  than  the  thinner  one,  while  others 
responded  that  "the  longer  piece  of  clay  has  more  clay  than  the  shorter  one"  (Piaget  &  Inhelder, 
1974/1941). 

2.  Conservation  of  Weight 

(a)  Changes  of  state.  Stavy  and  Stachel  (1985)  studied  children's  understanding  of  the 
invariance  of  weight  during  the  process  of  solid  to  liquid  state  transformation.  They  presented 
children  aged  5  to  15  with  two  identical  candles,  one  of  which  was  then  melted.  The  child  was  asked 
about  the  equality  of  weight  (whether  the  solid  candle  and  the  melted  one  weighed  the  same).  Many 
children  between  ages  six  to  ten  argued  that  "the  solid  candle  weighs  more  because  it  is  harder  or 
stronger  than  the  liquid  candle." 

(b)  Expansion.  Megged  (1978)  studied  children's  understanding  of  the  invariance  of  weight 
during  the  process  of  heating  water.  In  this  case,  the  volume  of  the  heated  water  is  actually  larger 
than  that  of  the  unheatcd  water,  but  its  weight  remains  constant.  Many  children  aged  six  to  ten, 
however,  argued  that  "the  heated  water  is  heavier  because  its  volume  is  larger." 

3.  Conservation  of  Volume  -  Lovcll  &  Ogilvic  (1961)  asked  children  to  compare  the  amount  of 
water  spilled  when  two  cubes  of  exactly  the  same  shape  and  size,  one  of  which  was  made  of  wood 
and  the  other  of  lead  (and  therefore  much  heavier),  were  lowered  very  carefully  into  a  full  pint  pan. 
They  found  that  many  of  the  children  between  age  six  and  ten  thought  that  the  heavier  cube  displaced 
more  water  than  the  lighter  cube  of  the  same  size  and  shape. 

B.  Mathematical  Tasks 

1.  Number  conservation  -  Piaget 's  (1965/1952)  studies  on  the  development  of  the  number 
concept  are  concerned  with  children's  reliance  on  length  and  density  information  when  they  are 
asked  to  compare  the  number  of  objects  in  two  parallel  rows,  containing  the  same  number  of  objects. 
Young  children  (until  the  age  of  about  five  or  six)  only  paid  attention  to  the  relative  length  of  the  two 
rows.  Rows  of  the  same  length  were  said  to  have  the  same  number  of  objects;  otherwise,  the  longer 
Iojk  was  said  to  be  more  numerous  than  the  shorter  row,  Some  older  ages,  based  their  judgments 
on  the  relative  density  of  objects  on  the  two  rows,  staring  that  the  denser  row  was  more  numerous. 

2.  Conservation  of  area  -  Piaget,  Inhelder,  and  Szeminska  (1960)  presented  children  with  two 
identical  rectangular  arrangements  of  six  blocks.  One  arrangement  was  altered  by  removing  two 
blocks  from  one  end  and  placing  them  on  the  other.  The  children  were  then  asked  if  the  rectangles 
still  were  the  same  size  and  "have  the  same  amount  of  room".  Many  children  aged  five  to  six  tended 
to  argue  that  one  configuration  was  larger  because  it  looked  longer. 
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3.  Conservation  of  angle  -  Noss  (1987)  and  Foxman  &  Ruddock  (1984)  presented  children  with 
two  identical  angles,  one  of  which  had  longer  arms  than  the  other.  They  found  that  many  children 
between  the  ages  of  ten  and  fifteen  argued  that  "the  angle  with  the  longer  aims  is  bigger". 

In  all  these,  as  well  as  in  other  cases  of  conservation  (e.g.,  length  [Piaget,  Inhelder  & 
Seminska,  1956]),  children's  responses  seem  to  derive  from  a  general  rule  according  to  which 
"more  of  A  implies  more  of  B".  A  similar  phenomenon  was  observed  with  tasks  related  to  intensive 
quantities. 

Intensivity  Tasks 

Intensive  quantities  are  formally  defined  as  follows  "If  a,b,c,...  are  parts  of  a  system,  and  y 
is  a  property  such  that  y(a)  =  y(b)  =  y(c)...,  then  y  is  said  to  be  an  intensive  quantity.  The  value  of  y 
for  the  entire  system  may  be  defined  by  y(system)  =  y(any  part).  Clearly  y(system)  is  independent 
of  the  size  (or  extent)  of  the  system"  (Canagaratna,  1992,  p.  957). 

Intensivity  tasks  involve  presenting  the  subject  with  two  systems  which  are  identical  with 
respect  to  a  certain  intensive  quantity  but  different  in  size.  The  subject  is  asked  to  judge  or  to 
compare  the  values  of  the  intensive  quantity  in  the  two  systems. 

A.  Scientific  Tasks 

1 .  Concentration  -  Stavy,  Strauss,  Orpaz  &  Carmi  (1982)  presented  children  with  three  cups  of 
sugar  water  of  the  same  concentration.  The  contents  of  two  of  these  cups  were  poured  into  one 
empty  cup,  and  the  children  were  asked  to  estimate  the  sweetness  (concentration)  of  the  combined 
cup  compared  to  that  of  the  original  third  cup.  It  was  found  that  the  majority  of  children  aged  six  to 
ten  claimed  that  the  combined  cup  was  sweeter.  Two  types  of  justifications  were  presented:  "The 
cup  with  more  sugar  is  sweeter"  and  "The  cup  with  more  water  is  sweeter".  Both  of  these 
justifications  share  the  structure  of  "the  more  of  A,  the  more  of  B".  In  this  case  the  perceptual 
change  in  the  quantity  of  water  was  salient  and  directly  elicited  "the  more  water,  the  sweeter" 
response.  Most  likely,  this  salient  difference  in  the  amount  of  water  also  indirectly  encouraged  "the 
more  sugar,  the  sweeter"  response.  The  reasoning  behind  this  response  was  probably  that  "the  more 
water,  the  more  sugar,"  therefore  "the  more  sugar,  the  sweeter.". 

2 .  Temperature  -  Strauss.  Stavy  and  Orpaz  (1977)  presented  children  with  three  cups  containing 
equal  amounts  of  hot  water  at  the  same  temperature.  The  water  from  two  of  the  cups  was  poured 
into  an  empty  cup,  and  children  were  asked  to  compare  the  temperature  of  the  water  in  the  combined 
cup  with  that  of  the  third  cup's  contents.  The  majority  of  children  aged  six  to  eight  claimed  that  the 
water  in  the  combined  cup  was  warmer.  These  incorrect  judgments  were  justified  with  reference  to 
the  amount  of  water  --  namely,  "the  «he  warmer".  A  similar  response  was  observed 

with  older  students,  who  were  asked  to  refer  to  the  same  problem,  and  were  presented  with 
numerical  values  of  temperature  (e.g.,  40*C  in  each  cup).  Most  children  between  ages  seven  and 
eleven  argued  that  the  temperature  of  the  combination  was  higher  than  that  of  the  third  single  cup. 
These  responses  were  accompanied  by  an  arithmetic  calculation  (e.g.,  40+40=80). 
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B.  Mathematical  Tasks 

1 .  Comparing  infinite  sets  -  Students  aged  1 3  to  25  were  asked  to  compare  the  number  of  points 
in  two  line  segments.  According  to  Cantorian  set  theory,  any  two  line  segments  contain  the  same 
number  of  points.  Yet  about  half  of  the  students  across  the  entire  age  group  claimed  that  "the  longer 
line  segment  contains  more  points"  (Tirosh.  1991).  Similarly,  students  of  the  same  age  group  were 
asked  to  compare  the  numerosity  of  two  infinite,  enumerable  sets:  The  set  of  natural  numbers  and 
the  set  of  odd  numbers.  Many  of  them  argued  that  "Set  A  contains  more  elements  than  set  B  and 
therefore  its  numerosity  is  bigger".  15 

Reactions  to  these  as  well  as  to  other  intensivity/density  tasks  seem  to  evolve  from  the 
application  of  the  same  general  rule:  "The  more  of  A,  the  more  of  B".  This  response  was  observed 
in  both  children  and  adults. 

Other  Tasks 

The  intuitive  rule  'The  more  of  A,  the  more  of  B"  seems  moreover  to  operate  in  many 
instances  other  than  those  involving  conservation  or  intensivity  tasks.  We  shall  provide  some 
examples. 

A.  Scientific  Tasks 

1 .  Time  -  Levin  (1982)  studied  the  nature  and  the  development  of  the  time  concept  in  young 
children.  She  asked  nursery  school  children  and  kindergartners  to  judge  whether  two  lights  were  lit 
for  the  same  amount  of  time,  or  which  light  was  on  for  more  time.  The  lights  were  lit  for  the  same 
duration  but  differed  in  size  and/or  brightness.  Her  findings  indicated  that  children  tended  to 
associate  the  longer  duration  significantly  more  often  with  the  bigger  than  with  the  smaller  light,  with 
the  brighter  than  with  the  dimmer  light,  and  with  the  bigger  and  brighter  than  with  the  smaller  and 
dimmer  light.  She  concluded  that  this  phenomenon  may  be  based  on  a  mediational  mechanism  of 
"any  more  is  more  time  '. 

2.  Free  fall  -  Gunstone  &  White  (1981)  presented  first-year  physics  students  with  a  problem:  An 
iron  sphere  and  a  plastic  sphere  of  the  same  diameter  were  held  next  to  each  other,  two  meters  above 
a  bench.  Subjects  were  asked  to  compare  the  time  it  would  take  for  the  metal  sphere  to  fall  to  the 
bench  with  the  time  it  would  take  the  plastic  sphere.  Some  claimed  that  the  metal  sphere  would  fall 
faster  because  "a  bigger  weight  will  cause  bigger  acceleration".  Champagne,  Klopfer  and  Anderson 
(1979)  presented  first  year  physics'  students  with  a  similar  task  related  to  free-fall  of  two  rectangular 
prisms  of  equal  volume  but  different  masses.  Seventy-two  percent  of  these  students  argued  that  "the 
heavier  an  object,  the  faster  it  falls,  and  that  since  lucite  is  denser  than  aluminium,  it  falls  faster". 

B.  Mathematical  Tasks 

1-  Arithmetic  Operations  -  Tirosh,  Wilson,  Graeber,  &  Fischbein  (1993)  presented  college 
students  with  several  tasks  concerning  arithmetic  operations.  One  such  task  is  related  to  the 
relationship  between  factors  and  products  in  multiplication  expressions.  Many  of  these  students 
argued  that  when  one  of  the  factors  increases,  the  product  always  increases.  While  this  statement 
holds  for  natural  numbers,  it  does  not  for  negative  numbers  (e.g.  2  x  (-4)  £  8  x  (-4)1.  It  seems  that 
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the  students  who  made  this  overgeneraUzation  were  operating  according  to  the  rule  "the  trigger  the 
factor,  the  bigger  the  products". 

2.  Percentage  tasks  -  Rachmani  (personal  communication)  presented  students  at  different  age 
levels  with  several  problems  in  an  attempt  to  assess  their  understanding  of  percentages.  One  of  these 
problems  was  the  following:  "Joe  saved  25%  of  his  salary.  Maya  saved  50%  of  her  salary.  Can 
you  determine  which  of  them  saved  more  money?"  Obviously,  the  answer  to  this  problem  is  "no", 
because  Joe  and  Maya's  salaries  are  not  known.  Yet  many  students  responded  that  "Maya  saved 
more  money,  because  she  saved  a  higher  percentage." 

Discussion 

We  have  presented  students'  responses  to  a  variety  of  tasks  in  different  subject  matters  -- 
some  deal  with  physical  objects  while  others  refer  to  mathematical  ones,  some  focus  on  extensive 
quantities  while  others  involve  intensive  ones.  All  these  tasks,  though,  have  some  common  features. 
In  each  of  them,  two  objects  (or  two  systems)  which  differ  in  a  certain,  salient  quantity  are 
described.  The  student  is  then  asked  to  compare  the  two  objects  or  systems  with  respect  to  another 
quantity.  In  all  these  cases,  a  substantial  number  of  students  responded  according  to  the  rule  "The 
more  of  A  (the  salient  quantity),  the  more  of  B  (the  quantity  in  question)". 

In  all  the  cases  described  above,  "The  more  of  A,  the  more  of  B"  led  to  inappropriate 
answers.  In  many  tasks  embedded  in  everyday  as  in  scientific  situations,  however,  a  response  based 
on  this  rule  leads  to  correct  accurate  conclusions.  For  instance,  "the  more  money  you  have,  the  more 
candy  bars  you  can  buy".  People  of  different  ages  tend  to  use  this  rule  in  many  situations, 
sometimes  appropriations  and  sometimes  not.  The  question  which  naturally  arises,  then,  is  why  the 
use  of  this  rule  so  far  outspans  its  applicability. 

One  possible  explanation  is  that  the  rule  is  used  as  a  first  approximation  in  solving  a  certain 
problem.  This  may  serve  as  the  starting  step  in  a  process  of  exploration.  Often,  approximation  is 
made  in  the  absence  of  a  solid  understanding  of  the  situation.  An  example  of  such  behavior  was  the 
reaction  of  a  science  educator  from  our  department  when  asked  to  judge  whether  two  given  angles 
were  equivalent.  She  explained  that  she  was  unfamiliar  with  this  problem,  but  that  it  seemed  to  her 
that  the  most  sensible  answer  should  be  "the  angle  with  the  longer  arc  is  larger". 

Another  possible  explanation  is  that  using  this  rule  gives  the  solver  a  grip  over  the  situation, 
as  it  creates  a  causal/logical  relationship  between  the  various  components  of  the  system.  Such  a 
relationship  gives  the  sense  (though  often  erroneously)  of  an  ability  to  predict. 

There  are  several  possibilities  as  to  the  nature  of  this  causal  relationship:  (a)  a  qualitative 
relationship  --  as  A  increases,  B  also  increases,  (b)  a  quantitative  relationship  of  the  form  B=kA.  It 
could  also  be  that  in  some  cases  the  relationship  between  A  and  B  is  perceived  as  qualitative  and  in 
others  as  quantitative.  This  issue  should  be  further  investigated. 

It  was  also  observed  that  the  solver  often  views  "The  more  of  A,  the  more  of  B"  as  self- 
evident,  and  that  its  use  is  frequently  accompanied  with  a  sense  of  confidence.  Self-evidence  and 
confidence  are  two  major  characteristics  of  intuitive  reasoning  (Fischbein,  1987).  In  fact,  this  rule 
has  some  additional  characteristics  of  intuitive  reasoning:  immediacy,  globality  and  coerciveness. 
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Though  it  seems  intuitive,  there  is  still  a  need  to  explain  why  this  rule  is  activated  in  the 
situations  described  above.  Let  us  recall  that  in  each  of  these  tasks,  the  two  objects  or  systems  differ 
in  one  particular  quantity.  Our  claim  is  that  the  intuitive  rule  is  directly  triggered  by  immediate 
perceptual  differences  or  by  salient  differences  between  symbols  associated  with  perceptual  images, 
such  as  numbers.  These  are  often  visual,  as  in  the  conservation  and  intensivity  tasks.  A  source  of 
support  for  this  claim  is  provided  by  Bruner's  (1966)  experiment  related  to  conservation  of  quantity 
of  liquid.  Here,  children  aged  four  to  seven  were  verbally  asked  about  the  conservation  of  liquid. 
The  task  was  carried  out  behind  a  screen.  It  was  found  that  half  of  the  four-year-olds  and  all  the 
others  correctly  replied  that  the  amount  of  water  was  the  same  when  the  screen  was  used.  When  no 
screen  was  present,  though,  most  four-  and  five-year  olds  said  that  "the  higher  the  water,  the  more 
water  to  drink". 

We  have  suggested  so  far  that  "The  more  of  A,  the  more  of  B"  is  an  intuitive  rule  which  is 
activated  by  specific,  perceptual  input.  What  could  be  the  origin  of  this  intuitive  rule? 
At  this  stage  we  can  only  suggest  several  speculative  possibilities. 

(a)  It  is  an  innate,  intuitive  rule.  The  following,  surprising  excerpt,  taken  from 
Tinbergen's  (1951)  book  on  the  study  of  instinct  is  in  line  with  this  possibility: 

Oystercatchers  preferred  a  clutch  of  5  eggs  to  the  normal  clutch  of  three.  Still  more 
astonishing  is  the  oystercatchers'  preference  for  abnormally  large  eggs.  If 
presented  with  an  egg  with  normal  oystercatcher  size,  one  of  herring  gull's  size, 
and  one  double  the  (linear)  size  of  the  herring  gull's  egg,  the  majority  of  choices  fall 
upon  the  largest  egg  (p.45). 

It  seems  that  the  oystercatchers'  decisions  are  determined  by  the  implicit  probably 
innate  laws  of  "the  more,  the  better"  and  "the  larger,  the  better". 

(b)  Overgeneralization  from  successful  experiences.  As  mentioned  above,  often  in 
everyday  life  and  in  math  and  science  problems,  the  rule  "The  more  of  A,  the  more  B"  is  applicable. 
Children,  starting  from  early  infancy,  encounter  many  situations  in  which  perceptual  differences 
between  two  objects  go  hand  in  hand  with  quantitative  parallel  differences  in  another  property  of 
these  objects.  It  is  reasonable  to  assume  that  children  generalize  these  experiences  into  a  universal 
maxim:  "The  more  of  A,  the  more  of  B". 

At  this  stage  in  our  inquiries,  it  is  impossible  to  determine  which  of  the  above  possibilities  is 
the  source  of  this  intuitive  rule.  However  that  may  be,  repeated  experiences  reinforce  the  rule, 
enhancing  its  use  in  other  seemingly  similar  situations. 

We  have  mentioned  before  that  this  rule  is  often  used  in  situations  in  which  it  is  not 
applicable.  Yet,  with  regard  to  each  of  the  tasks  described  above  (and  to  other  tasks  as  well), 
children  at  different  ages  and/or  with  different  levels  of  instruction  at  some  point  start  using  it 
selectively. 

Most  four-year-old  children,  for  instance,  argue  "the  higher  the  water  level,  the  more  water" 
in  the  conservation  of  the  quantity  of  matter  task,  while  practically  all  ten-year-olds  know  that  the 
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amount  of « -,>ttr  is  preserved  :n  this  task.  How  can  such  changes  in  response  be  explained?  Why  do 
people  use  this  rule  in  certain  situations  and  discard  it  in  others? 

With  age  and/or  instruction,  schemes,  rules,  and  bodies  of  knowledge  related  to  a  specific 
task  and  groups  of  tasks  are  developed  or  reinforced.   As  this  occurs,  people  realize  the 


Consequently,  in  respect  to  these,  the  rule  loses  its  power  in  favor  of  other,  competing  knowledge. 
For  instance,  in  the  Case  of  conservation  of  quantity  of  matter,  'The  higher,  the  more"  is  replaced  by 
identity  or  compensation  considerations.  In  addition,  with  age  and/or  instruction  children  become 
aware  of  the  need  to  examine  their  initial  responses,  to  consider  other  factors  which  might  be  relevant 
to  the  task,  and  to  avoid  conflicting  arguments.  Thus,  they  gradually  learn  the  boundaries  within 
which  "The  more  of  A,  the  more  B"  is  applicable. 

Although  over  time  children  cease  to  use  the  rule  in  certain  instances,  it  does  not  altogether 
disappear  and  continues  to  dominate  in  various  other  situations.  In  fact,  in  many  of  the  previously 
described  instances  (e.g.,  comparing  segments,  comparing  angles,  free  fall)  older  children  and  adults 
kept  using  the  rule.  Thus  it  seems  that  like  many  other  intuitive  rules,  this  rule  persists  and  retains  its 
dominance. 

The  status  of  the  rule  however,  is  unclear  with  regard  to  those  cases  in  which  subjects  seem 
to  overcome  its  dominance  and  give  judgments  not  in  line  with  it.  For  instance,  when  a  child 
correctly  judges  conservation  tasks,  is  this  because  the  rule  "The  more  of  A,  the  more  B"  has  ceased 
to  exist  for  these  tasks,  or  does  it  exist  but  fail  to  compete  with  other  bits  of  knowledge?  Support 
for  the  possibility  that  the  intuitive  rule  continues  to  exist  comes  from  the  following  example.  A  very 
distinguished  physics  professor,  an  expert  in  astronomy,  when  answering  a  question  on  a  television 
science  program,  was  heard  to  explain  that:  "the  force  that  the  larger  star  exerts  on  its  moon  is  larger 
than  the  force  that  the  smaller  moon  exerts  on  the  star".  Of  course  this  professor  was  familiar  with 
"Newton's  third  law  (the  law  of  action  and  reaction),  according  to  which  any  two  bodies  exert  the 
same  force  on  each  other.  The  next  day,  he  explained  that,  tense  because  appearing  on  a  television 
program,  he  had  momentarily  lost  concentration  and  given  an  immediate  uncontrolled  response. 
Such  slips  are  very  common. 

What  is  the  relevance  of  this  type  of  intuitive  rule  to  science  and  mathematics  education? 
First,  it  is  crucial  that  teachers,  policy  makers,  and  curriculum  developers  be  knowledgeable  about 
the  common  roots  of  many  seemingly  unconnected,  content-specific  alternative  conceptions.  Such 
knowledge  has  predictive  power:  it  enables  teachers  and  researchers  to  foresee  students'  possibly 
inappropriate  reactions. 

It  is  equally  important  to  improve  our  understanding  of  how  children  overcome  the 
cocrciveness  of  such  rules.  This  knowledge  can  help  teachers  and  curriculum  developers  plan 
sequences  of  instruction  which  take  the  role  of  intuitive  rules  into  consideration  and  look  for  ways  to 
overcome  them.  Finally,  this  paper  points  strongly  to  the  importance  of  raising  students'  awareness 
of  the  need  to  be  consistent,  and  to  boost  their  critical  thinking.  All  of  these  are  necessary  to  the 
formation  of  boundaries  with  regard  to  the  use  of  intuitive  rules. 


inappropriateness  of  the  rule  "The  more  of  A,  the  more  B"  in  some  of  these  specific  tasks. 
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This  paper  describes  procedures  and  algorithms  for  solving 
division  problems  with  large  numbers  that  were  invented  by 
fourth  grade  students  in  a  Cognitively  Guided  Instruction 
(CGI)  class. 

Division  with  large  whole  numbers  is  one  of  the  most 
difficult  arithmetic  operations  taught  in  elementary  school.  The 
standard  "long  division"  algorithm  is  not  transparent  and  it  is 
hard  to  understand  why  it  works.  Many  students  learn  the  algorithm 
in  a  rote  manner,  without  meaningful  understanding  and  without 
relating  the  steps  of  the  procedure  to  their  conceptual  knowledge 
of  division.     Simon  (1993)  found  that  prospective  elementary 
school  teachers  could  not  give  meaningful  explanations  why  the 
long  division  algorithm  works  or  what  the  different  steps  mean. 

Lamport  (1992)  analyzed  the  complexities  of  the  long  division 
algorithm  and  suggested  ways  to  teach  it  meaningfully,  one 
question  that  Lampert  posed  was:  "Is  it  possible  to  teach  division 
(with  large  numbers)  in  ways  that  support  students'  creative 
engagement  with  mathematical  ideas?"  (p. 222)    This  paper  suggests 
one  way  of  answering  this  question  in  which  students  construct 
their  own  knowledge. 

We  report  here  strategies  that  fourth  grade  students 
developed  to  solve  division  problems  with  large  numbers.     We  were 
interested  in  students'  invented  procedures  and  in  their  move 
towards  the  use  of  more  symbolic  representations.     The  use  of 
symbols  might  help  the  children  record  their  actions  and  serve  as 
tools  for  developing  and  inventing  new  procedures  and  algorithms 
(Carpenter,  Fennema,  &  Franke,  1992).  When  children  invent  their 
own  procedures  and  algorithms,  they  usually  have  a  better 
conceptual  understanding  of  them  and  avoid  errors  that  are  common 
when  children  learn  procedures  in  a  rote  fashaion  (Crpenter, 
Fennema,  Franke,  1993a;     Greeno,  Riley,  Si  Gelman,  1984;  Putnam, 
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Lampert,  6  Peterson,  1989). 

Development  of  Division  Strategies.    Children  can  construct 
meaningful  ways  to  solve  division  and  multiplication  problems  from 
an  early  age  (Carpenter,  Ansell,  Franke,  Fennema,  6  Weisbeck, 
1993).     At  first  children  model  the  semantic  structure  of  the 
problems  closely,  with  manipulatives.  Thus  they  ir.ociel  partitive 
and  measurement  problems  differently  (Carpenter,  Fennema,  6 
Franke,  1993b;  Kouba,  1989).     Later,  children  use  more  flexible 
counting  strategies  that  are  abstractions  of  their  modeling 
strategies.     To  solve  measurement  problems,  children  can  skip 
count  or  add  or  subtract  until  they  reach  the  given  number  and 
then  count  the  number  of  counts.     In  partitive  division  they  use 
similar  strategies  based  on  guessing  and  adjusting  the  number 
needed  in  each  group.     Children  then  use  derived  facts  strategies 
which  usually  exploit  or  involve  some  known  multiplication  facts 
and  counting  on  or  adding.    Most  of  the  strategies  beyond  modeling 
the  problem  with  manipulatives  for  1-  or  2-digit  numbers  are 
conducted  orally,  sometimes  with  the  help  of  tallies  to  keep 
track,  or  writing  the  sequence  of  numbers  in  the  patterns. 

Murray,  Olivier,  6  Human  (1992)  described  the  development  of 
third  grade  students'  strategies  for  division  problems  with  2-  and 
3-digit  numbers.  They  found  that  groups  of  children  in  the  class 
progressed  differently  and  that  with  time,  the  children  depended 
less  on  the  structure  of  the  division  problem  for  their  solutions 
and  solved  all  of  them  similarly. 

in  this  paper  we  describe  a  few  strategies  invented  by  fourth 
grade  children  and  one  third  grade  child  for  solving  division 
problems  with  large  numbers.  We  especially  concentrate  on 
strategies  which  use  symbolic  representations. 

Methodology  and  Classroom  Setting.  This  paper  is  part  of  a  case 
study  of  the  relationship  between  instruction  and  the  learning 
process  in  a  fourth  grade  class.     The  teacher  taught  mathematics 
using  Cognitively  Guided  Instruction  (CGI)  (Carpenter,  6.  Fennema, 
1992).  In  this  approach  the  children  have  opportunities  to  solve  a 
variety  Qf  problems,  construct  their  own  solution  strategies, 
discuss  them  and  present  them. 

Sample.  One  teacher  and  her  21  students  were  followed  intensively 
for  5  months  (December,  1992  to  April,  1993)  in  a  mid-west  city  in 
the  U.S.     The  class  was  diverse  racially  and  socio-economically .  A 
strategy  of  one  third  grade  child  in  Israel  will  also  be  discussed 
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here . 

Methodology-  Thirty  lessons  were  observed  and  the  teacher  was 
interviewed  13  times.     Each  student  was  interviewed  twice  on 
solution  strategies  for  a  variety  of  problems,  students'  journals 
were  examined,  and  their  strategies  were  recorded  during  classroom 
observations.    The  standard  division  and  multiplication  algorithms, 
were  not  explicitly  taught  and  no  textbook  was  used. 

Results  and  Discussion 
For  many  reasons,  many  of  the  children  in  the  class  used 
quite  basic  strategies  at  the  beginning  of  the  study.  During  the 
study  most  students  shifted  their  strategies  for  division  problems 
from  directly  modeling  the  situations  with  single  counters  units 
or  base-10  blocks  to  using  counting  and  symbolic  procedures.  For 
partitive  problems,  for  example,  children  who  solved  problems  by 
dealing  by  10's  and  l's  with  base-10  blocks  at  first,  started  to 
just  write  10 's  in  each  "box"  they  drew.  For  example,  here  is  a 
solution  to  a  partitive  problem  (253:23)  described  by  a  child  who 
began  with  rather  basic  strategies  (begining  of  January): 

He  drew  23  "boxes,"  he  wrote  10  in  each  and  counted  by J-O's' 
"10    20.:"30,"  he  then  drew  another  tally  in  each  box  and  got  the 

""^the^econd^nierview,  in  April,  only  one  child  dealt  by 
l's  for  the  problem  42:3  (par),  but  about  a  third  of  the  class 
still  dealt  10' s  with  blocks  for  this  problem.  Interestingly, 
when  the  children  solved  a  problem  with  larger  numbers  (226:8, 
par)  at  that  time,  they  tended  to  just  write  the  10 's  in  each 
"box"  and  didn't  use  the  blocks.  Also  more  children  tried  in  this 
situation  to  start    by  guessing  a  number  and  checking  it 
(realizing  it  will  take  a  lot  of  labor  to  construct  the  226  in  the 
problem  by  dealing).    The  checking  and  adjusting  was  done  either 
by  patterns  of  counting,  or  by  adding  and  multiplying. 

For  example,  Jill  solved  the  problem  by  guessing  50.  She 
counted  by  50' s  and  realized  it  is  too  much.     She  tried  30: 
30^0  3Q^pO        3|  __>24o    24Q_l6=224_>answer  28(R2) 
20  40 

Bob  solved  this  problem  by  guesing  and  checking  by  mental 
multiplication:  8x20->160  8x30->240  too  much. 
8x25->160+40->200  3x8->24  so  it  is  28  and  2  left  over. 

Guessing  and  testing  was  also  used  to  solve  measurement 
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problems.  On  Febuary  2  David  solved  the  problem:  "One  box  of 
pancake  mix  makes  24  pancakes.  If  I  made  175  pancakes,  how  many 
boxes  would  I  have?"    He  solved  it  by  guessing  how  many  times  he 
should  add  24.     He  tried  7  24 's  and  added  them  vertically,  adding 
pairs  of  4's  and  20 's  (breaking  numbers  to  make  it  easier): 


HO  *n(  )\b        He  tried  another  24  ->  ... 

X  Unf24~)K  (too  many),  needed  another 

f_o  -71/V24-'"  box  for  the  extra  7->8  boxes 
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Another  symbolic  strategy  that  involved  guessing  used  the 
child's  knowledge  of  multiplication.     To  solve  253:23  (par.),  the 
child  assumed  that  there  are  no  remainders  in  this  problem,  and 
looked  for  what  number  to  multiply  23  to  get  253.     He  immediately 
saw  it  will  be  more  than  10:  10x23=230.     He  looked  for  the  ones 
digit  of  the  number  that,  when  multiplied  by  23,  makes  the  ones 
digit  end  in  3. 

It         1x23=23  will  give  3  in  the  ones  place 
23 

23         The  multiplication  algorithm  the  child  used  here 
230         is  very  meaningful  to  him  and  he  is  able  to  play 
253         with  it  and  solve  the  "puzzle"  by  manipulating 
the  numbers  in  the  algorithm  flexibly. 
Pam'8  Algorithm  Involving  Re»alnder»    We  will  describe  here  the 
development  of  Pam's  algorithms  over  the  5-month  period.  Pam  is  a 
very  able  child  in  mathematics.  When  asked  a  problem  with  2-digit 
numbers  in  December  (42:3,  partitive)  she  solved  it  very  quickly 
by  guessing  a  number  and  checking  it  with  multiplication:  12x3= 
36  (remembers),  13  x  3  =  39  and  14  x  3  =  42,  so  it  is  14.  Only 
when  she  had  to  work  with  larger  numbers  did  she  try  her  new 
algorithm.     In  the  beginning  of  January  the  children  were  given 
the  problem  253:23  (partitive).     Pam  wrote  a  division  number 
sentence.     She  separated  253  into  200  and  53  and  checked  how  many 
times  23  goes  into  each  one  of  them.     She  did  that  by  adding  23 's 
(and  doubling  the  results).     She  found  that  23  goes  into  53  2 
times  with  remainder  7  and  8  times  into  200  with  remainder  16. 
She  added  the  two  results  and  got  10  with  remainder  23,  which  gave 
her  anoter  "whole"  23,  so  the  answer  is  11(R0)  or  11.  Similarly 
she  solved  the  problem  108:6  : 

1  —308  — 

er|c  ld86 


108:6  6x4=24 
2/3'23K  /\  6x10=60 

200  53  16(R4)    1(R2)  6Q+jj£84 

8T1T6)     2TI7)  ^RO)  ^ 

\     /  another  23 
11(R0) 

Pam  shared  her  invention  with  the  class  and  found  that  she 
needed  to  explain  it  and  represent  it  in  clearer  ways  so  her 
classmates  and  the  teacher  will  understand.     The  teacher  took  the 
time  to  listen  to  her  strategy  individually  and  to  understand  it. 
Pam  improved  her  explanations  and  the  way  she  represented  the 
writing  and  it  developed  to  the  examples  above.     The  teacher  asked 
her  questions  in  class  to  help  her  clarify  her  algorithm  for  the 
children.  For  example,   for  108:6,  Pam  said:  "Take  the  8  and  divide 
it  in  6,"  the  teacher  asked:  "What  does  that  mean?"  Pam:  "How  many 
6's  go  into  8?  1  and  remainder  2"  (January  21).     The  children  were 
used  to  regularly  presenting  their  strategies  to  the  class.  The 
social  norms  and  expectations  of  this  class  enabled  a  very  diverse 
group  of  students  to  each  develop  solution  strategies  suitable  to 
their  understanding  and  development. 

Pam  extended  the  algorithm  to  a  4-digit  problem  (1542:3 
partitive)'  on  February  2nd.  She  separated  1542  into  1000+500+42 
and  checked  separately  how  many  3's  go  into  each  and  what  were  the 
remainders.     She  then  added  the  remainders  and  adjusted  the  result 
if  the  remainder  was  over  3: 

*************************************************************** 


1542:3  ->    3's  in  42  3^sin_500 
15x3=45  3x33=99 
less  3  is  42  3x66=198  (double) 

so  it  is  14(R0)  3x132=396  (double) 

so  it        1€<KU('add  33_>3xl65=495  (396+99=495) 
(another  3)  3x166=498  ->  166(R2) 

1000:3  ->  double  the  500:  3x332=996    3  more->  999  (3x333) 
io    1000: 3=333 (Rl)        together:  14(R0) 

166( R2 ) 

333 (Rl) 

513(R3)  — >514(R0) 

***************************************************************** 

Pam  used  this  algorithm  every  time  she  solved  a  division 

problem  with  large  numbers  (both  for  partitive  and  measurement 
problems),  until  she  realized  she  can  use  easy  multiples  of  the 
first  result  to  find  the  other  parts  without  investing  so  much 
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labor.     On  March  1,  she  wrote  a  word  problem  for  herself  (a 
regular  activity  in  the  class):     9786:14.     She  stared  by  finding 
how  many  14's  go  into  86,  as  usual,  and  found  that  it  is  6(R2). 
(She  added    28+28+28=84  (vertically)  and  2  left  to  get  to  86.) 
Then,  instead  of  finding  the  number  of  14' s  in  700  and  9000,  which 
she  realized    would  be  tedious,  she  took  9800  instead.     She  found 
out  that  there  are  7  14' s  in  98  (84+14=98)  and  concluded  that 
there  are  700  14's  in  9800.  98:14=7  ->  9800:14=700 

She  still  needed  to  subtract  thenumber  of  14's  in  100,  since 
she  needed  9700  and  not  9800.     She  already  knew  this  result  from 
the  98  found  before: 

100  :  14  -  7(R2)  ->  700  -  7(R2)  =  692R(12)  (see  how  easily  she 
manipulated  the  remainders  -  7  from  700  is  693,  taking  away  the 
remainder  2  gives  692  and  remainder  12.)  ->  So  9700: 14=692R( 12 ) . 
Adding  the  two  parts  she  found: 


gives  the  result  699  (another  14  from  the  remainders). 

While  Pam's  division  procedures  might  not  be  the  most 
efficient  and  quick  ones,  she  had  the  opportunity  to  invent  them, 
to  understand  their  origins  and  to  be  engaged  in  a  worthwhile 
mathematical  investigation.     While  doing  so  she  showed  flexibility 
in  manipulating  the  numbers  and  the  remainders  in  a  meaningful 
way.  Pam  also  had  the  opportunity  to  have  her  invention  recognized 
and  appreciated  by  the  other  children  and  the  teacher  who 
supported  her  in  her  explorations.     Talking,  explaining,  answering 
questions  and  writing  about  her  strategy  in  words  and  in  symbols, 
helped  her  develop  symbolic  representations  and  meta-cognitive 
processes  to  explain  her  thinking. 

Divide  and  Keep  Dividing  the  Remainders.     Dan,  a  third  grade 
Israeli  boy,  descibed  his  invention  for  the  problem  777:8  (He 
posed  the  problem  to  himself  symbolically. )  ->  7  hundred  divided 
by  2  is  3.  The  1  hundred  that  is  left  from  the  7  you  also  divide 
into  2,  giving  5  tens.  7  tens  divided  by  2  is  3  tens,  plus  the  5 
tens  from  before  is  8.  The  1  ten  that  is  left  from  the  7  you  also 
divide  Into  2,  for  5  ones.     8  divided  by  2  is  4  plus  the  5  from 
before  is  9.  The  answer  is  389.  We  can  write  this  strategy 
schematically,  writing  the  5's  that  the  child  remembered  on  top  of 
the  dividend: 


692(R12) 

6(R2) 
699(R0) 


310  — 


55  778:2 
778:2        or  334 
389  55 
389 

Although  Dan  developed  his  strategy  for  specific  numbers  that  are 

divisible  by  2,  we  can  generalize  it  by  continuing  to  divide  the 

remainders  and  writing  the  results  above  the  appropriate  places. 

For  example,  to  divide  778  by  3,  we  can  write: 

(2) 
3(1) 
33(1) 
778:3 
222 

258(R4)->259(R1) 

7  hundreds  divided  by  3  is  2  hundreds.  1  hundred  is  left.  We 
divide  100  by  3,  which  is  3  tens  (write  the  3  above  the  7  tens  to 
remember),  10  is  left.  Divide  the  10  by  3,  which  is  3  and 
remainder  1.     You  write  3  above  the  ones  to  remember  (or  you  can 
think  about  100:3  as  33(P.l)  and  write  it).     8  divided  by  3  is  2 
(you  write  it),  and  remainder  2.  (you  can  write  it).  You  add  the 
numbers  for  the  hundreds,  tens,  ones  and  remainders,  adjust  the 
remainders  for  another  3,  and  get  the  answer.     This  algorithm  is 
relatively  transparent. 

Conclusions 

Enabling  children  to  develop  their  own  solution  procedures 
for  division  problems  with  large  numbers  can  help  them  make  sense 
of  the  problems,  develop  meaningful  understanding  of  division  and 
promote  progress  toward  the  development  of  symbolic 
representations.     In  this  paper  we  have  described  some  of  the  more 
interesting  strategies  that  we  have  seen  children  invent.  They 
are  a  sample  of  the  many  invented  strategies  that  we  have 
observed.     Classroom  discussion  of  the  children's  invented 
strategies  further  helps  them,  to  understand  the  properties  of 
division  procedures  and  to  compare  different  methods  of  solution. 
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STUDENTS*  ABILITY  TO  COPE  WITH  ELEMENTARY  LOGIC  TASKS  - 
THE  NECESSARY  AND  SUFFICIENT  CONDITIONS 
Jonathan  Stupp  and  Shlomo  Vinner 
Hebrew  University  of  Jerusalem,  Israel 
ABSTRACT 

This  paper  describes  an  experiment  conducted  with  10th  grade  students.  The  aim  of 
the  experiment  was  to  examine  whether  students  in  a  self-instruction  approach  can  acquire 
some  concepts  of  logic  presented  to  them  by  formal  definitions  and  a  few  examples.  The 
students  were  asked  to  construct  their  own  examples,  to  answer  questions  about  relations 
between  the  concepts  and  to  prove  certain  statements.  Another  aim  of  the  experiment  was  to 
examine  the  students '  intuitions  about  certain  principles  of  logic  and  their  ability  to  learn  by 
means  of  symbols  in  a  general  way.  The  results  show  that  the  students  can  succeed  with 
mathematical  reading  comprehension  tasks  but  they  have  difficulties  with  logical 
manipulations. 

1 .  INTRODUCTION:  Logic  and  formal  symbols  constitute  a  part  of  the  many  tools  we  use 
in  mathematics.  In  the  high-school  level  the  use  of  these  tools  is  rather  scarce,  as  it  seems 
that  it  adds  more  problems  to  the  students  in  addition  to  the  many  problems  which  they 
already  encounter.  The  constructivist  approach,  which  is  used  nowadays  by  many  educators, 
evades  as  much  as  possible  the  use  of  formal  definitions  and  formal  logical  deductions.  Yet, 
we  think  it  is  important  to  examine  how  difficult  it  really  is  for  high-school  students  to  deal 
with  logic  and  formal  definitions  —  at  least  for  students  with  above  average  abilities  —  since 
in  their  future  studies  they  may  encounter  these  aspects  of  mathematics. 

H.  Freudenthal  (1973,  Chapter  6)  speaks  also  in  favor  of  teaching  the  elements  of 
logic  because  "thinking  situations  in  every  day  life  usually  are  too  simple.''  But  he  cautions 
against  teaching  it  in  a  way  which  might  deter  the  students  from  using  logical  argumentation. 

We  chose  the  method  of  self-instruction.  We  wanted  to  find  out  if  students  can  learn 
the  formal  definition  by  themselves  with  only  the  help  of  guiding  questions.  In  this  way  there 
is  a  good  chance  to  expose  many  cognitive  aspects  which  naturally  appear  when  a  student  has 
to  cope  by  himself  with  learning  new  concepts.  For  example:  Can  students  deal  with  general 
statements  devoid  of  specific  content,  which  are  represented  by  letters?  Or  to  what  extent  do 
the  students  regard  logical  truths  as  truths  which  are  accepted  intuitively  and  therefore  do  not 
need  any  formal  proof?  Do  the  students  possess  any  logical  schemata  in  the  sense  of  Skemp 
(1971)?  When  the  students  use  intuition  in  logical  reasoning,  is  it  distorted  and  misleading? 
These  aspects  were  already  investigated  by  E.  Fischbein  (1981)  in  the  case  of  infinity. 

As  we  cannot  prevent  students  from  the  natural  urge  of  using  intuition,  we  have  to 
check  whether  their  logical  intuition  is  not  distorted.  With  wrong  intuitions  mathematical 


argumentation  will  be  a  very  difficult  task. 

Also,  Skemp  (1971)  speaks  in  favor  of  introducing  the  use  of  symbols  because  only 
by  using  them  one  can  better  communicate  his  ideas  and  can  express  his  mathematical 
arguments  in  a  clear  way. 

As  the  subject  of  our  experiment  we  chose  the  concepts  of  necessary  and  sufficient 
conditions.  These  two  concepts  occur  frequently  during  the  Mathematics  lessons  and  students 
tend  to  confuse  between  these  concepts.  There  is  a  tendency,  and  not  only  in  Mathematics, 
to  consider  every  condition  as  both  necessary  and  sufficient.  "If  A  then  B"  is  often 
automatically  construed  also  as  "If  B  then  A."  In  non-mathematical  every-day  language  we 
usually  phrase  statements  as  a  sufficient  condition,  although  we  mean  both  sufficiency  and 
necessity.  For  example:  When  a  father  tells  his  son,  "If  you  wash  the  car  you'll  get  $10," 
he  means  of  course  that  the  son  will  get  the  money  if  and  only  if  he  washes  the  car.  But  in 
dealing  with  mathematical  statements  the  distinction  between  these  two  concepts  is  crucial, 
and,  therefore,  an  additional  aim  of  this  study  was  to  clarify  this  distinction  to  the  students. 
It  is  easier  for  the  student  if  a  mathematical  condition  is  both  necessary  and  sufficient,  it  then 
saves  thinking  too  much.  How  easy  it  would  have  been  for  the  student  if  the  vanishing  of  the 
derivative  at  a  point  were  a  necessary  and  sufficient  condition  for  an  extremum  point. 
Therefore,  students  often  fail  to  discern  a  stationary  point  which  is  not  an  extremum  point. 

O'Brien  (1973,  1975)  investigated  the  problematics  which  arise  in  understanding 
conditional  statements  and  found  difficulties  both  by  adolescents  and  college  students  even 
after  they  have  taken  a  basic  course  in  logic. 

2.  METHODOLOGY:  Our  experiment  took  place  at  the  High  School  for  Sciences  and  Arts 
in  Jerusalem.  This  is  a  boarding  school  for  students  who  excel  either  in  the  field  of  science, 
music  or  the  plastic  arts.  Each  year  the  School  accepts  about  70  students  out  of 
approximately  300  applicants.  They  have  to  pass  several  tests  before  they  are  accepted.  The 
'.vorking  sheets  were  given  to  44  10th  grade  students.  These  students  were  not  the  students 
who  excel  in  Mathematics  (They  are  grouped  in  a  different  class),  although  most  of  them 
intend  to  matriculate  in  the  higher  level  of  matriculation  test. 

The  atmosphere  in  this  School  encourages  non-routine  ways  of  studying,  and  hence 
produced  a  positive  attitude  towards  the  experiment.  We  mention  this  in  order  to  emphasize 
that  the  difficulties  students  had  with  the  working  sheets  during  the  experiment,  were  a  result 
of  real  cognitive  difficulties  and  not  a  result  of  lack  of  motivation. 

The  working  sheets  were  written  so  that  the  formal  definitions  appeared  at  the 
O  -314- 
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beginning  and  the  students  were  immediately  asked  to  give  appropriate  examples.  In  this  way 
we  could  check  whether  the  definitions  were  understood  at  least  at  an  elementary  level.  Then 
we  continued  with  more  complicated  questions  which  examined  the  deeper  understanding  of 
the  definitions,  examining  especially  whether  the  students  perceived  the  relation  between  the 
definition  of  a  necessary  condition  and  the  definition  of  a  sufficient  condition. 

The  first  5  exercises  do  not  deal  with  Mathematics  but  with  the  general  meaning  of 
the  concepts.  Only  the  6th  exercise  deals  with  a  purely  mathematical  instance  of  necessary 
and  sufficient  conditions. 

The  students  were  given  90  minutes  for  the  task.  In  order  to  ease  the  atmosphere  and 
to  avoid  unnecessary  pressure  they  were  told  that  this  was  not  an  examination.  We  allowed 
them  to  consult  the  teacher  if  they  confronted  any  difficulty. 

The  Working  Sheet 

A,B  will  represent  attributes,  situations  or  events.  We'll  call  them  by  the 
mathematical  term:  'conditions'. 

First  Definition:  Condition  A  is  necessary  for  condition  B,  if  B  cannot  exist  without 
the  existence  of  A. 

An  Example:  A  -  the  sky  is  cloudy;  B  -  it  is  raining. 

Remark:  A  can  exist  without  B.  Perhaps  the  sky  is  cloudy,  but  it  doesn't  rain.  So 
even  if  A  is  necessary  for  B,  one  cannot  derive  the  existence  of  B  from  the  existence  of  A. 
Exercise  1:  Give  two  examples  of  pairs  A  and  B,  so  that  A  is  necessary  for  B. 
Exercise  2: 

a)  A  is  necessary  for  B.  A  does  not  exist.  Is  it  possible  that  B  exists?  Justify  your 
answer. 

b)  A  is  necessary  for  B.  B  does  not  exist.  Is  it  possible  that  A  exists? 

Second  Definition:  Condition  A  is  aifficjcnl  for  condition  B,  if  from  the  existence  of 
A,  one  can  conclude  the  existence  of  B.  Compare  with  the  first  definition. 

An  Example:  A  -  Ron  is  a  mathematics  teacher.  B  -  Ron  knows  the  Pythagorean 
theorem. 

Remark:  If  A  is  sufficient  for  B,  B  can  exist  even  without  the  existence  of  A.  Maybe 
a  person  knows  the  Pythagorean  theorem,  without  being  a  mathematics  teacher.  This  is 
precisely  the  difference  between  a  necessary  and  a  sufficient  condition. 

Exercise  3:  In  the  first  example  (A  -  cloudy  sky,  B  -  it  is  raining),  which  condition 
is  sufficient  to  which? 

Exercise  4:  Give  two  examples  of  pairs  A  and  B,  so  that  A  is  sufficient  for  B. 

Exercise  5: 

a)  Is  A  necessary  and  sufficient  for  itself? 

b)  Give  two  examples  of  pain  of  conditions,  A  and  B,  so  that  A  is  both  necessary 
and  sufficient  for  B.  Try  to  give  a  non-mathematical  example.  For  a 
mathematical  example  consider  the  congruence  theorems. 

Exercise  6:  This  time  we  will  deal  with  a  mathematical  example.  Let  A  stand  for:  *N 
is  an  even  number,'  and  let  B  stand  for:  'N  is  a  multiple  of  4.' 
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a)  Is  A  necessary  for  B? 

b)  Is  A  sufficient  for  B? 

c)  Is  B  sufficient  for  A?  Give  a  mathematical  reason  for  your  answers. 
Exercise  7:  Which  of  the  following  statements  is  true  for  any  conditions  A  &  B? 

a)  If  A  is  sufficient  for  B,  and  B  is  sufficient  for  A,  then  A  is  both  necessary  and 
sufficient  for  B. 

b)  If  A  is  both  necessary  and  sufficient  for  B,  then  so  is  B  for  A. 

c)  In  order  to  show  that  A  is  both  necessary  and  sufficient  for  B  it  suffices  to  show 
that  A  is  sufficient  for  B,  and  B  is  sufficient  for  A. 

Exercise  8:  (Taken  from  O'Brien  (O'Brien  1975/76). 

Four  cards  are  presented  to  you.  Each  card  has  a  number  written  on  one  side  and  a 
letter  on  the  other  side.  A  sufficient  condition  for  an  even  number  to  be  written  on  one  side, 
is  that  the  letter  on  the  other  side  will  be  taken  from  the  letters  A-I.  Which  of  the  cards  must 
be  turned  over  in  order  to  either  affirm  or  contradict  the  above  statement? 


G 

18 

7 

T 

3^  ANALYSIS  OF  THE  STUDENTS  PERFORMANCE 

First,  we  would  like  to  note  that  concerning  the  non-mathematical  examples  we  were 
not  particular  about  facts  but  about  logical  correctness.  For  example,  if  a  student  wrote  that 
the  shining  of  the  sun  is  a  sufficient  condition  for  the  fact  that  it  is  still  daytime,  we 
considered  it  as  correct,  disregarding  the  rare  phenomenon  of  the  northern  midnight  sun. 

We  divided  the  performances  into  three  basic  categories. 
Category  I:  Here  we  included  answers  which  indicated  that  the  student  understood  the  logical 
aspect  and  also  indicated  a  satisfactory  ability  to  express  his  reasoning  in  a  formally  correct 
language. 

Category  II:  Here  we  included  answers  which  were  logically  correct,  but  lacked  formal 
reasoning  or  if  there  were  any  reasoning,  it  was  poorly  formulated.  Answers  in  this  category 
indicated  that  the  student  relied  on  his  natural  logical  intuition.  He  did  not  justify  his  answer 
with  a  formal  proof  either  because  it  seemed  absolutely  obvious  to  him  or  because  he  could 
not  do  it.  Fischbein  (1987)  claims  that  students  use  a  kind  of  "Primary  Intuition"  as  a  basis 
to  rely  on.  Their  intuition  serves  them  like  an  axiom  system  and  therefore  there  is  no  need 
to  justify  it.  As  long  as  the  student's  intuition  leads  him  in  the  right  direction  there  is  no 
harm  in  using  intuition.  Answers  in  the  2nd  category  indicated  that  the  students  possess  the 
correct  primary  intuition.  However,  they  lack  an  analytical  ability  which  can  establish  this 
intuition. 

Category  HI:  Here  we  included  wrong  answers,  or  answers  which  were  officially  correct 

(from  the  "yes*  or  "no"  aspect),  but  were  followed  by  a  totally  wrong  argumentation. 
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Answers  in  this  category  indicate  that  the  student  lacks  the  logical  elements  needed  for  the 
context  of  the  task  involved. 

Since  the  various  exercises  were  not  on  the  same  level  of  difficulty,  we  will  treat  in 
our  analysis  only  those  exercises  the  analysis  of  which  is  interesting  from  the  cognitive  point 
of  view. 

Exercise  2:  a)  Almost  all  students  (40  out  of  44)  concluded  correctly  that  if  A  is  necessary 
for  B  and  A  does  not  exist,  then  B  cannot  exist.  They  argued  correctly  that  it  is  a  direct 
conclusion  from  the  definition.  We  included  answers  of  this  type  in  Category  I.  The  4 
remaining  students  were  students  whose  mother  tongue  was  not  Hebrew.  Since  in  formal 
definitions  mastering  the  language  in  which  the  definitions  are  given  is  crucial,  this  might 
explain  the  wrong  answers,  b)  Here  there  is  no  definite  conclusion,  since  if  A  is  necessary 
for  B  and  A  exists,  B  may  or  may  not  exist.  Thirty  students  gave  the  right  answer,  but  didn't 
give  examples  for  each  case.  It  was  absolutely  obvious  for  them,  and  they  probably  did  not 
realize  that  if  a  statement  may  be  true  or  not  according  to  the  specific  instance,  a  fully 
correct  answer  is  an  example  for  each  case.  This  might  explain  the  difference  in  the 
distribution  among  the  categories  between  part  a  and  part  b. 

We  deliberately  changed  the  role  of  the  letters  in  the  definition  of  a  sufficient 
condition.  This  time  A  stood  for  the  sufficient  condition.  We  wanted  to  check  whether  the 
students  assigned  a  particular  meaning  to  the  particular  letter,  or  they  understood  that  the 
choice  of  the  letter  is  arbitrary. 

Exercise  3:  Thirty-six  students  answered  correctly  and  the  choice  of  the  letter  did  not  confuse 
them.  They  suggested  correctly  that  in  the  first  example  the  statement  B  ("It  is  raining")  is 
sufficient  for  the  statement  A  ("The  sky  is  cloudy").  It  is  interesting  to  note  that  2  students 
interchanged  the  letters  representing  the  statements  in  order  to  avoid  confusion.  Eight 
students  focused  on  the  letters  and  not  on  the  content  of  the  statements  and  gave  wrong 
answers. 

Exercise  5:  a)  Thirty-four  students  claimed  correctly  that  A  is  both  necessary  and  sufficient 
for  itself,  but  21  of  them  gave  no  justification.  These  were  classified  as  category  II  students, 
Only  13  showed  that  if  we  set  A«B  in  the  definitions  they  are  trivially  fulfilled.  These 
answers  were  included  in  Category  I.  Among  the  remaining  10  answers  there  were  answers 
like:  "A  stands  for  different  conditions."  This  clearly  shows  no  ability  to  cope  with  formal 
symbols.  The  student  is  rejecting  the  question  because  he  believes  that  A  cannot  be  both 
sufficient  and  necessary. 


pxercise  6:  Here  we  wanted  to  check  if  the  students  understood  necessity  and  sufficiency 
concerning  pure  mathematical  concepts.  In  this  case  A  stands  for:  N  is  an  even  number,  B 
stands  for:  N  is  a  multiple  of  4.  Thirty-one  students  answered  correctly  that  A  is  necessary 


is  not  a  multiple  of  4.  Once  again,  the  answer  was  probably  intuitively  obvious  for  them  so 
that  they  did  not  bother  to  give  a  fully  justified  answer.  We  included  only  the  4  fully  justified 
answers  in  category  I,  including  the  remaining  27  under  category  EL  Among  the  13  wrong 
answers  was  one  of  a  particular  interest.  A  student  wrote  that  if  A  is  necessary  for  B,  it  also 
must  be  sufficient  for  B  (this  despite  all  the  previous  examples).  Here  we  probably  see  the 
influence  of  the  every  day  semantics  of  the  words.  "Necessary"  has  a  much  stronger 
connotation  than  "sufficient".  Therefore,  if  something  is  necessary  it  is  also  sufficient. 
Exercise  7:  In  this  exercise  the  students  were  tested  for  their  ability  to  work  with  general 
logical  principles  about  general  conditions,  denoted  by  letters  and  devoid  of  any  specific 
content.  Till  now  letters  denoted  numbers,  geometrical  points,  functions,  etc.  Now  it  is  a 
totally  new  experience  for  them  to  regard  letters  as  denoting  statements.  The  students' 
performance  in  this  exercise  was  very  poor.  They  had  to  conclude  by  themselves  that  if  A 
is  sufficient  for  B,  then  B  is  necessary  for  A,  and  that  the  relation  of  being  both  necessary 
and  sufficient  is  a  symmetric  relation.  Only  6  students  answered  correctly  all  the  parts  of  the 
exercise  and  were  included  in  category  I.  There  were  18  correct  answers  to  part  a,  1 1  to  part 
b,  and  14  to  part  c,  but  they  were  given  in  terms  of  "true"  or  "false"  without  any  formal 
argumentation.  The  students  showed  they  possess  the  correct  intuition  but  lacked  the  ability 
to  reason  in  a  formal  symbolic  language.  About  half  of  the  students  were  unable  even  to  give 
a  correct  "true"  or  "false"  answer.  This  confirmed  Freudenthal's  thesis  that  at  this  stage,  in 
general,  students  cannot  work  with  formal  logic. 

Exercise  8:  This  is  a  modification  of  O'Brien's  4-cards  problem  (O'Brien  1975). 
Twenty-two  students,  exactly  half,  answered  correctly,  namely  that  only  the  cards  Sand  (gj 
must  be  turned  over.  But  only  2  of  them  argued  why  cards and  §5]are  irrelevant.  Since 
the  argumentation  why  we  have  to  turn  over  cards Q and (SJ—  was  correct,  we  included  all 
the  22  answers  in  category  I. 

Five  students  claimed  that  cards  (gland  H}  have  to  be  turned  over  and  argued  that  if 
on  the  other  side  of  [f8}  there  is  a  letter  not  among  A-I,  the  statement  is  refuted.  They 
confused  here  sufficiency  with  necessity.  Five  students  claimed  that  only  lg)  has  to  be  turned 
over.  Among  them  were  students  who  gave  the  interesting  reason  why  cards QandQwere 


but  not  sufficient  for  B..  Only  4  of  them  gave  a  counter-example  of  an  even  number  which 
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irrelevant.  "Seven  is  not  an  even  number  and  T  is  not  among  A-I."  For  them  the  relevance 
of  the  card  stemmed  from  the  actual  words  appearing  in  the  statement.  Only  even  numbers 
and  letters  from  A  to  I  were  mentioned,  therefore  |7]and  (flare  irrelevant.  This  is  a  problem 
where  one  has  to  deduce  logically,  because  there  is  no  concrete  experience  to  rely  on.  So  the 
students  use  the  words  appearing  in  the  text  to  rely  on  in  their  reasoning. 

Seven  students  wrote  that  cards [l8]and{r] must  be  turned  over.  This  would  have  been 
the  answer  if  we  had  written  "necessary"  instead  of  "sufficient." 

Yet,  relative  to  the  poor  results  of  this  exercise  reported  by  different  authors  (O'Brien 
1973,  Adi,  1980),  we  think  that  the  results  in  our  case  were  pretty  good,  and  we  relate  this 
partly  to  our  usage  of  the  way  of  self  instruction.  In  this  way  students  internalize  the  new 
concepts,  and  can  use  them  later  in  a  correct  way. 

4.  CONCLUSION;  In  this  research  we  wanted  to  investigate  several  issues.  We  wanted  to 
check  the  ability  of  high-school  students  to  learn  by  themselves  the  concepts  defined  in  a 
rigid  formal  way  (a  la  Bourbaki).  As  can  be  seen  from  the  table  (given  at  the  end),  most 
answers  belong  to  categories  I  and  II,  showing  that  the  students  understood  the  concepts  and 
were  able  to  work  with  them.  Except  in  exercise  7,  more  than  2/3  of  the  answers  belong  to 
these  categories  (on  the  average,  as  not  all  the  exercises  have  the  same  level  of  difficulty). 

In  Exercises  2,5,6,7  and  8,  where  formal  reasoning  was  required,  most  students  knew 
the  right  answer  but  had  difficulties  in  using  formal  arguments  and  symbols.  We  conclude 
that  the  majority  of  the  students  who  participated  in  this  experiment  possess  the  correct 
logical  intuition  but  it  is  pre-mature  for  them  to  deal  with  symbolic  logic. 

The  students  possess  certain  logical  schemata  which  help  them  to  deduce  correctly  but 
without  being  able  to  formalize  their  arguments.  This  was  especially  prominent  in  Exercise 
7,  which  dealt  with  abstract  conditions  presented  by  letters  devoid  of  specific  content. 
Therefore,  the  students  had  nothing  to  rely  on  except  their  intuition  (see  Fischbein  (1987)), 
and  this  is  in  contrast  to  Exercise  6,  where  the  students  could  use  their  knowledge  about 
numbers. 

We  believe  that  introducing  logical  tasks  in  high-school,  at  least  in  small  doses,  will 
enhance  the  developing  of  logical  schemata  in  their  thinking,  and  it  will  be  easier  for  them 
to  reach,  as  Piaget  put  it,  the  level  of  prepositional  or  formal  operation,  "where  thought  no 
longer  proceeds  from  the  actual  to  the  theoretical,  but  starts  from  theory  so  as  to  establish 
or  verify  actual  relationships  between  things.  Instead  of  just  coordinating  facts  about  the 
actual  world,  hypothetico-deductive  reasoning  draws  out  the  implications  of  possible 
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statements  and  thus  gives  rise  to  a  unique  synthesis  of  the  possible  and  necessary."  (Piaget, 
1953,  p.  19). 

Distribution  of  Students  to  the  Cognitive  Categories  MI  (N=44) 


Cat  I 

Catn 

Cat  m 

Cat  I 

Cat  II 

Cat  in 

* 

40 

0 

4 

7a) 

11 

18 

15 

2b) 

10 

30 

4 

7b) 

7 

11 

26 

3 

36 

0 

8 

7c) 

8 

14 

22 

5a) 

13 

21 

10 

8 

.22 

10 

12 

6 

4 

27 

13 

Table  2 

Distribution  of  Students  Answers- to  the  Reading  Comprehension  Tasks  (N=44) 


Correct 

Wrong 

44 

0 

: 

37 

7 

i  sb) 

31 

13 
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PRACTISE  WHAT  YOU  PREACH:  INFLUENCING  PRESERVICE 
TEACHERS'  BELIEFS  ABOUT  MATHEMATICS. 


Kevan  Swinson  and  Mai  Shield,  Centre  for  Mathematics  and  Science  Education.  Queensland 
University  of  Technology. 

School  experience  forms  the  basis  of  preservice  teachers'  beliefs  about 
teaching  and  mathematics.  Many  of  these  beliefs  are  quite  negative.  The 
results  of  an  intervention  program  aimed  at  using  practical  experiences  to 
modify  beliefs  are  reported.  The  study  is  based  on  interview,  written  survey 
and  student  writing.  Results  suggest  some  success  was  achieved  in  modifying 
preservice  teachers'  beliefs. 

Preservice  teachers'  beliefs  about  mathematics  teaching  and  learning  develop 
during  their  own  schooling  and  are  influenced  by  the  experiences  they  have  as 
mathematics  students  (Ball,  1988).  Beliefs  such  as  you  are  either  good  at  mathematics  or 
you  are  not,  answers  in  mathematics  are  either  right  or  wrong,  and  memorising  facts  and 
procedures  is  the  way  to  learn  mathematics  have  been  found  to  be  prevalent  among 
preservice  mathematics  teachers  (Frank,  1990).  As  the  beliefs  teachers  and  beginning 
teachers  hold  influence  their  teaching  and  student  learning  (Kagan,  1992;  Crawford, 
1992)  it  is  essential  that  graduates  from  preservice  courses  hold  appropriate  beliefs  about 
teaching  and  how  students  learn  mathematics,  that  are  congruent  with  those  given  in  the 
NCTM  Professional  Standards. 

These  include  challenging  and  extending  student  ideas,  encouraging  students  to  work 
independently  or  collaboratively,  using  concrete  materials  as  models,  and  using  a  variety 
of  tools  to  reason,  make  connections,  solve  problems  and  communicate. 

Reviewing  research  on  mathematics  teachers'  beliefs  Thompson  (1992)  concluded 
that  beliefs  are  resistant  to  change  as  they  have  been  reinforced  over  a  long  period.  There 
is  evidence  (Crawford,  1992)  to  suggest  "that  the  traditional  forms  of  teacher  education 
have  been  largely  ineffective  in  changing  ....student  teachers'  beliefs  about  teaching  and 
learning"  (p,162).  Programs  specifically  aimed  at  modifying  pre  service  teachers'  beliefs 
have  been  undertaken  (Grover  &  Kenney,1993)  and  their  results  offer  some  hope 
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preservice  teachers'  beliefs  may  be  beneficially  modified.  Moreover,  the  results  suggest 
that  if  we  are  to  have  prospective  teachers  rethink  and  modify  their  beliefs,  we  must 
create  situations  where  these  beliefs  are  faced  and  reconsidered  (Wilcox,  Schram,  Lappan 
&  Lanier,  1991).  The  obvious  place  to  attempt  such  an  intervention  program  is  in  a 
mathematics  methods  course. 

The  study  described  here  is  an  attempt  to  alter  pre  service  teachers'  beliefs  by 
having  them: 

1 .  reflect  on  and  elaborate  about  their  conceptual  understanding  of  the  mathematics 
they  would  teach; 

2.  in  a  small  group  situation,  use  materials  and  aids  to  actively  construct  a 
conceptual  understanding  of  the  mathematics  they  will  teach  and  through 
discussion  and  reflection  gain  an  insight  as  to  how  children  learn  mathematics; 
and 

3.  throughout  the  program  reflect  on  their  experiences  to  gain  an  awareness  of  their 
understanding  of  the  difficulties  experienced  by  children  learning  mathematics. 


Methodology 

The  study  involved  nine  students  enrolled  in  a  one  semester  preservice  methods 
unit  for  secondary  mathematics  teaching.  The  students  had  selected  secondary 
mathematics  as  their  second  (minor)  teaching  subject.  All  had  been  awarded  degrees  in 
fields  such  as  music,  drama  or  biology  with  a  minor  strand  in  mathematics.  At  their  first 
meeting  the  preservice  teachers  completed  a  questionnaire  and  two  problem  solving  tasks. 
The  questionnaire,  developed  from  those  of  Schoenfeld  (1989)  and  Pehkonen  (1992), 
contained  62  closed  and  3  open  questions  concerning  beliefs  about  mathematics  and  its 
teaching  and  learning.  The  problems  were  (1)  finding  the  maximum  area  enclosed  by  a 
rope  and  (2)  determining  the  fairness  of  a  payout  in  a  game  of  chance.  One  week  later 
they  were  interviewed,  audio  taped,  and  questioned  about,  their  school  experiences, 
metacognitive  processes,  and  their  attempts  at  solving  the  two  problems.  Based  on  the 
information  gathered,  three  of  the  preservice  teachers  who  exhibited  a  range  of  beliefs 
about  mathematics  and  its  teaching  and  learning  were  selected  for  closer  study. 


The  Study 
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Supplemental  data  was  obtained  from  journals,  written  work,  elaboration 
worksheets,  observation  and  discussion  of  their  practice  teaching,  and  observation  during 
the  workshops.  The  elaboration  worksheets  were  developed  to  aid  the  students- 
conceptual  understanding  of  the  mathematics  discussed  and  to  provide  researchers  with 
data  concerning  the  presence  teachers'  thinking. 

Figure  1  Elaboration  worksheet 
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Ky  •xplanation 

Description  of  the  worVshnp  program 

In  real  world  situations,  users  of  mathematics  communicate  and  share  ideas  for  their 
common  good.  This  new  program,  first  taught  in  the  second  semester  of  1993,  provided  a 
similar  setting  where  student-student  interaction  and  communication  was  an  essential 
ingredient,  with  students  working  collaboratively  toward  common  goals  as  they 
cooperated  in  small  group  problem  solving  activities.  During  every  class  the  preservice 
teachers  participated  in  small  group  problem  solving  activities.  In  this  way  it  was 
envisaged  that  the  course  would  not  only  prepare  students  to  teach  in  a  mathematics 
classroom,  but  would  also  be  a  forum  where  their  personal  beliefs  about  mathematics  and 
its  teaching  would  be  challenged  and  developed. 

Discussion,  clarification,  elaboration  and  reflection  were  used  extensively 
throughout  the  program,  students  were  encouraged  to  think  quietly  about  a  concept  or 
problem,  write  down  their  ideas,  move  into  a  group  mode  for  discussion,  clarification  and 
elaboration  then  finally  undertake  individual  reflection.  To  assist  them  to  examine  their 
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conceptual  development  of  the  mathematics,  elaboration  worksheets  were  used  at  the 
beginning  and  end  of  each  topic  to  enable  changes  in  the  conceptual  structure  to  be  noted 
and  analysed. 

Experience  with  other  groups  of  secondary  methods  students  suggested  that  the 
present  group  would  not  be  familiar  with  the  use  of  materials  for  learning  or  teaching 
mathematics  and  would  have  negative  or  neutral  beliefs  concerning  their  use.  This  was 
supported  in  the  questionnaires  and  interviews,  for  instance,  Ida  a  music\mathematics 
student  commented: 

"in  mathematics  we  never  cut  out  anything  or  did  anything  with  our  hands 
except  write." 

Students  brought  prior  beliefs  about  mathematics  processes  which  were 
incomplete  or  erroneous.  In  order  to  challenge  these  procedures,  materials  were  provided 
so  that  concrete  irrefutable  instances  were  seen  to  be  in  conflict  with  their  prior  beliefs. 
This  form  of  cognitive  conflict  was  seen  as  an  essential  element  in  bringing  about  student 
change.  All  activities  in  the  course  were  selected  or  constructed  to  allow  the  use  of 
concrete  materials.  The  use  of  materials  was  preceded  by  a  discussion  of  where  the 
mathematics  is  used  in  the  real  world  of  children,  and  the  relationship  between  the 
materials,  the  language  used  and  the  mathematical  symbolism  was  then  closely  examined, 
discussed  and  reflected  upon.  Initially  students  reluctantly  used  these  aids,  however  by 
the  end  of  the  program  they  considered  them  an  integral  part  of  every  lesson  and 
searched  for  alternative  and  different  materials  to  use. 
Tracing  the  change  in  student  beliefs 

The  three  students,  Jan,  Ann  and  Ida,  chosen  for  closer  investigation,  indicated 
that  the  mathematics  program  they  had  experienced  at  school  was  "basically  straight 
from  the  textbook"  consisting  mainly  of  "facts  and  procedures  to  be  memorised"  with  the 
teacher  demonstrating  the  steps  to  be  followed.  Group  work  and  the  use  of  materials 
were  not  a  part  of  their  high  school  mathematics.  The  influence  of  these  experiences  on 
their  beliefs-  concerning  mathematics  and  mathematics  teaching  is  highlighted  by  their 
response  that  knowing  you  understand  a  piece  of  mathematics  is  based  on  "getting  the 
right  answer"  and  "knowing  the  steps  to  go  through."  Student  beliefs  about  mathematics 
and  its  teaching  and  learning  were  determined  at  different  times  in  the  program  by 
examining  and  discussing .  their  attempts  at  problem  solving,  reviewing  the  elaboration 
worksheets,  and  by  comparing  the  pre-  and  post-  questionnaires. 
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Problem  solving 

Problem  1.  In  the  corner  of  a  rectangular  room  we  are  going  to  "fence  off'  a 
section  of  the  floor.  To  do  this  we  are  going  to  use  a  piece  of  rope  16m  long.  What  is 
the  maximum  floor  space  that  can  be  fenced  off  with  this  piece  of  rope. 

Problem  2.  To  play  a  game  three  disks  are  used,  two  red  on  both  sides  and  one 
disk  has  a  red  side  and  a  blue  side.  The  game  is  played  by  tossing  the  disks:  if  they  all 
turn  up  red  Bill  gives  Tom  $1,  if  the  disks  turn  up  two  red  and  one  blue  Tom  gives  Bill 
$2.  Is  the  game  fair? 

Student  problem  solving  protocols  and  interviews  identified  a  number  of 
preconceived  beliefs  about  mathematics  such  as  the  product  and  not  the  process  was 
considered  the  important  part  of  solving  a  problem.  For  example  Jan,  a 
biology\mathematics  student,  stated  her  first  thoughts  were  "I've  got  to  get  the  answer." 
While  Ida  said  "the  whole  thing  was  going  through  my  head.  Oh  my  goodness  what  if  1 
get  this  question  wrong.  What  if  it  is  incorrect." 

Both  Ann  and  Ida  did  try  alternative  strategies  after  obtaining  solutions  but  only  because 
they  believed  the  answers  may  be  wrong. 

The  three  students  believed  diagrams  aided  visualisation  and  assisted  with  finding 
solutions.  Ida  stated  "1  try  to  visualise  what  1  am  doing"  and  Jan,  when  discussing  her 
diagram  said,  "a  bit  of  visualising."  The  effect  of  school  experiences  on  beliefs  is 
illustraied  clearly  by  Ann  and  Ida.  Ann,  when  discussing  her  solution  to  question  one, 
indicated  she  realised  her  strategy  was  inappropriate  but  continued  with  it.  When 
questioned  about  this  she  replied  "well  1  differentiated  but  really  didn't  know  wh.  1  was 
doing  that,  its  because  we  were  supposed  to  differentiate"  and  "1  realised  it  was  wrong." 
Ann  had  only  previously  attempted  optimisation  problems  in  calculus  and  believed 
ealculus  must  be  used.  Ida.  discussing  the  probability  problem  which  she  had  successfully 
solved  using  logic,  explained  "I'm  a  music  student  and  I'm  very...er...l  don't  think  in 
mathematical    terminology    very  much   and   so  1   thought   maybe   1   should  think 
mathematically.  1  wasn't  sure  er  just  seemed  I'd  rather  do  it  in  a  logical  way  than  to  do  it 
with  all  that  confusing  terminology  and  that  sort  of  thing."  For  Ida  mathematics  and  its 
terminology  are  not  logical. 
Elaboration  worksheets 

The  major  purpose  of  these  worksheets  was  to  assist  students  clarify  their 
thoughts  and  to  act  as  a  starting  point  for  discussion.  From  classroom  observation,  in  this 
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role  they  were  very  successful.  A  secondary  use  of  the  worksheet  was  to  gather  data  on 
change  in  student  beliefs  and  concepts.  A  comparison  of  the  elaboration  worksheets  done 


and  only  minimal  change  occurred. 

Ida's  initial  elaborations  on  algebra  were  in  terms  of  labels  but  these  changed  to 
discussing  unknowns.  Ann's  description  of  algebra  moved  from  "using  letters  to  represent 
unknown  values"  to  "I  think  algebra  is  the  part  of  mathematics  which  is  the  most  fun!  It 

can  be  applied  to  a  wide  range  of  problems  the  unknown  is  represented  by  a  letter." 

No  student  described  algebra  in  terms  of  modelling  or  generalising. 

For  decimals  Jan  initially  equated  the  idea  with  just  the  notation  "it  is  a  dot  used  in  a 

number",  later  describing  it  as  "a  different  way  of  expressing  fractions."  Ida's  conception 

expanded  to  seeing  "the  decimal  point  divides  the  wholes  from  the  parts." 

Questionnaires 

An  examination  of  the  responses  on  the  pre-  and  post-  questionnaires  suggested 
that  students'  beliefs  concerning  good  mathematics  teaching  underwent  some 
modification  during  the  program.  Jan  changed  from  agreeing  to  disagreeing  good 
mathematics  teaehing  involves  "doing  computations  with  pencil  and  paper"  with  a  similar 
change  for  "doing  word  problems."  This  change  is  unexpected  as  the  use  of  word 
problems  and  pencil  and  paper  computations  had  been  discussed  in  the  program  and  their 
positive  and  negative  attributes  highlighted.  To  the  question  "when  solving  problems  the 
teacher  explains  every  step  exactly"  both  Jan  and  Ann  moved  from  agreeing  to 
disagreeing.  Ann  altered  her  view  from  being  undecided  on  "much  will  be  learned  by 
memorising  rules"  to  full  disagreement.  Similarly  she  changed  from  agree  to  disagree 
"that  everything  will  always  be  reasoned  exactly."  Her  beliefs  that  "some  people  are  good 
at  mathematics  and  some  are  not"  and  "in  mathematics  something  is  either  right  or  it's 
wrong"  changed  from  sort  of  true  to  a  definite  not  true  at  all. 

Ida's  initial  beliefs  about  good  mathematics  teaching  were  fairly  congruent  with 
those  of  the  NCTM  Standards.  Minor  modification  did  occur,  such  as  moving  from 
agreeing  to  strongly  agreeing  to  "there  is  usually  more  than  one  way  to  solve  problems" 
and  similarly  for  "the  idea  that  games  can  be  used  to  help  pupils  learn  mathematics"  and 
"pupils  can  sometimes  make  guesses  and  use  trial  and  error."  Moreover  her  belief  that 
"everything  will  be  reasoned  exactly"  changed  from  undecided  to  disagree. 


before  and  after  each  topic  suggested  student  concepts  had  remained  poorly  developed 
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Discussion 

A  one  semester  course  is  somewhat  restrictive  in  terms  of  providing  sufficient 
time  for  significant  assimilation  and  accommodation  which  will  alter  beliefs.  The  three 
students  in  this  study  commenced  the  program  with  the  preconception  that  mathematics  is 
learned  without  the  aid  of  materials  or  discussion  and  that  demonstration  is  the  acceptable 
mode  for  teaching.  For  Ann  and  Jan  these  beliefs  altered  to  a  position  where  group  work 
with  materials  was  seen  as  an  integral  part  of  learning  mathematics.  Ida's  summary  about 
how  she  would  like  to  teach  mathematics  highlighted  the  students'  new  beliefs.  She 
wrote  "In  groups  with  lots  of  games,  problem  solving,  visual  aids,  colour  and  exciting 
ideas.  Not  chalk  and  talk  but  hands  on  experiencing  and  learning." 

While  there  were  some  positive  modifications  of  students'  beliefs  about  teaching 
and  learning  mathematics,  an  examination  of  their  elaboration  worksheets  suggested  the 
mathematics  concepts  are  very  poorly  developed. 

This  study  has  several  implications  for  preservice  teacher  education  courses.  The 
students  prior  beliefs  about  mathematics  and  its  teaching  and  learning  should  be 
determined.  Programs  can  then  be  implemented  to  provide  active  contexts  for  students  to 
undertake  mathematics  in  ways  contrary  to  past  experience.  However,  the  present  study 
also  highlighted  the  deficient  conceptual  development  of  the  mathematics  the  students 
will  teach.  How  this  deficiency  can  be  overcome  in  a  methods  program  warrants  further 
investigation. 
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and  their  likelihood  of  success. 

Although  a  great  deal  has  been  written  and  debated  about  mathematics  problem 
solving,  it  is  still  clear  that  there  arc  difficulties  associated  with  teaching  people  how  to 
succeed  at  it.  One  of  the  lines  which  has  been  followed  in  the  attempt  to  contribute  to  an 
understanding  of  the  problem  solving  process  is  the  comparison  of  the  prohlcm  solving 
strategics  of  experts  and  novices  in  the  hope  that  the  heuristics  used  by  the  experts  can  be 
taught  to  the  novices  (Newell  &  Simon,  1978,  Schocnfcld,  1985).  However,  teaching  the 
use  of  heuristics  alone  docs  not  appear  to  have  enhanced  problem  solving  performance 
(Schocnfcld,  1985)  so  there  is  also  a  need  to  explore  managerial  strategics  used  by 
successful  problem  solvers  (Schocnfcld,  1985,  Lester,  1985,  McLcod,  1988). 

One  of  the  managerial  strategics  related  to  problem  solving  is  concerned  with 
perseverance,  in  particular  with  spending  time  on  task  effectively,  rather  than  giving  up  too 
soon  because  of  not  knowing  what  to  do  next,  or  "ovcrpcrscvcring"  when  it  might  be  more 
efficient  to  use  another  strategy  such  as  help  seeking.  There  has  been  little  attention  paid  to 
the  question  of  how  time  is  most  effectively  managed  once  a  student  has  exhibited 
willingness  to  persevere  with  a  task.  Mason,  Burton  and  Staccy  (1987)  caution  that 
perseverance  can  be  a  hindrance  if  the  problem  solver  persistently  pursues  the  first  idea 
which  comes  to  mind.  They  emphasize  the  importance  of  reflective,  flexible  thinking, 
particularly  in  planning  strategics  to  be  used  and  in  seeking  insight  or  fresh  ideas. 

Taplin  (1992)  addressed  this  notion  of  effective  perseverance  by  exploring  managerial 
strategics  used  by  children  in  their  attempts  to  solve  mathematics  problems.  The  focus  was  on  tho: 
students  who  were  termed  "persevcrers"  because  they  reached  a  stage  in  their  problem  solution 
where  they  recognised  that  they  had  not  reached  a  satisfactory  answer  and  decided  to  take  some 
action  -  start  again,  modify  their  strategics  or  change  to  different  strategics  rather  than  give  up 
immediately.  The  study  suggested  that  "persevcrers"  who  were  ultimately  successful  were  more 


likely  to  be  flexible  in  trying  different  approaches  with  the  same  data,  or  cues,  provided  by  the 
problem,  whereas  those  who  eventually  gave  up  were  more  likely  to  spend  their  time  repeating  the 
same  approach.  A  model  was  developed  (Figure  1)  which  described  the  sequence  of  strategies  used 
most  consistently  by  successful  students. 

The  small-scale  project  described  in  this  paper  investigates  the  effectiveness  of  applying  this 
theoretical  model  to  a  teaching  experiment  with  a  small  sample  group  (Uprichard  and  Engelhardt, 
1986).  Consistent  with  Uprichard's  and  Engelhardt's  recommendation,  evaluation  of  the 
instructional  sequence  is  based  primarily  on  observation,  with  comparisons  being  made  between  prc- 
treatmcnt  and  post-treatment  performances.  Because  the  training  program  was  aiming  to  train 
children  to  use  a  particular  strategy  pattern,  or  procedure,  it  was  based  on  Gagne's  (1985)  model  for 
developing  procedural  knowledge. 

Theoretical  Basis:  A  Model  for  Developing  Procedural  Knowledge 

Gagnc  defines  procedural  knowledge  as  knowing  "how  to  classify  and  (having]  specialized 
rules  for  manipulating  information"  (Gagnc,  1985,  p.  103).  She  suggests  that  the  availability  of 
procedural  knowledge  is  one  of  the  main  distinguishing  factors  between  experts  and  non-experts. 
She  identifies  two  categories  of  procedural  knowledge:  pattern-recognition  and  action-sequence. 
Pattern-recognition  refers  to  classifying  information  so  that  the  learner  is  able  to  recognise  specific 
examples  of  concepts  by  relating  them  to  general  patterns.  Action-sequence  requires  "that  an 
individual  not  only  recognize  the  pattern  specified  by  the  conditions,  but  also  carry  out  a  sequence  of 
actions  -  cither  covert  ('mental')  actions  or  both  covert  and  overt  ('physical')  actions"  consisting  of 
"a  scries  of  steps  in  their  correct  scqucnce"(p.  103).  Gagnc  suggests  that  these  two  categories  arc 
closely  linked  together  in  the  acquisition  of  procedural  knowledge. 

The  first  step  in  acquiring  procedural  knowledge  is  the  creation  of  a  prepositional 
representation  for  the  procedure,  that  is  direct  exposure  to  the  procedure  which  enables  the  learner  to 
generalise  patterns  and  recognise  action  sequences.  This  involves  the  student  being  made  aware  of 
the  steps  involved  in  the  procedure,  cither  through  reading  about  it,  having  it  described,  or  observing 
others  modelling  the  action  or  modelling  a  thinking  aloud  protocol.  Gagnc  suggests  (p.  1 1 8)  that  an 
appropriate  modelling  aloud  protocol  could  begin  with,  "My  goal  is  to  [solve  the  problem].  There 
arc  [data]  and  I  have  [strategics]  available".  The  next  step  in  developing  procedural  knowledge  is  to 
translate  this  information  into  "productions"  in  the  form  of  IFflHEN  statements.  One  production  is 
created  to  represent  each  step  in  the  action.  Figure  1  shows  the  prepositional  representation 
developed  for  the  training  program.  This  was  derived  from  the  model  used  most  frequently  by 
successful  problem  solvers  in  Taplin's  (1992)  study. 
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Figure  1:  Prepositional  representation  of  problem 
solving  model 


Proposition:  goal  is  to  [solve  problem!.  There  are  fdatal  and  I  have  [strategies! 

available 

Step-Bv-Smp  Instruction: 

select  a  strategy 
I 

select  data 


IF  strategy  is 

successful  THEN 
finish 


IF  strategy  is  successful 
THEN  finish 


(P,)  IF  unsuccessful  THEN 

check  whether  more 
information  is  needed 
4- 

IF  more  information 
needed  THEN  select 
4- 

(P2)    IF  sufficient  information  has 

been  collected  THEN  try 
refining  same  approach.  (Try 
this  1-3  times.)  , 


*  (P3)    IF  unsuccessful  THEN 

try  a  different  strategy  with  the 
same  data. 


The  first  two  steps  of  the  model  involve  the  student  deciding  what  is  to  be  done  and  which  of 
the  data  given  or  implied  by  the  problem  are  needed  in  order  to  do  it.  If  the  chosen  strategy  leads  to 
immediate  success,  then  the  solution  would  obviously  be  completed.  If  unsuccessful,  however,  the 
next  step  is  for  the  problem  solver  to  refer  back  to  the  problem  to  check  whether  any  information  has 
been  overlooked  (P|).  Once  this  has  been  checked  and  necessary  adjustments  made,  the  problem 
solver  has  between  one  and  three  attempts  at  refining  the  initial  strategy,  perhaps  by  checking  for 
arithmetical  errors  or  trying  different  numbers  (P2).  If  this  is  still  unsuccessful,  the  problem  solver 
switches  to  a  different  strategy  (P3).  The  steps  P|  to  P3  are  repeated  as  many  times  as  is  necessary 
until  a  solution  is  obtained. 

The  model  shown  in  Figure  1  was  modified  into  a  format  and  language  which  proved  to  be 
easier  than  the  full  version  for  children  to  understand.  This  adaptation  is  shown  in  Figure  2. 
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Figure  2:  Simplified  problem 
solving  model 


Try  an  approach. 


2 


Try  it  2-3  times  in  case  using  different  numbers  or  correcting  errors  might 
work. 


3 


Try  something  different.  (You  might  decide  to  come  back  to  your  old  way 
later.)  


Procedure 


A  randomly  selected  sample  of  six  twelve-year-old  children,  three  boys  and  three  girls, 
participated  in  the  training  program.  All  were  regarded  by  their  teachers  as  being  of  average  problem 
solving  ability.  Each  student  worked  individually  with  the  experimenter  and  was  asked  to  complete 
four  non-routine  number  problems.  The  first  of  these  problems  was  given  to  the  student  as  a  pre-test 
to  be  worked  through  without  any  guidance.  The  purpose  of  this  was  two-fold:  to  determine 
whether  the  student  was  prepared  to  engage  with  the  task  for  more  than  one  attempt,  and  to 
investigate  whether  the  student  was  already  intuitively  using  the  proposed  model.  In  some  instances, 
when  it  was  obvious  that  the  student  was  not  going  to  solve  the  pre-test  problem,  the  experimenter 
intervened  and  suggested  that  it  might  be  a  good  time  to  look  at  the  model  to  sec  if  it  would  make  the 
solution'easicr:  On  other  occasions  the  student  made  several  attempts  at  the  problem  then  decided  to 
give  up,  which  was  when  the  experimenter  suggested  looking  at  the  model. 

The  first  stage  of  Gagne's  model  is  to  show  subjects  the  procedural  representation.  The 
experimenter  explained  the  model,  then  worked  through  a  sample  procedure,  verbalising  each  step  as 
it  occurred.  After  the  explanation  and  demonstration  of  the  model,  students  were  asked  to  repeat  the 
first  problem  while  the  experimenter  guided  them  to  use  the  model,  prompting  them  to  change  to  a 
different  approach  after  a  maximum  of  three  repetitions  of  the  previous  approach.  To  facilitate  this 
the  experimenter  intervened  when  it  was  time  to  implement  a  change  of  approach. 

At  the  next  stage  of  Gagne's  model  the  learner  is  the  one  who  attempts  to  use  the  procedure. 
However,  Gagne  suggests  that  there  is  a  need  to  have  verbal  guidance  and  constant  reminders  of  the 
sequence.  She  suggests  that  many  attempts  need  to  be  made  before  the  learner  is  able  to  perform  the 
task  smoothly  and  rapidly.  After  successful  completion  of  question  1  the  students  were  given 
questions  2  and  3.  The  experimenter  monitored  the  strategy  pattern  and  reminded  students,  when 
necessary,  to  follow  the  model.  Finally  the  students  were  given  the  fourth  problem  and  asked  to 
attempt  a  solution,  following  the  model,  without  any  prompting  from  the  experimenter. 
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Gagne  cautions  that  at  this  stage  of  acquisition,  there  are  two  major  obstacles.  One  is  the 
limitation  on  working  memory  and  the  other  is  the  learner's  lack  of  prc-requisitc  skills.  She  suggests 
that  it  is  more  useful  to  provide  lists  of  steps  in  the  sequence  or  other  prompts  rather  than  expecting 
the  learner  to  memorise  the  steps.  This  is  why,  in  this  study,  the  experimenter  gave  verbal  prompts 
as  well  as  displaying  the  model.  The  other  obstacle  described  by  Gagne  is  the  learner's  lack  of  pre- 
requisite skills.  In  the  case  of  the  present  study,  this  would  refer  to  a  lack  of  a  sufficient  range  of 
strategies  to  enable  the  child  to  be  flexible.  It  was  possible  that  a  student  might  recognise  the  need  to 
change  to  another  strategy,  but  not  to  have  any  others  available.  Consequently  students  were  told 
that,  if  they  wanted  to  change  approaches  but  did  not  have  any  ideas  about  what  to  do  next,  the 
experimenter  would  offer  some  ideas.  When  this  request  was  made,  the  experimenter  would  offer  a 
number  of  suggestions  and  students  would  then  choose  from  these  alternatives. 

flnmmarv  of  Outcomes 

There  were  three  distinct  stages  in  the  procedural  acquisition  process  described  above.  In  the 
first  the  students  needed  to  be  told  when  and  why  it  was  a  good  idea  to  change  to  a  different  strategy 
at  a  particular  time.  In  the  second  they  were  able  to  recognise  the  need  for  change  on  some 
occasions,  but  were  inconsistent  and  still  needed  prompting  at  times.  The  third  stage  was  one  of 
independence,  where  the  student  was  able  to  follow  the  procedure  and  make  appropriate  changes  of 
strategy  without  any  prompting.  The  rate  at  which  each  student  progressed  through  these  stages  in 
shown  in  Table  1.  Emphasis  was  placed  on  observing  how  effectively  the  students  were  able  to 
exhibit  use  of  the  problem  solving  model  rather  than  just  on  the  correctness  or  otherwise  of  the 
answer  (Silver,  1985). 


Table  1:  Summary  of  students' 
acquisition  of  problem  solving  model 


Needed  prompting 
to  change  strategy 

Inconsistent  in  need 
for  prompting 

Able  to  change 
strategy  at 
appropriate  time 
without  prompting 

Michelle 

1W.2.3 

4 

Angela 

WiU 

3.4 

JoJl 

4 

3 

William 

8  

1(0 

4 

Greg 
Craig 

w — 

2.4 

4 

3 

♦  l(i)  refers  to  second  attempts  at  Question  1 ,  after  discussion  of  the  training  model 


Problem  2  is  not  included  in  the  tabic  for  either  lodi  or  Greg.  Both  solved  this  successfully 
at  their  first  attempts,  so  did  not  need  to  use  the  model.  An  example  of  a  student's  progress  through 
the  stages  is  Michelle's.  She  needed  prompting  for  each  of  the  first  three  problems,  but  suddenly 
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became  able  to  use  the  model  independently  for  the  fourth.  Overall  it  can  be  seen  that  four  of  the  six 
students  needed  frequent  prompting  to  change  strategies  on  the  first  problem,  with  the  other  two 
needing  it  intermittently.  However  all  students  were  able  to  use  the  model  independently  or  almost 
independently  by  the  third  or  fourth  problem.  These  patterns  in  the  development  of  students'  use  of 
the  model  suggest  that  it  is  feasible  to  "train"  children  to  use  it,  at  least  on  an  individual  basis. 

As  well  as  considering  the  patterns  of  students'  acquisition  of  the  training  model,  it  was 
important  to  consider  the  extent  to  which  they  were  able  to  select  different  approaches  when  they 
either  chose  to  do  so  themselves  or  were  prompted  to  do  so.  Table  2  indicates,  for  each  question, 
the  extent  of  the  student's  independence  in  selecting  new  strategies. 


Table  2:  Summary  of  students' 
ability  to  select  new  strategies  independently 


Needed  guidance 
to  select  new 
strategy 

Inconsistent  in 
ability  to  select  new 
strategy 

Able  to  select  new 
strategy  without 
assistance 

Michelle 

4 

Angela 

ja  

5,4 

Jocfi 

m.4 

William 

2 

3 

Greg 

3,4 

Craig 

m 

2,4 

3 

*  1  (i)  refers  to  second  attempts  at  Question  1 ,  after  discussion  of  the  training  model 


From  Table  2  it  can  be  seen  that  five  of  the  six  students  required  assistance  with  selecting 
new  strategies  at  appropriate  times  when  first  introduced  to  the  model.    However  it  is  apparent  that 
all  six  became  more  independent  in  their  abilities  to  select  their  own  "new  strategics"  without 
assistance  as  they  became  more  experienced  with  using  the  model.  This  also  suggests  that  flexibility 
in  problem  solving  is  a  skill  which  can  be  developed  through  training. 

Limitations  of  the  Training  Program  and  Implications  for  Further  Development 

The  training  program  took  place  over  a  short  period  of  time,  which  did  not  allow  for 
in  vestigation  of  consistency  in  strategy  patterns  or  long  term  retention  of  the  model.  Also  it  did  not 
provide  any  insight  into  how  effectively  the  training  program  could  be  integrated  into  the  classroom. 

When  introducing  the  strategy  sequence  model  to  students  for  the  first  time,  it  was  necessary 
to  make  some  minor  modifications  in  order  to  reduce  the  loads  on  their  working  memories  (Gagne, 
1985).  Such  a  discrepancy  may  indicate  that  details  identified  by  research  are  not  always 
straightforward  to  implement  because  the  children  do  not  always  have  the  capacity  to  incorporate  all 
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details  at  fust .  Refinements  of  the  model  would  therefore  need  to  be  introduced  as  competency  in  its 
use  developed.    Nevertheless,  in  spite  of  the  simplifications  which  had  to  be  made  to  the  model  to 
make  it  "usable"  by  the  target  group,  there  seemed  to  be  evidence  to  suggest  that  the  students 
benefitted  as  the  result  of  the  experience. 

Two  main  questions  have  arisen  from  the  training  program. 

(i)  Would  students  automatically  refine  their  strategy  sequences  over  a  period  of  time, 
e.g.  from  grade  six  to  grade  ten?  If  so,  what  would  be  the  implications  for  the 
training  program?  A  long  term  exploration  could  shed  some  light  upon  the 
development  of  children's  capacities  to  deal  with  the  more  complex  models  suggested 
by  the  research. 

(ii)  What  long-term  effects  would  the  training  program  have?  Would  students  use  it 
automatically  and  easily  in  a  variety  of  problem  solving  situations  and  retain  its  use 
over  a  period  of  time?  Could  it  be  successfully  implemented  with  children  who  are 
initially  non-perseverers? 

To  date  this  study  has  developed  a  model  to  enable  children  who  are  willing  to  spend  «ime  on 
a  problem  solving  task  to  improve  the  effectiveness  of  the  way  they  spend  this  time.  In  the  small- 
scale  training  program  which  explored  the  extent  to  which  use  of  the  model  ;ould  be  "taught",  it  was 
found  that  the  original  model  was  too  complex  for  the  working  capacities  of  children.  It  had  to  be 
simplified  to  account  for  the  amount  of  information  which  they  appeared  to  be  able  to  use. 
However,  this  docs  not  detract  from  the  fact  that  the  simplified  version  of  the  model  seemed  to  make 
some  contribution  to  the  students'  problem  solving  skills.  This  development  is  consistent  with  the 
aims  of  action  research. 

The  ultimate  aim  of  any  training  program  such  as  the  one  developed  in  this  study  is  for  it  to 
be  effective  when  implemented  in  a  natural  classroom  setting.  Thus  the  training  model  described  and 
modified  in  this  study,  and  particularly  the  questions  outlined  above,  would  need  to  be  implemented 
in  a  group  experimental  situation  (Uprichard  and  Engelhardt,  1986).  Similarly  the  questions  listed 
above  would  need  to  be  investigated  in  classroom  as  well  as  one-to-one  situations. 
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EXAMINATION  OF  A  RELATIONSHIP  BETWEEN  CHILDREN'S 
ESTIMATION  OF  PROBABILITIES  AND  THEIR  UNDERSTANDING 


There  is  some  debate  as  to  whether  asking  children  to  compare  two  urns  containing  different 
proportions  of  bails  of  two  colours  is  a  test  of  probabilistic  understanding,  of  perceptual  responses, 
or  of  proportional  reasoning.  This  paper  reports  the  results  of  clinical  interviews  with  32  children 
aged  from  8  to  IS.  It  argues  that  children's  language  does  indicate  that  they  are  fully  aware  of  the 
probabilistic  nature  of  such  situations  and  that  in  the  case  of  certain  and  impossible  events,  where 
proportional  reasoning  is  not  possible,  some  children  can  be  seen  to  be  moving  spontaneously 
towards  using  formal  mathematical  language.  Strategies  used  in  more  general  cases  are  shown  to  be 
far  more  idiosyncratic  than  have  been  reported  in  other  research.  It  is  suggested  that  there  is  room  for 
further  research  to  see  whether  probability  scales  can  provide  a  useful  unifying  approach  for  learning 
consistent  ways  for  comparing  proportions.  ■ 

One  technique  used  in  the  assessment  of  children's  understanding  of  probability  has  been  to  present 
to  a  subject  two  urns  containing  different  proportions  of  balls  of  two  colours  and  to  ask  which  urn 
would  be  the  better  to  choose  if  one  wanted  to  draw  out  at  random  a  ball  of  a  specified  colour.  This 
technique  has  been  used  by  Piagct  &  Inhcldcr  (1951),  Sieglcr  (1981),  Green  (1982)  and  Singer  & 
Resnick  (1992).  Others,  such  as  Hoemann  &  Ross  (1972),  have  done  similar  work  involving  the 
comparison  of  sectors  of  spinners.  It  has  been  argued  by  some  (e.g.,  Fischbcin,  1975,  pp.  82  -  89) 
that  in  such  experiments  children  may  be  making  perceptual  rather  than  probabilistic  judgements. 

This  paper  presents  results  of  an  investigation  into  this  matter  using  clinical  interviews.  Full  details 
arc  contained  in  Truran  (*1992).  Clinical  interviews  in  general,  and  Piaget's  work  in  particular,  have 
been  criticised  for  being  biased  towards  articulate  subjects.  However,  the  clinical  interview  provides  a 
valuable  exploratory  mechanism  for  finding  out  something  of  what  some  children  are  thinking  in 
order  to  develop  more  precise  approaches  to  a  wider  selection  of  children.  It  is  particularly  valuable 
when  beginning  research  into  children's  understanding  of  a  specific  topic. 

In  this  paper  examples  will  be  provided  to  show  that  children's  language  docs  indicate  that  they  arc 
fully  aware  of  the  probabilistic  nature  of  comparing  urns  and  that  in  the  case  of  certain  and  impossible 
events,  where  proportional  reasoning  is  not  possible,  some  children  can  be  seen  to  be  moving 
spontaneously  towards  using  formal  mathematical  language  and  towards  the  development  of  a 
probability  scale.  In  more  complex  situations,  however,  they  use  a  very  wide  variety  of  proportional 
strategics,  usually  inconsistently.  Research  evidence  is  quoted  which  suggests  that  the  use  of  a 
probability  scale  to  assist  in  proportional  comparisons  can  reveal  a  more  complex  pattern  of 
proportional  reasoning  than  is  usually  reported.  It  is  suggested  that  there  is  room  for  further  research 
to  see  whether  probability  scales  can  provide  a  useful  unifying  approach  for  learning  consistent  ways 
of  comparing  proportions. 
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METHODOLOGY 


Two  primary  schools  and  two  state  high  schools  were  selected  from  suburban  Adelaide,  South 
Australia.  One  primary  school  was  a  Catholic  school  in  a  low  socio-economic  area,  the  other  was  a 
state  school  in  a  middle  to  low  socio-economic  area.  Both  high  schools  were  in  middle  to  low  socio- 
economic areas;  one  had  a  strong  academic  tradition,  the  other  had  both  a  strong  academic  stream  and 
a  significant  number  of  non-academic  students. 

Eight  students  from  each  of  Years  4, 6, 8,  and  10  were  interviewed.  For  each  level  teachers  at  each 
school  were  asked  to  make  available  two  boys  and  two  girls  of  "average"  academic  ability  who  would 
be  reasonably  articulate.  It  is  my  impression  that  the  students  provided  were  often  of  above  average 
ability,  particularly  in  the  high  schools.  All  children  were  adequately  articulate;  only  one  or  two 
showed  marked  signs  of  nervousness. 

Each  student  was  individually  seated  at  a  large  table  and  interviewed  for  about  30  minutes.  The  sect- 
ion summarised  here  occupied  about  10  minutes  near  the  end  of  the  interviewing  time.  The  interviews 
were  tape  recorded,  and  in  almost  all  cases  were  conducted  in  privacy  with  few  interruptions.  No 
rewards  were  offered  at  any  stage.  There  was  no  evidence  that  subjects  were  unwilling  to  be  co- 
operative or  to  give  of  their  best,  though  some  did  show  signs  of  low  self-esteem.  But  some  clearly 
regarded  escape  from  their  timetabled  activity  as  a  definite  bonus. 

The  younger  subjects  had  usually  not  met  probabilistic  ideas  in  any  formal  way  as  part  of  their  school 
studies.  However,  the  Year  10  students  had  all  had  some  formal  teaching  in  the  topic  by  the  time  of 
the  interviews. 

Subjects  were  presented  with  beads  of  four  colours  (red,  green,  yellow  and  blue)  and  asked  to 
nominate  which  colours  he  or  she  liked  most  and  least.  These  two  colours  were  discarded  and  all 
subsequent  work  was  done  with  the  two  colours  about  which  the  subject  had  less  strong  feelings. 
Subjects  were  presented  with  two  urns  containing  balls  of  two  colours  and  asked  which  um  would  be 
the  better  to  choose  if  one  wanted  to  draw  out  at  random  a  ball  of  a  specified  colour.  1  used  a  table  of 
random  numbers  before  each  situation  was  presented  to  the  subject  to  randomise  variables  like  the 
desired  colour,  the  box  in  which  the  correct  answer  was  placed  and  the  side  of  the  table  on  which  the 
box  containing  the  correct  answer  was  placed. 

For  convenience,  in  this  paper  all  questions  and  answers  have  been  standardised.  Oreen  (O)  is 
always  the  desired  colour,  and  blue  (B)  the  other  colour.  The  contents  of  Box  X  are  presented  first, 
and  then  the  contents  of  Box  Y.  The  question  asked  is  standardised  to  "If  you  want  to  draw  out  a 
green  ball  which  would  be  the  best  [sic]  box  to  choose.  Box  X  or  Box  Y,  or  are  they  both  the  same?" 
In  cases  where  the  contents  of  the  two  boxes  do  not  have  equal  proportions,  then  the  box  where  O 
has  the  higher  probability  is  given  first. 


Before  administering  the  interviews  a  list  of  possible  pairs  of  boxes  was  drawn  up.  The  l.st  was  a 
substantial  expansion  of  the  list  used  by  Piaget  &  Inhelder  (1951).  During  the  interviews  I  attempted 
to  establish  whether  the  subject  was  using  any  particular  rule  for  comparing  proport.ons.  and  to  ask 
questions  which  would  test  whether  that  rule  was  being  used  consistently.  So  there  was  no  constant 
administration  ofafixed  set  of  questions  to  each  subject.  Someof  the  questos  were  qu.ted.ff. cult  to 
answer  but  subjects  were  not  pressed  if  they  seemed  to  be  becoming  uncomfortable.  The  cluneal 
interview  was  seen  as  a  flexible  instrument  allowing  me  to  select  which  areas  of  the  child's  th.nk.ng 
needed  investigation  and  to  use  the  limited  available  time  as  efficiently  and  as  gently  as  poss.ble.  It 
had  the  further  advantage  that  it  was  able  to  obtain  both  verbal  and  non-verbal  responses  from  the 
subjects,  and  to  be  able,  in  some  cases,  to  compare  these  for  consistency  of  th.nk.ng. 
Siegler  (1981)  has  investigated  children's  comparison  of  proportion  in  several  concrete  situations, 
one  of  which  involved  comparing  probabilistic  um  models.  He  found  some  differences  between 
children's  strategies  when  comparing  urns  and  when  comparing  the  other  situations.  Th.s  suggests 
that  probabilistic  situations  were  perceived  as  different  in  some  way.  Similarly,  while  the  ch.ldren  .n 
this  sample  answered  many  of  these  questions  by  comparing  proportions,  their  language  and  the  way 
,hcy  approached  certain  and  impossible  events  show  that  they  were  aware  that  they  were  dcal.ng  w.th 
probabilistic  situations.  So.  if  it  can  be  shown  that  children  do  have  some  intuitive  ideas  onto  wh.ch  a 
deeper  understanding  of  proportion  can  be  built,  this  may  prove  to  be  a  valuable  way  of  plann.ng 
instruction  in  two  different  but  related  topics. 
CHILDREN'S  PROBABILISTIC  LANGUAGE 

Some  children  show  in  their  comments  an  awareness  that  they  want  to  maximise  their  luck.  Several 
examples  will  be  quoted  here. 

Many  students,  and  almost  all  the  older  ones,  use  language  like  "you've  got  a  better  chance". 

PL  (Year  4,  M,  8:8)  3G3Bv2GlB' 

Box  Y.  You've  got  a  better  chance  of  picking  up  more  Os  because  its  got  2 :Os  amT 1 IB. 
If  you  pick  from  this  box  they're  the  same  so  you  could  p.ck  up  a  B.  So  .f  you  p.ckcd 
from  this  box.  you'd  get  a  G  more  easily. 

CO  specifically  related  his  response  to  his  experiences  in  a  "drunken  walk"  game  at  the  beginning  of 

the  interview. 

CO  (6)  (Year  6.  M,  10:5)     30  5B  v  20  IB 
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another  B  one.  In  box  Y  you  could  reach  in  and  pull  out  a  G  and  give  it  another  shake 
reach  in  and  pull  out  another  G  and  shake  but  then  you  could  pull  out  a  B  owwUch nwuv 
putsyou  back  one  and  you  could  put  it  back  and  take  a  G  onTand  ft™  going  *5 

HD  frequenlly  used  words  like  "easier"  and  harder": 
HD (Year 6,  F,  11:4)  2GlBv5G2B 

h^^i'lnrf^f  ?  and,5  2!  50 !' Wouldn,t  te  hard  to  «et  thc  Bs-  ^  Box  Y 
only  f  eaaer  than  tox  X  becaus*  il's  «ot  2  ^  B's  «ot 

AM  used  language  involving  "sometimes": 

AM  (4)  (Year  4,  F,  not  recorded)  00  3B  v  1G  2B 

Y,  that's  got  one  G.  That's  [X]  got  no  G.  Sometimes  you  might  end  up  with  one  G. 

DR  explicitly  stated  that  she  was  making  a  judgement  based  on  what  would  happen  after  the  box  was 
shaken: 

DR  (Year  4,  F,  8:9)    1G  2B  v  3G  2B 

I  think  I'd  go  for  Y. ...  Because  in  Box  X  there  are  2  Bs  and  you  want  the  colour  G  and 
ten*  only  one  O  in  there,  and  unfortunately  you  might  shake  it  and  get  the™  louHJ 
out  soyou  wouldn't  be  very  happy  then.  If  you  had  Box  Y  you'd  just  shake  ifand  get 
G  out  because  w.th  the  B  in  it  you've  only  got  2  Bs  and  in  that  box  you've  got  2  Bsafid 

In  some  cases,  as  will  be  shown  below,  the  difficulties  of  doing  thc  calculation  placed  the  idea  of 
comparing  probabilities  into  thc  background.  JM  used  phrases  like  "you've  got  more  of  a  chance"  for 
several  of  thc  easier  questions.  However,  in  more  difficult  cases  she  seemed  to  be  dealing  just  with  a 
rule  which  she  has  devised: 

JM  (Year  8,  F,  13:7)    3G  5B  v  4G  7B 

JM    I  would  say  they  are  eaual. 
1  Why? 

JM    ^n%ZYinV  m  hT  2  Bs  to  c,rcry  onc  °         onc  which  is  only  one  B  to 
bot  h  to ™       °"C' thCy  haVC  M  got  two  Bs  to  one  G  cxccPl  onc-  >  is  to  1  so 

So  a  surprisingly  large  number  of  subjects  do  make  explicit  statements  which  suggest  that  they  arc 
aware  of  the  probabilistic  nature  of  what  they  are  doing.  However,  even  the  older  subjects  who  had 
been  taught  probability  in  class  did  not  use  technical  terms,  and  when  more  difficult  numbers  were 
involved  they  tend  to  forget  about  the  probabilistic  aspects  of  thc  situation. 

APPROACHES  TO  CERTAIN  AND  IMPOSSIBLE  EVENTS 

Children's  responses  to  situations  involving  probabilities  of  0  and  1  have  the  potential  to  illustrate 
ideas  stnetly  about  probabilities  as  opposed  to  ideas  about  proportions.  Fischbein  el  al.  ( 1991)  have 
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suggested  that  the  concept  of  "possible"  may  develop  before  the  concept  of  "certainty".  The 
from  these  interviews  suggest  that  some  children  develop  mathematically  mature  language  for 
and  impossible  events  before  they  can  use  it  for  possible  events. 

TI  (Year  8,  M,  12:7)    20  OB  v  OG  3B 

Box  X. 
I      Can  you  say  why? 

Tl     Because  you've  only  got  a  chance  of  getting  a  O,  you  can  t  get  any  other. 


Some  children  may  even  be  able  to  quantify  such  absoluteness. 

LH  (Year  8,  M,  13: 1)  20  OB  v  30  OB 

They  are  both  the  same. 
I  Why' 

LH   Because  you've  got  O  in  X  and  Y  and  you  have  100%  chance  of  getting  a  O  . 

Not  all  children,  however,  sec  things  as  clearly  as  this.  They  may  opt  for  the  lesser  or  the  greater 
number  and  they  may  not  be  totally  consistent. 

NP  (Year  8,  F,  13: 1)  4G  OB  v  20  OB 
X. 

I  Why? 

NP  Because  it's  got  more  than  in  Y. 

NP2O0Bv3O  IB 
Box  X. 

I      Why  is  that  the  best  one? 

NP  Because  whichever  one  you  pick  you  are  going  to  pick  O. 


The  opportunity  for  concrete  practice  helped  to  clarify  doubt. 

ML  (Year  4,  M,  8: 10)  SO  OB  v  20  IB 
Both  the  same. 

I      Can  you  tell  me  why?  .    ,    ,  ,      D    v, . 

ML  That  one's  got  two  and  if  I  do  this  [demonstrating  removing  beads  from  Box  XJ I 

get  Gs  and  Os  and  Os,  1,2,3  and  you've  got  it.  And  this  one's  easier;  you  just 

stick  your  hand  in  and  pull  it  out 
I      So  which  one  would  be  the  best  one? 
ML   Box  X. 

I      Why  have  you  changed  to  Box  X. 
ML   Box  X,  you  haven't  got  no  Bs  in  it. 

Examination  oT  all  32  interviews  shows  that  while  there  were  no  wrong  answers  to  situations  like  aO 
OB  v  OG  dB  (a,  d  *  0),  some  children  did  not  appreciate  that  situations  like  aO  OB  v  cG  OB 
(a  *  c)  were  cqui-probablc.  In  such  simple  cases  some  children  spontaneously  quantify  probabilities 
of  1.  There  arc  no  examples  of  children's  spontaneously  quantifying  probabilities  of  0.  Some  child- 


rcn  may  not  be  able  (at  least  without  reflection)  to  order  simple  cases  like  aG  OB  v  cG  dB 
(c,  d  *  0). 

A  small  set  of  clinical  interviews  does  not  enable  generalisations  to  be  made.  But  it  can  show  that 
some  children  do  possess  certain  intuitive  ideas  which  may  mean  that  these  ideas  are  fairly  widely 
held  by  children.  I  would  argue  that  these  results  do  suggest  that  ideas  about  probabilistic  reasoning 
and  language  used  may  be  quite  sophisticated  by  Year  8.  In  the  next  section  1  will  show  that  the  use 
of  proportional  reasoning  in  probabilistic  situations  is  very  inconsistent,  and  then  suggest  thai  the 
intuitive  ideas  which  children  do  possess  might  be  used  as  the  basis  for  alternative  instructional 
strategics  when  teaching  proportional  reasoning. 

GENERAL  STRATEGIES  FOR  COMPARING  PROBABILITIES 

An  examination  of  the  32  interviews  has  revealed  at  least  19  different  strategies  of  proportional 
reasoning  which  children  used  to  compare  probabilities.  These  strategies  are  used  inconsistently, 
according  to  the  perceived  complexity  of  the  situation.  Examples  of  each  kind  are  provided  in  Truran 
(1992,  pp.  21 1  -  216);  there  is  only  space  to  list  them  here. 

( 1 )  No  obvious  reason. 

(2)  Merc  description  of  content. 

(3)  "Intuition". 

(4)  Use  of  different  strategics  for  each  box. 

(5)  Bias  towards  the  lesser  number  of  a  pair. 

(6)  Strategies  involving  'more',  etc,  but  without  quantification. 

(7)  Comparing  a  and  c  if  b  and  d  arc  equal. 

(8)  Comparing  a  and  c  if  b  and  d  arc  unequal. 

(9)  Comparing  b  and  d  if  a  and  care  equal. 

( 10)  Comparing  b  and  d  if  a  and  c  arc  unequal. 

( 1 1)  Decomposition  of  c  into  a,  and  c  -  a,  so  that  b  and  d  -  b  may  be  more  easily  compared. 

( 12)  Approximating  (e.g.  "2G  3B  is  about  even"). 

(13)  Comparing  odds  with  1:1. 

(14)  Comparison  of  I  a  -  b  I  and  I  c  -  d  I. 

(15)  Comparison  of  I  c  -  a  I  and  I  d  -  b  I. 

( 16)  Comparing  with  even  proportions. 

(17)  Comparison  of  p  ,  j(the  "within"  strategy  described  by  Frcudcnthal,  1978). 
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(18)  Comparison  of  -  ,  g-  (the  "between"  strategy  described  by  Freudcnthal,  1978). 


(19)  Comparison  of  probabilities  (i.e. 


a 


c 


)■ 


a  +  b 


c  +  d 


This  list  is  significantly  longer  than,  and  in  some  cases  different  from,  lists  produced  by  workers 
who  have  sought  to  understand  children's  understanding  of  proportions,  such  as  Karplus  &  Peterson 
(1970),  Karplus  &  Karplus  (1972),  Karplus  etal.  (1974),  Siegler  (1981)  Hart  (1984)  and  Koch 
(1987)  and,  for  probability,  such  as  Falk  el  al.  (1980),  Green  (1982)  and  Fisher  (1988). 

It  is  argued  here  that  the  very  wide  differences  in  results  which  have  been  obtained  by  such  workers 
suggests  that  an  instructional  strategy  is  likely  to  meet  with  many  difficulties.  Hart's  (1984)  strategy 
specifically  attempted  to  show  students  the  fallacy  of  some  of  the  more  common  inappropriate 
methods,  but  if  there  is  such  a  diverse  number  of  methods  used  so  inconsistently,  then  such  an 
approach  may  be  simply  too  hard. 

APPLICATION  TO  TEACHING 

The  relationship  between  research  into  children's  naive  understanding  and  appropriate  classroom 
practice  has  not  always  been  well  developed.  Hart's  (1984)  work  was  effective  in  showing  one  way 
to  eliminate  the  use  of  additive  strategics,  but  less  effective  in  replacing  them  with  alternative 
strategies.  On  the  other  hand,  Lamon's  (1993)  study,  like  many  others  mentioned  abo\e,  con- 
centrated on  how  children  co-ordinate  two  aspects  of  the  ratio,  be  they  parts  or  wholes. 

However,  it  has  been  argued  by  Acredolo  et  al.  (1989)  that  a  methodology  which  asks  a  subject  to 
make  a  specific  choice  between  two  ratios  discourages  the  subject  from  integrating  the  relative  im- 
portance of  the  numerator  and  denominator  of  each  ratio  and  is  more  likely  to  lead  to  an  over- 
emphasis on  one  part,  usually  the  numerator.  They  developed  a  methodology  which  in  effect  asked 
subjects  to  locate  ratios  on  a  number  line  and  they  found  that  such  an  approach  showed  that  children 
are  capable  of  greater  and  more  accurate  integration  of  numerator  and  denominator  than  is  revealed 
when  merely  asked  to  choose  between  two  ratios. 

It  has  been  shown  in  this  paper  that  children  do  have  some  probabilistic  understanding  when  compar- 
ing urns  and  that  at  least  some  children  develop  sound  mathematical  language  to  describe  impossible 
and  certain  events.  This  suggests  that  the  teaching  of  probability  measures  with  a  number  line  may  be 
effective  and  thai  it  may  also  be  effective  in  providing  helpful  strategies  for  comparing  proportions  in 
general. 

The  way  is  open  to  see  whether  probability  scales  can  also  provide  a  unifying  structure  for  the 
teaching  of  ratio  and  proportion. 
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Abstract 


Initial  investigations  suggest  that  students'  intuitive  decisions  concerning  the  equivalency 
of  two  given  infinite  sets  are  largely  determined  by  the  way  these  sets  are  represented.  So  far  the 
effects  of  two  types  of  representations  were  investigated:  the  numerical-liorizontal  and  the 
numerical-vertical  representations.  Our  study  was  mainly  aimed  at  determining  which 
representations  (numerical-horizontal,  numerical-vertical,  numerical-explicit  or  geometric) 
yielded  higher  percentages  of  1-1  correspondence  reactions.  For  these  purposes,  1S9  middle 
class  10th  to  12th  graders  were  asked  to  react  to  12  problems  dealing  with  comparing  infinite 
sets.  The  problems  presented  different  representations  of  the  same  infinite  sets.  It  was  found 
that  1-1  correspondence  justifications  were  mainly  elicited  by  numerical -explicit  and  by  geometric 
representations.  The  discussion  suggests  ways  of  adjusting  these  findings  to  two  different 
approaches  to  teaching:  Analogy  and  conflict. 

Introduction 

Though  the  concept  of  infinity  is  at  the  heart  of  mathematics  (Goetz,  1966),  and  though  it 
is  generally  known  to  be  extremely  difficult  to  grasp  (both  from  the  phylogentic  and  ontogentic 
aspects),  only  several  studies  have  attempted  to  take  into  account  the  accumulating  knowledge 
available  on  cognitive  obstacles  related  to  this  concept.  One  such  commonly  reported  obstacle  is 
related  to  comparing  infinite  sets.  Unlike  with  finite  sets,  here  the  use  of  criteria  for  comparing 
infinite  sets,  such  as  "Each  element  in  one  set  can  be  paired  with  one  element  of  the  other  set" 
(the  1-1  correspondence  criterion),  and  "the  whole  is  greater  than  its  parts"  (the  pan- whole 
criterion),  often  leads  to  contradictory  solutions.  For  instance,  in  the  case  of  comparing  the 
number  of  elements  in  the  set  of  natural  numbers  with  that  of  the  set  of  multiples  of  four,  the  use 
of  the  1-1  correspondence  criterion  would  lead  us  to  conclude  that  the  sets  have  the  same  number 
of  elements,  whereas  the  "pan-whole"  idea  suggests  the  conclusion  that  the  set  of  natural 
numbers  has  more  elements  than  the  other  set. 

Hence,  using  both  of  these  criteria  to  determine  if  two  infinite  sets  have  the  same  number 
of  elements,  leads  to  inconsistencies.  In  order  to  avoid  this,  one  criterion  should  be  selected, 
while  other  criteria  may  be  used  if  and  only  if  they  lead  to  the  same  conclusion.  The  1  - 1 
correspondence  is  the  criterion  which  was  elected,  within  the  Cantorian  set  theory,  to  determine 
if  two  given  infinite  sets  contain  the  same  number  of  elements. 

Research  consistently  shows  that  when  asked  to  compare  infinite  quantities,  naive 
students  often  base  their  responses  on  their  acquaintance  with  finite  sets.  These  students  often 
use  a  variety  of  criteria  to  respond  to  various  tasks  related  to  comparing  infinite  quantities.  In 
fact,  it  is  widely  reported  that  students  tend  to  use  incompatible  criteria  for  comparing  infinite 
quantities,  including  the  pan-whole  criterion,  the  I-I  correspondence  criterion,  and  other 
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notions  such  as  "All  infinite  sets  have  the  same  number  of  elements,  since  there  is  only  one 
infinity",  and  "Infinite  quantities  are  incomparable"  (Duval,  1983;  Sierpinska,  1987;  Tall,  1980; 
Tsamir  &  Tirosh,  1992). 

Some  initial  investigations  (Duval,  1983;  Tsamir  &  Tirosh,  1992)  suggest  that  students' 
intuitive  decisions  concerning  the  equivalency  of  two  given  infinte  sets  are  largely  determined  by 
the  way  these  sets  are  represented.  So  far  the  effects  of  two  type's  of  representations  were 
investigated.  The  first  one  is  ihe  numerical-  horizontal  representation,  e.g, 


This  representation  often  yielded  part-whole  reactions. 

The  second  type  of  representation  is  the  numerical-  vertical  representation  of  the  two 
infinite  sets,  for  example, 

(1,  2,  3,  4,...) 

{4,  8.  12.16,...) 

This  representation  elicited  the  use  of  the  1-1  criterion  for  comparing  the  sets  more  often  than  did 
the  numerical-horizontal  representation. 

The  effects  of  other  representations  such  as  the  numerical-  explicit  representation,  e.g., 

(1,  2,  3,  4,  ...) 

{12,22,32.  42,  ...) 
have  not  yet  been  studied. 

From  an  instructional  perspective,  it  is  important  to  determine  which  types  of 
representations  of  a  given  problem  elicit  the  use  of  the  1-1  correspondence  criterion.  This  study 
aimed  to  investigate  this  issue. 


The  sample  consisted  of  189  children  from  three  different  grade  levels:  Sixty-eight  tenth 
graders,  60  eleventh  graders,  and  61  twelfth  graders.  Different  achievement  levels  were 
represented  in  this  sample:  About  a  third  were  high  achieving  students,  a  third  were  middle  level 
students,  and  another  third  consisted  of  low  achievers. 

Instruments  and  Procedure 

Twelve  problems  were  developed  for  this  study,  in  each  of  which  two  infinite  sets  were 
described.  Subjects  were  asked  to  determine  whether  the  number  of  elements  in  the  first  set  was 
equal  to,  greater,  or  smaller  than  the  number  of  elements  in  the  second  set,  and  to  explain  their 
answers.  All  sets  presented  in  the  problems  were  enumerable  ones. 


(1.  2,  3,  4,  ...)   (4,  8,  12,  16,  ...) 


Method 


Sample 
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Arithmetic 


Geometric 


Pair  I 


A=  (1.  2.  3.  4.  5.  6....} 
B=&.1.  it*2'  2t  3-  •••) 


Pair  II 


C=  (1.  2.  3.  4.  5.  6....} 
D=  (3.  6.  9.  12.  15.  18....) 


Pair  III 


E=  (1.  4.  9.  16.  25....) 
F=  (4.  8.  12.  16.  20....) 


A 


A:  Sides  of  equilateral  triangles 

B:  Midscgmcms  of  equilateral  triangles 


C:  Sides  of  equilateral  triangle 

D:  Perimeters  of  equilateral  triangle 


1 


I 

2  3 

to 

3 

E:  Areas  of  squares 
F:  Perimeters  of  squares 


3  4 


G=  (1.2.3.4.5....)  H=  (3.4.5.6.7....) 

Triple  I 

G=  (1.2.3.4.5....) 

H=  (3.4.5.6.7....) 


G:  Upper  bases  of  trapezoids 
H:  Bottom  bases  of  trapezoids 


1=  (1.  2.  3.  4,  5....) 
J=  (12.22.32.42.52....) 


Triple  II 


1=  (I.  2,  3.  4.  5....) 
J=  (1,4.9.16.25....) 


■A' 


\  4  •  * 


/  /  ✓  * 
,  \  \  \ 

\  \  O  \  \ 
'  '  /7  ** 


1:  Sides  of  squares 
J:  Areas  of  squares 


Figure  1:  Schematic  Representation  of  the  Problems 
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The  12  problems  consisted  of  thr>:e  pairs  and  two  triples.  In  each  pair,  two  identical  sets 
were  presented,  one  in  its  numerical-vertical  representation  and  the  other  in  its  geometric 
representation.  Each  of  the  two  triples  consisted  of  one  geometrical  and  two  numerical 
representations  of  the  same  problem  (see  Figure  1 ).  The  geometric  representation  consisted  of  a 
schematic  drawing  describing  the  two  sets,  a  verbal  explanation,  and  a  vertical  representation  of 
the  sets.  The  problems  appeared  in  a  fixed  order:  First  the  seven  numerical  problems  and 
following  them,  the  geometric  ones. 


Let's  refer  to  an  infinite  set  of  trapezoids: 

1  cm.  2  cm.  3  cm.   4  cm. 

3  cm.  4  cm.  5  cm.  0  cm- 


(1)  In  each  trapezoid  the  upper  basis  is  2  cm.  longer  than  the  bottom  base 

(2)  Each  base  is  1cm.  longer  than  that  of  the  trapzoid  on  its  left 

Set  G  is  the  lengths  of  the  upper  bases  (in  cm.),  namely  G=  ( 1 ,  2,  3, 4,  5, 6, ... ) 
Set  H  is  the  lengths  of  the  bottom  bases  (in  cm.),  namely  H=  (3,  4,  5, 6, 7,  8, ... 


(a)  Circle  your  answer: 

The  number  of  elements  in  set  G  is  greater  than  /  equal  to  /  smaller  than  /  the  number  of 
elements  in  set  H. 

(b)  Explain  your  answer. 


Figure  2:  Example  of  a  Geometric  Representation  of  a  Problem 
Results 

Table  1  shows  that  students'  decisions  as  to  whether  two  given  infinite  sets  have  the 
same  number  of  elements  depend  largely  on  the  way  these  problems  are  represented.  The 
highest  percentages  of  "The  same  number  of  elements"  reactions  were  given  to  the  numerical- 
explicit  representation  of  the  problem  described  in  Triple  n  (86%),  and  to  the  geometric 
representations  of  all  problems  (75%-86%).  Four  of  the  five  numerical-vertical  representations 
yielded  about  50%  "The  same  number  of  elements"  responses.  The  only  exceptional  problem 
that  yielded  more  such  responses  in  its  numerical-vertical  representation  (61%)  was  the  last  in  the 
scries  of  the  numerical  representation,  succeeded  by  a  problem  that  referred  to  the  same  set,  but 
was  presented  geometrically.  Thus  it  seems  that  higher  percentage  of  "same  number  of 


er|c 


elements"  responses  has  to  do  with  the  location  of  this  particular  problem  in  the  questionnaire. 
Support  for  this  explanation  is  provided  by  the  fact  that  during  administration  of  the 
questionnaire  the  experimenter  observed  that  some  students  erased  their  initial,  non-equal 
reactions  in  favor  of  the  same  number  of  elements  reactions  after  responding  to  the  problem  in  its 
geometric  representation. 

Table  1 

Frequencies  (in  %1  of  "Same  Number  of  Elements  in  Both  Sets"  and  of  "1-1  Correspondence" 
Reasoning 

Same  Number    1-1  Correspondence 


The  Sets  Compared      The  Representation      of  Elements* 


Pair  I 

A= 
B= 

(I,  2,  3,...) 
{i.,  l|  2,  ... 

numerical  -  vertical 
geometric 

47 
80 

6 
45 

Pair  II 

C= 
D= 

(1,  2,  3,  ...) 
(3,  6,  9,...) 

numerical  -  vertical 
geometric 

52 
76 

9 
49 

Pair  IH 

E= 
F= 

(1,4,  9,  ...) 
{4,  8,  12,  ...) 

numerical  -  vertical 
geometric 

52 
82 

5 

37 

Triple  I 

G= 
H= 

{1,2,  3,  ...) 
{3,  4,  5,  ...) 

numerical-horizontal 
numerical  -  vertical 
geometric 

25 
49 
75 

33 

Triple  II 

1= 
J= 

{1,  2,  3,...) 
(12,22,  32,  ...) 

numerical-explicit 
numerical-vertical 
geometric 

86 
61 
85 

52 
13 
33 

*  The  other  most  frequent  "equal"  answer  was:  "All  infinite  sets  have  the  same  number  of 
elements". 


The  lowest  percentage  of  "The  same  number  of  elements"  responses  was  given  to  the 
only  problem  which  was  represented  in  a  numerical-horizontal  manner  (problem  2-  25%  correct). 
This  finding  is  consistent  with  the  findings  of  other  studies  which  reported  that  numerical- 
horizontal  representations  of  two  sets,  one  of  which  is  a  proper  subset  of  the  other  set,  elicit  "The 
sets  do  not  have  the  same  number  of  elements"  responses. 

Not  less  striking  are  students'  justifications  to  these  tasks.  Basically,  two  main  kinds 
of  explanations  were  used  to  justify  "The  same  number  of  elements"  judgment:  (a)  There  is  only 
one  kind  of  infinity,  and  (b)  there  is  a  1-1  correspondence  between  the  two  sets.  The  judgment: 
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"The  number  of  elements  in  the  two  .,cts  is  not  equal"  was  mainly  justified  by  the  argument  "One 
set  is  a  subset  of  the  other  one".  In  some  of  the  problems,  when  one  set  was  not  a  proper  subset 
of  the  other,  (for  instance,  the  sets  {4,  8,  12,  16,...),  { 1,  4,  9,  16, ...)),  students  used  the 
"differences"  strategy,  namely,  they  examined  the  differences  between  pairs  of  consecutive 
elements  in  each  set,  and  compared  the  matching  differences.  For  instance,  in  the  case  of  the  sets 
described  previously,  they  noted  that  the  differences  in  the  first  set  are  always  four,  whereas  the 
differences  in  the  second  set  constitute  the  series  (3, 5, 7, ...).  They  concluded  that  the  first  set 
contained  more  elements  because  the  gaps  between  its  elements  was  constant  whereas  in  the 
second  set  the  differences  increased,  so  that  the  set  was  less  condensed. 

As  our  major  interest  is  in  representations  that  evoke  the  use  of  the  1-1  correspondence 
criterion,  we  shall  look  mainly  at  the  extent  to  which  students  referred  to  it.  Tabic  1  shows  that 
the  percentages  of "  1  - 1  correspondence"  justifications  matched  those  of  "The  same  number  of 
elements'"  reactions,  in  the  sense  that  the  highest  percentages  of  these  justifications  were  given  to 
the  numerical-  explicit  representation  and  to  the  geometric  representations.  The  lowest 
percentages  of  these  justifications,  on  the  other  hand  appeared  on  the  numerical-horizontal 
representation.  It  is  notable  that  while  the  numerical  (horizontal  and  vertical)  representations 
yielded  only  up  to  13%  of  1-1  correspondence  justifications,  the  matching,  geometrically-  based 
representations  drew  significantly  higher  perccnts  of  these  justifications  (33  to  49%). 

Another  issue  of  interest  was  students'  consistency  in  using  a  certain  justification  across 
tasks.  Our  data  revealed  that  about  25%  of  the  students  consistently  came  up  with  "All  infinite 
sets  have  the  same  number  of  elements,  since  there  is  only  one  infinity".  A  substantial  number 
of  students  (about  50%)  used  the  pan-whole  criterion  and  the  the  1-1  correspondence  criterion 
alternatively,  depending  on  the  representation  of  the  problem:  1-1  correspondence  justifications 
for  numerical-explicit  and  geometric  representations,  and  part-whole  justifications  when 
responding  to  the  same  problems,  in  their  numerical-vertical  and  horizontal-representations. 


A  main  aim  of  this  study  was  to  determine  which  representations  of  a  given  problem  that 
dealt  with  comparing  infinite  quantities  yielded  higher  percentages  of  1-1  correspondence 
reactions.  Much  like  other  studies,  our  data  suggest  that  students'  responses  are  largely  affected 
by  problem  representation  (Even,  1993;  Silver,  1986;  Arcavi.Tirosh,  &  Nachmias,  1989).  It 
was  found  that  geometric  and  numerical-  vertical  representations  elicited  "equal  number  of 
elements"  reactions.  One-to  one  correspondence  justifications  were  mainly  elicited  by  two  kinds 
of  representations:  numerical-explicit  and  geometric  representations. 

The  question  that  naturally  arises  is  why  do  certain  representations  of  the  same  problem 
elicit  certain  responses,  while  other  evoke  other  responses?  Our  conjecture  is  that  the  visual 
presentation  of  the  problem  had  a  great  impact  on  students'  responses.  In  both  the  numerical- 
explicit  and  the  geometric  representations,  the  two  infinite  sets  were  arranged  so  that  pairing 
elements  stood  one  below  the  other,  and  consisted  either  of  the  same  numbers  (e.g.,  1 ,  1  square, 
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2, 2  square),  or  were  associated  by  an  illustrated  geometric  relation,  (i.e.,  the  upper  and  bottom 
bases  of  trapezoids).  Such  presentations  invited  the  student  to  grasp  pairing  elements  of  the  sets, 
which  lead  to  1-1  correspondence  reactions  (much  like  in  the  case  of  the  dancing  hall,  when  all 
people  are  dancing  in  male-female  pairs,  and  no  one  stands  alone,  in  which  case  you  immediately 
know  that  the  number  of  men  and  women  in  this  hall  is  the  same).  However,  other 
representations,  especially  the  numerical-  horizontal  ones,  lead  students  to  examine  each  of  the 
sets  as  a  separate  entity,  and  then  to  the  attempt  to  compare  the  total  number  of  elements  in  one 
set  to  those  in  the  other.  Such  an  attempt  naturally  leads  to  the  examination  of  the  inclusion 
relationship  between  the  sets  (or,  in  the  absence  of  such  a  relationship,  to  other  criteria  based  on 
the  notion  of  inclusion,  such  as  comparison  of  the  consecutive  differences,  or,  again  to  the 
conclusion  that  both  sets  have  the  same  number  of  elements  because  they  are  infinite). 

What  could  be  the  contribution  of  this  study  to  mathematics  education?  Information 
concerning  the  interrelations  between  various  modes  of  presentations  of  a  given  problem  and  the 
typical  reactions  elicited  by  these  is  of  crucial  importance  for  instruction  planning.  Such 
information  is  invaluable  for  instruction  related  to  complex,  counter-intuitive  topics  such  as  the 
comparison  between  infinite  sets.  These  topics  neccessitate  not  only  analytical  instruction  of  the 
theorems,  definitions,  etc.  but  also  draw  special  attention  to  intuitive  schemes  that  may  well 
compete  with  the  formally  learnt  materials. 

Two  approaches  to  instruction  related  to  such  topics  are  teaching  by  analogy  and  the 
conflict  teaching  method.  The  information  gathered  in  this  paper  is  valuable  for  designing 
instruction  on  comparing  infinite  quantities  according  to  both  these  approaches.  When  teaching 
by  analogy,  both  the  explicit  numerical  and  the  geometric  representations  could  be  used  as 
anchoring  tasks  since  they  intuitively  trigger  the  desired  response.  All  that  is  left  is  to  convince 
the  learners  that  these  anchoring  tasks  are  identical  to  the  target  tasks  (i.e.,  the  horizontal 
representations  of  the  same  problems  that  commonly  elicit  part-whole  responses).  Within  the 
conflict  teaching  approach,  on  the  other  hand,  a  conflict  may  be  derived  from  presenting  the  same 
problem  in  two  different  modes:  an  horizontal  representation  which  elicits  "part-whole" 
responses,  and  a  geometrical  representation  triggering  1-1  correspondence  reactions.  Our  initial 
investigations  suggest  that  in  such  conflicts,  a  substantial  number  of  students  tend  to  trust  1-1 
correspondence  justifications.  They  view  the  geometric  representation  as  more  convincing  and, 
in  a  way,  as  a  proof  that  the  two  sets  contain  the  same  number  of  elements. 

Returning  to  our  initial  reasons  for  taking  up  this  study,  it  is  notable  that  so  far  most 
research  in  mathematics  education  that  deals  with  students'  conceptions  has  tried  to  pinpoint 
certain  cognitive  obstacles  in  learning  specific  subject  matters.  Such  research  is  necessary  for 
planning  instruction.  Yet,  the  time  seems  ripe  now  to  proceed  to  the  next  stage:  that  of  using  this 
knowledge  for  actual  instruction.  This  paper  clarifies  that  in  the  case  of  comparing  infinite 
quantities,  both  the  numerical-explicit  and  the  geometric  representations  are  preferable  (as  they 
intuitively  yield  1-1  corrrespondence  reactions)  to  the  numerical-horizontal  representation  (which 
is  often  used  when  teaching  this  theory).  Further,  this  study  suggests  how  to  adjust  the  finding 
related  to  the  interrelationships  between  intuitions  and  representations  to  two  different  approaches 


to  teaching:  Analogy  and  conflict.  It  is  hoped  that  such  information  may  help  the  sensitive 
teacher  to  plan  his  or  her  instruction  of  the  complex,  non-intuitive  world  of  infinite  sets. 
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ABSTRACT 


Sonic  typical  classroom  behaviors  in  mathenmtaics  lessons  arc  described  and 
analysed.  These  behaviors  are  not  something  that  the  educational  system  is  proud 
of  or  wants  to  encourage  .The  behaviors  might  be  considered  as  a  result  of  the 
common  teaching  and  testing  styles.  It  is  suggested,  however,  that  both  the 
teaching  and  the  learning  styles  are  implied  by  very  deep  social  and  psychological 
reasons  .  The  classroom  behaviors  which  the  mathematical  education  community 
wants  to  eliminate  reflect,  perhaps,  some  basic  cognitive  and  emotional  needs  and 
inclinations.  These  might  be  the  need  for  cognitive  security,  the  inclination  to 
prefer  procedures  to  concept  analysis  (because  procedures  are  simpler)  and  the 
need  to  survive  through  mathematics  classrooms  and  mathematics  exams. 

81.  The  Traditional  Classroom.  Most  of  the  mathematics  education  research  does  not  deal 
with  the  traditional  classroom  as  a  whole.  There  might  be  several  reasons  for  that:  1.  The  cognitive 
research  focuses  on  student  concepts  and  thought  processes  independently  of  the  classroom  context. 
(Here  is  an  implicit  assumption  that  the  cognitive  structure  is  an  invariant  of  the  context.)  2.-  The 
classroom  reality  is  too  complex  to  be  studied  in  a  systematic  way.  There  are  too  many  factors  and 
too  many  aspects  involved  in  each  classroom  event.  .V  The  traditional  classroom  has  already  been 
labelled  as  negative.  It  is  the  cause  of  the  common  mathematics  education  practice,  namely, 
mathematics  as  a  collection  ot  unrelated  prescriptions  for  solving  common  test  items.  Our  aim 
should  be  the  elimination  of  the  traditional  classroom.  Therefore,  we  should  use  our  time,  money 
and  energy  to  create  alternatives  to  the  traditional  classroom  and  to  examine  them. 

If  you  add  to  this  that  a  moderated  version  of  (3)  is  also  the  assumption  of  the  majority  of  the 
research  and  development  funding  agencies  then  it  becomes  quite  clear  why  there  are  relatively  few 
mathematics  classroom  studies.  Without  rejecting  the  above  (1)  -  (3)  I  would  like  to  raise  some 
doubts  about  them.  It  might  be  true  thai  cognitive  structures  arc  situation  invariants  but  the 
researcher  must  deal  with  them  in  u  given  context.  It  is  quite  possible  that  in  that  given  context 
subjects  will  react  in  such  a  way  which  will  not  reflect  their  cognitive  structures.  In  addition  to  that, 
there  arc  factors  which  are  not  cognitive  that  determine  the  subjects'  behavior  (emotional,  social  and 
so  on)  and  these  factors  strongly  depend  on  the  context.  It  is  true  that  the  classroom  reality  is 


extremely  complicated  but  it  is  also  extremely  important  to  understand.  Therefore,  it  is  preferable  to 
use  research  methods  which  are  not  "true  experimental"  and  to  study  the  classroom  reality  than  to 
ignore  it.  Finally,  the  traditional  classroom  and  all  its  associated  factors  (supervision,  evaluation, 
state  examinations,  matriculation,  social  relations  and  so  on)  may  be  the  cause  of  the  poor  practice 
that  we  all  denounce  but  it  may  well  be  also  a  result  of  very  serious  psychological,  social  and 
economical  reasons.  If  it  is  so.  our  chance  to  change  the  practice  is  very  little  before  we  understand 
these  reasons.  My  impression  is  that  some  essential  elements  of  the  human  nature  are  the  cause  of 
the  current  mathematics  education  practice.  Whether  it  is  possible  to  overcome  these  elements  is  not 
quite  clear.  Being  less  cautious  I  would  even  say  that  it  is  doubtful.  Therefore.  I  suggested  the 
"seemingly  unavoidable  features"  in  the  title  of  the  paper. 

If  I  have  to  characterize  the  approach  of  this  study  it  is  the  In  vivo  approach.  A  possible  paradigm 
for  this  approach  is  the  didactical  contract  by  Broussau  (for  details  see  Balacheff.  1990)  Another 
possible  paradigm  is  the  meaning  negotiation  paradigm  by  Bauersfeld  and  others  (for  details  see 
Bauersfeld  et  al..  1988).  Steinbring  (1991 )  has  a  similar  approach.  I  will  not  refer  directly  to  these 
in  my  paper.  I  mention  them  heie  in  order  to  give  some  coordinates  to  my  work  and  also  in  order  to 
keep  them  as  background  paradigms  to  which  the  reader  can  refer  as  an  additional  interpretation  tool 
for  some  of  my  findings.  The  episodes  which  I  will  describe  and  analyze  in  this  paper  are  either 
classroom  episodes  or  classroom  related  situations.  Namely,  they  are " natural  enviroment"  episodes. 
All  of  them  occur  in  regular  mathematics  classrooms  or  at  office  hours,  in  homework  assignments 
and  tests.  There  was  no  external  intervenience  in  the  natural  course  of  a  lesson,  an  office  hour 
meeting  and  so  on.  Hence,  this  sudy  can  be  considered  as  a  classroom  study,  in  most  of  the  cases  I 
was  also  the  teacher  but  not  in  all  of  them.  The  students  that  I  taught  were  average  science  colllege 
students  (not  mathematics  majors).  Other  students  were  regular  high  school  students.  I  am  not 
discussing  remedial  classes  here.  I  am  saying  this  in  case  some  readers  will  raise  a  question  about 
the  students'  mathematical  abilities. 

§2.  How  to  please  the  teacher?  ■  The  pseudo-conceptual  behavior.  In  any  traditional 
classroom,  the  students.  ;f  they  want  a  passing  grade,  have  to  please  the  teacher  in  one  way  or 
.mother.  This  will  probably  be  the  case  also  with  non-traditional  classrooms.  As  long  as  students 
depend  on  an  external  authorities  for  evaluation  and  grading  they  will  have  to  do  something  in  order 
to  please  these  authorities.  The  attempts  to  please  the  teacher  can  be  implied  by  different  reasons. 
For  some  students  it  is  the  desire  to  be  loved  and  appreciated.  For  other  students  it  is  the 
understanding  that  the  teacher's  evaluation  is  important  for  their  future.  Also,  good  grades  might 
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increase  their  parents1  warm  affections,  might  establish  their  social  prestige  and  so  on.  Answering  a 
question  is  the  most  common  way  to  please  a  teacher.  Of  course,  the  teacher  is  interested  in  answers 
based  on  mathematical  knowledge.  The  teacher  looks  for  meaningful  answers,  conceptual 
understanding  and  analytical  thinking.  These  notions  are  not  necessarily  familiar  to  the  students. 
They  might  have  a  more  behavioristic  approach  to  the  entire  learning  process.  They  look  for  the 
right  answer  (the  response  )  to  a  given  question  (the  stimulus  ).  The  internal  processes  are  not 
necessarily  important.  The  main  concern  is  that  the  answer  will  make  the  desired  impression. 
Therefore,  all  kinds  of  (intelligent  and  not  intelligent)  guessing  are  legitimate.  The  moment  a  student 
realizes  what  the  desired  answer  is,  he  or  she  will  repeat  it.  even  without  understandig  .  in  similar 
situations.  A  behavior  which  might  make  the  impression  that  it  is  based  on  conceptual  thinking  but 
in  fact  it  is  not.  1  would  like  to  call  a  pseudo-conceptual  behavior.  This  is  in  contrast  to  real 
conceptual  behavior.  Observe,  for  instance,  the  following  class  discussion  in  the  beginning  of  a 
mathematics  lesson  in  a  12-th  grade  class.  The  teacher  tries  to  explain  how  to  do  the  homework 
assignment  oa  recursion,  a  topic  with  which  the  majority  of  the  class  has  serious  difficulties. 

Teacher:  Give  a  recursion  rule  for  the  sequence:  an=ir 
Studcnts:  ... 

Teacher:  What  is  a  recursion  rule? 

Student  A:  a2-a, 

Student  B:  2n-l 

Student C:  al*al=<i2 

Teacher:  How  should  you  express  fH+/ 

Student  D:  / 
Student  E:  n 

Teacher  (wilting  on  the  blackboard):  (n+h2  =  n2+2n+l  =  </„  +.  •  +/ 


a   ,  =  «  +  2n  +  / 


The  correct  answer  to  the  teachers  original  question  is:  fl((+(  should  be  expressed  by  means  ofaH 
and  n.  Thus,  the  students,  in  a  way.  were  "quite  close"  to  the  correct  answer.  However,  there 
was  very  little  thinking  involved  in  the  above  dialogue.  It  was  mainly  blind  guessing.  On  the  other 
hand,  if  you  do  not  know  the  particular  topic  ( recursion,  in  this  case  )  you  might  get  the  impression 
of  a  ineaninful  discussion.  The  charccteristic  of  the  students-  reactions  is  the  following:  The  term 
expressed  by  the  teacher  evoked  in  their  mind  certain  associations.  Since  they  lack  understanding  of 
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the  topic  they  cannot  examine  these  associations  and  tell  whether  they  constitute  a  correct  answer  or 
not.  Thus,  there  are  two  alternatives.  The  first  one  is  to  remain  silent.  The  second  one  is  to  express 
what  they  have  on  their  mind.  At  least  some  students  do  not  think  they  risk  anything  by  telling  the 
teacher  what  they  have  on  their  mind.  If  you  usually  do  not  practice  critical  thinking  or  you  lack  the 
reflective  abilities  you  cannot  consider  the  uncontrolled  reaction  as  a  negative  one.  If  you  lack  the 
mechanism  of  examining  your  associations  and  determining  whether  they  make  any  sense  in  a  given 
situation  then  remaining  silent  is  not  an  option.  In  the  above  behavior  the  students  miss  only  one 
stage:  the  control  stage.  All  of  us  have  associations  when  we  hear  or  see  a  certain  notion.  We  cannot 
control  our  associations.  They  arc  the  spontaneous  internal  reaction  to  a  given  stimulus.  We  can 
control  our  behavior,  which  is  the  external  reaction  to  a  stimulus.  This  is  what  education  (  and  in 
this  case  mathematics  education  )  is  all  about.  The  students'  behavior  in  the  above  event,  in  which  a 
conceptual  analysis  did  not  occur  although  it  should  have  occurred,  is.  according  to  the  terminology  I 
suggested  earlier,  a  psendo-mnceptuul  behavior.  I  would  like  to  emphasize  that  this  is  a  • 
characterization  of  a  behavior  and  not  of  a  person.  Every  person,  including  an  outstanding 
mathematician,  can  demonstrate  a  pseudo-conceptual  behavior.  The  above  event,  which  staned  with 
the  teacher's  attempt  to  clarify  the  meaning  of  a  recursion  rule,  ended  with  an  action  that  does  not 
relate  to  meaning.  The  teacher  presented  to  the  students  a  procedure  for  the  right  answer.  In  the  next 
set  of  problems  to  be  given  to  the  students,  this  procedure  will  serve  as  a  generic  model  for  the 
desired  answers  to  which  the  students  will  arrive  by  mere  imitation.  Thus,  the  teacher  -  perhaps 
unwillingly,  perhaps  because  of  the  need  to  move  on  (and  you  cannot  move  on  in  a  mathematics 
lesson  without  writing  some  symbols  or  numbers  on  the  blackboard)  -  did  not  do  anything  to 
encourage  a  real  conceptual  behavior.  Implicitly,  the  pseudo-conceptual  behavior  is  encouraged  in 
this  event  and  in  many  similar  events. 

§3.  The  how  lo  solve  il  syndrom.  Many  of  the  difficulties  students  have  with  mathematics 
are  a  result  of  communication  failure.  Sometimes  the  cause  of  the  failure  is  local.  By  this  we  mean 
an  alternative  understanding  of  a  term  or  terms  involved  in  a  given  context.  Sometimes  the  cause  of 
the  failure  is  global,  By  this  I  mean  an  alternative  understaning  of  an  entire  framework  or  even  the 
entire  mathematics.  It  is  well  known  that  for  many  students  mathematics  is  a  framework  where  you 
get  formulae  into  which  numbers  are  plugged.  In  order  to  solve  a  given  problem  one  should  carry 
out  the  calculations  with  the  numbers  which  were  plugged  into  the  relevant  formulae.  Thus,  the 
leading  principle  in  mathematics  is  the  following:  plug  the  numbers  in  the  relevant  formula  and 
calculate!    Bearing  this  in  mind,  a  student  might  have  serious  difficulties  when  some  parts  of 
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mathematics  which  do  not  have  the  above  features  are  presented  to  him  or  her.  Here  is  typical  case. 
After  discussing  in  class  the  notion  of  an  increasing  function.  1  gave,  in  addition  to  the  examples 
and  the  visual  explanations,  also  the  formal  definition.  That  is:  A  function  fh  increasing  at  a  certain 
domain  if  for  every  x  andx.  in  this  domain  such  that  x<X.  ulso  ftX.Kflxj.  A  week  later  a  student 
came  to  my  office  with  a  desperate  expression  on  her  face.  She  opened  her  notebook  at  the  above 
definition  and  said  with  an  apologetic  voice:  /  time  thought  about  it  through  the  entire  week  and  1 
still  don't  understand  how  you  solve  it. 

A  declaration  that  there  is  nothing  to  be  solved  in  this  case  would  have  very  little  effect  on  the 
desperate  student.  Such  a  deeply  rooted  conception  cannot  be  changed  by  one  sentence.  Here  is 
another  example: 

Teacer:  Can  you  explain  what  is    lim  BjJ- 

n — »oo 

Student:  Tint's  i . 

Teacher:  I  didn't  mean  a  numerical  answer .  I  meant  an  explanation. 
Student:  /  don't. understand. 

Teacher:  /  mem  what  is  this  number  that  you  are  supposed  to  find.  We  talked  about  it  many  times  in 
class. 

Student:  /  have  no  idea. 

Teacher:  It's  the  number  to  which  "J.  tends  t  gets  closer  and  closer  )  when  n  increases  without 
am  restriction  t  namely,  you  substitude  n  by  numbers  which  get  larger  and  larger  ). 
Student:  Will  you  ask  such  questions  on  the  final? 
Teacher:  Yes.  of  course. 

Student:  In  my  entire  life  I  haven't  written  a  math  exam  that  had  words  in  it. 
Here,  again  .  the  belief  that  mathematics  involves  only  calculations  implied  by  substitutions  in 
given  formulae  blocked  the  student's  way  to  other,  much  more  important,  aspects  of  mathematics. 
The  student  does  not  realize  that  a  mathematical  expression  has  a  meaning  and  one  can  ask  about  its 
meaning  without  asking  about  the  numerical  result  of  this  expression.  The  student  is  not  mentally 
prepared  to  relate  to  any  question  which  is  not  directly  related  to  the  question  how  to  solve  it.  The 
last  question  means,  almost  in  all  cases,  how  to  obtain  a  numerical  answer. 
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§4.  The  search  for  rules  as  an  expression  of  the  need  for  security  .  Many  mathematics 
teachers  know  that  very  often,  while  explaining  concepts  or  while  being  involved  in  mathematical 
reasoning,  the  concentration  level  of  their  students  goes  down  significantly.  On  the  other  hand, 
when  they  present  operational  rules  (  mathematical  prescriptions  )  the  students  become  quite  alert. 
This  is  quite  plausible  behavior  if  the  assumption  is  that  mathematics  is  calculations  of  numerical 
expressions  obtained  from  given  formulae  by  substitution.  The  bottom  line  of  any  mathematical 
discussion  should  be  a  "how  iO  do  it "  or  a  "  how  to  solve  it"  rule,  as  indicated  in  the  last  section. 
The  students  hardly  accept,  and  even  reject  the  idea  that  a  mathematical  situation  will  be  given  to 
them  and  they  will  have  to  use  their  own  considerations  in  order  to  determine  what  the  answer 
should  be.  They  always  expect  a  universal  rule  which  will  guarantee  an  answer.  Moreover,  the 
answer  is  supposed  to  be  obtained  mechanically.  Although  all  this  can  be  considered  as  a  result  of 
the  common  teaching  style  and  the  common  testing  style  it  might  be  also  a  result  of  some  basic 
cognitive  and  emotional  factors.  The  cognitive  factor  is  that  procedures,  in  case  there  are  not 
extremely  complicated,  are  easier  to  handle  than  concepts.  It  is  part  of  the  human  nature,  with  some 
exceptions,  of  course,  to  prefer  simple  tasks  to  complicated  tasks.  The  emotional  factor  is  probably 
related  to  the  need  for  security.  The  fact  that  somebody  has  tools  (procedures)  to  deal  with  a 
situation  contributes  to  his  or  her  security.  They  have  something  in  hand  to  start  with.  It  feels 
insecure  to  face  a  problem  without  knowing  how  it  should  be  solved.  This  requires  to  create  a 
solution  procedure,  not  only  to  carry  it  out.  This  might  be  considered  as  a  threat  by  many  students. 
Here  is  an  episode  that  may  illustrate  it: 

Student :  What  is  lim^Sl    when  n_»oo  •> 

Teacher:  How  do  you  deal  with  it  ? 
Student:  It's  I,  isn't  it  ? 

Teacher:  Let 's  see.Yoii  can  write    Vrr  +1    _  Vn  2(l  +  l/n-)  _  ny1  +  i/n:    j  , 

n  n  n  1  ,/n" 

After  some  more  verbal  explanations  the  teacher  concludes  that  the  above  limit  is  I . 
Student:  But  this  is  exactly  what  I  said. 

Teacher:  Yes.  you  did.  hut  I  wanted  to  show  you  the  Ionic  behind  it. 

Student:  I  don't  need  yourhyic.  I  have  my  own  one.  I  just  wanted  to  know  whether  my  answer 


is  correct. 
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Teacher:  And  what  is  your  logic  ? 
Student:  It's  ~/~:  that's  1. 

In  the  above  situation  the  student  made  up  an  ad  hoc  rule  to  deal  with  the  task.  Her  problem  was 
that  this  rule  was  not  suggested  to  her  by  the  teacher.  Therefore,  her  personal  security  was  not 
complete.  She  came  to  the  teacher  to  get  an  approval  to  the  rule  she  invented.  The  approval  was 
supposed  to  be  given  by  the  acknowledgement  of  her  numerical  result.  When  she  failed  to  get  this 
approval  she  became  quite  frustrated.  She  expressed  her  frustration  by  two  implicit  statements: 
l.Your  explanations  were  totally  unnecessary  since  they  led  to  a  numerical  answer  that  I  already 
knew.  2.  I  do  not  need  your  logic  because  I  already  have  logic  which  is  better  than,  yours.  It  is 
shorter  and  it  led  me  to  the  same  answer  which  was  obtained  by  your  obscure  and  compliocated 
logic  that  I  do  riot  want  to  adopt. 

§5.  Concept  Substitutes.  I  have  spoken  earlier  about  the  commom  tendency  in  many  students 
to  avoid  concepts.  A  typical  class  situation  in  which  students  have  to  face  concepts  is  when  the 
teacher  asks  them  "what  is  ...?"  For  instance:  What  is  a  rectangle?  What  is  a  function?  What  is  a 
vector?  and  so  on.  Many  students,  in  many  cases,  develope  what  I  call  concept  substitutes  which 
they  use.  perhaps,  in  their  inner  speech  (see  Vygotsky.  1962)  and  offer  them  to  the  teacher  when 
being  asked.  Here,  I  would  like  to  mention  two  typical  concept  substitutes.  Because  of  space 
problems  I  will  give  only  one  example  for  each  one  of  them. 

1.  The  criterion  as  a  concept  substitute.  A  common  answer  to  the  question  "what  is  an  increasing 
function?"  is  :  it  is  a  function  whose  derivative  is  positive.  I  even  know  some  teachers  who  accept 
this  answer  as  a  correct  one.  To  justify  their  point  of  view  they  would  claim  that  in  all  the  basic 
courses  we  deal  only  with  differemiable  functions  and  there  are  at  most  finite  number  of  points  in 
which  an  increasing  differemiable  function  is  not  positive  (equal  to  0,  in  this  case).  Therefore,  there 
is  no  need  to  insist  on  the  original  definition  and  io  mess  with  it.  No  harm  will  be  caused  if  the 
student  uses  the  criterion  for  the  concept  instead  the  concept  itself.  Even  if  you  accept  the 
pedagogical  principle  that  it  is  alright  sometimes  to  sacrifice  the  mathematical  accuracy  for  the  sake  of 
clarity  and  simplicity,  in  this  case  you  just  encourage  the  tendency  to  avoid  conepts.  (There  are  cases 
in  which  a  criterion  for  a  concept  is  a  sufficient  and  necessary  condition.  In  these  cases,  it  is  possible 
to  claim  that  since  the  concept  definition  and  the  concept  criterion  have  the  same  extension  there  is  no 


point  to  insist  on  fine  distinctions  between  same  extensions  but  different  intentions.  I  am  even 
ready  to  argue  about  this  point  of  view  although  I  would  not  declare  a  war  against  it).  The  fact  that 
we  compromise  so  easily  about  situations  like  that  is  an  additional  indication  to  the  general  claim  that 
both  teachers  and  students  will  prefer  simple  paths  and  shortcuts  to  facing  difficult  problems  which 
require  high  level  of  thought  processes. 

2.  The  example  as  a  concept  substitute.  What  is  a  derivative?  I  asked  a  student  who  came  to  me  to 
ask  for  an  exemption  from  my  college  calculus  course.  Her  request  was  justified  by  the  claim  that 

she  had  a  calculus  course  in  high  school.  Her  answer  to  my  question  was:  if  y=a.\2  then  y'=2x. 
Can  you  give  another  example'/1   I  kept  on  asking  in  order  to  see  how  rich  was  her  pool  of 

exampIesTM,  she  replied,  if  y=a\2+bx  +c  then  y'=ax+b.  But  what  does  it  mean  to  differtiate?  I 
refused  to  stop  my  inquiry  at  this  point.  After  a  short  pause  she  said:  To  differentiate  means  to 
divide  by  x.  I:  And  what  is  the  derivative  of  y=c?  She:  y'=0. .. here  (clx)  =  0... the  result  is  asjf 
you  get  0  ...to  differntiate  is  aijfyou  divide  by  x.  (The  emphasis  was  in  her  intonation). 
The  student  tried  to  construct  the  meaning  of  the  derivative  out  of  her  (mistaken)  examples.  She 
came  up  with  something  which  was  more  or  less  coherent  with  her  examples.  When  I  embarrassed 
her  with  my  question  about  y=c  she  "invented"  a  system  in  which  the  result  of  dividing  a  constant 
by  x  is  0.  As  a  matter  of  fact,  she  knows  that  this  cannot  be  the  case.  Therefore  she  says  with  a 
special  emphasis:  as  if  you  yet  0.  By  this  she  raised  an  additional  wall  between  the  world  of 
numbers  with  which  she  is  familiar  and  the  world  of  mathematical  symbolism  which  she. 
unfortunately,  does  not  understand. 
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CHILDREN'S  NOTIONS  OF  UNITS  AND  MATHEMATICAL  KNOWLEDGE 


Tad  Watanabe 
Towson  State-  University 
Dept.  of  Mathematics 
Towson,  Maryland 
USA 

Young  children's  unit-related  notions  have  been  shown  to  pky  significant  roles 
in  their  construction  of  mathematical  knowledge.  However,  the  theoretical 
framework  with  a  specific  focus  oil  units  is  still  under  development.  Vie  goal 
of  this  paper  is  to  initiate  a  more  systematic  discussion  and  research  on 
children's  unit-related  notions  and  their  roles  in  children's  construction  of 
mathematical  knowledge. 

Introduction 

Steffe  and  his  colleagues  (Steffe  et  al.  1983)  investigated  young  children's  counting 
and  its  relationship  to  the  types  of  units  the  children  constructed.  The  research  was  based  on 
the  belief  that  the  construction  of  countable  units  is  a  prerequisite  for  counting.  In  fact,  they 
claim  that  "(a)t  the  root  of  all  quantification  and  of  all  numerical  thinking  and  operating  lies 
the  construction  of  discrete,  repeatable  units  and  their  conjunction."  (p.4)  They  were  able  to 
identify  a  variety  of  units  children  counted.  Furthermore,  they  argued  that  these  unit  types 
were  closely  related  to  children's  mathematical  development.  Their  subsequent  works 
showed  that  children's  notions  of  units  play  significant  roles  in  their  understanding  of  other 
elementary  school  mathematics  (Cobb  and  Wheatley,  1988;  Steffe  and  Cobb,  1988). 

More  recently,  a  number  of  researchers  have  reported  that  children's  notions  of  units, 
and  other  unit-related  ideas,  play  significant  roles  in  their  construction  of  a  variety  of 
mathematical  concepts,  such  as  fractions,  ratios  and  proportions,  and  geometric  problem 
solving.  The  fact  that  researchers  have  identified  children's  unit-related  notions  as  an 
important  factor  in  such  a  wide  variety  of  mathematical  concepts  suggests  that  children's  unit- 
related  notions  are  "recurrent,  recursive,  and  increasing  complexity  across  mathematical 
domains."  (Lamon,  1993,  p.  133) 

Although  some  researchers  have  suggested  that  there  may  be  a  link  between  children's 
unit-related  notions  and  a  variety  of  mathematical  concepts,  much  of  the  existing  research 
focuses  on  specific  mathematical  concepts.  Ft  rthcrmorc,  in  some  cases,  it  is  not  even  clear 
that  the  researchers'  notions  of  units  are  coi\|iatiblc.  However,  if  children's  notions  of  units 
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are  an  important  part  of  their  growth  of  mathematical  power,  then  it  is  crucial  that 
researchers  come  to  a  consensus  on  these  issues. 

In  this  paper,  1  will  review,  briefly,  the  major  existing  research  that  focuses  on 
children's  unit-related  notions  and  try  to  point  out  some  of  the  differences  among  these 
researchers'  viewpoints.  I  will  further  suggest  problems  associated  with  children's  unit- 
related  notions  as  they  relate  to  mathematical  knowledge  construction.  However,  the  purpose 
of  this  paper  is  not  to  discount  the  usefulness  of  these  ideas;  rather,  it  is  hoped  that  this  paper 
will  start  a  more  cohesive  effort  among  researchers  to  study  and  analyze  children's  unit- 
related  notions  as  a  fundamental  constructive  mechanism  of  mathematical  knowledge. 
Counting 

StetYe  and  his  colleagues  (Steffc  et  al.,  1983)  identified  several  types  of  units: 
perceptual,  figural.  motor,  verbal,  numerical  composite,  and  abstract  composite.  Their 
subsequent  investigations  (Cobb  &  Wheatley,  1988;  Steffe  &  Cobb,  1988)  identified  different 
types  of  units  of  ten  children  may  construct  such  as  an  iterable  unit  and  an  abstract  singleton. 
It  was  clear  that  these  different  types  of  units  were  central  to  understanding  (whole)  numbers 
because  "(a)  natural  number,  in  our  view,  is  no  more  and  no  less  than  the  result  of  operations 
that  constitute  the  abstract  entity  we  call  "unit",  carried  out  so  many  times,  and  now 
considered  as  one  composite  whole."  (Steffe  et  al.,  1983,  p.l  1) 

A  crucial  aspect  of  the  unit  construction  process  in  their  theoretical  framework  is  what 
these  researchers  termed  the  integration  operation.  It  is  the  integration  operation  that  will 
allow  children  to  form  a  unit  composed  of  existing  units.  They  argue  that  "the  operations 
that  constitute  experiential  items  (which  then  manifest  that  aspect  of  'oneness'  or 
'discreetness')  are  analogous  to  what  we  called  the  mental  act  of  'taking  together'  -  except 
that  what  is  being  taken  together  to  create  experiential  items  is  a  plurality  of  sensory  signals." 
(p.3)  Therefore,  the  unit  construction  process  is  a  building-up  process.  A  child  starts  with  a 
unit,  then  a  group  of  the  unit  is  integrated  to  form  a  "larger"  unit. 

This  perspective  helps  us  to  understand,  and  appreciate,  many  difficulties  young 
children  encounter  as  they  try  to  make  sense  of  our  numeration  system.  From  this 
perspective,  the  construction  of  a  large  unit,  say  a  hundred,  requires  multiple  applications  of 
the  integration  operation.  In  other  words,  a  hundred  is  a  unit  of  units  (tens)  of  units  (ones). 
Furthermore,  in  order  to  deal  with  large  numbers,  a  child  must  be  able  to  deal  with  a  number 


—  362  — 


of  these  units  simultaneously.  That  this  is  not  a  simple  task  is  often  evidenced  by  a  young 
child  producing  a  counting  sequence  like  "...  fifty,  sixty,  seventy,  eighty,  ninety,  a  hundred, 
two  hundreds,  three  hundreds,..."  Such  an  "error"  is  caused  by  the  fact  that  children  must 
coordinate  at  least  three  different  units. 
Rational  Number  and  Proportional  Reasoning 

Watanabe  (1991)  found  that  second  graders'  strategies  to  coordinate  different  units 
were  related  to  their  understanding  of  simple  fractions  like  one-half.  In  the  study,  he 
identified  four  different  types  of  unit  coordination  schemes:  one-as-one,  one-as-many,  many- 
as-one,  and  many-as-many.  Children  who  had  developed  quantitative  understanding  of  one- 
half  also  had  developed  the  one-as-many  and  many-as-one  schemes,  but  only  when  the  many- 
as-many  scheme  was  available  was  the  abstract  understanding  of  one-half  evident.  Although 
his  study  only  shows  correlation  between  children's  understanding  of  one-half  and  their  unit 
coordination  strategies,  it  nevertheless  suggests  the  potential  explanatory  power  of  a 
theoretical  framework  that  focuses  on  children's  unit-related  notions. 

Behr  et  al.  (1992)  pay  very  close  attention  to  the  notion  of  composite  units  as  they 
analyzed  children's  rational  number  knowledge.  They  not  only  provided  an  extensive 
semantic  analysis  of  fractions  using  the  notion  of  composite  units  but  also  invented  a  notation 
system  that  was  consistent  with  the  mathematics  of  quantity  that  made  different  unit  types 
explicit.  Using  the  notation  system,  they  were  able  to  suggest  a  variety  of  constructive  paths 
for  simple  fractions  like  3/4.  Their  analysis  again  showed  how  complex  an  understanding  of 
•fractions  really  is. 

Lamon  (1993)  and  Lo  and  Watanabe  (1993)  suggest  that  children's  understanding  of 
ratios  and  proportions  require  them  to  construct  "a  ratio  as  a  unit."  They  argued  that  the 
ability  to  take  a  ratio  such  as  "9  to  2"  or  "4  quarters  to  6  candies"  as  a  unit  and  act  upon  it 
played  a  significant  role  in  young  children's  proportional  reasoning.  For  example,  Lo  and 
Watanabe  documented  ( 1993)  how  a  fifth  grader  used  her  ability  to  freely  move  among 
different  (yet  equivalent)  ratios  she  had  constructed  to  solve  a  variety  of  proportion  tasks. 
However,  this  "ratio  as  a  unit"  notion  raises  a  fundamental  question:  Wlwt  is  a  unit?  It 
appears  that  the  "unit"  in  this  sense  is  not  quite  identical  to  the  unit  in  counting,  or  even 
rational  number,  contexts.  This  issue  will  be  addressed  later  in  this  paper- 


Exponential  Function  and  Splitting 

In  her  study  of  students'  understanding  of  exponential  functions,  Confrey  (1990) 
proposed  the  notion  of  splitting.  She  defines  splitting  as  "an  action  of  creating 
simultaneously  multiple  versions  of  an  original,  an  action  which  is  often  represented  by  a  tree 
diagram."  She  argues  that  the  geometric  character  of  splitting,  its  relationship  to  similarity, 
distinguishes  it  from  counting.  Confrey  believes  that  splitting  can  be  the  basis  of  an 
alternative  construction  of  positive  real  numbers.  She  further  suggests  that  counting-based 
approaches  to  rational  numbers  too  often  reduce  multiplication  as  repeated  addition  and  a 
fraction  as  a  part  of  a  whole,  both  rather  limiting  perspectives,  while  splitting  can  facilitate 
children's  construction  of  more  sophisticated  multiplicative  perspectives. 

In  her  report,  Confrey  defines  a  unit  as  "the  invariant  relationship  between  a  successor 
and  its  predecessor;  it  is  the  repeated  action."  Thus,  in  the  counting  world,  the  unit  is  the 
action  of  adding  one  while  in  the  splitting  world  the  action  involved  is  multiplication  by  N. 
Thus,  a  two-split  starling  with  one  results  in  the  sequence,  1,  2,  4,  8,  16,  32,...  The 
constant  relationship  between  any  two  consecutive  terms  is  that  the  successor  is  always  the 
totality  of  two  versions  of  the  predecessor.  Furthermore,  in  the  splitting  world,  establishing 
the  relationship  8/2  =  32/8  is  accomplished  by  noting  that  both  8  and  32  are  two  "growth 
units"  away  from  their  respective  predecessor,  2  and  8.  Resnick  and  Singer  (1993)  pointed 
out  the  importance  of  the  factorial  structure  of  whole  numbers  in  children's  understanding  of 
ratio  reasoning,  and  the  splitting  naturally  leads  to  such  a  structure.  Thus,  the  notion  of 
splitting  seems  to  suggest  not  only  an  alternative  constructive  path  for  whole  numbers  but  also 
fractions,  ratios,  and  proportions. 

However,  like  the  notion  of  "ratio  as  a  unit,"  this  notion  of  unit  as  a  "repeated  action" 
does  not  appear  to  be  consistent  with  the  notion  of  units  proposed  by  other  researchers.  So, 
are  these  researchers  using  the  same  word  to  describe  different  constructs?  Or  is  there  a  way 
to  reconcile  this  apparent  differences?  In  the  following  section,  I  will  present  a  short 
discussion  on  some  of  the  fundamental  issues  with  the  notion  of  units. 
Fundamental  Issues 

The  first  issue  I  would  like  to  discuss  is  the  question:  Wliat  is  a  unit?  As  it  has  been 
discussed  above,  there  does  not  appear  to  be  a  consensus  as  to  what  a  unit  is.  There  are  two 
words  mat  are  used  by  a  variety  of  researchers  to  denote  this  notion  of  unit:  unit  and  unity. 
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In  (he  realm  of  counting  (and  whole  numbers),  these  two  words  appear  to  be  almost 
interchangeable.  According  to  McLellan  and  Dewey  (1909),  "(i)n  the  simple  recognition,  for 
example,  of  three  things  as  three  the  following  intellectual  operations  are  involved:  Vie 
recognition  of  the  three  objects  as  forming  one  connected  whole  or  group  -  that  is,  there  must 
be  a  recognition  of  the  three  things  as  individuals,  and  of  the  one,  the  unity,  the  whole,  made 
up  of  the  three  things."  (p. 24,  emphasis  original)  Thus  constructed  three,  in  turn,  can 
become  a  unit  that  composes  another  unity,  say  nine.  If  there  is  any  distinction  between  a 
unit  and  a  unity,  it  seems  to  lie  in  the  person's  action.  If  the  person  does  not  act  upon  the 
whole,  it  is  a  unity,  but  when  a  person  acts  (or  intends  to  act)  upon  the  whole,  it  is  a  unit. 
However,  many  researchers  do  not  appear  to  make  such  a  distinction.  For  example,  Lamon 
(1993)  describes  how  3/4  of  16  objects  is  a  unit  of  units  of  units:  i)  16  one-units,  ii)  4  four- 
units,  and  iii)  I  three-(four-unit).  The  first  two  units  are  constituent  parts  of  larger  wholes; 
however,  the  last  unit  does  not  share  that  characteristic.  If  we  distinguish  a  unit  and  a  unity, 
the  first  two  are  units  while  the  third  is  a  unity.  A  natural  question  to  ask  is  if  such  a 
distinction  is  important.  I  will  leave  that  question  for  the  reader  to  consider  further. 

Although  the  notion  of  counting  units  is  already  complex,  the  ideas  like  "a  ratio  as  a 
unit"  or  a  unit  as  a  "invariant  relationship  between  the  successor  and  its  predecessor"  further 
complicate  the  issue.  On  the  surface,  these  "units"  are  not  units  in  the  same  way  one  is  a 
unit.  In  fact,  these  "units"  are  really  a  second  order  unit  in  that  the  relationship  exists  (in  the 
mind  of  the  individual)  between  objects  which  must  be  recognized  themselves  as  unities.  So, 
in  what  sense  are  these  relationships  units? 

It  is  clear  that  there  arj  a  variety  of  ways  for  a  person  to  construct  a  unit.  For 
example,  the  integration  operation  Steffe  et  al.  (1983)  suggested  is  a  way  for  a  person  to 
"build  up"  larger  units  from  what  have  been  constructed.  However,  the  integration  operation 
does  not  explain  the  construction  of  the  unit  of  one.  The  nature  of  the  constructive  process 
f^rtije  unit  of  one  seems  to  be  qualitatively  different  from  that  of  such  units  as  ten  and 
hundred.  Here  iswhere  an  apparent  paradox  in  the  "unitizing"  operation  lies.  McLellan  and 
Dewey  (1909)  argued  that,  in  order  for  a  person  to  recognize  three  colored  cubes  as  three, 
the  person  must  view  the  cubes,  simultaneously,  similar  and  different.  They  must  be  similar 
so  that  they  can  be  counted  but  they  must  be  different  or  there  is  no  thrce-ness. 
Such  a  paradox  was  also  discussed  by  Steffe  et  al.  (1983). 


Number  is  a  conceptual  creation.  A  particular  number  is  produced  as  a  double 
act  of  abstraction  -  for,  as  Euclid  observed,  a  number  is  a  unit  (a  multitude) 
that  itself  is  composed  of  units.  There  is  a  first  act  of  abstraction  that  produces 
units  from  sensory-motor  material  ...  and  there  is  a  second  act  of  abstraction 
that  takes  these  units  as  the  material  for  the  construction  of  a  unit  that 
comprises  them  ...  (p.l) 

Thus,  in  order  to  construct  a  unit,  there  must  be  a  multitude.  Yet,  what  is  a  multitude  if  it  is 
not  a  collection  of  units?  Furthermore,  the  direction  of  such  unit  construction  process  is 
opposite  of  the  integration  operation.  That  is,  a  new  unit  is  constructed  from  an  old  one 
when  its  components  are  recognized  as  a  unit.  Thus,  the  unitizing  operation  is  more  of  a  ■ 
decomposition  than  an  integration. 

This  perspective  is  consistent  with  the  idea  suggested  by  Maturana  and  Varela  (1980). 
They  argued  that 

(t)he  basic  cognitive  operation  that  we  perform  as  observers  is  the  operation  of 
distinction.  By  means  of  this  operation  we  specify  a  unity  as  an  entity  distinct 
from  a  background,  characterize  both  unity  and  background  with  the  properties 
with  which  this  operation  endows  them,  and  specify  their  separability...  If  we 
recursively  apply  the  operation  of  distinction  to  a  unity,  so  that  we  distinguish 
components  in  it,  we  respecify  it  as  a  composite  unity  that  exists  in  the  space 
that  its  components  define  because  it  is  through  the  specified  properties  of  its 
components  that  we  observers  distinguish  it.  (p.  xix) 

Thus,  the  unitizing  process  is  really  a  further  breaking  up  of  the  existing  unit.  The 
decomposition  as  a  unitizing  process  is  especially  useful  as  we  try  to  understand  children's 
rational  number  concepts.  Furthermore,  a  unit  constructed  as  a  result  of  decomposing  a 
different  unit  is  a  unit,  not  simply  a  unity  (if  we  make  this  distinction). 
A  Hypothesis 

So,  what  does  this  apparent  paradox  about  the  construction  of  a  unit  tell  us  about  the 
notion  of  a  relationship  as  a  unit?  It  is  clear  that  no  unit,  even  (or  especially)  the  unit  of  one, 
exists  in  a  vacuum.  A  unit  is  constructed  as  it  relates  to  a  whole  which  is  composed  of  the 
unit.  Thus,  it  is  not  unreasonable  to  say  that  all  units  are  relationships. 

Maturana  and  Varela's  idea  of  distinction  may  provide  a  framework  to  describe  the 
relationship  between  Confrey's  notion  of  splitting  and  Steffe  et  al.'s  integration.  Although 
the  integration  and  splitting  operations  are  not  inverse  of  each  other,  they  are  complementary 
in  the  following  sense.  The  splitting  operation  may  be  needed  to  construct  units  from  a 


multitude  and  the  unit  thus  constructed  can  be  integrated.  On  the  other  hand,  in  order  to 
apply  the  splitting  operation  repeatedly,  the  result  of  a  split  must  be  unitized,  and  this  process 
may  be  through  the  integration  operation.  Unfortunately,  we  know  very  little  about  such 
mental  operations  and  further  research  is  needed. 
Suggestions  for  Further  Studies 

If  children's  unit-related  notions  are  truly  "recurrent,  recursive,  and  increasing 
complexity  across  mathematical  domains"  another  important  question  is;  Do  all  unit-related 
notions  provide  a  useful  framework  for  all  mathematical  knowledge?  If  not,  which  unit- 
related  notion.'!  are  important  across  a  variety  of  mathematical  topics  and  which  are  .specific 
to  a  certain  topic?  In  the  existing  literature,  there  are  two  ideas  that  may  be  of  importance 
for  a  variety  of  mathematical  ideas:  unit  coordination  and  unit  conversion. 

Steffe  and  Cobb  (1988)  argued  that  as  young  children  construct  more  sophisticated 
number  worlds,  relationships  between  units  go  from  unrelated,  co-existing,  to  coordinated. 
Watanabc  (1991)  presented  evidences  that  children's  coordination  schemes  may  be  related  to 
their  understanding  of  simple  fractions  like  one-half.  Lo  and  Watanabe  (1993  a  &  b) 
documented  how  children's  ability  and  inability  to  coordinate  different  units  impacted  their 
proportional  reasoning.  Whcatlcy  and  Reynolds  (1993)  also  indicated  that  individuals'  ability 
to  coordinate  units  influenced  the  quality  of  their  geometric  problem  solving.  It  thus  appears 
that  unit  coordination  is  relevant  across  a  variety  of  mathematical  topics. 

One  of  the  most  critical  ideas  in  Behr  et  al.'s  (1992)  semantic  analysis  is  the  notion  of 
unit  conversion.  The  ability  to  convert  4(l-unit)  to  l(4-unit)  plays  a  significant  role  in  their 
analysis.  They  point  out  that  further  research  on  the  unit  conversion  principle  is  essential.  It 
is  not  clear  if  this  unit  conversion  principle  is  related  to  the  notion  of  unit  coordination 
presented  by  Watanabc  (1991).  However,  there  seems  to  be  an  agreement  that  additional 
research  is  needed  to  further  our  understanding  of  these  ideas. 

Other  important  ideas  suggested  in  a  variety  of  research  reports  include  the  notions  of 
decomposition  of  units  (Behr  ct  al.,  1992;  Piaget  et  al„  1960),  rc-unitizing  (Behr  et  at., 
1992),  and  re-initialization  of  units  (Confrey,  1990).  Understanding  of  these  notions  is 
essential  if  we  arc  construct  a  rigorous  theoretical  framework  on  units  and  unit-related 
notions. 
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MULTIMODAL  FUNCTIONING  IN  UNDERSTANDING  CHANCE  AND  DATA  CONCEPTS 


Jane  M.  Watson  and  Kevin  F.  Collis 


This  paper  presents  some  of  the  results  from  the  pilot  stages  of  a  large  project  studying  Australian  children's 
understanding  of  concepts  related  to  chance  and  data.  The  model  used  for  the  analysis  of  responses  is  that  developed 
and  extended  by  Biggs  and  Collis  (1982, 1991).  The  appearance  of  multimodal  functioning  in  some  responses  and  its 
relationship  to  the  level  of  functioning  within  the  concrete  symbolic  mode  are  of  particular  interest.  The  specific  topics 
covered  in  this  report  include  comparison  of  two  groups  from  graphical  presentations,  interpretation  of  a  bar  chart  and 
decision-making  about  the fairness  of  dice. 

An  important  theoretical  goal  of  this  study  is  to  gain  an  appreciation  of  the  types  and  levels  of  cognitive 
functioning  which  occur  when  students  solve  problems  involving  chance  and  data.  For  some  time  now 
researchers  (e.g.,  Davis,  1984;  Johnson.  1987)  have  been  suggesting  intuitive  and  visual  influences  on  the 
problem  solving  process  which  cannot  be  identified  directly  with  logical  mathematical  functioning.  The 
work  of  Fischbein  (e.g.,  1975)  and  Tversky  and  Kahneman  (1971)  over  the  years  suggests  that  the  study  of 
probability  may  be  an  area  where  intuitions  play  a  particularly  significant  role.  Also  recent  work  of 
Berenson,  Friel  and  Bright  (1993)  in  statistics  shows  a  strong  visual  component  in  many  decisions  related  to 
graphical  interpretation,  and  research  of  Campbell,  Collis  and  Watson  (1993)  has  shown  that  the  purely 
imaginative  and  story-creating  aspect  of  mental  functioning  may  be  at  least  a  motivating  factor  in  some 
problem  solving  activities.  While  it  is  acknowledged  that  basic  levels  of  logical  functioning  are  required  to 
solve  certain  problems,  it  is  of  interest  to  explore  the  interaction  with  other  forms  of  functioning  exhibited  by 
problem  solvers. 

A  very  useful  model  for  considering  this  type  of  functioning  is  that  of  Biggs  and  Collis  (1991). 
Evolving  from  the  neo-Fiagetian  SOLO  Taxonomy  (Biggs  &  Collis,  1982)  which  stressed  the  sensori-motor, 
ikonic,  concrete  symbolic,  and  formal  modes  of  operation  within  which  learning  cycles  operate,  the  model 
incorporates  an  acknowledgment  of  the  existence  and  importance  of  intermodal  and  multimodal 
functioning  in  many  types  of  learning  experiences.  Hence  it  is  to  be  expected  from  this  model  that  earlier- 
developed  modes  continue  to  develop  in  parallel  with  later  modes  and  provide  opportunities  for  interaction 
which  may  facilitate  intellectual  functioning  in  general.  Of  particular  interest  here  are  the  ikonic  and 
concrete  symbolic  modes,  these  being  associated  with  intuitive  functioning  and  the  symbolic  learning  which 
takes  place  in  school  and  which  is  usually  rooted  in  concrete  materials.  Results  demonstrating  multimodal 
functioning  in  the  acquisition  of  understanding  of  fractions  (Watson,  Campbell  &  Collis,  1993)  and  the  work 
of  others  in  the  field  of  stochastics  (Berenson,  et  at.,  1993;  Fischbein  &  Gazit,  1984;  Watson  k  Collis,  1993) 
lead  to  the  belief  that  such  functioning  will  also  occur  for  concepts  in  statistics  and  probability. 

The  study  reported  here  was  designed  as  a  pilot  to  examine  the  hypothesis  of  .multimodal 
functioning  in  chance  and  data.  Three  different  types  of  chance  and  data  stimulus  materials  were  selected 
because  it  was  speculated  that  the  different  contexts  would  draw  on  different  aspects  of  both  the  ikonic 
mode  and  the  concrete  symbolic  mode  ir.  each  case.  This  should  give  at  least  a  partial  view  of  the  range  of 


thinking  strategies  used  by  children  and,  at  the  same  time,  make  it  possible  to  note  any  underlying 
similarities  between  the  modes  of  thinking  utilised. 


The  data  for  this  report  were  extracted  from  the  larger  study  (see  Watson  (1992)  and  Watson,  Collis 
&  Moritz  (1993)  for  a  fuller  description  of  the  study  and  data  collection).  Interviews  from  18  students,  six 
each  in  Grades  3,  6  and  9,  were  analysed  to  explore  visual,  imaginative  and  intuitive  aspects  of  ikonic 
functioning  and  their  relationship  to  functioning  in  the  concrete  symbolic  mode.  The  students  were  chosen 
from  larger  groups  on  the  basis  of  responses  to  a  paper-and-pencil  questionnaire;  a  range  of  apparent 
abilities  was  selected.  Three  interview  protocols  were  used:  a  four-part  problem  on  the  comparison  of  two 
groups  which  invited  visual  ikonic  functioning  in  conjunction  with  concrete  symbolic  reasoning,  a  series  of 
questions  on  the  interpretation  and  manipulation  of  a  large  bar  chart  with  moveable  parts,  and  a  question 
about  the  fairness  of  dice  which  allowed  for  intuitive  beliefs  to  be  expressed.  These  will  be  discussed  in 
turn. 


The  interview  protocol  used  is  shown  in  Figure  1.  In  succeeding  parts  the  questions  were  the  same 
for  each  graph,  asking  the  students  to  determine  which  class  had  done  better  or  whether  they  had  done  the 
same.  The  idea  for  the  item  was  adapted  from  Gal,  Rothschild  and  Wagner  (1990).  Assuming  that  problems 
of  this  kind  could  be  solved  at  a  high  level  (i.e.  detecting  a  universal  principal  involved)  by  intuitive  (in  this 
case  basically  data  visualisation)  means  or  by  taught  mathematical  symbolic  techniques  (concrete 
symbolisation),  or  by  means  of  an  interaction  between  the  two,  it  is  possible  to  speculate  that  by  taking  some 
well  thought-out  problems  and  analysing  a  range  of  students  at  different  age  levels  we  should  be  able  to 
find  the  following  methods  of  solving  the  problem  at  the  relational  level:  (i)  by  visualisation  only,  (ii)  by  a 
mathematical  technique  only,  or  (iii)  by  a  combination  of  (i)  and  (ii). 

There  were  three  approaches  to  solving  these  problems.  The  Visual  method  involved  looking  at  the 
graphs  and  making  some  type  of  visual  comparison  of  the  two  classes.  Nearly  everyone  used  this  approach 
for  Tart  1.  Only  two  students,  however,  used  a  visual  comparison  successfully  for  Part  4:  a  Grade  6  student 
said  the  Black  class  had  less  people  and  were  doing  pretty  well,  and  a  Grade  9  student  asked  if  the  class 
sizes  were  the  same  and  then  said  it  looked  as  if  the  Black  class  had  more  "right".  Half  of  the  students  used 
visual  comparison  only  to  answer  the  questions. 

A  second  method,  termed  Total,  referred  to  those  who  added  scores  to  obtain  total  scores  for  each 
class  and  then  decided  the  better  class  on  the  basis  of  the  highest  total.  Six  students  used  this  approach  for 
at  least  one  part;  for  one  student  it  was  the  only  strategy.  All  students  who  used  it  for  Part  4  incorrectly 
chose  the  Pink  class  because  of  unequal  class  sizes. 

The  third  method  employed  the  Averag."  to  compare  the  two  groups.  Three  students  used  this  for 
one  or  more  parts  and  all  were  successful  at  all  parts  of  the  problem.  The  results  on  the  four  parts  of  the 
question  for  the  16  students  who  completed  it  are  shown  in  Figure  2.  They  have  been  ordered  by  the 
number  of  parts  successfully  completed.  The  ordering  displays  a  perfect  Guttman  type  hierarchy  except  in 
two  instances,  one  of  which  resulted  from  a  counting  error  and  the  other  a  visual  error.  That  is,  generally 
students  completed  each  part  correctly  up  to  an  error  but  none  correctly  after  that. 


Procedure 


Comparing  Group* 


—  370 


UMMmmMM 


Two  schools  arc  comparing  some  classes  to  sec  which  is 
better  at  quick  recall  of  9  maths  facts.  In  each  part  of  Uus 
question  you  will  be  asked  to  compare  different  classes. 

1  First  consider  two  classes,  the  BLUE  class  and  the 
RED  class.  The  scores  for  the  two  classes  arc  shown 
on  the  two  charts  below. 

Each  box  is  one  person's  test,  and  the  number  inside  is 
their  score. 

In  the  BLUE  class,  4  people  scored  2  correct  and  2 

people  scored  3. 
In  the  RED  class,  3  people  scored  6  correct  and  3  people 

scored  7. 


5 
4 

3 
2 
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2 
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4 

6 

3 
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*— l — 

5 
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6 
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1 
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4 
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2 

PURPLE  1 


■4 
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4- 

3 
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1 

6 
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4  5  6 
Nun*«f  Correct 


VEI 


Number  of  People 
5 
4 
3 
2 

.LOW! 


Sumprf  of  Peoplf 
5 


T 

4      5  6 

Number  Conccl 


4 

3 
2 

BROWN  1 


■5 


3     4      5  6 
Number  Correct 


Number  of  People 


I       I       I  I 
1       2      3       4      5       6      7      8  9 

Number  Correct 
Now  look  at  the  scores  of  all  students  in  each  class,  and 
then  decide,  did  the  two  classes  score  equally  well,  or  did 
one  of  the  classes  score  better?  Explain  how  you 
decided. 


3 
2 

HNK  1 


t — r 

1  2 
Niintfr  of  People 
7 


T 

3       4       5  6 
NumbtrCofrtcl 


3 
2 

»L*CKI 


r 

3       4       5      6  ' 
Nunrhtr  Correct 


Figure  1.  Compari»on  of  Group* 
The  responses  to  this  item  are  of  interest  for  two  reason,.  First  is  the  aspect  of  multimodal 
functioning  demonstrated  by  the  use  of  both  ikonic  (Visual)  and  concrete  symbolic  (Total  and  Average) 
processing.  Second  is  the  level  of  concrete  symbolic  processing  associated  with  an  increasing  number  o 
correct  responses  to  thesub-parts  of  the  protocol.  Asa.,  responses  appreciated  the  numerica.  aspect  (even  if 
on.y  sing.e,  bigger,  fewer,  etc.)  of  the  problem,  there  are  no  to«a..y  ikonic  responses.  Such  responses  wou.d 
be  of  the  form  "the  Blue  class  because  Blue  is  my  favourite  colour"  or  "Green  because  it  is  fatter  than 
Purple".  A  couple  of  younger  students  did  make  comment,  about  classes  being  .heir  favourite  colours,  but 
none  made  a  decision  based  on  this  criterion.  In  terms  of  the  uni,tructura.  (U),  mu.ti,tructuM.  (M)  and 
relational  (R)  .eve.,  of  the  concrete  symbolic  mode,  it  would  appear  (a,  was  true  for  fractions)  that  Ikonic 
support  wa,  available  and  increased  in  sophistication  with  the  level  of  concrete  symbo.ic  response.  A 
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summary  of  the  hypothesized  types  of  responses  and  their  ikonic  and  concrete  symbolic  character  is  given 
in  Figure  3  in  the  format  of  Watson,  a  al.  (1993).  It  shows  the  increasing  sophistication  of  multimodal 
functioning  (labelled  A  and  P  for  ikonic)  used  in  responding  to  this  protocol.  It  is  interesting  that  even  . .  hen 
the  average  is  a  commonly  used  tool,  the  presentation  of  the  problem  invites  multimodal  functioning. 


Approach 

Vuuil  (1,2.3.4) 


Ql  (He  I) 

7 


Q2 
(Green) 


(Equal) 


(Black) 


Comment* 


Visual  (1.2.3.4) 
Visual  (1.2.3.4) 
Visual  (1«,2«J.4) 

Visual  (1.2.3.4) 
Visual  (1.2.3.4) 
Total  1 1.2.3) 

Visual  (l,).Tolal(l,.2.3.4) 

Visual  (l).Toial  (2.3.4») 

Visual  (i").  Total  (I«.2J ,4) 

Visual  (1.4*).  Total  (2.3.4'j 

Visual  (1.2.3.4) 
Visual  (1.2.3.4) 

Total  (1.2.3).  Average  (4) 

Visual  (1).  Average  (2,3.4) 
Visual  (1,2).  Average  (3.4) 


V 

Purple 


Brown 

Brown 
Brown 
Brown 

Yellow 

Brown. 
Yellow 
Yellow 
Brown 


Brown 


Pink 

Pink 
Pink 
Pink 

Pink 
Pink 

Pink 

Pink 
Pink 
Pink 
✓ 


(3)  more  bigger  mix;  (4)  same  for  7.8.9.  less 
for  6.5.4,3.2.1 
(3)tbey'v;gota  7 

(3)  they've  got  a  7;  (4)  ifs  got  toe  most  things 
(1  *,2«)  adding  up  could  decide  ;  (3)  more 
high  numbers,  despite  favourite  colour 

(3)  more  5s  A  6s;  (4)  more  people  and  more 
scores 

( 1 )  still  6  people,  but  all  6  got  a  better  mark; 

(4)  probably,  but  more  people 

(3)  vomiting  in  fingers,  error  in  adding 

(1)  decided.  THEN  added;  (3)countingerror 
(48/47).  also  counts  group  sizes;  (41  counted 
group  sizes 

(2)  adding  error.  34  instead  of  44;  (4)  Pink  36 
Black  21:  no.  of  students 
(l)decided.THENaddcd;(4)  198  better  than 
130 

(4)  Begins  adding.  Then  decides  Pink  higher, 
more  people 

(4)  less  people  and  doing  pretty  well. 
(4)  asks  if  class  size  the  same;  looked  like 
more  right 

(1)  notes  group  sizes  the  same:  (2)  too),  but 
notes  visual  clues  to  this;  (3)  symmetry;  (4) 
Pink  better,  but.,  average. 


Figure  2.  Comparison  of  Groups 


Type  of  response 

Level  and  Drank  Support 
Ikonic                       Concrete  Svmhnti,* 

%  isual  comparison  only 
Totals  only 
Visual  and  totals 

Visual  comparison  in  complex  case 
Visual,  totals  and  average 

U 

l> 
Ib 

u 

M  ) 
M  J 
R  1 
R  J 

Interpretation  of  a  bar  chart 

The  protocol  for  ihis  interview  was  based  on  a  large  bar  chart  with  coloured  moveable  columns 
showing  the  four  ways  children  in  a  class  travel  to  school  (car,  bicycle,  bus  or  wclk).  It  was  devised  after 
discussion  with  L.  Pereira-Mendoza.  Eighteen  children  were  represented  on  the  chart  at  the  beginning  of 
the  interview  with  the  highest  frequency  for  travel  by  bus.  Students  were  asked  a  series  of  questions  and 
allowed  to  change  the  chart  to  show  answers  where  appropriate.  The  questions  were  (i)  'how  many 
children  are  in  the  class?',  (ii)  'how  many  more  walked  than  rode  bikes?',  (iii)  'what  is  the  most  likely  way  a 
new  child  would  travel  to  school?',  (iv)  'how  might  the  chart  look  if  the  bus  didn't  come?',  and  (v)  'how 
might  the  chart  look  on  a  rainy  day?'.  With  this  problem  it  was  speculated  that  the  nature  of  the  questions 
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in  the  main  would  determine  the  strategy.  The  first  two  gave  very  little  option  but  to  use  numbers  and 
operations  (concrete  symbolic)  with  min.  nal  visualisation  or  intuition  required;  the  last  two  again  required 
the  use  of  numbers  and  operations  but  this  time  with  considerable  ikonic  (visualisation)  support.  The  third 
question  gave  the  children  the  option  to  use  either  mode,  depending  upon  their  interpretation  of  the 
question. 

This  protocol  was  used  as  a  foundation  question  of  particular  interest  in  relation  to  Grade  3  chUdren. 
It  was  asked  of  all  Grade  3  and  6  children.  Several  Grade  3  children  claimed  to  be  unfamiliar  with  the  chart 
shown  but  only  two  needed  the  details  of  the  frequency  on  the  left  side  explained.  Figure  4  shows  the 
results  for  all  12  children  and  summarizes  in  the  first  two  columns  the  manner  in  which  children  coped  with 
the  mathematical  aspects  related  to  the  basic  operations  covered  and  in  the  third  column  the  results  of 
compensating  when  changing  the  chart  for  a  response.  These  again  show  a  Guttmann  type  hierarchy.  The 
remaining  columns  indicate  the  method  of  response  when  the  child  was  asked  how  a  new  child  came  to 
school,  with  a  brief  note  of  imaginative  elaborations  in  the  final  column.  In  relation  to  question  (iii)  one 
child  would  make  no  guess,  two  based  a  decision  on  the  fact  that  the  bus  column  had  the  most  children 
(frequency  approach)  and  the  rest  made  up  stories  to  justify  a  choice.  Nine  students  used  ikonic  support  In 


Im. 
No. 

Able  to  take  in 
Information 

Perform  basic 
operations 

Compensate 
for  totals 

No  guess 

New  student 
Storv 

Frequency 

Ikonic  Support 

35 
3.4 
3.6 
6.2 
3.1 
3J 
3.2 
6.3 
6.5 
6.6 
6.4 
6.1 

✓  (help) 

✓  (help) 

✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 

/  (all  count) 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 

✓  (count  error) 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 

✓ 

✓ 

✓ 
✓ 
✓ 

✓ 
✓ 
✓ 
✓ 
✓ 

✓ 
✓ 

live  close 

live  close 
might  have  bike 
doesn't  know  way 

more  shoes  than  can 
poor,  used  to  walking 
bouse  further,  rain  gear 
not  safe  on  bus 
many  elaborations 

It  is  likely  that  the  first  listed  response  is  'prestructural'  with  respect  to  this  task,  that  those  who 
could  perform  the  basic  operations  but  not  compensate  for  totals  are  unistructural,  and  that  those  who  could 
compensate  are  multistructural.  It  is  of  interest  that  at  both  levels  some  responses  included  ikonic  support 

and  others  did  not.  This  is  summarized  in  Figure  5  in  a  similar  fashion  to  Figure  3.  

Level  of  Concrete  Symbolic  Response 


Type  of  response  

Difficulty  interpreting  information 
Basic  Operations  only 

Ability  to  compensate  for  totals 


Ikonic  Support 
U 
U 


P 

U  1 

u  J 

M  1 

M  J 


 Figure  5.  Bar  Chart  probltm  -  Multimodal  Functioning 

FalrntH  of  Diet 

The  protocol  for  this  interview  began  by  asking  if  the  student  believed  that  one  number  comes  up 
more  often  than  others  when  dice  are  thrown.  It  then  went  on  to  explain  about  fair  and  unfair  dice  and 
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presented  the  student  with  two  (Grade  3  and  6)  or  three  (Grade  9)  dice  with  the  fci.  ^  determining  which 
were  fair  and  which  not  (again  devised  after  discussion  with  L.  Pereira-Mendoza).  One  die  was  fair  (red) 
and  one  had  been  loaded  on  the  side  with  a  five  on  it  (blue).  The  third  die  (for  Grade  9)  had  two  of  each  of 
the  numbers  one,  two  and  three  on  it.  Because  of  the  nature  of  the  problem  expectations  would  be  that 
ikonic  strategies  would  involve  the  use  of  physical  characteristics,  all  of  which  in  this  context  would  be 
inconclusive,  and  that  these  would  form  a  set  of  strategies  preliminary  to  trials  of  some  sort.  The  highest 
(relational)  concrete  level  would  be  represented  by  a  few  controlled  trials.  The  dependence  on  perception  (of 
physical  attributes  in  this  case)  is  one  of  the  features  of  ikonic  mode  functioning,  while  the  use  of  a  limited 
set  of  concrete  experiments  upon  which  to  generalise  is  one  of  the  marks  of  concrete  symbolic  functioning. 

Of  the  students  asked,  over  half  believed  that  some  numbers  came  up  more  often  than  others, 
although  a  couple  of  Grade  9  students  were  unsure.  In  determining  the  fairness  of  the  dice,  there  appeared 
to  be  four  stages.  One  Grade  3  had  an  anthropomorphic  view  of  the  dice  including  comments  like  "3  lets 
other  numbers  come  up",  "[It]  changed  its  way",  and  "It's  trying  to  confuse  me".  Ten  students  used  the 
physical  characteristics  of  the  dice  as  a  means  of  deciding  their  fairness.  This  included  noting  the  heaviness 
of  the  loaded  die  and  using  the  fact  that  each  die  had  numbers  1  to  6  to  declare  them  fair.  Of  these  ten 
students,  three  mentioned  tossing  the  dice  but  could  not  instigate  any  systematic  method  of  doing  so.  One 
other  student  tried  tossing  the  dice  but  tossed  them  at  the  same  time  and  could  not  distinguish  later  which 
numbers  appeared  on  which  dice.  These  four  responses  are  considered  in  transition  to  a  full  understanding 
of  using  experimental  trials  to  determine  fairness.  Finally  six  students  (two  In  Grade  6  and  four  in  Grade  9) 
successfully  carried  out  trials  as  a  basis  of  determining  which  dice  were  fair.  These  responses  are 
summarized  in  Figure  6  where  it  can  be  seen  that  it  is  more  likely  that  students  who  use  trials  to  determine 
the  fairness  of  dice  will  believe  in  general  that  no  numbers  are  more  likely  to  come  up  than  others.  As 
before,  Guttman  type  progression  is  evident. 


Int. 

All  numbers  same  chance 

Dice  decide 

Physical  Characteristics 

Idea  of  trials  only 

Carry  out  trials 

3.6 

✓  (several  rolls) 

3.2 
3.1 

(depends  on  method) 

✓  (red.  guess) 

/  (appearance) 

3.3 
3.3 

✓  (heavier) 

✓  (same  numbers  -  fair) 

63 
93 
3.4 

(unsure) 

✓  (heavier) 

✓  (heavier) 
✓ (bigger) 

✓  (3  tosses,  change 

6.2 
6.1 
9.4 
6.3 
6.4 
6.6 
9.2 
9.6 
9.1 
9.3 

✓  (changed  from  6) 

to  fair) 

✓  (larger,  rounder) 

✓  (confused) 

✓ 

✓  (heavy) 

✓  (few  only) 

✓ 

✓  (nos.,  1-6) 

✓  (together) 

✓ 

✓  (wishing) 
✓ 

✓  (10) 

✓  (6) 

✓  (10) 

✓  (4.  plus) 

✓ 
✓ 

✓  (10.16) 

✓  (20) 

It  is  hypothesized  that  those  who  use  physical  characteristics  to  determine  the  fairness  of  dice  arc 
mainly  relying  on  Ikonic  features  rather  than  logical  concrete  symbolic  reasoning.  The  hypothesized 
relationship  between  the  ikonic  support  and  the  level  of  concrete  symbolic  functioning  is  shown  in  Figure  7. 
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In  this  particular  problem,  it  would  appear  that  ikonic  support  is  for  lower  level  concrete  symbolic 
responses.  This  is  unlike  the  previous  two  cases  where  ikonic  support  of  different  types  occurred  along  with 
the  highest  level  responses. 


Type  of  response  

Ikonic  Support 

Level  of  Concrete  Symbolic  Response 

The  dice  decide 

u 

P 

U 

M  1 

Physical  Characteristics  only  to  decide 

Conflict  of  physical  characteristics  A  unsuccessful  trials 

Ib 
Ib 

Unsuccessful  trials 

M  I 

Successful  use  of  trials  . 

R 

Discussion 

In  relation  to  the  study  of  problem  solving  In  the  area  of  chance  and  data  it  would  appear  that  noi 
only  will  attention  need  to  be  given  to  multimodal  functioning  but  also  it  will  have  to  focus  on  the  type  of 
ikonic  support  which  is  used.  The  three  problems  presented  here  indicate  that  visual,  imaginative,  and 
intuitive  ikonic  support  are  all  possible. 


Preliminary  Decision 


IK 

Work  in  ikonk  mode 


Work  in  concrete 
symbolic  mode 


Create  images,  intuitions 


Process  according  to  criteria  Process  using  techniques 

irrelevant  to  mathematics  of  associated  with  "work  place" 

given  problem,  e.g.  hunch,  mathematics 
belief 


4 

itemc 
ation 

4 


„  Create  statements/ 
representations  in  new 
system 


Process  according  to 
concrete  symbolic  ruins 


4 


Solution  irrelevant  for 
mathematical 
propositions  given 


Solution  translated  back  to 
original  context  (logical 
mathematical  steps  not 
readily  nor  usually 
available) 


Solution  translated  back 
to  original  context 
(logical  mathematical 
manipulative  steps 
readily  traced) 


Figures.  The  Problem  Solving  Path  (adapted  from  Collis  k  Romberg,  1991) 
These  aspects  of  ikonic  functioning  and  its  interaction  with  concrete  symbolic  functioning  are 
illustrative  of  the  problem  solving  path  suggested  by  Collis  and  Romberg  (1991)  and  shown  in  Figure  8.  in 
the  figure  a  respondait  begins  by  following  either  an  ikonic  (IK)  or  concrete  symbolic  (CS)  course  of  action. 
Some  people  continue  down  one  path  or  the  other.  Consider  several  examples.  Student  3.6  followed  path 
IK  (1)  reaching  an  irrelevant  solution  for  the  third  protocol:  that  the  dice  decided  how  to  fall.  In  solving  the 
problems  set  in  the  first  protocol,  two  students  (6.4  and  93)  followed  path  IK  (ii)  using  visual  clues  only  to 
compare  groups  successfully.  In  all  three  protocols  there  were  students  (3.1  on  the  first,  3.4  and  6.1  on  the 
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second,  and  6.6, 9.1, 95,  and  9.6  on  the  third)  who  chose  a  straight  CS  course  of  action  for  response.  On  the 
other  hand,  some  people  used  both  modes,  corresponding  to  the  horizontal  arrows  in  Figure  8.  Nine 
students  worked  at  level  B  creating  images/stories  in  response  to  parts  of  the  bar  chart  protocol,  while  both 
the  first  and  third  protocols  elicited  responses  which  can  be  associated  with  the  interaction  at  level  C  in 
Figure  8.  It  would  appear  that  the  responses  in  this  study  would  illustrate  that  all  of  the  kinds  of  processing 
suggested  by  Collis  and  Romberg  (1991)  occur  in  the  area  of  chance  and  data.  That  they  do  not  all  appear  in 
the  same  problem  is  not  surprising  since  context  has  a  part  to  play  in  the  selection  of  a  solution  strategy. 

Conclusion 

Two  important  findings  are  suggested  by  this  study.  First  is  the  confirmation  of  the  underlying 
structure  suggested  by  Collis  and  Romberg  (1991)  which  accounts  for  all  responses  obtained.  In  addition 
the  responses  appear  to  cover  all  possible  paths  in  their  model.  Second  is  the  appearance  of  different 
specific  strategies  according  to  the  context  of  the  protocol  set.  Not  all  protocols  elicited  all  possible  paths  to 
solutions.  Both  of  these  results  are  of  major  significance  if  confirmed  in  more  extensive  studies.  For 
mathematics  educators,  particularly  those  embarking  on  studies  of  the  teaching  and  learning  of  chance  and 
data,  we  must  know  both  the  underlying  structure  and  the  specific  courses  of  action  which  are  likely  to  be 
chosen,  if  we  are  to  make  intelligent  suggestions  for  the  curriculum  and  for  methods  of  instruction.  Further 
research  is  called  for  to  confirm  these  findings  and  expand  the  contexts  in  which  they  may  occur.  In  the  area 
of  probability  and  statistics,  the  ground  is  ready  for  tilling  and  planting. 
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WORKING  WITH  TEACHERS  TO  ADVANCE  THE  ARITHMETICAL  KNOWLEDGE 
OF  LOW-ATTAINING  6-  AND  7-YEAR-OLDS:  FIRST  YEAR  RESULTS 


Robert  J.  Wright 
Southern  Cross  University 
Lismore  NSW  Australia 

In  each  sfsix  schools,  four  low  attaining  first  graders  (6-  or  7-year-olds)  were  individually  taught 
in  an  early  arithmetic  program  consisting  of  four  30  minute  lessons  per  week,  during  an  eight-week 
teaching  cycle.  The  progress  of  the  24  participants  and  that  of  13  counterparts  of  similar  ability 
levels  is  documented via  pre-  and  post-assessments.  In  each  school,  the  four  participants  were 
taught  by  a  teacher  undertaking  an  on-going,  prototype,  professional  development  program  aimed 
at  preparing  specialist  teachers  in  intervention  in  young  children's  arithmetical  learning.  The  work 
ofSteffe  and  colleagues  in  early  arithmetical  learning  provided  the  theoretical  basis  for  the 
intervention  program.  Children's  progress  is  documented  using  four  models,  each  of  a  different 
aspect  of  early  arithmetical  knowledge.  The  progress  of  the  participants  notably  exceeded  that  of 
their  counterparts  providing  a  positive  indication  of  the  viability  of  the  intervention  program. 

This  paper  focuses  on  results  from  the  first  year  of  a  four-year  (1992-5)  research  and  development 
project  which,  in  broad  terms  aims  to:  (a)  establish  an  accredited,  year-long,  professional 
development  course  for  teachers;  (b)  which  has  as  its  focus  a  program  of  early  intervention  in 
arithmetical  learning;  (c)  through  which  selected  first-grade  children  (6-  or  7-year-olds)  are  placed 
in  a  long-term,  individualised  teaching  program;  (d)  the  purpose  of  which  is  to  advance  their 
arithmetical  knowledge  to  a  level  at  which  they  are  likely  to  learn  successfully  in  a  regular  class.  In 
the  first  year  of  the  project  a  teacher  in  each  of  six  schools  taught  four  children  individually  for  30 
minutes  daily,  four  days  per  week,  for  an  eight-week  teaching  cycle.  The  specific  focus  of  this 
paper  is  the  progress  of  the  24  participants  and  its  comparison  with  that  of  13  counterparts  as 
documented  by  pre-  and  post-assessments. 

The  professional  development  program.  Both  prior  to  and  during  the  eight-week  teaching  cycle 
the  six  teachers  undertook  a  20-week,  prototype,  professional  development  program.  In  this 
program  the  teachers  were  released  from  their  regular  work  for  the  morning  half  of  each  day  for  the 
duration  of  the  20-week  period.  The  program  consisted  of:  a  six-week  orientation;  four  weeks 
involving  assessing  children  and  planning  teaching  programs  for  four  selected  children;  the  eight- 
week  teaching  cycle  which  involved  teaching  the  selected  children  individually  four  mornings  per 
week  and  a  professional  development  meeting  on  the  fifth  morning,  and  a  final  two  weeks  of  post- 
assessment.  The  program  commenced  in  mid- August  1992,  and  occurred  during  the  last  two  terms 

The  research  reported  here  has  been  funded  by  Grant  No.  AM9180064  from  the  Australian 
Research  Council  and  by  contributions  in  kind  from  government  and  Catholic  school  systems  of  the 
North  Coast  Region  of  NSW.  Additional  support  has  been  provided  by  research  grants  from 
Southern  Cross  University.  I  acknowledge  the  work  of  Margaret  Cowpcr.  Rosalie  Dyson  and  Garry 
Stangcr  who  made  significant  contributions  to  the  research  project  described  in  this  paper. 
Additionally.  1  am  particularly  grateful  to  the  children,  teachers  and  schools  involved. 
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of  the  1992  school  year.  (The  school  year  runs  from  early  February  until  mid-December  and  has 
four  terms  in  all.)  Further  details  of  this  program  are  available  elsewhere  (e.g.  Wright,  1993a). 

Theoretical  framework.  Four  models,  each  of  a  particular  aspect  of  early  arithmetical 
development,  underlie  the  current  study:  (a)  a  five-stage  model  (Table  1)  of  early  arithmetical 
meanings  and  strategics  adapted  from  work  by  Stcffc  and  colleagues  (Steffe,  von  Glascrsfeld. 
Richards,  &  Cobb.  1983;  Steffe  &  Cobb,  1988;  Steffe,  1992;  Wright.  1989;  1991 ;  1992;  in  press); 
(b)  a  five-level  model  of  facility  with  forward  number  word  sequences  (FNWSs)  in  the  range  one  to 
one  hundred  (Table  2);  (c)  a  five-level  model  of  facility  with  backward  number  word  sequences 
(BNWSs)  in  the  range  one  to  one  hundred  (Table  3);  and  (d)  a  four-level  model  of  ability  to 
identify  numerals  (Table  4).  The  models  of  number  word  sequence  development  draw  on  work  by 
Fuson  and  colleagues  (e.g.  Fuson.  Richards  &  Briars.  1982).  The  terms  'stage'  and  'level'  arc  used 
in  the  sense  explicated  by  von  Glascrsfeld  and  Kclley  (1982).  These  four  models  are  applied  in  the 
instructional  program  as  well  as  in  the  assessment  (e.g.  Wright,  1993b)  of  children's  early 
arithmetical  knowledge. 

Methodology.  The  methodology  used  in  this  report  has  its  basis  in  the  theories  of  early 
arithmetical  development  of  Stcffc  and  colleagues  (e.g.  1 988)  and  has  been  used  extensively  by  the 
current  author  to  document  development  in  young  children's  arithmetical  knowledge  (e.g.  Wright, 
1989;  1991;  1992;  1993b;  1993c;  in  press).  The  method  allows  for:  documenting  in  detail, 
development  over  time  of  an  individual's  arithmetical  knowledge;  qualitative  comparisons  among 
individuals'  developing  arithmetical  knowledge;  and  comparisons  both  within  an  individual  and 
among  individuals  of  developments  of  different  aspects  of  arithmetical  knowledge  such  as 
meanings  and  strategics,  facility  with  number  word  sequences  and  ability  to  identify  numerals. 


The  children.  Across  the  six  schools  94  first-graders  (minimum  14  and  maximum  17)  were 
selected  by  the  first  grade  teachcr(s)  for  initial  assessment  (i.e.  the  pre-intcrvicw).  In  each  school 
the  first  grade  tcachcr(s)  was/were  asked  to  include  if  possible,  at  least  10  children  they  regarded  as 
being  amongst  the  least  advanced  of  the  grade  cohort,  in  terms  of  their  arithmetical  knowledge.  In 
each  school  four  of  the  least  advanced  children  were  chosen  on  the  basis  of  the  initial  assessment  to 
participate  in  the  eight-week  teaching  cycle.  Ninety-two  of  the  94  children  who  were  initially 
assessed  were  reassessed  in  the  week  immediately  following  the  eight-week  teaching  cycle.  This 
report  focuses  on  the  progress  of  the  24  participants  and  1 3  counterparts  during  the  teaching  cycle. 
The  group  of  13  counterparts  comprised  all  children  who  were  initially  assessed,  did  not  participate 
in  the  leaching  cycle,  and  did  not  attain  at  least  Stage  3  of  arithmetical  meanings  and  strategies 
(Table  1)  in  their  initial  assessment,  that  is  they  were  prcnumcrical  (Steffe  ct  a!.,  1983.  p.  73).  All 
but  two  of  the  participants  were  prcnumcrical  on  their  initial  assessment  and  thus  the  13 
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counterparts  are  regarded  as  being  of  ability  similar  to  that  of  the  participants  at  the  time  of  the 
initial  interview. 

Table  1.  —  Stages  of  Early  Arithmetical  Meanings  and  Strategies 

Stage  0:  Prepcrceptual.  When  attempting  to  count  is  unable  to  coordinate  number  words  with 
items. 

Stage  1:  Perceptual.  Can  count  visible  collections. 

Stage  2:  Figurative.  Can  solve  additive  tasks  involving  screened  collections  but  counts  from  one 
when  doing  so 

Stage  3:  Initial  Number  Sequence  —  Sequential  Integrations.  Counts-on  to  solve  additive  and 
missing  addend  tasks  involving  screened  collections. 

Stage  4:  Implicitly-Nested  Number  Sequence  —  Progressive  Integrations.  Uses  couiuing- 
down-to  to  solve  subtractive  tasks  and  can  choose  the  more  appropriate  of  counting-down-to  and 
counting-down-from. 

Stage  5:  Explicitly-Nested  Number  Sequence  —  Part  /whole  Operations.  Uses  a  range  of 
strategies  which  include  procedures  other  than  counting-by-ones  such  as  compensation,  using 
addition  to  work  out  subtraction,  and  using  known  facts  such  as  doubles  and  sums  which  equal  ten. 

Table  2.—  Construction  of  FNWSs  in  the  Range  One  to  One  Hundred 

Level  0:  Absence  of  FNWSs.  Cannot  produce  the  FNWS  from  "one"  to  "twenty",  allowing  errors 
such  as  omissions. 

Level  l!  FNWS  from  "one"  as  an  unbreakable  string.  If  errors  such  as  omissions  are  ignored, 
the  child  can  produce  a  number  word  sequence  from  "one"  to  around  "twenty".  The  child  cannot 
produce  the.  number  word  just  after  a  given  number  word.  Dropping  back  to  "one"  docs  not  appear 
at  this  level. 

Level  2:  FNWS  from  "one"  to  "twenty"  as  a  breakable  string.  The  child  can  produce  the 
number  word  just  after  a  given  number  word  but  drops  back  to  "one"  when  doing  so. 
Level  3:  FNWSs  as  chains  in  the  range  "one"  to  "ten".  Produces  the  number  word  just  after  a 
given  number  word  in  the  range  one  to  ten  without  dropping  back,  but  will  typically  drop  back  for 
number  words  after  "ten". 

Level  4:  FNWSi  as  chains  in  the  range  "one"  tu  "thirty".  Produces  the  number  word 
immediately  following  given  number  words  in  the  range  one  to  thirty  without  dropping  back. 
Level  5:  FNWSs  as  chains  In  the  range  "one"  to  "one  hundred".  Produces  the  number  word 
immediately  following  given  number  words  in  the  range  one  to  one  hundred  without  dropping 
back. 
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Table  3.—  Construction  of  BNWSs  in  the  Range  One  to  One  Hundred 


Level  0:  Absence  of  BNWSs.  Cannot  produce  the  BNWS  from  "ten"  to  "one". 
Level  1:  BNWS  from  "ten"  to  "one"  as  an  unbreakable  string.  Can  produce  the  BNWS  from 
"ten"  to  "one"  but  cannot  produce  BNWSs  from  number  words  iess  than  "ten".  The  child  cannot 
produce  the  number  word  immediately  before  a  given  number  word  and  the  "dropping  back  to  'one' 
"  strategy  is  not  available  to  the  child. 

Level  2:  BNWS  from  "ten"  to  "one"  as  a  breakable  string.  The  child  can  produce  the  number 
word  immediately  before  a  given  number  word  up  to  "ten"  but  will  typically  drop  back  to  "one" 
when  so  doing. 

Level  3:  BNWSs  as  chains  in  the  range  "one"  to  "ten".  Produces  the  number  word 
immediately  before  a  given  number  word  in  the  range  "one"  to  "ten",  without  dropping  back,  but 
will  typically  drop  back  to  "one"  for  number  words  after  "ten". 

Level  4:  BNWSs  as  chains  in  the  range  "one"  to  "thirty".  Produces  the  number  word 
immediately  before  given  number  words  in  the  range  "one"  to  "thirty"  without  dropping  back. 
Level  5:  BNWSs  as  chains  in  the  range  "one"  to  "one  hundred".  Produces  the  number  word 
immediately  before  given  number  words  in  the  range  one  to  one  hundred  without  dropping  back. 

Table  4.  —  Numeral  Identification 

Level  0        Cannot  identify  some  or  all  of  the  numerals  in  the  range  1-10. 
Level  1         Can  identify  numerals  in  the  range  1-10  only. 
Level  2        Can  identify  numerals  in  the  range  1-20  only. 
Level  3        Can  identify  one  and  two  digit  numerals  only. 
Level  4        Can  identify  one,  two  and  three  digit  numerals. 

Pre-  and  post-assessments.  The  arithmetical  knowledge  of  each  of  24  participants  and  1 3 
counterparts  was  assessed  via  a  pre-interview  held  in  September  1992  and  a  post-interview  held  in 
December  1992.  In  each  of  the  six  schools  the  assessment  interviews  were  conducted  by  the 
teacher  who  was  undertaking  the  professional  development  program  and  was  responsible  for 
teaching  the  children  in  the  individualised  teaching  program.  The  interview  tasks  included  simple 
additive  and  subtractive  tasks  involving  screened  and  unscreened  collections,  saying  FNWSs  and 
BNWSs,  stating  the  number  word  before  or  after  a  given  number  word,  and  identifying  one-,  two-, 
and  three-digit  numerals.  Each  interview  was  videotaped  for  subsequent  analysis.  This  analysis 
included  determining  a  level  or  stage  according  to  each  of  the  models  of  early  arithmetical 
development  referred  to  earlier.  Detailed  descriptions  of  this  assessment  procedure  are  provided 
elsewhere  (e.g.  Wright;  1993b;  in  press). 
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The  teaching  sessions.  The  prototype  professional  development  program  undertaken  by  the 
teachers  included:  developing  a  bank  of  instructional  activities;  understanding  the  purposes  of  the 
activities;  and  learning  ways  to  present  the  activities  in  individualised  teaching  sessions.  Each 
teacher  used  the  bank  of  instructional  activities  to  develop  for  each  of  the  four  children  she  taught, 
an  individualised  teaching  framework,  that  is,  a  weekly  plan  containing  around  six  sets  of 
instructional  activities  which  is  reviewed  and  updated  daily.  The  initial  development  of  teaching 
frameworks  occurred  under  the  guidance  of  members  of  the  research  team  as  did  weekly 
rcdcvelopments  of  the  teaching  frameworks.  The  latter  was  informed  by  the  teachers'  on-going 
reviews  and  evaluations  of  their  teaching  sessions.  All  of  the  teaching  sessions  were  videotaped, 
and  these  videotaped  records  together  with  written  notes  made  during  and  after  teaching  sessions 
were  used  by  the  teachers  for  the  on-going  redevelopment  of  the  teaching  frameworks. 

The  instructional  activities.  The  instructional  activities  were  adapted  from  those  used  in 
constructivist  teaching  experiments  (e.g.  Steffe  ct  al.,  1983;  1988;  Cobb,  Yackel  &  Wood,  1992; 
Wright,  1989;  1991;  1993c)  and  included:  (a)  additive  and  subtractive  tasks  involving  collections 
or  rows  of  counters  some  or  all  of  which  are  hidden;  (b)  activities  involving  copying  or  counting 
sequences  of  sounds  or  movements;  (c)  activities  using  numeral  cards  arranged  cither  singly  or  in 
numeral  tracks  or  grids;  (d)  ascribing  number  to  spatial  patterns  which  arc  briefly  displayed;  (c) 
activities  using  collections  of  tens  and  ones;  (f)  number  word  sequence  activities  such  as  reciting 
sequences  and  stating  number  words  before  or  after  a  given  number  word. 

Results  and  discussion.  Table  5  shows  for  each  of  the  six  schools,  the  stages  or  levels  on  each  of 
the  four  models  for  pre-  and  post-assessments  of  the  four  participants  and  the  counterparts  (zero  to 
three  depending  on  the  school).  The  following  observations  concerning  the  progress  in  terms  of  the 
model  of  stages  of  early  arithmetical  meanings  and  strategies  (see  Table  1)  of  the  24  participants 
and  their  prcnumcrical  counterparts  can  be  made:  (a)  Twenty-three  of  the  24  participants  advanced 
at  least  one  stage,  10  advanced  at  least  two  stages  and  two  advanced  three  stages,  (b)  Nine  of  the 
24  participants  advanced  to  at  least  Stage  4.  (c)  Eight  of  the  1 3  counterparts  advanced  at  least  one 
stage  but  none  advanced  two  stages  or  more,  (d)  In  each  school  the  advancements  of  the 
participants  notably  exceeded  those  of  the  counterparts  (excepting  School  C  which  had  no 
prcnumcrical  counterparts),  (e)  Five  of  the  thirteen  counterparts  and  one  of  the  24  participants  did 
not  advance  to  a  numerical  stage  (i.e.  beyond  Stage  2).  Also  evident  in  the  results  is  that  the 
participants  made  notable  progress  in  terms  of  the  models  of  FNWS.  BNWS  and  numeral 
identification  and  as  before,  their  progress  was  significantly  in  advance  of  that  of  the  13 
prcnumcrical  counterparts.  When  one  considers  that  the  teachers  in  this  study  were  undergoing  a 
prototypical  professional  development  program  it  seems  reasonable  to  interpret  the  results 
described  in  this  report  as  a  positive  indication  of  the  viability  of  the  intervention  program.  In 
period  from  August  to  December  1993  a  revised  version  of  the  program  was  implemented  in  10 
new  schools.  This  will  continue  in  the  new  school  year  which  commences  in  February  1994. 
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Tables 

Levels  in  Pre-  and  Post-  Assessments  for  Participants  and  Counterparts  in  Six  Schools 

Gender      Arithmetic  Forward  Backward  Numeral 

Strategies  NWS  NWS  Identification 

M-Male 

F-  Female        0-5  0-5  0-5  0-4 


Pre 

Post 

Pre 

Post 

Pre 

Post 

Pre 

Post 

School  A  — 
M 

Participants 

2  3 

3 

3 

0 

1 

0 

0 

F 

2 

3 

3 

4 

0 

3 

0 

* 

F 

2 

3 

3 

5 

1 

4-5 

2 

* 

F 

2 

4-5 

3 

4 

3 

4 

1 

3 

School  A  — 
M 

Counterparts 

2  2-3 

4 

4 

3 

3 

2 

2-3 

r 

2 

3-4 

4 

4-5 

4 

3-4 

3 

3 

F 

2 

3 

4-5 

5 

2 

4-5 

3 

3-4 

School  B  — 
M 

Participants 

1  3-4 

3-4 

5 

3 

5 

1 

3 

F 

2 

4 

3 

5 

2-3 

4-5 

3 

4 

M 

1VI 

2-3 

3-4 

•J 

4 

3 

5 

2 

3 

F 

2-3 

3-4 

4 

5 

3-4 

5 

3 

4 

School  B  — 
M 

Counterpart 

2  3-4 

4 

4 

3 

3 

3 

3 

School  C  — 
M 

Participants 

2  4 

•a 
.i 

c 

D 

5 

2-3 

3 

F 

2 

3-4 

4 

4-5 

3 

4-5 

3 

3 

M 

2 

3-4 

4 

4 

3 

4 

3-4 

3 

F 

2 

3 

4 

5 

3 

3-4 

3 

3-4 

School  D  — 

F 

Participants 

2  4-5 

3 

4-5 

2 

4 

0-1 

2-3 

M 

2 

5 

3 

4 

3 

5 

3 

4 

F 

2 

5 

3 

5 

3 

5 

3 

3 

M 

2 

3-4 

3 

5 

3 

5 

3 

4 
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Table  5  (cont.) 

Levels  in  Pre-  and  Post-  Assessments  for  Participants  and  Counterparts  in  Six  Schools 

Gender      Arithmetic  Forward  Backward  Numeral 

Strategies  NWS  NWS  identification 

M  -  Male 

F- Female         0-5  0-5  0-5  0-4 


Pre 

Post 

Pre 

Post 

Pre 

Post 

Pre 

Post 

School  D  — 
M 

Counterparts 

2  3 

3 

4-5 

2 

3 

3-4 

1-2 

M 

2 

3-4 

4 

5 

3 

4 

3 

3 

p 
r 

2 

3 

5 

5 

5 

5 

3 

3 

School  E  — 
F 

Participants 

2  3 

3 

4 

0 

3-4 

0 

3 

M 

2 

2-3 

4 

4-5 

() 

4 

3 

3 

p 

2 

4 

4-5 

+ 

5 

* 

3 

3 

M 

2 

3 

5 

4 

3 

5 

3 

3 

School  E  — 
M 

Counterparts 

.  2  2 

5 

4 

3 

3 

3-4 

1 

M 

2 

3 

5 

5 

5 

5 

3 

3 

M 

2 

3-4 

5 

5 

5 

5 

4 

4 

School  F  — 
F 

•  Participants 

2  4-5 

3 

5 

2 

5 

2 

3 

F 

2 

3 

3 

5 

3 

5 

3 

3 

F 

2 

4-5 

4 

4-5 

3 

5 

1 

3 

F 

2 

3 

4 

4 

3 

3 

2 

3 

School  F  - 
M 

-  Counterparts 

2  2 

4 

4-5 

2 

3 

2 

2 

V 

2 

2 

4 

4 

4 

3 

3 

2-3 

M 

2 

2-3 

4-5 

5 

5 

5 

3 

3 

Note:         Tahlc  entries  in  the  form  of  a  range,  e.g.  2-3.  rather  than  a  single  level,  indicate  that  the 
precise  level  could  not  bo  determined. 

♦  This  datum  was  not  availahlc. 
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SCHOOL  CULTURES  AND  MATHEMATICS  EDUCATION  REFORM 
Ema  Yackel 
Purdue  University  Calumet 

Thta  nnncr  investiaates  the  differences  in  the  processes  by  which  elementary 
StoSKtoSlK  d(^reSt  research  sites  revised  their  instructional  practices 
andestShedaMm)  approach  to  mathematics  in  their  classrooms.  These 
dmerlr^sanfac^ounted^forby  relating  the  teachers'  beliefs  and  values  to  both 
fBml^oc^eoT^cldsroom  and  the  more  encompassing  culture  oj  the  local 
schocfcl^nmS.  The  paper  concludes  with  a  discussion  ojwhat  appear  to  be 
crSl  Ss/o7re/o™ ^^uimathematics  education,  based  on  the  experiences  at  the 
two  research  sites. 

For  the  past  eight  years  my  colleagues  and  I  have  been  involved  in  a 
research  and  development  project  at  the  elementary  school  level  that  has 
pragmatic  goals  that  are  highly  compatible  with  the  current  reform  movement  in 
mathematics  education.  These  include  that  students  be  actively  involved  in 
sense-making  and  that  they  develop  increasingly  powerful  mathematical  concepts 
as  they  engage  in  mathematical  explanation,  justification  and  argumentation. 
For  many  students  and  teachers  engaging  in  mathematics  teaching  and  learning 
that  has  these  goals  requires  a  reconceptualization  of  their  views  about  what 
constitutes  mathematical  activity,  about  what  it  means  to  learn  (and  teach) 
mathematics,  and  about  the  nature  of  mathematics  itself  (Shifter  &  Fosnot.  1993; 
Wood.  Cobb.  &  Yackel.  1991). 

Initially,  we  developed  an  approach  to  teacher  development  by  reflecting  on 
our  experiences  of  interacting  with  teachers  and  their  students  at  one  research 
site.  This  approach  appeared  to  be  generally  successful  in  helping  the  teachers 
at  that  site  realize  what  we  have  called  an  inquiry  form  of  practice  in  their 
classrooms  (Cobb.  Wood.  Yackel.  &  McNeal.  1992).  However,  the  difficulties  we 
initially  encountered  when  working  with  teachers  at  the  second  research  site 
indicated  that  some  of  our  suppositions  and  assumptions  about  teacher 
development  needed  to  be  revised.  In  particular,  it  became  apparent  that  several 
implicit,  taken-for-granted  assumptions  that  we  and  the  teachers  at  the  first  site 
made  about  learning,  teaching,  schooling,  and  mathematics  in  fact  reflected 
culturally-situated  beliefs  and  values,  ""his  in  turn  indicates  that  some  of  the 
seemingly  self-evident  assumptions  that  underpin  current  reform 

The  research  reported  in  this  paper  was  supported  by  the  National  Science  Foundation  under 
^ant^u^rs  DMS-9057 14 land  MDR  8D5-0560  and  by  the  James  S.  McDonnell  Foundation. 
All  opinions  expressed  are  solely  those  of  the  author. 

Several  notions  central  to  this  paper  were  elaborated  In  the  course  of  discussions  with  Paul  Cobb 
at  Vanderbtlt  University. 
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recommendations  might  be  In  direct  conflict  with  the  beliefs  and  values  of  some 
pedagogical  communities.  Clearly,  to  the  extent  that  this  is  the  case,  it  poses  a 
major  challenge  to  all  interested  in  reform  in  mathematics  education. 

Establishing  a  Basis  for  Communication  with  Teachers 

Elsewhere,  we  have  argued  that  a  first  priority  when  working  with  teachers 
is  to  help  them  become  aware  of  and  make  problematic  aspects  of  their  current 
practice  (Cobb.  Wood.  &  Yackel.  1990).  Only  then  would  they  have  reason  to 
attempt  to  reform  their  instructional  practices  while  working  with  us.  The 
approach  that  we  developed  initially  was  influenced  by  our  experiences  of 
interacting  with  the  classroom  teacher  prior  to  and  during  the  first  teaching 
experiment  and  uses  children's  understanding  of  place  value  and  their  use  of  the 
standard  two-digit  addition  algorithm  as  an  initial  setting  for  discussion. 
Previously,  we  have  documented  the  success  of  this  approach  when  working  with 
second  grade  teachers  at  the  first  site: 

...  [the  teachersl  began  to  differentiate  between  correct  adherence  to 

accepted  procedures  and  mathematical  activity  that  expressed  conceptual 

understanding. 

...  We  did  not  have  to  convince  them  [the  teachers)  that  children 
should  learn  with  understanding.  Rather,  they  had  assumed  that  this  kind 
of  learning  was  occurring  in  their  classrooms.  A  shared  desire  to  facilitate 
meaningful  learning  and  a  general  concern  for  children's  intellectual  and 
social  welfare  constituted  the  foundation  upon  which  we  and  the  teacliers 
began  to  mutually  construct  a  consensual  domain  (emphasis  added).  (Cobb. 
Wood.  &  Yackel.  1990) 

In  retrospect,  we  can  say  that  not  only  was  "a  shared  desire  to  facilitate 
meaningful  learning  and  general  concern  for  children's  intellectual  and  social 
welfare"  the  basis  upon  which  we  could  construct  a  consensual  domain,  but  that 
we  and  the  teachers  had  a  taken-as-shared  understanding  of  what  constitutes 
children's  intellectual  and  social  welfare.  This  taken-as-shared  understanding 
was  central  to  the  basis  for  communication  that  we  established  with  the  teachers. 
We  now  realize  that  our  notion  of  what  constitutes  children's  intellectual  and 
social  welfare  reflects  assumptions  about  what  it  means  to  be  a  child  in  school 
Both  we  and  the  teachers  assumed  that  our  taken-as-shared  view  was  self- 
evident.  The  very  language  used  in  the  above  passage  indicates  that  we  had  not 
relativized  the  notion  for  ourselves.  In  Walkerdine's  (1988)  terms,  it  was  part  of 
our  own  and  the  teachers'  regime  of  truth. 

In  her  critique  of  Die  child-centered  British  primary  schools,  Walkerdine 
argues  that  central  concepts  such  as  wliat  a  child  is  and  how  children  become 
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norma!  are  social  constructions.  This  perspective  is  extremely  useful  in 
attempting  to  explicate  some  of  our  implicitly  held  assumptions. 

The  child'  as  a  sign  within  the  child-centered  pedagogy  is  not  simply  a 
description  of  a  pre-existing  child.  The  practices  themselves,  in  their 
regulation,  produce  what  it  means  to  be  a  child:  what  behaviours,  words, 
etc.  are  used  and  those  are  regulated  by  means  of  an  apparatus  of 
classification,  and  a  grading  of  responses.  The  child'  becomes  a  creation  ... 
(Walkerdine.  1988.  P.  203.204) 
Following  this  argument,  children  come  to  be  seen  in  light  of  the  pracUces  that 
define  them.  Thus.  "Mathematics  becomes  cognitive  development.  Cognitive 
development  becomes  a  description  of  the  child.  This  exists  as  a  regime  of  truth, 
a  system  of  classification  in  which  what  counts  as  a  properly  developing  child 
may  be  recognized,  and  in  which  certain  behaviours  are  required  and  produced" 
(p.  205). 

In  this  view,  what  it  means  to  be  a  child  in  school  is  not  a  pre-existing 
notion,  independent  of  history  and  culture.  Rather,  it  is  continually  regenerated 
by  the  members  of  a  pedagogical  community  as  they  participate  in  the  practice  of 
schooling.  This  notion  became  important  for  us  when  we  attempted  to  make 
sense  of  our  interactions  with  teachers  at  the  second  site. 

The  Second  Site  as  a  Contrasting  Case 
The  research  at  the  second  site  began  three  years  later.  The  school  system 
at  the  second  research  site  placed  a  great  deal  of  emphasis  on  computational 
proficiency  but  this  was  not  viewed  as  an  insurmountable  difficulty  given  that  we 
had  worked  with  teachers  who  employed  a  drillTbased  approach  at  the  first  site. 
During  the  induction  sessions  at  the  first  site,  the  teachers  realized  the 
incompatibility  of  an  emphasis  on  drill  and  pracUce  with  their  desire  to  foster 
their  notion  of  children's  intellectual  and  soc  ial  welfare  and  understood  the  need 
to  develop  alternative  instructional  approaches.  Unlike  the  first  classroom 
teacher  at  the  first  site  who  viewed  herself  as  weak  mathematically  and  who  was 
dissatisfied  with  her  textbook-based  instruction,  the  teacher  at  the  second  site. 
Mr.  K..  viewed  himself  as  strong  mathematically.  He  was  aware  that  his  principal 
and  his  colleagues  thought  of  him  as  an  exceptional  mathematics  teacher.  In 
prior  years  he  deviated  from  his  textbook  to  include  much  more  drill  and  practice 
than  the  textbook  called  for  and  had  been  recognized  by  the  local  newspaper  the 
previous  year  because  of  this  drill-based  approach  to  mathematics  instruction. 
Prior  to  the  school  year  I  met  with  him  for  three  days  to  induct  him  into  the 
project.  It  soon  became  apparent  that  attempts  to  help  him  view  his  pracUces  as 
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problematic  were  ineffective.  In  the  following  paragraphs  1  attempt  to  account  for 
this  ineffectiveness. 

Like  the  teachers  at  the  first  research  site.  Mr.  K.  was  interested  in 
students'  intellectual  and  social  well  being  and  wanted  them  to  express 
themselves.  However,  for  him  there  was  no  apparent  conflict  between  his 
mathematics  teaching  practices  and  these  other  goals.  This  lack  of  conflict  can 
be  explained  by  returning  to  Walkerdine's  contention  that  concepts  such  as  the 
child  or  what  it  means  to  be  a  child  in  sclwol  are  themselves  constituted  by  the 
local  pedagogical  community. 

In  this  school,  strictly  enforced  discipline  was  highly  valued.  As  the 
principal  said.  'This  is  what  the  parents  want."  He  did  not  clarify  what  he  meant 
by  this.  However,  as  the  year  progressed  it  became  apparent  that  it  meant  that 
the  children  should  follow,  without  question,  rules  and  regulations  set  out  by 
adult  authorities,  including  the  principal,  the  teachers,  and  other  school  staff. 
Two  features  of  this  conception  of  discipline  are  noteworthy.  First,  from  my 
perspective,  a  number  of  the  rules  appeared  to  be  arbitrary.  Second,  there  was 
no  discussion  of  the  rationale  for  any  of  the  rules.  (There  were  discussions  of 
whether  or  not  a  rule  was  violated  in  a  given  instance  but  not  of  whether  or  not 
the  rule  was  appropriate.)  This  emphasis  on  following  rules  sans  rationale  both 
expressed  and  contributed  to  the  taken-as-shared  view  of  the  chid  in  school  as 
one  who  follows  prescribed  instructions  without  quesUon.  Since,  as  Walkerdine 
points  out.  children  are  evaluated  in  terms  of  the  taken-as-shared  conception  of 
the  normal  child,  children  who  followed  rules  and  instructions  were  considered  to 
be  acting  appropriately.  Thus,  in  this  school  setting,  adults  showed  their  concern 
for  children's  intellectual  and  social  welfare  by  helping  them  learn  and  follow 
rules.  Further,  to  know  or  make  sense  of  things  meant  to  be  able  to  state  the 
appropriate  rule. 

Given  this  view  of  the  child  in  school,  it  was  natural  for  Mr.  K.  to  want 
children  to  express  themselves  by  saying  the  right  things  in  the  right  way.  And 
for  him.  showing  concern  for  the  children's  intellectual  and  social  well  being 
meant  helping  them  produce  correct  answers  by  following  rules  and  procedures. 
There  was.  for  him.  no  conflict  between  the  consequences  of  traditional 
mathematics  instruction  discussed  during  his  induction  into  the  project  and  his 
view  of  the  child  in  school. 

Renegotiation  of  Classroom  Social  Norms 

By  considering  the  ways  in  which  the  teachers  at  the  two  research  sites 
negotiated  classroom  social  norms  it  is  possible  to  further  clarify  the  beliefs  and 
values  of  the  two  pedagogical  communities.  It  became  apparent  during  the  first 
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teaching  experiment  that  both  the  teacher  and  the  children  reorganized  their 
beliefs  about  what  constitutes  mathematical  activity,  their  roles  in  the  classroom, 
and  about  the  nature  of  mathematics.  This  reorganization  was  made  possible  by 
and  itself  contributed  to  the  constitution  of  the  classroom  social  norms  that 
characterize  inquiry  instruction.  A  retrospective  analysis  of  the  video-recordings 
made  during  this  experiment  indicate  that  the  teacher  used  several  types  of 
interventions  to  initiate  and  guide  the  negotiation  of  social  norms  (Cobb.  Yackel. 
&  Wood  1989;  Yackel.  Cobb.  &  Wood.  1991).  The  critical  issue  for  this 
discussion  is  that,  in  all  cases,  the  teacher  discussed  her  rationale  for  particular 
expectations.  There  is  every  indication  that  she  took  it  as  self-evident  that  the 
negotiation  of  classroom  social  norms  necessarily  involves  a  discussion  of  the 
underlying  rationale.  For  example  on  the  first  day  of  class  a  student  gave  an 
incorrect  answer  as  the  entire  class  discussed  a  problem.  The  teacher  explicitly 
told  the  students  that  it  was  acceptable  to  make  a  mistake  in  her  class  and  went 
on  to  give  a  rationale  for  why  it  was  acceptable,  "we  learn  from  our  mistakes,  a 
lot." 

This  emphasis  on  a  rationale  was  quite  typical.  As  a  consequence,  the 
social  norms  established  in  this  classroom  were  not  mere  directives  that  the 
children  were  expected  to  follow.  Instead,  they  were  integral  aspects  of  an 
encompassing  perspective  on  what  it  meant  to  know  and  do  mathematics  in 
school. 

In  the  analysis  of  the  process  by  which  the  teacher  initiated  and  guided  the 
mutual  construction  of  the  classroom  social  norms  for  inquiry  mathematics,  we 
were  aware  that  the  teacher  had  taken  the  initiative  and  had  made  interventions 
that  reflected  pedagogical  beliefs  that  she  had  constructed  prior  to  her 
participation  in  the  project.  Thus,  we  had  influenced  the  particular  social  norms 
the  teacher  attempted  to  establish  in  her  classroom,  but  not  the  process  by 

which  she  did  so. 

The  claims  made  earlier  concerning  the  pedagogical  practices 
institutionalized  at  the  second  research  site  are  further  substantiated  by  the 
manner  in  which  Mr.  K.  typically  initiated  the  negotiation  of  social  norms.  For 
example,  he.  like  other  teachers  at  both  research  sites,  had  rules  to  govern 
behavior  in  the  classroom,  which  were  posted  so  the  children  could  see  them. 
Several  of  these  rules  conflicted  with  expectations  that  characterize  inquiry 
mathematics.  In  our  meetings  and  interactions  with  Mr.  K.  we  emphasized  the 
importance  of  establishing  the  expectations  that  characterize  inquiry 
mathematics.  He  agreed  with  us  completely.  However,  it  soon  became  apparent 
that  he  assumed  he  could  do  so  within  the  framework  of  his  usual  practice.  Tht< 
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absence  of  any  conflicts  between  these  rules  and  attempts  to  develop  an  inquiry 
form  of  practice  is  quite  reasonable  given  the  taken-as-shared  beliefs  and  values 
of  his  pedagogical  community.  His  role  as  a  teacher  involved  specifying  rules  and 
ensuring  that  children  followed  them.  From  his  point  of  view,  the  proposed 
changes  in  his  instructional  practices  involved  adding  rules  scms  rationale  to  his 
list.  And,  in  the  absence  of  a  rationale,  the  possibility  that  the  rules  might  be  in 
conflict  does  not  arise. 

In  light  of  these  arguments,  it  would  be  legitimate  to  question  whether  or 
not  it  is  possible  for  teachers  whose  beliefs  and  values  are  similar  to  Mr.  K.'s  to 
develop  an  inquiry  form  of  practice.  My  experience  of  working  with  him  indicate 
that  the  answer  is  a  resounding.  'Yes."  By  the  end  of  the  year,  he  had  radically 
revised  his  instructional  approach  (Yackel.  Cobb.  &  Wood,  in  press).  His 
students  actively  engaged  in  mathematical  argumentation  and  became 
particularly  adept  at  questioning  and  challenging  each  other's  explanations 
(Yackel.  1992;  Yackel  &  Cobb.  1993). 

Summary 

1  have  argued  that  "the  desire  to  facilitate  meaningful  learning  and  a 
general  concern  for  children's  intellectual  and  social  welfare"  were  critical  in 
making  it  possible  for  the  teachers  at  the  first  research  site  to  make  their 
traditional  instructional  practices  problematic.  We  have  also  seen  that  what  it 
meant  to  facilitate  learning  and  to  be  concerned  about  children's  intellectual  and 
social  welfare  differed  significantly  between  the  two  sites.  It  was  for  this  reason 
that  Mr.  K,  as  a  representative  of  his  pedagogical  community,  did  not  come  to  see 
his  drill-based  instructional  approach  as  problematic  during  the  induction  into 
the  project.  Further,  the  changes  that  Mr.  K.  and  other  teachers  at  the  second 
research  site  had  to  make  to  develop  an  inquiry  instructional  approach  were  far 
more  radical  than  those  required  of  the  teachers  at  the  first  site.  The  latter  group 
of  teachers  were  able  to  develop  forms  of  practice  compatible  with  current  reform 
recommendations  by  guiding  the  establishment  of  alternative  social  norms  in 
their  classrooms.  In  contrast,  Mr.  K.  and  his  colleagues  had  to  transcend  their 
pedagogical  community's  taken-as-shared  view  of  the  child  in  school  and  change 
the  very  process  by  which  they  Initiated  the  renegouation  of  social  norms.  Even 
with  hindsight,  I  find  Mr.  K.'s  efforts  to  reform  his  practice  quite  remarkable  and, 
in  large  measure,  attribute  this  to  his  relatively  deep  understanding  of 
mathematics  and  to  his  mathematical  values. 

We  have  seen  that,  at  the  first  research  site,  the  compatibility  between  our 
own  and  the  teachers'  conceptions  of  children's  intellectual  and  social  welfare 
enabled  us  to  develop  a  basis  for  communication.  In  contrast,  it  was  the 
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compatibility  between  our  own  and  Mr.  K.'s  mathematical  values  that  eventually 
made  it  possible  for  us  to  communicate  effectively.  In  addition,  it  was  his  desire 
to  further  encourage  mathematical  activity  that  involved  the  creation  and 
conceptual  manipulation  of  mathematical  objects  that  led  him  to  see  his 
traditional  instructional  practices  as  problematic.  It  was  as  he  and  the  students 
renegotiated  what  counted  as  a  mathematically  insightful  solution  and  an 
appropriate  mathematical  explanation  that  the  social  norms  characteristic  of  an 
inquiry  approach  began  to  emerge.  Thus,  the  combination  of  Mr.  K.'s 
mathematical  expertise  and  values,  and  the  students'  spontaneous  development 
of  solutions  that  he  judged  as  Insightful  drove  their  interactive  constitution  of  an 
inquiry  mathematics  tradition. 

Implications  for  Reform  in  Mathematics  Education 
In  the  course  of  the  analysis  1  have  argued  that  teacher's  and  researchers' 
activities  both  reflect  underlying  understandings  and  conceptions  about 
schooling  in  general  and  the  child  in  school  In  particular.  It  Is  with  this  in  mind 
that  1  join  Apple  (1992)  in  calling  for  mathematics  educators  to  consider  the 
Ideological  and  social  groundings  and  effects  of  their  reform  recommendations. 
The  issue  I  raise  is:  what  are  the  implicit  assumptions  underlying  the  reform,  as 
represented  by  documents  such  as  the  Standards  (National  Council  of  Teachers 
of  Mathematics.  1989).  In  responding  to  Apple.  Romberg  (1992)  states  that  the 
NCTM  documents  were  based  on  the  belief  that,  "The  notion  that  mathematics  is 
a  set  of  rules  and  formalisms  Invented  by  experts,  which  everyone  else  is  to 
memorize  and  use  to  obtain  unique,  correct  answers,  must  be  changed"  (p.  433). 
The  analysis  in  this  paper  shows  that  developing  a  practice  compatible  with  this 
belief  requires  greater  change  for  members  of  some  pedagogical  communities 
than  for  others.  In  some  cases,  there  is  a  general  compatibility  between  this 
belief  and  a  pedagogical  community's  taken-as-shared  views  of  what  it  means  to 
be  a  child  In  school.  That  compatibility  can  be  used  as  the  basis  for  initiating 
change.  In  other  cases,  there  is  a  basic  and  deep-rooted  incompatibility. 

Given  that  the  first  research  site  was  a  rural/ suburban  white  middle  class 
community  and  the  second  site  was  an  inner  city  minority  community,  this  raises 
the  very  real  possibility  that  reform  efforts  in  which  researchers  assume  that 
their  culturally-situated  communities  are  ontological  certitudes  might  well  result 
in  even  greater  disparities  In  the  type  of  mathematics  education  children 
experience  than  Is  now  the  case.  Such  a  consequence  would  be  tragic  given  the 
explicit  acknowledgement  of  the  Issue  of  diversity  In  documents  such  as  the 
Standards.  In  my  view,  Apple  is  right  when  he  calls  for  us  to  clarify  the 
Ideological,  social,  and  political  dimensions  of  our  efforts  to  initiate  reform  In 
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mathematics  education.  Only  then  can  we  guard  against  the  possibility  that  we 
will  unknowingly  foster  even  greater  inequities. 
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SYMBOLIC  AWARENESS  OF  ALGEBRA  BEGINNERS 
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Algebraic  Patterns  is  one  component  of  a  new  algebra  curriculum  built  to  support  technological 
intensive  guided  Inquiry.  Together  with  activities  designed  for  it.  Algebraic  Patterns  forma  microworld 
to  motivate  the  use  of  algebraic  statements  and  argumentation  to  describe  and  explain  numerical 
phenomena.  It  presents  the  user  with  numerical  lattices,  'local'  and  -global1  algebraic  tools  And 
feedback  about  algebraic  statements  made  by  the  user.  In  this  paper,  we  describe  the  first  stages  of 
students'  development  of  algebraic  language,  of  symbolic  fluency,  students' preferences  for  single 
or  multi  variable  description,  and  the  first  perceptions  of  symbolic  equivalence. 


Patterns  have  been  assumed  to  be  an  appropriate  springboard  to  the  use  of 
generalizations  and  algebra.  The  Standards  (1989)  and  others  (Kieran  1993) 
suggest  that  the  inductive  study  of  patterns  should  underpin  the  beginning  of  the 
algebra  learning.  However,  a  few  recent  studies  suggest  that  the  link  between 
patterns  and  algebra  is  not  trivial.  Lee  and  Wheeler  (1987)  report  that  students 
can  formulate  excellent  verbal  generalizations  without  needing  to  use  the 
algebraic  language.  MacGregor  &  Stacey  (1993)  report  on  difficulties  of  14-15 
years  old  students  to  formulate  functional  relationships  between  variables 
algebraically  while  being  able  to  easily  describe  a  computation  procedure. 
Some  evidence  suggests  that  technology  can  motivate  the  involvement  in 
describing  patterns.  Software  that  presents  examples  of  partial  sequences  (such  as 
King's  Rule  O'Brein  1985)  motivates  the  creation  of  other  examples  which 
comply  with  the  hidden  rule.  Spreadsheet  can  be  used  to  create  a  large  collection 
of  numerical  data  by  talking  symbolically  to  the  software.  The  first  type  of 
software  emphasizes  the  creation  of  more  examples,  but  does  not  require  nor 
provide  tools  for,  algebraic  conversation.  The  second  type  focuses  on  'pattern 
making'  rather  than  'pattern  describing'. 

.  Through  our  new  development  of  a  computer  intensive  secondary  school 
curriculum  in  Israel  which  is  based  on  guided  inquiry  learning  (Yerushalmy 
Chazan  &  Gordon  1988)  and  on  the  function  as  its  central  concept,  we  developed 
a  microworld  to  support  the  evolution  of  symbolic  awareness  by  manipulating 
and  describing  patterns  algebraically .  While  such  awareness  can  be  defined  in 
many  ways  let  us  identify  our  major  goals  of  the  first  stages  of  the  development  of 
symbolic  language  as: 

-Identifying  numerical  phenomena  and  describing  them  with  symbolic 
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statement,  (by  statement  we  mean  a  function,  a  functional  relationship, 
relation,  or  any  other  symbolic  argumentation  or  description) 
-Getting  a  sense  of  when  a  description  by  symbols  is  profitable. 
-Being  fluent  and  flexible  in  choosing  alternative  symbols. 
-Revising  statements  according  to  changes  in  the  phenomena 
-Identifying  equivalent  meaning  in  non-equivalent  symbolic  description. 
-Being  aware  of,  and  able  to  evaluate,  the  power  (generality)  of  each 
symbolic  statement. 

A  microworld  that  can  support  the  creation  of  such  symbols'  awareness  at  a  naive 
stage  should  include  a  large  variety  of  numerical  phenomena,  tools  to  identify 
patterns  and  an  easy  way  to  express  ideas  in  symbols.  That  was  our  motivation  in 
designing  Algebraic  Patterns  (Yerushalmy  &  Shterenberg,  1992). 
DESCRIPTION  OF  THE  MICROWORLD 

The  microworld,  called  Algebraic  Patterns  attempts  to  address  the  following 
needs: 

-To  provide  a  motivated  arena  for  generalizations  of  numbers'  phenomena 

-To  support  generalization  by  providing  tools  of  various  levels. 

-To  allow  dynamic  changes  of  patterns  to  provoke  higher  levels  of  generality 

-To  support  algebraic  language  as  a  language  to  conjecture  about  numbers 

-To  support  algebraic  language  as  a  language  of  argumentations  and  proofs  in 

algebra. 

TJig  microworld  is  built  of  three  layers:  The  middle  layer  is  the  first  layer  the  user 
sees.  It  consists  of  a  dynamic  numbers'  lattice  which  is  a  finite  collection  of  either 
a  folded  sequence  or  a  matrix.  The  sequence  can  be  folded  in  many  ways,  each 
affects  the  patterns  found  between  the  rows.  The  lattice  can  be  arranged  in  a 
variety  of  geometric  shapes  and  dimensions  which  affect  the  internal  patterns  in 
the  lattice.  The  upper  layer  consists  of  stamps  which  can  be  put  down  on  the 
lattice.  The  stamps  act  as  'lens'  to  help  identify  patterns.  Local  relations  between 
the  cells  in  the  stamp  (of  size  2  to  9  cells  in  various  geometrical  shapes)  can  be 
described  either  by  one  variable,  by  many  variables  (according  to  the  number  of 
cells),  by  functional  relationships  between  the  variables  or  by  any  mix  of  the 
above  methods.  The  bottom  layer  (usually  invisible  layer)  is  the  index  layer.  It 
identifies  a  location,  either  in  a  sequence  or  in  a  matrix  and  can  provide  global 
language  to  describe  the  lattice:  i.g.  f(n)  =  nA2-5  or  f(n)-f(n-l)=5  or  f(ij)=5-j. 
A  set  of  organizational  tools  is  available  to  the  user: 
The  organizational  tools  help  students  collect  numerical  examples,  make 
algebraic  statements,  and  digest  the  connection  between  numeric  and  symbolic 
phenomena.  The  tools  are:  a  window  of  examples  (randomly  chosen  or 
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intentionally  stamped  by  the  user)  that  can  be  screened  for  generalizations,  a 
table  of  values  (in  a  single  or  two  variables)  of  the  stamped  cells'  which  can  be 
screened  for  global  generalizations,  an  option  to  locate  each  example  by  its 
indices  in  the  index  layer  and  a  window  which  assembles  the  list  of  statements 
written  by  the  learner.  In  figure  1  we  present  the  lattice,  the  stamps,  symbols  and 
generalization  list. 
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Figure  1:  The  major  windows  of  Algebraic  Patterns 
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Analysis  of  the  correctness  of  algebraic  conjecture:  The  statements'  window 

presents  judgmental  feedback  on  each  suggested  algebraic  conjecture.  In 

addition,  a  non-judgmental,  "mirror"  format  feedback  allows  the  substitution  of 

numerical  examples  into  each  statement. 

Analysis  of  the  'generality  power'  of  the  conjecture:  The  software  allows 
reconstruction  of  hidden  lattices  using  the  user's  descriptions  (algebraic 
statements).  The  'power'  of  statement  depends  on  the  amount  of  variables  used 
in  a  single  rule.  A  function  description  may  need  only  a  single  input  to  describe 
the  whole  collection  of  numbers  while  a  rule  connecting  three  variables  will 
require  two  independent  inputs.  Another  'test  of  generality'  can  be  carried  out 
using  geometric  manipulations  of  the  lattice.  A  statement  that  correctly  describe 
more  than  a  single  variation  of  the  lattice  can  be  considered  more  general. 
SOME  OBSERVATIONS 

During  the  year  of  92-93  we  studied  groups  of  learners  using  the  Algebraic 
Patterns.  We  report  on  an  experiment  conducted  with  130  7th  graders  who  had 
used  the  microworld  through  guided  inquiry  in  pairs  for  about  8  weeks  with  the 
specific  written  activities  and  whole  class  discussions.  This  learning  unit  replaced 
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Ihe  regular  algebra  introduction  to  variables  and  simple  manipulations.  The 
experiment  included  comparison  groups  (80  students  at  the  same  school)  who  (at 
the  same  time)  learned  the  regular  algebra  I  first  units.  The  teachers  were  part  of 
a  team,  which  we  met  and  worked  with  for  a  year,  implementing  our  intensive 
computerized  algebra  curriculum.  We  observed  the  classes  at  various  times  and 
prepared  the  discussions  with  the  teachers  as  well  as  their  final  tests.  We  present 
preliminary  observations. 

The  need  to  use  symbols  to  describe  generalizations 

A  first  striking  impression  raised  in  talking  with  and  studying  the  students  was 
that  even  when  they  were  primitive,  or  even  incorrect,  symbolic  statements 
turned  out  to  be  a  popular  way  to  express  ideas.  This  impression  was  tested  by 
asking  students  to  describe  the  behavior  of  a  few  sequences  without  requiring  a 
certain  method  or  strategy  to  carry  out  this  task.  None  of  the  groups 
(experimental  and  comparison)  had  directly  dealt  with  such  tasks  (the  lattice  had 
never  been  presented  as  a  sequence).  Only  three  out  of  80  comparison  students 
chose  to  use  symbolic  description  of  the  sequence,  while  25%  of  the  experimental 
group  chose  description  by  variables.  These  results  fit  the  assumption  that 
students  do  not  have  difficulties  generalizing  a  collection  of  numbers,  but  that 
they  will  not  naturally  choose  to  do  so  in  algebraic  symbols.  Some  of  the  various 
uses  of  symbols  are  presented  in  figure  2  below. 
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Figure  2:  Four  different  uses  of  variables  to  describe  given  numerical  sequences 
(experimental  group's  students) 
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The  impact  of  the  'local  tool'  o».  generalizations: 

The  stamp  which  acts  as  lens  zoomed  into  the  lattice  was  introduced  to  motivate 
the  search  for  'interesting  neighborhoods'  of  numbers,  to  ease  the  identification 
of  examples  and  to  support  the  exchange  of  ideas  using  variables. 
Observations  from  students'  tests  suggest  that  the  stamp  had  these  effects. 
In  the  'sequences  problem',  mentioned  above,  the  stamp  was  voluntarily  used  to 
identify  connections  among  consecutive  elements  of  the  sequence;  The  most 
common  used  stamp  was  the  horizontal  stamp  (of  2  or  3  cells)  which  yielded 
descriptions  such  as:  a,  a+2.  a  +  2  (a  mistake  rooted  in  an  attempt  to  describe 
infinite  sequence  with  a  local  stamp  while  the  functional  description  f(n+  1)- 
f(n)  =  2  is  more  appropriate  but  not  learned  at  that  time  yet)  or  x-  lO.x.x  +  10. 
While  the  stamp  was  used  as  an  immediate  lens  into  the  pattern,  there  was  no 
such  use  at  the  comparison  groups. 

In  another  item,  the  lattice  problem,  we  asked  to  identify  connections  among 
numbers  in  a  lattice  and  to  describe  them  using  variables.  The  answers  of  the 
groups  were  very  different.  While  most  experimental  students  formed  stamps  and 
described  the  relations  algebraically,  only  very  few  of  the  comparison  group  used 
algebra  to  talk  about  the  connections.  One  third  of  the  comparison  group 
described  the  connections  verbally  (interestingly  not  even  one  experimental 
student  did  that).  The  comparison  group's  students  'invented'  stamps  in  order  to 
ease  the  descriptions  and  the  generalizations.  In  figure  3  we  present  a  typical 
work  from  each  of  the  groups. 
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Figure  3:  A  lattice  described  by  stamps  and  variables  (right)  by  an  experimental 
student  and  another  lattice,  described  bywords  and  'invented'  stamps. 
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The  description  of  functional  relationships  in  one  or  more  variables 
The  literature  suggests  that  in  lower  levels  of  understanding  of  variables  students 
use  letters  as  a  replacement  of  a  single  number.  It  also  mentioned  however  that  it 
often  seems  to  be  an  easy  task  to  describe  a  connection  between  two  adjacent 
terms  in  a  sequence  using  a  single  variable  (a,a+ 1)  but  difficult  to  describe  the 
rule  (or  the  function)  that  creates  the  sequence. 

Since  we  watched  students  learning  with  the  Algebraic  Patterns  in  pilot  studies 
and  realized  that  they  tend  to  use  many  variables  in  each  stamp  we  planned  the 
learning  sequence  start  from  their  natural  use  (which  we  called  the  algebraic 
imitation  of  arithmetic)  and  gradually  led  them  from  the  generalizations  in  many 
variables  towards  the  reduction  of  the  number  of  variables  down  to  a  single 
variable. 

Teachers  reported  that  the  use  of  many  variables  was  a  benefit  to  students  and 
especially  to  less  able  ones.  It  seems  that  for  them  writing  conjectures  after 
naming  the  cells  in  many  variables  was  easier  than  expressing  the  cells  directly 
with  functional  expressions.  We  consider  this  finding  an  important  one  and  would 
like  to  investigate  its  possible  dependency  on  the  learning  sequence  we  used. 
Meanwhile  we  would  like  to  suggest  two  explanations  using  data  from  the  tests 
and  the  classroom:  In  the  'sequence  problem'  we  found  a  noticeable  difference 
between  the  expressions  used  to  described  the  first  three  sequences  (arithmetic 
sequences)  and  the  Fibonacci  sequence.  In  the  fourth  sequence,  the  use  of 
variables  increased.  Students  who  described  the  first  three  sequences  in  words 
such  as:  "Jump  2  to  get  the  next  one.."  could  not  find  a  description  appropriate  to 
the  Fibonacci  sequence  and  decided  to  use  algebraic  language.  The  use  of  many 
'  variables  increased  (the  need  to  express  that  each  number  depends  on  the 
previous  two  and  the  lack  of  algebraic  recursive  language  at  that  time  forced 
them  to  use  three  variables  c  =  b+a.) 

In  the  'lattice  problem',  we  found  a  clear  differentiation  among  different 
experimental  classes.  In  one  of  them  all  students  described  the  lattice  using  a 
single  variable  and  the  teacher  reported  that  she  had  emphasized  the  advantages 
of  using  a  single  variable  which  other  teachers  did  not  do. 
Teachers'  priority  are  always  an  important  factor  of  the  students'  actions  however 
another  factor  seems  to  intervene  here:  the  hidden  message  of  the  assessment. 
Quite  often  we  defined  the  task  as:  "find  as  many  statements  possible..".  Writing 
in  a  single  variable  makes  it  more  difficult  for  beginners  to  write  many 
statements;  for  example:  when  one  fills  the  'square'  stamp  with  a,b,c,d  one  can 
write:  d  =  c+l,  d=b+6,b  =  a+  1,  (a+d)=(b+c)  etc.  However,  filling  it  out  with 
a,a+  1,  a+5,  a+6  says  a  lot  about  the  connections  but  makes  it  harder  write  other 
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statements  like:  a  +  (a+6)  =  (a+  l)  +  (a+5)  ."or  those  just  learning  to  use  symbols. 
Since  at  this  preliminary  stage  students  wert  hot  worrying  yet  about  algebraic 
proofs,  they  wanted  to  create  as  many  statements  as  possible  and  therefore  did 
not  use  the  single  variable  description. 

The  above  examples  suggest  that  at  the  first  stage  of  developing  symbolic 
awareness  the  use  of  multi  variables  description  is  useful.  We  assume  that  when 
the  emphasize  on  algebraic  argumentation  replaces  the  emphasize  on  symbolic 
fluency  the  types  of  use  of  variables  will  change  as  well. 
The  perception  of  equivalence 

Equivalence  among  statements,  presented  as  a  comparison  of  functions  in  a 
single  variable,  are  formally  introduced  later  in  our  curriculum,  following  the  of 
symbolic  rules.  We  did  not  plan  to  examine  the  equivalence  among  different 
statements  in  this  introductory  unit  (more  than  that,  the  statements  had  never 
been  named  as  functions).  However,  teachers  kept  telling  us  that  students 
developed  symbolic  awareness  of  equivalence  of  statements.  Here  is  a  script 
taken  from  a  group  discussion  in  which  the  teacher  suggested  that  the  winner  will 
be  the  one  with  maximum  different  statements  to  a  given  stamp  and  a  given 
lattice: 

I  have  b  =  a+2 
I  have  more:  1  wrote  b  =  a+  2 

b+1  =  a+  2  +  1 
b+1  =  a  +  3 
b  +  a  =  a  +  a  +  2 
Other  students:  "That  is  not  fair,  he  has  three  same  statements" 
Why? 

"Because  all  the  statements  describe  the  same  thing.  He  is  arguing  the  same 
thing  4  times!" 

There  had  been  no  discussion  about  equations  or  legitimate  operations  or  any 
other  symbolic  argument.  This  is  an  indication  that  the  symbols  our  students  used 
were  meaningful  to  them. 

CONCLUDING  REMARKS 

In  the  described  experiment  we  concentrated  only  on  the  first  stages  of  the  shift 
from  arithmetic  to  algebra.  In  our  newly  developed  curriculum  this  shift  is  wider, 
deeper  and  longer.  It  is  wider  in  the  sense  of  other  needs  to  establish  the 
foundations  of  algebra,  such  as  the  shift  from  words  to  graphs,  from  numbers  to 
graphs,  from  words  to  symbols,  deeper  in  the  sense  of  more  serious  work  to  do 
along  the  way  with  this  specific  microworld.  (we  would  like  especially  to 
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emphasize  in  later  stages  the  need  to  carry  out  proofs  and  argumentations  in 
symbols  and  to  use  global  language  (the  language  of  functions)),  longer  in  the 
sense  of  the  impact  of  such  a  construction  of  algebra  on  symbolic  awareness,  as 
described  above,  at  later  stages. 
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University  mathematics  max  be  presented  in  a  formal  way  that  causes  many 
students  to  cope  hy  memorising  what  they  perceive  as  a  fixed  body  of 
knowledge  rather  than  learning  to  think  for  themselves.  This  research  studies 
the  effects  on  students'  attitudes  of  a  course  whic  h  encourages  co-operative 
problem-solving  coupled  with  reflection  on  the  thinking  ac  tivities  involved.  A 
pre-  and  post-test  revealed  that  attitudes  changed  significantly  during  the 
course.  Half  the  students  stated  beforehand  that  university  mathematics  did  not 
make  sense.  A  majority  of  these  declared  negative  attitudes  to  mathematics  as 
abstract  facts  and  procedures  to  be  memorised,  reporting  anxiety,  fear  of  new 
problems  and  lack  of  confidence.  After  the  course  all  measures  investigated 
improved,  confirming  that  appropriate  problem-snlving  can  alter  students' 
perception  of  mathematics  as  an  active  thinking  process. 

The  teaching  of  university  mathematics  may  lie  so  formal  thai  it  teaches  "the  product  of 
mathematical  thought  rather  than  the  process  of  mathematical  thinking"  (Skenip.  1971). 
Over  the  last  decade,  a  ten  week.  30  hour  problem  -solving  course  has  been  taught  at 
Warwick  University  based  on  the  framework  of  Mason.  Burton  &  Stacey  (1982)  to 
encourage  students  to  improve  their  mathematical  thinking.  In  written  responses, 
students  had  often  commented  on  their  difficulties  w  ith  formal  mathematics: 

Maths  education  at  university  level,  as  it  stand-.,  is  based  like  many  subjects  on  the  system 
of  lectures.  The  huge  quantities  of  work  covered  by  each  course,  in  such  a  short  space  of 
time,  make  it  extremely  difficult  In  take  it  in  and  understand,  t  he  pressure  of  time  scents  to 
take  away  the  essence  of  mathematics  and  dues  not  create  any  true  understanding  of  the 
subject.  From  personal  experience  I  know  that  most  courses  do  not  have  any  lasting 
impression  and  arc  usually  forgotten  directly  after  the  examination.  This  is  surely  not  an 
ideal  situation,  where  a  maths  student  can  learn  and  pass  and  do  well,  but  not  have  an 
understanding  of  his  or  her  subject.  third  Year  11  in'n  irk  Mathvnuiiit  \  Student.  P)9I 

The  aim  of  the  problem-solving  course  is  to  provide  students  vv  ith  an  alternative  view  of 
mathematics  as  a  living  activity.  Bach  week  students  solve  problems  together  in  a  two 
hour  session  then  reflect  on  their  actions  in  a  one  hour  seminar.  They  are  never  given 
solutions,  but  are  encouraged  to  share  ideas  and  reflect  on  their  effectiveness.  Skemp's 
theory  (1979)  of  goals  and  anti-goals  proves  valuable  in  allowing  them  to  focus  on  the 
cognitive  source  of  difficulties  rather  than  the  emotbnal  symptoms. 

The  Universiti  Teknologi  Malaysia  has  similar  problems.  There  is  a  wider  range  of 
ability,  (from  the  50th  to  90th  percentile,  with  the  top  Wft  going  abroad  for  their 
education).  The  students  are  dutiful  and  eager  to  please  their  teachers  by  working  hard 
and  learning  the  procedures  to  pass  the  examinations.  As  one  student  commented  -  "To 
lie  good  in  maths  requires  good  memory  and  lots  of  practice". 
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Based  on  a  pilot  study  in  the  University  of  Warwick,  it  was  hypothesised  that  the 
attitudes  of  UTM  students  could  be  fundamentally  changed  through  a  problem-solving 
course  of  the  type  outlined  above.  The  first-named  author  translated  the  materials  to 
Bahasa  Malaysia  (the  language  of  instruction  in  the  UTM)  and  taught  a  ten  week,  thirty- 
hour  course. 

The  24  males  and  20  females  taking  part  irj  the  research  were  a  mixture  of  third,  fourth 
and  fifth  year  undergraduates  aged  18  to  21  in  SSI  (Industrial  Science,  majoring  in 
Mathematics)  and  SPK  (Computer  Education),  covering  the  full  honours  degree  range 
(see  table  2  below).  In  the  first  two  hour  meeting  each  week,  after  an  introduction  by  the 
instructor,  the  students  spent  the  major  part  of  the  lime  working  on  the  problems  in  their 
own  in  small  groups  of  3  or  4.  After  half  an  hour  or  so  the  instructor  reviewed  the 
situation,  to  see  how  well  things  are  progressing,  ensuring  that  everyone  is  solving  the 
same  problem  and  considering  ideas  generated  by  the  students.  She  gave  no  clue  nor 
made  any  attempt  to-  lead  the  students  towards  a  possible  solution.  They  were 
encouraged  to  experience  all  aspects  of  mathematical  thinking — formulating,  modifying, 
refining,  reviewing  problems  and  their  solutions,  specialising  to  simple  cases, 
generalising  through  systematic  specialisation,  seeking  patterns,  conjecturing,  testing  and 
justifying.  During  the  one  hour  meeting,  the  students  were  encouraged  to  reflect  on  their 
mathematical  experience  and  talk  about  their  attempts  to  solve  problems.  The  instructor 
commented  on  the  effectiveness  of  the  solutions,  discussing  where  things  may  have  gone 
wrong,  where  students  may  have  failed  to  take  advantage  of  certain  things,  and  ended  by 
summarising  what  the  students  had  done. 

The  students'  performance  and  attitudes  were  monitored  by  classroom  observation,  a 
questionnaire  at  the  beginning  and  end  of  the  course,  and  semi-structured  interviews. 

Classroom  Observation 

Initially,  the  students  were  very  confused.  They  kept  asking  questions  like  "What  shall  I 
do  now?"  "Is  this  the  right  way  of  doing  it?"  when  they  became  stuck  after  a  frantic 
attack  on  the  given  problem.  For  a  few  weeks  they  showed  enormous  resistance.  Little 
by  little  the  resistance  was  worn  away  until,  after  four  weeks,  they  were  slowly  able  to 
make  decisions  and  think  for  themselves.  By  this  time  they  began  to  write  a  "rubric" 
commentary  outlining  their  problem-solving  activity. 

Their  knowledge  of  mathematics  is  sufficient  to  solve  all  the  given  problems.  At  first 
they  were  set  simple  problems  which  helped  tremendously  in  giving  them  a  sense  of 
success  to  help  build  self-confidence,  not  only  in  those  who  were  unwilling  to  tackle 
something  new  because  they  had  failed  in  the  past,  but  also  those  who  were  successful  in 
regular  mathematics  courses.  'Hie  instructor  herself  has  not  solved  all  the  problems  given 
in  the  course.  On  several  occasions  she  solved  a  problem  in  front  of  the  class,  showing 
that  even  a  mathematician  does  not  produce  a  neat,  straightforward  textbook  proof.  This 
encouraged  students  to  feel  less  reluctant  to  make  conjectures  which  might  prove  to  be 
wrong  on  the  possible  route  to  success.  Their  discussion  became  livelier  as  they  moved 
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into  doing  things  that  they  could  explain  to  their  friends,  rather  than  simply  «aBi^gJ 
course  requirements  or  pleasing  the  instructor.  Their  problem-solving  b™«™ 
creative  activity,  which  includes  the  formulation  of  a  l.kely  conjecture,  a  sequence  of 
activities  testing,  modifying  and  refining,"  (Tall,  1991). 

Questionnaire 

An  attitudinal  questionnaire  on  mathematics  and  problem-solving,  based  or .  common 
responses  in  a  Warwick  pilot  study,  was  given  to  the  students  m  the  first  week  of  term 
and  again  following  the  course. 

Section  A:  Attitudes  to  Mathematics 

1.  Mathematics  is  a  collection  of  facts  and  procedures  to  be  remembered. 

2.  Mathematics  is  about  solving  problems. 

3.  Mathematics  is  about  inventing  new  ideas. 

4.  Mathematics  at  the  University  is  very  abstract. 

5.  I  usually  understand  a  new  idea  in  mathematics  quickly. 

6.  The  mathematical  topics  we  study  at  University  make  sense  to  me. 

7.  I  have  to  work  very  hard  to  understand  mathematics. 

8.  I  leam  my  mathematics  through  memory. 

9.  I  am  able  to  relate  mathematical  ideas  learned. 

10.  In  a  few  sentences  describe  your  feelings  about  mathematics. 

Section  B  :  Attitudes  to  Problem-Solving 

1.  I  feel  confident  in  my  ability  to  solve  mathematics  problems. 

2.  Solving  mathematics  problem  is  a  great  pleasure  for  me. 

3.  I  only  solve  mathematics  problems  to  get  through  the  course. 

4.  I  feel  anxious  when  1  am  asked  to  solve  mathematics  problems. 

5.  I  often  fear  unexpected  mathematics  problems. 

6.  I  feel  the  most  important  thing  in  mathematics  is  to  get  correct  answers. 

7.  I  am  willing  to  try  a  different  approach  when  my  attempt  tails. 

8.  1  give  up  fairly  easily  when  the  problem  is  difficult. 

Unde°rneSach  statement,  students  responded  to  a  five-point  scale: 
definitely  yes,  yes,  no  opinion,  no  and  definitely  no).  I  he.r  responses  arc  giv  en  m  l  able 
1.  Rather  than  have  separate  columns  for  Y  and  yj^*}^^*"*^*^ 
the  total  "yes"  response),  the  table  has  total  "Yes"  (Y+y)  in  bold  prim  \°r 
the  subset  Y"  who  express  the  stronger  definite  opinion  The  table  reveals.^ lor ^example, 
that  34  students  (77*)  regard  mathematics  as  facts  and  procedures  to  be  remembered, 
with  a  subset  of  18  (41  % )  expressing  this  opinion  strongly  (a  definite  yes  >. 
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Table  1  :  Responses  lor  44  students  on  the  Pre-lesl  Questionnaire 
The  table  in  this  form  conceals  valuable  information  about  individuals.  Responses  to  the 
statement  that  mathematics  "makes  sense"  divides  the  students  into  equal  groups,  Group 
b  consisting  of  the  22  students  for  whom  it  does  and  Group  N.  the  22  students  for  whom 
it  does  not.  Table  2  shows  the  degree  classification  of  the  groups. 
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Table  2  .  The  distribution  of  students  lor  whom  mathematics  makes  sense  (Group  S)  and  does  not  (Group  N) 
The  two  groups  have  almost  identical  distributions,  so  there  is  no  correlation  between 
examination  success  and  whether  the  students  consider  mathematics  makes  sense.  Table 
4  shows  the  data  for  the  two  groups  on  the  pre-  and  post-test  for  Part  A.  Items  underlined 
in  column  1  show  a  significant  «59f)  or  highly  significant. (<_!%)  change  in  the  total  Yes 
response  (compared  with  No  and  -)  using  the  yJTe'st  with  Yates' correction.  Underlining 
in  the  Yes  columns  refers  to  significant  changes  for  each  group. 
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Table  3  ■  Responses  to  Part  A  ol  the  Questionnaire 
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Figure  1  shows  the  percentage  of  total  "Yes"  responses  (Y  plus  y)  to  the  statement  thai 
"university  mathematics  makes  sense".  Group  S  remains  at  I  (KM  positive  before  and 
after,  but  64%  of  Group  N  change  from  "No"  to  "Yes". 


I'niveisiiv  mathematics  nuikes  sense 


2jioo 


Figure  1  University  mathematics  "makes  sense' 
Figure  2  shows  the  same  bar-chart  layout  for  the  other  statements,  re -arranged  to  place 
related  statements  side  by  side. 
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Figure  2  .  Attitudes  to  Mathematics 
F.ach  graph  tells  a  consistent  story,  supported  by  significance  tests  from  Table  1 . 

(a)  There  is  a  significant  decrease  in  the  perception  of  mathematics  as  facts 
and  procedures  to  be  remembered  (from  W7<  to  21c/<  in  Group  N)  and  the 
perception  that  university  mathematics  is  "abstract"  remains  low  in  Group 
S,  whilst  diminishing  significantly  in  Group  N. 
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(b)  A  significant  overall  increase  in  perception  of  mathematics  as  solving 
problems  and  inventing  new  ideas,  changing  mainly  in  group  N. 

(c)  Significantly  more  students  overall  now  claim  that  they  understand  ideas 
quickly  and  can  relate  mathematical  ideas  together  (mainly  group  N). 

(d)  Significantly  fewer  students  overall  claim  they  have  to  memorise  ideas 
and  fewer  claim  to  work  hard  to  understand  (not  statistically  significant). 

Results  of  Section  B  :  Attitudes  to  Solving  Problems 

The  data  from  section  B  is  given  in  table  4. 


Solving  Problems 

Group  N  (22  students) 

Group  S  (22  students) 

les 

Y 

No 

N 

Yes 

Y 

No 

N 

IV  Pmi 

IV  Post 

Pre  Post 

IV  Pox 

IV 

Past 

Pre  Pom 

IV  Post 

Pre  PuM 

Pre  Piui 

Pre  Post 

confidence 

T 

9  16 

1 

.{ 

13  5 
1  0 

1 

0 
0 

0 
0 

1 

17  20 
22  2/ 

6  9 

4  / 
0  0 

1  0 

0  0 

/ 

pleasure 

T 

21  21 

11 

9 

1 

1 

14  /2 

0 

/ 

onlv  to  Ret  throuch 

.14  4 

4 

0 

8  16 

2 

9 

0 

2 

2  0 

0  0 

19  21 

6  .V 

/ 

anxious 

12  6 

1 

n 

8  IS 

1 

1 

2 

1 

5  0 

0  « 

16  21 

3  <S 

1 

/ 

fearunexpected 

I 

17  « 

7 

2 

3  14 

1 

2 

2 

2 

1?  4 

3  / 

9  /7 

2  7 

0 

/ 

correct  answers 

* 

1.3  2 

3 

0 

8  19 

2 

5 

1 

1 

8  J 

i  / 

13  17 

1  (> 

1 

2 

try  other  approach 

2U>" 

8 

9 

0  0 

0 

0 

1 

21  22 

9  // 

0  0 

0  0 

0 

Rive  UD 

1 

13  3 

3 

0 

8  19 

3 

8 

1 

0 

6  2 

0  0 

16  18 

6  /2 

0 

2 

Table  4  :  Responses  to  section  B  of  the  Questionnaire 
A  subset  of  these  results  is  displayed  pictorially  in  Figure  3,  re-arranged  as  before. 

(e)  Confidence  increases  overall  from  pre-test  to  post-test  and  the  pleasure  in 
solving  problems  starts  very  high  and  stays  there. 

(f)  Anxiety  when  faced  with  problems  is  reduced  to  a  low  level  in  both 
groups  (zero  in  Group  S),  whilst  fear  of  the  unexpected  falls  significantly. 

(g)  Willingness  to  try  a  new  approach  remains  very  high  in  both  groups:  the 
tendency  to  give  up  with  a  difficulty  reduces  significantly  to  a  low  level. 

(h)  Extrinsic  pressure — solving  problems  only  to  get  through  the  course — 
reduces  significantly  overall,  and  (possibly  due  to  a  willingness  to  try  out 
ideas)  concentration  on  gelling  correct  answers  reduces  significantly. 

Before  the  course,  Group  N  display  many  negative  qualities,  649}  are  motivated  to  do 
problems  "only  to  get  through  the  course"  and,  though  all  but  one  derives  pleasure  from 
solving  problems,  55%  feel  anxious,  779,  experience  fear  of  the  unexpected.  59%  give 
up  easily  and  only  44%  feel  confident.  In  contrast.  Group  S  has  a  majority  of  positive 
responses  everywhere  except  for  a  fear  of  the  unexpected  —they  arc  confident,  take 
pleasure  in  getting  solutions,  have  low  anxiety,  are  willing  to  try  a  new  approach  without 
giving  up  too  easily,  and  see  mathematics  as  more  than  getting  right  answers. 
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I  feel  confident  to  solve  problems 

177 


40       60       80  100% 


I  feel  anxious  when  asked  problems 

■  23 


20       40       60       80  100% 


Solving  problems  is  a  great  pleasure 


40       60       80  100% 


I  often  fear  unexpected  problems 


:  |  altrt'  18 


40       60        80  100% 


I  give  up  easily  with  a  difficult  problem 

^^27 


S  \   jlicr  39 


40        60        80  100% 


(h) 


I  only  solve  problems  to  get  through 


[before 
s\  iflcrjo 


the  course 


Correct  answers  are  the  most  important 
 T^mu^M  'h>ng 


I  k-lofcl 
1    jflci  1 


Figure  3  :  Attitudes  to  Problem-solving 

On  all  items  in  both  section  A  and  B  there  is  a  positive  change,  except  for  some  so 
extreme  that  little  change  is  possible.  In  many  cases  the  marked  distinctions  between 
Group  N  and  Group  S  is  considerably  lessened.  In  particular,  increase  in  confidence 
(graphs  (e))  is  associated  with  viewing  the  task  as  a  positive  goal  to  be  achieved,  and 
decrease  in  anxiety  and  fear  (graphs  (0)  is  associated  with  the  diminution  of  the  negative 
feeling  of  wanting  to  avoid  failure  (an  anti-goal  in  Skemp's  theory.  1979). 

Student  comments 

In  the  questionnaire,  the  students  were  asked  to  write  a  few  sentences  describing  their 
feelings  about  mathematics.  In  the  prc-tcst.  the  feelings  of  both  groups  seemed  very 
much  influenced  by  three  factors:  the  nature  of  mathematics,  personal  feelings  (such  as 
motivation,  interest,  pressure  etc.)  and  teaching  methods.  In  Group  N.  of  7  responses 
related  to  the  nature  of  mathematics;  5  were  negative  saying  it  is  'too  abstract  . 1  seems 
pointless',  and  'theory  more  difficult  than  practice".  Thirteen  responses  relating  to 
personal  factors  included  10  negative,  such  as  Mack  of  motivation',  'put  off  by  amount 
that  needs  to  be  done'  and  'puzzled  by  what  is  going  on'.  The  positive  feelings  were 
mostly  about  it  being  'enjoyable  and  challenging',  'great  sense  of  satisfaction  when  able 
to  understand  new  concepts  and  to  solve  problems'  and  'effort  put  in  is  worthwhile  . 
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Five  responses  relating  to  teaching  were  all  negative— such  as  'difficult  to  follow'  and 
•delivered  in  a  dull  atmosphere'.  In  Group  S,  there  were  5  responses  related  to  the  nature 
of  mathematics  (3  positive).  14  responses  about  persona!  factors  (12  positive)  and  3 
responses  about  teaching  factors  (all  negative).  Overall,  in  the  pre-test,  only  22%  in 
Group  N  express  positive  feelings  in  comparison  to  68%  in  Group  S. 

After  the  course  the  comments  improve  dramatically  as  is  shown  by  Table  5.  (The 
percentages  do  not  add  up  to  100%  due  to  response*  including  more  than'  one  factor.) 


Group  N 

GroupS 

Positive 

Negative 

Positive 

Negative 

Pre  jPost 

Pre  jPost 

Pre  !  Post 

Pre  iPost 

nature  of  mathematics 

9  !  23 

23  I  5 

14  i  32 

9   !  5. 

personal 

14  i  64 

45  1  i4 

55  |_64 

9  '9 

teaching 

0  " '  0 

Wp.  |  4 

"  o  ;  o" 

'  14  V  5 

Table  5  Classification  of  written  responses 
Comments  written  after  the  course  include:. 

Maths  has  always  gncn  me  a  lot  of  problems  because  I  don'i  have  the  ability  for 
memorisation.  ...  Now  th;it  I  know  about  mathematical  thinking,  mv  interest  and  desire  to 
leam  maths  have  increased.  "  (male.  4SPK) 

This  is  the  first  time  that  1  have  actuallv  used  maths  to  think.  Before  1  just  learnt  maths  to 
pass  the  exam.  (female.  4SPK) 

The  way  maths  is  taught  here,  it  seems  as  though  it  is  difficult  and  boring.  ...  There  is  no 
opportunity  to  display  one's  creativity.  This  makes  it  real  dull  and  frustrating,  (male.  5SPK) 

1  am  beginning  to  think  instead  of  just  doing  the  tutorial  questions.  ...  I  think  I  am  learning 
more  because  I  understand  what  is  going  on.  (female.  3SS1) 

The  course  should  have  been  introduced  earlier.  ...  After  following  the  course  I  am  more 
confident  to  solve  any  maths  problem  that  is  given.  "         (female.  5SPK) 

These  are  consistent  with  the  classroom  observations  and  the  changes  intimated  by  the 
questionnaire,  supporting  the  hypothesis  that  the  course  in  problem-solving  changes  the 
attitudes  of  students  from  mathematics  as  a  body  of  procedures  to  be  learned  to 
mathematics  as  a  process  of  thinking. 
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VYGOTSKI AN  APPLICATIONS  IN  THE  ELEMENTARY  MATHEMATICS 
CLASSROOM:  LOOKING  TO  ONE'S  PEERS  FOR  HELPFUL  EXPLANATIONS 


Vicki  Zack,  St.  George's  School,  Montreal,  Canada 


After  discussions  regarding  non-routine  problems  were  concluded,  the  24  students  in  the 
author's  own  Grade  5  classroom  were  asked  to  indicate  in  writing  whether  at  any  time 
during  the  discussions  (which  took  place  in  pairs,  then  in  groups  of  four,  then  in  a  small 
group  of  12)  they  found  an  explanation  helpful.  If  yes.  they  locre  to  indicate  who  gave  the 
explanation,  and'  to  try  to  stale  how  it  was  helpful.  The  adept  peers  in  the  classroom 
garnered  the  majority  of  the  votes.  Several  categories  or  types  of  helpfulness  emerged 
from  the  children's  responses.  These  related  to  help  vis  a  vis  (1)  the  parameters  of  the 
problem.  (2)  important  but  straightformtnl  information,  f.i)  help  with  problem-solving 
strategics/thinking,  and  mathematical  concepts,  and  14)  alternate  approaches  to 
solutions. 


How  is  knowledge  acquired?  and  What  role  does  social  interaction  play  in 
that  acquisition?  As  a  teacher-researcher  in  my  own  elementary  school  classroom 
(10-11  year  olds),  I  have  been  engaged  in  investigating  the  ways  in  which  peers 
interacting  together  can  contribute  to  the  construction  of  their  knowledge.  The 
constructivist  position  is  that  "cognition  is  an  invention,  not  a  reproduction;  we 
reassemble  (construct)  information  taken  from  the  outside  world  in  ways  that  allow 
us  to  make  personal  sense  of  if  (Miles  &  Huberman,  1990).  The  most  prevalent 
metaphor  in  the  decade  of  the  80's  was  that  of  children  as  builders,  actively  filtering 
new  information  in  light  of  what  they  already  know  in  order  to  revise  their 
personal,  dynamic,  ever-changing  model  of  meaning  (Pearson,  1993,  p.  502).  From 
Vygotsky,  researchers  have  focused  on  the  social  nature  of  learning  and  the  key  role 
which  peers'and  teachers  play  in  facilitating  the  learning  of  individuals.  Vygotsky's 
zone  of  proximal  development--  the  difference  between  the  learning  a  child  can 
construct  on  her  own  and  what  she  can  accomplish  with  the  assistance  of  someone 
else  (a  teacher,  a  parent,  or  a  knowledgeable  peer)~might  well  be  "the  most  popular 
learning  construct  of  the  1980's"  (Pearson,  1993,  p.  503).  Vygotsky's  theory,  and  the 
investigation  of  the  social  construction  of  knowledge,  is  gaining  a  following  among 
researchers  in  mathematics  education  (Yackel,  Cobb  &  Wood,  1991;  Sekiguchi,  1993; 
Olivier,  Murray  &  Human,  1993;  Forman,  1992).  Moll  has  however  pointed  out  that 
despite  the  fact  that  Vygotsky's  ideas  gained  newfound  visibility  in  the  1980's,  there 
is  a  dearth  of  writings  related  directly  to  education  (1990,  ix). 


Classroom  set-up 

St.  George's  is  a  private,  non-denominational  school,  with  a  middle  class 
population  of  mixed  ethnic,  religious,  and  linguistic  backgrounds;  the  population  is 
pre-dominantly  English-speaking.  The  total  class  size  this  year  is  24;  however  I 
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always  work  with  half-groups  (12  children  in  each  group)  of  heterogeneous  ability. 
Problem  solving  is  at  the  core  of  the  mathematics  curriculum  in  my  classroom; 
non-routine  problems  are  drawn  from  various  sources  (Charles  &  Lester,  1982; 
Meyer  &  Sallee,  1983,  and  others).  Mathematics  class  periods  are  45  minutes  each  day 
(and  are  at  times  extended  to  90  minutes).  Problem  solving  is  the  focus  of  the  entire 
lesson  three  times  a  week,  in  class  the  children  often  work  in  Groups  of  Four  teams: 
each  teacher-selected  heterogeneous  team  has  4  members,  a  problem  is  given,  is 
either  worked  through  by  the  members  together  from  the  start  at  their  table,  or 
begun  by  each  child  and  then  discussed  together  at  their  table  (the  members  select 
the  approach  they  favour).  The  children  work  first  with  a  partner,  and  then  when 
both  pairs  are  ready,  the  two  pairs  discuss  the  solution  to  the  problem  together  as  a 
Group  of  Four.  When  the  three  teams  are  ready  (they  consider  themselves  ready 
when  all  team  members  have  "understand"  the  solution— any  member  can  be  called 
upon  to  present,  although  they  usually  present  on  a  rotation  basis),  they  gather 
together.  Presentations  of  the  solutions  to  the  whole  group  of  12  take  place  at  the 
chalkboard.  Each  week  the  children  also  work  on  one  challenging  problem  at  home 
(Problem  of  the  Week),  and  are  expected  to  write  in  their  log  about  all  that  they  did 
as  they  worked  the  problem.  The  children  present  their  Problem  of  the  Week 
solutions  to  the  class. 

I  videotape  a  pair  and  then  their  team  (Groups  of  Four)  on  a  rotating  basis, 
and  videotape  all  the  presentations  done  at  the  board  (Groups  of  Four  team 
discussions,  and  Problem  of  the  Week  discussions),  and  observe  and  take  notes 
during  the  sessions.  Much  of  the  class  session  is  conducted  by  the  children.  Data 
sources:  focused  observations,  videotape  records,  student  artifacts  (copybooks), 
teacher-composed  questions  eliciting  opinions  (written  responses),  class  discussions 
regarding  research  topics. 


A  look  at  helpful  explanations 

I  know  from  the  results  of  previous  inquiries  I  have  made  among  the 
children  I  teach  that  they  do  find  talk  and  peer-given  explanations  helpful  when 
engaged  in  solving  non-routine  problems,  especially  when  they  are  stuck,  as  for 
example,  if  they  realize  that  they  did  not  understand  the  problem,  or  that  they  got 
the  wrong  answer  (Zack,  1993).  The  children  value  "clear"  explanations,  but  to  date 
we  have  arrived  together  at  only  a  general  definition  of  what  constitutes  a  "clear" 
explanation  (Zack,  1993).  We  will  be  continuing  to  finetune  our  definition.  Most 
pertinent  to  the  issue  at  hand  here  in  regard  to  explanations,  however,  is  that  my 
adult  perspective  and  the  vantage  point  from  which  the  children  see  the  same  peer- 
given  explanation  diverge  at  times.  As  classroom  teacher  I  am  constantly  assessing 
the  explanations  and  presentations  given  by  the  children  as  they  work.  In  the  course 
of  doing  so  over  the  last  four  years,  I  have  discovered  that  at  times  what  I  have 
judged  to  be  a  clear  explanation  is  not  necessarily  considered  to  be  so  by  the  children. 
Yackel  and  Cobb  (1993)  have  written  recently  about  what  they  call  adequate  and 
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inadequate  explanations.  A  child-given  explanation  may  sound  eminently  clear  to 
the  adult  teacher,  but  if  the  child  listening  does  not  connect  with  it  in  a  way  that 
helps  her  make  meaning  of  it,  then  it  is  inadequate  for  that  listener. 

Hence,  I  decided  to  inquire  in  order  to  see  what  the  children  would  say. 
Which  explanations  would  the  children  judge  to  be  helpful  to  them?  Which 
children  are  the  ones  seen  to  be  giving  the  helpful  explanations?  What  kinds  of 
help  do  the  children  value?  Would  there  be  a  pattern  regarding  when  these  helpful 
explanations  are  seen  to  be  given,  that  is  during  the  work  done  in  pairs,  in  the 
foursome,  or  in  the  group  of  twelve? 

And  so,  after  the  discussion  of  the  problem  was  concluded,  I  asked  the 
children  to  write  a  response  to  the  following  questibn: 

Was  there  an  explanation  given  by  a  fellow  student  that  helped  you  to 

understand  the  problem?  or  helped  you  to  understand  the 

problem  better?  If  yes,  tell  me  the  student's  name.  If  you  can,  tell 

me  how  or  why  the  explanation  helped. 


I  must  clarify  that  when  I  first  began,  I  posed  the  question  as  a  recall  question  at  the 
end  of  October  1993. 1  asked  the  children  to  think  about  the  problems  done  in 
September  and  October  (10  problems),  and  to  answer  the  above  question.  In 
November  and  December,  1993, 1  asked  the  students  to  write  a  reply  to  the  question 
above  immediately  after  the  conclusion  to  the  discussion  of  each  problem.  There 
were  11  problems  discussed  during  the  November-December  months.  The  child 
could  nominate  one,  more  than  one,  or  no  candidates,  provided  that  they  supported 
each  one  of  the  nominations  with  a  reason.  The  total  number  of  nominations  (see 
Table  2)  would  have  been  higher  had  I  used  the  November-December  approach 
from  the  start  in  September.  As  it  was,  the  number  of  November-December 
nominations  outnumbered  the  September-October  nominations  by  a  ratio  of  4  to  1. 


The  type  of  help  the  children  felt  that  the  explanations  provided 

As  I  considered  the  students'  written  responses,  it  was  possible  to  see 
emerging  a  number  of  •categories"  of  types  of  help  the  children  felt  the  explanations 
were  providing.  The  term  "categories'  is  not  quite  right  in  that  they  are  not  discrete; 
they  overlap  and  at  points  are  closely  interconnected.  All  are  important.  The  ones  I 
was  most  interested  in  were  the  ones  dealing  with  conceptual  issues  (3A,  3B,  3C, 
below),  and  alternate  approaches  to  problem  solutions  (4,  below).  I  know  from 
previous  findings  that  reference  to  alternate  approaches  and  valuing  of  these 
approaches  does  not  occur  frequently  (Zack,  1993),  thus  I  was  especially  alert  for 
evidence  of  any  such  occurrences. 


TABLE  1 


Brief  description  of  types  of  help  children  identified 

SI        Parameters  or  conditions  of  the  problem:  The  child  felt  that  the  peer  explanation  had  helped 
her  to  better  understand  what  the  problem  was  requiring  her  to  do,  and  what  the  conditions 
were. 

#2        Factual  information:  The  child  felt  that  the  peer  explanation  had  provided  information 

needed  for  the  solution;  I  coded  it  as  #2  when  I  deemed  it  straightforward  information.  Eg.  the 
distance  between  the  bases  in  a  baseball  diamond  is  90  ft.  (This  was  the  basic  information 
needed  in  a  problem  which  required  that  the  children  think  about  area,  before  they  had 
learned  the  algorithm  for  area.) 

#3        How  to  solve  the  problem: 

&3a      How  to  determine  the  problem-solving  strategies  to  use,  how  to  organize  your  information,  your 
thinking. 


#3b       How  to  represent  your  ideas  with  mathematical  symbols,  eg.  fractions  or  decimals,  and  what 
that  means,  eg.  what  does  1/3  represent  (.is  part  of  a  whole,  as  equivalent  to  2/6,  and  as  a  way 
to  solve  the  problem),  or  what  is  a  right  angle  and  is  it  still  a  right  angle  in  different 
orientations. 

*3c      Focusing  on  the  essence  of  the  problem.  The  children  noted  an  element  which  1  as  teacher  have 
termed  the  essence  or  key  idea  in  a  problcr.'.  It  has  much  to  do  with  the  other  conceptual 
eh-ments  and  with  the  conditions  of  the  problem  noted  above,  but  is  central  to  the  problem.  1  am 
not  suggesting  that  the  children  when  noting  it  are  picking  out  that  it  is  essential;  in  only  one 
instance  has  a  child  presenter  (highly  adept)  spoken  specifically  about  key  ideas. 


H '        Presenting  an  alternate  solution  to  the  problem,  a  solution  which  is  simpler  (i.  e.  more 

economical)  or  aesthetically  more  pleasing.  Two  students  last  year,  and  two  this  year  (all 
adept)  stated  that  hearing  an  alternate  solution  helped  them  to  better  understand  the  problem 
itself  or  their  own  thinking.  (See  aesthetic  reasons,  Zack,  1993) 

?         Unable  to  classify.  Some  responses  were  vague.  For  example,  'She  helped  me  understand  it 

better"  attested  to  the  fact  that  the  explanation  was  helpful  but  the  child  did  not  specify  how, 
and  when  interviewed  could  not  elaborate. 


When  interviewed,  the  children  shed  light  on  how  the  explanations  helped 
them.  What  struck  me  was  that  some  children  were  aware  that  the  explanation 
helped  them  with  only  one  component,  and  that  they  were  still  in  the  dark  about 
the  picture,  the  problem,  as  a  whole.  One  child,  Eric  (less  adept),  said,  for  example, 
that  his  partner  Janet  had  helped  by  telling  him  "what  1  sixth  means",  but  he 
quickly  added  that  he  "didn't  really  understand  the  problem,  just  the  two  quarters"; 
"two  quarters"  functioned  here  as  his  shorthand  for  "fractions".  He  was  able  to  show 
how  what  his  group-of-four  team-mate  Janet  did  and  said  helped  him  recall  having 
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learned  about  the  pie'  chart  (in  sixths)  back  in  his  old  school  (i.  e.  three  years  ago). 

In  talking  about  the  same  problem  as  Eric  was  referring  to  above,  another 
student,  David,  who  was  adept,  credited  a  peer  explanation  (by  an  adept  peer)  with 
providing  the  missing  puzzle  piece  that  he  needed  to  solve  the  problem.  David 
impressed  me  with  his  grasp  of  the  larger  picture;  he  seemed  confident  about  how  it 
all  fit  together. 

In  another  instance  which  caught  my  attention  I  saw  that  two  adept  students, 
Jeff  and  Abe,  were  sparked  in  their  thinking  by  two  less  adept  children,  Sheree  and 
Karen,  whose  explanations  served  as  catalysts  to  Jeff  and  Abe  (see  the  shaded  boxes 
in  Tables  2  and  3),  although  Sheree  and  Karen  were  not  themselves  able  to  solve  the 
problem  nor  follow  the  thinking  of  those  who  did  solve  the  problem  correctly. 

A  high  number  of  nominations  for  helpful  explanations  go  to  the  "able"  peer 

As  the  data  on  Table  2  indicates,  a  substantial  proportion  of  the  votes  went  to 
the  children  who  are  adept.  My  first  global  assessment  of  the  children's 
achievement  was  done  in  November,  1993,  prior  to  my  analysis  of  the  children's 
responses  regarding  helpful  explanations. 

I  will  note  briefly  my  criteria  for  assessing  a  child  as  adept,  moderately  adept, 
or  less  adept  vis-a-vis  problem  solving.  The  adept  children  (this  year:  5  boys,  2  girls) 
often  "get"  the  problem  solution  fairly  early  on  or  prior  to  the  large  group  (group  of 
12)  discussion,  can  see  miscues  and  revise,  can  explain  their  thinking  in  talk  and  in 
writing  and  are  often  on  the  right  track.  The  moderately  adept  children  (this  year,  4 
girls)  "get"  a  number  of  problems  prior  to  the  large  group  discussion,  can  sometimes 
see  their  miscues  and  revise,  can  often  explain  their  thinking  in  talk  and  in  writing 
and  are  sometimes  on  the  right  track.  The  less  adept  children  (this  year:  9  girls,  4 
boys)  cannot  solve  many  of  the  problems,  often  cannot  see  miscues  and  revise,  can 
sometimes  explain  their  thinking  in  talk  and  in  writing  and  are  often  not  on  the 
right  track. 

The  analysis  of  the  data  indicates  not  only  that  a  good  proportion  of  the  vote 
went  to  the  adept  peers,  but  also  that  a  good  proportion  of  these  votes  dealt  with 
issues  related  to  problem  solving  and  to  mathematical  concepts.  In  regard  to  #3a, 
problem-solving  strategies  and  ways  of  thinking  about  the  problem,  29/40  or  72% 
went  to  the  adept  group;  in  terms  of  class  members,  this  group  represents  7/24  or 
29%  of  the  class. 
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Discussion  of  the  findings 

The  findings  seem  to  indicate  that  the  children  do  nominate  the  explanations 
of  the  more  adept  more  often  than  others.  Sierpinska  has  suggested  that 
"understanding  is  irrevocably  linked  with  .  .  .  explaining  (which  has  traditionally 
been  separated  from  understanding)"  (1992,  78).  Hence  it  may  then  follow  that  the 
ones  who  have  a  better  grasp  are  the  ones  who  will  tend  to  give  the  better 
explanations.  As  one  of  my  students  stated  last  year:  "If  the  person  really 
understands  the  problem,  they  should  have  a  good  explanation."  In  the  next  phase 
of  the  study,  I  will  be  analyzing  the  videotapes  of  four  of  the  children  nominated  as 
able  explainers,  in  order  to  see  whether  I  can  identify  some  characteristics  of  good 
explainers  and  of  good  working  partners,  for  as  1  have  stressed  elsehere,  the 
cognitive,  social  and  affective  aspects  are  intertwined  (Zack,  1993).  I  will  also  be 
taking  note  of  the  characteristics  of  the  explanations  of  the  less  adept  children  who 
are  paired  with  the  afore-mentioned  able  explainers.  We  need  to  consider  the 
attributes  of  the  explanations  of  all  the  children. 

It  is  possible  that  many  votes  went  to  the  children  whose  explanations 
reflected  the  correct  solution.  The  nominating  was  done  after  the  discussion  was 
concluded,  and  after  the  class  had  agreed  upon  what  was  the  correct  answer.  Perhaps 
some  of  the  discussions  which  had  occurred  along  the  way  may  have  contributed  to 
the  children's  construction  of  meaning  but  the  children  may  not  recall  those  as 
such.  Explanations  which  are  embedded  in  the  flow  of  the  talk,  especially  in  the 
beginning  phase,  may  be  harder  to  distinguish  than  those  offered  towards  the  end. 
Two  children  last  year  made  note  of  the  fact  that  it  is  easier  to  follow  the  discussion 
during  the  large  group  (of  twelve)  session  due  to  the  fact  that  the  possibilities  have 
been  narrowed  down  somewhat  (Zack,  1993).  When  I  asked  the  children  in  January 
to  indicate  whether  the  explanations  they  had  cited  as  helpful  occurred  during  the 
time  they  were  working  in  a  two-some,  or  when  in  four-some,  or  when  they  were 
part  of  the  group  of  twelve  presentation,  the  results  were  23  occurrences  when  in 
pairs,  15  when  in  a  four-some,  and  58  when  in  a  group  of  twelve.- 

It  is  also  possible  that  the  patterns  of  talk  might  be  gender-based,  with  males 
tending  more  to  'holding  the  floor'  presentations,  and  with  females  feeling  more 
comfortables  with  collaborative,  'side-by-side'  talk  and  building  together  (Edelsky, 
1984,  cited  by  Belenky  et  al.,  1986,  p.  145).  The  children  may  identify  the  notion  of 
explanation  with  the  'holding  the  floor'  stance,  and  as  mentioned  above,  may  not 
see  the  kernels  of  explanation  when  they  are  embedded  in  the  flow  of  the  talk. 
There  must  be  more  work  done  on  how  mathematical  meaning  is  shared,  with 
attention  paid  to  the  explanations  given  by  children  at  all  levels  of  achievement,  so 
that  we  can  better  understand  the  children's  understanding  and  the  means  they  use 
to  extend  their  ways  of  knowing  mathematics. 
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This  study  explores  difficulties  that  mathematics  student-teachers  and 
teachers  have  with  the  concepts  of  binary  operation,  associativity  and 
commutativity  and  investigates  their  sources.  These  difficulties  are 
encountered  while  thev  are  engaged  in  a  task  of  generating  special  examples  of 
a  binary  operation.  The  findings  indicate,  that  the  subjects  have  not  formed  an 
integrated  concept  of  binary  operation.  Their  difficulties  can  be  traced  back  to 
earlier  experiences,  vet  arc  not  merely  a  result  of  exposure  to  over-emphasis 
of  a  limited  example  space  of  binary  operations.  Early  experience  which 
involves  changing  order  of  expressions  seems  to  have  caused  confusion  with 
regard  to  the  associative  and  commutative  propei  i  s. 

Through  their  college  education  mathematics  student-teachers  and  teachers  have  been  exposed 
to  many  kinds  of  binary  operations,  and  have  been  engaged  inchecking  whether  the  associative  or 
the  commutative  properties  hold  for  the  relevant  mathematical  sets  they  have  been  dealing  with 
(Hadar  and  Iladass  (ll«l)  provide  a  broad  collection  of  such  binary  operations).  Nevertheless, 
when  asked  in  a  study  by  Tirosh.  Hadass  and  Movshovitz-Hadar  (1991)  to  generate  examples  of 
binary  operations,  which  call  tor  searching  beyond  the  four  basic  operations,  student-teachers  failed 
to  do  so.  Tirosh  et  al.  (ibid)  attribute  their  failure  to  the  strong  hold  of  early  experience.  This  study 
investigates  this  issue  further  by  looking  at  the  types  of  problems  the  subjects  encounter  and  by 
searching  for  a  more  detailed  explanation  which  is  not  confined  to  dealing  with  their  experience 
relating  to  the  four  initial  operations. 

The  task  used  in  Tirosh  et  al.  (ibid)  asks  the  subject  to  determine  whether  there  exists  a  binary 
operation  which  is  either  commutative  and  not  associative  (C  &  NA)  or  associative  and  not 
commutative  (A  &  NC).  Such  a  case  w  ouki  differ  from  each  of  the  four  basic  operations  extensively 
dealt  with  in  earlier  experiences,  for  which  either  both  properics  hold  or  both  do  not  hold. 

Since  this  study  does  not  focus  on  the  issue  of  students'  beliefs  as  much  as  it  does  on 
explaining  the  sources  of  difficulties,  (he  task  used  by  Tirosh  et  al.  (ibid)  has  been  changed  to 
encourage  subjects  to  make  a  stronger  effort  in  search  for  special  examples  (as  further  detailed  in  the 
method  section).  The  study  discussed  here  is  part  of  a  larger  study  in  which  subjects  were  asked  to 
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generate  counter-examples  (Zaslavsky  &  Peled,  1994).  The  task  of  generating  examples  has  been 
shown  by  Bratina  (1986)  to  be  powerful  in  revealing  difficulties. 


METHOD 

Subjects 

Two  groups  participated  in  the  study.  One  group  consisted  of  36  in-service  mathematics 
teachers,  and  the  other  group  included  67  pre-service  mathematics  teachers,  most  of  which  were  in 
the  third  year  of  their  undergraduate  studies.  The  study  was  carried  out  within  the  frameworks  of  an 
in-service  professional  development  course  for  mathematics  teachers  and  of  two  university  level 
mathematics  methods  courses. 

Research  Instrument 

The  task  analyzed  in  this  paper  with  which  the  subjects  were  presented  was  part  of  a  larger 
study  on  the  generation  of  counter-examples.  The  subjects  were  given  a  false  statement  (supposedly 
suggested  by  a  student),  and  explicitly  were  informed  that  the  statement  was  false.  Their  task  was  to 
produce  at  least  one  example  to  convince  this  (supposed)  student  that  his  statement  is  false.  They 
were  also  asked  to  specify  in  detail  the  process  that  led  them  ;o  their  response. 

The  false  statement  used  in  this  study  was: 

Any  commutative  operation  is  also  associative 

RESULTS 

Of  the  67  student-teachers  only  21  students  (31%)  suggested  an  example.  The  rest  either  did 
not  give  an  answer  or  stated  ( 1 1  cases)  that  the  wrong  claim  is  a  correct  one.  However,  only  3  of  the 
21  examples  were  correct.  In  the  second  group,  the  36  teachers,  20  (55%)  teachers  gave  at  least  one 
answer  including  4  who  gave  more  than  one  answer  (yielding  a  total  of  26  examples).  The  rest  did 
not  give  an  answer  and  2  of  them  stated  that  the  claim  was  correct.  In  this  group  out,  of  the  26 
examples  16  were  correct. 

Altogether  47  examples  were  constructed,  28  (60%)  of  which  were  wrong.  These  28  wrong 
examples  were  further  analyzed  in  order  to  identify  dt'  .iculties  exhibited  in  the  process  of  generating 
an  example  as  required.  Note,  that  two  of  the  teachers  constructed  two  wrong  examples  each.  The 
rest  of  the  subjects  constructed  at  the  most  one  wrong  example  each.  Four  main  categories  of 
difficulty  were  identified.  These  difficulties  relate  to: 

1 .      The  Associative  property.  This  category  includes  three  kind.-  of  difficulties: 
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-  Wrong  translation  of  the  formal  definition  of  Associativity  to  the  specific  operation 
defined  (e.g..  for  the  operation  a*b=la+bl ,  refuting  the  associativity  by  showing  that: 
la+bl+lcl  *  lal+lb+cl .  instead  of:  I  la+bl+c  I  *  I  a+  lb+cl  I ). 

-  "Over-generalization"  of  the  associative  property  to  hold  for  two  distinct  operations 
(e.g.,  defining  the  operation  as  a*b=a  b  (multiplication),  and  trying  to  refute  the 
associativity  by  showing  that:  (a-b)+c*a-(b+c),  instead  of:  (a-b)-c  =  a-(b-c)  ). 

-  Including  a  superfluous  condition  for  associativity  which  involves  changing  the  order 
in  the  expression  (e  g..  for  the  operation  of  intersection  of  sets,  defining  the 
associativity  property  by: 

(AnB)nC  =  (BnC)nA.  instcadof:  (AnB)nC  =  An(BnC)  ). 

2 .  The  Commutative  property.  This  category  includes  one  main  kind  of  difficulty: 

-  Confusing  the  operation  sign  with  the  number  sign  when  changing  the  order  of  the 
elements  (e.g..  for  the  subtraction  operation  checking  the  commutativity  by  showing 
that:  -2-3  = -3-2,  insiead  of  showing  that: 

-2-3*3-(-2)  ). 

3 .  The  notion  of  binary  operation.  This  category  includes  one  main  type  of  difficulty: 

-  Producing  an  ill-defined  or  inappropriate  operation  (e.g.,  constructing  an  unary 
operation:  a*=a2-l.  then  checking  its  so-called  commutative  property  by  using  an 
inappropriate  expression  as  follows:  a*b=(a+b)2-l  ). 

4.  Logical  inferences.  This  category  includes  one  main  kind  of  difficulty: 

-  Verifying  that  the  defined  operation  is  commutative  by  checking  one  special  instance 
(e.g..  tor  the  non-commutative  operation  a*b=ab,  "verifying"  that  it  is  commutative  by 
showing  that:  24  =  42  ). 

Table  1  shows  the  distribution  of  difficulties  exhibited  in  the  responses  to  the  task.  Note,  that 
the  discrepancy  between  the  number  responses  analyzed  (8  teachers'  and  18  student-teachers',  a  total 
of  26)  and  the  total  number  of  difficulties  found  (30)  is  due  to  the  fact  that  in  three  responses  more 
than  one  type  of  difficulty  was  identified. 
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Tabic  I :  Types  of  difficulty 


Types  of  Difficulty         12  3  4  other 

(assouaiiM.')    (commutative)  (binary  operation)  (logical) 

Cirotip 


Student-Teachers  6  3  3 

Teachers  fi  1  o 


Total  1 2 


8 


Looking  as  a  whole  at  the  two  distributions  of  types  of  difficulty  in  Table  1.  no  significant 
difference  was  found  between  the  two  sample-populations  (on  a  Chi-square  test,  with  value  3.37 
(Pearson).  p>0.49).  Most  of  the  difficulties  were  related  to  the  associative  property.  This  type  of 
difficulty  was  particularly  frequent  among  the  teachers  (6  out  of  8  teachers).  The  eight  responses 
categorized  as  "other"  are  cases  in  which  an  operation  had  been  checked  and  found  to  be  associative. 
Arriving  at  such  an  impasse  the  search  was  terminated  without  finding  a  counter  example.  These  arc 
cases  in  which  it  is  not  completely  clear  whether  the  subjects  realized  that  no  corrcet  example  had 
been  generated. 


DISCUSSION 


The  current  study  has  shed  some  more  light  on  the  causes  for  the  weak  concept  that  student- 
teachers  and  teachers  hold  surrounding  related  properties  of  the  binary  operation.  Tirosh  et  al. 
(1991)  have  suggested  that  extensive  experience  with  special  cases  in  the  primary  grades  is  the  main 
cause  for  the  creation  of  the  belief  that  binary  operations  are  either  C&  A  or  NC&NA.  The  findings 
of  this  study  offer  a  more  detailed  explanation  of  this  phenomenon  which  reaches  beyond  the  mere 
learning  and  over-emphasizing  of  special  cases  of  binary  operations.  Most  of  the  difficulties 
identified  as  belonging  to  categories  1  or  2  (see  Table  1 )  involve  the  issue  of  order .  An  examination 
of  the  mathematics  eurricuUmt  suggests  that  the  way  in  which  the  issue  of  order  is  interwoven  could 
be  a  critical  source  of  confusion.  In  the  course  of  leitrning.  there  arc  many  instances  in  which  the 
two  properties  -  commutativity  and  associativity  -  are  applied  simultaneously  without  making  a  clear 
distinction  where  exactly  each  one  is  used.  This  is  not  entirely  farfetched,  considering  that  the  two 
properties  deal  with  some  sort  of  vitalize  in  order-  While  commutativity  involves  the  change  in  the 
order  of  elements,  associativity  involves  the  change  in  the  order  in  which  the  operation  is  executed. 

For  example,  when  a  child  is  asked  to  calculate  the  following:  6+7+4.  he  is  usually 
encouraged  to  do  it  more  efficiently  by  using  the  following  strategy:  <6+4)+7  .  A  careful  analysis  of 
this  strategy  shows  that,  in  fact,  the  two  properties  are  (implicitly)  applied  interchangeably.  First, 
the  associativity  is  applied,  by:  (ft+7)+4  =  6H7+4).  Then  the  commutative  property  is  used  in  the 
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following  step:  6+(7+4)=6+(4+7).  Finally,  the  associative  property  is  applied  again: 
6+(4+7)=(6+4)+7.  Since  students  are  rarely  expected  to  specify  or  justify  each  step,  they  often  are 
offered  a  general  explanation  foi  this  shortcut  as  a  whole,  by  saying  something  like:  the  order  does 
not  matter.  In  higher  grades  similar  shortcuts  are  common  with  algebraic  expressions  instead  of 
numbers.  These  sort  of  experiences  could  easily  contribute  to  the  confusion  between  the  two 
properties,  by  putting  them  under  one  roof.  Stein  (1986)  discusses  the  use  of  shortcuts  by 
elementary  mathematics  teachers,  and  suggests  that  some  teachers  introduce  them  without  a  clear 
idea  of  why  they  work.  No  wonder,  therefore,  that  some  students  tend  to  think  of  comniutativity 
and  associativity  as  dependent  properties,  as  indicated  in  Tirosh  et  al.  (1991). 

The  issue  of  order  can  also  account  for  difficulties  related  to  the  associative  property  in  itself. 
The  incorrect  cases  in  which  associativity  was  checked  for  two  distinct  operations  could  be  traced 
back  to  discussions  on  the  topic  of  conventions  regarding  order  of  operations.  These  discussions 
often  involve  checking  the  truth  value  of  statements  such  as:  (a+b)-c=a+(b-c).  This  expression 
looks  much  like  the  expression  for  associativity:  (a*b)*c=a*(b*c).  except  that  it  deals  with  two 
distinct  operations  instead  of  the  same  one. 

Difficulties  connected  to  the  commutative  property  (sec  category  2)  can  also  be  elucidated  by 
past  experiences.  The  treatment  of  two  inverse  operations  as  interchangeable  (e.g..  subtraction  ot  a 
number  is  equivalent  to  the  addition  of  its  opposite),  seems  as  a  source  of  confusion  regarding  the 
commutative  property.  This  principle  could  lead  to  the  inappropriate  substitution  of  one  operation 
with  its  inverse  (e.g..  5-2=5+(-2)=-2+5  )  in  the  course  of  checking  whether  one  operation  is 
commutative  .  A  similar  problem  arises  from  the  involvement  in  moving  elements  around  in  a  given 
expression  by  attaching  the  operation  sign  to  them  (in  the  last  example  the  subtraction  sign  could  be 
seen  as  attached  to  the  number  2).  Consequently,  these  two  approaches  lead  to  the  inference  that  a 
non-commutative  operation  (such  as  subtraction)  is  supposedly  commutative. 

CONCLUSIONS 

In  the  current  study  it  was  established  that  both  mathematics  teachers  and  student-teachers 
struggle  through  the  concept  of  Bituuy  Operation  .  as  well  as  the  commutative  and  associative 
properties  which  relate  to  it.  This  struggle  seems  to  have  emerged  from  past  experiences,  in  which 
much  confusion  had  been  created  by  the  recurring  theme  of  Order  appearing  in  several  different 
meanings  and  contexts.  Considering  that  these  salient  difficulties  were  exhibited  by  grown-ups  who 
have  studied  many  advanced  undergraduate  courses  in  mathematics,  it  can  reasonably  be  expected 
that  children  encounter  similar,  and  perhaps  even  stronger,  difficulties.  Those  undergraduate 
courses  should  haw  provided  the  students  with  an  opportunity  to  resolve  these  difficulties.  Clearly, 
these  courses  did  not  facilitate  the  integration  of  the  scattered  pieces  into  one  full  concept.  The  lesson 
to  be  learned  is  that  this  kind  of  integration  should  be  done  explicitly  up  front  and  not  be  left  entirely 
to  the  individual. 
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DIVISIBILITY  AND  DIVISION: 
PROCEDURAL  ATTACHMENTS  AND  CONCEPTUAL  UNDERSTANDING 


Rina  Zazkis  and  Stephen  Campbell 
Simon  Fraser  University 

Abstract 

This  study  contributes  to  a  growing  body  of  research  on  teacher's  content  knowledge  in 
elementary  mathematics.  The  general  subject  matter  under  investigation  is  elementary 
number  theory.  Specifically,  we  focus  upon  preservice  teachers'  understanding  of 
concepts  related  to  the  multiplicative  structure  of  whole  numbers:  divisibility, 
factorization  and  prime  decomposition.  Twenty  clinical  interviews  were  conducted  with 
volunteers  from  a  class  of  students  enrolled  in  a  professional  development  course, 
'Foundations  of  mathematics  for  teachers'.  We  have  adapted  a  cor.structivist-oriented 
theoretical  framework  for  methodological  guidance  in  data  acquisition,  analysis  and 
interpretation.  Results  from  this  study  reveal  in  detail  the  participants'  strong  dependency 
upon  procedures.  Such  procedural  attachments  appear  to  compromise  and  inhibit 
development  of  more  refined  and  meaningful  structures  of  conceptual  understanding. 

Introduction 

This  report  is  based  upon  results  from  the  first  few  months  of  a  three  year  project 
investigating  preservice  teachers'  understanding  of  elementary  mathematical  concepts  and 
operations.  The  specific  concepts  involved  pertain  to  elementary  number  theory.  Herein  we 
present  an  abbreviated  formulation  of  our  theoretical  and  methodological  approach  and  a 
preliminary  sketch  of  part  of  the  cognitive  terrain  we  are  attempting  to  survey.  Our  objectives 
for  this  study  were: 

(a)  to  explore  preservice  teacher's  understanding  of  elementary  concepts  in  the  theory  of 
numbers  with  emphasis  given  to  concepts  involving  divisibility  and  the  multiplicative  structure 
of  non-negative  integers; 

(b)  to  analyze  and  describe  spontaneous  cognitive  strategies  of  solving  unfamiliar  problems 
involving  and  combining  those  concepts; 

(c)  to  adapt  and  extend  a  constructivist-oriented  theoretical  framework  for  the  analysis  and 
interpretation  of  those  strategies  and  the  cognitive  structures  supporting  them. 

The  results  of  this  study  provide  a  preliminary  basis  of  a  descriptive  theory  for  the 
development  of  cognitive  constructs  involving  elementary  number  theory  concepts,  their 
properties  and  relationships. 


Theorcfical  Framework 

Aclion-process-object  framework 

The  particular  interpretation  of  constructivism  used  in  this  study  is  based  upon 
Dubinsky's  action-process-object  developmental  framework  (Dubinsky,  1991).  Dubinsky 
developed  this  framework  as  an  adaptation  of  ideas  of  Piagct  to  the  studies  of  advanced 
mathematical  thinking.  Previously  it  has  been  used  in  studies  of  undergraduate  mathematics 
topics  such  as  calculus  and  abstract  algebra  (Aycrcs,  et.  at,,  1988;  Brcidcnbach,  et.  al„  1992; 
Dubinsky,  et.  al.,  in  press).  We  suggest  this  theoretic.;  >crspcctive  is  useful  for  investigating  the 
development  of  mathematical  understanding  in  general  and  is  not  limited  to  advanced 
applications.  One  of  the  goals  of  this  study  was  to  substantiate  this  claim. 

The  essence  of  Pi.igct's  theory  is  that  an  individual,  dis-cquilibratcd  by  n  perceived 
problem  situation  in  a  particular  context,  will  attempt  to  rc-cquilibrate  by  assimilating  the 
situation  to  existing  schcnias  or,  if  necessary,  reconstruct  particular  schemas  enabling  the 
individual  to  accommodate  the  situation.  Dubinsky  holds  that  the  constructions  which  may 
intervene  arc  mainly  of  three  kinds  -  actions,  processes,  and  objects. 

An  action  is  any  repcatable  physical  or  mental  manipulation  that  transforms  objects  in 
some  way.  When  the  total  action  can  take  place  entirely  in  the  mind  of  an  individual,  or  just  be 
imagined  as  taking  place,  without  necessarily  running  through  all  of  the  specific  steps,  the  action 
has  been  intehorized  to  become  a  process.  New  processes  can  also  be  constructed  by  inverting 
or  coordinating  existing  processes.  When  it  becomes  possible  for  a  process  to  be  transformed  by 
some  action,  then  we  say  that  it  has  been  encapsulated  to  become  an  object.  We  illustrate  these 
notions  below  as  we  explore  the  extent  to  which  this  theoretical  framework  contributes  to  an 
understanding  of  number  theoretical  knowledge  construction  and  development. 

Method  and  Technique 

Individual  clinical  interviews  with  prescrvicc  elementary  teachers  were  conducted  using 
an  instrument  that  allowed  for  the  flexibility  to  probe  and  clarify  participant  understanding  of 
elementary  number  theoretical  concepts.  The  instrument  was  designed  to  reveal  the  participants' 
ability  to  address  problems  by  spontaneous  construction  of  new  connections  within  their  existing 
content  knowledge.  The  questions  covered  a  spectrum  ranging  from  elementary  number  concepts 
(e.g.  What  does  it  mean  to  you  that  a  number  is  an  even  number?)  to  more  subtle  and 
sophisticated  problems  requiring  deeper  conceptual  insight  into  elementary  number  theoretical 
properties  and  relationships  (e.g.  What  is  the  smallest  positive  integer  divisible  by  every  integer, 
1  through  10?).  During  the  interviews,  each  of  which  lasted  for  about  one  hour,  the  participants 
were  probed,  when  appropriate,  for  understanding  that  may  not  have  been  apparent  from  their 
initial  response.  In  circumstances  where  participants  experienced  difficulties  with  a  particular 
question  they  were  encouraged  to  reflect  upon  and  articulate,  or  otherwise  express,  the  nature  of 
those  difficulties.  In  cases  where  such  activity  proved  inadequate  in  leading  the  participant  to  a 
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realization  of  a  solution  or,  alternatively,  ?.  resolution  of  their  difficulties,  the  interviewer  would 
progressively  allude  to,  or  provide,  additional  information.  This  method  proved  conducive  to 
uncovering  and  identifying  the  possible  source  and  depth  of  conceptual  and/or  procedural 
difficulties.  In  addition,  this  method  incorporates  an  important  diagnostic  dimension,  described 
by  Simon  as  a  'continuum  of  conncctibility',  demarcated  by  clear  distinctions  regarding  the 
connectedness  of  an  individual's  knowledge  as  exhibited  within  the  context  of  a  clinical 
interview  (Simon,  1993).  The  interviews  were  usually  concluded  with  general  questions 
regarding  the  participant's  mathematical  background,  experience,  attitudes,  beliefs  and  mental 
processes. 


Data  Source. 

Twenty  preservice  elementary  school  teachers  participated  in  the  study.  They  were 
volunteers  from  the  group  of  students  involved  in  a  professional  development  course  called 
"Foundations  of  mathematics  for  teachers".  The  concepts/topics  of  factorization,  least  common 
multiple,  greatest  common  divisor,  prime  and  composite  numbers,  prime  decomposition  and  the 
fundamental  theorem  of  arithmetic,  divisibility  and  alternative  'divisibility  rules'  for  the  numbers 
2,  3,  5,  and  9  were  part  of  their  curriculum.  The  mathematical  background  and  experience  of  the 
participants  varied  considerably,  even  though  the  interviews  were  conducted  after  the  number 
theory  related  topics  were  'covered'  in  their  course. 


Analysis 

The  interviews  were  transcribed  and  categorized  in  terms  of  different  questions,  their 
difficulty,  and  identifiable  cognitive  patterns  of  various  degrees  of  sophistication  exhibited  by  the 
participants.  The  action-process-object  framework  was  used  to  guide  the  analysis  of  the 
interviews  for  the  manners  in  which  the  participants  appeared  to  think  about  the  specific  topics 
and  problems  presented  to  them.  We  illustrate  an  application  of  this  model  with  an  abbreviated 
phenomenological  analysis  or  'genetic  decomposition'  of  the  concept  of  divisibility: 

Divisibility  -  an  abbreviated  illustration  of  gffnr.tic  decomposition 

A  construction  of  the  concept  of  divisibility  as  a  conceptual  object  starts  with  specific 
examples  of  divisors.  These  divisors  are  usually  small  numbers  such  as  2,  3,  4  and  5.  Initially, 
divisibility  by  3,  for  example,  is  an  action:  a  learner  has  to  actively  perform  division  and  obtain  a 
quotient  of  a  whole  number,  with  no  remainder,  in  order  to  conclude  a  posteriori  that  a  number  is 
indeed  divisible,  or  not  divisible,  by  3.  Later,  the  activity  of  division  may  be  interiorized  as  a 
conceptual  process,  such  that  the  action  is  intended  but  not  actually  performed.  In  this  case,  the 
student  has  conceptualized  the  notion  that  it  is  the  division  procedure  itself  that  determines 
whether  or  not  a  whole  number  satisfies  the  'rule'  or  criterion  for  divisibility.  In  this  way,  the 
action/process  distinction  can  be  used  to  distinguish  between  procedural  activity  and  procedural 
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understanding.  Encapsulation  of  divisibility  as  an  object  begins  with  an  awareness  of  the 
concept  of  divisibility  as  an  essential  property  of  whole  numbers  independently  of  the  procedural 
aspects  of  division.  The  concept  of  divisibility  at  this  stage  is  conceived  as  a  bivalent,  yes  or  no, 
property  of  whole  numbers.  That  is  to  say,  where  a  and  d  are  whole  numbers,  a  is  a  priori  cither 
divisible  by  d  or  not  divisible  by  d.  More  generally,  'divisibility  by  n',  encapsulated  as  a 
conceptual  object,  may  be  indicated  when  used  to  determine  'compound'  divisibility  properties: 
For  example,  when  divisibility  by  2  and  3  is  used  to  infer  divisibility  by  6;  or  when  indivisibility 
by  2  is  used  to  refute  divisibility  by  any  other  even  number.  We  defer  considerations  regarding 
coordinated  and  iterative  structures,  and  the  role  of  equilibration  on  encapsulation. 

Interpretation  of  Results 

We've  identified  several  major  issues  and  problematics  from  which  we  attempt  to 
thematize  a  general  schema  for  multiplicative  number  structure.  Previous  discussion  of 
multiplicative  structures  (e.g.  Vergnaud,  1988;  Graeber,  et.  al.,  1989;  Greer,  1992)  focused  on 
contextual  situations.  In  this  research  we  are  interested  in  the  development  of  cognitive  structures 
of  number  concepts  and  operations  per  se.  In  what  follows  we  provide  several  examples  which 
identify  potential  sources  of  difficulty  relating  to  procedural  attachments  in  attaining  conceptual 
understandings. 

Basic  concepts/definitions:  Mathematical  vocabulary 

It  was  found  that  a  significant  percentage  of  our  participants  experienced  difficulties 
grasping  conceptual  aspects  of  mathematical  definitions,  seemingly  invoking  various  forms  of 
linguistic  inference  that  provided  a  rational  for  preserving  meaning  in  terms  of  procedural 
understanding.  A  frequent  claim  was,  for  instance,  that  3  is  a  multiple  of  18,  since  "you  multiply 
3  by  6  to  get  18".  In  this  case  the  meaning  of  the  word  'multiple'  was  conflated  with  the  concept 
of  factor,  apparently  due  to  a  linguistic  association  with  the  activity  of  multiplication:  "A 
multiple  is  something  you  multiply  with".  Another  common  claim  was  that  5  is  divisible  by  2, 
since  "you  can  divide  any  number  by  whatever  you  want"  or  "5  is  divisible  by  2,  but  the  result 
isn't  a  whole  number".  In  this  case  the  concept  of  divisibility  was  conflated  with  the  process  of 
division.  Given  the  use  of  similar  terms  in  these  cases  and  others,  many  participants  appeared  to 
be  forcing  the  meanings  of  words  like  'multiple',  'divisor'  and  'divisible'  into  existent  procedural 
schemas,  rather  than  accommodating  them  with  viable  structural  modifications. 

Development  of  divisibility  concepts  in  terms  of  action-process-ohject 

The  majority  of  participants  were  not  able  to  discuss  divisibility  as  a  relation  or  property 
of  numbers  without  performing  division.  This  tendency  is  an  indication  that  their  construction  of 
divisibility  has  not  developed  beyond  action  or  process.  This  can  be  attributed  to  the  absence  of  a 
conceptual  basis  that,  when  present,  opens  a  path  to  deductive  reasoning  and  pru^f  strategies. 
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Furthermore,  the  absence  of  conceptual  understanding  justifies  and  supports  an  adherence  to  and 
a  dependence  upon  specific  examples  that,  in  turn,  reinforce  a  strictly  empirical  attitude  towards 
mathematics.  The  following  excerpts  from  interviews  exemplify  this. 

/■  Suppose  I  have  an  even  number  which  is  divisible  by  7.  Say  I've  now  divided  it  by  7. 

Would  I  still  end  up  with  an  even  number? 
S:  You'd  have  to  try.  You'd  have  to  try  to  see  if  it  works. 

The  claim  "you  cannot  be  sure  that  the  result  is  a  whole  number  if  you  don't  know  what 
the  result  is"  seemed  to  be  typical  in  this  group  of  teachers.  Thinking  of  divisibility  as  an  action 
is  exemplified  in  the  following  excerpt: 

Intemewer:  Do  you  think  there  is  a  number  betv-een  12358  and  12368  that  is  divisible  by 
7? 

Nicole-  I'll  have  to  try  them  all,  to  divide  them  all.  to  make  sure.  Can  I  use  my  calculator? 

Interviewer:  Yes,  you  may,  but  in  a  minute.  Before  you  do  the  divisions,  what  is  your 
guess,  what  is  your  bet?  ....    „    ,    -,   „  ;,-,/  •, 

Nicole:  1  really  don't  know.  If  it  were  3  or  91  could  sum  up  the  digits  But  for  7  we  did  nt 
have  anything  like  that.  So  I  will  have  to  divide  them  all  Indeed,  Nicole 
performed  several  divisions  to  find  the  number  that  gives  a  whole  quotient  whin 
divided  by  7  and  only  then  answered  the  original  question  positively! 

Nicole:  Yes,  there  is  one.  12362  divided  by  7  is  1766  exactly.  No  decimal  part.  So  this  is 
the  number.  ,  ,    .  ,.  .  ...  .  , 

Interviewer:  Do  vow  think  there  is  another  number  in  tins  inten-al  that  is  divisible  by  /. 

Nicole:  I'll  just  keep  checking,  'cause  I  can't  see  a  pattern  happening,  I  don  t  know  an 
easier  way  that  you  do  it  to  find  ■■  in  a  glance. 

Thinking  of  divisibility  as  a  process  is  exemplified  in  the  following  excerpt.  This  illustrates  a 
procedural  understanding,  rather  than  just  a  procedural  activity,  of  division. 

Interviewer:  Do  you  think  there  is  a  number  between  12358  and  12368  that  is  divisible  by 
7? 

Jennie-  Let's  see.  [performs  long  division  without  calculator]  12359  divided  by  7  gives 
'  remainder  4.  So..  60, 61,62...  12362  will  be  divisible  by  7 

Interviewer:  It's  interesting.  How  did  you  know?  I  haven't  seen  you  doing  division. 

Jennie:  If  this  one  1 123591  gave  remainder  4,  the  next  one  will  give  remainder  5,  and  the 
next  one-6.  and  the  next  one  7,  which  means  zero  or  no  remainder,  io  i)  you 
divide  12362  by  7  there  will  be  no  remainder,  it  will  be  divisible. 

It  is  interesting  to  note  Jennie's  use  of  the  future  tense  in  the  discussion  of  divisibility.  Her 
statement  "if  you  dividc.it  will  be  divisible"  may  be  interpreted  as  a  transitional  dependence  of 
the  divisibility  property  of  the  number  on  the  procedural  activity  of  division.  Indeed,  the 
definition  of  divisibility  is  implicitly  procedural:  a  is  said  to  be  divisible  by  b  if  and  only  if  the 
quotient  alb  is  a  whole  number.  But  how  can  one  be  certain  that  the  quotient  is  a  whole  number 
without  knowing  what  this  number  is?  Achieving  this  certainty  is  a  step  towards  mathematical 
maturity  as  well  as  a  step  towards  encapsulation  of  divisibility  as  a  mathematical  object. 
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Awareness  of  and  ability  to  apply  the  'divisibility  rules'  helps  to  make  this  step.  Divisibility  rules 
may  help  the  learner  to  separate  between  performing  division  and  considering  divisibility  as  a 
property  of  a  number.  On  the  other  hand  there  is  a  danger  that  divisibility  as  a  property  of  a 
number  may  be  reduced  to  seeking  patterns  of  digits.  For  example,  when  one  of  our  interviewees 
was  asked  "Do  you  think  there  is  a  number  between  12358  and  12368  that  is  divisible  by  7?" 
replied  that  12358  was  probably  such  a  number  since  the  sum  of  its  digits  is  14,  which  is 
divisible  by  7.  More  common  (repeated  three  times  in  a  group  of  20  students)  answer  was:  "I 
would  guess  that  12363  is  divisible  by  7  since  63  is  divisible  by  7." 

Roughly  one  half  of  the  participants  were  thinking  of  divisibility  as  an  action  and  one 
half  of  the  participants  have  interiorized  the  process  for  divisibility.  Only  one  student  in  this 
group  demonstrated  encapsulation  of  divisibility  as  an  object.  The  following  excerpt  shows  that 
Pam  perceived  divisibility  by  7  not  only  as  an  a  priori  property  but  also  could  explain  how  often 
this  property  is  found  within  a  contiguous  set  of  whole  numbers. 

Interviewer:  Do  you  think  there  is  a  number  between  I235S  and  12368  that  is  divisible  by 
7?  * 
Pam:  I  think  there  is. 

Interviewer:  Do  you  know  which  number  it  is? 
Pam:  Not  yet,  but  1  can  find  it  if  you  want  me  to. 

Interviewer:  No,  you  don't  have  to  find  it.  But  if  you  don't  know  what  it  is,  how  do  you 
know  it  is  there? 

Pam:  Here  we  have  9  numbers.  And  I  know  that  if  I  take  any  7  numbers  there  will  be  one 

divisible  by  7.  And  here  I  have  9,  which  is  more  than  7. 
1  nterviewer:  Are  you  saying  that  if  I  pick  any  7  numbers  I  wish  there  will  be  one  divisible 

by  7? 

Pam:  I  didn't  mean  that,  what  I  mean  is  if  you  take  these  numbers  one  after  another  there 
will  be  one  of  them  divisible  by  7. 

The  understanding  of  the  modular  distribution  of  numbers  that  share  a  certain  divisibility 
property  is  further  indication  of  'objectivity'  in  Pam's  divisibility  concept.  Pam's  idea  that  "every 
seventh  number  is  divisible  by  7"  was  a  singular  exception  in  the  repertoire  of  this  group  of 
preservice  teachers.  For  example.  Nicole,  after  finding  the  number  divisible  by  7  in  the  given 
interval,  was  asked  whether  she  could  have  predicted  the  existence  of  such  a  number  without 
calculating  it.  Her  answer  was  negative,  followed  with  the  explanation:  "the  further  you  go.  the 
more  they  grow  apart".  This  description  was  accompanied  with  a  hand-waving  that  indicated 
progressively  increasing  intervals.  Has  the  process  of  repeated  addition  not  been  encapsulated? 

Divisibility:  proof  and  refutation: 

In  one  of  the  interview  questions  participants  were  asked  to  consider  the  number 
M=33-52«7  and  decide  whether  it  was  divisible  by  each  of  the  numbers  7.  5,  3,  2,  15,  1 1,  9  and 
63.  Asking  participants  to  consider  the  number  given  in  its  prime  decomposition,  we  hoped  to 
divert  their  attention  from  dividing  when  checking  divisibility  and  motivate  a  focus  towards  the 
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multiplicative  structure  of  M.  Still,  there  were  several  individuals  who  calculated  the  value  of  M 
and  then  performed  division  by  7.  On  the  other  hand,  there  were  individuals  who  easily 
concluded  divisibility  by  7,  5,  and  3,  since  "those  were  among  the  factors",  but  had  to  calculate 
the  value  of  M  in  order  to  check  its  divisibility  by  15  or  by  63.  Determining  the  decomposition  of 
63  as  32-7  and  then  contrasting  the  prime  exponents  of  63  to  the  prime  exponents  of  M  was  a 
strategy  used  by  only  five  of  our  participants. 

Another  point  of  attention  was  that  the  'proof  of  divisibility  was  in  most  cases  more 
readily  achieved  than  the  refutation.  It  may  seem  obvious  to  a  mathematically  inclined  person  to 
claim  that  M  is  not  divisible  by  either  2  or  1 1  since  these  are  not  factors  in  the  prime 
decomposition  of  M.  More  than  half  of  our  participants  inferred  divisibility  by  7  or  5  by 
considering  the  prime  factors  of  M,  but  could  not  infer  indivisibility  by  2  or  1 1  using  the  same 
approach.  For  some  participants,  the  question  about  2  seemed  easier  than  the  question  about  11, 
when  they  noted  that  "M  is  an  odd  number  (as  a  product  of  odd  numbers),  so  "2  can't  go  into  it". 
For  them,  the  mystery  of  divisibility  by  1 1  remained  unsolved  unless  the.  actual  division  was 
performed.  We  would  like  to  suggest  that  these  students  may  not  'believe',  or  at  least  not  'believe 
in  practice',  in  the  fundamental  theoiem  of  arithmetic  that  assures  the  uniqueness  of  prime 
decomposition.  Most  students  could  quote  the  fundamental  theorem  of  arithmetic  and  exemplify 
how  the  factors  in  the  prime  decomposition  of  a  given  number  will  be  the  same  (but  for  the 
change  of  order)  and  will  not  depend  on  which  factor  was  found  first.  But  when  asked  about 
divisibility  of  M  by  11,  it  was  apparent  that  many  students  did  not  over-rule  the  possibility  of  a 
"different  decomposition".  Another  possible  explanation  for  this  phenomenon  may  be  that 
divisibility  has  been  encapsulated  to  an  object  whereas  'indivisibility'  has  not. 

Complexity  of  structure: 

Understanding  'divisibility  by  n'  as  a  generalized  object  is  likely  to  be  proceeded  by  the 
encapsulation  of  separate  processes  of  divisibility  for  specific  numbers.  These  encapsulations 
need  not  occur  simultaneously  for  all  numbers.  For  example,  in  Nicole's  interview  we  suggest 
that  she  may  be  thinking  of  'evenness*,  or  divisibility  by  2,  as  an  object;  of  divisibility  by  3  as  a 
process;  and  of  divisibility  by  7  as  an  action.  At  some  point,  one  may  speculate,  a  critical  mass  is 
obtained  and  a  generalization  of  the  process  of  encapsulating  divisibility  for  specific  numbers 
may  serve  as  a  catalyst  for  the  encapsulation  of  'divisibility  by  n'.  These  issues  and  others  will  be 
the  subject  of  further  refinements  of  our  theoretical  framework  and  empirical  investigations. 

[sjpw  processes:  inverting  and  coordinating. 

One  of  the  tenets  of  Dubinsky's  theoretical  perspective  is  that  hew  processes  may  be 
obtained  from  existing  processes  by  coordinating  existing  processes  or  by  inverting  existing 
processes.  The  tasks  presented  to  participants  in  the  interviews  make  it  possible  to  observe  their 
constructions  and  their  struggles  with  coordination  as  well  as  with  inverting.  The  process  of 


divisibility  by  15  is  a  coordination  of  divisibility  by  5  and  by  3.  It  was  found  that  tasks  involving 
coordination  were  problematic  for  many  of  our  participants.  Another  major  difficulty  appeared 
when  participants  were  asked  to  do  'reversed  tasks'.  The  ability  to  check  whether  or  not  an  object 
has  a  certain  property  appears  to  be  easier  than  to  construct  an  object  that  has  such  a  property.  In 
our  study,  participants  who  were  able  to  check  successfully  whether  a  number  was  divisible  by 
15  using  simple  divisibility  rules  for  3  and  5,  had  significant  difficulties  providing  examples  of  6 
digit  numbers  divisible  by  15  that  are  quite  readily  constructible  using  those  very  same  rules. 

When  analysed  and  interpreted  in  terms  of  this  theoretical  framework,  response  to 
questions  and  tasks  such  as  these  have  worked  particularly  well  in  revealing  the  pervasiveness  of 
procedural  attachments  even  when  some  degree  of  conceptual  understanding  is  in  evidence. 


Educational  Importance 

We  believe  with  Steffe  (1990)  and  many  others  that  improvement  of  mathematics 
education  starts  with  improvement  of  mathematical  knowledge  of  teachers.  Improvement  of 
mathematical  knowledge  of  teachers  starts  with  a  deeper  understanding  of  their  existing 
knowledge  and  its  construction.  This  study  provides  details,  or,  using  Shoenfeld's  terminology 
(Schoenfeld,  Smith,  &  Arcavi,  1992).  serves  to  provide  a  finer  granularity  of  knowledge  in  the 
domain  of  divisibility  and  factorization.  Developing  a  conceptual  understanding  of  divisibility 
and  factorization  is  essential  in  the  development  of  conceptual  understanding  of  the 
multiplicative  structure  of  numbers  in  gcnerai. 
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